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Abstract

Tests for structural breaks in time series should ideally be sensitive to breaks in
the parameter of interest, while being robust to nuisance changes. Statistical anal-
ysis thus needs to allow for some form of nonstationarity under the null hypothesis
of no change. In this paper, estimators for integrated parameters of locally sta-
tionary time series are constructed and a corresponding functional central limit
theorem is established, enabling change-point inference for a broad class of pa-
rameters under mild assumptions. The proposed framework covers all parameters
which may be expressed as nonlinear functions of moments, for example kurtosis,
autocorrelation, and coefficients in a linear regression model. To perform feasible
inference based on the derived limit distribution, a bootstrap variant is proposed
and its consistency is established. The methodology is illustrated by means of a
simulation study and by an application to high-frequency asset prices.

Keywords: gradual change; locally stationary process; p-variation; bootstrap
inference

1 Introduction

While statistical theory has historically been concerned with the study of data which is
identically distributed, or at least stationary, this temporal homogeneity is often violated
in practice. For example, economic time series are typically heteroscedastic, which is
especially prominent for returns of financial assets. Statistical inference which does not
account for nonstationarity may thus lead to wrong conclusions. However, the treat-
ment of nonstationary models poses methodological challenges. Specifying the temporal
variation nonparametrically, inference is often based on asymptotic methods, and it is
in general not clear how to define a suitable limit in a nonstationary setting. As a
remedy, |Dahlhaus (1997) suggested to regard the time index as a fraction of the sample
size, which allows for infill asymptotics. This perspective leads to the concept of locally
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stationary time series, which has since been extended and generalized, see e.g. ' Wu and
Zhou (2011)); Dahlhaus et al.| (2019); [Truquet| (2019).

In this paper, we study a multivariate, locally stationary time series model given by
the causal representation

Xin=Gn(t&) €eRY, t=1,...,n, (1)

where €; = (&, €-1,...) € R® for iid random variables ¢;. For each fixed u € [0, 1] and
n € N, the sequence (G, (u, €))ez is stationary. By letting the kernel depend on the
fraction %, the model explicitly accounts for nonstationarity. We assume that the kernel
G, converges to a limiting kernel G as n — oo in L,(P), and that u — G, (u, €;) admits
some form of regularity. The nonlinear model has been introduced by Zhou and
Wul (2009), and later been refined by [Zhou (2013). In contrast to the existing studies,
the regularity assumptions imposed on the mapping u — G, (u, €;) in this paper are
much less restrictive, as we only require finiteness of some p-variation instead of Holder
continuity; see the detailed discussion in Section [2]

A statistician might be interested in various properties of the time series X;,. We
denote the quantity of interest by a local parameter 6,,u € [0, 1], or €7, which is a
functional of the law of G(u, €), resp. G, (u, €). The estimator proposed in this paper
is applicable for any parameter of the form 0! = f(u"), where u* = EG,(u, €), and f
is a sufficiently smooth function. Upon replacing X;, by Y;, = h(X;,) for a function
h, we may also study parameters 0 = f(E[h(G,(u, €))]), i.e. any parameter which may
be expressed as a function of moments of X;,. This framework is rather general, and
contains for example the variance, kurtosis, and autocorrelations at fixed lag.

Depending on the application, different functionals of the temporal variation u — 6,
might be of interest, e.g. its temporal average f01 0, du as studied by Potiron and Myk-
land| (2020), its maximum value sup,,c(o  [|0u ||, or its value 6, at some ug € [0, 1]. For
instance, estimation of 6,, is studied by |Cui et al. (2020), who estimate the autoco-
variance function of a locally stationary time series via polynomial smoothing, and by
Dahlhaus and Richter (2019). The latter example is a nonparametric problem, and thus
in general suffers from slow rates of convergence, depending on the regularity of u — 6,.
In this paper, we tackle the temporal variation by studying the integrated parameter

u— O(u) :/ 0, dv,
0

and we propose a corresponding estimator M, (u) of ©(u). The function ©(u) contains
all information about the local parameter 6, and is thus a nonparametric object as well.
However, from a statistical perspective, it is attractive to formulate hypotheses in terms
of ©(u) since the latter may be estimated at a parametric rate y/n, as demonstrated
by our functional central limit theorem presented in Section [3] We note that the idea
of recovering a /n rate of convergence via integration has also been employed in other
areas of nonparametric estimation, e.g. when performing inference for integrated squared
density derivatives in an iid setting (Hall and Marron, (1987 Bickel and Ritov, [1988)),
for convolutions of nonparametrically specified densities (Schick and Wefelmeyer, 2004),



and for quadratic integrals of derivatives of a regression function (Huang and Jianqing},
1999). The previous references consider estimation of a single integrated quantity, but
the functional estimation of a local parameter 6, via its integral function u — ©(u) is also
common practice in high-frequency econometrics, when estimating integrated volatility
or integrated nonlinear functionals of volatility; see Jacod and Rosenbaum| (2013), |Alt-
Sahalia and Jacod| (2014), and the references therein. In the context of nonstationary
time series, this is applied, e.g., by Dahlhaus| (2009)), who considers linear functionals of
the time-varying spectral density.

A general method to estimate integrated parameters has been suggested by [Potiron
and Mykland| (2020). They construct block-wise estimators éz}n and average them to
obtain an estimator of ©(1). While this approach could be adapted to the functional
estimation of u +— ©(u), the verification of their assumptions for the estimators ém en-
tails additional analytical effort for each special case. In particular, they require strong
conditions on the bias of ém, and present explicit debiasing procedures for specific ex-
amples. In contrast, our proposed estimator M, (u) is based on a linearization procedure
around a nonparametric pilot estimator fi; ,, and may be regarded as a generic approach
for removing leading bias terms. We suggest a pilot estimator based on local smoothing,
but our results are deliberately formulated under much weaker conditions, requiring only
assumptions on the rate of convergence of fi;,. Many modern approaches to filtering
and regression are based on statistical learning theory, which typically yields satisfactory
rates of convergence, but does not lend itself to statistical inference. Our linearized esti-
mator M, (u) thus enables rigorous asymptotic inference based on these pilot estimates.
Details are presented in Section [3]

Our estimator is particularly useful to test for change-points in the local parameter.
Here, the null hypothesis is that the parameter 6, is the same for all u € [0, 1], which
may be formulated equivalently as

Hy:0,=6, < Hy:0(u)=u6(1). (2)

Analysis of this hypothesis of structural stability has a long history in statistics, see
Aue and Horvath (2013)) for a recent review. Early studies were concerned with the
stability of the mean (Page, (1954} |1955)). The methodology has since been extended,
and there exist procedures to test for, e.g., the stability of variances (Gao et al., 2019),
regression coefficients (Horvath| [1995), or autocovariances (Berkes et al., 2009; Killick
et al., 2013; Preuss et al.| |2015). Our approach provides a unifying framework to study
these problems for parameters 6, which may be written as a function of nonlinear mo-
ments. Besides the mentioned examples, this also includes novel change-point tests
which have not been studied previously, e.g. a test for the temporal stability of kurtosis.
The proposed change-point tests are robust against various model misspecifications, e.g.
nonstationarity and nuisance changes under the null hypothesis. In particular, our test
only monitors changes in the parameter 6, = f(u,), but not in the parameter pu, itself.
For example, our statistic is sensitive to changes in the variance, but robust to changes
in the unknown and time-varying mean value. The change-point tests based on our
estimator M, (u) are discussed in greater detail in Section {4| below.



There are parameters of interest which may not be expressed as a function of finitely
many moments, for example quantiles of the marginal distribution, or functionals of the
local spectral measure as considered by |Dahlhaus| (2009). A very general framework is
presented by Shao and Zhang| (2010), where an arbitrary functional of the time series’
distribution is studied. The assumptions therein are formulated in terms of the influence
function corresponding to the statistical functional of interest. Their verification is far
from simple and basically amounts to proving claims very similar to the steps we take in
this article. In contrast, we believe that the conditions imposed in the present paper are
conveniently verified for a broad range of practical problems. The framework of [Shao
and Zhang (2010) is also adopted by [Dette and Gosmann (2020) and applied to the
monitoring of quantiles, as well as by |Gosmann et al|(2021). Note that these authors
study the stationary case only, while we allow for nonstationarity. It might be of interest
to extend the methodology introduced in the present paper to more general functionals.
We leave this question for future work.

The outline of this paper is as follows. After defining the model in Section [2], we
describe the functional estimator M, (u) in Section [3{and present our asymptotic results.,
we give the rigorous definition of our model and present the technical assumptions. The
application of our results to change-point problems is discussed in Section [4, and the
finite sample properties of our proposed procedure are assessed via simulations study in
Section 5} Our methodology is illustrated by an application to financial data in Section
[6l Appendix[A]in the supplement contains additional remarks, and Appendix [B|contains
further examples and simulation results for change point testing. All technical proofs
are deferred to Appendix [C|

Notation

For a function f: R? — R, we denote Df(z) = (O, ..., 0s,) f(x) € R the first order
differential, and by D?f(z) € R%*? the Hessian matrix. For two sequences ay,b,, we
write a,, < by, if a,/b, — 0 as n — oco. For x € R, we denote (x); = max(z,0). Weak
convergence of probability measures and random elements is denoted by =. For a vector
r € R?, the Euclidean norm is denoted by ||z||, and for a matrix A € R¥4, we denote
by [|Al] = [[Allop the operator norm, i.e. [[A|l = sup,, ||Az||/||z|. The spectral radius
of a matrix A is denoted as p(A) = max(|\1],...|\q|), where the \; are the complex
eigenvalues of A. The transpose of a matrix A is denoted by AT. For a random vector
X, we denote by || Xz, = (]EHXH‘])% the L, norm, for ¢ > 1. The notation ||G,||p—var
is introduced in Section [21

2 Model

Let X;,,t = 1,...,n be a triangular array of random variables which is causal in the
sense that X, = G,(t/n, €) for a sequence of functions G,, : R x R*® — R?. Here, we
denote

€; — <€t76t717 .. ) € Roo’



where the ¢; are iid random variables. The functions GG,, are assumed to be measurable,
where we endow the sequence space R*® with the projection o-Algebra, see (Billingsley,
1999, Example 1.2).

By using a sequence of functions GG,,, we will be able to apply our results to investigate
the power of the proposed tests against local alternatives. Furthermore, letting the kernel
G, depend on n allows us to account for potential discretization errors, see Example
below. We assume that the kernel G, tends towards a limiting kernel G : R x R® — R?,
in the sense that

sup ||Gy(u,€) — G(u, €)l|r, = 0, n — oo, (A1)
u€[0,1]

for some ¢ > 2. Note that we do not require a rate of convergence in (A.1)). Furthermore,
we require the function u — G, (u, €y) € L,(P) to satisfy some regularity conditions. A
very mild condition can be formulated in terms of p-variation for some p > 1, defined as

1
P

O=up<u1 <...<um=1
meN

||Gn||p—var - sup (Z ||Gn<uz7 €t> - Gn(ui—lv et)”§,q>
=1

The latter definition is independent of the chosen t, since €; ~ €y. The p-variation of
the limiting kernel is denoted analogously as ||G||p—ver- We assume that

sup Sl[lp] |Gr(u, €)|lL, +sup [|Grllp—var < Ca < 00, (A.2)
n  uel0,1 n

and p > 1 will be further specified if necessary. Note that |Gyllp—var < |Gnllr—var for
1 < r < p, hence assumption ((A.2) is stronger for smaller p.

The assumption of finite p-variation is less restrictive than the piecewise-locally-
stationary (PLS) framework suggested by |Zhou| (2013), which amounts to requiring
piecewise Lipschitz continuity with finitely many breakpoints. The PLS framework has
been applied for change-point analysis by Dette and Wu (2019), Dette et al| (2019),
among others. In contrast, finite p-variation still allows for infinitely many discontinu-
ities of the mapping u — G, (u, €) € L,(P). On the other hand, if the latter mapping
is Holder continuous with exponent 3, then |G, ||p—ver < 00 for p > % Thus, assump-
tion is more general than requiring Holder continuity, and it combines classical
smoothness conditions as well as discontinuities in a single framework. The special case
of bounded 1-variation has been considered by [Dahlhaus and Polonik| (2009) for linear
processes. Our framework also contains the model of |Dahlhaus et al. (2019) as a special
case, see Section in the supplement.

The third and last assumption imposed on the causal kernel is uniform ergodicity.
We employ the physical dependence measure introduced by Wu (2005). To define the
dependence measure, we introduce an iid copy €/ of the ¢; Denote for t € Z,j € Z>,,

* * * 0o
€= (€t s €1, €14 €64 1,---) € R,

~ * o
€j = (Et, ceey €1, €t7j7 €t—j—1, - - ) € R*.



We assume that there exists a value p € (0, 1) such that, for all j,n € N,u € [0, 1]
G (u, €) — Gulu, &)llz, < Cap’. (A.3)

This implies that

* CG )
1Gn(u, €) = Galu, €r)llz, < 7 7
see Proposition in the appendix.
This set of assumptions suffices to establish a functional central limit theorem for the
partial sums of the X;,. An analogous limit theorem has been proven by [Zhou, (2013))
under the more restrictive PLS assumption.

Theorem 2.1. Let (A.1)), (A.2), and (A.3)) hold, for some q > 2. Suppose furthermore
that d = 1, and denote by

O'Z(U) = Z Cov [G(u, eh)? G(U, 60)] )

h=—o00
the local long-run-variance. Then, as n — o0,

[nv]

% ; (X —EX,,]= B ( /0 ) o’ (u) du) ,

where B(v),v > 0 is a standard Brownian motion. The weak convergence holds in the
Skorokhod space DI0, 1].

By virtue of the Cramer-Wold device, Theorem [2.1| can be extended to the multi-
variate case to yield weak convergence in the space (D[0, 1])¢ endowed with the product
topology. Note that this topology is different from the Skorokhod topology on the space
D0, 1] of cadlag functions g : [0,1] — R?, see (Jacod and Shiryaev, 2003, V1.1.23).

