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Abstract

The Scott-Vogelius finite element pair for the numerical discretization of the
stationary Stokes equation in 2D is a popular element which is based on a contin-
uous velocity approximation of polynomial order k and a discontinuous pressure
approximation of order k — 1. It employs a “singular distance” (measured by
some geometric mesh quantity © (z) > 0 for triangle vertices z) and imposes a
local side condition on the pressure space associated to vertices z with @ (z) = 0.
The method is inf-sup stable for any fixed regular triangulation and k > 4.
However, the inf-sup constant deteriorates if the triangulation contains nearly
singular vertices 0 < © (z) < 1.

In this paper, we introduce a very simple parameter-dependent modification of the
Scott-Vogelius element such that the inf-sup constant is independent of nearly-
singular vertices. We will show by analysis and also by numerical experiments that
the effect on the divergence-free condition for the discrete velocity is negligibly
small.

Keywords: hp finite elements, Scott-Vogelius elements, inf-sup stability, mass
conservation
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1 Introduction

In this paper we consider the numerical solution of the stationary Stokes equation in a
bounded two-dimensional polygonal Lipschitz domain by a conforming Galerkin finite
element method.

Motivation. The intuitive choice for a Stokes element (S, (7),Pr_1 (7)), where
Sk (T) denotes the space of continuous velocity fields with local polynomial degree k
over a given triangulation 7 and Py_1 (T) the discontinuous pressures space of degree
k — 1, is in general not inf-sup stable (see, e.g., [1] and [2, Chap. 7] for quadrilateral
meshes). A careful analysis [1], [3] of the range of the divergence operator reveals that
the dimension of the image div(S; (7)) C Pr_1(7T) reduces by one linear constraint for
every singular vertex. For k > 4, this results in the inf-sup stable Scott-Vogelius [3] pair
(Sk(T),div(Sk(T))) on families of shape-regular meshes [4] that naturally computes
fully divergence-free velocity approximations. However the Scott-Vogelius element, as
described in [1], [3] and [4], has two major drawbacks.

1. The inf-sup constant is not robust with respect to small perturbations of the mesh
when a singular vertex becomes nearly singular, measured through the geometric
quantity Omi, := min {O (z) | © (z) > 0}. Here © (z) is a measure of the singular
distance of a vertex z from a proper singular situation. ©,;, strongly affects the
stability of the discretization, the size of the discretization error, as well as the
condition number of the resulting algebraic linear system.

2. In order to implement the method, the condition: “Is a mesh point, say z, a
singular vertex?” cannot be realized in floating point arithmetics and has to
be replaced by a threshold condition for “nearly singular vertices” of the form
“© (z) < ¢”. Through this threshold condition, it is possible that the constraints
are imposed on nearly singular vertices, i.e. for 0 < O (z) < ¢ and the discrete
velocity looses the divergence-free property as a consequence. To the best of our
knowledge, this effect has not been analyzed in the literature and we will estimate
the influence of € > 0 to the divergence-free property of the discrete velocity in
Section 5.

In [5, Rem. 2], two mesh modification strategies are sketched as a remedy of (1): i)
nearly singular vertices are moved so that they become properly singular; ii) triangles
which contain a nearly singular vertex are refined. Both strategies require the finite ele-
ment code to have control on the mesh generator. However, in many engineering finite
element codes the mesh design is separated from the discretization and hence, inter-
active refinement features are not available. In addition fast solvers in computational
fluid dynamics sometimes make use of a very regular mesh structure (e.g., C-meshes
for the modelling of airfoils) and then local mesh refinement is not compatible.

In this paper, we propose a simpler strategy where a modification of the mesh
is avoided. We introduce a parameter dependent modification to the standard Scott-
Vogelius pair, the pressure-wired Stokes element, and prove that the inf-sup constant



is independent of O,i,, the mesh width, the polynomial degree but depends only on
the shape-regularity of the mesh.

Main Contributions. The construction of our modification employs a geometric
quantity O (z) > 0 which measures the singular distance of the vertex z in the mesh
from a singular configuration. For some arbitrary (in general small) control parameter
0 < n, the pressure space is reduced by the same constraint as in the Scott-Vogelius
FEM for every vertex with singular distance ©(z) < n, which we call nearly singular.
Since the constraints involve the alternating sum of pressure values over all trian-
gles that encircle a nearly singular vertex (similar to a wire that is loosely woven
around the tips of all triangles sharing a common vertex) we call the new element the
pressure-wired Stokes element. The proof that the inf-sup constant of this element is
independent of the mesh width, the polynomial degree, and depends on the mesh only
through the shape-regularity constant will be based on the results in [5, Sections 4 &
5], where the discrete stability is proved via a lower bound for the inf-sup constant
of the form Oy, > 0 with a positive constant ¢ only depending on the domain and
the shape regularity. We can therefore choose the threshold 7 for our generalization
of the Scott-Vogelius element such that the resulting pressure-wired Stokes element is
inf-sup stable independent of the mesh size, the polynomial degree, and any (nearly)
singular vertex. These improvements come at some cost: in general we cannot expect
divergence-free velocity approximations as for the standard Scott-Vogelius pair. We
investigate the dependence of the L? norm of the divergence of the velocity approxi-
mation ug in the pressure-wired Stokes element and establish an estimate of the form
[divus||2(q) < Cn with C' > 0 being independent of the mesh width and the poly-
nomial degree. We emphasize that this estimate does not require any regularity of the
Stokes solution. Numerical experiments will be reported in Section 6 and show that
the constant C' is very small for the considered examples.

Literature overview. The Scott-Vogelius pair for triangulations of two-
dimensional domains (see [1], [3]) is inf-sup stable for k > 4, while the inf-sup constant
deteriorates for nearly singular vertices. This problem can be attenuated by using
special mesh-refinement strategies, e.g., Alfeld splits that are also known as barycen-
tric refinements and provide inf-sup stability already for & > 2 in two dimensions
[6] and & > 3 in three dimensions [7]. In three dimensions, inf-sup stability and a
full characterisation of the divergence div Sy (7") is not known on general meshes, see
[8] and references therein. Our pressure-wired Stokes element places few additional
constraints on the pressure space and acquires robust inf-sup stability on arbitrary
shape-regular grids — the proof for the estimate of the inf-sup constant is based on
the theory developed in [1], [3], [4], [5], [9], [10]. An alternative approach consti-
tutes the enrichment of the velocity space, e.g., in [11] with Raviart-Thomas bubble
functions leading to a divergence-free velocity approximation in H(div). Conforming
alternatives to the Scott-Vogelius element are the Mini element [12], the (modified)
Taylor-Hood element [2, Chap. 3, §7], the Bernardi-Raugel element [9], and the ele-
ment by Falk-Neilan [13] to mention some but few of them. We note that there exist
further possibilities to obtain a stable discretization of the Stokes equation; one is
the use of non-conforming schemes and/or modifications of the discrete equation by
adding stabilizing terms. We do not go into details here but refer to the monographs



and overviews [14], [15], [16] instead. For a discussion on the divergence-free condition
and pressure-robustness, we refer to [17].

