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EXTENSIONS OF SPECIAL 3-FIELDS
STEVEN DUPLLJ] AND WEND WERNER

ABSTRACT. We investigate finite field extensions of the unital 3-field, consisting of the
unit element alone, and find considerable differences to classical field theory. Furthermore,
the structure of their automorphism groups is clarified and the respective subfields are
determined. In an attempt to better understand the structure of 3-fields that show up here
we look at ways in which new unital 3-fields can be obtained from known ones in terms of
product structures, one of them the Cartesian product which has no analogue for binary
fields.

1. INTRODUCTION

Algebraic structure which is based on composing more than two elements can be traced
back to early work of Dornte [§] and Post [18] and has later shown an increase in interest,
see for instance [3, [4 [B, [0 O, 11, 12, 15, 16], and especially in physical model building
[T, 2 17, (17, 13], 14]. On many occasions, such a theory substantially profit from embedding
objects into a larger structure in which such seemingly unconventional algebraic structure
can be reduced to more conventional concepts. For a typical example see the brief discussion
of ternary commutative groups in [10].

In cases where multiple algebraic operations of this kind are present (for example, the 3-
fields investigated here) such an approach, however, is less successful, and the theory requires
rather novel techniques. Our principal definition in the following is

Definition 1.1. A set R equipped with two operations R — R, called ternary addition
and ternary multiplication, is a called a 3-ring, iff for each r,71923,512€ R

(1) there are additive and, respectively, multiplicative querelements ¥ € R and T so that
r+74+r; = ry as well as r7r; = rq,

(2) s189(r1+ra+rs) = 818971 +5189r9 515973, and

(3) both operations are associative (i.e. no brackets are needed for multiple applications
of these operations)

R is called commutative, if the order of factors and summands can be permuted in any
possible way, and unital iff there is an element 1 € R with 11r = r for all r € R.

A (unital) 3-field K is a (unital) 3-ring iff for each k € K there is k € K so that kkk; = k;
for all k; € K.

In a 3-ring (or, more generally, in a commutative 3-group), the presence of a multiplicative
unit alone allows to introduce a binary product of commutative groups

-y = xly, (1.1)

which has the property that applying it twice on three factors results in the original ternary
product. Similarly, for a 3-ring R, a zero element 0 is defined by requiring that

Oxy = 20y = zy0 = 0 for all x,y € R. (1.2)
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Such an element is uniquely determined and as in the case of a 1-element for the multipli-
cation, it allows for reducing ternary addition of R to a binary one.

The fields we will investigate in the following will come equipped with a ternary addition
(and no zero element), and a multiplication that possesses a unit so that, right from the
outset, we will assume multiplication to be binary. We then have

Theorem 1.2 ([I0] Theorems 3.4, 6.1). A unital 3-field F' embeds into a binary field K (with
its inherited ternary addition and binary multiplication) if for each y € F\{1} the equation

r+y—ay=1 (1.3)
has the only solution x = 1. Whenever F is finite this happens if and only iff F = {1}.

Let us explain some of the basic features of the theory that will be used in the following
(details are in [10]).

To each unital 3-field F' belongs a uniquely determined (binary) local ring U(F') into
which it embeds as the subset U(F)* of units in such a way that the ternary sum of F
coincides with the binary sum of U(F') applied twice. (And, conversely, the units of any
local ring U with residual field Fo form a unital 3-field, with its inherited structure.) We
have U(F) = Q(F) u F, where the binary non-unital ring Q(F) consists of all mappings
(pairs) qup : f — f+a+b, a,be F, with addition and multiplication coming from pointwise
operations on the set of mappings ' — F'. We will frequently make use of the fact that each
q € Q(F) has a unique representation in the form ¢ = ¢, f, f € F'. As we will consider every
unital 3-field F' to be naturally embedded into the binary ring U (F') so that the querelement
f from F becomes —f.

Remark 1.3. It is for this reason that we no longer will formally distinguish between the
binary and ternary sums and write + throughout.

Any ternary morphism ¢ : F; — F5 canonically extends to a binary morphism Q(¢) :
Q(Fy) — Q(F,) (and hence to a binary morphism U(¢) : U(Fy) — U(Fy)) via ¢(qap) =
do(a),6b)- The kernel of Q(¢) is a binary ideal in U(F;), and we will address these binary
ideals of U(Fy) as the (ternary) ideals of Fy. We also will formally write a short exact
sequence of unital 3-fields as

0—>J—>F —> Fy —> 0, (1.4)

with the understanding that we actually are dealing with unital 3-fields F}, F' and Fj, a short
exact sequence of binary rings,

0 — U(F)) — U(F) — U(Fy) — 0, (1.5)

and the ideal J < Q(F}) arising as the kernel of the second arrow.

Using analogous definitions for unital 3-rings, the quotient of a unital 3-ring by an ideal J
of U(R) is a unital 3-field iff for any proper ideal Jy of U(R) for which J < J, it follows that
Jo n R = . Note that this condition is automatically satisfied when R already is a 3-field.

The basic examples are the prime fields TF(n) = {2k — 1| k=1,...,2" '} < Z/2" and
TF(o0), the ternary field of quotients of the unital 3-ring 2Z + 1. As unital 3-fields, they
are generated by the element 1. Since the unit of each unital 3-field F' generates a uniquely
determined prime field P, inside F', the number of elements in this subfield, the characteristic
X(F) =271 of F, is well-defined.

Extensions of 3-fields are a much more complicated subject than its binary counterpart.
The present investigation is a first attempt at a deeper understanding. The next section
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deals with products which exist thanks to the absence of a zero element. In some cases, they
provide 3-field extensions. The final section is devoted to 3-field extensions of {1}, which are
numerous and follow only in some cases the paths of Galois theory.

2. PRODUCTS OF 3-FIELDS

2.1. Cartesian Products. Since unital 3-fields are supposed to be proper, for each pair
of unital 3-fields F} o, all elements of the Cartesian product F} x Fj, posses a multiplicative
inverse so that F} x Fj is itself a unital 3-field, under pointwise operations. For the same
reason, however, there is no canonical embedding of one of these fields into F; x Fy. (There
is an exception in characteristic 1, though: In this case

L1 F1 - F1 X FQ, Ll(f) = (f, ]_2) (21)

is an embedding with 741 = Idp,.)

