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The thermal plasma in the early universe produced a stochastic gravitational wave (GW) back-
ground, which peaks today in the microwave regime and was dubbed the cosmic gravitational
microwave background (CGMB). In previous works only single graviton production processes that
contribute to the CGMB have been considered. Here we also investigate graviton pair production
processes and show that these can lead to a significant contribution if the ratio between the maxi-
mum temperature and the Planck mass, Timax/mp, divided by the internal coupling in the heat bath
is large enough. As the dark matter freeze-in production mechanism is conceptually very similar
to the GW production mechanism from the primordial thermal plasma, we refer to the latter as
“GW freeze-in production”. We show that quantum gravity effects appear in single graviton pro-
duction and are smaller by a factor (Timax/mp)? than the leading order contribution. In our work
we explicitly compute the CGMB spectrum within a scalar model with quartic interaction.



I. INTRODUCTION

The first detection of gravitational waves (GWs) from back hole and neutron star mergers [1, 2] opened up a new
window to explore our universe. While the GWs that have been detected so far were emitted in the late-time universe,
GWs can also be produced in the early universe. These GWs are stochastic in nature and their detection would yield
unprecedented information about early universe cosmology as well as high energy particle physics. To give a few
examples, GWs in the early universe can be produced from inflation [3-6], preheating [7, 8], inflaton annihilation into
gravitons [9-11], first-order phase transitions [12, 13], cosmic defects such as cosmic strings [14, 15], noisy turbulent
motion [16-20] and equilibrated gravitons [21, 22]. For a review on early universe GW sources see Ref. [23]. The full
GW spectrum for a specific particle physics model that can describe the entire cosmological history was worked out
in Ref. [24].

In this paper we consider GWs that were produced from the thermal plasma [25-28] in the early universe. Every
plasma, even in thermal equilibrium, produces GWs due to microscopic particle collisions and macroscopic hydrody-
namic fluctuations, cf. Ref. [26]. In the former case the GW momenta are on the order of the temperature, k ~ T and
in the latter case they are much smaller, k < T'. Here, we focus on GWs produced by microscopic particle collisions,
since it enables us to probe elementary particle physics theories at high energies. Furthermore, the GW contribution
from microscopic particle collisions to the final spectrum is larger compared to the contribution from hydrodynamic
fluctuations [26].

Our main assumption is that after the hot Big Bang a thermal plasma of particles in thermal equilibrium at a
maximum temperature Ty,.x was present. In addition we assume that at this time no GWs are present. In an
expanding universe GWs from the thermal plasma are continuously produced as the temperature decreases. The
spectrum of the produced GWs peaks at a frequency on the order of the temperature at the time of production. If the
redshift-temperature relation is linear, the GW spectra that are produced at different temperatures add up such that
the observed GW spectrum today is enhanced. The spectrum of the produced GWs today peaks in the microwave
regime and is hence dubbed the cosmic gravitational microwave background (CGMB).

In principle, the maximum temperature, Ti,ax, of the thermal plasma can be as high as the Planck mass m, =~
1.2 x 101 GeV [29]. However in slow roll inflationary cosmology it cannot be much higher than 1073 m,,. This bound
follows by first inferring the energy scale of inflation from the amplitude of scalar perturbations and the tensor-to-
scalar ratio and then assuming an instantaneous and a maximally efficient reheating [30] to a radiation dominated
universe, cf. Ref. [28] and Ref. [31] for a review. Note that Tihax > 1072 m, can be achieved in non-inflationary
scenarios. One particular example are bouncing cosmology scenarios which can lead to T,,x which goes up to the
Planck scale: Timax < mp, cf. Refs. [32-34]. The maximum temperature of the thermal plasma is also bounded
from below. The most conservative estimates set a lower limit around a few MeV [35-39], shortly before Big Bang
nucleosynthesis took place. However, most scenarios require temperatures reaching well above the electroweak scale
such that, e.g., sphalerons can be active in leptogenesis scenarios [40].

In previous works the CGMB spectrum has been calculated within the Standard Model (SM) [26, 27] and for Beyond
Standard Model (BSM) theories [28, 41-43]. Those works considered only single graviton production processes. In this
case the resulting GW energy density per logarithmic momentum interval, (., is proportional to % X (Tax/ mp),
where ¢ is the internal coupling in the thermal bath. Here, we extend previous works by also including GW production
processes with two gravitons in the final state. These give a contribution to {2, that is proportional to (Tiax/ mp)?’.
We refer to this GW production channel as graviton pair production. Depending on the values of Tiyax/mp and g,
the graviton pair production channel can be the dominating contribution to the CGMB spectrum. In analogy to
dark matter production from the thermal plasma we dub the GW production from the thermal plasma GW freeze-in
production.

We also identify at which order quantum gravity and back-reaction effects would appear in the CGMB spectrum.
Observing these effects in the CGMB spectrum would therefore probe the quantization of gravity and reveal funda-
mental information about particle physics, if the GW production occurs at high energy scales that cannot be probed
with particle colliders on Earth.



Throughout this paper we work with a complex scalar field with quartic coupling A that is the internal coupling
in the thermal bath, i.e., for our model the previously mentioned generic coupling g is the quartic coupling A. In
previous works [26-28] such a coupling has not been considered even though the SM has such a coupling in the Higgs
sector. That is because Refs. [26, 27] worked under the assumption that in the SM the three gauge couplings and the
top Yukawa are of order of the square root of the Higgs self-coupling. Note that in BSM theories this is not necessarily
the case.

This paper is organized as follows: in Sec. II we introduce our model, which is a complex scalar field coupled to
gravity. This is then followed by Sec. III, where we introduce the full evolution equations for the two distribution
functions fy and f; which describe the scalars and gravitons, respectively. Furthermore, we perturbatively expand
the distribution functions around their initial states. This enables us to find a solution of the coupled nonlinear
integral-differential equations for the distribution functions. In Sec. IV we calculate the Matrix elements squared for
the graviton production processes. We then compute the GW spectrum in Sec. V. Finally, conclusions are given in
Sec. VI. Throughout this paper we use natural units with & = ¢ = kg = 1, where kg is the Boltzmann constant.

II. SCALAR MODEL

The action for a complex scalar field on curved space-time is
Sy = /d% Ly= /d%«ﬁ—g (—g’“’ (V,.0) Vo0 — U) : (1)

where V,, is a covariant derivative, g,, the metric tensor, g = Det [g,,] and U is the potential. The flat space-time
metric is defined as 7,, = diag(—1,1,1,1). Note that for a scalar field the covariant derivative reduces to a partial
derivative: V,¢ = 0,¢. The considered complex scalar is not charged under a local transformation and we consider
a quartic potential U = —%\¢|4. We assume that the scalar field is massless, which is justified if the considered
temperature in the thermal plasma is larger than the mass of the scalar field.

On top of the action in Eq. (1) we need the Einstein-Hilbert action

1
Spy = / d*e Loy = / de VIR (2)

where R is the Ricci scalar and G =1/ mf) is the gravitational constant. In the following we expand the metric around
flat-space-time: g, = Ny + Ay, With hy, < 1. A detailed expansion has been worked out before in Ref. [44] and
yields

E = EEH + £¢ — _7711«11 (8#¢)T ay¢ _ U + %auhauap,hgu
1
R I (0,9)" 0y + 1 (—Qhaﬂaah*;aﬁhvu — R, Y, 0" hE, + 1P, 0, h 0" h’;)

1 1
+r2 [(—h‘”h{ + 477“”haph”a> (8,0)" 0,0 + Zhaph"a Ul 4+ O(h?). (3)

Note that the h-fields in Eq. (3) have been rescaled with a factor k = v/327G and have now mass dimension one.
Furthermore, we have adopted the so-called transverse-traceless (TT) gauge, which includes the De Donder gauge:
0o, = %B#h together with the requirement that the trace h = h*, is zero. In the first and second line of Eq. (3)
we wrote down the zeroth and first order terms coming from Lgn and L4. In the second line we only write down the
second order term coming from L4, since the second order term from Lgy will not be needed for our calculations.

The lowest order Feynman vertices for our theory are shown in Fig. 1.



FIG. 1: Lowest order vertices that arise from the expansion of the scalar field and Einstein-Hilbert Lagrangian.
Scalars are represented by dashed lines and gravitons by double lines.

III. EVOLUTION EQUATIONS FOR THE DISTRIBUTION FUNCTIONS

We describe the thermal plasma of ¢-particles and the produced gravitons with two distribution functions defined

as
Nk Nk

tk)=—"2 t k)= 4

f¢( ) ) Vd3k/(2ﬂ_)37 fh( ) ) Vd?’k/(2ﬂ')3’ ( )

V' is the considered volume, and N(’; and N are the numbers of ¢-states and gravitons with momentum k = [K|

in the interval d®k. Since we shall expand fs around an isotropic equilibrium state, f is understood to be the
polarization-averaged distribution function. Also we do not introduce a distribution function for ¢’ since our model
and initial conditions are CP symmetric and therefore it would always be equal to fy.