Further contributions and outline: After introducing the Stokes problem on
the continuous as well as on the discrete level and the relevant notation in Section 2,
we define the conforming pressure-wired Stokes element in Section 3. The first main
result in Section 4 establishes the discrete inf-sup condition for this new element with
a lower bound on the inf-sup constant that is independent of h, k, and (nearly) critical
points. The second main result controls the L? norm of the divergence of the discrete
velocity in Section 5 and verifies its negligibility for small n < 1 in practice. In fact,
the L? norm tends to zero (at least) linearly in 1 without imposing any regularity
assumption on the continuous problem. The involved constants are again independent
of h, k, and O, but possibly depend on the mesh via its shape-regularity constant.
We report on numerical evidence on optimal convergence rates in Section 6, both as an
h-version with regular mesh refinement and as a k-version that successively increases
the polynomial degree. While this new element is technically not divergence-free, our
benchmarks suggest that the discrete divergence is near machine-precision already on
coarse meshes and for moderate parameters n > 0.

2 The Stokes problem and its numerical
discretization

Let Q C R? denote a bounded polygonal Lipschitz domain with boundary 0. We
consider the numerical solution of the Stokes equation

—Au+Vp=f1inQ,
divu =01in

with homogeneous Dirichlet boundary conditions for the velocity and the usual
normalisation condition for the pressure

u=0 ondQ and /sz.
Q

Throughout this paper standard notation for Lebesgue and Sobolev spaces applies.
All function spaces are considered over the field of real numbers. The space H} (£2) is
the closure of the space of smooth functions with compact support in €2 with respect
to the H' (Q) norm. Its dual space is denoted by H~'(Q) := H} (Q)'. The scalar
product and norm in L? () read

1/2 :
(U, V) 20 = /qu and  ul2q) = (u,u)L/Q(Q) in L? (Q).

Vector-valued and 2 x 2 tensor-valued analogues of the function spaces are denoted by
bold and blackboard bold letters, e.g., H* (Q) = (H* (Q))? and H* (Q) = (H* (Q))***
and analogously for other quantities.



Notation 1. For vectors v,w € R2, the Euclidean scalar product (v, w) := 25:1

Uj W
induces the Euclidean norm ||v|| := (v,v>1/2. We denote the area of a subset M C R?
by |[M| and write [v|w] for the 2 x 2 matriz with column vectors v,we R2,

The L2 (Q2) scalar product and norm for vector valued functions are

1/2
(u7V)L2(Q) = <u7 V> and ||u||L2(Q) = (ll, u)L/z(Q) .
Q

In a similar fashion, we define for G, H € L% (Q2) the scalar product and norm by
1/2
(G, H)p2 (g, ’:/Q<G7H> and |G|l 2(q) = (G,G)]Lé(ﬂ)’

where (G, H) = 37| G, ;H; ;. Finally, let L2 (Q) := {u € L?(Q): [,u=0}. We

i,5=1

introduce the bilinear forms a : H* (Q) x H! () — R and b: H! (Q) x L? () — R by
a(u,v) = (Vu,Vv)s ) and b(u,p) = (divu,p)rz(q), (1)

where Vu and Vv denote the gradients of u and v. Given F € H™! (Q2), the variational
form of the stationary Stokes problem seeks (u,p) € H} () x L2 () such that

a(u,v) —b(v,p) =F(v) Vv € H} (Q), ©)
b(u,q) =0 Vg e L2 (Q).

The inf-sup condition guarantees well-posedness of (2), cf. [18] for details. In this
paper, we consider a conforming Galerkin discretization of (2) by a pair (S, M) of
finite dimensional subspaces of the continuous solution spaces (H§ (), L3 (Q2)). For
any given F € H™! () the weak formulation yields (us,pas) € S x M such that

a(us,v) —b(v,pu) =F(v) Vv €S, (3)
b(us, q) =0 VYq € M.

It is well known that the bilinear form a (-, -) is symmetric, continuous, and coercive so
that problem (3) is well-posed if the bilinear form b (-, -) satisfies the inf-sup condition.
Definition 1. Let S and M be finite-dimensional subspaces of H} (Q) and LE ().
The pair (S, M) is inf-sup stable if the inf-sup constant 5 (S, M) is positive, i.e.,

q,divv
B(S,M):= inf sup ( )LQ(Q) > 0. (4)
9eM\{0} ves\ {0} VIl (o) 9]l r2(q)

3 The pressure-wired Stokes element

Throughout this paper, 7 denotes a conforming triangulation of the bounded polyg-
onal Lipschitz domain © C R? into closed triangles: the intersection of two different
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Fig. 1 Reference triangle (left) and physical triangle (right)

Fig. 2 Singular configuration (top) and generic configuration (bottom) of a vertex patch for an
interior vertex z € Vo (7T) with N, = 4 (resp. boundery vertex z € Vaq (T) with N = 1,2, 3) triangles

triangles is either empty, a common edge, or a common point. The set of edges in T
is denoted by &€ (T), comprised of boundary edges Eaq (T) :={E € &E(T) : E C 0Q}
and interior edges Eq (T) := £ (T)\Eaq (T). For any edge £ € £(T), we fix a unit
normal vector ng with the convention that for boundary edges E € £y, ng points
to the exterior of Q. The set of vertices in T is denoted by V (T) while the subset of
boundary vertices is Voo (T) := {z € V(T) : z € 9Q}. The interior vertices form the
set Vo (T) =V (T)\Vaq (T). For a triangle K € T with diameter hg := diam K, the
set of its vertices is denoted by V (K). For z € V(T), we consider the local element
vertex patch

To={KeT|zeK}and w,:= |J K (5)
KeT,
with the local mesh width h, := max{hk : K € T,}. For any vertex z € V (T), we fix
a counterclockwise numbering of the N, := |7,] triangles in

T.={K;| 1<j<N,} andset& :={FEc€&(T):zisan endpoint of E}. (6)

In Fig. 2, 7T, is shown for four important configurations. The shape-regularity constant



hk
T = A (7)
relates the local mesh width h = diam K with the diameter px of the largest inscribed
ball in an element K € T . The global mesh width is given by hy := max {hx : K € T}.
Remark 1. The shape-regularity implies the existence of some ¢ > 0 exclusively
depending on vy such that every triangle angle in T is bounded from below by ¢. In
turn, every triangle angle in T is bounded from above by ™ — 2¢7.
For z € Vsq (T), denote by ay the interior angle between the two edges in Eaq (T)
with joint endpoint z and regarded from the exterior complement R*\Q. Let

Q7 = min oy 8
T zE€Voa(T) ()

denote the minimal outer angle at the boundary vertices that lies between 0 < a1 < 27
for the Lipschitz domain Q. Let Px(K) denote the space of polynomials up to degree
k € Ny defined on K € T and define

]P’k(T)::{qeLQ(Q)VKGT:q|Io{6]Pk<IO()},

Pro (T) = {CI € P (T) | /Qq = 0} = P(T) N L§(Q), (9)

Sk (T) =Py (T) N H' (),
Sko (T) == Sk (T) N Hy ().

