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CORDES-NIRENBERG TYPE RESULTS FOR NONLOCAL
EQUATIONS WITH DEFORMING KERNELS

DISSON DOS PRAZERES, AELSON SOBRAL, AND JOSE MIGUEL URBANO

ABSTRACT. We derive Cordes-Nirenberg type results for nonlocal el-
liptic integro-differential equations with deforming kernels comparable
to sections of a convex solution of a Monge-Ampeére equation. Under
a natural integrability assumption on the Monge-Ampeére solution, we
prove a stability lemma allowing the ellipticity class to vary. Using a
compactness method, we then derive Holder regularity estimates for the
gradient of the solutions.

1. INTRODUCTION

The fully nonlinear elliptic integro-differential Isaacs equation

Tu(x),x] := igfs%pLa,gu(:E) = f(z), =€, (1)

where
Logu(z) := /n (u(z +y) +u(@ —y) — 2u(x)) Ka,p(z, y)dy,

appears naturally in competitive stochastic games when two players are al-
lowed to choose from different strategies at every step in order to maximize
the expected value u(x) at the first exit point of the domain 2 C R™. For
arbitrary index sets A and B, the kernels {IC (2, y)}ac.a gep are nonneg-
ative functions measuring the frequency of jumps in the y direction at the
point z. Further applications and motivations related to nonlocal equations
can be found, for example, in [11 [3, [16].

The large applicability of this type of models reinforces the relevance of
seeking qualitative properties for their solutions. In this paper, we obtain
Cordes-Nirenberg type results for solutions of (), with f € L*(£). We
argue through an approximation method, associating ({II) to a constant coef-
ficients equation. We are particularly interested in the case where the level
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sets of the kernels K, g are comparable to sections of a convex solution ¢ of
a Monge-Ampere equation, as in [10]. Setting vy : R™ — R as

vs(y) = d(y) — (0) — Dg(0) - y,
we note that, due to convexity, vy > 0, and define the sections S¢ of ¢ as
S = {vg < 7‘2}.

We will study equation () for kernels of the particular form

ba I . —
Kaoplz,y) =(2— a)w, with b : QxR — [A 1,A] (2)
v 2 (y)
for constants A > 1 and o € (1,2). Our main result states that if
sup  |ba,s(2,y) — b(y)| <, (3)
acA,BeB
(z,y)€QXR™

for a small enough n and b € L*°(R"), then solutions of (Il are of class
Cllo’?o (Q), where ag is to be specified further.

The regularity theory for fully nonlinear nonlocal elliptic equations was
initiated by Caffarelli and Silvestre in their seminal paper [7]. They treat
the case corresponding to ¢ = |.|?> and a translation-invariant operator, and
develop a nonlocal version of the ABP estimate, establish a Harnack inequal-
ity and derive Holder regularity estimates. Additional regularity assump-
tions on the kernels lead to Holder gradient regularity through a standard
cut-off and integration by parts technique. This theory was the starting
point for many other developments in the nonlocal setting. For example,
an anisotropic scenario was considered in [0l [I7] and the case of a general
convex ¢ € C2(R") satisfying

v < det(D?*¢) <T in R", (4)

for 0 < v <T < oo, was the object of [I0]. In this case, since the sections of
¢ are comparable to ellipsoids (see Fritz John’s lemma, in [I3]), the kernels
can be very degenerate and improved estimates that take into account the
deformation of the sections of ¢, which is driven by the Monge-Ampere
equation, are required.

As in the local case, a natural extension is to develop an approximation
theory that allows for the inclusion of coefficients in the operator. In general,
dealing with z—dependant equations can be rather challenging since the
dependence could break off the effect of the operator. The case ¢ = |.|2
was again dealt with by Caffarelli and Silvestre, who were able to prove in
[8] that if two nonlocal operators are close in an appropriate sense, then
the solutions of the corresponding equations have the same regularity. To
prove Holder gradient regularity for the solutions, however, the kernels of
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the constant coefficient operators needed to have a fair amount of regularity,
a restriction that would be removed by Kriventsov in [I5] by means of an
approximation argument. Putting it bluntly, our paper is to [10] what [8] was
to [7]. Alternative regularity results are also available in different scenarios
and we steer the interested reader to, e.g., [2] 111, 14, 18] 19].

The heart of the matter in proving gradient Holder regularity in [§] is to
understand what kind of equation functions of the form

wA(®) = sl ~ 10\) )

solve, for an affine function [, and capture their behaviour as A approaches
zero. The first issue is to somehow force a fair scaling behaviour of the
operator, so that () still satisfies an elliptic equation in the same class as
that of the equation satisfied by u. The second issue is purely nonlocal: in

order to apply compactness arguments, one needs to extend previous Holder
regularity results for solutions with certain growth at infinity since this be-
haviour is always expected. Therefore, finding suitable weights that control
the growth of the solutions is crucial. The weights must be comparable to
the kernels at infinity, so that we can assure the operator is well-defined at
the solutions. In [8], since the order of the equation is greater than 1, the
weights have the form

1
W) i = —————,
(v) 1+ [y
and so the solutions could have growth comparable to (,, = |.|'T%, for any

o satisfying o, < 0 — 1. This is due to the fact that
Goclls ey i= [ W)y < o

The main novelty in our problem, with a general convex ¢ € C?(R")
satisfying (), is that the setting changes in both issues described above.
Foremost, scalings of the form (Bl still satisfy an elliptic equation, but in
a different class as the original one. More precisely, we need to scale the
kernels ([3]) as

ba,s(A—, A=)
M 9
Vgy
and it is crucial that, although the ellipticity class changes, the ¢, still satisfy
(), with the same bounds. Secondly, since growth at infinity is unavoidable,
one needs to beware the choice of the weights. The reasonable alternative
is to choose

where ¢y = A7 2p(A—),

1
Wd>(y) = nto )
1+ v4(y) 2
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since it controls the behaviour of (2]) at infinity, and so, for some a3 < o —1,
we need

HCmHLl(Rde,) < 00. (6)
If scalings were not in use, the basic setting would be then settled to develop

the theory. However, because scaling is imperative in our case, we need to
choose scaled weights Wy, and find an exponent oy < o — 1 such that

HCOCAHLl(R",W¢A) < 00. (7)

We stress that all these ingredients need to be uniform in A, and so a cautious
analysis needs to be performed so that estimates do not degenerate as A goes
to zero.