In the regime where the momentum % is on the order of the hard scale which in equilibrium corresponds to the
temperature, i.e. k ~ T, kinetic theory is expected to be a good approximation for our system. The evolution
equations for the ¢ and graviton distribution functions can thus be written in the following Boltzmann-like form

f‘i)(t’k) = G¢(t7k)7L¢(tvk)7 (5)

It k) = Gu(t, k) — Ly(t, k), (6)

where the G and L terms describe the gain and loss terms of particle states. A generic expression for the graviton
production term Gy, is given by

1
Grltk)=gr X S [ M X Falh)  Lolol) ) ) X
all processes r
with Fa).t least one
final state graviton

X (1+ fo(p1)--- (L + fo(pi)) L+ fu(k)) - (L + falk;)), (7)
where the index r labels all possible processes. We call the momenta of the incoming ¢ and graviton states p},--- ,pl,
and ki, - -, kJ,, respectively. The momenta of the outgoing ¢’s and gravitons are py,--- ,p; and k1 = k, ka,--- , k;. In

our notation the m incoming and 4 outgoing ¢-states can be ¢ or ¢! states. In Eq. (7) the symmetry factor S, has to
be included if two or more indistinguishable particles appear in the initial or final state. We will make the symmetry
factor explicit in section Sec. IV where we calculate the graviton rate. The sum in Eq. (7) runs over combinations of
all processes with at least one graviton with momentum % in the final state. The pre-factor 1/(4k) is a combination
of 1/(2k) from the phase space measure and 1/2 from the graviton polarization degeneracy. We need the factor 2
from the polarization degeneracy since the matrix element squared is summed over polarizations and the distribution
function is defined to be averaged over both polarizations. The loss term is analogous to the gain term in Eq. (7) with
the difference that one sums over all processes with at least one graviton in the initial state. The Boltzmann-like Egs.
(5), (6) and (7) come with important caveats on their validity beyond leading order, which we shall discuss later. The
integral that appears in (G, is the phase space integral that has to be performed over all momenta, except k:

/ d9. — / d’pl / d°py, / d°k} / d°ky, / d’p / d*pi
") (2m)32p (2m)32pl, J (2m)32k, (2m)32k;, ) (2m)32p; (27)32p;

Pk d*k; )
P Pl K K P P K K
X/(27)32k:2 /(27r)32kj X @m)TOT P Py Ky A Ky = P = P = K = KG), (8)




where we use capital letters to denote four-vectors. For further use we introduce the shorthand notation:

L Sr 2
/T =2 / 40, M, 2. 9)

We have written Eqgs. (5), (6), (7) and (8) in a rather generic form which includes all possible processes. In our
specific model of a massless complex scalar field, 1 <+ 2 processes are only allowed in the collinear limit, i.e., when
the three-momenta of all three particles are exactly parallel. However, in this case the thermal and vacuum masses
of the scalars have to be taken into account, which leads to the fact that 1 +» 2 graviton production processes are not
even allowed in the collinear limit. The first kinematically allowed processes for graviton production are 2 — 2 and
2 > 3 processes, which have a lowest order matrix element squared of O (/14) and O ()\2,%2), respectively.

We are interested in tracking the evolution of f, under the assumption that it starts from an initially vanishing
value in a bath of equilibrated scalars.! In our stated freeze-in scenario, we further assume that throughout the entire
evolution f, < 1 and |ng — f4| < 1, where ny is the Bose-Einstein distribution ng (k) = 1/(e*/7 — 1). We can thus
expand the distribution functions up to fourth order in A and k:

folk) = nu(k) + £ (k) (10)
fulk) = 0+ f22 (k) + £ (k), (11)

where the superscript stands for the order of A\ and k that is considered, i.e. O(Xk/) = (i,j). Note that in

our expansion of the distribution functions we have also implicitly expanded the matrix element squared. As x is
dimensionful, the expansion in k£ ~ 1/m,, has to be understood as an expansion in 7'k, the corresponding dimensionless
quantity. The zeroth order term of fy is set to be n; and the zeroth order term of the f, distribution function is
zero. We have suppressed the time arguments in Eqgs. (10) and (11). Note that in the expansion we treat A and Tk
on equal footing and for the distribution functions we have only written out the non-vanishing terms up to fourth
order. Terms of O ()\",%2) with n > 2 are also expected, which — depending on the temperature and the value for A
— can be larger than O (54). However, as we discuss later in this section, these terms cannot in general be included
in a straightforward manner into the Boltzmann-like ansatz, cf. Egs. (5), (6) and (7).

In the following, we discuss based on three examples why the terms shown in Egs. (10) and (11) are the only non-
zero contributions. The evolution Egs. (5) and (6) yield f}(f’o) = 0 since, in order to produce or annihilate a graviton,

£(0,2)

one has to go at least to second order in x. Furthermore, f, =0= fd()O’Q), since massless 1 <+ 2 processes are

kinematically forbidden. Finally, jf’o) vanishes because of detailed balance arguments. As an example consider the
two terms éi’o_))(lﬁ(ﬁ neng(1+ng)(1+ns(k)) — ;i’o_})w ng(k)ns(14+ng)(1+ng) that appear in ff’O)- After a redefinition
of variables in the phase space integral one can show that both terms cancel each other. Similar arguments hold for the
other terms in féz’o) such that overall ff’o) = 0. Note that if f(»7) =0 then f(»9) = 0 for all times for (4, j) # (0,0)
which follows from the initial conditions: f(t = 0) = 0 and f4(t = 0) = ng. In complete analogy to the discussed
examples one can show with kinematic and detailed balance arguments that the other terms that are not shown in
Eqgs. (10) and (11) also vanish.

Next we discuss the non-zero fourth order terms for the graviton distribution function. The f}(l2’2) rate is non-zero
and it is given by

F(2,2 (22)

é’):/ nene(1+np)(1+nm) + -+, (12)
ddp—Pph

where the dots stand for other processes of the same order, e.g., p¢fd — ¢h. All possible processes are written down

in Sec. IV. In Fig. 2, we show the Feynman diagrams for the single graviton production process ¢¢ — ¢ph at order
O ()\2/12).

1 Although we consider the case of an initial vanishing distribution function of gravitons, our framework is more generic, as it is valid as
long as f; < 1.
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FIG. 2: Lowest order Feynman diagrams for the ¢¢ — ¢¢ph process. The matrix element squared is of the order
O ()\252). In addition to the diagrams shown, there are two more diagrams that can be obtained by crossing the
final state graviton.

FIG. 3: Lowest order Feynman diagrams for the process ¢'¢ — hh. The matrix element squared is of the order
O (,%4). There is one additional diagram that is not shown since it can be obtained by crossing the final state
gravitons in the second diagram.

The contributions to fh at order O (54) are sourced by processes that have two gravitons in the final state. These
processes can be relevant in high-temperature early universe scenarios since the dimensionless expansion parameter

is T'/m;, which can be relatively large if the temperature is close to the Planck mass. The explicit form of f,(LoA) is:
(0.4 (0,4)
b ) :/ NpNg. (13)
dtd—hh

Processes with a graviton in the initial state do not contribute, since the initial state graviton always comes with a
factor f, which makes the whole term of higher order. The same holds for final state 1 4 f; amplification factors.
The corresponding Feynman diagrams that contribute to two graviton production are shown in Fig. 3. In Sec. IV we
calculate these diagrams.

In the following we discuss how one could extend our calculation of f; to higher orders. In particular we point out
the limitations and challenges that one would face. The evolution Eq. (5) for the graviton distribution function can
definitively be used without problems at lowest order in perturbation theory, i.e., in our case these are the 2 — 2 and
2 <> 3 processes that are of the order O (54) and O ()\2/{2) respectively. These lowest order terms have real corrections,
and wvirtual corrections. Virtual corrections are loop correction, while real corrections come from tree-level processes
with extra initial- or final-state particles. If they are finite, the latter are easily incorporated into the Boltzmann
equation formalism, i.e., Eq. (7). Incorporating the former, on the other hand, is not straightforward as the matrix
elements squared contain not only standard vacuum fluctuations but also statistical fluctuations which, in turn,
depend on the distribution functions themselves [45]. Furthermore, while real and renormalized virtual corrections
might separately be finite in a standalone scalar theory, in more complex systems such as the scalar theory coupled
to gravity or gauge theories they are in general not finite, with infrared (IR) divergences canceling between the two,
as in the case of the Kinoshita—Lee—Nauenberg theorem [46, 47]. In conclusion it is a challenging task to incorporate
higher order effects with the Boltzmann-like approach since it is only possible to incorporate the finite higher order
effects.
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FIG. 4: The interference of the left and center diagrams yields a term O ()\2/€4) in the matrix element squared. The
right diagram denotes a real correction that is on the same order when it’s squared.

Virtual gravitons arise already at order O (/{4) in the graviton distribution function, cf. Fig. 3. Quantum gravity
effects start to play a role at order O ()\21434), since at this order diagrams with graviton loops exist. The three
diagrams that we show in Fig. 4 are of order O ()\1/11), O (/\11£3) and O ()\1/12) respectively. The interference term of
the first two diagrams is of order O (A2ﬁ4) and is the first virtual correction involving loops of gravitons. Conversely,
the square of the third diagram is O ()\2/14) and is part of the real corrections at that order. This further exemplifies
the challenge in going beyond leading order: the real corrections can be dealt with in a Boltzmann form in a rather
straightforward way, while the virtual corrections cannot, as their matrix element squared will depend in non-trivial
ways on the statistical factors — see Ref. [48] for a recent work on this problem in a non-gravitational setting.

In an alternative way, one could systematically study quantum effects in kinetic theory from first principles using
the Wigner-function formalism. By performing an expansion in A of the Wigner function, one can in principle derive
quantum corrections to the classical Boltzmann equation, see, e.g., Refs [49-53]. The development of such quantum
kinetic theory is left for future studies.

