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Abstract

Dynamical black holes in the non-perturbative regime are not mathematically well un-

derstood. Studying approximate symmetries of spacetimes describing dynamical black holes

gives an insight into their structure. Utilising the property that approximate symmetries

coincide with actual symmetries when they are present allows one to construct geometric

invariants characterising the symmetry. In this paper, we extend Dain’s construction of ge-

ometric invariants characterising stationarity to the case of initial data sets for the Einstein

equations corresponding to black hole spacetimes. We prove the existence and uniqueness of

solutions to a boundary value problem showing that one can always find approximate Killing

vectors in black hole spacetimes and these coincide with actual Killing vectors when they are

present. In the time-symmetric setting we make use of a 2+1 decomposition to construct a

geometric invariant on a MOTS that vanishes if and only if the Killing initial data equations

are locally satisfied.

1 Introduction

For a generic initial data set of the vacuum Einstein field equations an important question is
whether the development of this initial data set possesses a Killing vector or symmetry. This
question first arose in the study of linearisation stability [16] and is of utmost importance as
symmetries greatly simplify problems in all fields within General Relativity. Moreover, some of
the most important solutions to the Einstein field equations admit a number of symmetries. In the
context of the initial value problem of General Relativity, the existence of continuous symmetries
is characterised by solutions of the Killing initial data (KID) equations [5] —see also [16]. The
KID equations are a system of overdetermined equations for a scalar and a 3-vector on the initial
data set such that, if a solution exists, the development of the data will have a Killing vector with
lapse and shift at the initial hypersurface given by the scalar and vector, respectively. In fact,
these equations also have a deep connection with the ADM evolution equations and the adjoint
linearised constraint map DΦ∗, as described in Section 2.

As already mentioned, the condition that a spacetime (M, g) possesses a Killing vector is en-
coded in the initial data by the Killing initial data (KID) equations. This holds, in particular, for
time translations. Given the role that stationary solutions have in the mathematical description
of isolated bodies, it is natural to attempt to quantify the deviation of a given initial data set
from that of a stationary one. In [12], the notion of an approximate Killing vector was introduced
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as a solution to a fourth order, self-adjoint, elliptic partial differential equation whose solution
implies the existence of a geometric invariant which allows one to identify static initial data. This
idea was developed and extended in [17] to the non-time symmetric case —thus allowing for a
characterisation of stationary data sets. In these works the approximate Killing vector equation
was solved on the whole of an asymptotically Euclidean 3-manifold. That is, the only boundary
conditions prescribed in this analysis were those associated to the asymptotic ends. As such, this
approach does not allow to encode the presence of a black hole.

The purpose of this article is to extend the results of [12] and [17] to incorporate not only
asymptotic conditions but also an inner boundary that corresponds to the boundary of a black
hole. This boundary will be a 2-dimensional surface that encodes the presence of a black hole in
the evolution of the initial development. This is accomplished by the condition that the surface
is a marginally outer trapped surface (MOTS), sometimes referred to as an apparent horizon.

The main result of this paper is contained in the following theorem.

Main Result. Let (S, hij ,Kij) be a complete, smooth asymptotically Euclidean initial data set
for the Einstein vacuum field equations with one asymptotic end. Given smooth fields f , g, f i

and hi over ∂S, then there exists a solution (X,X i) to the approximate KID equation boundary
value problem

P ◦ P
∗

Å

X
X i

ã

= 0 on S,



















X |∂S = f,

∆hX |∂S = g,

X i|∂S = f i,
∂
∂ρX

i|∂S = hi,

such that on the asymptotic end, one has the asymptotic behaviour

X = λ|x|+ ϑ ϑ ∈ H∞
1/2

X i ∈ H∞
1/2

where λ is Dain’s invariant —i.e. if the data is stationary in the sense of Definition 5 then λ
vanishes.

The generality of the boundary values in this theorem is exploited in order to choose physically
relevant values of the fields. The construction of the boundary values is clearly non-unique due
to the arbitrariness of the fields. We consider the decomposition of the Killing initial data (KID)
equations onto ∂S and investigate how much of the KID equations one can solve on this surface.
Integral to this construction is the use of the MOTS stability operator [2]. In this manner,
in the time symmetric setting, we incorporate the condition that the MOTS propagates into
the evolution of the initial data in the boundary conditions of the approximate KID operator.
However, in the non-time symmetric case, how one should incorporate the stability of MOTS is
much less obvious.

In addition to the main theorem above, in the time symmetric setting, we also construct a
geometric invariant on the surface ∂S that vanishes if and only if the KID equations are solved
there. This result is contained in the following theorem and proved in Section 5.

Theorem. Given a time symmetric initial data set and a MOTS the KID equations give rise to
the elliptic equation on ∂S

∆h̄N −
1

2
(r̄ + K̄pqK̄pq)N = 0.
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For a stable MOTS the unique solution is N = 0. Furthermore, using the evolution equations one
obtains

∆hN = N = 0, on ∂S.

Then the KID equations are satisfied on ∂S if and only if ω = 0 where

ω ≡

∫

∂S

|K̄|2|D⊥N |2,

with |K̄|2 = K̄pqK̄
pq and D⊥ ≡ ρiDi.

Outline of the article

The paper is organised as follows: in Section 2 the approximate Killing initial data equation
(AKE) is constructed as in [17] and [12]. In order to make sure that a suitable boundary value
problem is constructed, natural boundary operators are constructed using the Green formula. The
compatibility of the boundary operators and the AKE are then verified using the Lopatinskij-
Shapiro condition. Section 3 comprises the main result of this article, namely, the existence
and uniqueness of the AKE with inner boundary conditions. In Section 4, we investigate and
derive the decomposition of the KID equations into components tangential and normal to the
inner boundary surface. Finally, in section 5, we prove existence of solutions to the tangential
KID equations and give a construction of a geometric invariant that vanishes only when one
has a Killing vector. In Appendix A we present the Green formula for the approximate KID
operator, in Appendix B we show the full derivation of the solution to the ODE arising from the
Lopatinski-Shapiro condition and in Appendix C we derive the decomposed components of the
KID equations normal and tangential to ∂S.

Notations and Conventions

The indices, a, b, c, ... are spacetime indices, i, j, k, ... are indices on an initial 3-dimensional hy-
persurface, S with metric hij and unit normal na. The indices A,B,C, ... are indices on a
2-dimensional surface Σ with metric h̄AB and unit normal ρi embedded in the 3-dimensional sur-
face. The induced covariant derivative on S is Di and on Σ is D̄A We use the positive convention
on the extrinsic curvature, that is, Kab = +ha

chb
d∇cnd for the extrinsic curvature of S and

K̄ij = +h̄i
kh̄j

lDkρl. In the latter sections of the paper, we will make use of Gaussian normal
coordinates on 2-dimensional surfaces, that is the acceleration of the foliation vanishes —in other
words, ai = 0.