We conclude this section by giving an example of a process X;, which satisfies
assumptions —, highlighting that the imposed conditions are rather weak.

Example 1. Consider the time-varying vector autoregressive (tvVAR) process in d
dimensions which satisfies

Xt,n = A(%) [thl,n - ,U(%)] + B(%>6t + M(%)v
Xon = 30 A0V BO)e + p(0),
i=0
where €; is a sequence of iid, d-dimensional random vectors with finite moments of all
orders, p : [0,1] — RY, and A, B : [0,1] — R4 are matrix valued functions. Note

that higher-order autoregressive processes may also be studied in this framework by
stacking the lagged values of the process, effectively increasing the dimension d. For



example, an autoregression of order two may be described in terms of the state vector
Yin = (Xin, Xi_1,), taking values in R?!. Time-varying autoregressive models are
classical examples of locally-stationary time series. Early investigations of these models
include [Subba Rao| (1970)) and Grenier| (1983), and more recent contributions are due to
Moulines et al.| (2005)), Dahlhaus and Polonik (2009), and |Giraud et al.| (2015), among
others.

We extend A, B to the domain (—o0, 1] by setting A(u) = A(0) and B(u) = B(0) for
u < 0. The autoregressive process may be cast into our framework X, = G, (%, ¢€) as

Gn(u, €) :Z HA(U——

i=0 [j=1

B(u—L) e+ p(t).

This infinite sum is well-defined if we suppose that sup, ||B(u)||,sup, [[A(u)| < oo,
that the spectral radius p(A(u)) of A(u),u € [0,1], is at most p(A(u)) < po < 1,
and that the function u — A(u) admits some minimal regularity. In particular, if the
function u — A(u) has bounded p-variation for some p > 1, then || H§:1 Au—L) | <
Cp' for any p € (po,1), see Lemma in the appendix. Hence, assumption
is satisfied. Furthermore, if the functions p, A, and B are left-continuous, we have
|G (u, €) — G(u, €)||z, — 0 by dominated convergence for any ¢ > 2, with limiting
kernel

G(u, €) ZA w)e—; + p(u).

In particular, condition holds. Finally, Proposition in the appendix shows
that assumption holds if ||Allp—var + | Bllp—var + [|it|lp—var < 00. Moreover, in
the more regular case that u, A, and B are S-Hélder continuous, the kernel G, (u, €)
is also f-Hoélder continuous in L,(P), uniformly in n, and thus the same holds for
u pu' = EG,(u, €). The latter property is required to apply Proposition discussed
in the following section.

3 Estimating integrated parameters

For the locally stationary model introduced in Section [2, we denote the local moments

by
p =EG,(u, &) € RY, e = lim p” = EG(u, &) € R?, u € [0,1].

n—o0

Inference for the function u resp. 7 = f(ul) can be performed in various ways. For
example, one might assume a parametric form for the mapping w +— p!'. Here, we are
interested in testing nonparametric hypotheses imposed on the function p,. To this end,
instead of treating the moment function directly, we suggest to consider its integral. In
particular, for a nonlinear function f : R? — R, we study the integrated quantity

u) = / Cpmyde,  welo.1]



Note that most hypotheses on ' = f(u?) may be reformulated in terms of F,(u). In
Section {4, we will study change-point detection, where the null hypothesis Hy : f(u) =
f(ug) for w € [0,1] is equivalent to the hypothesis Hy : F,(u) = uF,(1). It is also
possible to study the hypothesis Hy : f(u") = 0, which is equivalent to Hy : F,(u) = 0.
Another appealing aspect of studying the integrated quantity F),(u) instead of f(ul) is
that the former may be estimated at a parametric rate \/n, even in a nonparametric
framework, see our results below. Though this might be surprising at first sight, note
that a similar phenomenon occurs in the classical statistical setting of iid observations,
where the empirical distribution function is y/n consistent, while nonparametric density
estimation only allows for slower, nonparametric rates of convergences.

A straightforward way to estimate F),(u) is to consider the partial sum process

Lun]

Vo) = =37 Flfen), ®)

where fi;, is a nonparametric estimator of p:, and 7 = 7, > 1 may be introduced to
alleviate boundary issues. This approach has two shortcomings. First, its distributional
properties strongly depend on the specific estimator fi,,. Thus, additional theoretical
effort is required when adapting corresponding inferential procedures to new situations.
Second, for nonlinear f, the estimator Mn(u) may be bias-dominated, impeding statis-
tical inference.

In particular, a Taylor expansion yields

IS [Fl) — F1)] = -3 DR e — p2) + O (%Z T u;!F) e

For most estimators [ ,, the bias of this expression is not smaller than 1/y/n. If one
considers, for example, a local average with bandwidth k,, and assumes u +— p, to
be Lipschitz continuous, then the bias of M, (u) is of order O(£ + 1), which is at best
O(1/y/n). In a related situation, |Jacod and Rosenbaum| (2013) suggest to solve this
problem by undersmoothing, i.e. choosing k,, < /n, and correcting the quadratic bias
term in explicitly; see also (Potiron and Mykland, [2020, Section 4.2). However,
the latter quadratic bias term strongly depends on the specific estimator i ,, so that
the approach of [Jacod and Rosenbaum| (2013) may not be easily transfered to different
problems.

As a generic approach for asymptotically unbiased estimation of integrated function-
als, we propose the linearized partial sum estimator

| e

Ma(u) = = 3 [f(fu-rn) + DI (u-r0) Ko = fur0)], we 0,1 (5)
t=7+L

for some initial offset 7 =7, > 1, lag L = L, — oo, L, < 7,, to be specified later, and
assuming f to be sufficiently smooth. The pilot estimator ji;, needs to satisfy minimal



high-level assumptions formulated below. Then, a Taylor expansion of f readily yields,
for some fi;, between ji;_r,,, and u?/n,

Lnu]

[nu]

1 n 1 n P T D2f (ﬂ n) n N
M (u) = n Z f (N%> + " Z (M% - N’th,n) Tt (M% - ,Uth,n>
t=Tn+Ln t=Tn+Ln
T
o 2 DS (Ko —n)

= I'(u) + I*(u) + I (u).

It can be shown that Il (u) — F,(u) converges to zero sufficiently fast. Moreover, if f is
sufficiently regular, and the estimator fi;,, is good enough, then y/nIZ(u) — 0, whereas
V/nI3(u) is asymptotically unbiased and tends towards a Gaussian process.

We require the function f to have bounded first and second derivatives in a neigh-
borhood of the path of y,. Formally, introduce the convex set M = conv{y, : u €
0,1]} € R? and its §-neighborhood M® = {m € R?: ||m — m|| < § for some m € M}.
We require that there exists a d € (0, 00] and a C'y < oo such that

[f@)] + IDf @) + |1 D*f(2)] < Cp, we M. (A.4)

By restricting the boundedness assumption to the set M?, we may also consider functions
of the form f(z,y) = z/y, if y > ¢ > 0 on the set M?°. Without localization, would
not hold for this choice of f.

Regarding the pilot estimator, we require that [, is measurable w.r.t. the past
innovations €, i.e. fi;, is a (potentially nonlinear) filter. By additionally introducing
the lag L, the measurability condition on [, serves to de-bias the term I?(u). In
particular, as L, — oo, the random vectors D f(ji;_r,,) and X, decouple by virtue of
(A.3). Furthermore, we require the estimator fi;,, to be consistent in the sense that

Z H/:Lt,n - :U/%||2 - OP(\/EL (A5)

t=7n

P (i, € Ms, t =7p,...,n) =1+ 0(1). (A.6)

The initial offset 7,, allows to circumvent boundary issues of the estimator fi;,. The
assumptions and are rather mild. Property requires some weak form
of uniform consistency of the estimator. If f is globally smooth, i.e. § = oo, then
is vacuous, and 7, = 1 is a valid choice. Property is a requirement on the rate of
convergence of [i; ,, in a form routinely studied in nonparametric statistics. The latter
assumption is discussed in detail in Section of the supplement. If we are willing to
impose some additional smoothness conditions, a suitable nonparametric estimator may
be obtained by local averaging. In particular, we define

t
1
~NW
= Xin7
Mt,n kn /\t ' Z ’
i=(t—kn)V1




for a sequence k,, — 00, k, < n. Note that ﬂé\g/‘/ can be interpreted as a one-sided kernel
smoother of Nadaraya-Watson type.

Proposition 3.1. Let (A.3)) hold for some q > 2, and choose k, > n, then [
satisﬁes - ) for any offset sequence 1, — co. Suppose that for all n, we have u; =

it 2 such that |2 p—ver < an for p € [1,2), and such that u — p™' is B-Holder
continuous with Hélder constant C, then

ke (BN 1
Z — Op (a + (—) + Ogn) .
n n k.,

In particular, [if)" satisfies (A.5) if ankn < v/n, and y/nlog(n) < k, < n'% . The
latter condition is feasible for any B > %

~NW n
:utn :U’L

By allowing the vanishing discontinuous part x™? in Proposition , we may account
for potential discretization errors.

For the local smoother ,utn , as well as for any other estimator i, satisfying our

assumptions ) and - the functional estimator M, (u) admits a central limit
theorem with parametric rate y/n. Our main result may be formulated as follows.

Theorem 3.2. Suppose that (A.1), (A.2), (A.3), (A.4), (A.5), and (A.6) hold, and
let p € [1,4). Suppose that T < n, and that L,, satisfies L, > log(n)'™® for some

€ (0,1), and that L, < nr%, L, < n%. Then, asn — 0o,

|un]

NG 1Y :,B(/ D f (1) S(0) D f (1) d )=M<u),

t Tn+Ln

X(v) = Z Cov (G(v, &), G(v, €,)) € R4,

where B denotes a standard Brownian motion. The weak convergence holds in the Sko-
rokhod space DI[0,1]. If p € [1,2), it also holds that

vn (Mn(U) - /u f () dv) = M (u).

n+Ln Au
n

Just as in Theorem [2.1I the Cramer-Wold device may be used to extend Theorem
3.2 to the multivariate setting where f takes values in R%". The functional Weak con-
vergence then holds in the product space (D[0,1])%". If p < 2 and Tn < nz, We may
alternatively choose [J° (1) dv as centering term, such that /n[M,(u) — [; f(
has the asymptotic distribution given in Theorem |3 -

Remark 1. The suitable choice of the lag parameter L depends on the strength of the
dependency of the time series. On the one hand, the bias term I? grows polynomially

with L, ie. I2 = Op(Ly™PPp-2/maxv2))  gee Lemma in the supplement. This

10



suggests to choose the lag as small as possible. On the other hand, L needs to be large
enough such that X;, and fi; 1, decouple, in order for I? to be asymptotically unbiased.
In particular, in view of assumption , we need to ensure that p < 1/y/n. To ensure
that both, I?> and the bias of I, are negligible, a conservative choice is L, = clog(n)?
for some factor c¢. The sensitivity of our methodology with respect to L is assessed by
simulations in Section [l

Remark 2. In contrast to Theorem [2.1] the central limit theorem of the linearized esti-
mator M, (u) requires p < 4, i.e. the kernel GG,, needs to be more regular. This restric-
tion is due to the bias incurred by the lag L. In particular, we can only ensure that
I? = op(1/4/n) if p < 4, see Lemma in the supplement. On the other hand, the
criticality of p = 2 occurs because [+ 377 | f( fo (u) du| = (n_% || p—var ), SCE

Lemma in the supplement. Note that both issues are not present in the linear case
of Theorem 2.1

The integrand of the asymptotic variance of the limit process M (u) corresponds to
the long-run variance under the local, stationary model G(u, €;). In particular, a direct
application of the delta method shows that

Vi [ (5 0 Glus€) = )] = N (0, Df (1) () D (1)) - (6)

If our model is indeed stationary, Theorem [3.2)shows that M, (1) has the same asymptotic
distribution as @ In this sense, accounting for the nonstationarity does not increase
the asymptotic variance.

To perform feasible inference based on Theorem [3.2], we need to handle the unknown
asymptotic variance process. A consistent estimator may be constructed via blocked
subsampling, similar to the suggestion of |Carlstein| (1986)).

Theorem 3.3. Let the conditions of Theorem - hold for some q >4, and p € [1,4).

Choose some b,, — 00 such that b,, < n3maX<P 2 b, K n2q+4 Then, as n — oo,
2

[nu|—bp b,
1 1 ) .
@nw):ﬁ D o [PF i) Y (Kerin = fir-r.n)
t=Tn+Ln i=1

/ D f (1) (o) D f (1) d

The convergence holds uniformly in u € [0,1] since Q,, is monotone.

Theorem is a special case of the slightly more general Theorem in the ap-
pendix. Note that the upper bound on b,, reduces to b, <K ns if q > 10.

The estimator @), (u) may be used to perform inference based on M, (u) via the
following multiplier bootstrap scheme, similar to |Zhou (2013).

Theorem 3.4. Let the conditions of Theorem[3.3 hold for some ¢ > 4. Let Y; ~ N(0,1)
be vid standard normal random variables, independent of the €;, and define the process

[nu]—bn

1
Z Y ZDfut L) Xewim = fu—ra) |, we[0,1].
t Tn+Ln \/_
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Then the conditional distribution of ]\//Tn giwen X,, = (X1, ..., Xnn) converges weakly
in the Skorokhod space to M(u) in probability, where M (u) is the limit process from
Theorem [3.2.

It can also be shown that the bootstrap consistency of Theorem holds under
weaker rate constraints on fi;,,, replacing the rate o(y/n) by o(n'™") for some xk > 0.
However, a smaller value of k requires stronger conditions on b, see Theorem [C.7]in the
appendix. The local smoother ﬂiVnW is still consistent in the non-smooth case, where only
| t]| p—var < 00, although at a slower rate. Hence, the latter estimator may still be utilized
for consistent variance estimation. This is of particular interest for applications to
change-point tests, as described in the following section, where the bootstrap procedure
is still consistent under various alternative hypotheses.