The vector-valued spaces are S (T) := Sy, (T)? and Sy (T) := S0 (T)%. It is well
known that the most intuitive Stokes element (Sk.o (7),Px—1,0 (7)) is in general unsta-
ble. The analysis in [1], [3] for k£ > 4 relates the instability of (Sk,o (7),Pr—1,0(T))
to critical or singular points of the mesh T. The set of n-critical points Cy (n) for the
control parameter 1 > 0 recovers the definition of the classical critical points C1(0)
(introduced in [1, R.1, R.2] and called singular vertices in [1]) for n = 0.
Definition 2. The local measure of singularity © (z) at z € V(T) is given by

max { [sin (6; + 6;41) i < N,} ifzeVo(T),
© (z) := { max {|sin (6; + 0;11) i < Ny_1} ifz€Voo(T)ANN,>1, (10)
0 if 2z €V (T) AN, =1,

[10<
[10<

where the angles 0; in T, are numbered counterclockwise from 1 < j < N, (see (6))
and cyclic numbering is applied, i.e. On,,, = 601. Forn > 0, the vertex z € V (T) is
an n-critical vertex if © (z) < n. The set of all n-critical vertices is given by

Cr(n)={zeV(T)|O©(2) <n}.



For a vertex z € V(T), the functional At 4 : P (T) — R alternates counterclockwise
through the numbered triangles Ky, 1 < £ < N, in the patch T,, and is given by

N

Ara (@)=Y (1) (dlg,) (2). (11)
=1

From Definition (10) it follows that for any n > 1 we have C1 (n) = V (T) and the
assumption n € [0, 1] throughout this paper is not an actual restriction. The first row
in Figure 2 displays all four singular mesh configurations (i.e., ©(z) = 0) that occurs
when all edges of the vertex patch 7 (z) lie on two straight lines. It follows from [10]
that for small 7, the only possible n-critical mesh configurations are perturbations of
those four situations and illustrated in the second row of Figure 2.

Lemma 1 ([10, Lem. 2.13]). There exists a constant ng > 0 only depending on the
shape-regularity of the mesh and the minimal outer angle ar of  such that ©(z) < ng
forz € V(T) implies

(a) if z € Vo(T) is an interior vertex, then N, = 4,

(b) if z € Vaq(T) is a boundary vertex, then N, < 3. O

The pressure space of the pressure-wired Stokes element is obtained by requiring
the condition A7, (¢) = 0 for all n-critical points.

Definition 3. Forn > 0, the subspace My 1 (T) C Pr_1,0(T) of the pressure space
18 given by

My g1 (T) ={q €Pr10(T)|V2€Cr(n): AT 2 (q) = 0}. (12)

The pressure-wired Stokes element is given by (Sko (T), My -1 (T)).
Note that for the choice n = 0, My 1 (T) is the pressure space introduced by
Vogelius [1] and Scott-Vogelius [3] and the following inclusions hold: for 0 <n <#’

M.,]/7k_1 (T) C Mn,k—l (T) C My,k—1 (T) = Z_l (13)

(with the pressure space Q’fb_l in [4, p. 517]). The existence of a continuous right-
inverse of the divergence operator div : Sy o(7) — Mo x—1(T) was proved in [1] and
3, Thm. 5.1].

Proposition 1 (Scott-Vogelius). Let k > 4. For any g € Mo ,—1 (T) there exists some
v € Sio (T) such that

divv=g and |vl]lgig) < Clall2q) -

The constant C is independent of h1 and only depends on the shape-regqularity of the
mesh, the polynomial degree k, and on ©ni,, where

Omin = min O (z). (14)
z€V(T)\C7(0)

It follows from [4, Thm. 1] that the inf-sup constant of the Scott-Vogelius element
(Sko (T), Mo x—1(T)) can be bounded from below by B (Sko(T),Mox—1(T)) >



Ominc (77, k), where ¢ (y7,k) > 0 depends on the shape regularity constant v and
the polynomial degree k. The dependence on k has been analysed in a series of papers
starting from [1, Lem. 2.5] with the final result in [5, Theorem 5.1], which states that

B (Sk,o (T) , Mo j—1 (T)) > OminC (’77’) >0

is independent of the polynomial degree k. However, the estimate is non-robust with
respect to small perturbations of critical configurations 0 # O (z) < 1. Our notion of
n-critical points can be regarded as a robust generalization and we will analyse the
consequences in this paper. In the next section, we will prove for the pressure-wired
Stokes element that

B (S0 (T) s My—1(T)) 2 (Omin +1) ¢ (y7) > 0

by modifying the arguments in [5, Sections 4 & 5| and investigate the effect on the
divergence-free property of the discrete velocity in Section 5.

4 Inf-sup stability of the pressure-wired Stokes
element

In this section we prove that the inf-sup constant for the pressure wired Stokes element
allows for a lower bound that is independent of the mesh width and the polynomial
degree k, and we examine the dependence on the geometric quantity ©.,;, and the
control parameter 1. This is formulated as the main theorem of this section.
Theorem 2 (inf-sup stability). For any k > 4 and 0 < n < 1, the inf-sup constant
(4) has the positive lower bound

ﬁ (Sk,O (T) ) Mn,k—l (T)) > (Qmin + 77) C. (15)

The constant ¢ > 0 exclusively depends on the shape-regularity of the mesh and on
via a Friedrichs inequality. In particular, c is independent of the mesh width hr, the
polynomial degree k, Opin, and n.