Along the lines that we discussed before, we want to mention that it is possible to calculate ff(bang) in a full quantum
picture. As shown in Ref. [27] for the specific case of GWs and more generally in Ref. [54] for any state that is feebly
coupled to a thermal bath, the Boltzmann-equation based approach that we use here agrees, at O ()\252), with
the thermal-field-theoretical approach of production and equilibration rates. Namely, for GWs one has f}(LaH’Q)(k) =
L(k) [ns (k) — }(Lau’Q)(k)}, [26] where the production/equilibration rate I'(k) is proportional to 2 times the imaginary
part of the retarded two-point function of the 775 component of the energy-momentum tensor of the equilibrium
particles, i.e., in our case, the scalars. This formalism defines the single-graviton production rate to all orders in
A. Within this formalism, higher orders in A naturally incorporate both real and virtual corrections, without the
issues that would plague direct attempts in the Boltzmann-like approach. However note that, in principle, we do
not want to go to higher orders in A but to higher orders in s to identify quantum gravity effects. The discussed
thermal-field-theoretical approach is not suited for this and new strategies have to be developed for a full quantum
treatment of the graviton production rate.

Finally let us discuss back-reaction effects, which can be incorporated into the Boltzmann-like formalism. If we stay
at order O (,%4) and go to non-zero order in A\ we can identify back-reaction effects. These appear at lowest order at
O(k*A\?). The graviton production rate at this order contains the following back-reaction terms:

(0,4)

(2,2)

(4,4 2,2 4,0

}(L )(k;):/ fé )nB(1+nB)(1+nB)+/ fé )nB+... 7 (14)
PpPp—Ppdh ¢pt—hh

where the dots above stand for other terms that we have omitted here. We call the terms in Eq. (14) back-reaction
terms since the small corrections on top of the Bose Einstein distribution, f ;2’2) and f 4(50’4)7 appear in the phase space
integral. Back-reaction effects also appear in the fj rate.

We further note that the RHS in Egs. (12) and (13) are time independent. Therefore f,(f’Q) and f,go’4), are linear

4) 4)

in time and the back-reaction rates, i.e. f,54’ , are linear in time. From this follows that f,(l4’ has a quadratic time

dependence.



IV. MATRIX ELEMENTS AND PHASE SPACE INTEGRALS

In this section we calculate the matrix elements squared for graviton production at order O ()\2112) and O (n4).
Let us start with the O ()\2,‘12) component. As argued previously, it arises from 2 — 3 and 3 — 2 processes. The
corresponding expressions for the distribution functions are:

. 2
P =1 / A5 | M2, (P1, P P1, P2, K)| 1 (ph) 1 () (14 1 (p)] 11+ 1 (p2)] (15)
' ) abed ,
£7200) =g [ 4% 2 [ ME B B D 1| (51 mg(55) mg (55) 1+ g (1) (16)
abed
FE2 ) =22 (k) + f372(R), (17)

where at order O ()\2.%2) there is no fj on the right-hand side. The sums run over all abed scalar and antiscalar
degrees of freedom and thus over all ab — cdh and abc — dh processes, with kA denoting the graviton. The quantities
|M3b, (P}, Ph; P1, P2, k) |2 and |[M3%¢(p], Ph, P}; P1, k)|? are the corresponding matrix elements squared summed over
the graviton polarizations. For k ~ T the contribution of the thermal mass mgr = \/WT is suppressed, so
the external states can be considered massless. The prefactor 1/(16k) is a combination of 1/(2k) from the phase
space measure, 1/2 for the graviton polarization degeneracy, and 1/(2!)? for the symmetry factors for identical initial
and final state particles. In the cases where a # b or ¢ # d the sum over abed counts the process two times and
compensates for this factor. Similarly, 1/(24k) is a combination of 1/(2k) from the phase space measure, 1/2 for the
graviton polarization degeneracy, and 1/(3!) for the symmetry factors for identical initial state particles.

The phase spaces can be read off from Eq. (8). For the matrix element squared we used the automated pipeline
introduced in Ref. [27]. We first used FEYNRULES [55] to derive Feynman rules for the Lagrangian in Eq. (3). Using
the appropriate interface [56], FEYNRULES generates a model file for FEYNARTS [57]. This package and its companion
FOorRMCALC [58] were then used to generate, evaluate and square all amplitudes. Tensor boson polarization sums had
to be implemented following the method discussed in Ref. [27]. For ¢¢! — ¢¢Th, the results is

2 &2A2 (fW .fy)2 (}ﬁ 'fﬁ)2 (Iy _}5)2 (}ﬁ -fﬂ)2
D1, k‘ _ 119 _ 1 _ 2
M35, (05 i D1, D2, ) 2 [P{-KPQ’-K+P1-KP2-K Pl KP-K P -KP, K
/. 2 /. 2
(P-P)* (P P) _ol (18)

Pl.KP,-K P, KP,-K

Equation (18) arises from diagrams such as the ones in Fig. 2. The four structures in the denominator, e.g. Pj - K,
correspond to the propagator of the virtual, intermediate scalar connecting the ¢¢h vertex with the ¢* one. It is
reassuring to see that this matrix element squared is finite even when one of the scalar products in the denominators
vanishes. For example, the term Pj - K can vanish either for p/ — 0 or when p] is parallel to k. In the former case the
powers of p} at the numerator immediately remove the divergence, and similarly the phase space is free of endpoint
divergences for pj — 0, even in the presence of Bose enhancement (ng(p) — 0) ~ T'/p}). In the collinear case, p} || k
one can show that the sum of the divergent terms is finite.

Let us now discuss the terms that are obtained by crossing. By crossing an initial state ¢ (¢') to the final state
one obtains a ¢ (¢). Hence one finds

2 2
‘M¢¢Th(p17p27p17p27 )‘ :‘Mgzh(pllvpévpl7p27k)’ ‘M¢T¢Th(p17p2ap17p27k) . (19)

+ 12
Furthermore, }Miif h' is symmetric under permutations within the initial and final states of the ¢ and ¢f. Hence,
in the sum over abed of Eq. (15), it is counted four times, whereas the ¢-only or ¢-only processes are counted once.

The 3 — 2 matrix elements squared can be obtained by crossing Eq. (18), too. For instance, if we cross the



final-state ¢ with momentum P, into an initial-state ¢ with momentum Pj we have

rzﬁw (P -Pp)?  (P-Pg)? (B Py)?
2 |Pl-KP,-K P-KP,-K ' P,-KP,- K

M¢¢ ¢(p/17p/27 p§3§P1; k)

P-KP-K P -KP,-K P -KP,-K °|
By further crossing one finds
: 2
‘Mﬁff ?(p}, Ph, P5; P1,k) ‘ ‘M‘M’ ? (P}, P2, 3 P1, k)| - (21)

The processes with two ¢ and with two ¢ in the initial state are counted three times each in the sum over abed.
Putting everything together we then find

nB(pll) nB(pIQ) [1 + nB(pl)] [1 + nB<p2)] ) (22)

61 o (0) o 95 (1 + )] (23)

. 3 2
}%_>3<k7) 8k /dQ2H3‘M¢¢h p17p27p1ap2>k)‘

Details on the seven-dimensional numerical integration of the phase space can be found in Appendix A.

The O (k*) component is sourced by 2 — 2 processes:

2
(0,4
AR L Z(Mhh P, Phi k. ka)| g (p1) () - (24)
where 1/(8k) is the product of the 1/(2k) from the Lorentz phase space measure, a factor of 1/2 for the two polariza-
tions of the graviton and a factor of 1/(2!) for possible identical initial state particles.

The matrix element squared arises from four diagrams. Three of them are shown in Fig. 3, and the fourth comes
from the u-channel analog of the second diagram. We have computed the matrix element squared by using the
previously described FEYNRULES, FEYNARTS and FORMCALC machinery:

t 2 g2
M o ph e ke[ = S (25)
where s, t and u are the standard Mandelstam invariants. Note that the matrix element squared can also be extracted
from Refs. [59, 60]2 and we have checked that our results agree. Accounting for a factor of 2 from the sum in Eq. (24)
yields:

) 2
}(50,4)(k) 4](; /dQQ—>2’Mhh p17p2ak kQ) nB(p/l)nB(p/Q) . (26)

We refer again to Appendix A for details on the reduction of the phase space integration to a two-dimensional integral
that we evaluate numerically.
The production rates for (4,j) = (2,2) and (¢,5) = (0,4) can be written in a compact form as:

1) 1 TN i (kY i (F
o3 (2) o (3) 0 ).

where we have defined dimensionless 9-functions and used the convention that ng(z) = 1/(e* — 1) if the argument
of ny is dimensionless. The -functions are shown in Fig. 5 for the 2 — 3 (dotted black) and 3 — 2 (dashed black)
processes. We also show the sum of the 2 — 3 and 3 — 2 processes which is labeled as 2 <> 3 and shown as a