2 The approximate Killing vector equation

In this section, we develop the theory of the approximate Killing vector equation and introduce
some compatible boundary operators. The first part of this section was developed in [17].

2.1 The approximate Killing operator

Denote an initial data set of the vacuum Einstein field equations by (S, hij ,Kij) where S is a
3-dimensional manifold, hij is a Riemannian metric on S and Kij is a symmetric rank 2 tensor
satisfying the vacuum Einstein constraint equations

r +K2 −KijK
ij = 0, (1a)

DjKij −DiK = 0. (1b)
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We refer to equations (1a) and (1b) as the Hamiltonian and momentum constraints, respec-
tively. In the above expressions Di denotes the Levi-Civita connection of the metric hij , r is the
associated Ricci scalar and K ≡ Kijh

ij .

In the sequel, we will be particularly interested in initial data sets whose development is
endowed with a Killing vector. At the level of the initial data set, this property is encoded
through the existence of a solution to the Killing initial data (KID) equations.

Proposition 1. (Killing initial data (KID) equations.) Let (S, hij ,Kij) be an initial data set for
the vacuum Einstein field equations. If there exists a pair (N, Y i) such that

NKij +D(iYj) = 0, (2a)

NkDkKij +DiN
kKkj +DjN

kKik +DiDjN = N
(

rij +KKij − 2KikK
k
j

)

, (2b)

then the development of the initial data is endowed with a Killing vector and (N, Y i) are the lapse
and shift of this Killing vector at S.

A proof of this result can be found in [6].

Following [17], we write the constraint equations (1a) and (1b) as a map, Φ : M2×T2 → S×X,
where M2 is the space of 3-dimensional Riemannian metrics, T2 is the space symmetric 2-tensors,
S the space of scalars and X is the space of vectors on S:

Φ

Å

hij

Kij

ã

=

Å

r +K2 −KijK
ij

DjKij −DiK

ã

.

Linearising and finding the formal adjoint of this linearisation through integration by parts yields

DΦ∗

Å

X
Xi

ã

=

Å

DiDjX −Xrij −∆hXhij +Hij

D(iXj) −DkXkhij + Fij

ã

(3)

where Hij and Fij are as in [17].

Remark 1. A calculation shows that having a solution (X,Xi) to DΦ∗(X,Xi) = 0 is equivalent
to (X,Xi) satisfying the KID equations —see e.g. Remark 2 in [17].

The above remark gives the motivation behind the following definition:

Definition 1. For the operator P ◦ P∗ : S× X → S×X, the equation

P ◦ P
∗

Å

X
Xi

ã

= 0 (AKE)

where this operator is given by

P ◦ P
∗

Å

X
Xi

ã

≡

Ö

2∆h∆hX − rijDiDjX + 2r∆hX + 3
2D

irDiX + (12∆hr + rijr
ij)X

+DiDjHij −∆hHk
k − rijHij + H̄

Dj∆hD(iXj) +Di∆hD
kXk +Dj∆hFij −Di∆hFk

k − F̄i

è

with

H̄ ≡ 2(KQ̄−KijQ̄ij) + 2(KkiKj
k −KKij)γ̄ij ,

F̄i ≡
(

DiK
kj −DkKj

i

)

γ̄jk −
(

Kk
iD

j − 1
2K

kjDi

)

γ̄jk + 1
2K

k
iDkγ̄

γ̄ij ≡ DiDjX −Xrij −∆hXhij +Hij

Q̄ij ≡ −∆h(D(iXj) −DkXkhij + Fij)
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Hij ≡ 2X(Kk
iKjk −KKij)−Kk(iDj)X

k + 1
2KijDkX

k + 1
2KklD

kX lhij −
1
2X

kDkKij +
1
2X

kDkKhij

Fij ≡ 2X(Khij −Kij)

is the approximate Killing vector equation (AKE). A solution (X,Xi) to this equation is called
an approximate Killing vector.

Remark 2. Following from Dain, [12], every approximate Killing vectors corresponds to one of
the ten Killing vectors in flat spacetime. In the following, we focus on the approximate killing
vectors that correspond to the Killing vector associated with time translations in flat spacetime.
This analysis could be extended to the other Killing vectors corresponding to spatial translations,
boosts and rotations.

Remark 3. When the initial data is time symmetric, that is Kij = 0, the AKE simplifies to

P ◦ P
∗

Å

X
Xi

ã

=

Å

2∆h∆hX − rijDiDjX + 1
2rijr

ijX
Dj∆hD(iXj) +Di∆hD

kXk

ã

(4)

where we have used the constraint equations in this case to set r = 0. Note that under the assump-
tion of time symmetry, these equations decouple from one another and can thus be considered as
two separate equations: one for the lapse X and one for the shift Xi.

We have the following important properties of the AKE operator:

Lemma 1. The operator P ◦P∗ as defined above is a self adjoint, fourth order elliptic operator.

A proof of this result can by found in in [17]. In order to discuss the solvability of the (AKE),
we will need to introduce weighted Sobolev spaces and the notion of an asymptotically Euclidean
manifolds.

2.2 The Approximate Killing vector equation on asymptotically Eu-

clidean manifolds

In this section, we summarise the results of [17] for the solvability of the AKE on asymptotically
Euclidean manifolds. We make use of weighted Sobolev spaces to discuss the decay of various
tensor fields on the 3-dimensional manifold S.

2.2.1 Weighted Sobolev spaces and asymptotically Euclidean manifolds

We begin with the definition of a weighted Sobolev space, Hs
δ :

Definition 2. Given points p, x ∈ S, let s be a non-negative integer and δ ∈ R. The weighted
Sobolev space denoted by Hs

δ consists of of all functions, u, such that the weighted Sobolev norm
is finite

||u||s,δ ≡
∑

0≤|α|≤s

||Dαu||δ−|α| < ∞

where α = (α1, α2, α3) is a multiindex and the norm in the summand is the weighted L2-norm

||φ||δ ≡

Å∫

S

|φ|2σ−2δ−3d3x

ã1/2

with σ(x) ≡ (1+d(p, x)2)1/2 and d denotes the Riemannian distance on S. One says that u ∈ H∞
δ

if u ∈ Hs
δ for all s.