Unlike in [§], a regularizing effect on the kernels of the equation occurs
through the scaling procedure. More precisely, the following convergence
holds true (see proposition [), locally uniformly in R™:

vy (y) 222 D2G(0)y - y.

Furthermore, if condition (@) is true, then (7]) becomes stable and we are
able to prove a stability result that allows the kernels to vary (see Lemma
B). Now, the fact that the family {¢y}c(o,1) satisfies (@) becomes convenient
again, since it makes Holder estimates from [I0] uniform in the parameter
A. Therefore, we make way to import the regularity theory valid for a nice
equation with kernels comparable, up to a rotation, to that of the fractional
Laplacian, and we may use Kriventsov’s results from [I5]. We prove, as
a consequence, Ch?0 regularity estimates for solutions of () with kernels

satisfying only (@), @) and (@), for
ap < min{ay, o},

where «, is the exponent obtained in [15] and «4 is from ([6]). In particular,
if our equation does not have r—dependence, we slightly improve the gra-
dient regularity from [10] since we demand only (@) for the kernels (this is
automatically true in the setting ¢ = |.|?).

Moreover, as an additional technical difficult, we do not assume any sort
of symmetry on the kernels. The aftermath is that many computations in
the paper, such as in Proposition BBl and Lemma Bl need to be cautiously
done. Condition ([l is once again instrumental in assuring the estimates
are steady with respect to the parameter \. It is also important to mention
that all of our estimates are uniform with respect to the parameter o, which
satisfies o > 09 > 1 + oy, with a3 from ({@).

The paper is organized as follows: in section 2] after some preliminaries,
we introduce the definitions to be used in the remainder of the paper and
our main assumptions. In section Bl we present the stability result and the
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approximation lemma. By applying an iteration procedure, we derive, in
section Ml the gradient regularity estimates for solutions of ().

2. PRELIMINARIES, DEFINITIONS AND MAIN ASSUMPTIONS

We gather in this section some definitions and auxiliary results, in addi-
tion to stating our main assumption. We start with a simple lemma that
will be instrumental in the sequel.

Lemma 1. Let U1, ¥y € C3(R™) be two convex functions such that
A\ < det(D*Wy), Ay > det(D*Wy),
for 0 < A, A2 < oo and define vy, (z) = V;(z) — V;(0) — DY;(0) - z for
i =1,2. For everyr > 0, there exists a constant C = C(r,¥1, ¥s) such that
vy, (2) < Cvg,(2), Vz € B,.
Proof. Given r > 0, consider the C? auxiliary function f : R™ — R defined
by
f(Z) =ty (Z) - CU\I’2(Z)7

0 g [Je DD ()

where

Then
D%f(z) = D?vy,(2) — CD%vy,(2)

= Dz\Ifl(Z) — CD2\I’2(Z)

< ()\max(D2\Il1(2)) - C)\mzn(D2\I/2(2)))[d <0

so f is a concave function in B, and, therefore, it stays below any tangent
hyperplane. In particular,

f(z) < f(0)+Df(0)-2=0, VzeB,.

We next define the appropriate notion of solution to our problem.

Definition 1 (Viscosity solution). Let f be a bounded and continuous func-
tion in R™. We say a function u : R" — R, upper semicontinuous in €1, is
a viscosity subsolution in  of the equation

I[u(:ﬂ),ﬂj‘] = f,
and we write Z[u(x),x] > f, if, whenever xg € Q, N C Q is a neighbourhood
of x9, and p € C*(N) satisfies

o(ro) =ulzo)  and  @(y) >uly), Vye N\{zo},
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then, if we choose as test function T such that

N 2 m N
"l u in RM\N,
we have Z[T(x),z|(xo) > f(x0).
A supersolution is defined analogously and a solution is a function that is
both a viscosity subsolution and a viscosity supersolution.

The definition of the extremal operators is basically the same as is [10].
These operators are important to define the uniform ellipticity condition
with respect to some class £. Here, £ is a set of linear operators L of the
form

Llul() = [ (ue +9) + ule ~ y) — 2u(0)Kl)dy

for some kernel .
We say that a nonlocal operator Z is elliptic with respect to some class £
if
M [w)(z) < Z[(u+w)(x),z)(x) — Zlu(z), 2)(z) < M/ [w](z),  (8)

where

My [w](z) := inf L{w](z), M/[w](z):= sup L{w](z).
Lel Lel
In [I0], in order to obtain the ABP estimate, a Harnack inequality and
Holder regularity results, the kernels needed to be in the class Eg(a), which
is the class of linear operators with kernels K satisfying

Ak <@-0—2 )

vy(y) 2 v (y) 2

for some A > 1. It is known that for the class defined by (@) the extremal
operators have the simple form

(2-o0)

_ l5+(u,gj,y) - Aé—(u7$7y)
MEO o [u](x) = (2 - U) A nto dy
() "
vy(y) 2
and .
AT (u, z,y) — 0~ (u, 2,y
MY, (@) = (2 o) woy) ~ 30wy,
£9(0) .
vy (y) 2

where 6(u, z,y) = u(z+y)+u(r—y)—2u(z), 6" (u, x,y) denotes its positive
part and 0~ (u,x,y) its negative part. We would like to point out that if
v =T =1 in equation (@) then Pogorelov’s result (a proof can be found in
[12] Theorem 4.18]) states that ¢ is a quadratic polynomial. Then vy(y) =
Ay -y, for a matrix A satisfying det(A) = 1. Equations with kernels in this
form were studied in [4] in a different setting related to a nonlocal version
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of the Monge-Ampere equation. The interested reader may also appreciate
[9], for a different approach, and the more recent contribution in [5].