4 Change-point detection

A major motivation to perform inference for the integrated parameter F,,(u) resp. F(u) =
fo (i) dv is that the estimator M, (u) may be used to test for change-points. Our
framework lends itself to test the hypothesis

Ho: f(py) = f(ug) forall w € [0,1] <« Hy: f(u,) # f(ug) for some w € [0, 1]. (7)

To perform a test for this problem, a common approach is to formulate the CUSUM
statistic, which in our case reads as

T = sup |T,(u)|, where T, (u) = M,(u) — v U"Mn(l)
UE [un,1] 11— Unp, (8)
Tn+ L, —1

and Uy =
n

The main result Theorem [3.2| yields that 7T}, (u) L F(u) —uF(1) as n — oo, which
is identically zero if the null hypothesis holds. In this case, Theorem [3.2 yields that

VnT,(u) = M(u) — uM(1),
VT, = T" = sup [M(u) —uM(1)],

u€[0,1]

where M (u) is the Gaussian limit process. The limit distribution 7% may be approxi-
mated via the bootstrap procedure outlined in Theorem [3.4] [.4] i.e. by sampling the random
Varlable T = = SUD,e(0,1] \]\/[ (u) — ub, (1)], so that (7%|X,) = T* by virtue of Theorem
. In particular, denote by ¢, the 1 —a quantile of 7%, and by ¢,,, the 1 —a quantile of
(T *|X,,). In practice, the quantile ¢, ,, may be approximated up to arbitrary precision by
sampling from the conditional distribution T;f The corresponding test procedure may
then be formulated as follows.

12



Proposition 4.1. Let the conditions of Theorem [3.4] hold, and denote by t,, the 1 —«
quantile of the conditional distribution T*|X,,. If the null hypothesis holds, and if
Var(M (ug)) > 0 for some ug € (0,1), then

lim P(T) > tyn) =a, n— 00.

n—oo
Hence, rejecting Hy if the test statistic T exceeds the critical value t,, leads to a test
with nominal size o € (0,1) asymptotically.

Although we focus on the uniform CUSUM test statistic, the functional central limit
theorem for the process M, (u) also enables the consideration of alternative statistics,
e.g. the MOSUM statistic introduced by Bauer and Hackl (1978), see also [Chu et al.
(1995), or the Cramér-von Mises statistic fol T, (u)? du.

A desirable property of change-point tests is robustness against nuisance changes.
For the quantity f(ul) to be non-constant, it is necessary that the local moment p!
changes. It is thus tempting to instead test the null hypothesis Hj : p7, = 1y, which is
methodologically simpler to achieve. For example, the methods of |Zhou| (2013)) and [Vogt
and Dette| (2015)) are applicable to test for Hi. However, this approach bears the risk to
falsely detect a change although f(u!') remains constant. For example, it might happen
that the variance of a time series is non-constant, while the autocorrelation structure
remains constant, as studied by [Dette et al.| (2019)). Furthermore, Schmidt et al.| (2020))
tests for homoscedasticity with a non-constant mean function. A related approach is
presented by Demetrescu and Wied| (2018). By design, our test is only sensitive to
changes in the quantity f(u").

Another type of nuisance change might occur in the parameters which are not explic-
itly described by the local moment function . For example, when testing for changes
in the mean of a heteroscedastic time series, the variance is a nuisance parameter not
contained in the vector p!, but relevant for statistical inference, see Goérecki et al.| (2018))
and [Pesta and Wendler| (2020)). We account for this type of nonstationarity by working
in a locally stationary framework which allows not only for heteroscedasticity, but also
for a varying dependency structure. This has also been suggested by [Zhou (2013), who
designs a corresponding test for changes in the mean. The recent articles|Vogt and Dette
(2015)), Dette et al.| (2019), and |Cui et al.| (2020)), also employ a locally stationary model.

Test statistics for the change point problem usually need to be standardized by an
estimator of their asymptotic variance. However, variance estimators designed for the
stationary case might be inconsistent under the alternative, resulting in a loss of power,
see (Juhl and Xiao|, 2009; Shao and Zhang;, 2010) and the discussion therein. In contrast,
our bootstrap procedure is consistent under the alternative where f(u) is not constant
and potentially discontinuous, see Theorem and the discussion thereafter. Moreover,
we may investigate the behavior of our test statistic under local alternatives at rate

1/\/7.

Proposition 4.2. Suppose that the conditions of Theorem hold, and assume fur-
thermore that p.! = p, + \/Lﬁéu for some function u v+ 6, € R, such that f(u,) = f(po)
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and [|6]|p—par < 00. Then

VnTr = sup |T'(u) + A(u),

u€(0,1]
u 1
Afu) = /O D (1) dv — u /0 Df (10)5 dv,

where T'(u) = M(u) — uM (1), and M(u) is the limit process from Theorem 3.4,

Note that under the local alternative of Proposition the simple estimator ﬂiVJV
still satisfies and if u — p,, is smooth, see Proposition . Hence, Theorem
[3.4] is still applicable so that the bootstrap is consistent, and the CUSUM test with
bootstrapped critical values has non-trivial power against local alternatives in direction
dy, given that A(u) #Z 0. We also point out that the test has power not only against
abrupt changes, but also against changes which occur gradually in time.

The proposed procedure allows for a unified treatment of change-point tests for a wide
range of parameters of interest, as demonstrated by the examples below. Previously,
suitable test statistics have been constructed individually for these problems, while our
results show that they may be treated in a rather generic way.

4.1 Changes in autocorrelation

The dependency structure of time series is commonly described in terms of their au-
tocovariance function. It is thus natural to test the latter for structural stability, as
suggested by Berkes et al.| (2009)). They construct a CUSUM test based on the partial
sums which form the empirical autocovariance estimator at fixed lag, and derive limit
theorems under the assumption of stationarity. A method to detect changes without
fixing the lag is mentioned by (Steland, 2020, Example 3). The case of a nonparametric
mean function is investigated by |Li and Zhao (2013), and multiple change-points are
studied by [Preuss et al. (2015). The non-stationary case is investigated by |Killick et al.
(2013)), although without a rigorous analysis of the type I error.

Alternatively, in the same univariate setting, Dette et al. (2019) test whether the
autocorrelation Cor(X¢,, X¢—p,) remains constant, for some fixed h > 0. This problem
is more involved, since it requires standardization by the marginal variances, which are an
additional nuisance quantity. They allow the marginal variance to be non-constant and
estimate it non-parametrically, in order to standardize the observations. Furthermore,
Dette et al|(2019) study a nonlinear, locally stationary specification of the underlying
time series. Hence, they account for potential nonstationarity under the null hypothesis.

We may formulate the problem to test for constant autocorrelations in our general
framework. To this end, we set Y, = Gn(L, &) = (Xen, Xemhin, X7 Xipr XenXe—nn)
for t = 1,...,n, assuming for simplicity that X, , = G’n(O, €.) for r < 0. Now set f :
RS = R,z +— (x5 — 2122)/\/ (23 — 22) (24 — 23), so that Cor(X;n, Xinn) = f(EY;,) =
f (uf/n). Again, assumptions — are a direct consequence of the corresponding
properties of X;,. The function f is bounded on any compact set K C {x € R® :
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(x3 —23) > 0, (x4 — 23) > 0}. Thus, if Var(X;,) > 2§ > 0, then holds for § > 0 as
well. We may thus construct M,,(u) based on this time series Y; ,, and function f to obtain
an estimator for the integrated autocorrelation F,(u) = [ Cor(G,(v, €9), G (v, €_4)) dv.
The corresponding CUSUM statistic satisfies .

The resulting CUSUM statistic is similar to the statistic suggested by Dette et al.
(2019). However, our framwork allows for many potential choices of fi;,, while |Dette
et al. (2019)) only consider a special case. Moreover, our assumptions regarding the
regularity of G,, are weaker.

4.2 Further examples

The kurtosis of a random variable X is defined as Kurt(X) = E(X — EX)?*/ Var(X)2.
For a univariate time series X;,, let Y;,, = (X, X7, X2, X}!)). Then Kurt(X;,) can be
written as a function of E(Y;,). In particular,

EXf,n — 4EXt,nEXgn + 6(EX,E”)2 —3(EX;,)*

Kurt(Xt,n) = f(EYt,n> = EX2 — (EXt )2
tn T

If Var(X;,) > ¢ > 0, then f satisfies so that our results are applicable, and
the CUSUM statistic in combination with the bootstrap procedure yields a feasible
change-point test. To the best of our knowledge, the proposed method is the first test
for structural stability of the marginal kurtosis.

In a similar way, we may consider the skewness Skew(X) = E(X — EX)3/ Var(X)2
of a random variable provided that the variance of X is bounded away from zero, or the
coefficient of variation CV(X) = /Var(X)/E(X) if the expectation of X is bounded
away from zero. A further example which may be cast in our framework are time-varying
autoregressive models, as presented in example [T, where the coefficients may be identi-
fied in terms of finitely many autocovariances by means of the Yule-Walker equations.
Our methodology could thus be used to test for changes in the second autoregressive
component of a univariate tvAR model.

In the supplement, we also discuss change point tests for the marginal variance

(Section [B.1)) and for the coefficients of a linear regression model (Section B.2)).

5 Finite sample performance

To assess the finite sample performance of our proposed change-point test, we evalu-
ate its size and power properties via simulations. We consider the locally stationary
autoregressive process X;, given by

Xin = a(5) X0 +o()nu(5)- (9)

The innovations 7,(£) are chosen as independent, zero-mean random variables having

a symmetrized Gamma distribution with shape parameter a(%), standardized to unit
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Ly = [log(n)?] | Ly =[5log(n)*] | Ly = [5log(n)*] | Ln = [15log(n)] DWZ

Hy H, Hy | Hy Hy Hy, | Hy Hy Hy, | Hy H; H, | Hy Hy H

n=100 1| 0.26 0.19 028 |0.04 0.03 0.05|0.04 0.03 004005 004 0.04 | 050 054 049
500 | 0.02 0.03 0.02 | 0.02 0.13 0.03|0.04 037 0.05|0.05 049 0.07|0.18 0.67 0.22
1000 | 0.01 0.18 0.01 | 0.02 0.55 0.04 | 0.04 0.81 0.09 | 0.06 0.89 0.11 ] 0.13 091 0.21
5000 | 0.02 1.00 0.20 | 0.04 1.00 0.33 | 0.0r 1.00 042 | 0.08 1.00 0.46 | 0.07 1.00 0.47
10000 | 0.03 1.00 0.56 | 0.06 1.00 0.68 | 0.08 1.00 0.74 | 0.09 1.00 0.76 | 0.07 1.00 0.78

Table 1: Size and power of the bootstrap-based CUSUM test for constant autocorrela-
tion, with nominal level 10%. Reported values are based on 5000 independent samples
of the test statistic.

variance. We use

1, u<0.7,

o(u) = 0.5+ |sin(27u)|, alu) = {2 07
) Uu ct

and for a(u), either of the three functions

We want to test for stability of the lag-1 autocorrelation, which is equivalent to the
stability of the autoregressive coefficient a. To this end, we apply the change-point test
presented in Section , in combination with the local estimator ﬂiVnW .

As described in Remark [2 the lag parameter L should be chosen just big enough
such that the functional dependence measure at lag L is negligible. We choose L, =
clog(n)? and analyze the effect of the factor ¢ below. Once L, is specified, the smoothing
bandwidth k£ = k, may be determined via cross-validation, by minimizing the prediction
error

n—L
~NW.k
Ak) = i ™ = Xyl
t=1

where ﬂi\f ,YV * denotes the local average with bandwidth k. In our simulations, we consider

bandwidths from the interval k € [n%3% n®™]. Then, a natural choice for the offset is
Tn = ky. Finally, we choose the window size for the bootstrap procedure as b, = L,,.
Thus, L, is the only parameter to be chosen manually. While a data-driven choice of
the lag parameter L, is desirable, deriving a corresponding method is out of scope of
this article.

To find the critical value of the CUSUM test, for each individual sample, we resample
M = 10? independent realizations based on the bootstrap approximation of Theorem
3.4, Equivalently, we may use the bootstrap samples to compute an approximate p-
value for the CUSUM test statistic. When assessing the size of the CUSUM test, we set
a = ag, and for the power analysis, we set a = a; respectively a = as.

Table [1| presents the size and power of the proposed test in the presented example,
for various values of n and different choices L,. The power values correspond to the
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Figure 1: Distribution of bootstrap-based p-values for the CUSUM test for constant
autocorrelation, under the null hypothesis, with lag parameter L, = %log(n)? The
p-values are computed based on M = 103 bootstrap samples, and the histograms are
based on 10* independent samples of the test statistic.

alternatives H; based on a;, and H, based on a,. We find that our test is rather
conservative, i.e. the type-I error is actually smaller than the nominal level, and this
conservativeness vanishes asymptotically as n increases. In particular, our test does not
falsely detect a structural break even though the nuisance parameter is non-constant.
On the other hand, the method consistently detects deviations from the null hypothesis,
as demonstrated by the increasing power against the alternative. Moreover, it is found
that the smallest lag value L, = [15log(n)?] yields the best size approximation. Note
that the differences in power for various choices of L,, may be partially explained by the
different test sizes. For the latter choice of L,, we also depict the distribution of the
simulated p-values in Figure [I The p-values should ideally be uniformly distributed.
Indeed, for large sample size n, the accuracy of the p-values increases, in line with our
theoretical results.

For comparison, we also implement the change point test for constant lag-1 auto-
correlation proposed by Dette, Wu, and Zhou (Dette et al., [2019)). The corresponding
size and power are also presented in Table [I] labeled as DWZ. In small samples, the
latter test achieves a higher power, which may be explained by a correspondingly higher
rate of false positives. For large sample sizes, the power is similar to our proposed test,
showing that our broadly applicable method is competitive against the specialized test
of |[Dette et al.| (2019).