2 These papers show that the amplitudes for graviton production factorize into simple products of photon amplitudes times kinematic
factors. The massless limit of Eq. (21) of Ref. [59] gives the ¢y — ¢ scalar Compton amplitudes in the helicity basis. Eq. (62) of
the same paper then gives the matrix elements squared as the fourth power of these amplitudes, multiplied by the second power of the
kinematic factor F, given in Eq. (61). The matrix elements squared for the two polarizations are identical and thus trivially summed.
Finally, crossing symmetry relates the ¢ph — ¢h matrix element squared to the ¢¢ — hh matrix element squared
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FIG. 5: We plot the ¥-functions that have been obtained by numerically integrating the phase space integrals. The
results are shown for the 2 — 3, 3 — 2 and 2 — 2 processes respectively. The sum of the 2 — 3 and 3 — 2
contributions is denoted as 2 <+ 3. 2 <» 3 processes come from single graviton production processes that have a
lowest order matrix element squared of the order O ()\2,%2) = (2,2). 2 — 2 processes arise in graviton pair
production processes with a lowest order matrix element squared of the order O (/{4).

red dot-dashed line. The 2 — 2 processes are shown as a solid blue line. Note that while the t-function for the
2 + 3 processes has only a relatively mild k/T dependence around k/T ~ 1 this is not the case for the 2 — 2
processes. In Appendix A we have derived an asymptotic form for f,(LOA), ie., »©% in the limit & > 7. We find
(04 = 32/(157)(k/T)? for k > T what confirms the results in Fig. 5. 12 and (%) differ in their functional form
due to the fact that the underlying phase space structure and matrix elements are different for single and graviton pair
production. The single gravitons are produced in 2 <+ 3 processes, while graviton pair production is a 2 — 2 process.
In addition, the non-renormalizable nature of gravity leads to a matrix element squared for single graviton production
that is proportional to k2 ~ m%g times an expression with dimensions (energy)?. Similarly the matrix element squared

for graviton pair production is proportional to k% ~ %g times an expression with dimensions (energy)*. In the case
of graviton pair production the 2 — 2 phase space integration for large k translates this into a quadratic dependence
on momentum, which explains the form of (®%) for large k.

As Fig. 5 shows, the 2 — 3 contribution to f,52’2) leads to j:}(Lz,z) o k73 for k < T, which implies a naively IR-
divergent contribution to the number density of gravitons (ngy o [ dkk? fy) and a finite but enhanced contribution
to the energy density pgw o< f dkk?f), from the IR domain k < T. This IR contribution is an artifact of treating
the external and intermediate scalar states as massless. If we would include their thermal mass mg7, then such a
behavior would go away, as the matrix element would no longer behave like 1/k? at small k. Scalars have the nice
property that their thermal mass behaves like an ordinary local mass term in the Lagrangian, unlike gauge fields and
fermions. This in turn would make thermal mass resummation relatively straightforward. For this paper we limit
ourselves to unresummed (massless) results, and consider the result for fn to be a proper leading-order determination
in the regime k 2 mgr = \/A/12T. Furthermore, for smaller k, k < A2T, the quasi-particle description breaks down
completely and gravitational waves are sourced from hydrodynamic fluctuations [26].

V. GRAVITATIONAL WAVE SPECTRUM

In this section we embed the graviton production rate into cosmological evolution. Our main assumption is that,
after the hot Big Bang, a thermal plasma of ¢-particles with temperature T, is present. Throughout the expansion
of the universe the thermal plasma produces GWs. From the definition of Eq. (4) it follows that the GW differential
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energy density is dpgw (¢, k) = 2k fr (¢, k)(gsT])%, where a flat space-time metric has been assumed, and the factor of 2
takes the two polarization states into account which contribute to the energy density. We can rewrite the equation for

the energy density as d‘tipdgl‘zk = fr—z fh . Generalizing to an expanding universe, the GW energy density evolves as [26]
(O + AH ) pew (£) = / LT (28)
t pgw - (27‘(’)3 ) )

where H is the Hubble parameter and we have defined R(t,k) = 2k f,(t, k). Note that for the © (A%k%) and O (k*)
contributions, which we shall discuss here, fh has no explicit time dependence. We will therefore treat fh without
explicit time dependence in the following derivation. Now that we consider a thermal plasma in an expanding universe,
the temperature decreases over time. Therefore we have an implicit time/temperature dependence.

We further note that, in a radiation-dominated universe,

_ [8mp(T) 1
H= =5 o (29)

with p(T) = g.,(T)7*T*/30 and g.,(T) = 2 is the effective number of energy density degrees of freedom. The scalars

remain in thermal equilibrium?® as long as their interaction rate, which is on the order AT, is at least as fast as the
Hubble rate H ~ T?/m,,. Therefore we obtain the equilibrium condition, A > T'/m,,, which has to be understood as
an order of magnitude estimate.

We can integrate Eq. (28):

t1 3
Pew(t1)  pewl(to) / d 1 / d’k

— = t——— | ——= R(T(t), k), 30
50) )y @ ) @ TP 0
where we have used that the entropy density s fulfills $+3Hs = 0 and we have made the temperature/time dependence
explicit. We assume that at the beginning of the GW production no GWs are present, i.e., pgw(to) = 0. At ty the
thermal plasma was first in thermal equilibrium and had its maximum temperature Ty,.x. The time t; is the time
when the mass of the scalar field cannot be neglected anymore. The temperature corresponding to the time ¢; is
referred to as Ty in the following. In Eq. (30) we can only integrate to ¢; since the production rates that we have
calculated are only valid for temperatures above T;;. The time integral in Eq. (30) can be transformed into an integral

over the temperature by using the relation [61]:
dr 473

==\ 55 9=0(T)

dr 9:s(T) T°
dt 15

Guc(T) mp’

[ME

(31)

where g.s and g, are the effective degrees of freedom for the entropy density and heat capacity, which are defined
as s(T) = g*S(T)%Tg’ and ¢(T) = g*C(T)%T:S. In the following we use the assumption of isotropy under which we
can simplify the d®k integral: [d®k R(T,k) = 4w [ dk k*R(T,k) = 4w [ din(k)k*R(T, k). From Eq. (30) we can then
read off the GW energy density per logarithmic momentum interval at Ty, normalized to the total energy density:
Qg = L dpgw Redshifting all corresponding quantities to today [28] yields:

b dink *
15v/45 orfe \°
thgw(fg) = me g*s(Ttoday)1/3 h%Q»y < & ) X

today

T, 1/3
max 1 g*C (T) 27ng < g*S(T) )
X dT — R\T,T , 32

/T¢ ™ g*p(T)1/2g*s(T)4/3 ( Ttoday Gxs (Ttoday) ( )

where f, is the current day GW frequency, h3€l, = 2.473 x 107" is the present fractional photon energy density,
h3 a factor that eliminates the experimental uncertainty that is coming from measurements of the Hubble constant,

3 By this we mean that the zeroth order term of fs is a massless Bose-Einstein distribution with the current temperature.
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Tioday = 2.7254 K the current day temperature [62] and g.s(Tioday) = 3.931 are the effective entropy degrees of
freedom today [63].
With the parametric form of f, from Eq. (27) we can write R as:

onf e, (BT (2 00 (B T2 00 (k
R(T,k>—2kfh(T,k>—TnB(T)mg(w (T)+m%¢ By (33)

where the dots denote higher order terms. We plug Eq. (33) in Eq. (32) and, in order to get an analytical result, we
approximate gus(T) = gup(T) = guc(T) = gx(Timax) in the region of temperatures above T;;. We thus obtain

3 5
2 _ —12 fe 2 ° TmaX/mp

2
" (Azwu,z) (o) + (me> PO (g ) 4 ) ’ (34)

3\ mp

1/3 1/3
where we have assumed Tiax > Ty and we have defined ymax = 2 /s (w"““‘))) =0.14 (101{?HZ) (g*s(?“a"‘)> .

Ttoda. s (Ttoda:

Note that models which can describe the entire thermal history of t}fe ezglrl(y uniyverse have gi(Tmax) > gus(Ttoday). We
work with a model that includes only one complex scalar field and therefore, g«(Tmax) < gxs(Ttoday). Nonetheless the
features in the GW spectrum that we work out here will hold in general even with a more realistic model that can
describe the thermal history of the universe consistently. We comment on this aspect further below. The terms that
are represented by the dots in Eq. (34) include processes which encode quantum gravity effects, cf. Fig. 4. These
effects arise at the order O ()\2,%4) and would appear as a term (2% \2 (Tm&x/mp)2 in the parantheses in the second
line in Eq. (34).

The single graviton production processes have a matrix element squared of the order O ()\2/<;2), i.e., it is proportional
to 1/ mf). Since the GW production happens on a time scale that is comparable with m,,, the single graviton production

processes are proportional to Tiax/mp in the GW spectrum. A similar argument applies to the contribution from the
4
p’
the contribution to the GW spectrum is of the order (Tiax/myp)3. We refer to this production mechanism as GW

graviton pair production. The matrix element squared is of the order O (&4), i.e., proportional to 1/mg, and hence
freeze-in, since the GWs are produced from the thermal plasma throughout the expansion of the universe. Note that
while the GW production mechanism is conceptually very similar to the production of dark matter from the thermal
plasma, the final GW spectrum is very ultraviolet sensitive in the sense that it depends on the maximum temperature.

In Fig. 6 we plot the GW spectrum coming from single graviton production processes (red dot-dashed lines) and
from graviton pair production processes (blue dashed lines). The sum of both contributions, i.e., the total GW
spectrum, is shown as a black solid line. The quartic coupling is always set to A = 1071, When we evaluate the
GW spectrum we also have to evaluate the t-functions. Since these functions have only been calculated reliably
for arguments that are larger than VA = 0.31, ¢f. Sec. IV, we only show the GW spectrum in the corresponding
frequency regime. Note that the GW spectrum from the single graviton production mimics to a good approximation

(2:2) is very flat in the regime T/mp > V/A. The graviton pair production

a black body spectrum, since the function v
contribution has a significantly different shape since the function (% is not constant in the frequency interval of
interest.

