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QUANTUM AFFINE VERTEX ALGEBRAS ASSOCIATED

TO UNTWISTED QUANTUM AFFINIZATION ALGEBRAS

FEI KONG

Abstract. Let U~(ĝ) be the untwisted affinization of a symmetriz-
able quantum Kac-Moody algebra U~(g). For ℓ ∈ C, we construct
an ~-adic quantum vertex algebra Vĝ,~(ℓ, 0), and establish a one-to-
one correspondence between φ-coordinated Vĝ,~(ℓ, 0)-modules and re-
stricted U~(ĝ)-modules of level ℓ. Suppose that ℓ is a positive integer.
We construct a quotient ~-adic quantum vertex algebra Lĝ,~(ℓ, 0) of
Vĝ,~(ℓ, 0), and establish a one-to-one correspondence between certain φ-
coordinated Lĝ,~(ℓ, 0)-modules and restricted integrable U~(ĝ)-modules
of level ℓ. Suppose further that g is of finite type. We prove that
Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0) is isomorphic to the simple affine vertex algebra
Lĝ(ℓ, 0).

1. Introduction

Let g be a finite dimensional simple Lie algebra, and let ĝ = g⊗C[t, t−1]⊕
Cc be the corresponding affine Kac-Moody Lie algebra. For any complex
number ℓ ∈ C, we define the induced module

Vĝ(ℓ, 0) = U(ĝ)⊗U(ĝ+) Cℓ, where ĝ+ = g⊗ C[t]⊕ Cc

and Cℓ = C is a ĝ+-module with g ⊗ C[t] acting trivially and c acting as
scalar ℓ. The induced module Vĝ(ℓ, 0) carries a vertex algebra structure,
and the category of Vĝ(ℓ, 0)-modules is naturally isomorphic to the category
of restricted ĝ-modules of level ℓ [FZ, Li1, LL]. If ℓ is a positive integer,
then the unique simple quotient ĝ-module Lĝ(ℓ, 0) of Vĝ(ℓ, 0) is integrable.
Moreover, Lĝ(ℓ, 0) carries a simple quotient vertex algebra structure, and
the category of Lĝ(ℓ, 0)-modules is naturally isomorphic to the category of
restricted integrable ĝ-modules of level ℓ [FZ,DL,MP1,MP2,DLM1,LL].

Denote by U~(ĝ) the (untwisted) quantum affine algebra associated to ĝ

([Dr1] and [Jim]). Like the affinization realization of affine Kac-Moody Lie
algebras, Drinfeld provided a quantum affinization realization of U~(ĝ) in
[Dr2]. Based on the Drinfeld presentation, Frenkel and Jing constructed
vertex representations for simply-laced untwisted quantum affine algebras
in [FJ]. In the very paper, they formulated a fundamental problem of de-
veloping certain “quantum vertex algebra theory” associated to quantum
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affine algebras, in parallel with the connection between affine Kac-Moody
Lie algebras and vertex algebras.

As one of the fundamental works, Etingof and Kazhdan ([EK]) developed
a theory of quantum vertex operator algebras in the sense of formal defor-
mations of vertex algebras. The most visible difference between these and
vertex algebras is that the usual locality is replaced by the S-locality. Such
S-locality is controlled by a rational quantum Yang-Baxter operator. Partly
motivated by the work of Etingof and Kazhdan, H. Li conducted a series of
studies. While vertex algebras are analogues of commutative associative al-
gebras, H. Li introduced the notion of nonlocal vertex algebras [Li4], which
are analogues of noncommutative associative algebras. A nonlocal vertex
algebra is a weak quantum vertex algebra [Li4] if it satisfies the S-locality.
In addition, it becomes a quantum vertex algebra [Li4] if the S-locality is
controlled by a rational quantum Yang-Baxter operator. Mainly in order to
associate quantum vertex algebras to quantum affine algebras, a theory of
φ-coordinated quasi modules was developed in [Li7,Li8]. The ~-adic coun-
terparts of these notions were introduced in [Li6]. In this framework, a
quantum vertex operator algebra in sense of Etingof-Kazhdan is an ~-adic
quantum vertex algebra whose classical limit is a vertex algebra.

In the pioneer work [EK], Etingof and Kazhdan constructed quantum
vertex operator algebras as formal deformations of V

ĝln
(ℓ, 0) and V

ŝln
(ℓ, 0),

by using the R-matrix type relations given in [RSTS]. Recently, Butorac,
Jing and Kožić ([BJK]) extended Etingof-Kazhdan’s construction to type
B, C and D rational R-matrices. The modules of these quantum vertex
operator algebras are in one-to-one correspondence with restricted modules
for the corresponding Yangian doubles (see [Ko1]). Based on the R-matrix
presentation of quantum affine algebras (see [DF,JLM1,JLM2]), Kožić con-
structed the quantum vertex operator algebras associated with trigonometric
R-matrices of types A, B, C and D ([Ko2,Ko1]), and established a one-to-
one correspondence between φ-coordinated modules and restricted modules
for quantum affine algebras.

In [JKLT2], N. Jing, H. Li, S. Tan and I developed a method to con-
struct desired quantum vertex algebras. Let V be a nonlocal vertex algebra,
and let (H, ρ, τ) be a triple consisting of a cocommutative nonlocal vertex
bialgebra H, a right H-comodule nonlocal vertex algebra structure ρ on V ,
and a “compatible” H-module nonlocal vertex algebra structure τ on V .
Then a new nonlocal vertex algebra D

ρ
τ (V ) with V as the underlying space

was obtained. It was also proved that under certain conditions, Dρ
τ (V ) is

a quantum vertex algebra. On the representation side, it was proved that
for any φ-coordinated V -module W with a “compatible” φ-coordinated H-
module structure, there exists a φ-coordinated D

ρ
τ (V )-module structure on

W . Later in [JKLT3], we introduced an ~-adic version of this construction,
and constructed a family of ~-adic quantum vertex algebras VL[[~]]

η as for-
mal deformations of the lattice vertex algebras VL. When L is a root lattice
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of A, D, E type, we established a natural connection between twisted quan-
tum affine algebras and equivariant φ-coordinated quasi modules for VL[[~]]

η

with suitable η.
It is remarkable that Drinfeld’s quantum affinization process can be ex-

tended to general symmetrizable quantum Kac-Moody algebras ([GKV,Jin,
N, CJKT]). We denote by U~(ĝ) the untwisted quantum affinization of a
symmetrizable quantum Kac-Moody algebra U~(g). In this paper, we use
the language of Drinfeld presentations to construct the ~-adic quantum ver-
tex algebra Vĝ,~(ℓ, 0) and establish a one-to-one correspondence between
restricted U~(g)-modules of level ℓ and φ-coordinated Vĝ,~(ℓ, 0)-modules. As-
sume further that ℓ is a positive integer. We will study a quotient ~-adic
quantum vertex algebra Lĝ,~(ℓ, 0) of Vĝ,~(ℓ, 0), and establish a one-to-one
correspondence between restricted integrable U~(ĝ)-modules of level ℓ and
φ-coordinated weight modules of Lĝ,~(ℓ, 0). Finally, when g is of finite type,
we show that Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0) ∼= Lĝ(ℓ, 0) as vertex algebras.

Now we provide some detailed information. Let A = (aij)i,j∈I be a sym-
metrizable generalized Cartan matrix (GCM). Then there are unique rel-
atively prime positive integers ri (i ∈ I) such that DA is symmetric with
D = diag{ri}i∈I . Let g = [g(A), g(A)] be the derived subalgebra of the Kac-
Moody Lie algebra g(A), and let ĝ be an “affinization Lie algebra” associated
to g (see Definition 2.4). Recall that the (untwisted) quantum affinization
algebra (see [CJKT]) U~(ĝ) is the C[[~]]-algebra topologically generated by

{
hi,q(n), x

±
i,q(n), c

∣∣∣ i ∈ I, n ∈ Z
}
,(1.1)

and subject to the relations in terms of the generating functions

φ±i,q(z) = q±hi,q(0) exp

(
±(q − q−1)

∑

±m>0

hi,q(m)z−m

)
,

x±i,q(z) =
∑

m∈Z

x±i,q(m)z−m,

The relations are (i, j ∈ I):

(Q1) [c, φ±i,q(z)] = 0 = [φ±i,q(z), φ
±
j,q(w)] = [c, x±i,q(z)],

(Q2) φ+i,q(z1)φ
−
j,q(z2) = φ−j,q(z2)φ

+
i,q(z1)ιz1,z2gij,q(q

rcz2/z1)
−1gij,q(q

−rcz2/z1),

(Q3) φ+i,q(z1)x
±
j,q(z2) = x±j,q(z2)φ

+
i,q(z1)ιz1,z2gij,q(q

∓ 1
2
rcz2/z1)

±1,

(Q4) φ−i,q(z1)x
±
j,q(z2) = x±j,q(z2)φ

−
i,q(z1)ιz2,z1gji,q(q

∓ 1
2
rcz1/z2)

∓1,

(Q5) [x+i,q(z1), x
−
j,q(z2)]

=
δij

qi − q
−1
i

(
φ+i,q(z1q

− 1
2
rc)δ

(
z2q

rc

z1

)
− φ−i,q(z1q

1
2
rc)δ

(
z2q

−rc

z1

))
,

(Q6) F±
ij,q(z1, z2)x

±
i,q(z1)x

±
j,q(z2) = G±

ij,q(z1, z2)x
±
j,q(z2)x

±
i,q(z1),

3



(Q7)
∑

σ∈Smij

mij∑

k=0

(−1)k
(
mij

k

)

qi

x±i,q(zσ(1)) · · · x
±
i,q(zσ(k))x

±
j,q(w)

× x±i,q(zσ(k+1)) · · · x
±
i,q(zσ(mij )) = 0, if aij < 0,

where q = exp ~ ∈ C[[~]], qi = qri , r is the least common multiple of {ri}i∈I
and

F±
ij,q(z1, z2) = z1 − q

±aij
i z2, G±

ij,q(z1, z2) = q
±aij
i z1 − z2,

gij,q(z) =
G+

ij,q(1, z)

F+
ij,q(1, z)

and the map ιz1,z2 is defined as in [FHL, §3.1]. The classical limit U~(ĝ)/~U~(ĝ)
is isomorphic to the universal enveloping algebra of ĝ.

Let Vĝ(ℓ, 0) be the vertex algebra associated to ĝ (see Definition 2.6).
Different from the construction of VL[[~]]

η in [JKLT3], we are not able to
find a suitable “deforming triple” for Vĝ(ℓ, 0), such that the corresponding

~-adic quantum vertex algebra can be associated to U~(ĝ). Let U
f
~ (ĝ) be the

unital associative algebra over C[[~]] topologically generated by the elements
(1.1) subject to relations (Q1)-(Q4), (Q6) and

(Q5.5) (1− qrℓz2/z1)
δij (1− q−rℓz2/z1)

δij [x+i,q(z1), x
−
j,q(z2)] = 0, i, j ∈ I.

It is easy to see that U~(ĝ) is a quotient algebra of Uf
~ (ĝ). Using the theory

of free vertex algebras developed by Roitman ([R]), we construct a ver-
tex algebra F (A, ℓ) (see Definition 2.6). Then by using the construction
given in [JKLT2,JKLT3], we get a family of ~-adic quantum vertex algebras
Fτ (A, ℓ) as formal deformations of F (A, ℓ) (see Theorem 5.13). The category

of restricted Uf
~ (ĝ)-modules is isomorphic to the category of φ-coordinated

Fτ (A, ℓ)-modules with suitable τ . For this suitable τ , we construct the quo-
tient ~-adic quantum vertex algebras Vĝ,~(ℓ, 0) and Lĝ,~(ℓ, 0) of Fτ (A, ℓ).
Finally, based on the “normal ordered” type quantum Serre relations given
in [CJKT] and the integrable conditions developed in [DM], we establish
a natural connection between restricted (resp. restricted integrable) U~(ĝ)-
modules of level ℓ and φ-coordinated modules (resp. φ-coordinated weighted
modules) for Vĝ,~(ℓ, 0) (resp. Lĝ,~(ℓ, 0)).

The paper is organized as follows. In Section 2, we recall the basics about
vertex algebras and free vertex algebras. Define the vertex algebra F (A, ℓ)
associated to a symmetrizable generalized Cartan matrix A and a complex
number ℓ. Then we realize Vĝ(ℓ, 0) and Lĝ(ℓ, 0) as quotient vertex algebras
of F (A, ℓ). In Section 3, we recall the notion of ~-adic quantum vertex
algebras, and the theory of constructing ~-adic nonlocal vertex algebras
introduced in [Li6]. In Section 5, we construct an ~-adic nonlocal vertex
algebra Fτ (A, ℓ). By using the deformation method introduced in [JKLT2,
JKLT3] (see Section 4), we prove that Fτ (A, ℓ) is an ~-adic quantum vertex
algebra and Fτ (A, ℓ)/~Fτ (A, ℓ) ∼= F (A, ℓ) as vertex algebras. In Section
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6, we construct two quotient ~-adic quantum vertex algebras Vĝ,~(ℓ, 0) and
Lĝ,~(ℓ, 0) of Fτ (A, ℓ). In Section 7, we recall the notion of φ-coordinated
modules of ~-adic nonlocal vertex algebras, and study the category of φ-
coordinated modules of Vĝ,~(ℓ, 0). In Section 8, we establish the natural
connections between certain U~(ĝ)-modules and φ-coordinated modules for
the two ~-adic quantum vertex algebras Vĝ,~(ℓ, 0) and Lĝ,~(ℓ, 0).

Throughout this paper, we denote the set of nonnegative integer and
positive integers by N and Z+, respectively. For any ring R, we denote the
set of invertible elements by R×.

2. Vertex algebras and affine vertex algebras

In this section, we recall the notion of vertex algebras and define some
vertex algebras associated to the symmetrizable GCM A = (aij)i,j∈I .

A vertex algebra is a vector space V equipped with a linear map

Y (·, z) :V → E(V ) := Hom(V, V ((z))); v 7→ Y (v, z) =
∑

n∈Z

vnz
−n−1(2.1)

and equipped with a distinguished vector 1 of V , called the vacuum vector,
such that

Y (1, z)v = v, Y (v, z)1 ∈ V [[z]], lim
z→0

Y (v, z)1 = v for v ∈ V(2.2)

and such that for u, v, w ∈ V , the following Jacobi identity holds true

z−1
0 δ

(
z1 − z2
z0

)
Y (u, z1)Y (v, z2)w − z

−1
0 δ

(
z2 − z1
−z0

)
Y (v, z2)Y (u, z1)w

= z−1
1 δ

(
z2 + z0
z1

)
Y (Y (u, z0)v, z2)w.(2.3)

A conformal Lie algebra (C, Y +, T ) ([Kac]), also known as a vertex Lie
algebra ([DLM2,P]), is a vector space C equipped with a linear operator T
and a linear map

Y +(·, z) : C → Hom(C, z−1C[z−1]); u 7→ Y +(u, z) =
∑

n≥0

unz
−n−1(2.4)

such that for any u, v ∈ C,

[T, Y +(u, z)] = Y +(Tu, z) =
d

dz
Y +(u, z),

Y +(u, z)v = Singz
(
ezTY +(v,−z)u

)
,

[Y +(u, z1), Y
+(v, z2)] = Singz1 Singz2(Y

+(Y +(u, z1 − z2)v, z2)),

where Sing stands for the singular part. Let (C, Y +, T ), (C1, Y
+
1 , T1) be

conformal Lie algebras. A linear map f : C → C1 is called conformal Lie
algebra homomorphism if f

(
Y +(u, z)v

)
= Y +

1 (f(u), z)f(v) and f
(
Tu
)
=

T1f(u) for u, v ∈ C.
Let C be an arbitrary conformal Lie algebra. Recall the coefficient algebra

Ĉ ([R]), also known as the local vertex Lie algebra ([DLM2]) is the Lie algebra
5



with the underlying vector space
(
C ⊗C[t, t−1]

)
/Im

(
T ⊗ 1 + 1⊗ d/dt

)
, and

the Lie bracket

[u(m), v(n)] =
∑

k≥0

(
m

k

)(
ukv
)
(m+ n− k),(2.5)

where u, v ∈ C, m,n ∈ Z and u(m) is the image of u⊗ tm in Ĉ. Set Ĉ− =

SpanC {u(m) | u ∈ C,m < 0} and Ĉ+ = SpanC {u(m) | u ∈ C,m ≥ 0}, and
define

VC = U(Ĉ)⊗
U(Ĉ+) C,(2.6)

where C is a trivial Ĉ+-module. It is proved in [R, Proposition 1.3] (see

also [DLM2, Proposition 3.4]) that Ĉ± are Lie subalgebras of Ĉ and Ĉ =

Ĉ−⊕ Ĉ+. Then VC ∼= U(Ĉ
−) as vector spaces. For convenience, we identify

u with u(−1) ⊗ 1 ∈ VC for u ∈ C. A Ĉ-module W is called a restricted
module if

u(z)v =
∑

m∈Z

u(m)vz−m−1 ∈W ((z)), for u ∈ C, v ∈W.

It is proved in [DLM2] that

Theorem 2.1 ([DLM2, Theorem 4.8]). There exists a vertex algebra struc-
ture on VC such that 1 = 1⊗ 1 ∈ VC is the vacuum vector and

Y (u, z) =
∑

m∈Z

u(m)z−m−1 for u ∈ C.

For any restricted Ĉ-module W , there exists a VC-module structure YW on
W such that

YW (u, z) = u(z) =
∑

m∈Z

u(m)z−m−1, u ∈ C.

On the other hand, for any VC-module W , there exists a restricted Ĉ-module
structure on W such that

u(z).w = YW (u, z)w

where u ∈ C and w ∈W .