We also assess the quality of M, (1) as an estimator of fol a;(u)du, i = 0,1,2, in
comparison to the plug-in estimator Mn(l) Table [2| presents the mean absolute errors
of both estimators, as well as their corresponding bias. Except for the smallest sample
size n = 100, the proposed linearized estimator performs better than the simple plug-in
estimator. In particular, the linearization greatly decreases the bias of the estimator.

We also assess the finite sample performance of a change point test for the coefficients
of a linear regression model. The simulation results are presented in Section of the
supplement.
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n = 100 n = 500 n = 1000 n = 5000 n = 10000
M, M, | M, M, | M, M, My My, My My,

error | 0.172  0.120 | 0.053 0.058 | 0.031 0.039 | 0.012 0.018 | 0.008 0.013

Ho bias | 0.071 -0.114 | 0.022 -0.054 | 0.011 -0.036 | -0.001 -0.016 | -0.002 -0.012

g7, error 0.242 0.197 | 0.061 0.093 | 0.035 0.066 | 0.011 0.031 | 0.008 0.023
' bias | 0.163 -0.197 | 0.039 -0.093 | 0.020 -0.066 | 0.002 -0.031 | -0.001 -0.023

g, error 0.180 0.134 | 0.053 0.062 | 0.032 0.044 | 0.012 0.020 | 0.008 0.014
2

bias | 0.084 -0.131 | 0.025 -0.060 | 0.012 -0.043 | -0.000 -0.019 | -0.002 -0.014

Table 2: Mean absolute error and bias of M, (1) and M, (1) as estimators of o ai(u) du,
1 =0,1,2, with L, = %log(n)2 for the linearized estimator. All values are based on
5000 simulations.

6 Empirical illustration

To demonstrate the use of our results in practice, we study an application to high-
frequency financial data. In particular, we study the price p; of the german mid-cap
stock-index MDAX on April 4, 2016, from 9:00-15:30, at a sampling frequency of 1
second. The data is available as a free sample from the data shop of Deutsche Borse,
and part of the supplementary material of this article. We study the log-returns d;, =
log(py) — log(pi—1), t = 1,...,n, with sample size n = 23400.

While many models for asset prices imply uncorrelated returns, empirical research
suggests that autocorrelation may be non-zero, especially at high sampling frequencies
(Hansen and Lunde, [2006). This dependence structure is typically attributed to the
microstructure of the market, e.g. rounding effects or bid-ask rebounds. Recently, An-
dersen et al. (2019)) studied the intraday returns of the NASDAQ100 stocks and found
evidence for autocorrelation which is not only non-zero, but also non-constant.

Using the framework laid out in Section 4.1jabove, we may rigorously perform asymp-
totic inference for the local autocorrelation Cor(dy, d;—1). To this end, we use the lo-
cal estimator ﬂiv,y/ and choose its bandwidth via cross-validation as in Section , with
L,, = [log(n)?/10].

The functional estimator M, (u) of the lag-1 autocorrelation is depicted in Figure
(left). First, we observe that M, (u) is roughly increasing, which indicates that the
lag-1 autocorrelation is positive on average. Indeed, the average lag-1 autocorrelation
is estimated as M, (1) = 0.1314, with asymptotic standard deviation 1/Q,(1) = 0.0209.
Moreover, visual inspection of M, (u) suggests that the slope is varying, which corre-
sponds to a non-constant autocorrelation. To test this hypothesis rigorously, we per-
form the CUSUM test suggested in Section [dl The right panel of Figure [2] shows the
CUSUM process T),(u), and the critical thresholds for a significance level of 10% and
5%, respectively. The critical values are obtained using the bootstrap approximation of
Theorem [3.4] with 10* bootstrap samples. The bootstrap-based p-value of the CUSUM
test statistic is 0.167, based on 10* bootstrap samples. Note that the sample size n is
rather large, and the simulation results of Section [5| suggest that the bootstrap approx-

18



1
4

1

1

1

integrated auto-correlation

1

S
--==10% threshold |
- 5% threshold

1

0.00 002 0.04 006 008 0.10 0.12
1
T

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

u u

Figure 2: Left: the estimator 7Mn(u) of the integrated autocorrelation. Right: the
corresponding CUSUM process T,,(u). The critical thresholds are based on the bootstrap
approximation with 10* bootstrap samples.
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Figure 3: Left: the estimator M, (u) of the integrated autocorrelation fo the transformed
log returns d;. Right: the corresponding CUSUM process T,,(u). The critical thresholds
are based on the bootstrap approximation with 10* bootstrap samples.

imation is satisfactory for this regime. Hence, we find that the variation of the lag-1
autocorrelation is not significant. That is, based on the bootstrapped CUSUM test, we
may not reject the null hypothesis of constant lag-1 autocorrelations for this particular
dataset at a significance level of 5%.

The visible discontinuities of the path of M, (u) in Figure , suggest that the esti-
mator is influenced by few very large price changes d;. While our bootstrap procedure
automatically accounts for this, the resulting large variance decreases the power of the
change point test. To reduce the effect of the heavy tails of the log returns, we repeat
our analysis for the transformed increments d, = arctan(d;/v). We choose v = 1074,
which corresponds to the average size of d; and leads to a unimodal distribution of trans-
formed returns (not depicted). The estimator M,,(u) of the lag-1 autocorrelation of the
transformed returns d; is depicted in Figure |3 as well as the corresponding CUSUM
process. The p-value of the CUSUM test is 0.027, hence the hypothesis of constant
lag-1 autocorrelation is rejected for the series d; at a significance level of 5%. Although
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the autocorrelations of d; and d; are not the same parameters, both may be interpreted
similarly in the present application. In particular, our findings support the claim of
Andersen et al.| (2019) that the serial correlation of intraday log returns is non-constant
for the present data set. In contrast to |Andersen et al. (2019)), our change point test
does not assess whether the autocorrelation changes its sign.

We also analyze the variance, mean, and kurtosis of d; and d; as outlined in Sections
and [£.2] For d;, the CUSUM tests for constant variance, mean, and kurtosis yield
the p-values 0.081, 0.020, and 0.285, respectively. For th, the respective p-values are
0.000, 0.0484, and 0.000, respectively. In combination with our statistical results on the
autocorrelation, this provides strong evidence for nonstationarity of d; and d,.

Many models for asset returns at very high frequencies describe the observed price
as the sum of two latent components: the fundamental price p;, and the so-called mi-
crostructure noise 7, such that p, = p; +n,. The fundamental price is typically modeled
as a semimartingale, and inference for this component needs to account for the mi-
crostructure effects, see e.g. |Jacod et al. (2009)). The microstructure noise is typically
assumed to be independent, or dependent but stationary (Hansen and Lundel 2006}
Ait-Sahalia et al| [2011). Nonstationary dependent noise is considered by |Jacod et al.
(2017), but such that the autocorrelation of the microstructure is constant. The ap-
proach we pursue in the present paper does not distinguish between the fundamental
price and the microstructure effects. Nevertheless, our empirical findings may motivate
the investigation of microstructure models which allow for a nonstationary dependence
structure.
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A  Further remarks

A.1 Alternative definition of local stationarity

The model described in Section [2] may also be compared to the definition of locally-
stationary processes introduced by Dahlhaus et al. (2019). They require that for each
u € [0, 1], there exists a stationary process X;(u) such that

() [1Xen = Xe()ll, < Cn™®, and
(ii) [|X¢(u) — X¢(v)||z, < Clu —v|®, for some C' > 0 and a € (0, 1].

If the time series X, ,, and X;(u), u € [0, 1], are e;-measurable, we may represent them as
Xi(u) = G(u, €), and Xy, = G’n(%, €;), for kernels G and G,, which are measurable w.r.t.
€;. Without loss of generality, we may suppose that u — G, (u,€) is a left-continuous,
piecewise constant mapping with finitely many break points at t/n, for t = 1,... n.
Then

1Gnllp—var = (Z 1G5 €) — Gu(5, eo)llliq)
t=2

1
p

<2 (Z G (5, €0) = G(%»%)H]iq) + 1 Gllp—var-
t=1

Conditions (i) and (ii) imply that ||Gy||p—ver is bounded for any p > L. Hence, provided
that the time series is €; measurable, our framework contains the model of Dahlhaus
et al. (2019) as a special case. For instance, we may describe temporally varying auto-
regressive processes, as described in Example [1}

A.2 Rates of convergence of the pilot estimator /'

Property is a requirement on the rate of convergence of fi;,,, in a form routinely
studied in nonparametric statistics, see e.g. (van de Geer}, 2010, Ch. 9). The achievable
rate of convergence in nonparametric regression depends in particular on the smoothness
of the function u — p'. In our model, the only regularity assumption on pu; is ,
which implies that ||u"||,—ver < 00. Thus, empirical process theory suggests an achiev-
able rate of convergence of O(n;ﬁ) for p € [1,2). This rate can be derived by combining
general results for least squares regression with subgaussian errors (van de Geer, 2010,
Thm. 9.1) with entropy bounds for the class of functions of bounded p-variation (Giné
and Nickl, 2016, Cor. 3.7.50). Note that this rate is in line with the requirement
if p € [1,2). Furthermore, we point out that this rate of convergence matches the rate
under the assumption of Holder continuity with exponent g = }—17. While the Holder-
continuous case may be treated via local smoothing, the generic approach to achieve
this rate of convergence under the assumption of finite p-variation is via empirical risk
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minimization, which in particular uses the whole sample. However, we additionally re-
quire that fi;, is €-measurable, rendering this approach infeasible. While it might be
possible to construct a suitable online estimator which achieves the desired rate of con-
vergence for functions of bounded p-variation, this is out of the scope of this article. See
for example Baby and Wang| (2019) and [Raj et al.| (2020) for the case p = 1 based on
iid observations.

Another alternative is to formulate a parametric estimator of !, which will typically
satisfy with the stronger rate > i, [|firn — pf,[|> = Op(1). For example, this
approach is feasible if u! is piecewise constant with a single breakpoint. However, in
order to apply a parametric estimator, additional assumptions need to be imposed on
the underlying time series. If these parametric assumptions do not hold, any inference
based on the corresponding asymptotic results will be flawed. This encourages the use
of nonparametric estimators for the local moment function .

B More examples of change point problems

B.1 Changes in variance

For a univariate time series X, ,, various researches have designed tests for constancy
of the variances Var(X,,), starting with the investigation of asset returns by Hsu et al.
(1974) and the corresponding methodology of Wichern et al. (1976). A test based on
cumulative sums of squared observations has been suggested by Inclan and Tiao (1994]),
and (Chen and Gupta (1997) suggest an alternative procedure based on the Schwarz
information criterion. The approach of Inclan and Tiao| (1994) has been generalized by
Lee and Park| (2001)) to dependent processes, and by |Aue et al.| (2009) to the multivariate
case. A common shortfall of many procedures is that they require constancy of the mean
E(X},,), which is a nuisance parameter in the present situation. More recent work studies
the case of non-constant mean by using a suitable nonparametric estimator thereof, see
Gao et al. (2019) and [Schmidt et al.| (2020)). Note that the latter references still require
stationarity of all remaining nuisance quantities, such as autocorrelations and higher
order moments.

An alternative test for homoscedasticity can be formulated using our results. Based
on the univariate time series X;,, = @n(%, €;), we define the vector valued time series

Yin = Gn(%,et) = (Xyn, X2,) with mean p? = EG,,(u, €). Then Var(X,) = EXt%n —

t,n

(EXi0)? = f(1),), for f:R? = R, f(a,b) =b—a?. Tt is straight-forward to check that
if G, satisfies assumptions — for ¢ > 8, then G,, satisfies the assumptions for
2 > 4. Moreover, f and all its derivatives are bounded on compacts, such that
holds if p,, = lim,,_,o 111 is bounded. Thus, the asymptotic result holds and yields a
test for the hypothesis Hy : Var(X,,) = const, allowing for non-stationary mean under
very mild regularity conditions on dependency structure of X, ,,.
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B.2 Changes in regression coefficients

Suppose we observe a univariate time series Z;,, and a d-dimensional vector time series
Xin, such that Z,, = 5;‘,FnXt,n + Ntn. The noise values n;, satisfy E(n;,,) = 0 and
Cov(Xin, Nen) = 0. We want to test whether (;,, is constant, or varies with ¢. This
problem has been studied, among others, by Horvath (1995), Horvath et al. (2004),
and |Aue et al| (2008) for uncorrelated innovations 7 ,. Correlated regression errors
are treated, for example, by Robbins et al| (2016]). In this setting, the hypothesis
Hy : Bin = P11, may be formulated in the form , since

ﬁt,n = COV(Xt,n)_l COV(Xtm, Zt,n)u
where Cov(X;,,) € R4 and Cov(Xy,, Z;n) € R¥>L Thus, B, = f(EY;,), for

}/t,n = (Xt,Tm Zt,na Xt,nXT

t,n?

2
XinZyp) € R¥FITE

where the matrix Xthj;n is interpreted as a d?-dimensional vector. Assumptions ([A.1))-
are a direct consequence of the corresponding properties of X, ,, and 7, ,,. Moreover,
f satisfies if we ensure that the smallest eigenvalue of Cov(X;,) admits a uniform
lower bound.

Note that 3, is a d-dimensional parameter. It is straight-forward to extend the
CUSUM statistic 77 to the multivariate setting, e.g. by replacing the absolute value by
an arbitrary vector norm. Alternatively, one might test for changes in a single coordinate

of Bt,n-

B.3 Further simulation results

To further assess the finite sample performance of our proposed procedure, we study the
regression model

Zt,n = ﬁ(%)TWt,n + Xt,n7

for regression coefficients S(u) € R?, and noise process X;, as in equation @D of the
article, using o(u) and «(u) as specified, and autoregression coefficient a(u) = a;(u).
The cofactors Wy, ~ N(0,%(L)) are independent, bivariate normal random vectors,
independent of X, ,,, with covariance matrix

S(u) = A@)TAW), for Afu) = (é 2*'“;1(2”“)‘) |

Here, we want to test for structural stability of the first regression coefficient 5(u);, and
we apply the CUSUM test as outlined in Section [B.2] For our simulations, we employ
the model with regression coefficients B(u) = 5°(u) = (1,2)T as null hypothesis, and

Bu) = pY(u) = (1 +u,2 +u?)T, 2(u) = (1 + 2,2+ %—2) as alternatives, i.e. a gradual
change.
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Figure 4: Distribution of bootstrap-based p-values for the CUSUM test for a constant
regression coefficient, under the null hypothesis, with lag parameter L, = % log(n)?.