The requirement that u € L'(R™, W), for some weight W, allows u to
have a certain growth at infinity. For example, in the classical case of [§],
for operators with kernels satisfying the inequality @) with ¢ = |.|, the
natural choice would be

1

W(y) = W,

simply because this weight controls the tails of the kernels at infinity, and

so the integrals are not singular for o > oy.
Therefore, a natural choice for the weight in our setting is

1
We(y) = T _ntog
14+ wy(y) 2
in order to bound the tails of the kernels K satisfiying ().
The weight Wy satisfies three properties that will play an important role
in our analysis. We next state and prove them.

(10)

Proposition 1. Assume KC is a function that satisfies

K(y) < A2=9)
ve(y) 2

Then for each r > 0, there exists a constant C,. such that
K(y) < C:Wsly),  for y ¢Sy,

Proof. Notice that for a kernel K satisfying the assumed bound, we have

K(y) < A 2=0)

— n+o

vy (y) 2

n+o’0

NP L) R
vg(y) 2

= A2-0) (%ﬂJr%(y) 2 )qu(y)
vg(y) 2

IN

A2 — op) <rn1+0 + r"o‘“> Wo(y)

IA

202  00) max { sz, s} Way)

- CrWd)(y)7
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for every y ¢ 5S¢ with C, = C(A,00,m,n). O

Proposition 2. The weight Wy is not singular, i.e., for each r > 0, there
exists a constant C, such that

sup. Wy(z) < CrWy(y).

z€Br(y)
Proof.
n+o’0
1 1+uwvs(y) =
Wd)(z) = n+og = ¢ mwd)(y)
14+ v4(2) 2 1+ v4(2) 2
n+ao
1+ (vp(y) —ve(2) +ve(2)) 2
_ (v (y) — vg( )n+ao¢( ) Wi(y)
1+wg(2)2
n+o‘0
< 1+(|v¢(y)—v¢(2)l7lif¢(z)) " W, (y)
1+wvg(z) 2
n-+o n—+o n—+o
< L2 () — )l ) T,
N 1+ vp(z) 5"
n+o’0
< 2 (1 + Lrale) = vgle)] 2 ) Wo(o)

1+ovg(z) 2

n+o‘0

< C(n,o00) <1+P(7“) 2 )qu(?/)

- CrWd)(y)7

for every z € B,(y), with C, = C(09,7,n) and where p is the modulus of
continuity of vg.
(]

It is important to notice that the modulus of continuity of vy is the same
as that of ¢, since D?¢ = D2v¢. Therefore, the constant C). is the same for
any solution ¥ in the Monge-Ampeére class

v < det(D*¥) < T.

The next statement guarantees that the test functions in Definition [I] are
suitable for our operators. These computations have already been made in
[10] but we need to assure here they are invariant with respect to solutions
of the Monge-Ampeére equation.
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Proposition 3. Let g : R® — R be a function such that g € C?(B,(x)),

gl 1o,y M and  |g(y) = Ipgy ()| < Mly —z*, y € By(),

where Ipg(y) := g(x) + Dg(x) - (y — ). Then, there exists a constant C
such that

lg(z)| < CM (11)
and
Llgl(@)| < OM. VL € £(0). (12
Proof. Observe that, for y € B,(0), we have

16(g,z,9)| = [29(z) — g(z +y) — g(x — y)|
= [29(z) = g(z +y) — 9(x = y) — lpg(a) (= + Y) + Ipg(z) (T + )|
< |g(z —y) — Ipg@) (@ — v)| + |9(x + y) — Ipg)(z +v)|

< 2M|y[%.

Using the reverse triangle inequality and multiplying both sides by the
weight Wy, we obtain

20g(2) We(y) < 2MyPWy(y) + |g(z + ) Ws(y) + lg(z — 1) We (y)-

Since Wy(y) < 1 and |y| < r, integrating over B,(0), we reach

2lg(x)| /B Waly)dy < 2Mr2B,|+ / 9z + 9) Wa(v)dy

r

+/ 9(x — y) Wy (y)dy.

We now bound the two integrals on the right-hand side using Proposition 2
To uniformly bound

We(y)dy
B,

from below (independently of scalings of the form A~2v,(\z)), we use Lemma
1 to get

n+ao
n+ao

Ltug(y) 2 =1+ [U¢(y)

ly|?

|y|n+00 é O("”? ¢7 n)?

thus obtaining (II]).
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To prove (I2]), we start by choosing 7, depending on the modulus of
continuity of ¢, such that Sﬁ C B,(0). Then, if L € Eg(a), we have

/5(g,w,y)/C(y)dy < (2—0)AM/ ly[? dy
Sy s¢
n n

n+o
2

s(y

IN

2-aamc [ Pl dy

Sy

< (2-o)AMC /B 2y~ dy

= (2—0)AMC]831\/ s%sT" 75" s
0

= Ci(An,Cyr)M

The constant C' = C(r, ¢) is from Lemma (I), which turns out to be invariant
by scalings of the form A\2¢(\z).
Now we estimate the integral at infinity. Let us separate it in three parts.

/ 9@+ 9Ky < C, / 9z + ) Wi (y)dy
R\ SY R™\ S5

IN

Cy lg(z +y)|  sup  Wy(z)dy
R\ 5P 2€B1 (z+y)

IN

CpCh / l9(z + y)[We(z + y)dy

n

< 0(777 n, oo, p(l)) ||gHL1(R”,W¢)

S C(n?”? UO?ﬂ(l))M'

where C is the constant from Proposition 2] and p stands for the modulus
of continuity of ¢.