Let B be a set, and let N : B × B → N be a symmetric function called
a locality function ([R]). Denote by Conf(B, N) the category whose objects
are conformal Lie algebras C which contain B as a generating subset and

anb = 0 for all a, b ∈ B, n ≥ N(a, b).

The following result is given in [R, Proposition 3.1]

Proposition 2.2. There exists a conformal Lie algebra C(B, N) ∈ Conf(B, N)
such that for any C ∈ Conf(B, N), there is a unique conformal Lie algebra
homomorphism f from C(B, N) to C such that

f(a) = a ∈ B ⊂ C for a ∈ B ⊂ C(B, N).
6



Moreover, the coefficient algebra Ĉ(B, N) of C(B, N) is isomorphic to the
Lie algebra generated by

{b(n) | b ∈ B, n ∈ Z}(2.7)

and subject to the relations

∑

i≥0

(−1)i
(
N(a, b)

i

)
[a(n − i), b(m+ i)] = 0 for a, b ∈ B, m, n ∈ Z.(2.8)

The conformal Lie algebra C(B, N) is called the free conformal Lie algebra
in [R]. From Theorem 2.1, we get a vertex algebra V (B, N) corresponding
to C(B, N), which is called the free vertex algebra in [R].

We note that the relation (2.8) is equivalent to the following relation

(z1 − z2)
N(a,b)[a(z1), b(z2)] = 0 for a, b ∈ B.(2.9)

Proposition 2.3. Let V be a vertex algebra, and let f : B → V such that

(z1 − z2)
N(a,b)[Y (f(a), z1), Y (f(b), z2)] = 0 for a, b ∈ B.

Then there exists a vertex algebra homomorphism f̂ : V (B, N) → V such

that f̂ |B = f .

We introduce the following Lie algebra.

Definition 2.4. Let ĝ be the Lie algebra generated by
{
hi(m), x±i (m)

∣∣ i ∈ I, m ∈ Z
}

and a central element c, subject to the relations written in terms of gener-
ating functions in z:

hi(z) =
∑

m∈Z

hi(m)z−m−1, x±i (z) =
∑

m∈Z

x±i (m)z−m−1, i ∈ I.

The relations are (i, j ∈ I)

(L1) [hi(z1), hj(z2)] = riaijrc
∂

∂z2
z−1
1 δ

(
z2
z1

)
,

(L2) [hi(z1), x
±
j (z2)] = ±riaijx

±
j (z2)z

−1
1 δ

(
z2
z1

)
,

(L3) [x+i (z1), x
−
j (z2)] =

δij
ri

(
hi(z2)z

−1
1 δ

(
z2
z1

)
+ rc

∂

∂z2
z−1
1 δ

(
z2
z1

))
,

(L4) (z1 − z2)
nij [x±i (z1), x

±
j (z2)] = 0,

(S) [x±i (z1), [x
±
i (z2), . . . , [x

±
i (zmij ), x

±
j (z0)] · · · ]] = 0, if aij < 0,

where nij = 1− δij for i, j ∈ I and mij = 1− aij for i, j ∈ I with aij < 0.

Remark 2.5. Suppose that the GCM A is of finite or affine type. Recall
that g = [g(A), g(A)] is the derived subalgebra of the Kac-Moody Lie algebra

associated to the GCM A. If A is not of type A
(1)
1 , then ĝ is the universal

7



central extension of g ⊗ C[t, t−1] (see [Gar] when A is of finite type and

[MERY] when A is of affine type). If A is of type A
(1)
1 , then ĝ is the quotient

algebra of the universal central extension of g ⊗ C[t, t−1] modulo the ideal
generated by the following relations

(z1 − z2)[x
±
i (z1), x

±
j (z2)] = 0, for i 6= j.

Introduce a set B =
{
hi, x

±
i

∣∣ i ∈ I
}
, and define a function N : B×B → N

by

N(hi, hj) = 2, N(hi, x
±
j ) = 1, N(x±i , x

±
j ) = nij, N(x+i , x

−
j ) = δij2.

Definition 2.6. For ℓ ∈ C, we let F (A, ℓ) be the quotient vertex algebra of
V (B, N) modulo the ideal generated by

(hi)0(hj), (hi)1(hj)− riaijrℓ1, (hi)0(x
±
j )∓ riaijx

±
j for i, j ∈ I.

Furthermore, let Vĝ(ℓ, 0) be the quotient vertex algebra of F (A, ℓ) modulo
the ideal generated by

(x+i )0(x
−
j )−

δij
ri
hi, (x+i )1(x

−
j )−

δij
ri
rℓ1 for i, j ∈ I,

(
(x±i )0

)mij (x±j ) for i, j ∈ I with aij < 0.

If ℓ ∈ Z+, we define Lĝ(ℓ, 0) to be the quotient vertex algebra of Vĝ(ℓ, 0)
modulo the ideal generated by

(
(x±i )−1

)ℓr/ri x±i for i ∈ I.

Remark 2.7. Set ĝ+ = g⊗ C[t]⊕ Cc. For ℓ ∈ C, we let Cℓ := C be a ĝ+-
module, with g⊗C[t].Cℓ = 0 and c = ℓ. Then there are ĝ-module structures
on both Vĝ(ℓ, 0) and Lĝ(ℓ, 0), such that

hi(z) = Y (hi, z), x±i (z) = Y (x±i , z), i ∈ I.

In addition, as ĝ-modules, we have that

Vĝ(ℓ, 0) ∼= U(ĝ)⊗U(ĝ+) Cℓ

Suppose that the GCM A is of finite type. Then g is a finite dimensional
simple Lie algebra. And Lĝ(ℓ, 0) is the unique simple quotient ĝ-module of
Vĝ(ℓ, 0), when ℓ ∈ Z+.

3. Quantum vertex algebras

A C[[~]]-module V is said to be torsion-free if ~v 6= 0 for every 0 6= v ∈ V ,
and said to be separated if ∩n≥1~

nV = 0. For a C[[~]]-module V , using
subsets v + ~nV for v ∈ V , n ≥ 1 as the basis of open subsets one obtains
a topology on V , which is called the ~-adic topology. A C[[~]]-module V is
said to be ~-adically complete if every Cauchy sequence in V with respect
to this ~-adic topology has a limit in V . A C[[~]]-module V is topologically
free if V = V0[[~]] for some vector space V0 over C. It is known that a
C[[~]]-module is topologically free if and only if it is torsion-free, separated,
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and ~-adically complete ([Kas], see [Li6]). For another topologically free
C[[~]]-module U = U0[[~]], we recall the complete tensor

U⊗̂V = (U0 ⊗ V0)[[~]].

We view a vector space as a C[[~]]-module by letting ~ = 0. Fix a C[[~]]-
module W . For k ∈ Z+, and some formal variables z1, . . . , zk, we define

E(k)(W ; z1, . . . , zk) = HomC[[~]](W,W ((z1, . . . , zk))).(3.1)

Recall from [Li2, Definition 5.3] that an ordered sequence (a1(z), . . . , ak(z))

in E(1)(W ) is said to be compatible if there exists an m ∈ Z+, such that

 ∏

1≤i<j≤k

(zi − zj)
m


 a1(z1) · · · ak(zk) ∈ E

(k)(W ; z1, . . . , zk).

Now, we assume W = W0[[~]] for some vector space W0. Then W is
topologically free. Define

E
(k)
~ (W ; z1, . . . , zk) = HomC[[~]](W,W0((z1, . . . , zk))[[~]]).(3.2)

Note that E
(k)
~ (W ; z1, . . . , zk) = E

(k)(W ; z1, . . . , zk)[[~]] is topologically free.

For convenience, we will also write E
(k)
~ (W ) = E

(k)
~ (W ; z1, . . . , zk) and write

E~(W ) = E
(1)
~ (W ). For n, k ∈ Z+, the quotient map from W to W/~nW

induces the following C[[~]]-module map

π̃(k)n : (EndC[[~]](W ))[[z±1
1 , . . . , z±1

k ]]→ (EndC[[~]](W/~nW ))[[z±1
1 , . . . , z±1

k ]].

For A(z1, z2), B(z1, z2) ∈ HomC[[~]](W,W0((z1))((z2))[[~]]), we write A(z1, z2) ∼
B(z2, z1) if for each n ∈ Z+ there is k ∈ N such that

(z1 − z2)
kπ̃(2)n (A(z1, z2)) = (z1 − z2)

kπ̃(2)n (B(z2, z1)).

Let Z(z1, z2) : E~(W )⊗̂E~(W )⊗̂C((z))[[~]] → EndC[[~]](W )[[z±1
1 , z±1

2 ]] be de-
fined by

Z(z1, z2) (a(z)⊗ b(z)⊗ f(z)) = ιz1,z2f(z1 − z2)a(z1)b(z2).

A subset U of E~(W ) is said to be ~-adically S-local if for any a(z), b(z) ∈ U ,
there exists A(z) ∈ (CU ⊗ CU ⊗ C((z))) [[~]] such that

a(z1)b(z2) ∼ Z(z2, z1) (A(z)) ,

where CU denotes the subspace spanned by U .

Recall from [Li6, Remark 4.7] that π̃
(k)
n induces a C[[~]]-module map

π
(k)
n : E

(k)
~ (W ) → E(k)(W/~nW ) with kernel ~nE

(k)
~ (W ). And E

(k)
~ (W ) is

isomorphic to the inverse limit of the following inverse system

0 E(k)(W/~W )oo E(k)(W/~2W )oo E(k)(W/~3W )oo · · ·oo

If k = 1, we will also write πn = π
(1)
n . Then an ordered sequence (a1(z) . . . , ar(z))

in E~(W ) is said to be ~-adically compatible if for every n ∈ Z+, the sequence
(πn(a1(z)), . . . , πn(ar(z))) in E(W/~nW ) is compatible. A subset U of E~(W )
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is said to be ~-adically compatible if every finite sequence in U is ~-adically
compatible.

Let (a(z), b(z)) in E~(W ) be ~-adically compatible. That is, for any n ∈
Z+, we have that

(z1 − z2)
knπn (a(z1)) πn (b(z2)) ∈ E

(2)(W/~nW ) for some kn ∈ Z+.

We recall the following vertex operator introduced in [Li6, Definition 4.11]:

YE (a(z), z0) b(x) =
∑

n∈Z

a(z)nb(z)z
−n−1
0(3.3)

= lim
←−
n>0

z−kn
0

(
(z1 − z)

knπn(a(z1))πn(b(z))
)
|z1=z+z0 .

An ~-adic nonlocal vertex algebra [Li6, Definition 2.9] is a topologically free
C[[~]]-module V equipped with a C[[~]]-module map Y (·, z) : V → E~(V )
and a distinguished vacuum vector 1 such that the vacuum property (2.2)
holds, and for u, v ∈ V , (Y (u, z), Y (v, z)) is an ~-adic compatible pair with

YE (Y (u, z), z0)Y (v, z) = Y (Y (u, z0)v, z)(3.4)

Denote by ∂ the canonical derivation on V :

u 7→ ∂u = lim
z→0

d

dz
Y (u, z)1.(3.5)

An ~-adic weak quantum vertex algebra ([Li6, Definition 2.9]) is an ~-adic
nonlocal vertex algebra V , such that {Y (u, z) | u ∈ V } is ~-adically S-local.
And an ~-adic quantum vertex algebra ([Li6, Definition 2.20]) is an ~-adic
weak quantum vertex algebra V equipped with a C[[~]]-module map (called
a quantum Yang-Baxter operator)

S(z) : V ⊗̂V → V ⊗̂V ⊗̂C((z))[[~]],(3.6)

which satisfies the shift condition:

[∂ ⊗ 1, S(z)] = −
d

dz
S(z),(3.7)

the quantum Yang-Baxter equation:

S12(z1)S
13(z1 + z2)S

23(z2) = S23(z2)S
13(z1 + z2)S

12(z1),(3.8)

and the unitarity condition:

S21(z)S(−z) = 1,(3.9)

satisfying the following conditions:
(1) The vacuum property :

S(z)(1 ⊗ v) = 1⊗ v, for v ∈ V.(3.10)

(2) The S-locality : For any u, v ∈ V , one has

Y (u, z1)Y (v, z2) ∼ Y (z2)(1⊗ Y (z1))S(z2 − z1)(v ⊗ u).(3.11)
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(3) The hexagon identity :

S(z1)(Y (z2)⊗ 1) = (Y (z2)⊗ 1)S23(z1)S
13(z1 + z2).(3.12)

We list some technical results that will be used later on.

Lemma 3.1. Let (V, S(z)) be an ~-adic quantum vertex algebra. Then

S(z)(v ⊗ 1) = v ⊗ 1 for v ∈ V,(3.13)

[1⊗ ∂, S(z)] =
d

dz
S(z),(3.14)

S(z1)(1⊗ Y (z2)) = (1⊗ Y (z2))S
12(z1 − z2)S

13(z1),(3.15)

S(z)f(∂ ⊗ 1) = f

(
∂ ⊗ 1 +

∂

∂z

)
S(z) for f(z) ∈ C[z][[~]],(3.16)

S(z)f(1⊗ ∂) = f

(
1⊗ ∂ −

∂

∂z

)
S(z) for f(z) ∈ C[z][[~]].(3.17)

Lemma 3.2. Let (V, S(z)) be an ~-adic quantum vertex algebra, and let
u, v ∈ V , f(z) ∈ C((z))[[~]].

(1) If S(z)(v ⊗ u) = v ⊗ u+ 1⊗ 1⊗ f(z), then

S(z)((v−1)
n1⊗ u)

=(v−1)
n1⊗ u+ n(v−1)

n−11⊗ 1⊗ f(z),

S(z)(v ⊗ (u−1)
n1)

=v ⊗ (u−1)
n1+ n1⊗ (u−1)

n−11⊗ f(z),

S(z) (exp(v−1)1⊗ u)

= exp(v−1)1⊗ u+ exp(v−1)1⊗ 1⊗ f(z), if v ∈ ~V,

S(z) (v ⊗ exp(u−1)1)

=v ⊗ exp(u−1)1+ 1⊗ exp(u−1)1⊗ f(z), if u ∈ ~V.

(2) If S(z)(v ⊗ u) = v ⊗ u+ 1⊗ u⊗ f(z), then

S(z)((v−1)
n1⊗ u) =

n∑

i=0

(
n

i

)
(v−1)

i1⊗ u⊗ f(z)n−i,

S(z) (exp(v−1)1⊗ u) = exp(v−1)1⊗ u⊗ exp (f(z)) ,

if v ∈ ~V, f(z) ∈ ~C((z))[[~]].

(3) If S(z)(v ⊗ u) = v ⊗ u+ v ⊗ 1⊗ f(z), then

S(z)(v ⊗ (u−1)
n1) =

n∑

i=0

(
n

i

)
v ⊗ (u−1)

i1⊗ f(z)n−i,

S(z) (v ⊗ exp(u−1)1) = v ⊗ exp (u−1) 1⊗ exp(f(z)),

if u ∈ ~V, f(z) ∈ ~C((z))[[~]].
11



For a topologically free C[[~]]-module V and a submodule M , we recall
the notation given in [Li6, Definition 3.4]:

[M ] = {v ∈ V | ~nV ∈M for some n ∈ N}.

It is straightforward to verify that

Lemma 3.3. Let (V, S(z)) be an ~-adic quantum vertex algebra, and let
U ⊂ V be a generating subset of V . Let M ⊂ V be a closed ideal of V such
that [M ] =M and

S(z)(M ⊗ U), S(z)(U ⊗M) ⊂M⊗̂V ⊗̂C((z))[[~]] + V ⊗̂M⊗̂C((z))[[~]].

Then V/M is an ~-adic quantum vertex algebra with quantum Yang-Baxter
operator induced from S(z).

In the rest of this section, we recall the construction of ~-adic nonlocal
vertex algebras and their modules introduced in [Li6]. Here, a module ([Li6,
Definition 2.33]) for an ~-adic nonlocal vertex algebra V is a topologically
free C[[~]]-module W , equipped with a C[[~]]-module map YW (·, z) : V →
E~(W ), satisfying the conditions that YW (1, z) = 1W and that for u, v ∈ V ,
(YW (u, z), YW (v, z)) is ~-adically compatible and

YE (YW (u, z), z0)YW (v, z) = YW (Y (u, z0)v, z) .

The following result is given in [Li6]:

Theorem 3.4. Let W be a topologically free C[[~]]-module, and let U ⊂
E~(W ) be an ~-adically compatible subset. Then there is a minimal ~-adically
S-local subset 〈U〉 ⊂ E~(W ) containing 1W and U , such that

(1) 〈U〉 is topologically free and [〈U〉] = 〈U〉.
(2) 〈U〉 is YE closed in the sense that for any a(z), b(z) ∈ U and any

n ∈ Z, we have a(z)nb(z) ∈ 〈U〉.

Then (〈U〉, YE , 1W ) carries the structure of an ~-adic nonlocal vertex alge-
bra and W is a faithful 〈U〉-module with the module map YW defined by
YW (a(z), z0) = a(z0) for a(z) ∈ 〈U〉.

Remark 3.5. If U is ~-adically S-local, then 〈U〉 is an ~-adic weak quantum
vertex algebra.

We recall the following result from [Li6, Theorem 4.24] for later use.

Theorem 3.6. Let V be a topologically free C[[~]]-module, U ⊂ V , 1 ∈ V ,
and Y 0 a map

Y 0 : U → E~(V ); u 7→ Y 0(u, z) = u(z) =
∑

n∈Z

unz
−n−1.