Theorem 2.1. Let F be a unital 3-field. Then the following are equivalent:

(1) F is the Cartesian product of two 3-fields F} o.
(2) There are Q12 < Q(F) so that as a binary ring, Q(F) = Q1 ® Q2.

Proof. If F' = Fy x F5 then q(a, a,),(61,b5) € Q(F1 X F5) acts by q(ay,a0),(61,50) (f1, f2) = (@1 + b1 +
f1,as + by + fo) establishing the binary ring isomorphism

Z: Q(Fl X F2) - Q<F1) S Q<F2)7 4(a1,az),(b1,b2) T (qa1,b17 Qaz,b2> . (2'2>

Assuming Q(F) = Q1 ® Q2 as rings, both @; are ideals of Q(F') and hence yield 3-fields
F; = F/Q; with corresponding quotient maps m;. Then 7(f) = (m(f),m2(f)) defines an
injective morphism F — F x Fy of 3-fields. Because 7 '(f1) = f + @, for some fY € F
and mo(fY + Q1) = Fy, 7 is surjective. O

The above result and its proof can easily be extended to infinite products [ [,.; F; of 3-
fields, and this is the product in the categorical sense: Whenever, for a 3-field GG, there are
morphisms v; : G — F; there is a unique mapping ¢ : G — [ [,.; F; which can be shown to
be a 3-field morphism.

Note also that Q(F) = Q(F;) @ Q(F3) is not related to a similar decomposition of U (F),
since

iel

[Q(F) ® Q(F2)] U [Fy x Fy] # [Q(F1) v F1] @ [Q(Fy) L Fy] (2.3)

Observe that modifying a construction from [I0] in order to create direct sums is futile:
Letting, for an odd number of finite 3 fields Fi,..., F,, (odd, in order to have a unit and,
possibly, invertibility),

D - {(ﬂ-) e U

(2

o) - 1} (2.4)

i=1

where 0 : U(F') — Fy denotes the natural grading for the unital 3-field F', it turns out that
(fi) possesses an inverse iff (f;)¥ = (1,...,1) and it follows that the set of invertible elements
within @}, F; equals X F;.
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2.2. Semi-direct Products and Unitization of Algebras. We will base the notion of
a semi-direct products of 3-fields on the concept of a split short exact sequence of unital

3-fields0 - J - F —- G — 0.

Definition 2.2. The unital 3-field F' is the (internal) semi-direct product of the ideal J <
Q(F') and the subfield G iff G is the image of an epimorphism 7 : F' — G with Kerm = J
and right inverse ¢ : G — F.

More abstractly, semi-direct products are connected to algebras over 3-fields. Recall [10]

Definition 2.3. Let A be a binary ring and F' a unital 3-field. We call A a binary algebra
over I, iff F' acts on A in such a way that, for all f, fi23 € F and a,a, 2 € A,

(1) f(ay + ag) = fay + fay

(2) (fl + fo+ fg)a = fia + foa + f3a

(3) (fif2)a = fi(f20q)
(4) 1pa =a
Similarly, we will call A a 3-algebra over F'iff A is a 3-ring (with addition coming from an
underlying commutative 3-group) equipped with a binary product so that, for all f, fi235 € F
and a,a; 2 € A,
flar +as +as) = fa1 + faz + fas (2.5)
while axioms (2)-(4) for a binary algebra are left untouched.

Note that we do not assume A to be unital.

Example 2.4. Q(F) is an F-algebra where the action of F' is given by fiqir = qs .17,
whenever ¢; y € Q(F) and f; € F.

Example 2.5. More generally, if the morphism of unital 3-fields 7 : ' — G possesses the
right inverse o : G — F', the ideal J = Ker Q(r) is a G-algebra with G-action g.j = o(g)j.

We will also need the fact that a binary F-algebra A becomes a binary module over the
local ring U(F') by letting
q.o=a+ fa, feF, aeA (2.6)
In case A is a 3-algebra, Q(F') can only act on Q(A) via
Q1,905 = Ga,b+fa+fo- (2.7)

Semi-direct products for unital 3-fields will be related to the unitization of an algebra over
a unital 3-field. There are two variants, one with purely binary operations, and another one
for which addition becomes ternary.

Definition 2.6. Let A be an algebra over the unital 3-field F'. Then the binary unitization
of A is defined on the additive direct sum

A =U(F) @ A (2.8)

with multiplication

(u1,a1)(ug, as) = (ugus, uras + usay + ayaz). (2.9)
Ternary unitization is based on the additively written commutative 3-group AL = F @ A
and a binary product which is equal to the one in the binary case.

It is straightforward to check that A}" is a binary unital ring, and A} is a unital 3-ring.
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Theorem 2.7. The unitization A of a nilpotent algebra A over the unital 3-field F is a
unital 3-field, and it follows that AT is a semi-direct product with canonical quotient map
AT — I and natural split F — F @ 0.

Proof. Since A* always is a unital 3-ring we still have to show that each element (f,a) has
an inverse. But, due to nilpotency of A,

(1,a)"" = (1, Z(—l)”a”) (2.10)

v=1
for N large enough, and hence (f,a)™ = f71(1, f~ta)~t. O

Corollary 2.8. For a finite unital 3-field Fy a subfield F' of Fy, and an ideal J < Q(Fy)
equipped with the natural action of F, A} is a unital 3-field.

There are infinite unital 3-fields F' for which Q(F') is not nilpotent so in order to find
3-fields among unitizations we need to define invertibility before unitization.

Definition 2.9. An algebra A over a unital 3-field F'is called a Q-algebra iff for each a € A
there is a* € A such that aa® = a + a*.

Ezample 2.10. The simplest example is an algebra A over the 3-field TF(0) = {1}. Equiv-
alently, A is a binary ring such that a + a = 0 for all « € A and, at the same time, a
(binary) algebra over GF(2). If also a® = 0 for all a € A, AJTFF(O) is a unital 3-field in which
(1,a)™! = (1,a) for all @ € A. If the product of A vanishes identically and if we select a basis
B for the vector space A, we find

At = TF(D)P (2.11)

This example also covers the case in which F' acts trivially on A, i.e. fa = a, for all f € F,
a€ A.