Remark 4. We follow Bartnik’s conventions [3] for the weighted Sobolev spaces and norms. Note
also that we are slightly abusing notation since these norms seem to be dependent on p. However,
different choices of p give rise to equivalent weighted Sobolev norms, see e.g. [3, 9]. Thus, we
denote these norms with the same symbol.
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Using these weighted Sobolev spaces, we are in a position to discuss the necessary fall-off
conditions in order to form an asymptotically Euclidean manifold. Consider an initial data set
(S, hij ,Kij) for the Einstein vacuum field equations that has n asymptotically Euclidean ends.
That is, there exists a compact set B such that

S \ B =

n
∑

k=1

S(k)

where S(k) are open sets diffeomorphic to the complement of a closed ball in R
3. Each S(k) is

called an asymptotic end. On each of these ends one can introduce asymptotically Cartesian
coordinates x = (xα). The definition of an asymptotically Euclidean manifold is then defined on
these ends.

Definition 3. The 3-dimensional manifold S is called asymptotically Euclidean if on each asymp-
totic end one has that

hαβ − δαβ ∈ H∞
− 1

2

,

Kαβ ∈ H∞
− 3

2

.

2.2.2 Green’s Formula and the Fredholm alternative

Green’s formula will be fundamental to the choice of boundary operators in constructing the
boundary value problem for the (AKE). In this section, we outline the basic theory of Green’s
formula and use this to motivate the Fredholm alternative. The latter will be necessary in proving
the main theorem.

Green’s formula of an elliptic differential operator A arises when considering the formal ad-
joint A ∗ of A [18, 13]. Let Ω be a bounded smooth domain in R

n. For all u,v compactly
supported in Ω, the formal adjoint is defined through

∫

Ω

v · A udµ =

∫

Ω

u · A ∗vdµ.

The adjoint is calculated by performing integration by parts. If we now consider u,v to be not
compactly supported on Ω, performing integration by parts yields boundary terms. The resulting
relation is known as Green’s formula for A

∫

Ω

(v · A u− u · A ∗v) dµ =

∮

∂Ω

v · Bu− u · T vdS

where T and B are differential boundary operators. In order to formalise this discussion, we first
define a Dirichlet system.

Definition 4. Let Γ be a subset of ∂Ω. The boundary value operators bαj (x,D), j = 1, ..., n and
α = 1, ..., N is the number of equations, form a Dirichlet system on Γ if and only if

i. The order, mα
j , of b

α
j is such that mα

i 6= mα
j for i 6= j = 1, ..., n,

ii. The symbol of the operator σj(x, ~ξ) 6= 0 ∀ x ∈ Γ and ~ξ 6= 0 and is normal to ∂Ω at x,

iii. For each α, the orders mα
j run through all numbers 0, 1, ..., n− 1 (without loss of generality

mα
j = j − 1). The number n is called the order of the Dirichlet system.

A set of boundary value operators satisfying only points 1 and 2 above is said to be normal.
Then Green’s formula can be expressed as the following:
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Proposition 2. Let A (x,D) be an elliptic operator on Ω̄ and bαj (x,D), j = 1, ...,m, α = 1, ..., N ,
be a normal boundary value system on ∂Ω. Then on ∂Ω one can find another boundary value
system Sα

j , j = 1, ...,m, α = 1, ..., N , with orders µα
j < 2m− 1 so that {b11, ..., b

N
m, S1

1 , ..., S
N
m} is a

Dirichlet system of order 2mN on ∂Ω.1 Additionally, one can construct a further 2mN boundary
value operators B′α

j , Tα
j , j = 1, ...,m with the properties:

i. The orders of B′α
j and Tα

j are given by 2m− 1− µα
j and 2m− 1−mα

j , respectively.

ii. The set {B′1
1 , ..., B′N

m , T 1
1 , ..., T

N
m } is also a Dirichlet system of order 2m on ∂Ω.

iii. We have Green’s formula:

∫

Ω

(v · A u− u · A ∗v) dµ =

m
∑

j=1

N
∑

α=1

∮

∂Ω

(

Sα
j u ·B′α

j v − bαj u · Tα
j v

)

dS. (5)

Thus, the operators arising in Green’s formula are the natural boundary operators to consider.
The above discussion generalises to operators over a manifold.

In the sequel, we will need to make use of the Fredholm alternative for elliptic operators acting
between weighted Sobolev spaces which relies on the asymptotic homogeneity of the approximate
Killing operator. We outline the notion of asymptotic homogeneity here. In local coordinates on
S, the (AKE) can be written as

Lu ≡ (Aαβγδ + aαβγδ) · ∂α∂β∂γ∂δu+ aαβγ · ∂α∂β∂γu+ aαβ · ∂α∂βu+ aα · ∂αu+ a · u = 0,

where u : S → R
4 is a vector valued function over S, Aαβγδ are a constant matrices, while

aαβγδ,aαβγ ,aαβ ,aα and a are smooth matrix-valued functions of the coordinates (xα). Then
L is asymptotically homogeneous if the matrix-valued functions belong to the following weighted
Sobolev spaces

aαβγδ ∈ H∞
τ , aαβγ ∈ H∞

τ−1, aαβ ∈ H∞
τ−2, aα ∈ H∞

τ−3, a ∈ H∞
τ−4,

for τ < 0, see [7, 14]. With this definition, we can classify the asymptotic homogeneity of the
approximate Killing operator in local coordinates.

Lemma 2. If the 3-dimensional manifold S is asymptotically Euclidean as in Definition 3 then
L is asymptotically homogeneous with τ = −1/2.

We will make use of the following form of the Fredholm alternative, as proved in [18] (see also
[7]):

Proposition 3. Let L be a fourth order asymptotically homogeneous elliptic operator over a
smooth domain Ω with smooth coefficients and let bαi , i = 1, 2, α = 1, ..., N , be smooth boundary
operators on ∂Ω. Given some non-negative integer δ, the boundary value problem























Lu = f in Ω

b11u = g1
1

... on ∂Ω

bN2 u = gN
2

where f , g1
1 , ..., g

N
2 ∈ H0

δ−4 possesses at least one solution u ∈ H4
δ if and only if

∫

Ω

f · vdµ+

2
∑

j=1

N
∑

α=1

∫

∂Ω

gj
α · Tα

j vdσ = 0 ∀v ∈ N∗

1The choice of Sα
j is not unique.
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where Ti are the boundary operators coming from Green’s formula and N∗ is the space of solutions
to the homogeneous adjoint boundary value problem























L ∗v = 0 in Ω

B′1
1 v = 0

... on ∂Ω

B′N
2 v = 0

for v ∈ H0
1−δ. L ∗ denotes the formal adjoint of L .