Assume that all the following conditions hold:

Y 0(u, z)1 ∈ V [[z]] and lim
z→0

Y 0(u, z)1 = u for u ∈ U,
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U(z) = {u(z) | u ∈ U} is ~-adically S-local, and V is ~-adically spanned by
vectors

u(1)m1
· · · u(r)mr

1(3.18)

for r ∈ N, u(i) ∈ U , mi ∈ Z. In addition we assume that there exists a
C[[~]]-module map ψ from V to 〈U(z)〉 ⊂ E~(V ) such that ψ(1) = 1V and

ψ (Y (u, z0)v) = YE (u(z), z0)ψ(v) for u ∈ U, v ∈ V.(3.19)

Then the map Y 0 extends uniquely to a C[[~]]-module map Y from V to
E~(V ) such that (V, Y,1) carries the structure of an ~-adic weak quantum
vertex algebra.

4. Deformation by vertex bialgebras

In this section, we recall the deformation of ~-adic nonlocal vertex algebras
by using vertex bialgebras introduced in [JKLT2,JKLT3].

We start by recalling the notion of vertex bialgebras and smash products
given in [Li5] (see also [JKLT3]). An ~-adic (nonlocal) vertex bialgebra is
an ~-adic (nonlocal) vertex algebra V equipped with a classical coalgebra
structure (∆, ε) such that (the coproduct) ∆ : V → V ⊗̂V and (the counit)
ε : V → C[[~]] are homomorphisms of ~-adic nonlocal vertex algebras.

Remark 4.1. Let (H,∆, ε) be a bialgebra over C[[~]] equipped with a
derivation ∂. Suppose that H is topologically free. Then H is an ~-adic
nonlocal vertex bialgebra with vacuum 1 and vertex operator defined by

Y (a, z)b =
(
ez∂a

)
b for a, b ∈ H.

We denote this ~-adic nonlocal vertex bialgebra by (H, ∂,∆, ε).

Let (H,∆, ε) be an ~-adic nonlocal vertex bialgebra. A (left) H-module
(nonlocal) vertex algebra ([Li5]) is an ~-adic nonlocal vertex algebra V
equipped with a module structure τ on V for H viewed as an ~-adic nonlocal
vertex algebra such that

τ(h, z)v ∈ V ⊗̂C((z))[[~]], τ(h, z)1V = ε(h)1V ,(4.1)

τ(h, z1)Y (u, z2)v =
∑

Y (τ(h(1), z1 − z2)u, z2)τ(h(2), z1)v(4.2)

for h ∈ H, u, v ∈ V , where 1V denotes the vacuum vector of V and ∆(h) =∑
h(1) ⊗ h(2) is the coproduct in the Sweedler notation.
A (right) H-comodule nonlocal vertex algebra ([JKLT2]) is a nonlocal

vertex algebra V equipped with a homomorphism ρ : V → V ⊗̂H of ~-adic
nonlocal vertex algebras such that

(ρ⊗ 1)ρ = (1⊗∆)ρ, (1⊗ ε)ρ = IdV .(4.3)

ρ is compatible with an H-module nonlocal vertex algebra structure τ (see
[JKLT2]) if

ρ(τ(h, z)v) = (τ(h, z) ⊗ 1)ρ(v) for h ∈ H, v ∈ V.(4.4)

13



We introduce the following notion.

Definition 4.2. Let V be an ~-adic nonlocal vertex algebra. A deforming
triple for V is a triple (H, ρ, τ), where H is a cocommutative ~-adic non-
local vertex bialgebra, (V, ρ) is a right H-comodule nonlocal vertex algebra
and (V, τ) is an H-module nonlocal vertex algebra, such that ρ and τ are
compatible.

The following result is given in [JKLT2].

Theorem 4.3. Let V be an ~-adic nonlocal vertex algebra, and let (H, ρ, τ)
be a deforming triple. Set

Dρ
τ (Y )(a, z) =

∑
Y (a(1), z)τ(a(2), z) for a ∈ V,(4.5)

where ρ(a) =
∑
a(1)⊗a(2) ∈ V ⊗H. Then (V,Dρ

τ (Y ),1) carries the structure
of an ~-adic nonlocal vertex algebra. Denote this ~-adic nonlocal vertex
algebra by D

ρ
τ (V ). Moreover, (Dρ

τ (V ), ρ) is also a right H-comodule nonlocal
vertex algebra.

Remark 4.4. Let H be a cocommutative ~-adic nonlocal vertex bialgebra,
and let (V, ρ) be anH-comodule nonlocal vertex algebra. We view the counit
ε as an H-module nonlocal vertex algebra structure on V as follows

ε(h, z)v = ε(h)v for h ∈ H, v ∈ V.(4.6)

Then it is easy to verify that ε and ρ are compatible, and D
ρ
ε(V ) = V .

Remark 4.5. Let V1, V2 be two ~-adic nonlocal vertex algebras. Suppose
that (H, ρ1, τ1) and (H, ρ2, τ2) are deforming triples of V1 and V2 respec-
tively. Suppose that f : V1 → V2 is an ~-adic nonlocal vertex algebra
homomorphism such that

ρ2 ◦ f = (f ⊗ 1) ◦ ρ1, and f(τ1(h, z)v) = τ2(h, z)f(v) for h ∈ H, v ∈ V1.

Then f is an ~-adic nonlocal vertex algebra homomorphism from D
ρ1
τ1 (V1)

to D
ρ2
τ2 (V2).

Now, we fix a cocommutative ~-adic nonlocal vertex bialgebra H, and an
H-comodule nonlocal vertex algebra (V, ρ). Note that

Hom
(
H,Hom(V, V ⊗̂C((x))[[~]])

)

is a unital associative algebra, where the multiplication is defined by

(f ∗ g)(h, z) =
∑

f(h(1), z)g(h(2) , z)

for f, g ∈ Hom
(
H,Hom(V, V ⊗̂C((z))[[~]])

)
, and the unit ε. For f, g ∈

Hom
(
H,Hom(V, V ⊗̂C((z))[[~]])

)
, we say f and g commute if

[f(h, z1), g(k, z2)] = 0 for h, k ∈ H.

Let Lρ
H(V ) be the set of H-module nonlocal vertex algebra structures on V

that are compatible with ρ. The following is an immediate ~-adic analogue
of [JKLT2, Proposition 3.3 and Proposition 3.4].
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Proposition 4.6. Let τ and τ ′ are commuting elements in L
ρ
H(V ). Then

τ ∗ τ ′ ∈ L
ρ
H(V ) and τ ∗ τ ′ = τ ′ ∗ τ . Moreover, τ ∈ L

ρ
H

(
D

ρ
τ ′(V )

)
and

Dρ
τ

(
D

ρ
τ ′(V )

)
= D

ρ
τ∗τ ′(V ).(4.7)

Recall that an element τ ∈ L
ρ
H(V ) is said to be invertible if there exists

τ−1 ∈ L
ρ
H(V ), such that τ and τ−1 are commute and τ ∗ τ−1 = ε. We have

the immediate ~-adic analogue of [JKLT2, Theorem 3.6].

Theorem 4.7. Let V0 be a vertex algebra, and let V = V0[[~]] be the corre-
sponding ~-adic vertex algebra. Suppose that (H, ρ, τ) is a deforming triple
of V , such that τ is invertible in L

ρ
H(V ). Then D

ρ
τ (V ) is an ~-adic quantum

vertex algebra with quantum Yang-Baxter operator S(z) defined by

S(z)(v ⊗ u) =
∑

τ(u(2),−z)v(1) ⊗ τ
−1(v(2), z)u(1) for u, v ∈ V,

where ρ(u) =
∑
u(1) ⊗ u(2) and ρ(v) =

∑
v(1) ⊗ v(2).

5. Construction of Fτ (A, ℓ)

In this section, we fix a GCM A = (aij)i,j∈I and a complex number ℓ. Let
T be the set of tuples

τ =
(
τij(z), τ

1,±
ij (z), τ2,±ij (z), τ ǫ1,ǫ2ij (z)

)ǫ1,ǫ2=±

i,j∈I
,

where τij(z), τ
1,±
ij (z), τ2,±ij (z), τ ǫ1,ǫ2ij (z) ∈ C((z))[[~]], such that

lim
~→0

τij(z) = lim
~→0

τji(−z), lim
~→0

τ1,±ij (z) = − lim
~→0

τ2,±ji (−z),

lim
~→0

τ ǫ1,ǫ2ij (z) = lim
~→0

τ ǫ2,ǫ1ji (−z) ∈ C[[z]]×.

Definition 5.1. Let τ ∈ T. Define Mτ to be the category consisting of
topologically free C[[~]]-modules W , equipped with fields hi,~(z), x

±
i,~(z) ∈

E~(W ) (i ∈ I) satisfying the following conditions

[hi,~(z1), hj,~(z2)](5.1)

= riaijrℓ
∂

∂z2
z−1
1 δ

(
z2
z1

)
+ τij(z1 − z2)− τji(z2 − z1),

[hi,~(z1), x
±
j,~(z2)](5.2)

= ±x±j,~(z2)

(
riaijz

−1
1 δ

(
z2
z1

)
+ τ1,±ij (z1 − z2) + τ2,±ji (z2 − z1)

)
,

τ±,±
ij (z1 − z2)(z1 − z2)

nijx±i,~(z1)x
±
j,~(z2)(5.3)

= τ±,±
ji (z2 − z1)(z1 − z2)

nijx±j,~(z2)x
±
i,~(z1),

τ±,∓
ij (z1 − z2)(z1 − z2)

2δijx±i,~(z1)x
∓
j,~(z2)(5.4)

= τ∓,±
ji (z2 − z1)(z1 − z2)

2δijx∓j,~(z2)x
±
i,~(z1).
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Let Fτ be the forgetful functor fromMτ to the category of topologically
free C[[~]]-modules. Define EndC[[~]](Fτ ) to be the algebra of endomorphisms
of the functor Fτ . For each W ∈ Mτ , EndC[[~]](W ) is a topological algebra
over C[[~]] such that

{(K : ~nW ) | K ⊂W, |K| <∞, n ∈ Z+}

forms a local basis at 0, where

(K : ~nW ) =
{
ϕ ∈ EndC[[~]](W )

∣∣ ϕ(K) ⊂ ~nW
}
.

Equip EndC[[~]](Fτ ) with the coarsest topology such that for any W ∈ Mτ ,
the canonical C[[~]]-algebra epimorphism from A to EndC[[~]](W ) is con-
tinuous. It is easy to verify that both EndC[[~]](W ) and EndC[[~]](Fτ ) are
topologically free.

For each i ∈ I, we define endomorphisms hi,~(n) and x±i,~(n) (n ∈ Z) of
Fτ as follows:

∑

n∈Z

hi,~(n).vz
−n−1 = hi,~(z)v,

∑

n∈Z

x±i,~(n).vz
−n−1 = x±i,~(z)v.

where v ∈ W and W ∈ Mτ . We denote by A the closed subalgebra of

EndC[[~]](Fτ ) generated by
{
hi,~(n), x

±
i,~(n)

∣∣∣ i ∈ I, n ∈ Z
}
. Then A is topo-

logically free. Let A+ be the minimal closed left ideal of A containing hi,~(n)

and x±i,~(n) (i ∈ I, n ≥ 0), such that [A+] = A+. Define

Fτ (A, ℓ) = A/A+.(5.5)

Set 1 = 1 + A+ ∈ Fτ (A, ℓ). And for each i ∈ I, we identify hi,~ and x±i,~
with hi,~(−1)1 and x±i,~(−1)1 in Fτ (A, ℓ), respectively. It is straightforward
to verify the following result.

Lemma 5.2. The topologically free C[[~]]-module Fτ (A, ℓ) equipped with
fields hi,~(z), x

±
i,~(z) (i ∈ I) is an object in Mτ . Moreover, let W be an

object in Mτ , and let v+ ∈ W be such that hi,~(n).v+ = 0 = x±i,~(n).v+
for i ∈ I and n ≥ 0. Then there exists a unique A-module homomorphism
ϕ : Fτ (A, ℓ)→W such that ϕ(1) = v+.

Proposition 5.3. There exists an ~-adic nonlocal vertex algebra structure
on Fτ (A, ℓ) such that 1 is the vacuum vector and the vertex operator map
Yτ is determined by the following conditions

Yτ (hi,~, z) = hi,~(z), Yτ (x
±
i,~, z) = x±i,~(z), i ∈ I.(5.6)

Moreover, there exists a natural isomorphism between the category of Fτ (A, ℓ)-
modules andMτ .

Proof. Let (W,hi,~(z), x
±
i,~(z)) be an object in the categoryMτ , and let

UW =
{
hi,~(z), x

±
i,~(z), c

∣∣∣ i ∈ I
}
⊂ E~(W ).
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It follows from the relations (5.1), (5.2), (5.3) and (5.4) that UW is an ~-
adically S-local subset. From Theorem 3.4, we get an ~-adic weak quantum
vertex algebra 〈UW 〉 ⊂ E~(W ) containing UW , 1W , such that 1W is the
vacuum vector and YE is the vertex operator (see (3.3)). Moreover, W is a
faithful 〈UW 〉-module with YW (a(z), z0) = a(z0) for a(z) ∈ 〈UW 〉.

Using [Li6, Lemma 4.21], we get that
(
〈UW 〉, YE (hi,~(z1), z), YE (x

±
i,~(z1), z)

)

is an object inMτ . From the vacuum property (2.2), we have that

hi,~(z)1W = YE(hi,~(z1), z)1W ,

x±i,~(z)1W = YE(x
±
i,~(z1), z)1W ∈ 〈UW 〉[[z]] for i ∈ I.

Combining this with Lemma 5.2, we get an A-module map ϕW : Fτ (A, ℓ)→
〈UW 〉, such that ϕW (1) = 1W .

Note that Fτ (A, ℓ) is an object inMτ (see Lemma 5.2). Since ϕFτ (A,ℓ) is
an A-module map, we have that

ϕFτ (A,ℓ)(a(z0)v) = a(z0)ϕFτ (A,ℓ)(v) = YE(a(z), z0)ϕFτ (A,ℓ)(v)

for a = hi,~ or x±i,~, v ∈ Fτ (A, ℓ).

From the definition of Fτ (A, ℓ) we have that a(z)1 ∈ Fτ (A, ℓ)[[z]] for a =
hi,~, x

±
i,~. Then by using Theorem 3.6, we get a unique C[[~]]-module map

Yτ such that

Yτ (hi,~, z) = hi,~(z), Yτ (x
±
i,~, z) = x±i,~(z), i ∈ I,

and (Fτ (A, ℓ), Yτ ,1) carries the structure of an ~-adic weak quantum vertex
algebra.

An immediate ~-adic analogue of [Li4, Proposition 6.7] implies that every
Fτ (A, ℓ)-module is an object inMτ . On the other hand, let (W,hi,~(z), x

±
i,~(z))

be an object in the category Mτ . Since ϕW : Fτ (A, ℓ) → 〈UW 〉 is an A-
module map, we have that

ϕW (Yτ (a, z0)v) = ϕW (a(z0)v) = a(z0)ϕW (v) = YE(a(z), z0)ϕW (v),

for any a = hi,~, x
±
i,~ and v ∈ Fτ (A, ℓ). Hence, ϕW is an ~-adic weak

quantum vertex algebra homomorphism. SinceW is a faithful 〈UW 〉-module,
we get that W is a Fτ (A, ℓ)-module. �

The proof of Proposition 5.3 implies that Fτ (A, ℓ) admits the following
universal property.

Proposition 5.4. Let V be an ~-adic nonlocal vertex algebra, and let Y
be the vertex operator map of V . Suppose there exists h̄i,~, x̄

±
i,~ ∈ V , such

that (V, Y (h̄i,~, z), Y (x̄±i,~, z)) becomes an object of Mτ . Then there exists

a unique ~-adic nonlocal vertex algebra homomorphism ϕ : Fτ (A, ℓ) → V ,
such that ϕ(hi,~) = h̄i,~ and ϕ(x±i,~) = x̄±i,~ for i ∈ I.
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Corollary 5.5. Let V be an ~-adic commutative vertex algebra, and let
αi, e

±
i ∈ V (i ∈ I). Then there exists a unique ~-adic nonlocal vertex

algebra homomorphism ρ : Fτ (A, ℓ)→ Fτ (A, ℓ)⊗̂V , such that

ρ(hi,~) = hi,~ ⊗ 1 + 1⊗ αi, ρ(x±i,~) = x±i,~ ⊗ e
±
i , i ∈ I.

Let H0 be the symmetric algebra of the following vector space, and let
H = H0[[~]]: ⊕

i∈I

(
C[∂]

(
Cαi ⊕ Ce+i ⊕Ce−i

))
.

Then H is a commutative and cocommutative bialgebra with ∆ and ε
uniquely determined by (i ∈ I, n ∈ N):

∆(∂nαi) = ∂nαi ⊗ 1 + 1⊗ ∂nαi, ∆(∂ne±i ) =

n∑

k=0

(
n

k

)
∂ke±i ⊗ ∂

n−ke±i ,

ε(∂nαi) = 0, ε(∂ne±i ) = δn,0.

Let ∂ be the derivation on H such that

∂(∂nαi) = ∂n+1αi, ∂(∂ne±i ) = ∂n+1e±i for i ∈ I, n ∈ N.

It is straightforward to see that ∆ ◦ ∂ = (∂ ⊗ 1 + 1 ⊗ ∂) ◦∆ and ε ◦ ∂ = 0.
From Remark 4.1 we have that (H, ∂,∆, ε) carries an ~-adic vertex bialgebra
structure. It is immediate from Corollary 5.5 that

Lemma 5.6. There is a unique ~-adic nonlocal vertex algebra map ρ :
Fτ (A, ℓ)→ Fτ (A, ℓ)⊗̂H, such that

ρ(hi,~) = hi,~ ⊗ 1 + 1⊗ αi, ρ(x±i,~) = x±i,~ ⊗ e
±
i for i ∈ I.(5.7)

Moreover, (Fτ (A, ℓ), ρ) is an H-comodule nonlocal vertex algebra.