The p-values are computed based on M = 103 bootstrap samples, and the histograms
are based on 5000 independent samples of the test statistic.

Ly = [log(n)*] | Ly = [§log(n)?] | Ln = [3log(n)?] | Ln = [15log(n)?]
Hy H, Hy | Hy Hy Hy | Hy Hy Hy | Hy H; H

n =100 | 0.16 0.14 0.15| 0.08 0.06 0.08 | 0.03 0.03 0.03 | 0.03 0.03 0.03
500 | 0.01 0.02 0.01 | 0.01 0.06 0.01 002 0.16 0.03]0.04 0.21 0.04
1000 | 0.01 0.10 0.01 | 0.02 0.28 0.04 | 0.04 0.41 0.07 | 0.04 0.45 0.09
5000 | 0.03 096 0.20 | 0.05 0.99 0.28 | 0.06 0.99 0.33 |0.07 0.99 0.35
10000 | 0.05 1.00 0.46 | 0.06 1.00 0.53 | 0.07 1.00 0.58 | 0.08 1.00 0.58

Table 3: Size and power of the bootstrap-based CUSUM test for a constant regression
coefficient, with nominal level 10%. Reported values are based on 5000 independent
samples of the test statistic.

The distribution of the bootstrap-based p-values under null hypothesis is depicted in
Figure[d] Values of the test’s size and power are presented in Table[3] for different choices
of the lag parameter L,,. Just as for the autocorrelation, we find that our proposed test
for the regression coefficient is conservative, and that the size approximation is better
for smaller L,,. As the sample size increases, the distribution of the p-values approaches
the desired uniform distribution, and the size of the test tends towards the nominal
level. This demonstrates the robustness of our test against non-stationary nuisance
parameters. Furthermore, the CUSUM test consistently detects the nonstationarity of
the regression coefficient as the sample size increases.

C Technical proofs

C.1 Equivalence of the physical dependence measure

Proposition C.1. Let €, €; ;, € ;, be as in Section @ Let G : R® — R? be a measurable
function, where we endow R with the o-Algebra generated by all finite projections. If
|G (€0)||z, < oo for some q > 1, then

[G(eo) = Gleg I, < D G (e0) = Gl&o, )z,
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Proof of Proposition[C-1 Consider the martingale G, = E(G(€)|eo, ..., €_411). Since
|G (€o)||z, < 00, the martingale convergence theorem guarantees that that ||G;—G(€)|z,

0 as t — oo. Now note that Gy — G(€) LG - G(€g4), such that we also obtain
|Gy — G(eg )L, — 0 ast — oo and thus ||G(e;;) — G(€o)||r, — 0 as t — oo. Hence,
for any t € N, and any j € N,

t
1Ge0) = Gleg ), < 1Gleo) = Glepji)lle, + D IG(€)j1s) = Gl€s jiai)ln,:

s=1

But [[G(€5..) — Gles s iz, = [Glen) — GlEosa)lz,. Thus, letting £ — oo, we
find that

1G(€0) — Gleg )z, < ZIIG €0) = G(€oj4s)l1,-

Applying Proposition (C.1)) under assumption (A.3]), we find that

1G () — Gle ), < ZCcpj <

C.2 Asymptotics of partial sums

Proof of Theorem[2.1. We exploit the geometric decay of the dependence measure
to employ a coupling construction. To this end, we split the n observations into m =
m,, < n blocks of length L =L, = |n/m] and let m — oo. Furthermore, let r = r, <
L, with r, — oo be a smaller block length. It turns out that the rates L,, = [n],r, =

[n¢/?] are appropriate, for some 0 < € < min(3 — % l) We decompose
| Ll
Sn(u) = = Xt,n - EXt,n
Lum] lum] (j—1)L+r—1
f > Z [(Xin — EXpn] + f Y Y [Xuw—EX
J= 4=(j—1)L+r 7=l 4=(j-1)L+1

[nu]
1
+ Tn E (Xt — EX; )
t=L|um|+1

ZY;nJr ZYM+R (10)
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Consider the remainder term R,,(u). By assumptions (A.1f) and (A.2)), we have || X, ||z, <
2C¢ for all n,t. The union bound and Markov’s inequality yield, for any a > 0,

k

1

P sup |R,(u)] >a Pl — | Xen —EX; | > a
(“6[0’” ) kZL;l v t§i

n (QCG'E)q

< _—

—n! as

Since ¢ > 2, this term tends to zero for our choice of L, since L = L,, = n° for e < % —

In , the random variables Yj,, j = 1,...,m, may be replaced by independent
copies Y}, as follows. For each j = 1,...,m, let E{ be an independent copy of the
€,t € Z. Then

1

jL
}/j,n - Z [Gn(%;ehet—h”-) _]EXt,n]
t=(j—1)L+r
§L
o t . ~j ~j _ )
— Z [G”(E’et""’E(j—l)L+1’€(j—1)L’e(j—1)1i—1"') EXM} +6in
t=(j—1)L+r
=Y} + Ojms

for a random variable ¢;, with [|§;,| 5, < CoL Y% pF < O Lp", by virtue of (A3).
Note that the Y}’ are independent and satisty Y, ~ Y}, for j =1,...,m. Analogously,
we may construct independent copies Y* of Y nJ=1,...,m,suchthat ||V, —Y/ |z, =
||5j,n||Lq < C Lp". Hence,

Z ZY*+R )+ Ry (u).

The remainder term R, (u) satisfies

. Lm
5 )<0— "
10+ Wialls,) < C R

- 1 <&
| sup Ro(u)llz, < —=>_ (16n
R

u€(0,1]

which is asymptotically negligible since r = r, = n/? and € > 0, and Lom, < n.
We now establish a central limit theorem for the term S} (u ) = ZL"mJ Y}, This

result will also apply to the term T Z 1 Y}, with a different rate of convergence, and
we will be able to conclude that the latter is negligible. To this end, consider

jL
Var(Yy,) = Y Cov |[Ga(t &), Gu(2,€,)]

t,s=(j—1)L+r
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jL
= ). Cov[Gu(t e) Gu(t €]+,

t,s=(j—1)L+r

for some [g5'| < C||Gn(,€5) — Gn(2,€)]|1,, using the Ly(P) boundedness of G. Fur-
thermore, condition (A.3) implies that | Cov [G, (L, &), Gn(L, €,)] | < Cpl~#l. Hence, it
can be checked that

t=(j—1)L+r

for some |6,,,| < C, and o, (u) = Y37 Cov(G,(u, €4), Gy (u, €). Thus, for any u €
[0,1],

[um] y* 1 lum| 1 [um] jL LumJ
I CORP AT WP WL LI >
J=1 J=1 J=l t=(-1)L+ =1 ts=(j—1)L+1

= VHu) + V2(u) + V3(u). (11)

The term V,}(u) tends to zero uniformly in u because the §;,, are bounded, and m,, < n.
The third term may be bounded as

1o &
sup |V2(u)| < EZ Z CllGu(s, €0) = Gulsr€0)llLs

0,1 — N
uel0.1] 5=1 ts=(j—1)L+1

< —Z sup  [|Ga(;. €0) — Gal2, €0z,
i—1 5=1,...,n,|s—t|<L
< _n Z 1Gn(L, €0) — Gu(2, €)1,
=1
t 1
p
< —

LC .
n'"r (ZHG €)= Ga(, eo)lqu)

~ 1
which tends to zero since ||G,||p—var < Cq by assumption, and L,n » — 0.
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To treat the term V?2(u), we show that |o?||,—ver < o0o. First, we find that for
u,v € [0,1] and any h € Z,
|Cov (G, (u, €), Gp(u, €)) — Cov(G,(v, €), Gn(v, €))|
< |Cov(Gy(u, €r), Gy(u, €) — Gp(v, €))| + |Cov(G,(u, €,) — Gn(v, €), Gn(v, €))]
= |Cov(G,(u, €), Gn(u, €0) — Gp(v, €))| + |Cov(Gp(v, € 1), Gn(u, €) — Gp(v, €))] .
Both summands may be treated identically using (A.3]). In particular, assuming w.l.o.g.
h >0,
|Cov(Gp(u, €r), Gnlu, €) — G, (v, €))]
= |Cov(Gn(u, €nn), Gn(u, €0) — Gy (v, (—:0))|
+ |Cov(Gr(u, €n) — Gr(u, €;4), Gulu, €) — G (v, €))|
<0+ Cp"||Go(u) = Go(v) | £

Hence,

o7 () = on(0)] < D |Cov(Galu, €), Gulu, €)) — Cov(Gn(v, €4), Gn(v, €)))|

< Of|Gn(u) = Gn(v)|| L, (12)

which implies that ||02]|,—var < C||Gnllp—var < C - Cg. Moreover, we have that o2 (u) —
o%(u), because the same argument as above yields

on(w) = o* (W) < Y CPM|Grlu.€0) = Glu )], — 0. (13)

h=—00

Hence, we find that u +— o2 (u) is bounded and of bounded p-variation, uniformly in n.
The same holds for o?(u). This suffices to establish convergence of the Riemann sum

V2(u) in (11)), since

sup
u€(0,1]

um ] jL

= sup %Z Z 02(%)—/0u02(v)dv

R R R t=(j—1)L+r

1 Lun] Lt mr L
20t " 2

= sup |— Y on(5) —/ o(v)dv| + O (—) +0O | —

uel0,1] | T ; 0 n n
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lun] .

= o 13 [ o) -t +o (1) +0 (%) o(,)

t=1

|
-

n

S s o3 - o)+ 0 (B )+0(§>

t—1 t
t=1 5, Sv<w<-

1 mr f/
<1303l +0 () + 0 (5) .

By our choice of L and r, in particular r/i = " — 0, the latter term tends to
zero. Moreover, fou o2(v)dv — fo v) dv uniformly in u by the dominated convergence
theorem. We have thus shown that

[um | u
1
Var | — Y, :/ a%(v) dv + o(1),
77 2 Yin| = [} ot dukot

uniformly in u. On the other hand, following the same steps, we can show that

Jum]
R EEOETD IS ORFOREICH]

J=1 J=1 =(j-1)L+1

IN

which tends to zero by our choice of m,r. Doob’s inequality thus yields that

Lum)
sup Yin — 0,
u€l0,1] \/_ Z ”

in probability, as n — oco. Hence, S, (u) = ZLWLJ Y}:, 4 o(1), uniformly in w.

To establish a central limit theorem, we Verlfy Lyapunov’s condition. By our as-
sumptions on G, in particular convergence and bounded p-variation in L,(P), we know
that ||Gy(u)||z, < C for some constant C, uniformly in n and . Hence,

m m 7

S/ vals, <

O(L*' /n?/>) = O(Enzrt)aT, (14)

2—q 1
since mL/n — 1. This term tends to zero since L,n%-2 < L, n?i =0 by our choice

of L,. Thus, the functional central limit theorem is applicable, see e.g. (Jacod and
Shiryaev, 2003, Thm. VIII.3.33). We obtain

[um |

Z :> Bf(;lJQ(v) dv
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C.3 Properties of the local smoother ﬂiYnW

Proposition is a consequence of the following two Lemmas.

Lemma C.2. Let ( - ) hold for some q > 2. Let 1, — 0o and choose k = k,, such that
kn, > ni, Then, as n — oo,

. 1 Al P
sup Mg\f:{/ T Z i — 0.
- i=(t—k)V1

Proof of Lemma[C-J The union bound and Markov’s inequality yield, for any a > 0,

t=7n,....,n k' A t %
. i=(t—k)V1
1 t
=P| sup ||— [(Xin —EXi,]|| > a
t=Tn,...,n At '

1

<a Yy AT > [Xin—EXi]| (15)

t="n i=(t—k)Vv1 L,
To bound the latter L, norm, we apply Theorem 1 of Liu et al.| (2013). The latter
result is formulated for stationary time series of the type X; = G(€;). However, the
stationarity is only strictly required for the last equation of the proof therein, where we
may replace || Xz, by sq = sup, SUPyelo, |Gy (u, €)||L,, which is bounded by virtue of
(A.3) for j = 0. At all other occasions in the proof of [Liu et al.| (2013)), only the quantity
0;q = |G(€0) —G(&o)| 1, is relevant, which may be replaced in our nonstationary setting

by

0%, = sup 81[1p] |G (u, €0) — Gr(u, €0 4)]| 1, q>2.
n  uel0,1

By assumption (A.3)), we have ¢ < Cp’. Hence, for our case, the bound of Liu et al.
(2013)) reads as follows: For all k and all 1 < s <t <mn such that t — s =k,

t
> [Xim — EX; )
=8 Ly
87q 29 299
< k’l/2 o*. + 3 1/2
log q 4 Z 72 Jzk; logq”

0
57" Togg ™

k
87Q(q - 1)1/2 j1/2—1/q * 29q s ]

j=1
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87¢ 58¢  87q(q—1)?
< k12 V2 4
(Sq ' Z ) < P g T losg

< CEY2,

for a factor C' which does not depend on k£ nor n. For the latter two inequalities, we
used that 67, < 07 and sy < s, for ¢ > 2, and the geometric decay of 67 . Thus,

q
t

> ﬁ > [Xin—EX,,)] SCzn:(k;/\t)—q/?

t=Tn i=(t—k)V1 I t=Tn
q

< C (k92 4 r1-0/2)