We may assume that the kernels are symmetric (but see Remark [Tl at the
end of this section) and apply a similar reasoning to get

/ gz —y)| sup Wa(2)dy < Cln.n, o0, p(1)) M.
R7\S z€B1(z—y)

Finally, using (IIJ), we can estimate

1
[ eicway < o[ —ay
R™\S}) R™\SY vy(y) 2
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Notice that we can show that the quantity
1
/ y o m=
R™M\S; v (y) 2

is finite employing the elementary layer-cake formula [12] Lemma A.36] and
the fact that |S§f5 | = r™ (depending only on the bounds of the Monge-Ampere
equation), as shown in [I3]. Indeed,

1 R _ n 1
/ ¢7nﬁdy: (n+0’)/ "ol (R \S{f)ﬂ{ 1>75} dt
R™M\SE vy (y) 2 0 U¢(y)2
~ (n+o) / et [®S9) 015y
0
1
~ (n+o) / "o RS9 0 S dr
0 t
" 1
< C’(n+0’)/n grto—1_ gy
0 t
_ clnta) 1
o ne
Putting all estimates together, we obtain that
i) =| [ dtaz Ky < O
O

We need to impose an integrability assumption on the solution ¢ € C2(R")
of the Monge-Ampére equation.

[A1] The function ¢ : R® — R defined by ((y) = |y|'*! satisfies
¢ €L (R, W), (13)

for some a1 < o9 — 1.

A simple example of a function in R? satisfying the assumption is
1.
O(y1,y2) = vi + 13 + 3 sin(y1 ).

Proposition 4. Let assumption [A1] be in force and let ¢y (z) = A"2p(Ax).
Then

HC”LI(Rn’Wd))\) <C (7170070417(% HC”LI(R7L7W¢)> .
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Proof. We have

1
I nyy, ) = / 1+ dy
e

= )\_n_l_al / ‘2’14‘061 1 n+og dZ
" L+ (A20h(2)) 2

= )\—n—l—al (A1 + Ag + Ag),

7L+O'O _
2 )~ over

where Ay, Aa, A3 stand for the integrals of |.[1T21 (14 (A2v,(.))
the sets By, B1\B) and R™\ By, respectively.
Now,

Al S/ |Z|1+a1dz < C(n)An+1+a1’
By

and so A" 71721 4, < C(n). For As, we have

1
Ay < )\n-i-Uo/ |Z|1+a1 —
B1\B» U¢(Z) 2

dz.

By Lemma [l with r = 1, U1 = |.|? and ¥y = ¢, we get a constant C(¢)
such that

El =
< C(¢), forze Bj.
vg(2) (@)
Then
1
Ay < C(op,n )\"+UO/ P Rl —
2 ( ) Bi\By | | ’Z‘n+00
1
- C((b,n))\”Jr"O/ re1 =0y
A
< C(¢,n)\vHo0 ! [Avr—ootl ],

op—1—aq
Therefore, we get

AT 4y < Oy, 00, 00).
Finally, for As, we have

7L+O'O

)\—n—l—alAg < )\Uo—l—al/ ‘2’1-1-(11 1 da.
R\ By Ud)(z) 2

Therefore, if assumption [Al] holds, we can get a uniform bound (in the
parameter \) for the term As.
U
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Remark 1. If the kernels are not symmetric, we control the quantity
1

¢|g(m—y)| mdyy

R7\Sy Vp(y) 2

using assumption [A1] and a natural growth condition. Indeed, assuming
g :R"™ — R is a function such that

l9(y)| < Jy|'T fory € R™\SY,

for some n > 0, we obtain

1 1
/ . l9(z —y)|——gzdy < / . |z — y|1+a17nﬂd@/
R\ 58 vs(y) ™ R™\S§ vg(y) 2

o 1
e
R™\Sp Ud)(y) 2

< Cluleh [ W
R"\Sn

IN

In our main theorem, the growth condition stated above will appear naturally
and is, by no means, restrictive.

3. APPROXIMATION RESULTS

In this section we are going to deliver the key lemma of this paper, con-
sisting in showing that if the operators in our class are close in some suitable
sense then so are their solutions.

We start with a standard result that makes use of the ellipticity structure
to restrict the set of test functions in Definition [II which is important to
simplify the proof of the stability result. The proof is essentially the same
as in [8] but we include it here for the reader’s convenience.

Lemma 2. In Definition [1, it is enough to consider, as test functions o,
quadratic polynomials and, as neighbourhoods N, balls centered at the touch-
1ng point.

Proof. Let ¢ € C?(N) be a test function that touches u from above at a point
xo and, for simplicity, assume zg = 0. Let P, be the following polynomial

P.(z)= % (D%9(0) + €I,) x - = + V(0) - = + ¢(0).

From Taylor’s expansion,

o(z) = p(0) + Vp(0) -z + %D%D(O):E -z +7re(x), with lim ra(2) =0,

z—0 |:E|2
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so, given € > 0, there exists p > 0 such that, if |z| < p, then

o(x) — <<,0(0) + Ve(0) - x+ %ngp(O)x . :E) ‘ < €z (14)

which implies
o(x) < Pe(z), Vo€ B,
Then P > ¢ > u in a neighbourhood B, C N, with r < p.
Define

| p(x) ifxeN
To(r) = { u(x) ifxegN.
and
| Pex) ifze B,
Tel() = { u(x) ifx & B,.

With 1 denoting the indicator function, we have
Te(r) < 1p(x) + 2E|:1:|2]lBT, Vo € R",

which is obvious if x ¢ B,; for x € B,, it follows from (I4)) that

1
—elaf? < ol) — ((0) + Vo(0) - + 5D*(0)a @) <l
So we have,
()
(0) -2+ 2D%p(0)z - x — ez
P-(z) — 2€|z|?
= 7e(z) — 2¢|x*1p,.

vl
b
(=)
_l_
<
b

Since Pr is a quadratic polynomial such that Pr > ¢ > u and ¢ touches u
from above at 0, we have P:(0) = ¢(0) = u(0). Hence, Pr touches u from
above at 0 and so, by the definition of viscosity subsolution, we have

Zre(), x](0) = f(0).
On the other hand, by uniform ellipticity,
Llrp(x), #](0) — Zlre(x), 2](0) = _MZg((;) [2€]2/*15,] (0)

= — supLeEg(J) L [26’%‘2]].Brj| (0)
> —2eC,

where we have used Proposition Bl in the last inequality. Since

Llre(x), x](0) = f(0),
we have

[7e(z), 2](0) — 2Ce, Ve > 0.
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The following is a simple remark concerning the scalings of the solution
of the Monge-Ampére equation.