Recall from [Li5] that a pseudo-endomorphism of an ~-adic nonlocal ver-
tex algebra V is a C[[~]]-module map A(z) : V → V ⊗̂C((z))[[~]], such that

A(z)1 = 1⊗ 1, A(z1)Y (u, z2)v = Y (A(z1 − z2)u, z2)v for u, v ∈ V.

And a pseudo-derivation of V is a C[[~]]-module mapD(z) : V → V ⊗̂C((z))[[~]],
such that

[D(z1), Y (u, z2)] = Y (D(z1 − z2)u, z2) for u ∈ V.

As a straightforward ~-adic analogue of [Li3, Proposition 2.11], we have that

Proposition 5.7. Let V be an ~-adic nonlocal vertex algebra, and view
C((z))[[~]] as an ~-adic vertex algebra with the vertex operator map

Y (f(z), z0)g(z) = f(z − z0)g(z).

Suppose that A(z) is an ~-adic nonlocal vertex algebra homomorphism from
V to the tensor product ~-adic nonlocal vertex algebra V ⊗̂C((z))[[~]]. Then
A(z) is a pseudo-endomorphism of V . Moreover, let

D(z) : V → V ⊗̂C((z))[[~]]
18



be a C[[~]]-module map. We view V [δ]/δ2V [δ] as an ~-adic nonlocal vertex
algebra. If 1 + δD(z) is a C[δ]-linear pseudo-endomorphism of V [δ]/δ2V [δ],
then D(z) is a pseudo-derivation of V .

Using Corollary 5.5 and Proposition 5.7, we have:

Lemma 5.8. Let σ ∈ T. Then for each i ∈ I there exists a pseudo-
derivation σi(z) on Fτ (A, ℓ) such that

σi(z)hj,~ = 1⊗ σij(z), σi(z)x
±
j,~ = ±x

±
j,~ ⊗ σ

1,±
ij (z).(5.8)

And there exists a pseudo-endomorphism σ±i (x) on Fτ (A, ℓ) such that

σ±i (z)hj,~ = hj,~ ⊗ 1∓ 1⊗ σ2,±ij (z), σ±i (z)x
ǫ
j,~ = xǫj,~ ⊗ σ

±,ǫ
ij (z)−1,(5.9)

where ǫ = ± and i, j ∈ I.

Let V be an ~-adic nonlocal vertex algebra. A subset U of

Hom(V, V ⊗̂C((z))[[~]])

is said to be ∆-closed (see [Li5]) if for any a(z) ∈ U , there exist two sequences
{a(1n)(z)}n≥1, {a(2n)(z)}n≥1 ⊂ U ⊂ Hom(V, V ⊗̂C((z))[[~]]) that converge to
0 under the ~-adic topology and

a(z1)Y (v, z2) =
∑

n≥1

Y (a(1n)(z1 − z2)v, z2)a(2n)(z1) for v ∈ V.

Let B(V ) be the sum of all ∆-closed subspaces U of Hom(V, V ⊗̂C((z))[[~]])
such that

a(z)1 ∈ C[[~]]1 for a(z) ∈ U.(5.10)

Note that Hom(V, V ⊗̂C((z))[[~]]) ∼= EndC((z))[[~]](V ⊗̂C((z))[[~]]) is an asso-
ciative algebra.

The following is the immediate ~-adic analogue of [Li5, Proposition 3.4].

Proposition 5.9. For any ~-adic nonlocal vertex algebra V , B(V ) is a ∆-
closed associative subalgebra of Hom(V, V ⊗̂C((z))[[~]]) and it is closed under
the derivation ∂ = d

dz . Moreover, B(V ) is an ~-adic nonlocal vertex algebra
with the vertex operator defined by

Y (a(z), z0)b(z) = a(z + z0)b(z) for a(z), b(z) ∈ B(V ).

Furthermore, V is a B(V )-module with the module action YV (a(z), z0) =
a(z0) for a(z) ∈ B(V ).

We have that

Proposition 5.10. For each σ ∈ T, there exists an H-module structure
σ(·, z) on Fτ (A, ℓ) such that

σ(αi, z) = σi(z), σ(e±i , z) = σ±i (z), i ∈ I.(5.11)

Moreover, (H, ρ, σ) is a deforming triple for Fτ (A, ℓ).
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Proof. Note that there is aC[[~]]-algebra homomorphism ϕ : H → B(Fτ (A, ℓ))
defined by

ϕ(∂n1αi1∂
n2αi2 · · · ∂

nrαir) =
dn1σi1(z)

dzn1

dn2σi2(z)

dzn2
· · ·

dnrσir(z)

dznr
,

ϕ(∂n1eǫ1i1∂
n2eǫ2i2 · · · ∂

nreǫrir ) =
dn1σǫ1i1 (z)

dzn1

dn2σǫ2i2 (z)

dzn2
· · ·

dnrσǫrir (z)

dznr
,

where i1, i2, . . . , ir ∈ I, ǫ1, ǫ2, . . . , ǫr = ± and 0 ≤ n1, . . . , nr ∈ Z. It is easy
to see that

ϕ(∂h) =
d

dz
ϕ(h) for h ∈ H.

Then ϕ is an ~-adic vertex algebra homomorphism. Hence, Fτ (A, ℓ) is an
H-module, and we denote this module action by σ(·, z).

Let H ′ be the maximal C[[~]]-submodule of H such that for any h ∈ H ′,
one has σ(h, z)1 = ε(h)1 and

σ(h, z1)Yτ (u, z2)v =
∑

Yτ (σ(h(1), z1 − z2)u, z2)σ(h(2), z1)v,

for all u, v ∈ Fτ (A, ℓ), where ∆(h) =
∑
h(1) ⊗ h(2). It is straightforward to

check that H ′ is an ~-adic vertex subalgebra of H. Since
{
αi, e

±
i

∣∣ i ∈ I
}
⊂

H ′ and H is generated by
{
αi, e

±
i

∣∣ i ∈ I
}
, we get that H ′ = H. Hence,

(Fτ (A, ℓ), σ) is an H-module nonlocal vertex algebra.
Similarly, one can easily checks that

ρ(σ(h, z)v) = (σ(h, z) ⊗ 1) ◦ ρ(v) for h ∈ H, v ∈ Fτ (A, ℓ).(5.12)

This proves that (H, ρ, σ) is a deforming triple for Fτ (A, ℓ). �

Let τ, σ ∈ T. Combining Theorem 4.3 and Proposition 5.10, we have the
~-adic nonlocal vertex algebra

Dρ
σ(Fτ (A, ℓ)).(5.13)

Define τ ∗ σ to be

(τij(z) + σij(z), τ
1,±
ij (z) + σ1,±ij (z), τ2,±ij (z) + σ2,±ij (z), τ ǫ1,ǫ2ij (z)σǫ1,ǫ2ij (z))ǫ1,ǫ2=±

i,j∈I .

Then T is an abelian group under ∗ with identity ε defined by

εij(z) = 0 = ε1,±ij (z) = ε2,±ij (z), εǫ1,ǫ2ij (z) = 1,(5.14)

where i, j ∈ I, ǫ1, ǫ2 = ±.

Lemma 5.11. Let τ, τ ′, τ ′′ ∈ T. Then the following relations hold true on
Fτ (A, ℓ)

[τ ′(h, z1), τ
′′(h′, z2)] = 0 for h, h′ ∈ H.

Proof. From (5.11), (5.8) and (5.9), we have that

[τ ′(a, z1), τ
′′(b, z2)]v = 0.
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for a, b ∈
{
αi, e

±
i

∣∣ i ∈ I
}
, v ∈ {hi,~, x

±
i,~ | i ∈ I}. Let V be the C[[~]]-

submodule of Fτ (A, ℓ) consisting of elements v such that

[τ ′(a, z1), τ
′′(b, z2)]v = 0 for a, b = αi, e

±
i , i ∈ I.

It is easy to verify that V is a subalgebra of Fτ (A, ℓ). Since Fτ (A, ℓ) is gener-
ated by {hi,~, x

±
i,~ | i ∈ I}, we get V = Fτ (A, ℓ). Since H is a commutative

~-adic vertex algebra generated by
{
αi, e

±
i

∣∣ i ∈ I
}
, we have that

[τ ′(h, z1), τ
′′(h′, z2)]v = 0 for h, h′ ∈ H, v ∈ Fτ (A, ℓ).

Therefore, we complete the proof. �

It follows from Lemma 5.11 and Proposition 4.6 that

D
ρ
τ ′

(
D

ρ
τ ′′(Fτ (A, ℓ))

)
= D

ρ
τ ′∗τ ′′(Fτ (A, ℓ)) for τ, τ ′, τ ′′ ∈ T.(5.15)

Moreover, we have that

Proposition 5.12. Let τ, σ ∈ T. Then

Dρ
σ(Fτ (A, ℓ)) = Fτ∗σ(A, ℓ).

Moreover, Fτ (A, ℓ)/~Fτ (A, ℓ) ∼= F (A, ℓ).

Proof. From Proposition 4.6, we have that

Dρ
σ(Yτ )(hi,~, z) = Yτ (hi,~, z) + σi(z), Dρ

σ(Yτ )(x
±
i,~, z) = Yτ (x

±
i,~, z)σ

±
i (z).

Using Lemma 5.8, one can easily check that

(Dρ
σ(Fτ (A, ℓ)),D

ρ
σ(Yτ )(hi,~, z),D

ρ
σ(Yτ )(x

±
i,~, z))

is an object ofMτ∗σ. Using Proposition 5.4, we get an ~-adic nonlocal vertex
algebra homomorphism fτ,σ from Fτ∗σ(A, ℓ) to D

ρ
σ(Fτ (A, ℓ)). From Remark

4.5 we see that fτ,σ is also an ~-adic nonlocal vertex algebra homomorphism
from D

ρ
σ−1(Fτ∗σ(A, ℓ)) to D

ρ
σ−1 (D

ρ
σ(Fτ (A, ℓ))). It follows from Remark 4.4

and (5.15) that D
ρ
σ−1 (D

ρ
σ(Fτ (A, ℓ))) = Fτ (A, ℓ). Then fτ,σ becomes an

~-adic nonlocal vertex algebra homomorphism from D
ρ
σ−1(Fτ∗σ(A, ℓ)) to

Fτ (A, ℓ). Replacing τ with τ ∗σ and replacing σ with σ−1, we get an ~-adic
nonlocal vertex algebra homomorphism

fτ∗σ,σ−1 : Fτ (A, ℓ)→ D
ρ
σ−1(Fτ∗σ(A, ℓ)).

Hence, fτ,σ ◦ fτ∗σ,σ−1 is an ~-adic nonlocal vertex algebra endomorphism on

Fτ (A, ℓ) which maps a to a for all a ∈
{
hi,~, x

±
i,~

∣∣∣ i ∈ I
}
. From Proposition

5.4, we get that

(5.16)

Fτ (A, ℓ) D
ρ
σ−1(Fτ∗σ(A, ℓ))

Fτ (A, ℓ)

fτ∗σ,σ−1

fτ,σ
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By replacing τ and σ with τ ∗ σ and σ−1 in (5.16), we get that

(5.17)

Fτ∗σ(A, ℓ) D
ρ
σ(Fτ (A, ℓ))

Fτ∗σ(A, ℓ)

fτ,σ

fτ∗σ,σ−1

Notice that

D
ρ
σ−1(Fτ∗σ(A, ℓ))/~D

ρ
σ−1(Fτ∗σ(A, ℓ)) = Fτ∗σ(A, ℓ)/~Fτ∗σ(A, ℓ),

Dρ
σ(Fτ (A, ℓ))/~D

ρ
σ(Fτ (A, ℓ)) = Fτ (A, ℓ)/~Fτ (A, ℓ).

Then fτ,σ and fτ∗σ,σ−1 induce the following C-linear isomorphisms

(5.18)

Fτ∗σ(A, ℓ)/~Fτ∗σ(A, ℓ) Fτ (A, ℓ)/~Fτ (A, ℓ)

D
ρ
σ(Fτ (A, ℓ))/~D

ρ
σ(Fτ (A, ℓ)).

Since both Fτ∗σ(A, ℓ) and D
ρ
σ(Fτ (A, ℓ)) are topologically free, we get that

fτ,σ : Fτ∗σ(A, ℓ) → D
ρ
σ(Fτ (A, ℓ)) is an ~-adic nonlocal vertex algebra iso-

morphism.
From (5.14), we see that Fε(A, ℓ) = F (A, ℓ)[[~]] as ~-adic vertex algebras.

Recall that ε is the identity of T . Then by replacing τ and σ with ε and τ
in (5.18), we get that Fτ (A, ℓ)/~Fτ (A, ℓ) ∼= F (A, ℓ). �

For τ ∈ T, we note that

τ−1 = (−τij(z),−τ
1,±
ij (z),−τ2,±ij (z), τ ǫ1,ǫ2ij (z)−1)ǫ1,ǫ2=±

i,j∈I .

It is immediate from Theorem 4.7 that

Theorem 5.13. For any τ ∈ T, Fτ (A, ℓ) is an ~-adic quantum vertex alge-
bra with the quantum Yang-Baxter operator Sτ (z) defined by

Sτ (z)(v ⊗ u) =
∑

τ(u(2),−z)v(1) ⊗ τ
−1(v(2), z)u(1) for u, v ∈ Fτ (A, ℓ).

Moreover, for any i, j ∈ I and ǫ1, ǫ2 = ±, we have that

Sτ (z)(hj,~ ⊗ hi,~) = hj,~ ⊗ hi,~ + 1⊗ 1⊗ (τij(−z)− τji(z)) ,(5.19)

Sτ (z)(x
±
j,~ ⊗ hi,~) = x±j,~ ⊗ hi,~ ± x

±
j,~ ⊗ 1⊗

(
τ1,±ij (−z) + τ2,±ji (z)

)
,(5.20)

Sτ (z)(hj,~ ⊗ x
±
i,~) = hj,~ ⊗ x

±
i,~ ∓ 1⊗ x±i,~ ⊗

(
τ2,±ij (−z) + τ1,±ji (z)

)
,(5.21)

Sτ (z)(x
ǫ1
j,~ ⊗ x

ǫ2
i,~) = xǫ1j,~ ⊗ x

ǫ2
i,~ ⊗ τ

ǫ1,ǫ2
ji (z)τ ǫ2,ǫ1ij (−z)−1.(5.22)

6. Construction of quantum affine vertex algebras

Let ℓ ∈ C. In the rest of this paper, we fix a special

τ = (τij(z), τ
1,±
ij (z), τ2,±ij (z), τ ǫ1,ǫij (z))ǫ1,ǫ2=±

i,j∈I ∈ T
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defined as follows

τij(z) = [riaij ]
q

∂
∂z
[rℓ]

q
∂
∂z
qrℓ

∂
∂z

e−z

(1− e−z)2
− riaijrℓz

−2,(6.1)

τ1,±ij (z) = τ2,±ij (z) = [riaij ]
q

∂
∂z
qrℓ

∂
∂z

1 + e−z

2− 2e−z
− riaijz

−1,(6.2)

τ±,±
ij (z) =

{(
ez/2 − e−z/2

)−1 (
q−1
i ez/2 − qie

−z/2
)
, if aij > 0,

z−1
(
q
−aij/2
i ez/2 − q

aij/2
i e−z/2

)
, if aij ≤ 0,

(6.3)

τ+,−
ij (z) = z−δij (z + 2rℓ~)δij ,(6.4)

τ−,+
ij (z) = z−δij (z − 2rℓ~)δijgij,~(z)

−1,(6.5)

where gij,~(z) = (1− q
aij
i e−z)/(q

aij
i − e

−z). Then the equations (5.1), (5.2),
(5.3), (5.4) become:

[hi,~(z1), hj,~(z2)](6.6)

= [riaij]
q

∂
∂z2

[rℓ]
q

∂
∂z2

(
ιz1,z2q

−rℓ ∂
∂z2 − ιz2,z1q

rℓ ∂
∂z2

) e−z1+z2

(1− e−z1+z2)2
,

[hi,~(z1), x
±
j,~(z2)](6.7)

= ±x±j,~(z2)[riaij ]
q

∂
∂z2

(
ιz1,z2q

−rℓ ∂
∂z2 − ιz2,z1q

rℓ ∂
∂z2

) 1 + e−z1+z2

2− 2e−z1+z2
,

ιz1,z2
1− q

aij
i e−z1+z2

(1− e−z1+z2)δij
x±i,~(z1)x

±
j,~(z2)(6.8)

= ιz2,z1
q
aij
i − e

−z1+z2

(1− e−z1+z2)δij
x±j,~(z2)x

±
i,~(z1),

(z1 − z2)
δij (z1 − z2 + 2rℓ~)δij(6.9)

×
(
x+i,~(z1)x

−
j,~(z2)− ιz2,z1gij,~(z1 − z2)x

−
j,~(z2)x

+
i,~(z1)

)
= 0.

For i, j ∈ I, we set

fij,~(z) = znijτ+,+
ij (z) =

(q
−aij/2
i ez/2 − q

aij/2
i e−z/2)

(ez/2 − e−z/2)δij
.(6.10)

Then the relation (6.8) is equivalent to the following equation:

ιz1,z2fij(z1 − z2)x
±
i,~(z1)x

±
j,~(z2)(6.11)

=− (−1)δij ιz2,z1fji(z2 − z1)x
±
j,~(z2)x

±
i,~(z1).