This term tends to zero if ¢ > 2. We hence obtain the uniform convergence via the union

bound . O

Lemma C.3. Let (A.3) hold for some q > 2. Suppose that u — ul is 5-Hélder contin-
uwous with Hélder constant C' independent of n. Then
~NW n

2 N logn
Zﬂtn t :OP<(5) + i)

If, instead of Holder continuity, we assume that |1 ||p—ver < C < 00 for some p € [1,2),

then
2 |
= OP (— + Ogn) .
n k

1

~NW n
:utn i

Z

Furthermore, if u = p™' + ™2 such that u — ™' is f-Holder continuous with Holder
constant C independent of n, and ||uW™?||,—var < an, then

ak (kN7 logn
Z =0p (L + (—) + & ) .

n n k
Proof of Lemma[C.3 Assume without loss of generality that the X, are scalar, i.e.
d = 1. Otherwise, we may treat each component individually. We have

~NW n
:utn i

2

1< 2 1 i

= EIIGNY — 2 < 2y El|l— X, —EX:,

nE | it /L;H_HE AL E (X, )
t=1 t=1 i=(t—k)V1

n t
2 1 n n
O (e B IR EH
t=1 i=(t—k)Vv1
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The Holder continuity of p yields
2

1 n 1 t . k 25
i 2 -] <o(3)

i=(t—k)V1

S 3

Alternatively, if we only assume ||z"||p—var < 00,

t n

1 - 1 |: n n 1 n n|2
" ls X ]| =X suw g, -l
el LA S se[5Evol]

n

1 — n n
< —@lulle)*™D 0 sup g, — pl?
n t=1 se[L5EvoL]
< E 2| ™ 2—p||,,n||P
— ( H/L ||00> ||/1J ||p—var

n

Note that ||u"||cc < |pg] + [|44" lp—var, Which is bounded. The third case is obtained by

a combination of the two previous bounds.
Regarding the first term in (16)), note that (A.3)) implies | Cov(Gy(u, €), Gn(v, €;))] <
Cpli=il, for any u,v € [0,1] and any n. Hence,

2

1 1
E|l—— Y [Xia—EXy]|| =Var|— > Ga(i,e)
Nt i=(t—k)V1 kAt i=(t—k)V1
1 t
= 2 Z Cov (Gn(i,ﬁz), Gn(a, Gj))
<k A t) i,j=(t—k)Vv1
1 o0
< — C
S Tar
7j=1
Therefore,
. 2
1 < 1
— E|— [(Xin — EX; ]
n kNt ’ ’
t=1 i=(t—k)V1
C~ 1
< -
- n kAt
t=1

IN

VAN
= Q =Q
+ 4+

Q 31Q

]~

~ | =

completing the proof. O

32



Of course, Lemma and Lemma also hold with p” replaced by its limit p, if
we use the samples X, = G(£, €) instead of X;,, = G(L, €).

Proof of Proposition[3.1. Clearly, Lemma|C.3|implies that (A.5]) holds. Regarding (A.6),
note that sup,ejo 1) [#4y — #u| — 0 by virtue of (A.1)). Thus, for any § > 0, we have that

ki/\t Z;(t_km p'i € Mso for n sufficiently large. Together with Lemma |C.2] this implies

NG} O

C.4 Functional central limit theorem for M, (u)

Recall the decomposition M, (u) = I}(u) + I*(u) + I3(u), where

1 n
I(u) = n Z f (M%> )
t=Tn+Ln
2 1 o n ~ T D2f ([Lt TL) ~
Ii(u) = — Z He — Nt—L,n> 5 (MA - Mt—L,n) )
t=Tn+Ln
1 [ru]
)=~ 3 Dfli-sa) (Xiw = 1)
t=Tn+Ln

The first term I} (u) is a discretized version of the integral [ f(u) dv, and its con-
vergence depends on the regularity of the function u +— p}. Assumption (A.2)) implies
114"l p—var < C, which may be used to treat the term I} (u) as follows.

Lemma C.4. For any function u +— g, € RY, it holds that

lun] [un]

1 n 1
sup = g: — go dv|| < 177 | gllp—var-
0

Furthermore, if (A1) and (A.2) hold for p > 1, then there exists N > 0 such that
for alln > N,

v 1
sup (1) = [ F(u) do| < Oyl s, (17)
u€(0,1] %
1 “ n n -1 Tn+Ln
sup |1w) = [ £y do] < Ol d + 0 )
uel0,1] 0 n
Proof of Lemma[C-4 It holds that
1 Lnd 1 1
- - < - vn < - -
DIUEY IR B N e S S e
t=1 0 0 t=1 V€[]
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gv_g%

1
p>p

Regarding the term I}(u), note that u* € M, for all u € [0,1], and n large enough.
Then the mean value theorem and the boundedness of D f on M yield | f(ul)— f(ul)] <
Crllpl — || for any w,v € [0,1], such that || f(")|lp—var < Crllp"||p—var- Thus, for n
large enough and for any u such that [nu| > 7, + L,,

1-1 n
n-p
< E sup
n t=1 ’UE[%,%]

_1
<17 |gllp-var-

[nu]

p - [ s

Tnt+Ln
n

_1
< Cpn v |1 lp-var-

Moreover, since f(u!) is bounded,

Tn+Ln
n

/0 F(ur) dv| <

completing the proof. n

C
S_f_>07
n

In particular, for (7, + L,) < n2 and p < 2, we find that

— o(1/+/n).

sup
u€(0,1]

B - [ s

The term I?(u) may be treated directly by our assumptions on the nonparametric
estimator [ ,, and using additionally the regularity of u — p'.

Lemma C.5. Let (A.1)), (A.2)), (A.4), (A.5), and (A.6) hold, for some p > 1. Then

sup |I2(u)| = 0p(1/v/n) + Op(LE0®2p ).
u€[0,1]

In particular, sup,cpq |13 (w)| = op(1/v/n) if L, < nr i forp>2, and L, < n for
p€[l,2).

Proof of Lemma[C.5. Assumption implies that for n sufficiently large, u € Ms
for all w € [0, 1]. Moreover, fi;_r,, € M; for all ¢t > 7, + L,,, with probability tending to
one. Since M is convex, we find that fi;, € M; for all ¢ > 7, + L,,, with probability
tending to one. On this event, it holds that

[nu)

20 ~ n n n
12)] < =L ST iepn — il + s —
t:Tn+Ln n n n
2CCq s n 2
< op(1/vn) + E— Z ||M% — wi%.
t=Tn+Ln
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Moreover, if p < 2, boundedness of ||u}|| yields

n n

1 n n C n n
- Z e — p | < — Z [pioe — ple ||
n n n n n n
t=Tn+Ln t=Tn+Ln
n L p
C n
<C 3 (St -
t=tp+Ln \i=1 " "
n Ly,
C p—1 n n D
< — Z Ly Z [T r——T
(C— i=1 " "
Lfl - n n - n
S T L A T
t=1
If p > 2, we may apply Holder’s inequality to obtain
2
1 - n n (|2 1 1-2 . n n ’
. Z Wi —pit|” < —n7e ( Z [ —Mth)
n n n n n n
t=n+Ln t=Tn+Ln
2
1 - n n||p ! 2 -2 n||2
- E Z ||luﬂ - /JJL“ S Lnn P ||:u prvar'
t=Tn+Ln " "
This yields the claimed upper bound. O

The last term I2(u) admits a functional central limit theorem with scaling factor
\v/n, as shown in the following Lemma. Its proof follows the same ideas as the proof
of Theorem [2.1], but additional care is needed when treating the random but consistent

factor D f(firn) =~ Df(lj“?/n)‘

Lemma C.6. Suppose that (A.1), (A.2), (A.3)), (A.4), (A.5), and (A.6) hold for some
1

p > 1. Suppose that L, satisfies L, > log(n)*™® for some a € (0,1), and that L, < n».
Then, as n — 00,

where B denotes a standard Brownian motion. The weak convergence holds in the Sko-
rokhod space DI0,1].

Proof of Lemma [C7d. As in the proof of Theorem we split the sum into blocks of
size L = L, = |[n°A%], and r = 1, = | L1 7¢], for some arbitrarily small € € (0, 1) to be
chosen in the sequel. We assume n to be sufficiently large such that 1 < r, < L, < %
Denote by m = m,, = [n/L,]| the number of blocks.
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Step (i): As a first step, we match the upper and lower limits of the sum I3(u) with
the block size L = L,,. Define

— 1 R "
]2(’&) - ﬁ Z Df(:ut—L,n) <Xt,n - N%) .
SR

By virtue of Lemma and (A4), ||Df(fun)] < Cy for all ¢, with probability tending
to one, such that

300 - Bl =00 (252 s 1, -1

-----

sup |I3(u) — I}(u)| = Op (nﬁ%*l) :

u€(0,1]

Since ¢ > 2, we may choose ¢ > 0 sufficiently small such that the latter term is of order
op(1/+/n).
Step (ii): Next, we introduce x¢, = 1(fit, € Ms), and
jL
Yj,n = Z Xt—L,an(ﬂt—L,n)(Xt,n - EXt,n)a
t=(j—1)L+r+1
(G—1)L+r
}N/j,n = Z Xt—L,an(ﬂt—L,n)(Xt,n - EXt,n)a
t=(j—1)L+1

|um]
. 1 .
Bwy== 3 Vint Vi)

j= [

By virtue of assumption (A.6), we have sup,,¢( 1) |I3(u) — I3(u)| — 0 in probability. Now,
for each 7, let egj ),i € 7Z be an independent copy of the ¢;, and define
iL .
Y;Tn == Z thL,an(,&th,n) |:Gn <%; €tyo vt 7€(j71)[~/+17 Ggﬁll)i/ .. ) - EXt,n]
t=(j—1)L+r+1
jL
= > Xe-raDf(u—rn) 2,
t=(j—1)L+r+1
(G—1)L+r .
Y;fn - Z Xt—L,an(ﬂt—L,n> [Gn (%7 €ty .- 76(j_1)f,+1_r7 68)—1)[~/—r7 .- > - EXt,n]

t=(j—1)L+1
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(j—1)L+r

— Z Xt_L,an(/lt—L,n)Zg,n

t=(j—1)L+1

This construction yields that the Y, and the 57]*” are martingale differences, since fi;_r
is measurable w.r.t. €_r, and since L, +r, < L. It also holds that Z}, ~ Z] ~
(Xin —EX; ). Moreover, by virtue of (A.3)), it holds that ||V}, — VjallL, < C Lp" and
1Y;,, = Yinll, < Crp" < C Lyp". Now define the martingales

Lum |

1
1 _ *
Jn(u) - E §L }/j,n’
S

Lum]

1 Ve

=[]

and note that

sup
u€(0,1]

HOEFAOENA®]

T
< — Ln 'n < C 'n — ,
< ; pr < Cp™ = o(v/n)

Lq

since Lpm, < n, and r, > log(n)1+91-9 > log(n)'*3, upon choosing e sufficiently
small.

Step (iii): Define the two sequences of filtrations 7., = o e j < ki < kLy),

E’L? 7
and F,, = o(e;, e j < k,i < kL, —ry). Then J(k/m) is an Fr.n, martingale, and
J2(k/ m) is a Fj, martingale. The predictable quadratic variation of v/n.J) is given by

Lum|

V=1 Y B[ 15
i=[ g

lum | GL

1 ~
~ Z Z Xt—LnXs— LoD f (fir—r,n) Cov(Z,,, Z1 ) D f (fis—1. a7

j= (%1 +1 s,t=(j—1)L+r+1

We observe that
’Df Mt Ln) COV( tn7 )Df(:us Ln) - Df(u%) COV(Zgn7 g,n)Df(M%)T Xt—LnXs—Ln

‘Df<lut L n) COV( tn Z] ) [Df<las—L,n) - Df(,un%)} ! Xt—LnXs—L,n

+HDf(/1t,L,n)—Df(/ﬂ%)] Cov(Zgn, D (frs—Ln) ’Xt LinXs—Ln

< Cpltl [HD f (i) = DI G| + | Df (ts-r.0) = D ()

]

‘ :| Xt—LnXs—L,n
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< Cpl= H

d

I

where the last inequalities are a consequence of (|A.3)), and the boundedness of D f and
D?f on M;. Moreover,

~ n ~ n
Ht—Ln — Mt Hs—Ln — M%
n

1 Lum) jL
E Z p|t—s\ |: ﬂt—L,n - H’% + ) [I’S—L,n - M% }
j=[ a1 st=(j—1) L+r+1
9 [um ] jL
=, 2 A
j:lr%—l-s—l sit=(j—1)L4r+1
Lum) jL
C ~ n
S E Z ’ H’t—L,n - :u%
]:[T"JZL”}H t=(j—1)L+r+1
C .
< Etz ‘ fht—Lan — Mt
C T 2
< 7 Z fu—rnn — 1| - (19)
t=7n
2
In the proof of Lemma C.5, we have shown that = 3% i p, — || = op(1/y/n) +

: 2
(’)p(Lﬁm(p’Q)n_ max(.2) ) which tends to zero because L, < n by assumption. Hence,
tends to zero as n — 0o, and we thus obtain

Lum] iL
(Vidy(u) =op(1) + Y Y. Df(ui)Cov(Z,, ZL,)Df ()" (20)

j=[ ke |41 st=(j—1) L+r+1

where the op(1) term vanishes uniformly in u € [0,1]. Note that we may omit the
indicators x;—r, asymptotically by virtue of assumption (A.6]). Analogously, we obtain

Lum] (G—1)L+r
(VaZ@) =0+~ S ST DF(i) CovlZh,, ZL,) D)

j=[ e | 41 st=(j-1) L+1

Step (iv): We further simplify the asymptotic expression for (y/n.J}(u)). In (20]), we
want to replace pt by p't . Observe that

lum | jL

LYY Diu) CovlZ, 2,) [P — D)

j= (%} +1 s,t=(j—1)L+r+1
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C n

= ls=tl | D 7; D ‘

- Z Z p F(pt) = Df(u'h)

C n
< — max T
- n;s—tm =

CL, <&
< > ‘ HE = i

n —2 n n

1

~ 1 - AN ~  _1

<CLyn"» Z‘u’é — ut S CLyn ™ 7 || " || p—var-

By (A2), and since L, < n the latter term is of order (’)(ne’%)
enough. Hence,

(VnJ,(u))
1 Lum] iL

= OP(l) + E Z Z

j= [%1 +1 s,t=(j—1)L+r+1

o(1) if € is small

t,no

Df () CovlZh,, Z1,) DS ')

lum ] j L

= Op(l) + Z Z Z

j= (LELH '| +1t=(j—1)L+r+1

jL

2.

s=(j—1)L+r+1

Df(p't) Cov(Z},, Zi,) | DF(u)"
(21)
The covariance term may be simplified as follows. Define

> Cov(Gu(u,€n), Gn(u, &)) € R™,

u € [0,1].