2.2.3 Existence of solutions to the AKE on asymptotically Euclidean manifolds

The notion of approximate Killing vectors and approximate symmetries was introduced by Dain
[12]. For time symmetric initial data it was shown that:

a. every Killing vector is also an approximate Killing vector;

b. for generic initial data that admits no Killing vector (i.e. no solution to the KID equations)
there always exists an approximate Killing vector;

c. every approximate Killing vector can be uniquely associated with a Killing vector in flat
spacetime.

An invariant denoted by λ(k) was also constructed on each asymptotic end such that λ(k) = 0
if and only if the initial data is stationary in the sense of the following definition:

Definition 5. An asymptotically Euclidean initial data set (S, hij ,Kij) is called stationary if
there exists non-trivial (Y, Yi) ∈ H2

1

2

such that

P
∗

Å

Y
Yi

ã

= 0.

Moreover, if the initial data is also time symmetric, i.e. Kij = 0 then, if the above condition
holds, the initial data is called static.2

The above results were extended in [17] to the non-time symmetric setting. We state the main
theorem (Theorem 1) of this work here, without proof:

Theorem 1. Let (S, hij ,Kij) be a complete, smooth asymptotically Euclidean initial data set for
the Einstein vacuum field equations with n asymptotic ends. Then there exists a solution (X,X i)
to the AKE,

P ◦ P
∗

Å

X
X i

ã

= 0,

such that at each asymptotic end one has the asymptotic behaviour

X(k) = λ(k)|x|+ ϑ(k), ϑ(k) ∈ H∞
1

2

,

X i
(k) ∈ H∞

1

2

,

where λ(k), k = 1, . . . , n, are constants and λ(k) = 0 for some k if and only if (S, hij ,Kij) is
stationary in the sense of Definition 5. Moreover, the solution is unique up to constant rescaling.

2Note that this condition is equivalent to the KID equations due to the fall off on (Y, Yi). See Remark (6) in
[17].
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Remark 5. In the following work, we restrict to one asymptotic end with one inner boundary.
This can be extended to one asymptotic end with multiple inner boundaries corresponding to
spacetimes with multiple black holes.

The goal of the present work is to extend this theorem to include inner boundary conditions on
S. To do this, it is important that the constructed boundary value problem is solvable and that
the boundary 2-dimensional surface represents that of a black hole boundary. In this context the
natural surface to consider is a marginally outer trapped surface (MOTS), sometimes referred
to as an apparent horizon. The remainder of this section will tackle constructing a solvable
boundary value problem. In particular, we will compute Green’s formula in order to obtain
natural boundary operators and verify that the Lopatinskij-Shapiro condition holds for the AKE
with these natural boundary operators. Thereby showing that this boundary value problem is
Fredholm.

Remark 6. As a general principle, for an elliptic boundary value problem, the derivative order of
the boundary condition has to be lower than the operator and the number of boundary conditions
must be half the order of the equation. The AKE is comprised of 4 fourth-order equations. Thus,
we must have 8 boundary conditions.

2.3 Green’s formula for the AKE

In this section, we derive Green’s formula for the AKE using equation (5). The derivation is
essentially integration by parts and thus, due to the size of some of the terms, the calculations
can be found in full in Appendix A.

By inspecting the calculation in Appendix A, we can construct Green’s formula for the (AKE).
We work here using the components of the equation instead of vectorial quantities as in equation
(5). Thus, the obtained Dirichlet systems will have in total 16 elements since the (AKE) has four
components.

Lemma 3. The Green formula for the AKE can be written as

∫

S

P ◦ P
∗

Å

X
Xi

ã

·

Å

Z
Zi

ã

−

∫

S

P ◦ P
∗

Å

Z
Zi

ã

·

Å

X
Xi

ã

=

2
∑

j=1

4
∑

α=1

Å∮

∂S

Sα
j (X,Xi) · B

′α
j (Z,Zi) −

∮

∂S

bαj (X,Xi) · T
α
j (Z,Zi)

ã

.

Thus, one has the Dirichlet systems {b11, ..., b
4
2, S

1
1 , ..., S

4
2} and {B

′1
1 , ..., B

′4
2 , T 1

1 , ..., T
4
2 }.

A useful property that elliptic boundary value problems can have is self-adjointness. That is,
if the bj appearing in the formula in Lemma 3 are the operators appearing in a boundary value

problem then the B
′

j are the adjoint boundary operators. If bαj = B
′α
j then the boundary value

problem (L, b11, ..., b
4
2) is self-adjoint for L = L∗. Since we have that the AKE is self adjoint, it will

prove incredibly useful to consider a self-adjoint boundary value problem —particularly, when
employing the Fredholm alternative.

Corollary 1. One can choose the boundary operators bαj to be

ß

I,∆hX,
∂

∂ρ
Xi

™

. (6)

where I is the identity operator acting on (X,Xi). This choice yields a self-adjoint boundary
value problem for the AKE.
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Remark 7. The final operator in this set is found by decomposing terms of the form DiXj into
tangential and normal components i.e.

DiXj = hk
iDkXj = (h̄k

i + ρiρ
k)DkXj = h̄k

iDkXj + ρiρ
kDkXj .

The tangential term is determined by Xi, leaving only the normal derivative to be determined.
We also note the change in direction of the unit normal. The reason for this choice is so that the
normal vector is normal to what will become a MOTS.

Next, we check that these boundary operators are compatible with the approximate KID
equation. To do this, we make use of the Lopatinskij-Shapiro condition.

2.4 Verifying the Lopatinskij-Shapiro condition

The Lopatinskij-Shapiro (LS) condition allows us to establish the compatibility of an elliptic
operator L , with some boundary operators B. That is, if (L ,B) satisfy the LS condition
then (L ,B) is Fredholm i.e. its kernel and cokernel are finite dimensional. We will give a
brief overview of the LS condition and then prove that it holds for the AKE with the boundary
operators derived in corollary 1. For more details see [18].

Let uA, A = 1, ..., N be a collection of fields on a subset Ω ⊆ R
n with coordinates x = (xα)

and suppose we have N equations of at most order l. We consider operators of the form

(L u)i =
∑

0≤|γ|≤l

Lγ
iB(x

α, u)∂γu
B

where i = 1, ..., n are equation indices, γ is a multiindex. We complement L with boundary
operators on ∂Ω of the form

(Bu)j =
∑

0≤|γ|≤k

Bγ
jB(x

α, u)∂γu
B

with j = 1, ...,m so that there are m boundary conditions.

In order to state the LS condition, we need the definition of the principal part of a differential
operator. Recall that to obtain the principal part of an operator L we consider only the highest
order derivative terms in the operator —namely

(L Hu)i =
∑

|γ|=l

Lγ
iB(x

α, u)Dγu
B ≡ Aγ1...γl

iB ∂γ1
...∂γl

uB,

where the Einstein summation convention is used in the second equality. In particular, the
principal part of the AKE is

(P ◦ P
∗)H
Å

X
Xi

ã

=

Å

2∆δ∆δX
∂j∆δ∂(iXj) + ∂i∆δ∂

kXk

ã

.