By choosing n = 0 we obtain the original Scott-Vogelius element with a k-robust
inf-sup constant (see [5, Theorem 5.1]). Due to (13), [5, Theorem 5.1] immediately
yields that the pressure-wired Stokes element is also inf-sup stable and the inf-sup
constant 3 (Sk,o (T), M, k-1 (7)) is also independent of the polynomial degree k and
the mesh width h+. However, in order to obtain the bounds as described in Theorem 2,
we have to modify the arguments in [5, Sections 4 & 5]. The goal of these modifications
is to prove that there exists a right-inverse II, @ M, x—1 (T) — Sk, (7) for the
divergence operator div (-). This is expressed in the following Lemma.

Lemma 2. Given any k > 4 and 0 < n < 1, there exists a linear operator 11, :
M, -1 (T) = Sk,0 (T) such that, for any g € My x—1 (T),

. C
divIly kg = g and MLy k4l o) < Omin + 7 lall L2 - (16)



The constant C' > 0 exclusively depends on the shape-regularity of the mesh.

In order to prove this Lemma we modify [5, Lemma 4.2 and 4.5] to take into
account the parameter 7; its formulation uses the following notation. Enumerate the
elements in 7T, counterclockwise by K; for 1 < i < N, such that the edges in &, are
given by E; = K;_1 NK;, employing cyclic numbering convention, meaning Ko = Ky,
and Ky,+1 = Kj. For 1 < i < N, 6; denotes the angle at z in K;. The vectors t; and
n; denote the unit tangent vector and the unit normal vector of the edge E; pointing
away from z and into K, respectively.

Lemma 3 ([5, Lemma 4.2 and 4.5]). Given any k > 4 and any 0 < n < 1, then for all

~ Nz
zeV(T) and g € My —1(T), there exists a solution (d%) C R? of the system
)i=1

qlg, (z)sind; = <a%i,ni+1> <dE1+l, > V1 <i < N, (17)

that satisfies

dj,

) N, (Omin + 7’)72 if z¢Cr(n)
2 min ’ ’
. ’ SC; CI|Ki (z)~ x {1’ if z€Cr(n), "

i=1
where C' > 0 solely depends on the shape-regularity of T .
Proof. Let us first consider z ¢ Cr (n). If z € Vq (T), then by [5, Lemma 4.2] we know

that there exists (d%, )J\: C R? satisfying (17) and

ZHd I <2 ( ;(V)fﬁzqu(z)?,

i=1

where £ (z) = Zf\;’l |sin (6; + 0;+1)| employing cyclic numbering convention. We
observe that from the definition of £ and z ¢ Cr (n), it follows that

6min + U

5 <0O(z) <((z).

Since the maximal possible number N, of triangles around a vertex z € V(7) only
depends on the shape-regularity, we conclude that

22q|K )

for some constant C > 0 solely depending on the shape-regularity of 7. If z € Vs (T)

N,

> [ldz

i=1 ' B ( min +

we repeat the arguments presented above on the set of vectors (d%)j\;zl given by

[5, Lemma 4.5 (1)] and therefore by setting &% := d%, as described above, we have
proven (17) and (18) for non-n-critical vertices. Let us now consider z € C (1) and

10



we first assume z € Vo (7). We choose aZE = §;t; and some elementary computation
transforms (17) into

q|K1 (Z) = 51' + 5i+1 V1 S { S Nza (19)

employing cyclic notation convention (cf. [5, (4.8)]). Set 01 := 0 and ;41 :=

S (1) dl, (z) for all 1 <i < N, — 1. For i = 1 (19) is trivially satisfied and

for 2 <i < N, — 1, we compute

5t b = ST e )+ 3 = (1) dly, @)
7j=1 j=1
=3 )7 gl (3) 4 (1) dlie, (@) + dlie, () = alic, (@)
j=1

For i = N, we have by assumption that Ay, (¢) = 0 and conclude after rearranging
the terms that dn, = ¢, (z). Since the d7, are the same as in [5, Lemma 4.3] we

obtain
N, 9 N,
2
> [az | <o dle )
=1 1=1

for some constant C' > 0 solely depending on the shape-regularity of the mesh. If
z € Vaq (T) holds, the same construction as in [5, Lemma 4.3] and A7 5 (¢) = 0 verify
(17) and (18) also for the n-critical vertices. O

qz
dE1

Proof of Lemma 2. Let ¢ € M, ;-1 (T) be given. Taking the functions ¢% , from [5,
Lem. B.1] we set
W= Y didhy,

2eV(T)
EcE(E)

where d% is taken as in Lem. 3. Mimicking the arguments in [5, Sec. 5] (with ¥y, j
replaced by Uy, , therein) in combination with Lemma 3, we obtain that there exists
a vector field u, € Sy o (7) satisfying divu, = ¢ and

Iallggs (o) < Cmax {1, Ouin + 1)~ } /2l 2y < C Ormin + 1) a2y -

with 1 < 2(O iy +n) ! from Oy, n < 1 in the last step. The constant C' > 0 is inde-
pendent of the polynomial degree k, the mesh width A, the geometric quantity Oy
and the parameter n and exclusively depending on the shape-regularity of the mesh,
and the domain €. Therefore by setting II,, .¢ := uq we have proven our statement. [J

Proof of Theorem 2. For the estimate of the inf-sup constant we compute

(g, div v)LQ(Q) Lem. 3 (g, div Hn,kQ)Lz(Q)

inf sup > inf
ML) e (r) VIl g lall 220y 1Mk ) [Ty k4l ) a2 0

11



2 C(@min + 77)7

where ¢ only depends on the shape-regularity of the mesh and on 2 via the Friedrichs
inequality. O

Main properties of a “good” Stokes element are the inf-sup stability, the approxima-
tion properties of the velocity and pressure space, and the divergence-free condition for
the velocity solution. We end this section by a remark on the approximation properties
while the next section is devoted to the analysis of the smallness of the divergence.
Remark 2 (approximation properties). Since the velocity space is the standard con-
forming finite element space, the approximation properties are standard. For the
pressure space we start with an observation for g € My ,—1(T) where 0 < n < 1o with
no from Lemma 1. Suppose z € Voo (T) N Cr(n) is an n-critical boundary vertex with
N, odd (type 2 or 4 in Figure 2), At ,(q) = 0 reveals the following implication

q continuous in z = q(z) = 0.

Since the exact pressure does not vanish at theses points in general, we cannot expect
a good approzimation property of My r_1(T) in neighborhoods of such vertices that
can only occur at corners of the domain ) by Lemma 1. This is a drawback for both,
the original Scott-Vogelius element and the pressure-wired Stokes element. In [19], we
present a strategy to modify the pressure space in these vertices such that standard
approximation properties hold while the discrete inf-sup stability is preserved.