Note that (A.3)) implies that || Cov(G,(u, €,), Gn(u, €))|| < Cpl! for some constant C,
where || - || denotes an arbitrary matrix norm. In particular, ¥, (u) is well defined since
the series is finite.

Now, for any ¢t > (7, + L), let &, = SUp, y<i 11Gn (£, €0) — Gn(2,€)llL,. Since
q > 2, we find that for (j — 1)L +1 <t < jL,
jL jL
Z Sa(t) — Z Cov me
t=(j—1)L+r+1 s=(j—1)L+r+1
il [ ik |
= > Sad) = ) Cov(Gal(t e-s), Gu(, €0))
t=(j—1)L+r+1 | s=(j—1)L+r+1 ]
jL I L i jL
< > SaL) = > Cov(Gult ey),Gult e |||+ Y. CLé
t=(j—1)L4+r+1 [ s=(j—1)L+r+1 ] t=(j—1)L+r+1
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iL jL
= > > Cov(Gultes),Gu(t &) +C D Lo
t=(j—1)L+r+1 [s<(j—1)L+] t=(j—1)L+r+1
V[s>5L)
jL

jL
< XX ot Y
t=(j—1) L+r+1 [s<(j—1)L+7] t=(j—1)L+r+1

V [s>jL]

jL i i jL
<c Y puvH g et e N

t=(j—1)L+r+1

Léy,

t=(j—1)L+r+1
jL

<C+C Y Lo

t=(j—1)L+r+1

Therefore,
1 Lum| jL
Vidp() =~ 3 Y. DI)Ta()DF(u)"
j=[mtn | 41 t=(j—1) L+r+1
L, < my,
< —n n
Sop(D+C—E Y G+ O
t=Tn+Ln
-y m -
Sop()+CT2 Y |t~ piall + 0=~
t=Tn+Ln

~ _1 mn
< op(1) + CL2n 7 | " [lpvar + O

The latter term tends to zero upon choosing € small enough, since L, = O(nf). Note
also that m,,/n — 0. Finally, since r, < L,,, we have shown that

Lum| iL

1

(Vi) =op()+ = Y 2
j:(m1 +1t=(j—1)L4r+1

|_un

ZDf \DF L), (22)

where the last step holds because 7, + L,, < n and due to the boundedness of D f(u)
(u o

and ¥, (u), which is in turn implied by (A.3]) and (A.2]) for ¢ > 2. Note also that the
op(1) term in (22) vanishes uniformly in u € [0, 1]

Analogously, we may show that

D () S £)D S ()T

lum | (j—1)L4r
VAR@) =opW) T S S DAGS(D)

ILL£> — O,
j=[ e |1 t=(j-1) L+1
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using again the boundedness, and the fact that 7, < L, such that the number of
summands is asymptotically negligible. This implies that sup,j ] | J2(u)] 50 by the
Burkholder-Davis-Gundy inequality for martingales.

Observe that the function u +— %, (u) has bounded p- Variation see More-
over, u — Df(u!) has bounded p-variation by assumptions and - Since
both |2, (u)|| and || D f(u?)|| are bounded, we find that u — Df(,uu)TE (u)D f(pul) has
bounded p-variation. Thus, as in Lemma [C.4]

I_un

ZDf

Assumption (A.1]) implies that p]) — p,, and X, (u) — X(u) uniformly in w € [0, 1]. The
latter umform convergence holds because Cov(G,,(u, €), G, (u, €,)) — Cov(G(u, €y), G(u, €,))
uniformly in u, and sup,epq) || Cov(Gn(u, €0), Gr(u, €,))|| < Cpl"l by virtue of (A.3).
Hence,

/ DF () Su(w)Df (i) dv| = O(n™ ).

3‘&3

N / Df (1) S(0) D f (1) dv| = 0p(1).

sup
u€e(0,1]

Step (v): Having at hand the limit of (y/nJ}(u)), a functional central limit theorem
for \/nJ}(u) holds if we can verify Lyapunov’s condition. We have, for any 2 < § < ¢,

m

Y. EIYL/VallIF ]

j= [

m jL
= n_g Z E Z Xt—L,an(/lt—L,n)Zg,n ‘;lefl,n
j=[ ka1 t=(j—1)L4r+1
= 6 T
) " ]L
<ot S EllS 1z |E.
j=[ i |41 t=(j—1)L+r+1 |
5 - m jf/ s
<Cin 2Lt > > E|4,
ntL

j:(f t —‘+1t (j—1)L+r+1

where we used that |G (u, €)||z, is uniformly bounded. By choosing e sufficiently small,
and using L, < n€, the latter term tends to zero. Hence, the functional central limit
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theorem for martingales, e.g. (Jacod and Shiryaev, 2003, Thm. VIII.3.33), yields

Vst = 5 ( [ D1S6Dr)" as).

In the previous steps, we have established that sup,c(q | (u) = J} (u)| = op(y/n), which
yields the desired result. O

Theorem [3.2] is now a direct consequence of Lemmas [C.4] [C.5] and [C.6]

C.5 Bootstrap inference

Theorem is a special case of the following more general theorem about consistent
estimation of the limiting variance. In contrast to the central limit theorem for M, (u),
here, we only require the weaker assumption

S e — | = ofn*), (€5

t=Tn

for some x € (0, 1].

Theorem C.7. Let the conditions of Theorem hold for some q > 4, replacing ((A.5))
by (C.5%). Choose some b, — oo such that

Kqg—2

2 1
b, € n3max®2) b, K na? .

Then, as n — 00,

| e bn 2
Qn(u) = ﬁ Z b_ Df(ﬂt—L,n) Z(Xt+i,n - ﬂt—L,n)
t=rp+Ln, i=1
i Q) = [ Df()S()Df(11o)" dv.

0

The convergence holds uniformly in u € [0, 1] since Q,, is monotone.

Proof of Theorem[C.7. Step (i): As a first step, we are concerned with the estimators

flt—rn. We decompose
bn
> Df(fu-rn)Xitin — fu-r.n)

=1

= Zn {Df(ﬂz) [Gn(%v €rvi) — /L?,n} + [Df(/lt—L,n) — Df(,u%)} |:Gn<%, €14i) — 1t

|

3|3

o+ Df (f1-1.n) [Gnl(EE €015) = Gl €00)] + Df (ier,0) |12 = fie-1.0] }
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With probability tending to one, it holds that fi;_r, € M; for all t = 7,, + L,,,...,n

by virtue of (A.6). On this event, we may exploit the regularity and boundedness of f
such that

bn

bn
Y Df(te-r.0)Xevin = fte-r0) = > Df (') [Gul €110) = i)
=1 =1
bn
< CZZt,i,nHﬂt—L,n —p't| +|Gn (t;ﬂa €r1i) — Gn(%vetH)H =: D¢,
i=1

for Zi;n = |Gn(L, €45) — p't || + 1. Now, via the inequality |a* — b?| < |a — b||a + b|, we

obtain
1 Lnqubn 1 bn 2
'5 > 5 [Z Df(ﬂt_L,nxXHi,n—ﬂt_L,n>]
t=Tn+Ln =1
T 2
S LS ) [Gn@,em)—uzn]]
t=rn+Ln " Li=1
[nu]—bn
s Z Apn |Ain + ZDf (%) [Galk, €cvi) = uzn}]
t Tn+Ln "
[nu]—bn [nu]—bn 1 [nu]—bn
TP EL SIFCNERD SR ) SV CRORIRYES
"t +Ln " t=tp+Ln t=Tn+Ln bn
It thus suffices to show that
|nu]—bn
Z A2, (23)
t—Tn"l‘Ln

and

[nu]—bn 2 u
Ly [ZDf 1) (Gt er) - uzn}] 5 [ Diu) DS () do. (2

t= Tn+Ln

Step (ii): Regarding the term (23)), we find that

[nu]—bn
D SR
"= Tn+Ln
C 1 LnuJ_bn bn 2 2
< Eb_t ;L ;Zm,n“ﬂtL,n - M%H Z |G, t;rz, €11i) Gn(£7€t+i)H
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{Hut Lo — M| Z!thn!2+2\|0 L er) — Gn(%&m)llz}

. 2
ez = 12 I*bn max IZtm!2+Z ZHG S €rti) — Gn(t+i1;€t+i)”]

t=tp+L, | 7 =1

7=1
[nu]—by
Ct, )
= t:gﬂ%zi...,nlzw| 2 Mern =]
i=1,...,bpn =Tn+Ln (25)
I_nu 2%

Z Z”G tzjaet—l-z Gn(Hi_l,ftH)Hz'

The second term may be bounded by noting that, for p < 2,

b [nu]—bn b, )
n Z ZEHG Lerni) — Gu(P4 € |2

t=Tn+Lyn 1,7=1

[nu]
b .
<P S Gk ) - G5 e,
t=Tn+Ln
BV euta -Gl <26
=N n\ > €0 nnaoLq p—var-
t=1

In the second inequality, we used that ¢ > 2, p < 2, and that |G, (u, €)]|r, is uniformly
bounded due to (A.2)). If p > 2, we find that

D lIG(E €0) = Gu(5h €7, < n' p(ZHG €)= Ga(H, Go)IILq>
t=1

<Gl

p—var’

such that the second term in is of order O(b3n~ (7.2 ).
Concerning the first term in (25)), we note that

n
max 1 Ztin| < 1Z1inl + Z | Ztin — Zi-1,iml,
n

t=1n+Ln,..., p—y
n
max  |[Zial| < 142(Gu(E epi)lln, +2) IG(E €)= G5 e,
t=Tn+Ln,...,n L,

t=2
<14 2Cq + 0" 77| Gullp—var

<o rCg + 1.
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Since ¢ > 2, this yields

max  |Z ;. 2
t=T7n +Ln7---7n

for some finite C'. An alternative upper bound, which is sharper for p > 2, is given by

max | Zy il
t=Tn+Ln,...,n

n
< N Zuiall, < Cn,
L% t=1

such that

2——2
max | Zinl|® < COn™ mine2),

t=Tn+Ln,...,n

Lqg
2

Thus, the union bound and Markov’s inequality yield that

2——2 ., 2
max max |Z;,|? = Op(In” mme2 b, |1).
i=1,....bp t=1,....;n

Furthermore, as in the proof of Lemma

[nu|—bn
. [
> Miern — pEl? < op(n'™F) + Op(Lyn®2p!~mEm ).

t=Tn+Ln
Plugging this into (25)), we have thus shown that

L)~ 2 2 . 2
Z A — OP(|n min(p,2) bnla) |:0P(n1—:“€) _I_ OP(Lfln(p,Q)nl—W)] _|_ OP (b n W)

t Tn+Ln
For p < 2, this bound reduces to

[nu]—

Z A? _op< 0=, )+0P( F0-h-mprts “LP>+0 (b3n1)

t Tn+Ln
142 142
< Op ( " *q) +Op (&-%qu%z) +O0p (B0,

Kg—2
which tends to zero by the assumptions b, < n’%, b, < nqu, and L, < n2 . For
p > 2, we find that

|nu]—bn

2 2 2 2 2
Z A2, =Op (nq“b}fﬁ) +Op (nq“b,llJrqn”_lLi) +Op (b n ) ,

t—Tn +Ln

which also tends to zero as n — oo.
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Step (iii): It remains to study the term . Introduce the random variables

2

1 |&
Ct,n = b_ Z Df(ﬂ%) [Gn(%7 etJri) - ﬂ?,n} )
noli=1

such that we are led to study the term %Zt@ﬁl fL"n Ctn- To bound the covariances of

the (i, we write (., = (n(€ttp, ), such that (A.3) may be exploited. Let b > 0 be an

integer, and recall that

* _ * o0
6t+bn,b+bn = (Et-i-bn; ey €—bt15 € py - - ) S R s

* _ * 0o
6t+i7b+i - (€t+i7 s €—bt1s € gy - - ) eR )

where the € are an independent copy of the €;. Then

||Ct,n(€t+bn) - Ct,n(€:+bn,b+bn) || Lo

b 2 b ~2
1 n n
S E Df(ﬂ%) [Gn(ia €1vi) — ﬂ?n}] - [Z Df(u%) [Gn(%, e:+i7b+i) — M?,n}
n i=1 i=1
3L,

Jj=1

o |l & b
< b Z HGn%’ €iti) — Gn(%>6;:k+z‘,b+i)H Z [HGn(%v etﬂ')H + HGn(%, 6:+j,b+j)m‘
" li=1

Lo
via the inequality |22 — 3| < |z — y||z + v,
C bn bn
< E; |G (5 €0i) = Gal5 €8inilll, ; 1 (s el + [ Ga(s i) | )
= = 4
by Holder’s inequality,
< gi |Gn(, €ri) — GulL, €5 i) i [HGn(L»ftﬂ)” +|GalL, €5 0as) | }
by = n n ; Lg p n Lg nt Ctribtil L,

< Cbyp”.

In the last step, we used ¢ > 4, the boundedness of |G, (u, €)||z, due to (A.2), and the
ergodicity (A.3]).