Fig. 6 (left) shows a scenario where the maximum temperature is set to Tinax/m, = 1073, In this case the single
graviton production contribution dominates over the graviton pair production contribution. The total spectrum has
therefore mostly the form of the single graviton production spectrum.

Fig. 6 (right) shows the GW spectrum for a slightly larger maximum temperature, Tinax/m, = 1072, which requires
a non inflationary scenario. Note that the chosen maximum temperature is consistent with the equilibrium condition

for the scalar fields, i.e. A? > T//m,. In the case at hand both contributions are parametrically equally important

4 In a more realistic model that can describe the entire history of our universe one would have to use renormalization group equations to
run the parameters up to very high energy scales.
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and around the peak frequency the graviton pair production contribution is even substantially larger than the single
graviton production contribution. This can be seen explicitly from Eq. (34) by comparing the two terms in the
second line. The first term corresponds to single graviton production processes, while the second one describes the
contribution due to graviton pair production. Comparing both terms we find as an order of magnitude estimate, that
the contribution from graviton pair production processes are equally important or even larger than the contribution
from the single graviton production processes if 10 Tyax/mp 2 A. Therefore, the relevance of the graviton pair
production processes depends crucially on the size of the coupling and the maximum temperature. The GW spectra
associated with single graviton and graviton pair production processes peak at slightly different frequencies and have a
distinct functional form. As a result, the total spectrum takes a very characteristic form that is substantially different
from the single graviton production spectrum, i.e., an approximate black body spectrum.

In the following we derive analytic expressions for the peak frequencies of the single graviton and graviton pair
production GW spectra. For the single graviton contribution we find from Eq. (34) that the GW spectrum peaks
at: 2 x 1011 Hz (2/g*s(Tmax))1/3, where we have assumed that 1/(>?) =const. which is a good approximation in the
frequency interval of interest. The peak frequency of the graviton pair production curve lies at a slightly higher
frequency: 3.5 x 10! Hz (Q/g*S(Tmax))l/g, where we have used the asymptotic form (%% = 32/(157)(k/T)? that was
derived in Appendix A.

The higher order terms which are depicted by the dots in Eq. (34) are suppressed further by powers of Tinax/myp
and \. For values of Tynax/mp and A that are relatively close to unity one has to check in detail that the higher order
1) functions are not larger than the leading order 1 functions such that the suppression from the additional powers of
Tmax/mp and A is not spoiled. The values of Tax and A, that we consider in Fig. 6 are much smaller than unity and
therefore we do not expect such a scenario to happen. For example the ¥(%% function would have to be four orders
of magnitude larger than the (>4 function for Tiyax/mp, = 1072, The higher order ¢ functions will be either phase
space suppressed or have the same phase space as the leading order processes. In both cases we do not expect an
enhancement of the higher order v functions by orders of magnitude.

The maximum of the CGMB spectrum is bounded from above, hiQgy < 1076 [28], due to constraints on the
additionally allowed amount of dark radiation. Both scenarios that are shown in Fig. 6 do not saturate this bound
and are therefore not excluded. In the complex scalar model the dark radiation bound is saturated for Tax/m, = 0.5.
Note that in this case the main contribution to the GW spectrum is coming from graviton pair production processes,
which illustrates the importance to include these processes at high temperatures. The SM predictions for the GW
production from the thermal plasma includes currently only single graviton production processes, cf. Refs. [26-28], and
yields hZQgw =5 x 1077 for Tipax = myp. Therefore, adding graviton pair production processes to the SM calculation
can already lead to a violation of the dark radiation bound for Ti.x < mp, because the current prediction which
includes only single graviton production processes, is already very close to the dark radiation bound. In conclusion,
this might then be used to constrain the maximum temperature of the universe. We plan to work out the details in
a follow-up study where we will also address the aspect of thermal equilibrium at ultra high temperatures in the SM
and beyond the SM theories.

VI. CONCLUSIONS AND OUTLOOK

The thermal plasma in the early universe produced a guaranteed stochastic GW background through thermal
fluctuations. At each time the emitted GW spectrum peaks at the respective temperature. Due to the temperature-
redshift relation, the peak frequencies of the GW spectra are all redshifted to the same frequency today and therefore
add up. Conceptually, the GW production from the thermal plasma has many similarities with the so-called dark
matter freeze-in production from the thermal plasma. The GWs are produced out of equilibrium and their distribution
function is small at all times, f;, < 1. Furthermore, the f}, distribution function evolves much slower than the Hubble
rate. We therefore dubbed the GW production from the thermal plasma GW freeze-in production. The GW freeze-
in scenario is ultraviolet dominated in the sense that it depends on the maximum temperature of the universe, as
expected from a non-renormalizable coupling.



14

— total ——- (2,2) single graviton prod. ~ ----- (0,4) graviton pair prod.
Trnax/myp = 1073, A = 107! Tnax/myp = 1072, A = 107!
10711 4
10713 J
10714 ] 10—12 4
~15 ]
= £ 1013
c
£ 107165 =
10714 4
10717.
10718 3 10—15 4
1071 . . . .
1011 10]2 1011 10]2
[ [Hz] fe [Hz]

FIG. 6: Gravitational wave spectrum with respect to the present day GW frequency. The single graviton production
processes which are of order O ()\2/12) = (2,2) are shown as a red dot-dashed line. The graviton pair production
processes are shown as a dashed blue line and are of order O (k*) = (0,4). The total GW spectrum is shown as a
solid black line. On the left we show a scenario where the maximum temperature is limited to 1072 my,. In the right
figure we set the maximum temperature to Tiay = 1072 mp. In this case the graviton pair production processes
yield an even larger contribution compared to the single graviton production processes. The GW spectra are
calculated for a complex scalar model with g, (Tmax) = 2.

In this paper we use a Boltzmann-like formalism to study the microscopic particle collision processes that contribute
to the CGMB spectrum. We have done all calculations in a model with a complex scalar field and quartic self-
interaction. Our basic assumption is that after the hot Big Bang a plasma of scalars with temperature Ty,.x is present
and this plasma produced the CGMB spectrum. First, we considered the contribution of single graviton production
processes to the CGMB spectrum. In a scalar theory with quartic interaction, single graviton production processes
are 2 <> 3 processes, which have not been calculated before. Our calculation is motivated by the fact that a quartic
coupling exists in the Higgs sector of the SM and in many BSM theories. The second class of processes that we
investigate are graviton pair production processes. These are 2 — 2 processes and have not been considered before in
the context of GWs from the thermal plasma. We show that their contribution to the CGMB spectrum can be larger
than the contribution from the single graviton production processes. As an order of magnitude estimate, graviton pair
production processes dominate the GW spectrum if 10 Tinax/mp 2 A. Note however that the maximum temperature is
also bounded from above by an equilibrium requirement for the scalar particles: A% > Tyax/ mp, which has to be seen
as a parametric estimate. Therefore, the degree to which graviton pair production processes contribute significantly
to the CGMB spectrum depends on the values of the coupling coefficient and the maximum temperature. As an
example we show the two different scenarios in Fig. 6. On the left single graviton production processes dominate
(Tmax/mp = 1072 and A = 1071). When increasing Tiax by one order of magnitude (Fig. 6, right) graviton pair
production processes yield a significant contribution to the total GW spectrum.

The single graviton and graviton pair production processes are the lowest order contributions which can easily be
incorporated into our Boltzmann-like formalism. We have also discussed the first steps and problems that would arise
if one would add real and virtual quantum gravity corrections to the presented results. While finite real corrections
can be incorporated in our formalism, virtual corrections depend on the distribution functions themselves and this
complicates their inclusion into the Boltzmann-like approach that we use here. A possible future direction is to derive
a quantum Boltzmann equation from the Wigner function by performing a systematic & expansion. This would allow
one to explicitly identify the quantum corrections.
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The results that we have worked out for a scalar model are qualitatively also valid for more general theories. In this
case the coupling coefficient A would have to be replaced with the heat bath couplings in the more general theory,
which we generically refer to as g. Then the contribution from graviton pair production processes to the GW spectrum
dominates over the single graviton contribution if X x Tax/mp 2 ¢, where X is a model dependent constant. A
value X < 10 in the SM would indicate that graviton pair production dominates at higher temperatures compared to
our scalar model. In a follow-up study we will answer this point with a full SM and BSM calculation. Confronting the
graviton pair production calculation in the SM and BSM theories with existing dark radiation constrains can therefore
already lead to constraints on Ti,ax. Constraints on T.x can be used to test different models of our universe, cf.
Ref. [28]. For example non-standard inflationary cosmological models would be required if a Tyay > 1073 myp would
be inferred from the GW spectrum. Furthermore, the CGMB can be used to constrain non-standard cosmological
histories, cf. Ref. [64]. The authors of Ref. [64] have only considered single graviton production processes. It would
be interesting to add graviton pair production processes to their calculation since it could lead to stronger constraints
on non-standard cosmological histories.