An important detail which we will exploit in the following lemma is that the components of
the principal part of the AKE operator decouple from one another and can thus be considered
separately. We now are in a position to state the LS condition

Condition. (Lopatinskij-Shapiro (LS)). Focus only on the principal parts of L and B. Let
x∗ ∈ ∂Ω and pick x1 = ρ such that ρi is the outward pointing normal to ∂Ω. Consider the ODE
problem

®

LiB(x∗;
d
dρ ,

~ξ)uB = 0,

BjB(x∗;
d
dρ ,

~ξ)uB = 0,
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where AiB(x∗;
d
dρ ,

~ξ) is obtained by the replacement

∂1 →
d

dρ
, ∂j → iξj j = 2, ..., n, ~ξ 6= 0

in the principal part: Aγ1...γl

iB ∂γ1
...∂γl

and similarly for BjB(x∗;
d
dρ ,

~ξ). Then, the pair (L ,B) is

said to satisfy the LS condition of the only stable solution3 to the above ODE is the trivial one.

It is important to note that the LS condition is verified about an arbitrary point on the
boundary. Thus, we can generalise to S and ∂S. We now verify the LS condition for the AKE
and boundary conditions given in Lemma 3.

Lemma 4. For an initial data set (S, hij ,Kij) of the vacuum Einstein field equations, with inner
boundary ∂S, the boundary value problem consisting of the (AKE)

P ◦ P
∗

Å

X
Xi

ã

=

Å

0
0

ã

along with the boundary operators (I,∆h,
∂
∂ρ ) given on ∂S satisfy the Lopatinskij-Shapiro condi-

tion.

Proof. Due to the decoupling of the principal parts of the AKE one can consider the lapse and shift
components independently. Thus, begin by considering the principal part of the lapse component
of the AKE operator

P ◦ P
∗(X) = 2∆δ∆δX.

with the the boundary operators on ∂S given by (I,∆δ). Focusing on the principal part of the
lapse component of the AKE and the principal part of the boundary operators, consider the
ordinary differential equation problem given by















Å

d2

dρ2
− |ξ|2

ãÅ

d2

dρ2
− |ξ|2

ã

X = 0,

∆δX = 0,

X = 0,

where this has been obtained by choosing a point on ∂S and performing the replacement

∂1 →
d

dρ
, ∂j → iξj .

Since one is performing the replacement about a point, one also has that hij → δij . The stable
solution is given by

X = c1e
−|ξ|ρ + c2ρe

−|ξ|ρ.

Then, applying the boundary conditions above at ρ = 0, one sees that c1 = c2 = 0 and thus the
solution is trivial and the Lopatinskij-Shapiro condition is satisfied for the lapse component of
the AKE with the above boundary operators.

The shift component of the AKE has principal part given by

∂j∆δ∂(iXj) + ∂i∆δ∂
kXk.

Unlike the case of the lapse component of the AKE there are three equations in this case corre-
sponding to i = 1, 2, 3. Thus, one requires six boundary conditions. Due to the derivatives either

3That is, uB
→ 0 as ρ → ∞.
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side of the Laplacian, carrying out the transformation in order to verify the LS condition yields
a system of ODEs with terms containing derivatives of fourth order and lower.

Using the commutativity of partial derivatives one finds that, multiplying through by 2, the
principal part is

∆δ(∆δXi + 3∂i∂
jXj).

Making use of this expression and performing the replacement Xi → (X⊥, XA) with A = 1, 2 to
this expression directly yields the system of ordinary differential equations















Å

d2

dρ2
− |ξ|2

ãÅ

4
d2

dρ2
X⊥ − |ξ|2X + 3iξA

d

dρ
XA

ã

= 0,
Å

d2

dρ2
− |ξ|2

ãÅÅ

d2

dρ2
− |ξ|2

ã

XA + 3iξA

Å

d

dρ
X⊥ + iξBXB

ãã

= 0.

Analysing the fundamental matrix of this system one finds that the solution to the above system
of ODEs is of the form

Xi =
2

∑

k=0

X∗iρ
ke±|ξ|ρ,

Following a computation (see Appendix B) one finds that the stable solution is given by







X = ae−|ξ|ρ +
i

|ξ|
bAξ

Aρe−|ξ|ρ + c( 3
10 |ξ|ρ

2 + ρ)e−|ξ|ρ,

XA = aAe
−|ξ|ρ + bAρe

−|ξ|ρ − c 3
10 iξAρ

2e−|ξ|ρ.

One then requires 6 boundary conditions to fix the 6 constants corresponding to a, aA, bA, c.
Consider the principal parts of the boundary operatorsXi and

∂
∂ρXi. Performing the Lopatinskij-

Shapiro replacements yields the initial conditions































X(0) = 0,

XA(0) = 0,
d

dρ
X(0) = 0,

d

dρ
XA(0) = 0.

Substituting the stable solution into these conditions yields a = a1 = a2 = b1 = b2 = c = 0
and thus this boundary value problem has only the trivial solution and the Lopatinskij-Shapiro
condition is satisfied by the shift component of the AKE along with the boundary operators
(I, ∂

∂ρ ).

Thus, we have shown that the Lopintskij-Shapiro condition is satisfied for the 8 boundary
operators (I,∆hN, ∂

∂ρNi).

Since the LS condition is satisfied we have the following corollary:

Corollary 2. The approximate Killing vector operator P ◦P∗

Å

X
Xi

ã

along with the 8 boundary

operators {I,∆hX, ∂
∂ρ} is elliptic.

3 Main existence theorem

We are now in a position to prove a series of existence results to the (AKE). We begin with an
auxiliary existence result which will be essential to prove our main existence result.
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Lemma 5. Let (S, hij ,Kij) be a complete, smooth asymptotically Euclidean initial data set for the
Einstein vacuum field equations with one asymptotic end. On ∂S, suppose one has the conditions



















N |∂S = 0,

∆N |∂S = 0,

N i|∂S = 0,
∂
∂ρN

i|∂S = 0.

For 0 < β < 1
2 , P ◦ P∗ : H∞

β → H∞
β−4, the equation

P ◦ P
∗

Å

N
N i

ã

= 0,

admits a non-zero solution N,N i ∈ H∞
β if and only if we have that

P
∗

Å

N
N i

ã

= 0,

i.e. the data is stationary in the sense of Definition 5.