Example 2.11. Each nilpotent algebra A over the unital 3-field F is a Q-algebra with

N
at = —-> a, (2.12)
v=1

where oVt = 0.

Lemma 2.12. An algebra A over a unital 3-field F is a Q-algebra if and only if A% is a
unital 3-field.

Proof. Suppose A is a Q-algebra. We must prove that each element is invertible, and, as in
the proof of Theorem , it suffices to show (1, ¢)~! exists. But it follows from the definition
of ¢* that (1,¢)(1,¢%) = (1,0).

Conversely, if (1,¢q) has inverse (f,q) it follows that f = 1 and ¢ + § + ¢g = 0 so that g
provides the #-element, providing A with the structure of a Q-algebra. O

Theorem 2.13. Let F' be a unital 3-field. There exists a bijective correspondence between
the unitization of Q-algebras A over F' and semi-direct products of 3-fields J x F':
(1) For each Q-algebra A over F, the mapping mar : A — F, (f,a) — [ establishes
the short exact sequence of unital 3-fields
0— A— Af —F—0 (2.13)

which is split by oar : f — (f,0) and so, Af = A x F.



(2) Conversely, each split exact sequence 0 — J — Fy — F — 0 naturally defines the
structure of a Q-algebra over F' on J and it follows that Fy = J x F is isomorphic
to Ji.

Proof. By the definition of A} and Lemma , mar and o4 p are morphisms of unital
3-fields giving rise to the split exact sequence 0 > A — A} — F — 0.

In order to prove the second statement, denote by o : F' — Fj the right inverse to the
quotient morphism 7 : Fy — F. Example shows J is a Q-algebra over F', and the
mapping

Jp—TFo,  (fia)—o(f) +4q (2.14)

is an isomorphism of unital 3-fields. U

Example 2.14. Let F' be a subfield of Fy and J an ideal of U(Fp). For each ¢ = ¢1,5 € J,
q* = q -1 is in J since ¢* = —qg* —q. It follows that J is a Q-algebra over F' and so F' x .J
is a unital 3-field.

Ezxample 2.15. Let Fy be a unital 3-field with unital subfield F} and let F' = Fy x F;. Then
Q(F) = Q(Fy) @ Q(F1) and ma(fo, f1) — f1 is a surjective morphism with kernel

J ={q=q01,909) € QF) | 0=09(m)(q) = 1,5, } = Q(Fp) ® {0} (2.15)

7o has the left inverse o : Fy — F, o(f1) = (f1, f1) which produces an action of diag F} x F} =~
Fy on J given by

(f17 fl)ql,fo = fquf() = q1,f1+f1fo—1 (216)
J is a Q-algebra over F; with qffo = Qg and the morphism & : J;El — Iy x P,
O(f1®as) = (f. i+ ap) = (fr,1+ fo+ f1) (2.17)

is an isomorphism.

2.3. Creating a 3-field action. We complement the above with an intrinsic characteriza-
tion of the binary rings Q(F), this time without using the action of a unital 3-field. First an
observation: The ring structure of Q(F) uniquely determines the underlying unital 3-field.

Proposition 2.16. Fiz a unital 3-field F\ o are unital 3-fields and suppose ¥ : Q(Fy) —
Q(F3) is a binary ring morphism. Define ® : Fy — Fy through V(q1,¢) = ¢r.e(5). Then ® is
a unital 3-field morphism which is an automorphism whenever ¥ is.

Proof. Using the involved definitions, one checks that ® respects addition and multiplication
of F. Furthermore, 0 = ¥(g; 1) = ¢, 773, and so ® is unital. If ¥ is an automorphism and

U (qra) = q(1, ®(a)) then, necessarily & = &L, O

Definition 2.17. A commutative (binary) ring @ is called a Q-ring iff

(1) There exists a 2-unit 7 € Q so that 7q = ¢ + ¢ for all ¢ € Q.

(2) For each g € Q exists a unique #-element ¢* € Q with ¢*q = q + ¢*.
The morphisms between O-rings are those ring morphisms that map the respective -
elements onto each other and respect the #-involution.

We note some consequences of these axioms:

(1) A Q-ring is never unital, since we would have 1¥ =1+ 1¥ and so 1 = 0.
(2) 7* =7 and ™" = 2" 17
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(3) There might be more than one 2-element: two such elements 7y 5 have to satisfy
(11 — o)z =0 for all z € Q.

(4) Similarly, ¢f, € Q are #-elements for ¢ € Q iff (¢f — ¢5')(¢ — 1) = 0, within the
unitization of Q). As we will see below, this determines the element ¢* uniquely.

Theorem 2.18. Q is a Q-ring, iff there is a unital 3-field F' such that Q = Q(F).

Proof. Suppose @ = Q(F'). Then, letting 7 = ¢;; and qfff = ¢y ¢-1, we have turned Q(F)
into a Q-ring. Conversely, whenever F' is a O-ring, define ternary addition 4 as well as
binary multiplication x by

fithotfs=f+fat+ f3—T, fxg=7—f—9g+fyg (2.18)

Then the querelement of f € F for + is f = 7 — f, the distributive law holds since
fx(fitfotfs) =21 =3f —fi—fo—fa+ fhi+ ffo+ f[fs = fxfitfxfotfxfs (2.19)
aISOTszmz?zf,andf#§<f=W=6=T. O

Corollary 2.19. For a nilpotent ring Q there exists a unital 3-field F with Q = Q(F) iff Q
contains a 2-unit T.

Example 2.20. In the simplest case, when the product on a binary ring R of characteristic
2 vanishes, each element 7 € R can serve as a 2-element, while r* = —r. For the resulting
unital 3-field F'(R), we have

rdstt=r+s+t+7  rXS=T+s+T, (2.20)

and whatever the choice of 7 € R, the mapping ®, : r — r + 7 provides an isomorphism
between F(R), and F(R),.