It is straightforward to verify that

Lemma 6.1. Let i, j ∈ I. Then

τij(z)− τji(−z) = [riaij ]
q

∂
∂z
[rℓ]

q
∂
∂z

(
qrℓ

∂
∂z − q−rℓ ∂

∂z

) e−z

(1− e−z)2
,(6.12)

τ1,+ij (z) + τ2,+ji (−z) = [riaij]
q

∂
∂z

(
qrℓ

∂
∂z − q−rℓ ∂

∂z

) 1 + e−z

2− 2e−z
(6.13)
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= τ1,−ij (z) + τ2,−ji (−z),

τ±,±
ij (z)τ±,±

ji (−z)−1 = gij,~(z) = τ±,∓
ij (z)−1τ∓,±

ji (−z).(6.14)

Moreover, we have that

Lemma 6.2. Let

F (z) = (qz − q−z)/z ∈ ~C[z2][[~]].(6.15)

Then for any i, j ∈ I, we have that

F

(
∂

∂z

)
(τij(z)− τji(−z))(6.16)

=
(
q−rℓ ∂

∂z − qrℓ
∂
∂z

)(
τ1,+ij (z) + τ2,+ji (−z)

)
,

F

(
∂

∂z

)(
τ1,±ij (z) + τ2,±ji (−z)

)
= ∓

(
qrℓ

∂
∂z − q−rℓ ∂

∂z

)
log

τ+,±
ij (z)

τ±,+
ji (−z)

.(6.17)

Proof. From (6.13), we have that
(
q−rℓ ∂

∂z − qrℓ
∂
∂z

)
(τ1,+ij (z) + τ2,+ji (−z))

=
(
q−

∂
∂z − q

∂
∂z

)
[rℓ]

q
∂
∂z
(τ1,+ij (z) + τ2,+ji (−z))

=F

(
∂

∂z

)
∂

∂z
[rℓ]

q
∂
∂z
(τ1,+ij (z) + τ2,+ji (−z))

=F

(
∂

∂z

)
[riaij ]

q
∂
∂z
[rℓ]

q
∂
∂z

(
qrℓ

∂
∂z − q−rℓ ∂

∂z

) e−z

(1− e−z)2
.

Combining this with (6.12), we prove the equation (6.16). The proof of the
equation (6.17) is similar. �

Definition 6.3. For ℓ ∈ C, we let Rℓ
1 be the minimal closed ideal of Fτ (A, ℓ)

such that [Rℓ
1] = Rℓ

1 and contains the following elements
(
x+i,~

)
0
x−i,~ − (qi − q

−1
i )−1 (1− E(hi,~)) for i ∈ I,(6.18)

(
x+i,~

)
1
x−i,~ + 2rℓ~(qi − q

−1
i )−1E(hi,~) for i ∈ I,(6.19)

(
x±i,~

)mij

0
x±j,~ for i, j ∈ I with aij < 0,(6.20)

where

E(hi,~) =

(
F (ri + rℓ)

F (ri − rℓ)

) 1
2

exp

((
−q−rℓ∂F (∂) hi,~

)
−1

)
1.(6.21)

Define

Vĝ,~(ℓ, 0) = Fτ (A, ℓ)/R
ℓ
1.(6.22)
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Definition 6.4. Let ℓ ∈ Z+. We let Rℓ
2 be the minimal closed ideal of

Vĝ,~(ℓ, 0) such that [Rℓ
2] = Rℓ

2 and contains the following elements

(
x±i,~

)rℓ/ri
−1

x±i,~ for i ∈ I.(6.23)

Define

Lĝ,~(ℓ, 0) = Vĝ,~(ℓ, 0)/R
ℓ
2.(6.24)

It is immediate from Propositions 2.3, 5.12 and Definitions 2.6, 6.3, 6.4
that

Proposition 6.5. For ℓ ∈ C, there is a surjective vertex algebra homomor-
phism from Vĝ(ℓ, 0) to Vĝ,~(ℓ, 0)/~Vĝ,~(ℓ, 0) such that

hi 7→ hi,~, x±i 7→ x±i,~ for i ∈ I.(6.25)

If ℓ ∈ Z+, then (6.25) defines a surjective vertex algebra homomorphism
from Lĝ(ℓ, 0) to Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0).

The main purpose of this section is to prove the following results.

Theorem 6.6. Let ℓ ∈ C. Then Vĝ,~(ℓ, 0) is an ~-adic quantum vertex
algebra. Moreover, if ℓ ∈ Z+, then Lĝ,~(ℓ, 0) is also an ~-adic quantum
vertex algebra. Furthermore, the quantum Yang-Baxter operators of both
Vĝ,~(ℓ, 0) and Lĝ,~(ℓ, 0) satisfy the relations (5.19), (5.20), (5.21) and (5.22).

We start with some technical results.

Lemma 6.7. Let W be a topologically free C[[~]]-module,

β(z) =
∑

m∈Z

βmz
−m−1 ∈W ((z))

and f(z) =
∑n

i=0 aiz
i ∈ C[z], such that an = 1. Suppose that

Singz z
k~nf(z/~)β(z) = 0 for some k ∈ Z.

Then βm ∈ SpanC[[~]] {βi | k ≤ i < k + n} for all m ≥ k. Moreover, if βi = 0

for all k ≤ i < k + n, then Singz z
kβ(z) = 0.

Proof. Notice that

0 = Singz z
k~nf(z/~)β(z) =

∑

m≥0

z−m−1
n∑

i=0

ai~
n−iβm+k+i.

It follows that

βm+n = −

n−1∑

i=0

ai~
n−iβm+i for m ≥ k.

By using induction on m, we complete the proof. �
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Lemma 6.8. Let V be an ~-adic nonlocal vertex algebra, and let u, v ∈ V ,
f(z) = (

∑n
i=0 aiz

i)/(
∑m

j=0 bjz
j) ∈ C(z). Suppose

ιz1,z2,~~
n−mf

(
(z1 − z2)/~

)
Y (u, z1)Y (v, z2) ∈ E

(2)
~ (V ).(6.26)

Then we have that

Singz ιz,~~
n−mf(z/~)Y (u, z)v = 0.

Proof. Let U = {Y (u, z) | u ∈ V } ⊂ E~(V ). From (3.4), we get an ~-adic
nonlocal vertex algebra homomorphism V → 〈U〉 defined by u 7→ Y (u, z).
Then from (6.26), we have that

~n−mf(z/~)Y (Y (u, z)v, z2)

=~n−mf
(
(z1 − z2)/~

)
YE (Y (u, z2), z)Y (v, z2)

=
(
~n−mf

(
(z1 − z2)/~

)
Y (u, z1)Y (v, z2)

)
|z1=z2+z.

Notice that
(
~n−mf

(
(z1 − z2)/~

)
Y (u, z1)Y (v, z2)

)
|z1=z2+z

∈ Hom(V, V ((z2))[[z]]) + ~n EndV [[z±1
2 , z]] for all n ≥ 0,

and that f(z, ~)Y (Y (u, z)v, z2)1 ∈ V [[z, z−1, z2]]. It follows that

~n−mf(z/~)Y (Y (u, z)v, z2)1

=
(
~n−mf

(
(z1 − z2)/~

)
Y (u, z1)Y (v, z2)1

)
|z1=z2+z ∈ V [[z2, z]].

Setting z2 = 0, we get that

~n−mf(z/~)Y (u, z)v =
(
~n−mf(z/~)Y (Y (u, z)v, z2)1

)
|z2=0 ∈ V [[z]].

Therefore, Singz ιz,~~
n−mf(z/~)Y (u, z)v = 0. �

Combining Lemmas 6.8 and equations (6.11), (6.9), we have that

Lemma 6.9. In the ~-adic quantum vertex algebra Fτ (A, ℓ), we have that

Singz(z − riaij~)Yτ (x
±
i,~, z)x

±
j,~ = 0, if aij < 0,(6.27)

Singz z
−1(z − riaii~)Yτ (x

±
i,~, z)x

±
i,~ = 0,(6.28)

Singz Yτ (x
+
i,~, z)x

−
j,~ = 0, if i 6= j,(6.29)

Singz z(z + 2rℓ~)Yτ (x
+
i,~, z)x

−
i,~ = 0.(6.30)

We have that

Proposition 6.10. For i ∈ I, we define Ai(z) to be

Singz Yτ (x
+
i,~, z)x

−
i,~ − (qi − q

−1
i )−1

(
1z−1 − E(hi,~)(z + 2rℓ~)−1

)
.

Then Ai(z) = 0 in Vĝ,~(ℓ, 0). Moreover, we have that

Yτ (x
+
i,~, z1)Yτ (x

−
j,~, z2)− ιz2,z1gij,~(z1 − z2)Yτ (x

−
j,~, z2)Yτ (x

+
i,~, z1)

=
δij

qi − q
−1
i

(
z−1
1 δ

(
z2
z1

)
− Yτ (E(hi,~), z2) z

−1
1 δ

(
z2 − 2rℓ~

z1

))
.(6.31)
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Proof. Let

Āi(z) = Yτ (x
+
i,~, z)x

−
i,~ − (qi − q

−1
i )−1

(
1z−1 − E(hi,~)(z + 2rℓ~)−1

)
.

It is easy to see that Ai(z) = Singz Āi(z). From (6.30), we have that
Singz z(z + 2rℓ~)Āi(z) = 0. Then it follows from Lemma 6.7 that

Ai(z) = Singz Āi(z) ∈
1⊕

n=0

C[z−1][[~]]
(
Resz z

nĀi(z)
)
.

Recall from (6.18) and (6.19) that Resz z
nĀi(z) = 0 for n = 0, 1. Therefore,

Ai(z) = 0 in Vĝ,~(ℓ, 0).
From [Li6, (2.25)], we have that

z−1
0 δ

(
z1 − z2
z0

)
Yτ (x

+
i,~, z1)Yτ (x

−
j,~, z2)

− z−1
0 δ

(
z2 − z1
−z0

)
ιz2,z1gij,~(z1 − z2)Yτ (x

−
j,~, z2)Yτ (x

+
i,~, z1)

=z−1
1 δ

(
z2 + z0
z1

)
Yτ

(
Yτ (x

+
i,~, z0)x

−
j,~, z2

)
.

Taking Resz0 , we get that

Yτ (x
+
i,~, z1)Yτ (x

−
j,~, z2)− ιz2,z1gij,~(z1 − z2)Yτ (x

−
j,~, z2)Yτ (x

+
i,~, z1)

=Resz0 z
−1
1 δ

(
z2 + z0
z1

)
Yτ

(
Yτ (x

+
i,~, z0)x

−
j,~, z2

)

=Resz0 z
−1
1 δ

(
z2 + z0
z1

)
Yτ

(
Singz0 Yτ (x

+
i,~, z0)x

−
j,~, z2

)

=Resz0 z
−1
1 δ

(
z2 + z0
z1

)
(qi − q

−1
i )−1

(
z−1
0 − Yτ (E(hi,~), z2) (z0 + 2rℓ~)−1

)

=δij(qi − q
−1
i )−1

(
z−1
1 δ

(
z2
z1

)
− Yτ (E(hi,~), z2) z

−1
1 δ

(
z2 − 2rℓ~

z1

))
,

where the third equation follows from the first statement. �

For any positive integer k and i1, . . . , ik ∈ I, we set

Y ±
i1,...,ik

(z1, . . . , zk)(6.32)

=


 ∏

1≤a<b≤k

fia,ib,~(za − zb)


Yτ (x

±
i1,~

, z1)Yτ (x
±
i2,~

, z2) · · · Yτ (x
±
ik,~

, zk).

It is immediate from equations (6.11) and (6.9) that
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Lemma 6.11. For any positive integer k, i1, . . . , ik ∈ I and σ ∈ Sk, we
have that

Y ±
iσ(1),...,iσ(k)

(zσ(1), . . . , zσ(k)) =




∏

1≤a<b≤k
σ(a)>σ(b)

Cia,ib


Y ±

i1,...,ik
(z1, . . . , zk),(6.33)

where

Cij = −(−1)
δij .(6.34)

Moreover, Y ±
i1,...,ik

(z1, . . . , zk) ∈ E
(k)
~ (Fτ (A, ℓ)).

Lemma 6.12. Let i, j ∈ I with aij < 0 and k ∈ N. Then in Fτ (A, ℓ), we
have that

Singz1,...,zk Yτ (x
±
i,~, z1) · · · Yτ (x

±
i,~, zk)x

±
j,~(6.35)

∈ C[z−1
1 , . . . , z−1

k ][[~]]

((
x±i,~

)k
0
x±j,~

)
.

Moreover, we define Ȳ ±
ij,k(z) to be

Y ±
i,...,i,j

(
z + ri

(
(k − 1)aii + aij

)
~, z + ri

(
(k − 2)aii + aij

)
~, . . . , z + riaij~, z

)
.

Then we have that

Yτ

((
x±i,~

)k
0
x±j,~, z

)
= ckȲ

±
ij,k(z) for some ck ∈ C[[~]]×.(6.36)

Proof. We prove the lemma by using induction on k. From equations (6.11)
and (6.9), we have that

 ∏

1≤a≤k

fii,~
(
z1 − z2 − ri

(
(a− 1)aii + aij

)
~
)

 fij,~(z1 − z2)Yτ

(
x±i,~, z1

)
Ȳ ±
ij,k(z2)

=Y ±
i,...,i,j (z1, z2 + ri((k − 1)aii + aij)~, z2 + ri((k − 2)aii + aij)~, . . . , z2 + riaij~, z2)

lies in E
(2)
~ (Fτ (A, ℓ)). Notice that

fij,~(z1 − z2)
∏

1≤a≤k

fii,~
(
z1 − z2 − ri

(
(a− 1)aii + aij

)
~
)

= q
−k−aij/2
i e(z1−z2)/2 − q

k+aij/2
i e−(z1−z2)/2.

and that
(
q
−k−aij/2
i e(z1−z2)/2 − q

k+aij/2
i e−(z1−z2)/2

)
/(z1−z2−ri(kaii+aij)~) ∈

C[[z1, z2]]
×. Then

(z1 − z2 − ri(kaii + aij~))Yτ

(
x±i,~, z1

)
Ȳ ±
ij,k(z2)

=dk(z1 − z2)Y
±
i,...,i,j

(
z1, z2 + ri((k − 1)aii + aij)~,

z2 + ri((k − 2)aii + aij)~, . . . , z2 + riaij~, z2
)
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lies in E
(2)
~ (Fτ (A, ℓ)) for some dk(z) ∈ C[[z, ~]]×. From induction assump-

tions (6.35), (6.36) and Lemmas 6.7, 6.8, we complete the proof of (6.35)
for k + 1.

From induction assumption (6.36) and (3.4), we have that

(z − ri(kaii + aij)~)Y

(
Y
(
x±i,~, z

)((
x±i,~

)k
0
x±j,~

)
, z2

)

=ck(z − ri(kaii + aij)~)YE

(
Y (x±i,~, z2), z

)
Ȳ ±
ij,k(z2)

=ck

(
(z1 − z − ri(kaii + aij~))Yτ

(
x±i,~, z1

)
Ȳ ±
ij,k(z2)

)∣∣∣
z1=z2+z

=ckdk(z)Y
±
i,...,i,j

(
z2 + z, z2 + ri((k − 1)aii + aij)~,

z2 + ri((k − 2)aii + aij)~, . . . , z2 + riaij~, z2
)
.

By multiplying (z− ri(kaii + aij)~)
−1 and taking Singz on both hand sides,

we get that

Y

(
Singz Y

(
x±i,~, z

)(
x±i,~

)k
0
x±j,~, z2

)
(6.37)

=(z − ri(kaii + aij)~)
−1ck+1Ȳ

±
ij,k+1(z2),

where ck+1 = ckdk(ri(kaii + aij)~). Then from the induction assumption
(6.35), we complete the proof of (6.35) for k + 1. Notice that both ck and
dk(ri(kaii + aij)~) are invertible in C[[~]]. We have that ck+1 is invertible.
By taking Resz on both hand sides of (6.37), we complete the proof of (6.36)
for k + 1. Therefore, we complete the proof of the lemma. �

Similarly, we have that

Lemma 6.13. Let i ∈ I and k ∈ N. Then in Fτ (A, ℓ), we have that

Singz1,...,zk z
−1
1 · · · z

−1
k Yτ (x

±
i,~, z1) · · ·Yτ (x

±
i,~, zk)x

±
i,~(6.38)

∈ C[z−1
1 , . . . , z−1

k ][[~]]

((
x±i,~

)k
−1
x±i,~

)
.

Moreover, there is c′k ∈ C[[~]]×, such that

Yτ

((
x±i,~

)k
−1
x±i,~, z

)
= c′kY

±
i,...,i (z + kriaii~, z + (k − 1)riaii~, . . . , z) .

It is immediate from Lemma 6.12 that

Proposition 6.14. For i, j ∈ I with aij < 0, we let

Q±
ij(z1, . . . , zmij )

=Singz1,z2,...,zmij
Yτ (x

±
i,~, z1)Yτ (x

±
i,~, z2) · · · Yτ (x

±
i,~, zmij )x

±
j,~.

Then Q±
ij(z1, . . . , zmij ) = 0 in Vĝ,~(ℓ, 0).

And it is immediate from Lemma 6.13 that
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Proposition 6.15. For ℓ ∈ Z+, we let

M±
i (z1, . . . , zrℓ/ri)

=Singz1,z2,...,zrℓ/ri
z−1
1 · · · z

−1
rℓ/ri

Yτ (x
±
i,~, z1)Yτ (x

±
i,~, z2) · · · Yτ (x

±
i,~, zrℓ/ri)x

±
i,~.

Then M±
i (z1, . . . , zrℓ/ri) = 0 in Lĝ,~(ℓ, 0).