Proof. Assume that P ◦ P∗(N,N i) = 0. One has the following identity from [17]

∫

S

P
∗

Å

X
Xi

ã

· P∗

Å

X
Xi

ã

=

∮

∂S

ρk
(

Ak + Bk + Ck +Dk

)

dS −

∮

∂S∞

sk
(

Ak + Bk + Ck +Dk

)

dS

where S∞ is a sphere at infinity, ρk is the inward pointing normal to ∂S and sk is the outward
pointing normal to the sphere at infinity. The second boundary integral vanishes by virtue of the
decay of N,N i as shown in [17]. The boundary integrands are defined as

Ak = NDiγik −DiNγik +DkNγ −NDkγ,

Bk = 2(Kijqkij −Kqkj
j)N,

Ck = N iDlqlik −DjN iqkij +DiN
iqkj

j −NiD
lqlj

j ,

Dk =
1

2
NkK

ljγjl +
1

2
N iKikγ −N iKi

lγkl,

γij = DiDjN −Nrij −∆hNhij +Hij ,

qkij = Dk

(

D(iNj) −DlNlhij − Fij

)

,

Fij = 2N(Khij −Kij).

Directly applying the boundary conditions, one observes immediately that

Bk = Dk = Fij = 0 on ∂S.

Using that N i = 0, Ck reduces to

Ck = −DjN iqkij +DiN
iqkj

j .

Using the decomposition of the metric onto the boundary we have that

DiXj = hk
iDkXj = (h̄k

i + ρiρ
k)DkXj = h̄k

iDkXj + ρiρ
kDkXj .

The first term on the right hand side vanishes since Xi is constant and thus does not change
along the boundary, and the second term vanishes by the boundary condition ρkDkXj = 0.
Thus, Ck = 0. One also readily sees that the trace of γij vanishes. Accordingly, the only term
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left is the second one in Ak: ρ
kDiNγik. This reduces to ρkDiNDiDkN as all other terms in γij

vanish. We have that, using the condition on the Laplacian of N , it follows that

0 = hijDiDjN = h̄ijDiDjN + ρiρjDiDjN.

The first term on the right hand side vanishes as the derivatives tangential to ∂S of N vanish.
Thus, one obtains the identity

ρj
∂

∂ρ
DjN = 0.

Then, since the 3-dimensional covariant derivative is assumed to be torsion free, we can write

ρkDiNDiDkN = ρkDiNDkDiN = DiN
∂

∂ρ
DiN = ρiρkD

kN
∂

∂ρ
DiN = 0

applying the previous identity.

Putting this all together yields
∫

U

P
∗

Å

X
Xi

ã

· P∗

Å

X
Xi

ã

= 0,

so that we must have P∗

Å

X
Xi

ã

= 0 , i.e. the data is stationary. Uniqueness then follows

directly from Lemma 4 of [17] since we have the same decay on (N,N i).

We are now able to prove that a solution to the (AKE) exists for an arbitrary choice of
boundary data.

Theorem 2. Let (S, hij ,Kij) be a complete, smooth asymptotically Euclidean initial data set for
the Einstein vacuum field equations with one asymptotic end. Given smooth fields f , g, f i and
hi over ∂S, then there exists a solution (X,X i) to the approximate KID equation boundary value
problem

P ◦ P
∗

Å

X
X i

ã

= 0 on S,



















X |∂S = f,

∆hX |∂S = g,

X i|∂S = f i,
∂
∂ρX

i|∂S = hi,

such that on the asymptotic end, one has the asymptotic behaviour

X(k) = λ|x| + ϑ, ϑ ∈ H∞
1

2

X i ∈ H∞
1

2

where λ is Dain’s invariant —i.e. if the data is stationary in the sense of Definition 5— then λ
vanishes.

Proof. We make use of the Fredholm alternative, Proposition 3. Note first that the boundary
value problem is self adjoint by virtue of Corollary 1. From Lemma 5, in the non-stationary case
we can only have the trivial solution to the adjoint homogeneous problem. Thus, a solution to
the AKE boundary value problem always exists in this case.

In the stationary case, we have a solution to the AKE boundary value problem for specific
boundary data coming from the Killing vector associated to stationarity. The decay of (X,X i)
allows one to prove existence and uniqueness exactly as in [17].
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In summary, we have shown that there always exists an approximate Killing vector for an
arbitrary choice of the functions specifying the value of the lapse, its Laplacian, the shift and its
normal derivative on the inner boundary. Ideally, we would like to restrict the choice of data so
that it has physical relevance and connects with the mathematical description of a black hole.
In order to do this we analyse the tangential parts of the KID equations on a MOTS. In the
sequel, we will show that one can always solve these equations on the boundary. Thus, we derive
a natural prescription of boundary data.

4 The KID equations on an apparent horizon

In this section we decompose the KID equations into parts tangential and normal to a MOTS
using a 2+1 projector formalism. This works in the same way as the 3+1 decomposition. We first
outline a condition on the extrinsic curvature of S and ∂S for the presence of an apparent horizon
in 4.1. In section 4.2 we decompose the KID equations using a ‘2+1 decomposition’ making use
of the MOTS condition.

4.1 MOTS condition

In this section we outline the mathematical condition for the existence of a MOTS or apparent
horizon, see [8]. The spacelike 2-surface Σ is embedded into a 4-dimensional spacetime. In this
setting, the orthogonal space to Σ is 2-dimensional and is Lorentzian. Thus, one can choose two
future directed null vectors l+ and l− and define the null mean curvatures of Σ by

χ+ = h̄ab∇al
+
b , χ− = h̄ab∇al

−
b .

The MOTS condition is then defined through the vanishing of one of these null mean curvatures
—by convention this is chosen to be χ+ = 0. One can translate the above formalism into a
condition on the extrinsic curvature of S and Σ as in [8] to obtain

χ+ = −K + ρiρjKij + K̄.

Thus, the MOTS condition can be expressed as

0 = −K + ρiρjKij + K̄. (7)

Using this equation, we will be able to encode into the presence of a black hole into the
boundary data of the (AKE). The notion of MOTS stability [1, 2] will be utilised in order to
guarantee that the MOTS propagates into the development of the initial data. In other words, so
that the MOTS forms a so-called trapping horizon. Fundamental to the study of MOTS stability,
is the MOTS stability operator —see [2] for details. In the case of a spacelike, time-symmetric
initial hypersurface the MOTS stability operator takes the form

L = −∆h̄ − (rijρ
iρj + K̄pqK̄

pq). (8)

4.2 2+1 Decomposition

In this subsection we discuss the 2+1 decomposition of the KID equations. We first make a brief
comment about notation.