Ezample 2.21. The rings of pairs Q(n) = {2k € Z/2" | k =0,...,2""1 — 1} for the 3-fields
TF(n)={2k—1€Z/2" | k=1,...,2""'} are Q-rings, with 7 = 2 and, taking the inverse
inside Z/2",

# 4q
= —. 2.21
= (221)

Similarly, Q(0) = {p/q| p=2r, ¢ =2s+ 1, r,s € Z} is a Q-ring with 7 = 2 and

(p/0)* = p%q- (2.22)

Note that in these examples, 7 is unique.

Example 2.22. If A is a Q-algebra over the unital 3-field F', the ideal Q(F)@® A of the binary
unitization ALY is (still a Q-algebra over F' but also) a Q-ring, with 7 = (¢1.1,0). The map

U:Q(Ar) — QF)®A,  quofa) — (q15,0), (2.23)

establishes an isomorphism.



3. 3-FIELD EXTENSIONS OF {1}
It could be argued that an extension of a 3-field F{y should be any unital 3-field F' arising
in a short exact sequence
00— J —F— Fy — 0, (3.1)

where J is (identified with) an ideal of U(F). In this case, F' = I x F} would qualify as an
extension of Fy, and the projection onto Fj leads to the short exact sequence

0—>Q<F1)XO—>FOXF1—>FO—>O. (32)

We will nonetheless follow the established notion and call the unital 3-field F' an extension
of the unital 3-field Fj in case Fj embeds into F.

In the present situation the structure of all subfields is more complex: Since {1} being
a subfield of a unital 3-field F' is equivalent to x(F') = 1, these extensions coincide with
all unital 3-fields of characteristic 1. The extensions we will consider here belong to the
following class.

Definition 3.1. Fix a unital 3-field F' as well as natural numbers nq,...,n; € N and put

F(ny,...,ng) = {1+Z€a($—1)a

0#a

Eq € Fo, (x—l)””—O,m—l,...,k:}. (3.3)

Note that by using semi-direct sums we may reduce the number of variables in this exam-

ple: Consider the map x; — 1 and extend it to an epimorphism m; on F'(ny,...,ng),
1+ Y ealw—1)"—1+ > goz—1)° (3.4)
0#a 0#a, a;=0
with image F'(nq,...,n;_1,nit1,...n,) and kernel consisting of the ideal

Ji=(zi—1)) calz— 1) (3.5)

The elements of F(nq,...,n;_1,ni11,...n;) embed naturally into F(ng,...,n;) and act on
J; by multiplication so that

F(nl, e ,nk) = F(nl, B 7 T Y 17 S [ nk) X 31 (36)

A slightly more sophisticated way of writing down these 3-field extensions is obtained in
the following way.

Definition 3.2. Fix a finite Abelian binary group G as well as a local (binary) ring R with
residual field Fy = {0, 1}. Consider the group algebra RG over R. Then

Fo—{f e RG| f(0) € R} (3.7)
is called the ternary group algebra of G over the 3-field R*.

Theorem 3.3. Fg is a 5-field, extending R*, and, in case R = {0,...,2" — 1} =
U(1,3,...,2" — 1), each finite unital field extensions of the unital 3-field {1,3,...,2" — 1}
which is contained in an extension generated by a single elements is isomorphic to one of

these fields.
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3.1. Extensions of characteristic 0, generated by a single element. We are going to
consider extensions of Fy = TF(0) = {1}, with prime field identical to TF(0), and generated
by a single element.

Theorem 3.4. Any finite unital 3-field F of characteristic 1 which is generated by a single
element x is isomorphic to Fy(np) where np is the smallest natural number with (1—x)™ = 0.
If 9(P) = min{i | n; # 0} then np = [n/k|.

Proof. Consider the polynomial 3-ring Fo[z] = {1+ > _ e,(x —1)" | &, € Fo} for which
UF,[x] is the principal domain Fy[x]. Consequently, whenever F' is generated by a single
element, there is a polynomial P € QFy[z] = {},_,e,(x — 1) | €, € Fo} such that F =
Fy[x]/{P). The polynomial P cannot be of the form

N

P=(z—1)" <1+(x—1)k—|— 3 Wy(m—l)”), 7, € Fy, (3.8)
v=k+1

because then (1 + (z — 1) + Zivzkﬂ m,(z —1)”) would be strictly larger than {P), intersect

Fy[x] and thus contradict [10][Theorem 1]. So, P = (x—1)" for the smallest n with (z—1)" =

0 within the 3-field F'. O

Any attempt at creating a theory related to classical Galois theory has to deal with a
number of obstacles, one of them, for example, the less useful factorization of polynomials:
In Fy(4), for example, the polynomial 1+ (z — 1) + (z — 1)> = [1 + (z — 1)][1 + (x — 1)?]
vanishes at 1 when using the right hand representation, while it takes the value 1 when 1 is
plugged into 1 + (z — 1) + (x — 1)3.

Proposition 3.5. The ideals of Fy(n) are

Iy, = {Z@(x— 1)

v=k

€V€F2}, k=1,....n—1 (3.9)

Consequently, Fy(n) never is a Cartesian product of 3-fields.

Proof. Since the ring UFy(n {ZV oEv(z — 1) } €; € Fg} is principal, for each proper
ideal J in QFy(n) the ideal

>= {2%(1 +7;)

is the same as J and so J =< Py >, with Py € QFy(n). Since each P € QFy(n) can be written
P=(x-1°1+R), (1+R) 1nvert1ble 1 < s <n-—1,it follows that the ideals of QFy(n)
are precisely those of the form J, = (x —1)F > But 3, nJ; = Tmax{s,t}r Js T Tt = Tminfs,1}
and, by applying Theorem , we conclude that Fy(n) never is a proper Cartesian product
of 3-fields. O

G €T, 1€ QFo(n)} cJ+7J (3.10)

Whether or not Fy(n) can be written as a semi-direct product is a slightly more delicate
question, and we will return to it elsewhere.

Lemma 3.6. Denote by p, : Fo(n) — Fy(n) the Frobenius morphism P —— P2, by Fy(n)?
its image, and, for k = 2 let pi, . : Fo(n) — Fo(k) be defined by

( Z_] $—1>:1+1§5i(x—1)i. (3.11)

i=1 i=1
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(1) pn and pi, are morphisms,
Ker ¢, = Ty, and Ker pin 1, = Ji, (3.12)
(2) The product on Ker p,, vanishes identically so that (1 + P)(1+ Py) =1+ P, + P.