Proposition 5. Let ¢ € C*(R") satisfy @) and define ¢x(y) = A" 2p(\y).
Then the function vy, (y) converges to vg, := D*¢(0)y - y, locally uniformly
as A — 0, where ¢o(y) = D?¢(0)y - y.

Proof. By Taylor’s expansion,
Ve, () = Oa(y) — da(0) = Voa(0) - y

= AZ(2D%(0)y -y + 1 (1))

= D(0)y -y + "G,
for y € B,,, with n small enough. Therefore, if A — 0,
vy (y) — D?¢(0)y -y,

locally uniformly. O

We now prove the stability lemma, that will play a key role in the approx-
imating results. We will consider the simpler linear case just to highlight
the main ideas.

Lemma 3. Let Q be open and bounded, and let ¢ € C*(R™) be conver and
satisfy @)). Consider the family of scalings {vg, })\6(0 1 and assume there
exists a sequence

(ks iy fi,0) € R x C(Q) N L (R“,W%) % L) x Lo(Q x R™)

such that
b
o Tilug(z),x] := 5(uk,x,y)%dy = fr(x) in the viscosity
R U¢>‘k (y) 2
sense in €);

o u, — u uniformly in Q and a.e. in R";
o |up(z)| < (1+¢(x)) in R™, for some aq such that aq < o —1;
° )\ — 0;
e fi. — f, locally uniformly in Q;
e b — b, uniformly in ) x R™.
Then,
b
Tu(e).alw) = [ o) Y ay = @), zeo.

n+o

R™ Vo (y) 2

in the viscosity sense, where ¢q is as in Proposition [3.
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Proof. We do the proof only for supersolutions. To prove that

Tlu(z), z](x) < f(2),

we need to show that, given ¢ € C?(z), touching u from below at z, we have
Tir(x), 2](x) < f(x), where
| plx) ifzxeN,
T(@) = { u(z) if z & Ny,

where N, is a neighborhood of z. By lemma (@), it is enough to consider
as test functions quadratic polynomials p and neighbourhoods N, = B,(x).
Since uy, converges uniformly to w in Q, for large values of k, we can find z;,
and dj such that p + dj touches uy at zp, with x;, — x and di — 0, when
k — oo. Since Zy[ug(x), x| < fr in the viscosity sense in 2, if we define

[ p+dy in B.(x)
7e(®) = { U, in R™\ B, (),

then Zy [ (x), x](zx) < fr(zg). Clearly, 7 — 7, uniformly in B, (z).
Now, let 2z € B, 4(x). By the triangle inequality,

|Zi[mk(2), x](2) — Z]r(2), z](2)|
< |Tilm (), 2](2) = Tilr(2), 2](2)] + |T[7(x), 2] (2) — T[7 (), 2] (2)].

From the ellipticity condition, and denoting, by simplicity, ¢, with ¢, we
obtain

Tilrw(x),2](2) = Telr (@), 2l(z) < My ol —7(2)
< Mg o) =TI

and
Tilr(@).2](2) - Tn(@).alx) < M [ - (2
< My ()l - 72)
Hence,

Tulral@).)(2) - Tulr @), 2]
max {18y =TG- o)}

IN

< sup |L[rx — 7](2)]

Leﬁgk(a)
A2—0o
< / |6(Tk — Tazay)’%dy
" Vg, (y) 2
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For points y € B, 5, we have 2z +y € B,(z). Therefore, 7 — 73, = di, which
implies d(dg, z,y) = 0. Plugging this into the above inequality, we get
k[ (), 2](2) — Zp[r(2), =] (2)]
<

A2—-o
>~ / ‘5(7—]6 - T7Z7y)‘¥
R7L\Br/2

n+o y

Vg (Y) 2
A2 -0

< [ lm-neen i,
B s Vo)

A2 -0
R s R o
_ Vo)
A2 -0
lm-nel [ A,
Rn\S#k U(bk(y)

2

where we choose p = p(r) such that

Sk C Byja, VkeN.
Now we apply Propositions [l and 2] to get

P s

< C;L s |(Tk - T)(Z + y)|W¢k (y)dy
R™\S,,*

IN

CuC | (7 = )+ )W (y + 2)dy
R"\Suk

IN

Furthermore, by computations made in the proof of Proposition (3], we
obtain

A2 —0) n+2
/R maly<

S v, (y) 2 aop
and so

| Zi[7(2), 2(2) — Ti[7(2), 2] (2)]

< Cilm —THLl(Rn\Sﬁka%) + Co|mi(2) — 7(2)]
A2—-0
o R CR e
R"\Suk

nto Y-
Vg, (y) 2
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Since uj — u, a.e. in R”, we get that 7, — 7, a.e. in R™. Therefore, by
Proposition @] assumption [A1] and the growth assumption we obtain, by
the dominated convergence theorem, that

HTk_T” )—>0

LY (R\SF Wy,

Note that, by the same computations made in Remark [I], we get
A2—-0o
[ tm=ne - =2y
R\ Spk Vg, (y) 2

< Cluleld) [ W )
R™\ S, *

= C (,U,, Q,A) ”CHLl (Rn\53k7w¢k)

< C,

where we used assumption [A1], along with Proposition [ to get a uniform
bound on the weighted norm.

Now, notice that, for every z € B, 4(x), we have 7 € C*(Bj,/4(2)) and
thus

Zi[r(x), x](2) — Z[r(z),x](2), uniformly in B, ,(x) when k — ooc.