Notation. Throughout this section all barred quantities correspond to 2-dimensional quantities.
For example, hij is 3-dimensional and h̄AB is 2-dimensional. Following the convention in [10], we
denote the decomposition of a vector field at a point p by u = u‖+u⊥ where u‖ is its component
along TpΣ for a 2-surface Σ and u⊥ its normal component. This extends to higher rank tensor
fields.
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In the following consider a 3-dimensional hypersurface S of the spacetime. Following the
conventions outlined above let h denote the metric induced on S. Moroever, let Σ denote a
2-dimensional surface within S. Let ς be a scalar function such that the covector αi = Diς is
normal to this foliation. In order to define the unit normal, let us set

αiαi ≡
1

X2
.

Thus, the unit normal to the foliation is ρi ≡ Xαi. By applying the above contraction, one sees
ρiρ

i = 1. In this way we obtain a foliation of 2-surfaces, one 2-surface for each value of ς .

The Riemannian 3-metric hij induces a Riemannian 2-metric h̄AB on Σr, where indices A,B, ...
indicate the intrinsic 2-dimensional nature of h̄AB. The metrics hij and h̄AB are related through
the projector

h̄ij = hij − ρiρj

One associates a 2-covariant derivative with the metric h̄AB. For a scalar this is defined as

D̄jφ ≡ h̄j
iDiφ.

The associated Riemann curvature tensor is defined through

D̄iD̄jv
k − D̄jD̄iv

k = r̄klijv
l

for an intrinsic vector vA. Note that since this curvature tensor is 2-dimensional, it only has one
independent component. Similarly, one obtains the Ricci tensor and Ricci scalar

r̄ij = r̄kikj r̄ = h̄ij r̄ij .

The extrinsic curvature of the 2-surface embedded in the 3-dimensional surface is defined by

K̄pq = h̄ i
p h̄ j

q Diρj

matching the positive sign convention on Kij . This tensor is symmetric and lies purely on the
2-dimensional surfaces. Another important quantity is the acceleration of the foliation

ai = ρjDjρi.

Using ρiDjρi = 0 one can write
K̄ij = Diρj − ρiaj .

Remark 8. In the following, we will often make use of Gaussian normal coordinate so that this
acceleration vanishes, ai = 0.

Now, one can project the KID equations (2a)-(2b) onto the 2-surfaces of constant ς . Let N‖i

denote the projection of the shift vector N i onto the 2-surfaces —i.e. N‖i ≡ h̄i
jN

j. We proceed

now to decompose objects into parts perpendicular and parallel to the normal ρi. Projecting with

h̄ i
p h̄ j

q

we obtain the projection of the the first KID equation (2a)

NK‖
pq + D̄(pN

‖
q) +Nkρ

kK̄pq = 0, (9)

where K
‖
pq ≡ h̄ i

p h̄ j
q Kij .

16



For the second KID equation (2b), we project term by term making use of the Gauss-Codazzi
equation and Gaussian normal coordinates to obtain the projection of the second KID equation
onto Σ:

Nk
(

DkK
‖
pq +Kiq

(

ρi(K̄kp) + (K̄k
i)ρp

)

+Kpj

(

ρj(K̄kq) + (K̄k
j)ρq

)

−Kij

(

ρj(K̄k
i)ρpρq + ρi(K̄k

j)ρpρq + ρiρj(K̄kq)ρp + ρiρj(K̄kp)ρq
)

)

+ h̄ i
p h̄ j

q DiN
kKkj + h̄ i

p h̄ j
q DjN

kKik + D̄pD̄qN + ρkDkNK̄pq

= N
Ä

h̄ i
p h̄ j

q rij +KK‖
pq + h̄ i

p h̄ j
q KikK

k
j

ä

.

(10)

Together, equations (9) and (10) give conditions on Σ that Killing vectors of the the spacetime
must satisfy on this 2-surface. However, the converse is not true. If (N,N i) a solution to these
two equations that does not necessarily mean that one has a solution to the KID equations. This
is because there are two other components of the KID equations in this decomposition which we
call the normal-normal and normal-tangential components. For the first KID equation (2a), one
has

normal− normal : NK⊥
pq + ρ(p|ρ

jDj|N
⊥
q) −Nia

iρpρq −N⊥
(paq) = 0,

normal− tangential : NK⊥‖
pq +

1

2

Ä

ρpρ
iDiN

‖
q +Nja

jρpρq +N⊥
p aq
ä

+
1

2

(

h̄q
jDjN

⊥
p −NiρpK̄q

i − ρiNiK̄pq

)

= 0,

where K⊥
pq ≡ ρpρ

iρqρ
jKij and K

⊥‖
pq ≡ ρpρ

ih̄j
qKij . For the second KID equation (2b), one can

obtain the projection under the assumption of Gaussian coordinates. The normal-normal and
normal-tangential components of the second KID equations are

normal− normal : ρpρqN
kDk(K − K̄)− ρpρqN

kKij(ρ
iK̄k

j + ρjK̄k
i)

+ρpρqρ
iρj(DiN

kKkj +DjN
kKik) + ρpρ

iDi(ρqρ
jDjN)

=N(−h̄p
ih̄q

jrij +KK⊥
pq + ρpρqρ

iρjKikK
k
j ),

normal− tangential : hp
iρqρ

j(NkDkKij +DiN
kKkj +DjN

kKik)

+ρpρ
iDiD̄qN

=N(hp
iρqρ

jrij +KK⊥‖ + hp
iρqρ

jKi
kKkj).

4.2.1 Time symmetric hypersurfaces

In order to gain some intuition into the structure of the decomposition of the KID equations we
consider, in first instance, the case of time symmetric hypersurfaces so that the extrinsic curvature
Kij vanishes. Under this assumption, the trapping condition simplifies to K̄ = 0 i.e the surface
Σ is minimal. Moroever, the decomposition of the first KID equation implies that

D̄pN
‖p = 0. (11)

after taking the trace.

Remark 9. Due to the decay condition placed on N i in the previous section, in the time sym-
metric setting one has that N i = 0 [11, 12]. By performing integration by parts on the time
symmetric (AKE), one finds that N i = 0 on ∂S. Direct inspection of the KID equations also
shows that N i must be a Killing vector of S in the time symmetric case.
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In the current setting the decomposition of the second KID reduces to

D̄pD̄qN = Nh̄ i
p h̄ j

q rij .

Taking the trace of the above expression one has that

∆h̄N = Nh̄ijrij =
1

2
N(r̄ + K̄pqK̄pq),

where in the second equality it has been used that

r̄ + K̄ijK̄ij − K̄2 = 2h̄ijrij ,

which is a consequence of the Gauss-Codazzi equation. Accordingly, the decomposition of the
second KID equation implies that

∆h̄N −
1

2
(r̄ + K̄pqK̄pq)N = 0. (12)

Remark 10. This equation has a very similar form to the MOTS stability operator given in [2].