Proof. (1) Both maps are well-known (and easily seen to be) morphisms. Furthermore, the
image of g, can naturally be embedded into Fy(n). O

The additive structure of Fy(n) is most transparent on U Fy(n), which is a (binary) vector
space with basis {(:1: — 1)k ‘ k=0,...,n— 1}. The multiplicative structure of these fields
is the following.

Theorem 3.7. Fach element f € Fy(n) has a uniquely defined factorization f = ~5° ... v
where

=1+ @-1)*"  0<2k+1<n—1, (3.13)

and it follows that the multiplicative group underlying Fy(n) is isomorphic to the direct prod-
uct Cpo % ... x Cy g, of the cycles Cp . of the v, with K,, = max{k | 2k +1 <n — 1}, and
Cpp = 7)2°™%)  s(n, k) = min {2' | 2k = n}. Consequently, with respect to its multiplicative
structure,

Rmy= [ (z/20o)™", (3.14)

0<2k+1<n

Proof. The cases n = 2 is trivial, and the elements of Fy(3) are 7§, k = 0,...,3. If the
statement is true for Fy(n), f € Fy(n+1) has a uniquely defined factorization f = gv5° ... v
where g € {1 +¢e(x—1)"| € = 0,1}, the multiplicative kernel of the canonical morphism
m: Fo(n +1) — Fy(n). If nis odd, this already proves the claim; in case n is odd and
g # 1 we must have g = (1 + (z — 1)%)?", £ odd, and the statement of the result follows for
n+ 1. UJ

3.2. Intermediate Fields. We start with slightly generalizing Corollary [2.19|

Theorem 3.8. Suppose Q) is a nilpotent ring with 2-unit 7 and let F be the unital 3-field
with Q(F) = Q.
(1) Q > 1+ Q' < F establishes a one-to-one correspondence between the subrings Q'
of Q with 7 € Q' and the unital 3-subfields F’" of F.
(2) The unital 3-subfield Fy is generated by elements 1 + q, ..., 1+ q, iff Q(Fo) is gen-
erated by T = q11 and q1, ..., Q.
(8) The automorphisms ® of F' leaving the subfield F' pointwise fized correspond to the
automorphisms Q®, leaving Q' = Q(F") pointwise fized.

Proof. (1) If Fy is a unital 3-subfield of F', the unit of Fy must equal the one in F', and Q(Fp)
is a subring containing ¢ = ¢;; which has the property that (¢ = ¢ + ¢ for all ¢ € Q(Fp).
Note that 1 + Q(F{)) = FQ.

Conversely, assume that Q < Q(F) with 7 €  and define F; = {fe F | ¢ € Q}. We
have 1 € Fj since 7 € Q and —1 € F} because 0 € (). It follows similarly that for all f, g € F7,

l+f+geh, f+g+gfeh, (3.15)

and that there is f with 1+ f + f = —1. From this, and the nilpotency of @) it follows that
F} is unital 3-field such that F} =1+ Q.
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(2) The subring @y generated by 7 and ¢, ..., q, consists of the elements k7 + Y. ,q%,
k € Ny. Note that due to nilpotency, this ring is of finite characteristic. Then 1 + @)y is
a unital 3-field, consisting of elements k + )] £,¢%, k odd, and resolving the brackets in
k4>, ca(1+¢q)* shows that 1+ Q) is the unital 3-field generated by 1 and 1+¢1,...,1+gy.
Conversely, if Fj is generated by 1,1 + ¢q1,...,1 + g,, Q(Fo) contains 7, ¢, ..., g, and thus
the binary ring (), generated by these elements. By the first part of this proof, Fy = 1+ @y,
and so Qo = Q(Fp).

(3) This follows from the involved definitions. O

Remark 3.9. The last theorem can be easily generalized to Q-rings and their Q-subrings,
where a Q-subring ()1 of the O-ring @) is defined by the requirement that 7 € (); and that
()1 is invariant under the #-operation.

Corollary 3.10. For each ideal J of the finite unital 3-field F' the subalgebra 1+ J a unital
subfield.

Proof. For ¢ = q11 € Q(F) we have ( = q(¢q—1)"' e J. O
Corollary 3.11. For a unital 3-subfield F' of Fy(n) which is generated by polynomials
Py, ..., P, there exist natural numbers ny,...,n, such that F' = Fy(ny,...,n,).

Fxample 3.12. The smallest subfields, those of order 2, are generated by polynomials
1+ (z-1)"1+P)=(1+@@-1D)"1+P)-P (3.16)
with 2k = n. We call k the lower degree of the subfield. As we will see, the automorphisms
which are constant on such a field are of the form Wp with Py = (z — 1) + (z — 1)(1 + P,)
with ¢ > n—k+1 so that Aut Fj(n) cannot distinguish between subfields of the same degree
in terms of fixed point subgroups. On the other hand, all elements of Aut Fy(n) preserve k,
and, since
U(1+P)=WP) -V (z—-1)"—1=(z— 1)1+, (3.17)
Ezample 3.13. The subfield of squares, Fo(n)? = {fe€ Fo(n) | f=14>,,m(z—1)*}is
isomorphic to all subfields generated by a polynomial of the form fy =1+ (z — 1) fy,

We will need

Lemma 3.14. Fiz a natural number o, write « = Y% ,2, o, = 0,1, and let

N, = { "Z: €,0,,27

v=0

e, =0, 1}. (3.18)

Then
[T+ @-DF" =1+ > (-1 (3.19)

neN,

Conversely, given N € {1,...,n — 1}, then Py = 1+ Y, (@ —1)" = (1 + (z — 1)*)* off

N < kN and
N = {ZEVQV

k2" € N, 5,,20,1}0{1,...,71—1}. (3.20)

Proof. We have
I+ @-1""=]](1+@-1))™, (3.21)
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and each subset N’ < {v | a, = 1} corresponds to exactly on of the summands (z — 1)*" of
14y, (= 1) where n = 3\, 2" (and with n = 0 for the empty set). O

We start with a ‘local’ version Theorem [3.4].