A detection of the CGMB with Earth-based detectors will be challenging, cf. Ref. [65], however there exist detector
proposals with sensitivities comparable to the dark radiation bound, cf. Ref. [66]. Future experimental work will have
to show if the proposed detectors can be realized and if their foreseen sensitivity can even be improved. Our results
motivate further work on high-frequency GW detection since a detection of the CGMB in the future would pave the
way to probe our understanding of particle physics and cosmology at ultra high energies.
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Appendix A: Details on the evaluation of the phase space integrals

In this appendix we provide some extra details on the phase space integrals of Sec. IV. Let us start from Egs. (22)
and (23). In order to carry out the integrations numerically, we can rewrite the phase space as

1 [e%S) [e%S) 1 1 1 2m 2 pzo(pl)a(p/ er/ —p 7/6)
A, o= ——— dp’ v dph o, | de, de, | d d depy 2L 172" bl
/ 2-33 16(271‘)7/0 plpl/o p2p2[1 Cp! [1 Cpl, [1 CP1/O ¢1/0 D2 P, - P, s
(A1)

where k is chosen to point in the z direction and the ¢ variables are the cosines of the angles between k and the
respective momenta: ¢, = cos0j . The ¢’s are two azimuthal angles, where the third one was integrated out. p; is
fixed to

P :[Pl’ .Py—P|-K—P}- K] [k(l —cp) —pi(1— (cpcpy + (1—c12),1)(1—c%1)cos(q’)l—i—(bg)))
= 1o (1 = (epycpy + 1 /(1=c2 )(1=cZ)) cos(¢2)))] (A2)
and P/ - K = pik(cy, — 1), P - P = pips(cp,cpy + (l—cg,l)(l—cié)cos(gbl) —1). Similarly, P/ - P1 = pip1(cprcp, +
\ /(1—0129:_)(1—%271) cos(0;1¢1+¢2) —1). The other inner products, including P; - Py, follow from P, = P+ Pj— K — P;.

The 3 — 2 analog of Eq. (Al) follows from simple crossings. These seven-dimensional integrals are carried out
numerically using the Monte Carlo algorithm VEGAs+ [67]. The results are shown in Fig. 5.
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Let us now consider the O (,%4) contribution. Eq. (26) can be evaluated using the standard “s-channel” parametri-
sation of Ref. [68, 69]. We can arrange the phase space integral as

1 o0 @’ 0+ 27 Ak
dQy o= — dq® d dp! / PP A3
/ 2—2 (47T)3k /k q ,/|2k_q0| Q/q p2 0 ot ( )

where we defined ¢+ = (¢° + ¢)/2 and we chose ¢°, ¢ such that pj = ¢° — p} and p} + p) = q. Gpyk 18 the azimuthal
angle between the p}, q and k, q planes. This corresponds to

s
s=a -4 1=55 [(Qk —")(¢° — 28h) + ¢ — cos(yi) /(@ — (0 —2K)2) (@2 — (¢ —2p)2) | (Ad)
T d p! . .
We can perform the angular average (.. .>¢p/ L= f02 % ... to get rid of odd powers of the cosine and find

= /mdo/f g [ a2 ]G v 2t 1]} ma@ ) e ] (45)
he 32k (47)3k ), 4 |2k—q0| q . P2 52 s - sq 5(P2 slq" — P2)] -

We have used the identity ng(ph)ns(q° — ph) = ns(q°) [1 + ns(ph) + ns(q® — ph)] which is useful for treating the pl
integration analytically.’ Carrying out the integration we find:

4 oo q° 4 2 012 0\4
;(04) _ K do/ d oy 2 ovef  11¢* —30¢°(2k — ¢”)° + 15(2k — ¢°)
" 4(87T)3/f2/k ! |2k—q0| 1nad) o — ) 120¢*

(¢ = (¢" —2K)%)% | e —1

+T =
8¢* eT —1

- T2 (QQ - (qo = 2k)2;(q€>2 — 5(q0 — 2k)2) (Lig (6_%—> + Lis (e_qT_)>

a5k —¢")" + QZSZJQ — 42(¢° — 2k)?) (Lia ()~ Lia (7))

R q;f + 1052k = ¢)° [Li4 (%) + iy (e ) + % (Lis (%) ~ Lis (e—%‘))} }

(A6)

Note that the result of the integration is positive, though this might not appear obvious from this expression. For
large momenta, k > T, Eq. (A6) asymptotes to

a4
;0.4) _ T _yr 1
s = 15(4m)3 € / (k +0 <I<:2> > : (A7)

This result can be extracted by noting that in this asymptotic regime, ny(q°) ~ e=1"/T . This sharp exponential cutoff

ensures that only the ¢° ~ k and 2k — ¢° < ¢ < ¢° (¢ = k) ranges dominate the integral. Expanding the integrand
for ¢° — k < k and ¢ — k < k and then performing the integral we recover Eq. (A7). We note that the form given in
Eq. (A7), while valid for & > T, approximates the numerical results shown in Fig. 5 at better than 30% accuracy for
k>T.

[1] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), “Observation of gravitational waves from a
binary black hole merger,” Phys. Rev. Lett. 116, 061102 (2016).

5 The matrix element squared depends on ph as function of q° — 2ph. It thus has a reflection symmetry around p}, = q0/2, which is the
midpoint of the p} integration range. We can then reflect the ng(q° —ph) into an ng(ph) leaving the matrix element unchanged, further
simplifying the integration.


http://dx.doi.org/10.1103/PhysRevLett.116.061102

17

[2] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), “Gw170817: Observation of gravitational
waves from a binary neutron star inspiral,” Phys. Rev. Lett. 119, 161101 (2017).
[3] L.P. Grishchuk, “Amplification of gravitational waves in an isotropic universe ,” JETP 40, 409 (1975).
[4] A. A. Starobinskii, “Spectrum of relict gravitational radiation and the early state of the universe ,” JETP Letters 30, 682
(719) (1979).
[5] V.A. Rubakov, M.V. Sazhin, and A.V. Veryaskin, “Graviton creation in the inflationary universe and the grand unification
scale,” Physics Letters B 115, 189-192 (1982).
[6] R. Fabbri and M. D. Pollock, “The effect of primordially produced gravitons upon the anisotropy of the cosmological
microwave background radiation,” Physics Letters B 125, 445-448 (1983).
[7] S. Y. Khlebnikov and I. I. Tkachev, “Relic gravitational waves produced after preheating,” Phys. Rev. D 56, 653-660
(1997), arXiv:hep-ph/9701423.
[8] K. Lozanov, Reheating After Inflation (Springer, 2020).
[9] Yohei Ema, Ryusuke Jinno, Kyohei Mukaida, and Kazunori Nakayama, “Gravitational Effects on Inflaton Decay,” JCAP
05, 038 (2015), arXiv:1502.02475 [hep-ph].
[10] Yohei Ema, Ryusuke Jinno, Kyohei Mukaida, and Kazunori Nakayama, “Gravitational particle production in oscillating
backgrounds and its cosmological implications,” Phys. Rev. D 94, 063517 (2016), arXiv:1604.08898 [hep-ph].
[11] Yohei Ema, Ryusuke Jinno, and Kazunori Nakayama, “High-frequency Graviton from Inflaton Oscillation,” JCAP 09,
015 (2020), arXiv:2006.09972 [astro-ph.CO].
[12] Edward Witten, “Cosmic Separation of Phases,” Phys. Rev. D 30, 272-285 (1984).
[13] C. J. Hogan, “Gravitational radiation from cosmological phase transitions,” Mon. Not. Roy. Astron. Soc. 218, 629-636
(1986).
[14] Thibault Damour and Alexander Vilenkin, “Gravitational wave bursts from cosmic strings,” Phys. Rev. Lett. 85, 3761-3764
(2000), arXiv:gr-qc/0004075.
[15] Thibault Damour and Alexander Vilenkin, “Gravitational wave bursts from cusps and kinks on cosmic strings,” Phys.
Rev. D 64, 064008 (2001), arXiv:gr-qc/0104026.
[16] Arthur Kosowsky, Andrew Mack, and Tinatin Kahniashvili, “Gravitational radiation from cosmological turbulence,” Phys.
Rev. D 66, 024030 (2002), arXiv:astro-ph/0111483.
[17] Alberto Nicolis, “Relic gravitational waves from colliding bubbles and cosmic turbulence,” Class. Quant. Grav. 21, L27
(2004), arXiv:gr-qc/0303084.
[18] Chiara Caprini and Ruth Durrer, “Gravitational waves from stochastic relativistic sources: Primordial turbulence and
magnetic fields,” Phys. Rev. D 74, 063521 (2006), arXiv:astro-ph/0603476.
[19] Grigol Gogoberidze, Tina Kahniashvili, and Arthur Kosowsky, “The Spectrum of Gravitational Radiation from Primordial
Turbulence,” Phys. Rev. D 76, 083002 (2007), arXiv:0705.1733 [astro-ph].
[20] Tigran Kalaydzhyan and Edward Shuryak, “Gravity waves generated by sounds from big bang phase transitions,” Phys.
Rev. D 91, 083502 (2015), arXiv:1412.5147 [hep-ph].
[21] Edward W Kolb and Michael Stanley Turner, The early universe, Frontiers in physics (Westview Press, Boulder, CO,
1990).
[22] Sunny Vagnozzi and Abraham Loeb, “The challenge of ruling out inflation via the primordial graviton background,”
(2022), arXiv:2208.14088 [astro-ph.CO].
[23] Chiara Caprini and Daniel G. Figueroa, “Cosmological Backgrounds of Gravitational Waves,” Class. Quant. Grav. 35,
163001 (2018), arXiv:1801.04268 [astro-ph.CO].
[24] Andreas Ringwald and Carlos Tamarit, “Revealing the Cosmic History with Gravitational Waves,”  (2022),
arXiv:2203.00621 [hep-ph].
[25] Steven Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (John Wiley
and Sons, New York, 1972).
[26] J. Ghiglieri and M. Laine, “Gravitational wave background from Standard Model physics: Qualitative features,” JCAP
07, 022 (2015), arXiv:1504.02569 [hep-ph].
[27] J. Ghiglieri, G. Jackson, M. Laine, and Y. Zhu, “Gravitational wave background from Standard Model physics: Complete
leading order,” JHEP 07, 092 (2020), arXiv:2004.11392 [hep-ph].
[28] Andreas Ringwald, Jan Schiitte-Engel, and Carlos Tamarit, “Gravitational Waves as a Big Bang Thermometer,” JCAP
03, 054 (2021), arXiv:2011.04731 [hep-ph].
[29] Andrei Sakharov, “Maximum temperature of thermal radiation,” Pisma Zh. Eksp. Teor. Fiz. 3, 012 (439-441).
[30] Gary N. Felder, Lev Kofman, and Andrei D. Linde, “Instant preheating,” Phys. Rev. D 59, 123523 (1999), arXiv:hep-