Therefore, we can combine this with Lemma [Tl Proposition [ and assump-
tion [A1] to get

bp(z,— b(z, — n
rz o)) |Gl Ha D) e g,
V(=) 2 wgy(—) 2
uniformly in z. Since
bk‘(z7y) — b(’z?y) a.e. GRn

n+o ?

nio
Vg, (y) 2 Vg (y) 2
we get, again using the dominated convergence theorem, that

| Zi[r (), 2](2) — Zlr(x), 2](2)]

bk(zay) b(Z,y)
< o(T, 2, — | d 0.
[ 18zl R L
We thus obtain
Tk[ri(2), 2] (2) — Z[r(2), 7] (2), (15)

uniformly in B, /4 ().
Finally, we have

| Zi[m(2), () = Zlr(2), al(2)] < |Tilme(e), 2l (2r) — Tl (), o](an)]
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and, using ([I3])) and the continuity of Z[r(z), z], we obtain
| Zr[mk (), x](xr) = Z[r(z), 2] (2)] = 0,
when k — oco. Since x; — x and f, — f locally uniformly,
Zir(x),z)(z) = lim Zg[me(z), z](xr) < lm fip(zg) = f(2),
k—o0 k—o0
and therefore Z[7(z), z|(x) < f(x). O

We are now ready for the approximation lemma. It plays an important
role in the subsequent analysis.

Lemma 4. Assume o > o9 > 1+ a; and ¢ € C*(R") is a conver function
satisfying @) and assumption [A1]. Let ¢g be the function from Proposition
A Given M > 0, a modulus of continuity p and ¢ > 0, there exist a small
n >0, A>0 and a large Ry > 0 such that, if

b
e —1n < inf sup/ d(w, —,y)Mdy < 1, in the viscosity sense

a€A g Vg, (y) n;o'

mn Sl

o for every a and B, b(y) —n < bag(x,y) < bly) +n, Vo € Sfo,
Yy € R"™;

* [w(y) —w(z)| < p(ly — z|), Yo,y € Bry;
o [w(z)| < M(1+((x)), Vo € R,
then, there exist a function wg : R™ — R such that

o |wo(z)] < M (1+((x)), Ve € R";

° O(woy, —yY) —— = by ) —dy =0, in the viscosity sense in S90.
R™ Vo (y) 2
o |w—wp| < e€in Sfo.

Proof. Suppose, by contradiction, the lemma is false. Then, there exist
sequences Ry, ng, Wk, A\, by such that

R — o0, mp—0, A —0 and by — b uniformly in Sf)o x R™

and
bk z,y
—1 < 5(%@&)%@ <Mk
R™ gy, (¥) 2

in the viscosity sense in Sf Y but

sup |wg —wp| > € in Sfo, (16)
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for all wq solution of

b
5(wo,x,y)%dy =0.

R® U (y) 2
By Proposition [,

Vgy, (z) — D?*¢(0)z - 2 = vy, (2),

locally uniformly and thus almost everywhere in R”. On the other hand, the
wy, have a uniform modulus of continuity in Bpg,, where Rj, — oo, so, up to
subsequences, wi — W uniformly on compacts and thus almost everywhere
in R™. By Lemma Bl we pass to the limit to get
b
5(@,$,y)¢dy =0 in Sf)o.

n-+o

Rn Ve (y) 2

Since wy — W uniformly in Sf 0 for k sufficiently large we have a contradic-
tion with (6. O

4. REGULARITY FOR VARIABLE COEFFICIENTS

This section is devoted to the proof of the main theorem of the paper.

Theorem 1. Let o > 0o > 1, let ¢ € C*(R™) be a convex function satisfying
@) and assumption [A1], and let u be a viscosity solution to () in Sf. There
exists 0 < n < 1 such that if

sup  |bag(z,y) —b(y)| <,
acA,BeB

(x,y)engR”

for b e L>®(R™), then u € Cl’ao(Sf) and the following estimate holds

llenansp) < € (Wellmqany + 151, 55) )

for 0 < ag < min{a, a1}, where oy is from assumption [A1] and ., is from
Theorem[3. The constant C depends only on n, A, oq, s,y and T'.

The idea is to iterate the approximation lemma (Lemma M) to quotients

of the form
[u—1](A-)
/\1+a0 )

where [ is an affine function and A > 0 and g are to be chosen in the sequel.
To assure that Lemma M can be applied for every small enough A, the first
step is to grant a modulus of continuity to solutions that grow at infinity.
This is done using a standard technique.



NONLOCAL EQUATIONS WITH DEFORMING KERNELS 21

Theorem 2. Assume o > o9 > 1 and w € C (Sg) satisfies, for M > 0 and

¢ from [A1],
lw(z)| < M(1+¢(z)), =eR",
and solves

w > —CQ, M,

£9(0) " <Co

M+
£9(0)

in the viscosity sense in Sg’. Then, there exists o > 0 and a radius p such
that w € C* <S§) and

lwll .. oy < C* | sup|w|+Co+C|C|l;1(gn
1 (sﬁ) 59 LY (R, W)
for some universal constant C*.

Proof. Define w(z) = 1 4o (v)w(z) and notice that for = € Sf,
2

Lw(z) = Rné(mw,y)ﬁ(y)dy

= Lu(e)+ [ (e +9lggla+y) —ule+ 9Ky
+ [ o= ptggle ) - wlz - Ky

— Lu@) - [ wlrpKedy - [ e K
Rr\Q+ Rn\Q~
where
OF ={yeR":z+yesy} and Q ={yeR":z—yecSi}
Now, if d = dist(0S7,05%), we have
Ba(0) c QF, Q.