Lemma 3.15. The unital 3-subfield generated by P =1+ (x — 1)k(1 + Py) € Fy(n) is given

by
(P) = {1 + ), mlr =D+ R) e IFQ} = F (3.22)
O<ki<n—1
and is isomorphic to
A+ -1 =31+ > mla—1"|neFyyp. (3.23)

0<i<(n—1)/k

Proof. By (a slight modification of) Lemma the elements of (P) belong to Fj, and
since Fy is a unital 3-field, (P) < Fy. By Theorem [3.4] the isomorphism class of (P) is
determined by the minimal number np with (P — 1)"? = 0. This number is the same for P
and 1 + (x — 1)* hence (P) = (1 + (z — 1)*) are both of cardinality 2"7~!. Since also F} is
of this cardinality, F} = (P). O

Theorem 3.16. F' < Fy(n) is a subfield iff there are natural numbers gy, ..., gr < n — 1,
k<n-—1, with

Fx~Fmg, .g) =0+ @—-1)%",..., 1+ (x—-1)%) =

N {1 + Z Evivy..vg (J} — 1)”191+...+ykgk

1<vigi+...+vpgr<n—1

Evyowy, € Fg} =G, g1, k)
(3.24)

Proof. In order to see that Fy(n; g, ..., gx) is unital 3-subfield it suffices to show that it is
a unital 3-subring. But this is obvious, and it follows that Fy(n;gq,...,gx) is contained in

Glnigr.....gr). By Lemma
1+ (z — 1)rotves —
=1+(x-D") 1+ (x—-1)")— 1+ (x—1")— (14 (z—1)") (3.25)
is contained in Fy(n; gy, ... gx), and similarly, 1+ (x —1)"191F 9% ¢ Fy(n; gy, ..., gx). Using

induction over the number of elements in {¢,, ,, = 1} with the induction step of adjoining
1+ (z— 1) to 1+ Di<(guysn Ev(T — 1){"9 being established by

14 (z—1)% 4 Z e (z — 1) =

1<{g,v)<n—1

=1+ (I+@=-D)"N) + [1+ > ale-1)% ], (3.26)

1<{g,v)<n—1

one shows that, conversely, G(n; g1,...,9x) S Fo(n; g1, -, gr)- O
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Let F' < Fy(n) be a subfield. We call the semigroup
ExF={aeZ/n| 1+ (x—a)*eF} (3.27)
the exponents of . The proof of the following results rest on

Lemma 3.17. Suppose S is a sub-semigroup of the additive semigroup Z/n and Ny one of
its subsets. Then

(1) there are uniquely determined elements s; < ... < sx € S with
Swer1 = minS\{z151 + ... + 2.5, | zi € Z/n} (3.28)
S={z81+...+ 2z | z€Z/n} (3.29)

Equivalently, none of the s; divides s;.

(2) The sub-semigroup S(Ny) generated by Ny can be constructed inductively by letting
s1 = min Ny and $,41 = min No\ {2181 + ... 2,8, | 21,. .. 2, € N} as long as the latter
set is not empty. If M 1is the index before this happens,

S(No)z\{2181+..‘ZMSM| Zl,...ZMGN} (330)

Corollary 3.18. The set of isomorphism classes of subfields of Fy(n) is order isomorphic
to the set of sub-semigroups of the additive semigroup Z/n. Furthermore, two subfields Fi o
of Fo(n) are isomorphic iff Ex F} = Ex F;.

3.3. The group of automorphisms and the global involution. For the following it is
important to observe that the elements of

QFy(n) = {"Z—: i (x — 1)i

=1

€; € FQ} (3.31)

are in 1-1 correspondence with unital endomorphisms ® of Fy(n): Each such ® is uniquely
determined by the polynomial Py = Q®(z — 1) € QF,(n) and, conversely, any polynomial
P =1+ Py € Fy(n) = 1 + QFy(n) provides a unital endomorphisms ®p, defined for Q =
1+ Qo(xz —1) € Fy(n) by

Pp(1+Qo(zr—1))=1+QpoFPy mod (z—1)" (3.32)

This map is well-defined because the ideal generated by (z — 1) for the ternary polynomial
ring Fy[x] within

QFy|x] = {251 (x—1)"

is invariant under composition with polynomials in (x — 1) from the right. It is additive and
respects multiplication because

Pp((1+Qo(z—1)) (1 + Ro(z —1))) =
=1+ (Qo(r — 1)+ Ro(z — 1) + Qo(x — 1) Ro(x — 1)) o Py =
=®p(1+Qo(z—1))Pp(1+ Ro(z —1)) (3.34)

N e N,&i € ]FQ} (333)

Since Pg o Pp = Py.p we have shown the first part of
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Theorem 3.19. The mapping ® — QP (x—1) establishes an isomorphism between the ring
of unital endomorphisms of Fy(n) with respect to composition of maps and QFy(n), equipped
with composition of polynomials in the variable (x — 1).
Under this identification, a polynomial P corresponds to an automorphism of Fy(n) iff
there is a polynomial Q € Fy(n) such that Pyo Qo = Pyo Qo = (z — 1) which is equivalent to
n—1
QPb(x —1) = (x—1) + ) ex(z — 1" (3.35)
i=2
Proof. We still have to show the final statement. For arbitrary n = ap+a;2+...+an2" € N,
a, € Fy and any polynomial Py = 22:11 ex(z — 1)k

n—1 @0 /-1 o1 n—1 aN
P = (Z ep(x — 1)’“) (Z ex(e — 1)”“) <Z ep(x — 1)2N> : (3.36)
i=1 i=1 i=1
with some of the factors of highest order potentially equal to zero. Accordingly, for no
polynomial Qg, Qo © Py has (x — 1) as lowest term if Py doesn’t, and any polynomial P,
giving rise to an automorphism must have (z — 1) as lowest term. [] (This could also be
shown by using the ideal structure of Fy(n).)
For the converse, we represent ®p with Py = (z — 1)*(1 + P,) as a matrix with respect to
the basis (x —1)Y, v =1,...,n— 1, of U(Fp(n)). Writing