http://dx.doi.org/10.1103/PhysRevLett.119.161101
http://dx.doi.org/ https://doi.org/10.1016/0370-2693(82)90641-4
http://dx.doi.org/ 10.1016/0370-2693(83)91322-9
http://dx.doi.org/ 10.1103/PhysRevD.56.653
http://dx.doi.org/ 10.1103/PhysRevD.56.653
http://arxiv.org/abs/hep-ph/9701423
http://dx.doi.org/10.1088/1475-7516/2015/05/038
http://dx.doi.org/10.1088/1475-7516/2015/05/038
http://arxiv.org/abs/1502.02475
http://dx.doi.org/10.1103/PhysRevD.94.063517
http://arxiv.org/abs/1604.08898
http://dx.doi.org/ 10.1088/1475-7516/2020/09/015
http://dx.doi.org/ 10.1088/1475-7516/2020/09/015
http://arxiv.org/abs/2006.09972
http://dx.doi.org/10.1103/PhysRevD.30.272
http://dx.doi.org/ 10.1103/PhysRevLett.85.3761
http://dx.doi.org/ 10.1103/PhysRevLett.85.3761
http://arxiv.org/abs/gr-qc/0004075
http://dx.doi.org/10.1103/PhysRevD.64.064008
http://dx.doi.org/10.1103/PhysRevD.64.064008
http://arxiv.org/abs/gr-qc/0104026
http://dx.doi.org/ 10.1103/PhysRevD.66.024030
http://dx.doi.org/ 10.1103/PhysRevD.66.024030
http://arxiv.org/abs/astro-ph/0111483
http://dx.doi.org/10.1088/0264-9381/21/4/L05
http://dx.doi.org/10.1088/0264-9381/21/4/L05
http://arxiv.org/abs/gr-qc/0303084
http://dx.doi.org/10.1103/PhysRevD.74.063521
http://arxiv.org/abs/astro-ph/0603476
http://dx.doi.org/10.1103/PhysRevD.76.083002
http://arxiv.org/abs/0705.1733
http://dx.doi.org/ 10.1103/PhysRevD.91.083502
http://dx.doi.org/ 10.1103/PhysRevD.91.083502
http://arxiv.org/abs/1412.5147
http://dx.doi.org/ 10.1201/9780429492860
http://arxiv.org/abs/2208.14088
http://dx.doi.org/ 10.1088/1361-6382/aac608
http://dx.doi.org/ 10.1088/1361-6382/aac608
http://arxiv.org/abs/1801.04268
http://arxiv.org/abs/2203.00621
http://dx.doi.org/10.1088/1475-7516/2015/07/022
http://dx.doi.org/10.1088/1475-7516/2015/07/022
http://arxiv.org/abs/1504.02569
http://dx.doi.org/ 10.1007/JHEP07(2020)092
http://arxiv.org/abs/2004.11392
http://dx.doi.org/ 10.1088/1475-7516/2021/03/054
http://dx.doi.org/ 10.1088/1475-7516/2021/03/054
http://arxiv.org/abs/2011.04731
http://dx.doi.org/10.1103/PhysRevD.59.123523
http://arxiv.org/abs/hep-ph/9812289

18

ph/9812289.

[31] Mustafa A. Amin, Mark P. Hertzberg, David I. Kaiser, and Johanna Karouby, “Nonperturbative Dynamics Of Reheating
After Inflation: A Review,” Int. J. Mod. Phys. D 24, 1530003 (2014), arXiv:1410.3808 [hep-ph].

[32] Robert Brandenberger and Patrick Peter, “Bouncing Cosmologies: Progress and Problems,” Found. Phys. 47, 797-850
(2017), arXiv:1603.05834 [hep-th].

[33] Robert Brandenberger and Ziwei Wang, “Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant Spectrum of
Cosmological Perturbations and Gravitational Waves,” Phys. Rev. D 101, 063522 (2020), arXiv:2001.00638 [hep-th].

[34] Betty X. Hu and Abraham Loeb, “An Upper Limit on the Initial Temperature of the Radiation-Dominated Universe,”
JCAP 01, 041 (2021), arXiv:2004.02895 [astro-ph.CO].

[35] M. Kawasaki, Kazunori Kohri, and Naoshi Sugiyama, “Cosmological constraints on late time entropy production,” Phys.
Rev. Lett. 82, 4168 (1999), arXiv:astro-ph/9811437.

[36] M. Kawasaki, Kazunori Kohri, and Naoshi Sugiyama, “MeV scale reheating temperature and thermalization of neutrino
background,” Phys. Rev. D 62, 023506 (2000), arXiv:astro-ph/0002127.

[37] Gian Francesco Giudice, Edward W. Kolb, and Antonio Riotto, “Largest temperature of the radiation era and its cosmo-
logical implications,” Phys. Rev. D 64, 023508 (2001), arXiv:hep-ph/0005123.

[38] Steen Hannestad, “What is the lowest possible reheating temperature?” Phys. Rev. D70, 043506 (2004), arXiv:astro-
ph/0403291 [astro-ph].

[39] Takuya Hasegawa, Nagisa Hiroshima, Kazunori Kohri, Rasmus S. L. Hansen, Thomas Tram, and Steen Hannestad,
“MeV-scale reheating temperature and thermalization of oscillating neutrinos by radiative and hadronic decays of massive
particles,” JCAP 12, 012 (2019), arXiv:1908.10189 [hep-ph].

[40] M. Fukugita and T. Yanagida, “Baryogenesis Without Grand Unification,” Phys. Lett. B174, 45-47 (1986).

[41] Lucia Castells-Tiestos and Jorge Casalderrey-Solana, “Thermal Emission of Gravitational Waves from Weak to Strong
Coupling,” (2022), arXiv:2202.05241 [hep-th].

[42] P. Klose, M. Laine, and S. Procacci, “Gravitational wave background from non-Abelian reheating after axion-like inflation,”
JCAP 05, 021 (2022), arXiv:2201.02317 [hep-ph].

[43] P. Klose, M. Laine, and S. Procacci, “Gravitational wave background from vacuum and thermal fluctuations during
axion-like inflation,” (2022), arXiv:2210.11710 [hep-ph].

[44] S. Y. Choi, J. S. Shim, and H. S. Song, “Factorization and polarization in linearized gravity,” Phys. Rev. D 51, 2751-2769
(1995), arXiv:hep-th/9411092.

[45] Mikko Laine and Aleksi Vuorinen, Basics of Thermal Field Theory, Vol. 925 (Springer, 2016) arXiv:1701.01554 [hep-ph)].

[46] T. Kinoshita, “Mass singularities of Feynman amplitudes,” J. Math. Phys. 3, 650-677 (1962).

[47] T. D. Lee and M. Nauenberg, “Degenerate Systems and Mass Singularities,” Phys. Rev. 133, B1549-B1562 (1964).

[48] M. Laine, “Resonant s-channel dark matter annihilation at NLO,” (2022), arXiv:2211.06008 [hep-ph].

[49] Nora Weickgenannt, Xin-Li Sheng, Enrico Speranza, Qun Wang, and Dirk H. Rischke, “Kinetic theory for massive spin-1/2
particles from the Wigner-function formalism,” Phys. Rev. D 100, 056018 (2019), arXiv:1902.06513 [hep-ph].

[50] Nora Weickgenannt, Enrico Speranza, Xin-li Sheng, Qun Wang, and Dirk H. Rischke, “Generating Spin Polarization from
Vorticity through Nonlocal Collisions,” Phys. Rev. Lett. 127, 052301 (2021), arXiv:2005.01506 [hep-ph].

[61] Di-Lun Yang, Koichi Hattori, and Yoshimasa Hidaka, “Effective quantum kinetic theory for spin transport of fermions
with collsional effects,” JHEP 07, 070 (2020), arXiv:2002.02612 [hep-ph].