Moreover, it holds that

1 [ & e
< ™ [Z ‘Df(,u’%) (Gr(L, €rs) — M?n} . ]
n =1 4
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< Cb,

because |G, (L, €)]|1, is bounded by virtue of (A.2)), and Df(u),) is bounded by virtue
of (A.4).

Now consider s,t such that s < ¢. If |s — | > b,, then (, is independent of
e;;bmlsftan, such that

|COV(Ct,n7 Cs,n)| = ‘COV (Ct,n(et—l—bn) - Ct,n(e;;_bn,\s—ﬂ-t,-bn)a Cs,n)l

< [[¢tn(€tsn,) — Ct,n<€:+bn,|sft|+bn>”L2HCS,nHLz
< C2plsi.

These findings may be summarized as

|COV(Cims Com)| < OB pI= =00, (26)
In particular,

[nu]—bp 1 [nu]—by

Z Ct n - ﬁ Z COV(Ct,n; Cs,n)
. Tn+Ln t=Tn+Ln

Ch? &
n (|s—t|—bn)VO

< 3 p

s,t=1
2 n 9 3
e RC]
n: 1—p n

which tends to zero by assumption. Thus, ﬁ tmiiﬁ;n (Gt — ECin] L 0asn — oo.

Step (iv): The expected value of (;,, may be computed as
]ECt,n
b
:Df(/ﬂé) b_ Cov (G ( 61)7Gn(27€j>)] Df(M%L)T
"y j 1

= Df(ut)Ea(5)Df ()" + OG5,

using the geometric ergodicity (A.3)) in the second step. Note that the remainder term
is of order 1/by, uniformly in ¢ and n, because ||Df(u't)| < Cy for all ¢, and n large
enough. "
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Just as in the proof of Lemma [C.6] step (iv) therein, we find that

|_nu

LN g - / D () Eu(0) D (i) dv| — 0,

t =Tp+Ln

as n — 0o. Moreover, since ||G, (L, €)) — G(L, €)||r, = 0 as n — oo, uniformly in ¢, the
dominated convergence theorem ylelds that

o0

S(L) = > Cov (Gult,en), Gu(t, &)

|—>0,

uniformly in ¢. Furthermore, ||Df(ut),) — D f(pi/n)|| — 0 uniformly in ¢, such that

[nu|—bn

LY BG - / D () Su0) DF ()T d + 0(1)

t Tn+Ln

- / D (1) S(0) Df (1)7 dv + o(1).

0

Together with the variance bound derived in step (iii), this establishes (24)) and thus

completes the proof. O
Theorem is a consequence of Theorem - 7| for k = 5. Regarding the bootstrap

consistency, Theorem , note that @, (u) is precisely the variance process of M, (u).

Proof of Theorem[3.. Conditionally on X, ]\/Zn(u) is a zero mean Gaussian process
with independent increments, and variance function Var(]\/f\n(uﬂXn) = Qn(u) for Q, as
in Theorem . It may hence be represented as M\n(u) = B(Q,(u)) for a standard Brow-
nian motion B which is independent of X. The uniform convergence of Q,,(u) — Q(u) =
I DF (1) 2(0) D f (11,)" dv thus yields sup,, e,y |B(Qn(w)) — B(Q(w))] = 0. This yields
weak convergence of ]\/Zn(u) in probability. That is, for any probability metric d which

metricizes weak convergence on the Skorokhod space, we have d(L(M), £(]\7n]Xn)) o,
where £(M) denotes the measure induced by the random element M. O

C.6 Properties of the tvVAR example

To show existence of the tvVAR process of Example , we want to show that || szl Alu—
ZL)|| < Cp', where || - || denotes the Euclidean operator norm. If [|A(u)|| < p for all
u € [0, 1], this conclusion is obvious. However, the latter condition is too restrictive for
many applications. For example, consider the univariate autoregressive process of order

m given by X, = Z] La ( )Xi—jn + €. This process may be represented as a tvVAR
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process with state vector i, = (Xin, ..., Xi—m+1.,), and autoregressive matrix

aj(u) as(u) as(u) A (0)
1 0 0 - 0
Aw)y=1 0 1 0O ... 0 € R™*™, (27)
o . 0 1 0

A typical condition for the stability of X, is that the autoregressive polynomial 1 —
> iy a;j(u)?’ has no (complex) roots of absolute value smaller than pio > 1, see e.g.
(Giraud et al., 2015, Sec. 3.1.3). Equivalently, the spectral radius of A(u) is bounded
by po < 1. On the other hand, we have ||A(u)|| > 1 for all u € [0, 1], irrespective of the
coeflicients a;(u).

In view of the previous example, we do not restrict the Euclidean operator norm to
be smaller than one. Instead, we impose an upper bound on the spectral radius of the
matrices A(u), i.e. p(A(u)) < po < 1. This comes at the price of requiring additional

regularity of the mapping u — A(u).

Lemma C.8. Let A; € R i € N, be a sequence of matrices such that | A;|| < A* < oo,
and sup,;cy p(A;) = po < 1. Assume furthermore that for some p > 1,

P
| Allp-var = < sup Z HAZkJrl Auch) < A" < o0
1< <<

Then for any p > po, there exists a K = K(p, po, A*) such that

t

11 4

i=s+1

< Kp'*, 0<s<t.

Proof of Lemma[C.8 We proceed as in the proof of (Giraud et al.,[2015, Lemma 8). For
any s,t € Ny, s < t, we have

t

t
IT 4= A+ Z AT A= A TT 46

i=s5+1 k=s+1 i=k+1
t
N < t—s *\t—s—1 o
l_LAz < [JAGA] + (= $)(A) ™ max (A = Al (28)

Here, we employ the convention [[;_, A; = I if u > v, i.e. the empty product is the
identity matrix.

Now choose some p; € (po,p). By virtue of (Moulines et al., 2005, Lemma 12),
there exists a universal C' = C(po, p1, A*) such that ||A5]| < Cp ~*. We choose | =
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I(po, p1, A*) € N such that Cpl < %l, and let € = W. Split the product into blocks
of length [, i.e. we write

t [142] s+jl t
i=s+1 | 7=1 i=s+(j—1)I+1 i=s+Lt7—Sjl+1
t IS s+l i
[T4| < I 4| @)
1=s | 7=1 ||i=s+(—1)i+1
Using , we may further bound
s+l 1 A A A A A
5. — [ al<!” maX, (j-1)+1<k<si [ Ak = At <€,
’ - U7 1 (A9 otherwise.
i=s+(j—-1)I+1

There are at most xk = f(AE—;)p] indices j such that §; > p’, because

[e.9]
1 A — Ao S
jz—; (S+(j—1)IBr%}§k§s+sz b st-nil 2 6)

o0

<e?P max Ap — Agp (i PL<ePIA|P_ 0 < K.
<y oA Al | < Al
In particular,

L57°) 5441

[T II A =etotpreans

J=1 ||i=s+(j—1)I+1

t
H Al < pt—sp—l(n—i-l) (A*)l(n—i—l) _ pt_SK,
1=s+1

for some K = K(p, po, A*). O

In the literature, results similar to Lemma have been established to show exis-
tence of the tvVAR model. The existing results are formulated for matrices A; = A(t— %)
for some function u — A(u). In particular, (Moulines et al. 2005, Proposition 13)
requires u — A(u) to be Holder continuous, and Lemma 8 of |Giraud et al.| (2015)) re-
places Holder continuity by some arbitrarily weak uniform continuity. Proposition 2.4
of [Dahlhaus and Polonik| (2009) requires u +— A(u) to be of bounded variation. The
bounded p-variation imposed in Lemma is weaker than the assumptions of Moulines
et al| (2005) and Dahlhaus and Polonik (2009). Compared to (Giraud et al. (2015), we
allow for discontinuities. On the other hand, Giraud et al. only require uniform continu-
ity, without further restrictions on the modulus of continuity, which also includes some
irregular continuous cases where ||Al|,—yqr = 00 for all p > 1.
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Proposition C.9. Let G, (u, €) as in Ezample[1], with sup, ||A(u)| < oo and sup, || B(u)|| <
00, and suppose that the matrices A(u) have spectral radius p(A(u)) < po < 1 for all
u € [0,1].

1. If | Al p—var < 00, ||Bllp—var < 00, and ||p||p—var < 00 for some p > 1, then there
exists some C' = C(A, B, 1) such that ||Gplp—var +5UDyepo 1) [|Gr(u, €0)l|r, < C for
all n.

2. If u— A(u), u— B(u), and u — u(u) are B-Hélder continuous in the Euclidean
operator norm || - ||, then there exists Cy = Cy(A, B,u) < oo such that for all
n € N, the mapping u — G, (u, €) is f-Holder continuous in L,(P) with Hélder
constant Cg.

Proof of Proposition[C.9. Note that E|e||? < oo by assumption. In the sequel, the
factor C' = C(A, B, u) may vary from line to line. For any u € [0, 1], we have

HA(U — 3%1)

<O O + 1o < C(A B, p).

=0

|Gl €0)l, < O3

=0

[B(u— )| + lluw)]

In the last step, we used Lemma for some p € (pg, 1). In the Holder continuous case,
Lemma is applicable because S-Holder continuity implies finite %—Variation. In the
case of finite p-variation, Lemma is directly applicable.

We now consider the regularity of u — G,,(u, €). For any u,v € [0, 1], we have

|G (u, €) — Gn(v, €)llL,

<Oy | ITA@=59] B =) = |ITA@=5) | B o=+ lntw) - u@)]

gcz E[A(u—%l)

\HBw—g) B (o= )] + ) = 5]

=0
e ) k—1 )
rey 3 Tt ) | T1 ae- 52|
i=0 k=1 7=1 j=k+1

A =55 = Al = EDI[[B (0 = )

SCZPi}IB(u—é) —Bw=5)+CY > A=) - A - L)

T ) — u)]) o (20)

Now if i, A, and B are g-Holder continuous with Holder constants C),, C, and Cp,
we find that

HGn<u7 60) - Gn(v7 GO)HLq
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<CZp|u—v|BCB+CZsz Nu —v|PCa+ Culu —v)?

= =0 k=1

1+Zp"+zz‘pi—1] :
1=0 =0

<|u—v°(C,+Ca+Cp)C

and the latter series are finite since p < 1.
Alternatively, we may treat the case of finite p-variation. Let ug < u; < ... < Up,.
Applying the Minkowski inequality to (29)), we find obtain

P

W, ZHB(w—%)—sz_l—-)uI’]
i=0 =1
N » e ZHA w =50 = Aws = EDIP |+ ll-ar
=0 k=1
< Czp ||BHp var + Ozzpl ! ||A||p var + ||ILL||p var
=0 k=1
< C(HBHp_W + [[Allp—var + [l 14l p—var)-
Since C' = C(A, B, ), this completes the proof. a

C.7 Properties of the CUSUM test

Proof of Proposition[{.1. By virtue of a result of [Lifshits| (1983), see the Corollary on
p. 606 therein, we find that the distribution of T™ is absolutely continuous, apart from a
potential atom at 0. Since Var(M (ug)) > 0 for some uy € (0,1), the variance structure
of the process M (u) yields that Var(M (up) — ugM (1)) > 0. Due to the Gaussianity
of M(u), it holds that P(|M(ug) — uoM(1)] = 0) = 0, such that P(T* = 0) = 0.
Hence, the cumulative distribution function H(z) = P(T* < z) is continuous. Denote
furthermore by H,(z) = P(T,|X,) the (random) distribution function of the bootstrap
approximation. We have to show that E[H(H, (1 —«a))] = 1 — «a as n — oo, where
H~! denotes the quantile function corresponding to a cumulative distribution function
H:R —[0,1].

Suppose to the contrary that E[H(H,'(1 — a))] # 1— «, then for some € > 0, there
exists a subsequence ny, — 0o as k — oo such that [E [H(H, (1 —a))] — (1 —a)| > e
Since H,, = H in probability, there exists a further subsequence, also denoted by ny,
such that H,, = H almost surely as k — oo. This implies that H,'(p) = H '(p), for
all p € [0,1] where H'(p) is continuous (Van der Vaart|, (1998, Lemma 21.2). Since H*
is left-continuous and has at most countably many discontinuities, we find that

H'(1—-a)< lilgnian; (1—a)< hmsupH "1—a) < H (1 -a)+),
—00
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where H!(p+) = lim,, H '(q) denotes the right-hand limit. Since F is continuous, we
have H(H (1 — «a)) = H(H7'((1 — a)+)) = 1 — «, such that H(H;kl(l —a)) = 1-a
almost surely. Via the dominated convergence theorem, we obtain E [H (H, (1 — )] —
(1 — «), completing the proof by contradiction. O

Proof of Proposition[{.9 Tt holds that

(u

lun
= tn)e (1)}+% > f(u’}b)—M > fh)

1—u,

EM:PWM_

_ [Mn(u) EUETY IS e )} 4 AL ().

1—unp

By virtue of Theorem , VM, (u) — &= 0 (1)] = M (u). Moreover,

1—un
1| e (M—un
An(w)=—| > flus Z flu) | +06)
t=Tn+Ln t=Tn+Ln

Lun]

Ly [fwg)—nﬂ_l%_L S )

t=7Tn+Ln n s=Tp+Ln

+O(2).

Now use that f(u?) = f(u.) + \/iﬁDf(pu)(Su + O(1/n), uniformly in u € [0, 1] by virtue
of the boundedness of f. Since f(u,) = f(po) for all u € [0, 1], we obtain

TR P — > Dfps)

T e T Wy 1-m L Sl

t=Tn+Ln n S=Tn+Ln
LunJ
Vil (u) ZDf )3 ——ZDf e

()+A( )-

+0(2),

In the last step, we use Lemma and the fact that ||u +— D f(y)0u]|p—var < 00. More-
over, the convergence /nA,(u) = A(u) holds uniformly in u € [0,1]. This establishes
the convergence of T7.

]
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