Sp[(z—1)"]=(x—1D)"(1+ P)" (3.37)
as row vectors, it turns out that the resulting matrix is upper triangular with 1’s on the
main diagonal so that ®p must be invertible. 0

Using the multinomial identity
n!

n o__ i1 im
(a1 + ...ap) = 2 ill...z’m!al ceapm (3.38)
11+...+im=n
we find for the polynomial Py = (z — 1) + "2 e, (x — 1)”
k! 1420z n—1)in_1
P(;C = Z ﬁ&b C €n,1($ — 1) 1 2ig e (e Dinag (339)

n—1 k'
= D ey en | (2 = 1) (3.40)
l=k

i) !
i1+ 2ig 4t (n—1)in_1=0 1 n—l

On the other hand, over Fy, and with n = Z]VV:() n,2",
N
(ar+..an)" =] (ai"+ ... +a2)™ (3.41)
v=0
and
N
PE=[[(z=D*+. . +eux—1)" +en(z—1)*m)" (3.42)
v=0

INote that this is different for polynomials P of the form 1 + D>t erpx®, since large powers of the
polynomial x might contain a constant term. For example, in Fy(5), 2° = 2* + x — 1, and also (z + 22 +
) o (1 +x+22) =u.
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Corollary 3.20. The coefficients of Ap = (al,) are

k!
a}]; = Z ﬁ€2 .. En—1, (3.43)

i1+ 24t (1 )in_1 =€ '}
fork=1,...n—1,0=k,....,n—1.
If o(®p) = 2?#) denotes the order of ®p € Aut Fy(n) then &' = <I>?3(¢P)_1. An algorithm
of lower complexity is obtained using matrix products
Corollary 3.21. Let P =1+ (x — 1)+ P, = >, _,e,(z — 1)” be the polynomial that belongs
to ®p € Aut(F). Then the coefficients of the polynomial P = Y)'_ &,(x — 1)" for which
Pl = p can be recurswely calculated using

=8=1 &=58cY T T M (3.44)

Lemma 3.22. Let s, = — > (x — 1)" € QFy(n). Then R, := ®,, has order 2 and

v=1

1+T§Ei($—l)i] = 1+n§ei ((z—1)%)". (3.45)

+ é\gé’féz)

Proof. Since, with respect to multiplication,
Sp=1+4+[(z—-1)—1]" (3.46)

it follows that 1+ (s, —1)"! = (z—1) or, 5,08, = (x — 1) (which is equivalent to observing
that ¢ — ¢* is an involution, Definition and Example 2.11)). The somewhat more explicit
form for R, is a consequence of the fact that s, = (z — 1)*. O

Lemma 3.23. A group G of order 2n has a representation Z/2 x H iff G contains a normal
subgroup H of order n as well as an involution r € G\H.

Proof. The short exact sequence H — G — 7Z/2 can be split by mapping the non-unit of
Z/2 to r. O

Lemma 3.24. Define
M, : Aut Fy(n) — Aut Fy(k), M, ®(x + TJi) = O(x) + Ty, (3.47)
where 1+ YT e, (¢ — 1) + Tp € Fo(n)/Ty, is identified with 1 + 351 e, (x — 1) € Fy(k).

(1) Identifying Fo(k) with Fy(n)/Iy, if ® = ®p with P = (x — 1) + X.'_) &, (x — 1)” then
k=1

My ®p = (x = 1)+ > ez —1)", (3.48)
v=2
and Ker M, 1, is equal to
ka:{@pGAutFo( )|P0— ZE—]_ Z ZL’—l ,EVEFQ} (349)

(2) Restricting My, k1 to Iy yields an exact sequence
0 —Thit1 — gy — Tk —0 (3.50)
This sequence splits whenever k > 2 so that in this case,
Fpp =Ty g1 @ Fo. (3.51)
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(3) Similarly, ¢, generates the group morphism

0n : Aut Fy(n) — Aut (Fy(n)?), on(P) = (3.52)

(I)’FO(H)Q

Identifying the subfield of squares in Fy(n) with Fy ([gJ), the effect of o, on the
polynomial P representing ® = ®p can be seen as

gn:AutFO(n)—»AutFoqu), P> Pl o) (3.53)

In this picture, p € Ker g, iff P = (x — 1) + 3,282 — 1)".
(4) Accordingly, for each k with 2% < n there is a short ezact sequence

G — Aut Fy(n) —> Aut ((Fg(n)Q’“) ~ Aut F, Q%J) (3.54)

where G, , is the normal subgroup of automorphisms for which 1+ (x — 1)2k s a fized

point. The polynomials Py, representing ® € G, i, via ®(1+ (x —1)) = 1+ Fy(z — 1),
are characterized by

Py=(x-1)+ Z eilr —1) =

i>(n—1)/2k
(@ =1+ (x— D=2 N g 1), g e, (3.55)

and it follows that G, 1 1is commutative.

Proof. (1) Because J;, = Ker p,, j, = {ZZ il gi(x ) ‘ €; € IFQ} is invariant under substitu-
tion by any polynomial Qp = (z—1)+2 ", ni(x— 1) (which also follows from Lemma , each
® € Aut Fy(n) acts on Fy(n)/ Ker p,,, = Fy(k) by substitution and an application of fi, k.
The resulting element M,, ,(®) € Aut Fy(k) then maps x—1 to p, ;P for ® = &p € Aut Fy(n).
Consequently, M, x : Aut Fy(n) — Aut Fo(k) is a morphism with kernel consisting of auto-
morphisms ®p € Aut Fy(n) such that for all Q = 1+ S gi(z — 1)

Pk ®Pp(Q) = pini (1 + Qoo Fy) = Q. (3.56)

which shows that P =1+ (z —1) + >, ni(z — 1)".