Combining Propositions 6.10, 6.14 and 6.15, we have that

Proposition 6.16. Rℓ
1 is the minimal closed ideal of Fτ (A, ℓ) such that

[Rℓ
1] = Rℓ

1, and contains all coefficients of Ai(z) for i ∈ I and all coefficients
of Q±

ij(z1, . . . , zmij ) for i, j ∈ I with aij < 0. Moreover, if ℓ ∈ Z+, then Rℓ
2

is the minimal closed ideal of Vĝ,~(ℓ, 0) such that [Rℓ
2] = Rℓ

2 and contains all

coefficients of M±
i (z1, . . . , zrℓ/ri) for i ∈ I.

Theorem 6.6 is immediate from Lemma 3.3, Proposition 6.16 and the
following three technical results.

Lemma 6.17. For i, j ∈ I, we have that

Sτ (z1)(Ai(z2)⊗ hj,~)

=Ai(z2)⊗ hj,~ + Singz2

(
Ai(z2)⊗ 1⊗

(
e
z2

∂
∂z1 − 1

)(
τ1,+ij (−z1) + τ2,+ji (z1)

))
,

Sτ (z1)(hj,~ ⊗Ai(z2))

=hj,~ ⊗Ai(z2) + Singz2

(
1⊗Ai(z2)⊗

(
1− e

−z2
∂

∂z1

)(
τ2,+ji (−z1) + τ1,+ij (z1)

))
,

Sτ (z1)(Ai(z2)⊗ x
±
j,~)

=Singz2

(
Ai(z2)⊗ x

±
j,~ ⊗ exp

((
e
z2

∂
∂z1 − 1

)
log

τ+,±
ij (z1)

τ±,+
ji (−z1)

))
,

Sτ (z1)(x
±
j,~ ⊗Ai(z2))

=Singz2

(
x±j,~ ⊗Ai(z2)⊗ exp

((
1− e

−z2
∂

∂z1

)
log

τ+,±
ij (−z1)

τ±,+
ji (z1)

))
.

Proof. From the relations (3.12), (5.20) and (6.13), we have that

Sτ (z1)
(
Singz2 Yτ (x

+
i,~, z2)x

−
i,~ ⊗ hj,~

)

=Singz2 Y
12
τ (z2)S

23
τ (z1)S

13
τ (z1 + z2)(x

+
i,~ ⊗ x

−
i,~ ⊗ hj,~)

=Singz2 Y
12
τ (z2)S

23
τ (z1)

(
x+i,~ ⊗ x

−
i,~ ⊗ hj,~

+ x+i,~ ⊗ x
−
i,~ ⊗ 1⊗⊗

(
τ1,+ji (−z1 − z2) + τ2,+ij (z1 + z2)

))

=Singz2 Y
12
τ (z2)

(
x+i,~ ⊗ x

−
i,~ ⊗ hj,~

+ x+i,~ ⊗ x
−
i,~ ⊗ 1⊗

(
e
z2

∂
∂z1 − 1

)(
τ1,+ji (−z1) + τ2,+ij (z1)

))
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=Singz2 Yτ (x
+
i,~, z2)x

−
i,~ ⊗ hj,~ + Singz2,z(

Yτ (x
+
i,~, z2)x

−
i,~ ⊗ 1⊗

(
e
z2

∂
∂z1 − 1

)(
τ1,+ji (−z1) + τ2,+ij (z1)

))
.

From the relations (3.16), (5.19) and (6.16), we have that

Sτ (z)
(
q−rℓ∂F (∂)hi,~ ⊗ hj,~

)

=q−rℓ∂⊗1−rℓ ∂
∂zF

(
∂ ⊗ 1 +

∂

∂z

)
S(z)(hi,~ ⊗ hj,~)

=q−rℓ∂⊗1−rℓ ∂
∂zF

(
∂ ⊗ 1 +

∂

∂z

)
(hi,~ ⊗ hj,~ + 1⊗ 1⊗ (τji(−z)− τij(z)))

=q−rℓ∂F (∂)hi,~ ⊗ hj,~ + 1⊗ 1⊗ q−rℓ ∂
∂zF

(
∂

∂z

)
(τji(−z)− τij(z))

=q−rℓ∂F (∂)hi,~ ⊗ hj,~ + 1⊗ 1⊗
(
1− q−2rℓ ∂

∂z

)(
τ1,+ji (−z) + τ2,+ij (z)

)
.

Then by using Lemma 3.2, we get that

Sτ (z)

(
exp

((
−q−rℓ∂F (∂)hi,~

)
−1

)
1⊗ hj,~

)

=exp

((
−q−rℓ∂F (∂)hi,~

)
−1

)
1⊗ hj,~

+ exp

((
−q−rℓ∂F (∂)hi,~

)
−1

)
1⊗ 1⊗

(
q−2rℓ ∂

∂z − 1
)(

τ1,+ji (−z) + τ2,+ij (z)
)
.

Hence, we have that

Sτ (z1) (Ai(z2)⊗ hj,~) = Singz2 Yτ (x
+
i,~, z2)x

−
i,~ ⊗ hj,~ + Singz2(

Singz2 Yτ (x
+
i,~, z2)x

−
i,~ ⊗ 1⊗

(
e
z2

∂
∂z1 − 1

) (
τ1,+ji (−z1) + τ2,+ij (z1)

))

−
1

qi − q
−1
i

(
1⊗ hj,~z

−1
2 − E(hi,~)⊗ hj,~(z2 + 2rℓ~)−1

)

+
(z2 + 2rℓ~)−1

qi − q
−1
i

E(hi,~)⊗ 1⊗
(
q
−2rℓ ∂

∂z1 − 1
) (
τ1,+ji (−z1) + τ2,+ij (z1)

)

=Ai(z2)⊗ hj,~ + Singz2 Ai(z2)⊗ 1⊗
(
e
z2

∂
∂z1 − 1

) (
τ1,+ji (−z1) + τ2,+ij (z1)

)
(6.39)

+
1

qi − q
−1
i

Singz2

(
1⊗ 1⊗ z−1

2

(
e
z2

∂
∂z1 − 1

) (
τ1,+ji (−z1) + τ2,+ij (z1)

))

−
1

qi − q
−1
i

Singz2

(
E(hi,~)⊗ 1⊗

e
z2

∂
∂z1 − 1

z2 + 2rℓ~

(
τ1,+ji (−z1) + τ2,+ij (z1)

)
)

+
(z2 + 2rℓ~)−1

qi − q
−1
i

E(hi,~)⊗ 1⊗
(
q
−2rℓ ∂

∂z1 − 1
) (
τ1,+ji (−z1) + τ2,+ij (z1)

)
.
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Notice that

Singz z
−1
(
ez

∂
∂x − 1

)
= 0,

Singz(z + 2rℓ~)−1
(
ez

∂
∂x − 1

)
=
(
q−2rℓ ∂

∂x − 1
)
(z + 2rℓ~)−1.

Combining these equations and (6.39), we get that

Sτ (z1) (Ai(z2)⊗ hj,~)

=Ai(z2)⊗ hj,~ + Singz2 Ai(z2)⊗ 1⊗
(
e
z2

∂
∂z1 − 1

)(
τ1,+ji (−z1) + τ2,+ij (z1)

)
.

Therefore, we complete the proof of the first equation. The proof of the rest
equations are similar. �

Similar to the proof of Lemma 6.17, we have the following two results.

Lemma 6.18. For i, j, k ∈ I such that aij < 0, we have that

Sτ (z)
(
Q±

ij(z1, . . . , zmij )⊗ hk,~

)

=Q±
ij(z1, . . . , zmij )⊗ hk,~ ± Singz1,...,zmij

(
Q±

ij(z1, . . . , zmij )⊗ 1

⊗

(
τ1,±kj (−z) + τ2,±jk (z) +

mij∑

a=1

(
τ1,±ki (−z − za) + τ2,±ik (z + za)

)))
,

Sτ (z)
(
hk,~ ⊗Q

±
ij(z1, . . . , zmij )

)

=hk,~ ⊗Q
±
ij(z1, . . . , zmij )∓ Singz1,...,zmij

(
1⊗Q±

ij(z1, . . . , zmij )

⊗

(
τ2,±jk (−z) + τ1,±kj (z) +

mij∑

a=1

(
τ2,±ik (−z + za) + τ1,±ki (z − za)

)))
,

Sτ (z)
(
Q±

ij(z1, . . . , zmij )⊗ x
ǫ
k,~

)
= Singz1,...,zmij

(
Q±

ij(z1, . . . , zmij )⊗ x
ǫ
k,~

⊗ τ ǫ,±kj (−z)−1τ±,ǫ
jk (z)

mij∏

a=1

τ ǫ,±ki (−z − za)
−1τ±,ǫ

ik (z + za)

)
,

Sτ (z)
(
xǫk,~ ⊗Q

±
ij(z1, . . . , zmij )

)
= Singz1,...,zmij

(
xǫk,~ ⊗Q

±
ij(z1, . . . , zmij )

⊗ τ ǫ,±jk (−z)−1τ±,ǫ
kj (z)

mij∏

a=1

τ ǫ,±ik (−z + za)
−1τ±,ǫ

ki (z − za)

)
.

Lemma 6.19. For any ℓ ∈ Z+ and i, j ∈ I, we have that

Sτ (z)
(
M±

i (z1, . . . , zrℓ/ri)⊗ hj,~
)
=M±

i (z1, . . . , zrℓ/ri)⊗ hj,~
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± Singz1,...,zrℓ/ri
z−1
1 · · · z

−1
rℓ/ri

(
M±

i (z1, . . . , zrℓ/ri)⊗ 1⊗

rℓ/ri+1∑

a=1

(
τ1,±ji (−z − za) + τ2,±ij (z + za)

))
,

Sτ (z)
(
hj,~ ⊗M

±
i (z1, . . . , zrℓ/ri)

)
= hj,~ ⊗M

±
i (z1, . . . , zrℓ/ri)

∓ Singz1,...,zrℓ/ri
z−1
1 · · · z

−1
rℓ/ri

1⊗M±
i (z1, . . . , zrℓ/ri)⊗

rℓ/ri+1∑

a=1

(
τ1,±ij (−z + za) + τ2,±ji (z − za)

)

 ,

Sτ (z)
(
M±

i (z1, . . . , zrℓ/ri)⊗ x
ǫ
j,~

)
= Singz1,...,zrℓ/ri

z−1
1 · · · z

−1
rℓ/ri

M±
i (z1, . . . , zrℓ/ri)⊗ x

ǫ
j,~ ⊗

rℓ/ri+1∏

a=1

τ ǫ,±ji (−z − za)
−1τ±,ǫ

ij (z + za)


 ,

Sτ (z)
(
xǫj,~ ⊗M

±
i (z1, . . . , zrℓ/ri)

)
= Singz1,...,zrℓ/ri

z−1
1 · · · z

−1
rℓ/ri

xǫj,~ ⊗M±
i (z1, . . . , zrℓ/ri)⊗

rℓ/ri+1∏

a=1

τ ǫ,±ij (−z + za)
−1τ±,ǫ

ji (z − za)


 ,

where zrℓ/ri+1 = 0.

7. φ-coordinated modules

In this section, we recall the construction of ~-adic nonlocal vertex alge-
bras and their φ-coordinated modules introduced in [Li7].

First, we fix an associate φ(z1, z) = z1e
z, which is a particular associate

of the additive formal group Fa(z1, z2) = z1 + z2. Let V be a nonlocal
vertex algebra. Recall from [Li7] that a φ-coordinated V -module is a vector

space W equipped with a linear map Y φ
W (·, z) : V → E(W ), satisfying the

condition that Y φ
W (1, z) = 1W and that for u, v ∈ V , there exists positive

integer k such that

(1− z2/z1)
kY φ

W (u, z1)Y
φ
W (v, z2) ∈ E

(2)(W ),(7.1)
(
(1− z2/z1)

kY φ
W (u, z1)Y

φ
W (v, z2)

)∣∣∣
z1=z2ez0

(7.2)

= (1− e−z0)kY φ
W (Y (u, z0)v, z2).

Then we have that

Lemma 7.1. Let V be a nonlocal vertex algebra, and let (W,Y φ
W ) be a φ-

coordinated V -module. Suppose
∑

i≥1

ai ⊗ bi ⊗ fi(z),
∑

j≥1

αj ⊗ βj ⊗ gj(z) ∈ V ⊗ V ⊗ C(z),
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such that ∑

i≥1

ιz1,z2fi(e
z1−z2)Y (ai, z1)Y (bi, z2)(7.3)

=
∑

j≥1

ιz2,z1gj(e
z1−z2)Y (αj , z2)Y (βj , z1).

Then we have that∑

i≥1

ιz1,z2fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

=
∑

j≥1

ιz2,z1gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1).

Proof. By letting the both hand sides of (7.3) act on 1, we get that
∑

i≥1

ιz1,z2fi(e
z1−z2)Y (ai, z1 − z2)bi(7.4)

=
∑

j≥1

ιz2,z1gj(e
z1−z2)e(z1−z2)∂Y (αj , z2 − z1)βj .

Let k be a positive integer such that (i, j ≥ 1)

zkfi(e
z), zkgj(e

z) ∈ C[[z]], zkY (ai, z)bi, zkY (αj , z)βj ∈ V [[z]].(7.5)

By multiplying (z1 − z2)
2k on both hand sides of (7.4), we get that

∑

i≥1

(
(z1 − z2)

kfi(e
z1−z2)

)(
(z1 − z2)

kY (ai, z1 − z2)bi

)

=
∑

j≥1

(
(z1 − z2)

kgj(e
z1−z2)

)
e(z1−z2)∂

(
(z1 − z2)

kY (αj , z2 − z1)βj

)
.(7.6)

From (7.5), we can take z2 = 0 in (7.6):

z2k
∑

i≥1

fi(e
z)Y (ai, z)bi =

∑

j≥1

zkgj(e
z)ez∂zkY (αj ,−z)βj .

Since zk is invertible, we get that
∑

i≥1

fi(e
z)Y (ai, z)bi =

∑

j≥1

gj(e
z)ez∂Y (αj ,−z)βj .(7.7)

From (7.5), we get that

(z1 − z2)

2k
∑

i≥1

fi(e
z1−z2)Y (ai, z1)Y (bi, z2)



∣∣∣∣∣∣
z1=z2+z0

=
∑

i≥1

zk0fi(e
z0)zk0YE (Y (ai, z2), z0)Y (bi, z2)

=
∑

i≥1

zk0fi(e
z0)zk0Y (Y (ai, z0)bi, z2) ,
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where the last equation follows from (3.4). We note that the condition (7.3)
shows that

∑

i≥1

fi(e
z1−z2)Y (ai, z1)Y (bi, z2) ∈ E

(2)(V ).

Combining these relations, we get that

z2k0


∑

i≥1

fi(e
z1−z2)Y (ai, z1)Y (bi, z2)



∣∣∣∣∣∣
z1=z2+z0

=
∑

i≥1

zk0fi(e
z0)zk0Y (Y (ai, z0)bi, z2) .

Then we have that
∑

i≥1

fi(e
z0)Y (Y (ai, z0)bi, z2)

=


∑

i≥1

fi(e
z1−z2)Y (ai, z1)Y (bi, z2)



∣∣∣∣∣∣
z1=z2+z0

∈ E(V )[[z0]].

Acting on 1 and taking z2 → 0, we get that
∑

i≥1

fi(e
z0)Y (ai, z0)bi ∈ V [[z0]].

Viewing log(1 + z0) as an element in C[[z0]], we get that
∑

i≥1

fi(1 + z0)Y (ai, log(1 + z0))bi ∈ V [[z0]].(7.8)

We replace k with a larger one if necessary so that (i, j ≥ 1):

(1− z2/z1)
kY φ

W (ai, z1)Y
φ
W (bi, z2), (1− z2/z1)

kY φ
W (αj , z2)Y

φ
W (βj , z1) ∈ E

(2)(W ).

From the weak associativity of φ-coordinated modules (7.2), we get that
(
(1− z/z1)

kY φ
W (ai, z1)Y

φ
W (bi, z)

)∣∣∣
z1=φ(z,z0)

(7.9)

=(1− e−z0)kY φ
W (Y (ai, z0)bi, z),(

(1− z/z1)
kY φ

W (αj , z)Y
φ
W (βj , z1)

)∣∣∣
z=φ(z1,−z0)

(7.10)

=(1− e−z0)kY φ
W (Y (αj ,−z0)βj , z1).

From the equation (7.10) and [Li7, Remark 2.8], we have that
(
(1− z/z1)

kY φ
W (αj , z)Y

φ
W (βj , z1)

)∣∣∣
z1=φ(z,z0)

=

((
(1− z/z1)

kY φ
W (αj , z)Y

φ
W (βj , z1)

)∣∣∣
z=φ(z1,−z0)

)∣∣∣∣
z1=φ(z,z0)
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=
(
(1− e−z0)kY φ

W (Y (αj ,−z0)βj , z1)
)∣∣∣

z1=φ(z,z0)

=(1− e−z0)kY φ
W (Y (αj ,−z0)βj , φ(z, z0))

=(1− e−z0)kY φ
W (ez0∂Y (αj ,−z0)βj , z),(7.11)

where the (7.11) follows from [Li7, Lemma 3.7]. Combining this with equa-
tions (7.7) and (7.9), we get

(1− z/z1)

2k
∑

i≥1

fi(z1/z)Y
φ
W (ai, z1)Y

φ
W (bi, z)



∣∣∣∣∣∣
z1=φ(z,z0)

=
∑

i≥1

((
(1− z/z1)

kfi(z1/z)
) (

(1− z/z1)
kY φ

W (ai, z1)Y
φ
W (bi, z)

))∣∣∣
z1=φ(z,z0)

=(1− e−z0)2k
∑

i≥1

fi(e
z0)Y φ

W (Y (ai, z0)bi, z)

(7.12)

=(1− e−z0)2k
∑

j≥1

gj(e
z0)Y φ

W (ez0∂Y (αj ,−z0)βj , z)

=
∑

j≥1

((
(1− z/z1)

kgj(z1/z)
) (

(1− z/z1)
kY φ

W (αj , z)Y
φ
W (βj , z1)

))∣∣∣
z1=φ(z,z0)

=


(1− z/z1)

2k
∑

j≥1

gj(z1/z)Y
φ
W (αj , z)Y

φ
W (βj , z1)



∣∣∣∣∣∣
z1=φ(z,z0)

.