5 Divergence estimate of the discrete velocity

The Scott-Vogelius pair (S0 (7), Mo k-1 (7)) is inf-sup stable for k& > 4 but sensitive
with respect to nearly singular vertex configurations, where 0 < © (z) < 1 for some z €
V (T). The corresponding discrete solution is divergence free. Since our n-dependent
pressure space My, —1 (7) is a proper subspace of the image of the divergence operator
div : Sy o(T) = Mo -1 (T) in general, we cannot expect the discrete velocity solution
to be pointwise divergence-free. However, since lim, .o My, x—1 (T) = Mo -1 (T), we
may expect [divus|[;sq) to be small. The main result of this section establishes
an estimate of the divergence which tends to zero as n — 0 without any regularity
assumption on the continuous Stokes problem. Consider the open subset

Qn) = U int(w,) C £, (20)

z€C1(n)

where int(w,) denotes the interior of the closed vertex patch w, from (5).

Theorem 3 (velocity control). Let k > 4 and 0 < n < ny be given with ny > 0 as
in Lemma 1. Let (u,p) denote the solution to (2) for F € H=1(Q). Then the discrete
solution (us, par) to (3) in (Sko (T), My r—1(T)) satisfies

Vu—u <C min Viu—-v + min — ,
IV ( sz ) < vs€Sno(T) IV( S)H]L?(Q) n e €My p 1 (T) P — arell 2oy
div vg=0

12



2 min P — amllLzm))-

divu <C min Viu—vwv +
[ S||L2(Q) n IV ( S)H]LZ(Q) oneM,,,,kfl(T)

vseSk,O(T)
divvg=0

If T does not have n-critical boundary vertices z € C+(n) N Vaq(T) with N, odd (type
2 or 4 in Figure 2), then divug = 0 in Q\Q(n). The constant C' > 0 depends solely on
the shape regularity of T and on the domain Q. In particular C' is independent of the
mesh width hr, the polynomial degree k, the geometric quantity O, and the control
parameter 1.

A key ingredient in the proof of Theorem 3 is the following control of the divergence.
Define the space

Sn,k,O(T) = {VS S Sk:,() (T) | AT,z (diVVs) =0 forall ze CT ('17)}

For a function v € L?(Q2) and a subspace U C L?*(Q) , v L U abbreviates the L2
orthogonality onto U, i.e., (v, u)L2(Q) =0 for all uw € U. The same notation applies for

vector-valued functions v € L?(Q).
Lemma 4 (divergence control). Let k >4 and 0 < n < ng be given with ny > 0 as in
Lemma 1. For any vs € S o(T) with divvs L M, ,_1(T), there exists Cs € R with

(a) divvs\ﬂ\m =Cs and | divvs — Csll2qe) < V16/T[div Vsl 2@

(b) 1divvs|l 2(q) < Idivvs = Csllp2(q() < Caivn WS&Q%EO(T) IV (vs = ws)llL2(om)) -

If T does not contain n-critical boundary vertices z € C1(n) N Vaq(T) with N, odd,
then Cs = 0. The constant Cgiy > 0 exclusively depends on the shape regularity of T .

Proof of Theorem 3. The discrete formulation (3) imposes that the discrete velocity
ug satisfies divug L M, ,—1 (7). Consider an arbitrary vg € S o(7) with divvg =0
and observe vg € S, 1, 0(7) by definition. The weak formulation (2) and the discrete
formulation (3) for the test function eg := ug — vg € Sy o(7) satisfy

a(u—ug,es) = b(es,p — par) = b(us,p — qur) Vau € My p—1(T)

with divesg = divug L M, ;1 (7) in the last step. Let gar € My, ,—1(T) be arbitrary.
Lemma 4 provides div uS|Q\W =Cs €Rand Cs L p—qu € L3(Q) reveals

b(us,p - QM) = (diVUS —Cs,p — QM)LZ(Q(W)) .
The previous two displayed equalities and a Cauchy inequality provide

IV(us — vs)|[f2(q) = a(us — vs,es) = a(u — vs, es) — a(u — ug, es)
<V (u=vs)llizq) IVeslliz ) + [P = amll 2@y | divus =Cs|l 2 (o)) -
Lemma 4 reveals ||V (ug — Vs)||L2(Q) < |V(u-— Vs)||L2(Q) + Caivnllp — anrll 2 (m))-
This, |9 (0 u8)le(oy < IV (1 V) e + ¥ (s - vs)ls oy from a trinnle

inequality, and Lemma 4 lead to

|V (u— uS)”]lP(Q) <2[V(a- VS)||1L2(Q) + Caivnllp — aurll 2 ) s

13
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Fig. 3 Setting of Lemma 5

[divus|l =) < Can [V (0 = Vs)llpz(0) + Cait’[Ip — arell 2 (ny) -

Since vg and gp; are arbitrary, this concludes the proof. O]

One remark precedes the preparation and proof of Lemma 4 in Subsections 5.1-5.2.
Remark 3 (localized pressure-robustness). The presence of n-critical but not singular
vertices implies that the discrete pressure space My —1(T) C Mo —1(T) = divSy,0(T)
is a strict subset of the discrete divergence characterised in [1], [3]. Thus, full pressure-
robustness [17] cannot be expected in general and the velocity error may depend on the
pressure. However, Theorem 3 guarantees that this pollution effect appears only locally
around the n-critical vertices and is at most linear in n; the velocity approrimation is
independent of the pressure restricted to Q\ Q(n).

5.1 Analysis for n-critical vertices

This subsection analyses the divergence of piecewise smooth and globally continuous
functions on the vertex patch T, of an 7-critical vertex z € C ().

Lemma 5. Consider four directions tq,...,t5 € R2\{0} and some functions
vi,...,v4 € CY(U (2)) defined in some neighborhood U (z) of z € R? as in Fig. 3.
Let 0; denote the (signed) angles counted counterclockwise between t; and t;i1 for
J =1,...,4 (with cyclic notation). If the Gateaux derivatives Og;(vj_1 — V;) vanish
at z for all j=1,...,4 then

4

Z (=1) divv; (2)

j=1

< VB0 Y |Vv; (4)] (21)

j=1

e |sin 0 |

with = min {|sin Os|, |sin 04|} and © := max {|sin (01 + 02)|, |sin (62 + 63)|}.
The proof of this lemma requires two intermediate results. Recall the definition of
the condition number
conds (M) := HM_1H2 [IML],,

of a regular matrix M € R?*? with the induced Euclidean norm given by [|[M||, :=

SUPxera\ (o} [Mx]| / [|x]-
Proposition 4. Given two vectors t1,ta € R? of unit length ||[t1]| = [[t2]| = 1, set
M := [t1[ta] € R?*2 (cf. Notation 1). Let 6 be the angle between t1 and ta, i.e.,