Therefore, from the growth assumption for w, we can estimate

< C y| e
R™\ B, v¢(y)

/ w(x +y)K(y)dy
Rr\Q+

IN

C(d) ¢l -

The same computations are valid for the other term and we get

MZ(;(J)W(@’) = Mgg((,)w(w) — C ¢l @,y = —(Co+ ClICH L1 mn )
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for x € Sf . The same calculations apply to MZO (o)
é

Mﬁ_g(a)@(l‘) <Co+C ||CHL1(R",W¢) )

leading to

for x € Sf . We now apply a scaled version of [10, Theorem 6.2], to get
the existence of o € (0,1) and a small radius p, depending on A, A, oy and
dimension, such that

1] ... (s2) <C* <Sﬂgp [w| + Co + C \|C\|L1(Rnw¢)> .
2 n

Since W = w in S¢, we also have

£3

Il sg) < € ( sup el + Cot C s g,
2

This constant C* depends on the constant 7 from [I0l Proposition 3.1], the

norm of the normalization mapping of the section S?p /2 A, 0¢ and dimension,

where 7 stands for the standard engulfing constant and p is the constant
from [10, Theorem 5.1]. O

Remark 2. We will apply the theorem above for the scaled family {$y},
with A € (0,1]. Since we need uniform estimates, we must assure that the
estimate above does not degenerate as A varies in the interval (0,1]. From
Proposition [4] we can uniformly bound the quantity |[C[| ;1 gn 0,)" On the

other hand, the quantity d) = dist(@S?A,ﬁSg)A) 18 uniformly bounded above
and below away from zero. We can also bound uniformly the norm of the
normalization mapping of S%Z’; /2 by making use of [12], Corollary 4.7].

Corollary 1. Assume o > 09 >1 and w € C (S—fr> satisfies

M+

L:(;)(o_)w > _C07 M~

. ¢
Eg(a)w S CQ m 527,,

with |w| < M(14¢) in R™. Then, there exists o > 0 such that w € C* <Sf)/2>
and

Il (ssy < € | suplul + ot Clelpsgaopny |- (47
S27‘
for some constant C*.

Proof. Let w* be the following auxiliary function

* . 1
wi(@) = max{l,r1+a1,r0}w

(rz).
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Then

MZO w*>—-Co, M.,  w"<Cy in Sfr,

(o) L3 (o)
or Pr
for ¢,.(z) = r2¢(rz) and |w*| < M(1+¢) in R™. By the previous theorem,

.. (527) <C* sup |w*| + Co + C ”C”Ll(Rn’W(p)
Sy

Rescaling back to w, we get (IT), where C* has the same dependence as in

the previous theorem, replacing for the norm of the normalization mapping

. or

of the section Sﬁp /20

O

We also need gradient Holder regularity estimates for solutions of the
limit equation

b
6(u,x,y)%dy20, xESfO. (18)

R™ Vo (y) 2z
It is interesting to note that we will not make use of the Cb* regularity
results from [I0], since our kernels do not necessarily satisfy the assumptions
therein. Instead, due to the regularizing effect of the scalings, we will make
use of the results from [I5], after a suitable change of variables.

Theorem 3. Let 0 > 09 > 1. Assume v € C <§f0> N LY (R, Wy,) is a
viscosity solution of

5(v,$,y)&dy =0 in Sf)o,

n+o

R™ (o (y)T
where K(y) = b(y)/v%(y)% € £go(a). Then, there exists a, such that

veChe (Sf})z) and

<
ol sty < € {0101+ Bllsaeam) |
1

where C' > 0 is a universal constant.

Proof. We remark that vg,(y) = D?¢(0)y - y. Since ¢ solves @), we get
that, in particular, the matrix D?¢(0) has only positive eigenvalues, and
so is invertible. Therefore, it may be decomposed in the following form
D?¢(0) = SDS!, where S is an orthogonal matrix and D is diagonal with
the eigenvalues of D?¢(0). Since the eigenvalues are nonnegative, the matrix
D has a square root, which we will denote by B := v/D. Then

D*¢(0)y -y = Qy - Qy,
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where @ := BS!. Notice that
x € Sf’o —= D?p0)zr-z<1 < |Qz|<1 <= z€Q }By),

that is, Q(Sf“) = B;. Now, define w = voQ~!. Since v € C(gfo), we obtain
w € C(By). For the growth condition, we have

1 B » 1
| et = [ QT e

= |det(Q d
|det(@ |/ 1+|Qy|"+"0y

= 14et(@Q] [ o) W (),
that is
HwHLl(R” " ):det(Q)”vHLl(anW%)'

T14].|nto0

We then obtain that w € C(By) N L* (R”, 1+H++"0> It is straightforward
to check that the function w solves in the viscosity sense

d(w, —, z) b(w)a dy =0 1in By,
R™ ly| 2

where b(y) = b(Q~'y). By [I5, Theorem 4.1], there exists a, such that

||w\|cl,a*(31/2>§0<||w||L1(Rn 1 )+Hw||m31)>-
71+‘A‘n+o'0

Rescalling back to v we obtain

ol (52 < (I9lingen ) *+ 1ol ) )
where T(C, Q). 1Q)) 0

We are now ready to deliver the proof of the main theorem in its discrete
version.

Theorem 4. Let 0 > o9 > 1, let ¢ € C3(R™) satisfy @) and assumption
[A1], and let u be a viscosity solution to () in SfR. There exists a small
n >0 and a large R > 0 such that if

sup |bas(z,y) —b(y)| <n, Vaec AVBeB, Vze SzR’
yeRn

|l oo (mry < 1
and
<
||f||L°°(S§R) >,
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then we can find universal constants 0, \,Cy > 0 and a sequence of linear
functions l, = ap + by - x such that

sup |u— 1| < Ak(teo)
Bgk
lagsr —a| < AR(Feo)

br1 —bi| < CodFeo,

for every k € N. The exponent ag satisfies ag < min{ov., aq}, where oy is
from assumption [A1] and o is from Theorem [3.

Proof. We proceed by induction. For step k& = 0, take [ =11 = 0. Assume
the result holds up to order k& and let us show it also holds for k£ + 1. Define

and consider 6 so small that
By C S%.
Observe first that the scaled function
O (y) = A" Fo(\y), yeR"

solves the same Monge-Ampeére equation

det (D*¢r(y)) = F(N'y) = F(y),
with the right-hand side satisfying the same bounds as F', v < F < I', and
that the level sets of ¢,x are related with the level sets of ¢ by

o (1) = A vy (Wry).