(2) The short exact sequence is established using (1). Polynomials for elements of
Lo \ppi1 are of the form P = (z—1) + (x —1)F + ZZ i1 Ei(x—1)" so that Ry, ¢ Ty 1\ s
if & > 2. The claim follows from Lemma [3.22] and Lemma [3.23]

(3) 0n(®P) is a well-defined morphism Identifying Fy(|n/2|) with Fy(n)? via o,(P) = P2,
one has for P = (z — 1) + X" )¢, (v — 1)

ln/2]
o on(@p)op(z —1)=0,'P*=(z 1) + 2 e (x—1)" (3.57)

v=2
The elements ®p in the kernel G, ; of of restrict to all polynomials <n_1 CilT — 1)i2k as
the identity or, Ypre,, , €iPo(r—1)2" = e, ez —1)2". Equivalently, P?" = (z—1)*"
showing that Py = (z — 1) 4+ >}, _,or €i(z — 1)’. The commutativity of G, is a consequence
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of the fact that for P, Qo € G,,1 we have

n—1
PyoQo(z—1) = Qolz — 1)+ > &Qilx—1) = Qolx — 1) + Py(z — 1) (3.58)
i=[n/2|
OJ
Corollary 3.25. For each n > 3,

Aut Fy(n) = Fy x Fy. .. x Fy, (3.59)

an (n — 2)-fold semi-direct product of Fs.
Proof. By induction, this is a consequence of Lemma (2). ([l

This last result by itself does not reveal much of the structure of Aut Fy(n): Analogous
results hold for each nilpotent Lie groups and, in all likelihood, it is possible to obtain
the former by showing that Aut Fy(n) is a (nilpotent) Lie group in characteristic 2. More
information can be gained by further investigating the involution that is underlying the proof
of the above result.

Definition 3.26. Let f € Fy(n) as well as ® € Aut Fy(n).
(1) Define conjugations f* and ®* by
ff=Ra(f)  ®f) = () (3.60)
(2) and we denote the 1-eigenspaces of these involutions by
Fo(n)y ={feFo(n)| f*=f}, Aut Fy(n); = {® € Aut Fy(n) | &* = &} (3.61)

Ezample 3.27. All elements of Jj, with k > n/2 are contained in Fy(n);, because if f = (x—1)*
then, for k = >, ,2"

fr=st =11 (Z(:c - 1)“%2”) (3.62)

no pn=1
APPENDIX A. A REPRESENTATION OF THE TRUNCATED NOTTINGHAM GROUPS
Aut F0(3) — Aut F0(7>

The case n = 2 is trivial, for n = 3 the polynomials 1 + (x — 1) and P(z) =1+ (z — 1) +
(x — 1)? give rise to identity as well as to the automorphism with representing matrix

Ap = (é D (A1)

If n = 4, besides the identity, Py = 1+ (x — 1)+ (x = 1)>, P, =1+ (z — 1) + (z — 1)® and
Py=1+(x—1)+ (z—1)?>+ (z —1)? correspond to

110 1 01 111
Ai=10 10 A, =10 1 0 As;=10 1 0, (A.2)
0 01 0 01 0 01
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o i_o(x—1)", with (o, a1, a2)

representing the binary representation of «, produces the matrices

4
)

which is the cyclic group Cy. Forn =5, P, = 14+ (z—1)+>;

~ r o o

— O — O

— — O O

— O O O

— O - O

— — O O

— O O O

B

— O O

— O - O

S — O O

— O O O

B

™ o o

SO - O

— — O O

— O O O

B

— O O

o O —H O

S — O O

— O O O

Ay = (
As observed earlier, this group is isomorphic to the dihedral group of order 8, i.e. Cy x Cb.
5

@ ) =
= = =
—

— O O O -

S o oo - [ alolall S
O —= = - O

O = =4O =0
— O = O O

O 00 —=HO— OO
— - O O O

—— OO0 —H 000
— O O O O
N—

S OO0 00 HOOoOOoOo

Il Il ~
g & <

\J
i i —
So-on oo~ e~

—
OO O —-HO HOO—O e <

— —
A O 400 —HO— OO e e e

o - O O O
S —H O OO O~ 000

— O O O O
~

OO0 OO0 —H OOoOOoOo

o ai—o(x — 1), with (ap, a1, as2,a3) again the

1 I
o © S
< < <

O o O+ OO0 +HA HO— O

O = O e 0O OO

OO OO OO 00O OO —~0OO0o

x—1)+ >

ve

g " OO0 44000 —H—HO0OO0OOo

nTh

H OO0 00 10000 HOOoOoOo

Il Il Il
— 0 (=]
< < <

(A.8)

— o oo -

— - - - O

— O+ OO

— — O O O

o O OO

A1s

—_ o - O~
— o o - O
— o - OO
o - O OO
O O OO

N~~~
I

p
<

—
— o — O

- - O
oo OO
— - O O O
O O OO

N~
I

i
<

OO0 O0O-H OO0OOCO-H —=HOOO

SO OO OO 1O OO O

OO HO0OO OO 400 OO0 0O

O OO0 OO0 00 O -0 OO0

A O OO0 —HOOoOOoOOo —HOOoOOoOo

— o O o -

— o o - O

oo+ OO

S - O OO

— O O oo

Il Il Il
o <t 00
< < <

binary representation of o we

Similarly for n = 6, P, =1

I
g
<

(04 X CQ) X CQ,

Calculating the cycle graph of this group, it turns out to be G1¢¢ = K, x C,4

where K, denotes the Klein 4-group, (Wikipedia, List of small groups).


https://en.wikipedia.org/wiki/List_of_small_groups#List_of_small_non-abelian_groups
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We follow the same procedure in case n = 7 and obtain

|

1 1 0 0 O
1 0 1 0
0O 1 1 O
0O 0 0 1 O
0o 0 0 0 1
0O 0 0O 0 O
(A.9)

0 0 O
0
1

0

1

0
0 0 O

1 0 0 O
1 0
1

1

0
0 0 O
0O 0 0 0 O

1
0
0
0 0 0 O

|
|

Ag =

0
0
0
0
1

0 0 0 O
0 0 0 0 O

0 0 0 O
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0
0
1
0
1

0 0 0 O
o 0 0 0 O

0 0 0
1 0 0 0 O
0
0 0
0 0 0 0 1
0 0 O
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The cycle graph reveals that Aut Fy(7)
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FIGURE 1. Cycle graph for Aut Fy(5) = Cy x Cy = Dy, the Dihedral Group of
order 8, with Cy acting by inversion. The dotted lines indicate conjugation, as
in Definition [3.26l
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