14



cosf = (t1,t2). Then

2
do (M) < .
condz (M) < |sin 6]

Proof. Recall the characterisation of the spectral norm [[M]|, = oyax(M) as the
maximal singular value of the matrix M from linear algebra. A direct computation
reveals the eigenvalues 1 4 cos @ and the corresponding eigenfunctions (4+1;1) € R? of

Tag_ [ 1 cosf
M M_(COSH 1 )

Suppose 1 — cosf < 1+ cos6 (otherwise replace 6 by 7 + 6 and observe |sinf| =
|sin (6 + 7)|). Then, the estimate for the condition number of M follows from

1+cos€\/(1+cos6)2 2
1—cos26 — |sin(6)|

conds (M) = \/

1—cosf

O

The second intermediate result for the proof of Lemma 5 is an algebraic identity
for the rotation of vectors in 2D. Define the rotation matrix

o= (50 = (B ) e
Proposition 5 (rotation identity). Any a, 8,7 € R satisfies
sin(a— B)R (y) =sin(y — B) R (a) +sin(a —v) R (5).
Proof. The real Re and imaginary Im parts are R-linear and it is enough to verify
sin (o — B)e'” =sin (y — B) €' +sin(a — ) e'?. (23)
Indeed, a direct computation with the identity 2isinf = e'? —e~ 1% for § € R shows
%isin (y — B) el® = (ei(vfﬁ) _ ei(ﬁ*‘Y)) o = ¢l (lla=B) _giB cila—),
2isin (a — 7)elf = (ei(a—v) _ ei("f—a)> ol B — glai(B—7) _ v gi(B—a)

The sum of these terms and el# e!(®=7) = ei@¢i(A=7) Jead to the identity (23). This
and (22) conclude the proof. O

Proof of Lemma 5. Assume sin 01 # 0, otherwise the left-hand side of (21) is zero and
there is nothing to prove.

Step 1 (preparations): Rescale the directions to unit length ||t1]| =--- = |[t4| =1
and let M := [t;]ts] € R?*? be the matrix with columns t; and to. It is well known that
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the Piola transform preserves the divergence of a function. Indeed, the transformed
function Vv := M~!v o ® with ®(&) := MX% + z satisfies (divv) o ® = div¥v and the
componentwise Gateaux derivatives satisfy

an (Vj,1 —{’\j) (0) :0 fOI‘j: 1,...,4 (24)

in the directions Ej = Mfltj by assumption. Note that t; = e; and ty = ey are
the canonical unit vectors in R? so that 9; = 0;, and 0y = 0, hold. We denote the
components of v; by (v (Ajl AJQ) Following the proof of [4, Lem. 2] we conclude that the
sum in the left-hand side of (21) equals

0) + 0 (03 — 03) (0) + 02(33 — 03) (0) + 9 (03 — 53) (0)
0) + 05 (6% — ) (0) (25)

with (24) in the last step. The other terms might not vanish but (24) leads to a bound
in terms of the full gradient V(03 — 9}) and V(03 — 93) at 0.

Step 2 (bounds by the full gradient): The directions t; = R(61 +---+6;_1) t;
are rotations of t; by the angles 6; satisfying cos6; = (t;,t;41) for j =1,...,4. The
application of Proposition 5 for the rotation of t; first with o < 61 + 05, 5 « 0,
~v + 61 and second with o < 61 + 05 4+ 03 = 2 — 04, B + 61, v < 0 leads to

sin (61 4 02) to = sin (61) t3 + sin (62) tq,
sin (92 + 93) tl = sin (791) t4 + sin (27‘(’ — 94) t2

This, (24) with fj = e, for j = 1,2, and the anti-symmetry of the sine result in

sin (92) 81 (:l'}% - ﬁ%)
sin (04) 0o (v3 — ﬁi)

sin (01 + 02) V(?J\% - Ué)
sin (92 + 93) V( v3 — ’Ui)

sin (91 + 92) 62 (i)\% — /17%) S
sin (02 + 603) 01 (03 —03) | <

(26)
at 0 = ®1(z). Introduce the shorthand

p = min {|sin (62)],[sin (A4)|} and © := max {|sin (01 + 63)], |sin (62 + 03)|} .

The combination of (25) and (26) provide

4

Z 7 (divvy) (z)

<O (|[V (@2 - )| + [V (@ - #)]) (©)

4
<v20'} V9]l (0)

j=1
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with a triangle inequality and | VV3|| + || VV3|| < v2[|[VV3]| in the last step.

Step 3 (finish of the proof): Recall the assumption sinf; # 0. This, the chain
rule for derivatives Dv; = M~! ((Dv;) o ®) M, and the Cauchy-Schwarz inequality
imply ||Vv;| (0) < HM_1H2 M|, Vv (z) for j = 1,...,4. Since condy (M) =
Mt ||2 [|IM]|, <2/ |sin 6| from Proposition 4, this concludes the proof. O

Lemma 5 allows for an important generalisation of the known result, e.g., [4, Lem.
2], that A7, (divv) = 0 vanishes for continuous piecewise polynomials v € Sy o (7).
Corollary 1. Let k > 0 and 0 < 1 < 19 be given with 19 > 0 as in Lemma 1. Any
n-critical vertex z € Cr (n) satisfies

(sin¢7)? |A7 4 (div V)| < Cinehy K0 [|VV] () for all v € Sk (T).

The constant Ciny > 0 exclusively depends on the shape-regqularity.

Proof. For z € V (T), recall the fixed counterclockwise numbering (6) of the triangles
in 7, so that 7, = {K; : 1 < j < N,} for N, := |T,| as in Fig. 2. First we consider
the case of an inner 7-critical vertex z € Vo (T) with N, = 4 from Lemma 1(a). Since
v € Sk (T) is globally continuous, the jump [v] p, = 0 vanishes along the common
edge E; := 0K;_1 N 0K, and, as a consequence, Btj(v|Kj71 - v|Kj) (z) = 0. Thus,
Lemma 5 applies to v; := v|Kj for j =1,...,4 and shows

p(sin 1) | A7 (divv)| < VB8O > [|Vvk ()] .
KeT,

The k-explicit inverse inequality [20, Thm. 4.76] and a scaling argument imply that
there is a constant Cy,, > 0 exclusively depending on the shape-regularity of T with