Notice that

(1− z2/z1)
2k
∑

i≥1

fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2) ∈ E

(2)(W ),

(1− z2/z1)
2k
∑

j≥1

gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1) ∈ E

(2)(W ).

Then we get from [Li7, Remark 2.8] that

(1− z2/z1)
2k
∑

i≥1

fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

=(1− z2/z1)
2k
∑

j≥1

gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1).

Combining this with equation (7.12) and [Li7, Lemma 5.8], we get that

(z2z0)
−1δ

(
z1 − z2
z2z0

)∑

i≥1

fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

−(z2z0)
−1δ

(
z2 − z1
−z2z0

)∑

j≥1

gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1)
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=z−1
1 δ

(
z2(1 + z0)

z1

)∑

i≥1

fi(1 + z0)Y
φ
W (Y (ai, log(1 + z0))bi, z2).

Taking Resz0 on both hand sides, we get that
∑

i≥1

fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)−

∑

j≥1

gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1)

=Resz0 z
−1
1 δ

(
z2(1 + z0)

z1

)∑

i≥1

fi(1 + z0)Y
φ
W (Y (ai, log(1 + z0))bi, z2) = 0,

where the last equation follows from (7.8). We complete the proof. �

Proposition 7.2. Let (W,Y φ
W ) be a φ-coordinated module of a nonlocal

vertex algebra V . Let
∑

i≥1

ai ⊗ bi ⊗ fi(z),
∑

j≥1

αj ⊗ βj ⊗ gj(z) ∈ V ⊗ V ⊗ V ⊗C(x),

and
∑

k≥0

γk ∈ V

be finite sums, such that
∑

i≥1

ιz1,z2fi(e
z1−z2)Y (ai, z1)Y (bi, z2)

−
∑

j≥1

ιz2,z1gj(e
z1−z2)Y (αj , z2)Y (βj , z1)

=
∑

k≥0

Y (γk, z2)
1

k!

∂k

∂zk2
z−1
1 δ

(
z2
z1

)
.(7.13)

Then we have that
∑

i≥1

ιz1,z2fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

−
∑

j≥1

ιz2,z1gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1)

=
∑

k≥0

Y φ
W (γk, z2)

1

k!

(
z2

∂

∂z2

)k

δ

(
z2
z1

)
.(7.14)

Proof. For any integer i ≥ 0, we set b−i = α−i = γi, a−i = β−i = 1 and

f−i(z) = g−i(z) =
1

2i!

(
−z

∂

∂z

)i z + 1

z − 1
∈ C(z).

It is straightforward to verify that

ιz1,z2f−i(z1/z2)− ιz2,z1g−i(z1/z2) =
1

i!

(
z2

∂

∂z2

)i

δ

(
z2
z1

)
,
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ιz1,z2f−i(e
z1−z2)− ιz2,z1g−i(e

z1−z2) =
1

i!

∂i

∂zi2
z−1
1 δ

(
z2
z1

)
.

Then the equation (7.13) is equivalent to
∑

i∈Z

ιz1,z2fi(e
z1−z2)Y (ai, z1)Y (bi, z2)

=
∑

j∈Z

ιz2,z1gj(e
z1−z2)Y (αj , z2)Y (βj , z1),

and the equation (7.14) is equivalent to
∑

i∈Z

ιz1,z2fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

=
∑

j∈Z

ιz2,z1gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1).

Therefore, this proposition follows immediate from Lemma 7.1. �

Let V be an ~-adic nonlocal vertex algebra. A φ-coordinated V -module
is a topologically free C[[~]]-module W equipped with a C[[~]]-linear map

Y φ
W (·, x) : V → E~(W ), such that (W/~nW,Y φ

W,n) is a φ-coordinated V/~
nV -

module, where Y φ
W,n : V/~nV → E(W/~nW ) is the C[[~]]-linear map induced

from Y φ
W . As an immediate ~-adic analogue of Proposition 7.2, we have that

Proposition 7.3. Let V be an ~-adic nonlocal vertex algebra, and let (W,Y φ
W )

be a φ-coordinated V -module. Suppose that
∑

i≥1

ai ⊗ bi ⊗ fi(z),
∑

j≥1

αj ⊗ βj ⊗ gj(z) ∈ V ⊗̂V ⊗̂V ⊗̂C(z)[[~]],

and
∑

k≥0

γk ∈ V,

such that
∑

i≥1

ιz1,z2fi(e
z1−z2)Y (ai, z1)Y (bi, z2)

−
∑

j≥1

ιz2,z1gj(e
z1−z2)Y (αj , z2)Y (βj , z1)

=
∑

k≥0

Y (γk, z2)
1

k!

∂k

∂zk2
z−1
1 δ

(
z2
z1

)
.

Then we have that∑

i≥1

ιz1,z2fi(z1/z2)Y
φ
W (ai, z1)Y

φ
W (bi, z2)

−
∑

j≥1

ιz2,z1gj(z1/z2)Y
φ
W (αj , z2)Y

φ
W (βj , z1)
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=
∑

k≥0

Y φ
W (γk, z2)

1

k!

(
z2

∂

∂z2

)k

δ

(
z2
z1

)
.

Let Zφ(z1, z2) : E~(W )⊗̂E~(W )⊗̂C(z)[[~]] → End(W )[[z±1
1 , z±1

2 ]] be the
C[[~]]-module map defined by

Zφ(z1, z2)(a(z) ⊗ b(z) ⊗ f(z)) = f(z1/z2)a(z1)b(z2).

Recall from [Li7] that a subset U of E~(W ) is said to be ~-adically Strig-local
if for any a(z), b(z) ∈ U , there is A(z) ∈ (CU ⊗ CU ⊗ C(z)) [[~]], such that

a(z1)b(z2) ∼ Z
φ(z2, z1) (A(z)) .

Let U be an ~-adically Strig-local subset of E~(W ). For a(z), b(z) ∈ U ,
the locality implies that for any positive integer n, there is positive integer
kn such that

(1− z1/z2)
knπn(a(z1))πn(b(z2)) ∈ E

(2)(W/~nW ).

The following is a partial ~-adic analogue of [Li7, Definition 4.4]:

Y φ
E (a(z), z0)b(z) =

∑

n∈Z

a(z)φnb(z)z
−n−1
0

= lim
←−
n>0

(1− ez0)
−kn

(
(1− z1/z)

kna(z1)b(z)
)∣∣∣

z1=zez0
.

We have the partial ~-adic analogue of [Li7, Theorem 4.8]:

Theorem 7.4. Let U be an ~-adic Strig-local subset of E~(W ). Then there
is a minimal ~-adically Strig-local subset 〈U〉φ ⊂ E~(W ) containing U and
1W , such that

(1) 〈U〉φ is topologically free and [〈U〉φ] = 〈U〉φ.

(2) 〈U〉φ is Y φ
E closed, that is, for a(x), b(x) ∈ 〈U〉φ, a(x)nb(x) ∈ 〈U〉φ.

Then (〈U〉φ, Y
φ
E , 1W ) carries the structure of an ~-adic weak quantum vertex

algebra and W is a faithful φ-coordinated 〈U〉φ-module with YW (a(z), z0) =

a(z0) for a(z) ∈ 〈U〉φ.

The following result is a partial ~-adic analogue of [JKLT1, Theorem
2.21]:

Proposition 7.5. Let W be a topologically free C[[~]]-module, and let V ⊂
E~(W ) be an ~-adic Strig-local subset such that V = 〈V 〉φ. Suppose that

∑

i≥1

ai(z)⊗ bi(z) ⊗ fi(z),
∑

j≥1

αj(z)⊗ βj(z)⊗ gj(z) ∈ V ⊗̂V ⊗̂C(z)[[~]],

and
∑

k≥1

γk(z) ∈ V,
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such that the following relation holds on W :
∑

i≥1

ιz1,z2fi(z1/z2)ai(z1)bi(z2)−
∑

j≥1

ιz2,z1gj(z1/z2)αj(z2)βj(z1)

=
∑

k≥1

γk(z2)
1

k!

(
z2

∂

∂z2

)k

δ

(
z2
z1

)
.

Then we have that
∑

i≥1

ιz1,z2fi(e
z1−z2)Y φ

E (ai(z), z1)Y
φ
E (bi(z), z2)

−
∑

j≥1

ιz2,z1gj(e
z1−z2)Y φ

E (αj(z), z2)Y
φ
E (βj(z), z1)

=
∑

k≥1

Y φ
E (γk(z), z2)

1

k!

∂k

∂zk2
z−1
1 δ

(
z2
z1

)
.

Now we start to determine the category of φ-coordinated Vĝ,~(ℓ, 0)-modules.

Definition 7.6. Let ℓ ∈ C. Define Mφ
ℓ to be the category consisting of

topologically free C[[~]]-modules W , equipped with fields ψi,q(z), y
±
i,q(z) ∈

E~(W ) that satisfy the following relations:

[ψi,q(z1), ψj,q(z2)](7.15)

=[riaij ]
q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

(
ιz1,z2q

−rℓz2
∂

∂z2 − ιz2,z1q
rℓz2

∂
∂z2

) z2/z1
(1− z2/z1)2

,

[ψi,q(z1), y
±
j,q(z2)](7.16)

=± y±j,q(z2)[riaij ]
q
z2

∂
∂z2

(
ιz1,z2q

−rℓz2
∂

∂z2 − ιz2,z1q
rℓz2

∂
∂z2

) 1 + z2/z1
2− 2z2/z1

,

(1− z2/z1)
δij (1− q−2rℓz2/z1)

δij(7.17)

×
(
y+i,q(z1)y

−
j,q(z2)− ιz2,z1gij,q(z1/z2)y

−
j,q(z2)y

+
i,q(z1)

)
= 0,

ιz1,z2fij,q(z1, z2)y
±
i,q(z1)y

±
j,q(z2) = Cijιz2,z1fji,q(z2, z1)y

±
j,q(z2)y

±
i,q(z1),(7.18)

where

fij,q(z1, z2) = ιz1,z2(z1 − q
aij
i z2)(z1 − z2)

−δij , gij,q(z) =
q
aij
i − z

1− q
aij
i z

.(7.19)

For an object (W,ψi,q(z), y
±
i,q(z)) ofM

φ
ℓ , we set

UW =
{
ψi,q(z), y

±
i,q(z)

∣∣∣ i ∈ I
}
.(7.20)

Then it is immediate from equations (7.15), (7.16), (7.17) and (7.18) that
UW is an ~-adically Strig-local subset of E~(W ).
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Definition 7.7. Let ℓ ∈ C. Define Rφ
ℓ to be the full subcategory of Mφ

ℓ

consisting of objects (W,ψi,q(z), y
±
i,q(z)) such that

y+i,q(z1)y
−
j,q(z2)− ιz2,z1gij(z1/z2)y

−
j,q(z2)y

+
i,q(z1)

=
δij

qi − q
−1
i

(
δ

(
z1
z2

)
− E(ψi,q(z))δ

(
q−2rℓz2
z1

))
,(7.21)

((
y±i,q(z)

)φ
0

)mij

y±j,q(z) = 0, if aij < 0.(7.22)

Proposition 7.8. Let (W,ψi,q(z), y
±
i,q(z)) be an object of Rφ

ℓ . Then W

becomes a φ-coordinated Vĝ,~(ℓ, 0)-module such that

Y φ
W (hi,~, z) = ψi,q(z), Y φ

W (x±i,~, z) = y±i,q(z), i ∈ I.

On the other hand, let (W,Y φ
W ) be a φ-coordinated Vĝ,~(ℓ, 0)-module. Then

(W,Y φ
W (hi,~, z), Y

φ
W (x±i,~, z))

is an object of Rφ
ℓ .

Proof. Let (W,ψi,q(z), y
±
i,q(z)) be an object of Rφ

ℓ . Then it is an object of

Mφ
ℓ . Recall the ~-adically Strig-local subset UW (see (7.20) for details).

From Theorem 7.4, we get an ~-adic nonlocal vertex algebra 〈UW 〉φ, and W

becomes a φ-coordinated 〈UW 〉φ-module with module action Y φ
W (a(z), z0) =

a(z0) for a(z) ∈ 〈UW 〉φ. From Proposition 7.5 and equations (7.15), (7.16),

(7.17), (7.18), we get that (W,Y φ
E (ψi,q(z1), z), Y

φ
E (y±i,q(z1), z)) is an object of

Mτ (see Definition 5.1). By using Proposition 5.4, we get an ~-adic nonlocal
vertex algebra homomorphism ϕ : Fτ (A, ℓ)→ 〈UW 〉φ such that

ϕ(hi,~) = ψi,q(z), ϕ(x±i,~) = y±i,q(z), i ∈ I.

Since (W,ψi,q(z), y
±
i,q(z)) be an object of Rφ

ℓ . We apply Proposition 7.5 to

(7.21) and get that

Y φ
E (y+i,q(z), z1)Y

φ
E (y−j,q(z), z2)− ιz2,z1gij,~(z1 − z2)Y

φ
E (y−j,q(z), z2)Y

φ
E (y+i,q(z), z1)

= δij(qi − q
−1
i )−1

(
z−1
1 δ

(
z2
z1

)
− Y φ

E (E(ψi,q(z)), z2) z
−1
1 δ

(
z2 − 2rℓ~

z1

))
.

Let the both hand sides act on 1W , and take Singz1 Resz2 z
−1
2 , we get that

Singz1 Y
φ
E (y+i,q(z), z1)y

−
j,q = δij(qi − q

−1
i )−1

(
1W z

−1
1 − θi,q(z)(z1 + 2rℓ~)−1

)
.

Combining this with (7.22) and Definition 6.3, we get that ϕ factor through
Vĝ,~(ℓ, 0). Therefore,W becomes a φ-coordinated Vĝ,~(ℓ, 0)-module such that
(i ∈ I):

Y φ
W (hi,~, z0) = Y φ

W (ϕ(hi,~), z0) = Y φ
W (ψi,q(z), z0) = ψi,q(z0),

Y φ
W (x±i,~, z0) = Y φ

W (ϕ(x±i,~), z0) = Y φ
W (yi,q(z)

±, z0) = y±i,q(z0).
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On the other hand, let (W,Y φ
W ) be a φ-coordinated Vĝ,~(ℓ, 0)-module.

From Proposition 7.3 and equations (6.6), (6.7), (6.11), (6.9), (6.31), we
have that

[Y φ
W (hi,~, z1), Y

φ
W (hj,~, z2)]

= [riaij ]
q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

(
ιz1,z2q

−rℓz2
∂

∂z2 − ιz2,z1q
rℓz2

∂
∂z2

) z2/z1
(1− z2/z1)2

,

[Y φ
W (hi,~, z1), Y

φ
W (x±j,~, z2)]

= ±Y φ
W (x±j,~, z2)[riaij]

q
z2

∂
∂z2

(
ιz1,z2q

−rℓz2
∂

∂z2 − ιz2,z1q
rℓz2

∂
∂z2

) 1 + z2/z1
2− 2z2/z1

,

(1− z2/z1)
δij (1− q−2rℓz2/z1)

δij

×
(
y+i,q(z1)y

−
j,q(z2)− ιz2,z1gij,q(z1/z2)y

−
j,q(z2)y

+
i,q(z1)

)
= 0,

ιz1,z2fij,q(z1, z2)Y
φ
W (x±i,~, z1)Y

φ
W (x±j,~, z2)

= Cijιz2,z1fji,q(z2, z1)Y
φ
W (x±j,~, z2)Y

φ
W (x±i,~, z1),

and

Y φ
W (x+i,~, z1)Y

φ
W (x−j,~, z2)− ιz2,z1gij,q(z1/z2)Y

φ
W (x−j,~, z2)Y

φ
W (x+i,~, z1)

=
δij

qi − q
−1
i

(
δ

(
z1
z2

)
− Y φ

W (E(hi,~), z)δ

(
q−2rℓz2
z1

))

=
δij

qi − q
−1
i

(
δ

(
z1
z2

)
−

(
F (ri + rℓ)

F (ri − rℓ)

) 1
2

× Y φ
W

(
exp

((
−q−rℓ∂F (∂)hi,~

)
−1

)
1, z

)
δ

(
q−2rℓz2
z1

))

=
δij

qi − q
−1
i

(
δ

(
z1
z2

)
− E

(
Y φ
W (hi,~, z)

)
δ

(
q−2rℓz2
z1

))
.

From Definition 6.3, we also have that

0 = Y φ
W

((
x±i,~

)mij

0
x±j,~, z

)
=

((
Y φ
W (x±i,~, z)

)φ
0

)mij

Y φ
W (x±j,~, z)

for i, j ∈ I with aij < 0. Therefore, (W,Y φ
W (hi,~, z), Y

φ
W (x±i,~, z)) is an object

of Rφ
ℓ . �

8. Quantum affinization algebras

Let U l
~(ĝ) be the unital associative algebra over C[[~]] topologically gen-

erated by the elements (1.1) subject to relations (Q1)-(Q6). Then U~(ĝ)
is naturally a quotient algebra of U l

~(ĝ), and U
l
~(ĝ) is naturally a quotient

algebra of Uf
~ (ĝ). We call a Uf

~ (ĝ)-module W a restricted module if W is
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topologically free and

φ±i,q(z), x±i,q(z) ∈ E~(W ).