Now wy, solves an equation with the same ellipticity constants (but rescaled
kernels), namely

k. \k
inf sup 5(%@@)%

dy — )\k:(U—l—oco)f()\k:x)
aeAgeB Jrn Vg i (Y) 2

for z € )\_kSgR = S;}}I;\,k. Since, due to ([I3)),

c—1—ay>09p—1—ay>a; —ayg>0

and \ < 1, we have

HAkw-l-ao)f(Akx)HLOO(Hsé S Wl gy <
2R
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Therefore, wy, solves

bog(Nez, AP
—n < inf sup 5(wk,:c,y)ﬁ(—xn+g)dy < (19)
acA BeB JRrRn U¢Ak (y)T

for z € A~ kS¢ = S;}}I; k-
Let ¢g be the function from Proposition [l and take R large such that

Sf) °C Sg) - Then, since ¢g is 2-homogeneous,

SO = ATRSE, D ATRSP — 5%, 5 gf,

so that (I9]) holds for Sf ? for every k € N. From Corollary [II, wy, is Holder
continuous in Sz%k. Notice that, by Lemma [ with ¥y = ¢y, U5 = |.|? and
radius Ry, we obtain for large R

BRo C Sz’y,

and so wy is Holder continuous in Bpg,, where Ry is from Lemma [l We
can now apply Lemma Ml to the function wy, finding h : R™ — R satisfying
hec(S9), |hl < (1+¢) in R,

b(y)

n+o

d(h,x,y) s dy =0,

R™ Vg (y) 2
in the viscosity sense in S, and |wy, — h| < € in Sfo, for some small € to be
chosen later. By Theorem Bl we obtain

A < Cs.

Cliox S¢0 )

Letting I(x) = h(0) + VA(0) - , we have, by the mean value theorem,

[h(z) = U(z)]

IN

[Vh] 54’;) ‘x’1+a*

Ca*( 1 2)

IN

CQ‘LZ”H_OC*

for x € By),.
Since |wg| < 1 in By, we have |h| < 1+ € in By and then |h(0)] < 1 +e.
Also, by O estimates, we have |Vh(0)| < Cy. Therefore, we have the
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following estimates

lwi, =1 <

IN

lwy, —

IN

IN

lwp, =1 <
<

<

wi, — h| + [h — 1]

e(n, R) + Colx|*@ in Bg

lwg — h| + |h| + ||

3e(n,R) + 2+ Colz| in Bg\Bg
Jwi] + ]

2T+ [R(0)] + [VR(0)] ||

|z|'T + 1+ €e(n, R) + Colz| in R™\By.

Let us now fix A > 0, to be chosen later, such that e < AT Define

L () i= Lp() 4+ NPT (X k),

and
1
wp1(z) = W[U — L] (A1)
1 _

We have the following estimates for the scaling above:

w1 (z)] < ATI70(e 4 O Ao

IN

[ w41 ()|

IN

|wg 11 ()]

x’l—i-a*) in )\—IBQ
2

AT170(3e + 24 CoM|z]) in A"'Bg\A"'Bs
2

Almeo(z\Hargllter 4] 4e 4 CyM|z]) in R™M\ A1 By.

Using the fact that e < AT < 1, we obtain

lwp1(x)] < AT9(1 + Colz[He) in )\_lBg

(w1 (z)] < BATITA 4 CoA™0|z| in )\_lBg\)\_lBg

lwpi1(z)] < AT |p|Hrar p op~lmao 4 CuxT0|z| in R™M\ALB,.

27
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Notice now that for A < 1/2, we obtain
By-14 /2 2 By.
Recalling that oy < min{aq, a,}, we have, by the first estimate above,

w1 ()] < AW A Cofa]Hor)
)\a*—ao(l + 02)
1

ININA

in By, as long as A is chosen such that

1
1 ax—ag
A< .
- <1+02>

We will choose A so small that [wy,1(z)| < 2|t outside By as well. A
point € R™\ By must be in one of the sets

By-1972,  Bx-19\By-192 or R™\Bj-1,.

If, for instance, x € By-1g/5, we have 0 < |z| < A716/2, and so

IN

A+ =00 (1 4 Cy[1 o)
)\a*—ag(e—l—al +C2|x|a*—a1)|x|l+a1
39~ 0 (1 4 Cy)|af
)\a*—aoe—l—al ’x‘l—l—al + CQ)\Q*_QO ’JZ
()\oe*—age—l—og _‘_02904*—041‘

. max { (%)a*_al Ae1—ao, )\O‘*_ao}) E R

|t e,

|wg 11 ()]

Qs —Q ’x‘l—l—al

VANRVANVANRVAN

IN

as long as A is chosen small such that

1 Qs —Qp
()\a*_aoe_l_al + C29a*—a1 max { <§> )\a1—a07)\a*—a0}> § 1,

recall that both o, — ag and a1 — ag are positive and that a, — a1 may be
positive or negative.

Now, if # € By-19\Bx-19/2, we have A719/2 < |z| < A716. By the second
estimate, we obtain

lwp1(x)] < BATITA0 4 Co A~y
= S v )~lmar 4 Oy \a1—a0 \—au| g
< 220179 max {5, Cy} (g)—l—al ‘x’1+a1
< aftres,

as long as we choose A so small that

9 —1—0!1
2A 7Y max {5, Ca} <§> <1
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Finally, if € R™\B,-1¢, we have |z| > A~'6. By the third estimate, we get

=00 || L+ar  9y—1=a0 4 Ch A0 g

A0 (1420717 Coff =) [T
’x‘l—l-al’

w1 ()]

VANRVARVAN

as long as we take X\ small such that
AT (1420717 4 Cof7 ™) < 1.
We choose A such that all of the above conditions hold and we get
w1 (2)] < Jz[PF1, 2 € R™\By,
and so |wis1| < (1 + () in R™ as desired.
Notice as well that, for z € Byrt+1g and |wg11| < 1 in By, we have

|u(:17)—lk+1(:13)| = )\(k-i-l)(l-i-ao)|wk+1()\—(k+1)$)|
< A+ (I4ao)

By the definition of l;1, we have a1 = ar + )\k(1+°‘0)h(0) and by =
by, + A2V 1(0) and so the theorem is proven. O

Now, the full regularity estimate of Theorem [I] follows as in [§], using a
covering argument.
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