IVvlx @) < VYl () < Cinehy B2 IIVViLa ) VE € T

Since ©(z) = O holds and the minimal angle property implies sin ¢ < sinfy,
this, the definition of p in Lemma 5, and } s ||Vv||]L2~(K) < 2|Vvllz,,) from a
Cauchy inequality conclude the proof with Ci,, := v/32C;ny. The case of a bound-
ary vertex z € Vaq (T) with N, < 3 from Lemma 1(b) can be transformed to the
first case. One extends the “open” boundary patch 7, to a closed patch by defin-
ing shape regular triangles K;, N + 1 < j < 4, such that the extended patch
’7~'Z =T, U{K,; : N+1<j <4} satisfies: a) ’7~'Z a closed patch, i.e., z is a vertex of
K;, 1 <j <4 and the intersection K; 1 N K; is a common edge, b) z is a n-critical
vertex in T,. The function v € Sy (T) then extends to the full patch Unt1<j<aK;
by 0 and the proof of the first case carries over. O

5.2 Proof of Lemma 4

The last ingredient for the proof of Lemma 4 concerns the explicit characterisation
of the functions in My x_1(7) that are L? orthogonal to M, ;1 (T). Recall the fixed
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counter-clockwise numbering (6) of 7, and let A K,z denote the barycentric coordinate
associated to z on K € T,.
Definition 4. Forz € V (T), the function by, € Py, (T,) is given by

Ny (_1)J+k

C P (1200, )

bk,z =
j=1

The polynomials PIEO’Q) (1 —2Xk,z) € Pi(K) have been introduced in [21] to char-
acterize the orthogonal complement of div(Sk11,0(7)) in Pko(7) on certain macro
elements, see also [22], [10], [23].

Lemma 6. Set ¢ := ("1?) for k> 1 and let z € V (T).
1. The function by , € Py (T,) from (27) satisfies, for all 1 < j < N,, that

Y fy—2

2. The following integral relations hold on the triangle K; € T,:

(bk,m 1)L2(Kj) = (_1)j C]Zlv (29>
(bk,z7q)L2(Kj) =4q (Z) (bk,Za I)Lz(Kj) Vg € Pk(Kj)- (30)

3. The function (kb , is the Riesz representation of At , in Py(T,), i.e.,
Ck (bk,za Q)Lz(wz) = AT,Z (Q) Vq € IP)lc(,Tz) (31)

In partiular, by , is L?(w,) orthogonal to all ¢ €P(T,) with Ar ,(q)=0.
4. For k > 2, the set {1} U {brz}zev() is linearly independent and

2 2

3 . , 12
i SIKT D, G< o min
L2(K) zeV(K)

Z Czbk,z -C

zeV(K)

Z czbk,z

zeV(K)

L2(K)
(32)

for any K € T and ¢, € R.

Proof. From [22, (3.14), (3.2)] it follows that the function b; := P}go,z) (1 -2k, ) is
orthogonal to any function ¢ € Py (K;) with ¢ (z) = 0 and fulfils

bj () = PP (-1) = (=1)" G, b;(y) = PP (1) =1 Vy e V(K;)\{z}. (33)

The integral of b; over the triangle K; can be evaluated explicitly as

1 1711
= 707 == [ [ R 02
K 0 Jo

J
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1
-9 |Kj|/ (1 —21) P2 (1 = 22)day
0

—1-20, |Kj| [!
=120 [ 2J|/ (t+1) PP (t)dt
—1

e G R K] (34)

This implies (29). The L? orthogonality (b;,q — ¢ (Z))LZ(Kj) = 0 shows

33), (34
BBV K e Py (K.

0< (ijbj)L2(Kj) = bj (Z) (bj’ 1)L2(K_7~)
In turn, (30) follows from

(bk,mQ)Lz(Kj) = (bk,za q—q (Z))Lz(Kj) + (bk,m q (Z))L2(Kj) =4q (Z) (bk,za I)LZ(Kj) .

The definition of by |, = (=1)" ™" [K;| ™" b; in K € T, reveals

S (-p** @) .1
(Ok 2, D 20,y = Z ik, () K (b, l)LQ(Kj) = G ATz (a)
j=1

for any ¢ € Py(7,). This is (31) and implies the orthogonality (bk727q>L2(wz) = 0 for
any q € Py (T,) with A7, (¢) = 0. Given coefficients ¢, € R for z € V(K),K € T,
set q = ZZGV(K) Czbk,z. The minimum in (32) is obtained for the integral mean

dK = |K|_1(qa 1)L2(K)7 i'e'v

gleiﬁ%Hq - C||2L2(K) = [lg - QK||2L2(K) = ||Q||%2(K) - ||QKH%2(K) = Z CaCy My.y
z,yeV(K)

with M,y = (bk,Zabk,y)LQ(K) - |Kv|71(b/§,z7 1)L2(K)(bk,y7 1)L2(K)- Since kuvZHQL?(K) =
|K|~Y and [(br,z, bey) 22 (x| = G K| from (28)—(30) for z # y € V(K), (29) shows
that the diagonal and offdiagonal elements of the symmetric diagonally dominant 3 x 3
matrix M := (Mgy), yev(x) € R3*? are controlled by

My, =|K|7'H(1=¢ %) =m My < |K|7NG + G2 =:r

z #y € V(K). This and the Gerschgorin circle theorem [24, Thm. 7.2.1] prove that
(all and in particular) the lowest eigenvalue Apin of M is bounded from below by
m — 2r > T|K|71/12 for k > 2. Analog arguments control the maximal eigen-
value Apax < |K|71(1 +2¢, ") < |K|7'4/3 for k > 2 of N € R¥® with N, =
(bk,zs br,y)r2(K). Hence, the min-max theorem implies (32) and the linear inde-
pendence follows from the support property, suppbi, = w,. This concludes the
proof. O
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Now we have all the ingredients for the proof of the key Lemma 4 of this section.

Proof of Lemma 4. This proof is split into 3 steps.

Step 1 (characterisation of the divergence): Note that divvs € Py_10(7) has
integral mean zero from vs € Sk (7). The L? orthogonality divvs L M, x—1 (T)
implies

divvg € M, 1 (’7’)l = {p EP1(T) + (P4)p2@q) =0 forallge My (T)} .