[62] Nora Weickgenannt, Enrico Speranza, Xin-li Sheng, Qun Wang, and Dirk H. Rischke, “Derivation of the nonlocal collision
term in the relativistic Boltzmann equation for massive spin-1/2 particles from quantum field theory,” Phys. Rev. D 104,
016022 (2021), arXiv:2103.04896 [nucl-th].

[63] Xin-Li Sheng, Nora Weickgenannt, Enrico Speranza, Dirk H. Rischke, and Qun Wang, “From Kadanoff-Baym to Boltzmann
equations for massive spin-1/2 fermions,” Phys. Rev. D 104, 016029 (2021), arXiv:2103.10636 [nucl-th].

[64] D. Bodeker, M. Sangel, and M. Woérmann, “Equilibration, particle production, and self-energy,” Phys. Rev. D 93, 045028
(2016), arXiv:1510.06742 [hep-ph].

[65] Adam Alloul, Neil D. Christensen, Céline Degrande, Claude Duhr, and Benjamin Fuks, “FeynRules 2.0 - A complete
toolbox for tree-level phenomenology,” Comput. Phys. Commun. 185, 2250-2300 (2014), arXiv:1310.1921 [hep-ph].

[56] Neil D. Christensen, Priscila de Aquino, Celine Degrande, Claude Duhr, Benjamin Fuks, Michel Herquet, Fabio Mal-
toni, and Steffen Schumann, “A Comprehensive approach to new physics simulations,” Eur. Phys. J. C 71, 1541 (2011),
arXiv:0906.2474 [hep-ph].

[657] Thomas Hahn, “Generating Feynman diagrams and amplitudes with FeynArts 3,” Comput. Phys. Commun. 140, 418-431
(2001), arXiv:hep-ph/0012260.


http://arxiv.org/abs/hep-ph/9812289
http://arxiv.org/abs/hep-ph/9812289
http://arxiv.org/abs/hep-ph/9812289
http://dx.doi.org/10.1142/S0218271815300037
http://arxiv.org/abs/1410.3808
http://dx.doi.org/ 10.1007/s10701-016-0057-0
http://dx.doi.org/ 10.1007/s10701-016-0057-0
http://arxiv.org/abs/1603.05834
http://dx.doi.org/ 10.1103/PhysRevD.101.063522
http://arxiv.org/abs/2001.00638
http://dx.doi.org/10.1088/1475-7516/2021/01/041
http://arxiv.org/abs/2004.02895
http://dx.doi.org/ 10.1103/PhysRevLett.82.4168
http://dx.doi.org/ 10.1103/PhysRevLett.82.4168
http://arxiv.org/abs/astro-ph/9811437
http://dx.doi.org/10.1103/PhysRevD.62.023506
http://arxiv.org/abs/astro-ph/0002127
http://dx.doi.org/10.1103/PhysRevD.64.023508
http://arxiv.org/abs/hep-ph/0005123
http://dx.doi.org/ 10.1103/PhysRevD.70.043506
http://arxiv.org/abs/astro-ph/0403291
http://arxiv.org/abs/astro-ph/0403291
http://dx.doi.org/ 10.1088/1475-7516/2019/12/012
http://arxiv.org/abs/1908.10189
http://dx.doi.org/10.1016/0370-2693(86)91126-3
http://arxiv.org/abs/2202.05241
http://dx.doi.org/ 10.1088/1475-7516/2022/05/021
http://arxiv.org/abs/2201.02317
http://arxiv.org/abs/2210.11710
http://dx.doi.org/ 10.1103/PhysRevD.51.2751
http://dx.doi.org/ 10.1103/PhysRevD.51.2751
http://arxiv.org/abs/hep-th/9411092
http://dx.doi.org/10.1007/978-3-319-31933-9
http://arxiv.org/abs/1701.01554
http://dx.doi.org/10.1063/1.1724268
http://dx.doi.org/ 10.1103/PhysRev.133.B1549
http://arxiv.org/abs/2211.06008
http://dx.doi.org/ 10.1103/PhysRevD.100.056018
http://arxiv.org/abs/1902.06513
http://dx.doi.org/ 10.1103/PhysRevLett.127.052301
http://arxiv.org/abs/2005.01506
http://dx.doi.org/10.1007/JHEP07(2020)070
http://arxiv.org/abs/2002.02612
http://dx.doi.org/ 10.1103/PhysRevD.104.016022
http://dx.doi.org/ 10.1103/PhysRevD.104.016022
http://arxiv.org/abs/2103.04896
http://dx.doi.org/10.1103/PhysRevD.104.016029
http://arxiv.org/abs/2103.10636
http://dx.doi.org/10.1103/PhysRevD.93.045028
http://dx.doi.org/10.1103/PhysRevD.93.045028
http://arxiv.org/abs/1510.06742
http://dx.doi.org/ 10.1016/j.cpc.2014.04.012
http://arxiv.org/abs/1310.1921
http://dx.doi.org/10.1140/epjc/s10052-011-1541-5
http://arxiv.org/abs/0906.2474
http://dx.doi.org/ 10.1016/S0010-4655(01)00290-9
http://dx.doi.org/ 10.1016/S0010-4655(01)00290-9
http://arxiv.org/abs/hep-ph/0012260

19

[68] Thomas Hahn, Sebastian PaBehr, and Christian Schappacher, “FormCalc 9 and Extensions,” PoS LL2016, 068 (2016),
arXiv:1604.04611 [hep-ph].

[59] Barry R. Holstein, “Graviton Physics,” Am. J. Phys. 74, 1002-1011 (2006), arXiv:gr-qc/0607045.

[60] N. E. J. Bjerrum-Bohr, Barry R. Holstein, Ludovic Planté, and Pierre Vanhove, “Graviton-Photon Scattering,” Phys.
Rev. D 91, 064008 (2015), arXiv:1410.4148 [gr-qc].

[61] M. Laine and M. Meyer, “Standard Model thermodynamics across the electroweak crossover,” JCAP 07, 035 (2015),
arXiv:1503.04935 [hep-ph].

[62] R. L. Workman et al. (Particle Data Group), “Review of Particle Physics,” PTEP 2022, 083C01 (2022).

[63] Ken’ichi Saikawa and Satoshi Shirai, “Primordial gravitational waves, precisely: The role of thermodynamics in the
Standard Model,” JCAP 05, 035 (2018), arXiv:1803.01038 [hep-ph].

[64] Francesco Muia, Fernando Quevedo, Andreas Schachner, and Gonzalo Villa, “Testing BSM physics with gravitational
waves,” JCAP 09, 006 (2023), arXiv:2303.01548 [hep-ph].

[65] Asher Berlin, Diego Blas, Raffaele Tito D’Agnolo, Sebastian A. R. Ellis, Roni Harnik, Yonatan Kahn, and Jan
Schiitte-Engel, “Detecting high-frequency gravitational waves with microwave cavities,” Phys. Rev. D 105, 116011 (2022),
arXiv:2112.11465 |[hep-ph].

[66] Nancy Aggarwal et al., “Challenges and opportunities of gravitational-wave searches at MHz to GHz frequencies,” Living
Rev. Rel. 24, 4 (2021), arXiv:2011.12414 [gr-qc].

[67] G. Peter Lepage, “Adaptive multidimensional integration: VEGAS enhanced,” J. Comput. Phys. 439, 110386 (2021),
arXiv:2009.05112 [physics.comp-ph].

[68] G. Baym, H. Monien, C. J. Pethick, and D. G. Ravenhall, “Transverse Interactions and Transport in Relativistic Quark
- Gluon and Electromagnetic Plasmas,” Phys. Rev. Lett. 64, 18671870 (1990).

[69] Denis Besak and Dietrich Bodeker, “Thermal production of ultrarelativistic right-handed neutrinos: Complete leading-
order results,” JCAP 03, 029 (2012), arXiv:1202.1288 [hep-ph].


http://dx.doi.org/ 10.1088/1742-6596/762/1/012065
http://arxiv.org/abs/1604.04611
http://dx.doi.org/10.1119/1.2338547
http://arxiv.org/abs/gr-qc/0607045
http://dx.doi.org/ 10.1103/PhysRevD.91.064008
http://dx.doi.org/ 10.1103/PhysRevD.91.064008
http://arxiv.org/abs/1410.4148
http://dx.doi.org/ 10.1088/1475-7516/2015/07/035
http://arxiv.org/abs/1503.04935
http://dx.doi.org/10.1093/ptep/ptac097
http://dx.doi.org/10.1088/1475-7516/2018/05/035
http://arxiv.org/abs/1803.01038
http://dx.doi.org/ 10.1088/1475-7516/2023/09/006
http://arxiv.org/abs/2303.01548
http://dx.doi.org/ 10.1103/PhysRevD.105.116011
http://arxiv.org/abs/2112.11465
http://dx.doi.org/10.1007/s41114-021-00032-5
http://dx.doi.org/10.1007/s41114-021-00032-5
http://arxiv.org/abs/2011.12414
http://dx.doi.org/ 10.1016/j.jcp.2021.110386
http://arxiv.org/abs/2009.05112
http://dx.doi.org/10.1103/PhysRevLett.64.1867
http://dx.doi.org/10.1088/1475-7516/2012/03/029
http://arxiv.org/abs/1202.1288

	Freezing-In Gravitational Waves
	Abstract
	Introduction
	Scalar model
	Evolution equations for the distribution functions
	Matrix elements and Phase space integrals
	Gravitational wave spectrum
	Conclusions and Outlook
	Acknowledgments
	Details on the evaluation of the phase space integrals
	References