In addition, a U~(ĝ)-module (resp. U l
~(ĝ)-module) is said to be restricted, if

it is restricted as a Uf
~ (ĝ)-module. For i1, . . . , im ∈ I, we set

x±i1,...,im,q(z1, . . . , zm)(8.1)

=




∏

1≤r<s≤m

f±ir,is,q(zr, zs)


x±i1,q(z1) · · · x

±
im,q(zm),

where f±ij,q(z1, z2) = (z1− q
±aij
i z2)(z1− z2)

−δij is defined in (7.19) and Cij is

defined in (6.34). The following result is proved in [CJKT, Proposition 5.8]:

Lemma 8.1. Let W be a restricted U l
~(ĝ)-module. Then for positive integer

m, and i1, . . . , im ∈ I,

x±i1,...,im,q(z1, . . . , zm) ∈ E
(m)
~ (W ).(8.2)

Moreover, for σ ∈ Sm, we have

x±iσ(1),...,iσ(m),q
(zσ(1), . . . , zσ(m))

=




∏

1≤r<s≤m
σ(r)>σ(s)

Cir ,is


x±i1,...,im,q(z1, . . . , zm).

We need the following special case of [CJKT, Theorem 5.17]:

Proposition 8.2. A restricted U l
~(ĝ)-module is a restricted U~(ĝ)-module if

and only if

x±i,...,i,j,q(q
±aij
i z, q

±aij±2
i z, . . . , q

∓aij
i z, z) = 0 for i, j ∈ I with aij < 0.

From the definition of U~(ĝ), we immediately get that

Lemma 8.3. For each i ∈ I, there is a C-algebra homomorphism from

i : U~(ŝl2)→ U~(ĝ) given by ~ 7→ ri~, c 7→ rc/ri, and

h1,q(0) 7→
hi,q(0)

ri
, h1,q(m) 7→

hi,q(m)

[ri]q
, x±i,q(n) 7→ x±i,q(n).(8.3)

Let d be the derivation of U~(ĝ) defined by

[d, φ±i,q(z)] = −z
∂

∂z
φ±i,q(z), [d, x±i,q(z)] = −z

∂

∂z
x±i,q(z) for i ∈ I,(8.4)

and let h := ⊕i∈IChi,q(0)⊕Cc⊕Cd. For a U~(ĝ)-module W and λ ∈ h∗, we
denote

Wλ = {v ∈W | h.v = λ(h)v, h ∈ h}.
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A U~(ĝ)-module W is called a weight module if W = ⊕λ∈h∗Wλ. And a

weight module W for U~(ĝ) is said to be integrable, if x±i,q(m) acts locally
nilpotently for any i ∈ I, m ∈ Z. It is immediate to see that W is integrable

if and only if W is integrable as a U~(ŝl2)-module through i for all i ∈ I
(see Lemma 8.3). Then we get from [DM, Theorem 7, Theorem 8] that

Proposition 8.4. A nontrivial restricted weight U~(ĝ)-module W of level ℓ
is integrable if and only if

ℓ ∈ Z+, and x±i,...,i,q(q
±2rℓz, q±2rℓ∓2riz, . . . , q±2riz, z) = 0 for i ∈ I.

We need another presentation of restricted U~(ĝ)-modules. A straightfor-
ward calculation shows that

Lemma 8.5. Let ℓ ∈ C and let W be a restricted Uf
~ (ĝ)-module of level ℓ.

Define x̂+i,q(z) = x+i,q(z) and

φ̂i,q(z) = F

(
z
∂

∂z

)−1

log
φ+i,q(zq

1
2
rℓ)

φ−i,q(zq
− 1

2
rℓ)
, x̂−i,q(z) = x−i,q(zq

−rℓ)φ+i,q(zq
− 1

2
rℓ)−1,

where F (z) is defined in (6.15). Then (W, φ̂i,q(z), x̂
±
i,q(z)) is an object of

Mφ
ℓ .

On the other hand, let (W,ψi,q(z), y
±
i,q(z)) be an object of Mφ

ℓ . Define

y̌+i,q(z) = y+i,q(z) and

ψ±
i,q(z) =

∑

±n>0

ψi,q(n)z
−n +

1

2
ψi,q(0),(8.5)

where ψi,q(z) =
∑

n∈Z

ψi,q(n)z
−n,

ψ̌±
i,q(z) = exp

(
±F

(
z
∂

∂z

)
ψ±
i,q(zq

∓ 1
2
rℓ)

)
,(8.6)

y̌−i,q(z) = y−i,q(zq
rℓ)ψ̌+

i,q(zq
1
2
rℓ).(8.7)

Then W becomes a restricted Uf
~ (ĝ)-module of level ℓ with module action

φ±i,q(z) = ψ̌±
i,q(z), x±i,q(z) = y̌±i,q(z), i ∈ I.

We need the following technical result given in [JKLT3].

Lemma 8.6. Let W be a topologically free C[[~]]-module, and

α(z) ∈ Hom(W,W ⊗̂C[z, z−1][[~]]), β(z) ∈ E~(W ),

γ(z) ∈ Hom(W,W ⊗̂C(z)[[~]]),

be such that

[α(z1), α(z2)] = 0 = [β(z1), β(z2)] = [α(z1), γ(z2)] = [β(z1), γ(z2)],

[α(z1), β(z2)] = ιz1,z2γ(z2/z1).
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Suppose that

exp (A(z)) =
∑

n≥0

A(z)n

n!

is well defined in Hom(W,W [[z, z−1]]) for A(z) = α(z), β(z), γ(z) or α(z) +
β(z). Then we have that

exp
(
(α(z) + β(z))φ−1

)
1W

=exp (β(z)) exp (α(z)) exp
(
Resz z

−1γ(e−z)/2
)
.

Let UW =
{
φ̂i,q(z), x̂

±
i,q(z)

∣∣∣ i ∈ I
}
. From Lemma 8.5 , we have that UW

is a ~-adically Strig-subset. Then by using Theorem 7.4, we get an ~-adic
nonlocal vertex algebra 〈UW 〉φ.

Lemma 8.7. For i ∈ I, we have that

E
(
φ̂i,q(z)

)
= φ−i,q(zq

− 3
2
rℓ)φ+i,q(zq

− 1
2
rℓ)−1.

Proof. Recall the definition of φ̂±i,q(z) in (8.5). From the equation (7.15), we
get that

[φ̂+i,q(z1), φ̂
−
i,q(z2)] = [riaii]

q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

ιz1,z2q
−rℓz2

∂
∂z2

z2/z1
(1− z2/z1)2

.(8.8)

Let

φ̃±i,q(z) = −q
−rℓz ∂

∂zF

(
z
∂

∂z

)
φ̂±i,q(z).

We note from (8.6) and (8.7) that

exp
(
φ̃+i,q(z)

)
= φ±i,q(zq

−rℓ± 1
2
rℓ)∓1.(8.9)

By using the relation (8.8), we have that

− z1
∂

∂z1
z2

∂

∂z2
[φ̃+i,q(z1), φ̃

−
i,q(z2)]

=

(
z2

∂

∂z2

)2

F

(
z2

∂

∂z2

)2

[riaii]
q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

ιz1,z2q
−rℓz2

∂
∂z2

z2/z1
(1− z2/z1)2

=
(
q
z2

∂
∂z2 − q

−z2
∂

∂z2

)2
[riaii]

q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

ιz1,z2q
−rℓz2

∂
∂z2

z2/z1
(1− z2/z1)2

=
(
q
riaiiz2

∂
∂z2 − q

−riaiiz2
∂

∂z2

)(
1− q

−2rℓz2
∂

∂z2

)
ιz1,z2

z2/z1
(1− z2/z1)2

=
(
q
riaiiz2

∂
∂z2 − q

−riaiiz2
∂

∂z2

)(
1− q

−2rℓz2
∂

∂z2

)
ιz1,z2z1

∂

∂z1
z2

∂

∂z2
log (1− z2/z1) .

Notice that Resz2 z
−1
2 ◦

(
z2

∂
∂z2

)
= 0. Then we have that

Resz2 z
−1
2 [φ̃+i,q(z1), φ̃

−
i,q(z2)]
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=q
−rℓz1

∂
∂z1 F

(
z1

∂

∂z1

)
Resz2 z

−1
2 [φ̂+i,q(z1), φ̂

−
i,q(z2)]

=q
−rℓz1

∂
∂z1 F

(
z1

∂

∂z1

)
Resz2 z

−1
2 [riaii]

q
z2

∂
∂z2

[rℓ]
q
z2

∂
∂z2

ιz1,z2q
−rℓz2

∂
∂z2

z2/z1
(1− z2/z1)2

=q
−rℓz1

∂
∂z1 F

(
z1

∂

∂z1

)
Resz2 z

−1
2 riaiirℓιz1,z2

z2/z1
(1− z2/z1)2

= 0.

Hence, we get that

[φ̃+i,q(z1), φ̃
−
i,q(z2)]

=
(
q
riaiiz2

∂
∂z2 − q

−riaiiz2
∂

∂z2

)(
q
−2rℓz2

∂
∂z2 − 1

)
ιz1,z2 log (1− z2/z1)

=
(
q
riaiiz2/z1

∂
∂z2/z1 − q

−riaiiz2/z1
∂

∂z2/z1

)(
q
−2rℓz2/z1

∂
∂z2/z1 − 1

)
ιz1,z2 log (1− z2/z1)

=ιz1,z2γ(z2/z1),

where

γ(z) =
(
qriaiiz

∂
∂z − q−riaiiz

∂
∂z

)(
q−2rℓz ∂

∂z − 1
)
log (1− z) .

Since Resz z
−1 ∂2

∂z2
log z = 0 = Resz z

−1 ∂2

∂z2
z = Resz z

−1 ∂2

∂z2
1, we get that

Resz z
−1γ(e−z) = Resz z

−1
(
q−2ri

∂
∂z − q2ri

∂
∂z

)(
q2rℓ

∂
∂z − 1

)
log
(
1− e−z

)

=Resz z
−1
(
q−2ri

∂
∂z − q2ri

∂
∂z

)(
q2rℓ

∂
∂z − 1

)
log

e
1
2
z − e−

1
2
z

z/2

=Resz log
e

1
2
z − e−

1
2
z

z/2

(
q2ri

∂
∂z − q−2ri

∂
∂z

)(
q−2rℓ ∂

∂z − 1
)
z−1

=Resz

(
1

z + 2ri~− 2rℓ~
−

1

z − 2ri~− 2rℓ~
−

1

z + 2ri~
+

1

z − 2ri~

)
log

e
1
2
z − e−

1
2
z

z/2

= log
F (ri)F (−ri + rℓ)

F (−ri)F (ri + rℓ)
= log

F (ri − rℓ)

F (ri + rℓ)
.

By using Lemma 8.6, we get that

E
(
φ̂i,q(z)

)
=

(
F (ri + rℓ)

F (ri − rℓ)

) 1
2

exp

((
φ̃+i,q(z) + φ̃−i,q(z)

)φ
−1

)
1W

=exp
(
φ̃−i,q(z)

)
exp

(
φ̃+i,q(z)

)
= φ−i,q(zq

− 3
2
rℓ)φ+i,q(zq

− 1
2
rℓ)−1,

where the last equation follows from (8.9). We complete the proof. �

For any positive integer m and i1, . . . , im ∈ I, we define

x̂±i1,...,im,q(z1, . . . , zm)(8.10)

=




∏

1≤a<b≤m

f+ia,ib,q(za, zb)


 x̂±i1,q(z1) · · · x̂

±
im,q(zm).(8.11)
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From the relation (7.18), we have that

x̂±i1,...,im,q(z1, . . . , zm) ∈ E
(m)
~ (W ).

Then from a similar argument to the proof of Lemma 6.12, we get the
following two results.

Lemma 8.8. For i, j ∈ I with aij < 0, we have that
((

x̂±i,q(z)
)φ
0

)mij

x̂±j,q(z) = cx̂±i,...,i,j,q(q
aij
i z, q

aij+2
i z, . . . , q

−aij
i z, z)

for some invertible element c ∈ C[[~]].

Lemma 8.9. Suppose that ℓ ∈ Z+. For any i ∈ I, we have that
((

x̂±i,q(z)
)φ
−1

)rℓ/ri

x̂±i,q(z) = cx̂±i,...,i,q(q
2rℓz, q2rℓ−2riz, . . . , q2riz, z)

for some invertible element c ∈ C[[~]].

Then we have that

Proposition 8.10. Let W be a restricted U~(ĝ)-module of level ℓ. Then

(W, φ̂i,q(z), x̂
±
i,q(z)) is an object of Rφ

ℓ . On the other hand, let (W,ψi,q(z), y
±
i,q(z))

be an object of Rφ
ℓ . Then W is a restricted U~(ĝ)-module of level ℓ with the

module action defined by

φ±i,q(z) = ψ̌±
i,q(z), x±i,q(z) = y̌±i,q(z) for i ∈ I.

Proof. From Lemma 8.5, we get that W is a restricted Uf
~ (ĝ)-module of

level ℓ if and only if (W, φ̂i,q(z), x̂
±
i,q(z)) is an object of Mφ

ℓ . Then by a

straightforward calculation, we get that W is a restricted U~(ĝ)-module of
level ℓ if and only if

x̂+i,q(z1)x̂
−
j,q(z2)− gji,q(z1/z2)x̂

−
j,q(z2)x̂

+
i,q(z1)

=
δij

qi − q
−1
i

(
δ

(
z2
z1

)
− φ−i,q(zq

− 3
2
rℓ)φ+i,q(zq

− 1
2
rℓ)−1δ

(
z2q

−2rℓ

z1

))
,

x̂±i,...,i,j,q(q
aij
i z, q

aij+2
i z, . . . , q

−aij
i z, z) = 0, if aij < 0.

Therefore, the proposition follows immediate from Lemmas 8.7 and 8.8. �

Proposition 8.11. Let ℓ ∈ Z+, and let W be a restricted weight U~(ĝ)-
module of level ℓ. Then W is integrable if and only if

((
x̂±i,q(z)

)φ
−1

)rℓ/ri

x̂±i,q(z) = 0, i ∈ I.(8.12)

Proof. From Proposition 8.4 and the definition of x̂±i,q(z) (see Lemma 8.5),
we have that W is integrable if and only if

x̂±i,...,i,q(q
2rℓz, q2rℓ−2riz, . . . , q2riz, z) = 0 for i ∈ I.

Then the proposition follows from Lemma 8.9 and Proposition 8.10. �
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Combining Propositions 7.8 and 8.10, we get that

Theorem 8.12. Let ℓ ∈ C. Then the category of restricted U~(ĝ)-modules
of level ℓ is isomorphic to the category of φ-coordinated Vĝ,~(ℓ, 0)-modules.
To be more precise, let W be a restricted U~(ĝ)-module of level ℓ. Then W
becomes a φ-coordinated Vĝ,~(ℓ, 0)-module such that

Y φ
W (hi,~, z) = φ̂i,q(z), Y φ

W (x±i,~, z) = x̂±i,q(z), i ∈ I.

On the other hand, let (W,Y φ
W ) be a φ-coordinated Vĝ,~(ℓ, 0)-module. Then

W becomes a restricted U~(ĝ)-module of level ℓ such that

φ̂i,q(z) = Y φ
W (hi,~, z), x̂±i,q(z) = Y φ

W (x±i,~, z), i ∈ I.

A φ-coordinated Vĝ,~(ℓ, 0)-module (W,Y φ
W ) is called a weight module if

(hi,~)
φ
0 acts semi-simply for all i ∈ I, and there exists a C[[~]]-module map

∂ : W → W , such that

[∂, Y φ
W (u, z)] = z

∂

∂z
Y φ
W (u, z) for u ∈ Vĝ,~(ℓ, 0).(8.13)

A φ-coordinated Lĝ,~(ℓ, 0) is called a weight module if it is a weight module
viewed as a φ-coordinated Vĝ,~(ℓ, 0)-module. Combining Proposition 8.11
with Theorem 8.12, we get that

Theorem 8.13. Let ℓ ∈ Z+. Then the category isomorphism obtained in
Theorem 8.12 induces a category isomorphism between the category of re-
stricted integrable U~(ĝ)-modules of level ℓ and the category of φ-coordinated
weight modules of Lĝ,~(ℓ, 0).

Theorem 8.14. Suppose that the GCM A is of finite type. Let ℓ ∈ Z+.
Then there is a vertex algebra isomorphism Lĝ(ℓ, 0) → Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0)
defined by

hi 7→ hi,~, x±i 7→ x±i,~, i ∈ I.

Proof. Recall from Proposition 6.5 that there is a surjective vertex algebra
homomorphism ϕ : Lĝ(ℓ, 0)→ Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0) determined by hi 7→ hi,~
and x±i 7→ x±i,~ for i ∈ I. It is straightforward to verify that both Lĝ(ℓ, 0)

and Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0) are ĝ-modules such that

ai(z).u = Y (ai, z)u for u ∈ Lĝ(ℓ, 0) and

ai(z).v = Yτ (ai,~, z)v for v ∈ Lĝ,~(ℓ, 0)/~Lĝ,~(ℓ, 0),

where a = h or x±. Then ϕ is also a surjective ĝ-module homomorphism.
Since the GCM A is of finite type, we get from Remark 2.7 that Lĝ(ℓ, 0) is
a simple ĝ-module. Then ϕ is either an isomorphism or 0.

Suppose that ϕ = 0. Since Lĝ,~(ℓ, 0) is topologically free, we get that
Lĝ,~(ℓ, 0) = 0. Then Lĝ,~(ℓ, 0) has only trivial φ-coordinated modules. From
Theorem 8.13, we get that the U~(ĝ) has only trivial restricted integrable
modules of level ℓ, which contradict to [Lu, Section 4.13]. Therefore, ϕ must
be an isomorphism. �
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