It follows from Lemma 6(4) that span{l,by_1, : z € Cy(n)} is the orthogonal
compliment of M, ;1 (T) in P_1 (7). This guarantees the existence of coefficients
¢z € R for z € Cr (n) and Cs € R such that

divvs = Y czbp_14+Cs. (35)
z€Cr(n)

Recall the open subset Q(n) C Q from (20). Since suppbi_1,, = w, C Q(n) from
Definition 4, (35) verifies div VS'Q\W = Cs. For any K € T, Lemma 6(4) provides

|| divvg _CS||L2(K) = Z Czbr—1,2 < v 16/7HdiVVS||L2(K)-
z€Cr(n) L2(K)

The integral mean is the best-approximation onto constants and vanishes for divvg
so that this and div vs|Q\W = (g verify
di = min || di —-C
Idiv vs|lr2(e) = min || divvs = Cllr2(q)

S || div Vs — CSHL?(Q(n)) § \ 16/7” div VSHLZ(Q(n))~ (36)

Lemma 1(a) and n < 79 guarantee N, = 4 for any interior 7n-critical vertex z €
Cr(n)NVa(T). If T does not contain n-critical boundary vertices z € C1(n) N Voo (T)
with N, odd, the integral mean of b;_1 , vanishes for all z € Cr(n) by (29) and

|Q\C’s:/divvs— Z cz/bk_1,z=0~
Q zeCr(n) @

Step 2 (preparations): Let K, € T, denote any fixed triangle in the vertex patch
of z € C7(n). The orthogonality of div vg onto Cs € R, (35), and Lemma 6(3) provide

(31)

Idivvs|Teoy = Y (Cbr12,divvs) o) = Gl D A7, (divvs)
zeCr(n) zeCr(n)
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Fig. 4 Perturbation 7z (blue) of the criss-cross triangulation 7o (gray) of the square

<G | DD K (Ara(divvs)® [>T Kl e (37)

zeCt(n) zeCr(n)

with a Cauchy inequality in £? in the last step. Lemma 6(4) controls the last term by

dSoIK T <) S KT <12/7] divvsEa o)) (38)

z€C7(n) KeT zev(K)nCr(n)

Step 3 (divergence control): Let wg € S, 1, 0(7)C Si 0(7T) be arbitrary and recall
|K| < h2 for all K € T, by definition. Since A7, (div wg) vanishes and © (z) < n for
every z € Cr (1),(37)—(38) and Corollary 1 applied to vg — wg € Si o (7) imply

v vl 20 §\/12/7§,;11\/ S h2(Ars (divvs — divws))’

zeCr(n)

< V12/7¢ 0K Z 0 (2)* |V (us — WS)”]L?(UJ )

z€C7(n)

Hence, the finite overlap of the vertex patches results in

|| leVSHLQ(Q 1nv /36 Ck 11k277 ||v WS)HLQ(Q(n)) .

Since wg € S, 1,0(7) was arbitrary, this, (36), and ¢, ' k? = 2k/(k +1) < 2 conclude
the proof. 0

6 Numerical experiments

In this section we report on numerical experiments of the convergence rates for the
pressure-wired Stokes elements and investigate the dependence of [|divus||;2q) on 7
and the number of degrees of freedom.

We comment on a straightforward implementation with a direct LU solver and
Lagrange multipliers for the pressure constraints. For the original Scott-Vogelius
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Fig. 5 Convergence history of the total error (left) and of the divergence (right) with z. treated as
n-critical z. € C1(n) or non-singular z. & C(n) vertex for the h-method

element and nearly singular vertices the condition number of the algebraic system
becomes very large. As a consequence all input errors and variational crimes are ampli-
fied by the bad conditioning. The treatment of the ill-conditioning in the presence of
few nearly singular vertices by more robust solvers, e.g, of Krylov type, lies beyond
the scope of this paper with its focus on the pressure-wired Stokes element.
Analytical solution on the unit square. The difference to the classical Scott-
Vogelius element stems from the different treatment of near-singular vertices only.
Therefore we focus our benchmark on the criss-cross triangulation 7¢ of the unit square
Q := (0,1)? with interior vertex z. := (1/2 + &;1/2) perturbed by some 0 < & < 1/2
shown in Fig. 4. For € <« 1, this triangulation locally models a critical mesh configura-
tion with 0 < ©(z.) < 1 where in finite arithmetic the classical Scott-Vogelius FEM
becomes unstable. Consider the exact smooth solution

: 2 .
n (le)SIH(WxZ)COS(WxQ) — 106 o~ (x1—0.3) 72— (22—32/500) "2
u(x) = <_ sin? (7o) sin (r21) cos (7))’ p(x)=10"e C

to the Stokes problem with body force F = f := —Au+ Vp € C*> (). The velocity
is pointwise divergence-free as it is the vector curl of sin? (r2;)sin? (7z) and C is
chosen such that the pressure p € L3(f2) has zero integral mean.

Optimal convergence of the h-method. This benchmark considers uniform red-
refinement of the initial mesh 7. that subdivides each element into four congruent
children by joining the edge midpoints. This refinement strategy does not introduce
new near-singular vertices in the refinement and ©(z.) remains constant through-
out the refinement. We consider ¢ = 0.01,0.0001,107%,10~ that corresponds to
O(z.) = 2¢. Fig. 5 displays the total error ||V (u —ug)||L2(q) + ||p — pal|12(0) and the
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Fig. 6 Convergence history of the discretisation error (left) and || div ug]| (right) with z. treated as
nearly singular z. € C1(n) or non-singular z. ¢ C(n) vertex for the k-method

L? norm of the discrete divergence || divus||z2(q) when z. € Cr(n) is treated as non-
singular or as singular z. € Cy(n) vertex. In the first case, our pressure-wired Stokes
FEM is identical to the classical Scott-Vogelius FEM. We observe that for low poly-
nomial degrees k and perturbations ©(z.) > 1075, both variants converge optimally.
However, for small perturbations ©(z.) < 1076 (dotted), the solution to the classical
Scott-Vogelius FEM is polluted by the high condition number of the algebraic sys-
tem and only our modification that treats z. € Cy(n) as n-critical converges at all
and with optimal rate. The divergence of the classical Scott-Vogelius FEM vanishes
up to rounding errors except for a similar pollution effect for ©(z.) < 107%. We also
observe that the L? norm of the divergence for the pressure-wired Stokes FEM is very
small compared to the total error and also significantly smaller than the velocity error
[V (u — ug)llL2(o) (undisplayed) by a factor of ©(z.).

Exponential convergence of the k-method. This benchmark monitors the
behaviour of the k-method that successively increases the polynomial degree k. The
convergence history of the total error in Fig. 6 displays the same pollution effect for
small perturbations 0 < € < 1 or higher polynomial degree k when z. is treated as
a non-singular vertex. All other graphs overlay and, in particular, the pressure-wired
Stokes FEM converges exponentially. For the discrete divergence, we observe the same
convergence up to a certain threshold when accumulated rounding errors dominate. We
remark that a sophisticated choice of bases, e.g., from [25], could improve this thresh-
old. However, this does not affect the high condition number caused by the singular
mesh configuration that produces the pollution effect for the Scott-Vogelius FEM.
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