One can perform the same simplification on the normal-normal and normal-tangential com-
ponents of the equations. Additionally, using Gaussian normal coordinates one obtains

normal− normal : ρpρ
iDi(ρqρ

jDjN) = N(hp
ihq

j − h̄p
ih̄q

j)rij (13a)

normal− tangential : ρpρ
iDiD̄qN = Nρpρ

ih̄q
jrij (13b)

5 The KID equations projected onto ∂S

In this section, we study the existence of solutions to the decomposed KID equations on an
apparent horizon. We first study the simpler time symmetric case, Kij = 0 in Subsection 5.1 and
move on to the full non-time symmetric case in Subsection 5.2.

5.1 The time symmetric case

Throughout this section we assume that Kij = 0. We begin with some general observations.

5.1.1 What do Killing vector quantities look like on MOTS in a static spacetime?

Before proceeding to the analysis, we briefly explore the behaviour of the quantities X,∆hX,Xi

and ∂
∂nXi on the boundary of a static black hole. The prototypical example of a static black hole

is the Schwarzschild black hole. In this case the outermost MOTS is the event horizon [4]. Thus,
we only need to consider what happens at r = 2m in Schwarzschild coordinates. Now, we need
to choose an appropriate slicing. Choosing the standard Schwarzschild slicing, the shift vector
vanishes everywhere by definition so that Xi =

∂
∂nXi = 0. The lapse is X = (1− 2m

r )1/2 so that
on the event horizon X = 0. Finally, the Laplacian of the lapse vanishes by virtue of one of the
the static Einstein equations —namely, DiDjX = Xrij . Taking the trace and using that X = 0
on the event horizon, we obtain ∆hX = 0. Accordingly, the type of boundary conditions given
in Corollary 1 are physically relevant.

5.1.2 Existence and uniqueness of solutions

We now want to discuss the existence of solutions to equation (12). Recall that this equation
arises from the 2+1 decomposition of the second KID equation, equation along the 2-surface ∂S.
Letting —namely

KN ≡ ∆h̄N −
1

2
(r̄ + K̄pqK̄

pq)N = 0. (14)
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Starting from the quantity NKN , integrating over ∂S and integrating by parts, one finds that

∮

∂S

1

2
(r̄ + K̄pqK̄

pq)N2dS =

∮

∂S

N∆h̄NdS = −

∮

∂S

D̄iND̄iNdS. (15)

Thus, if r̄ > −K̄pqK̄
pq, in particular if r̄ > 0 then N = 0 is the only solution to equation (14).

To further this analysis, assume that the MOTS is stable. In this case, since we have the MOTS
is a surface immersed in a time symmetric slice, the stability operator takes exactly the form of
(8). Using the Gauss-Codazzi equation the expression (8) can be rewritten as

L = −∆h̄ +
1

2
(r̄ − K̄pqK̄

pq).

Remark 11. Note the remarkable similarity with the equation for the tangential component of
the second KID equation above (14). In fact, notice that

K = L+ |K̄|2.

Making use of the above observations one obtains the following lemma:

Lemma 6. Assuming the MOTS is stable, the only solution to (14) is the trivial one, i.e. N = 0.

Proof. In the following let λ and µ denote, respectively, the lowest positive eigenvalues of L and
K. We proceed to compare λ and µ. For this, we make use of the Rayleigh-Ritz characterisation
of these eigenvalues. Namely, one has that

λ = inf
u

∮

∂S

(

|D̄u|2 + 1
2 (r̄ − |K̄|2)u2

)

dS,

µ = inf
u

∮

∂S

(

|D̄u|2 + 1
2 (r̄ + |K̄|2)u2

)

dS,

where the infimum is take over functions u on ∂S with ||u||2L2 = 1. It then follows that λ ≤ µ.
Thus, if ∂S is a stable MOTS, then λ > 0 and accordingly µ > 0. Now, using Lemma 4.2, (iii) in
[2] it follows that the Kernel of K is trivial. Thus, necessarily N = 0.

The existence and uniqueness of the trivial solution in the time symmetric setting implies that
these are natural boundary values to place on the (AKE) here. Interestingly, this coincides with
the boundary values of lemma 5 so that in the time symmetric case, with the boundary values we
have just prescribed, it turns out that necessarily one has a solution to the KID equations and
therefore the spacetime evolving from this initial data will have a killing vector.

5.1.3 Measuring the deviation from staticity on ∂S

In the previous subsection it has been shown that, in the time symmetric setting, a natural
prescription of the lapse N on the stable MOTS ∂S is N = 0. Moreover, the Einstein evolution
equations under time symmetry imply that ∆hN = 0.

Given the choice
N = ∆hN = 0, on ∂S, (16)

it is natural to ask how much of the (time symmetric) KID equations are satisfied on ∂S. Setting
N = ∆hN = 0 into equations (13a) and (13b) yields

normal− normal : ρpρ
iDi(ρqρ

jDjN) = 0,

normal− surface : ρpρ
iDiD̄qN = 0.
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For the ‘normal-normal’ component observe that, using Gaussian coordinates, it follows from the
conditions (16) that

0 = ρpρqρ
iρjDiDjN

= ρpρq
(

hij − h̄ij
)

DiDjN

= ρpρq∆h̄N,

so that ∆h̄N = 0. This is consistent with equation (12). Thus, solving the intrinsic equation
(12) also solves the normal-normal equation. On the other hand, the normal-surface component
does not fully vanish as a consequence of the conditions (16). Accordingly, one obtains an
extra condition that needs to be imposed to satisfy the time symmetric KID equations on ∂S.
The observation is contained in the following lemma in which we derive a Dain-like invariant
characterising staticity of of the initial data set on the MOTS ∂S.

Lemma 7. Given time symmetric initial data set, let

N = ∆hN = 0, on ∂S.

Then the time symmetric KID equations are satisfied on ∂S if and only if ω = 0 where

ω ≡

∫

∂S

|K̄|2|D⊥N |2, (17)

with |K̄|2 = K̄pqK̄
pq and D⊥ ≡ ρiDi.

Proof. For the normal-surface component of the second KID equation one has that

0 = h̄p
iρqρ

jDiDjN

= h̄p
iρq

(

Di

(

ρjDjN
)

−DjNDiρ
j
)

= h̄p
iρq

(

Di

(

ρjDjN
)

+DjNK̄i
j
)

= ρqD̄p

(

ρjDjN
)

.

Thus, this condition is equivalent to the statement that ρiDiN is constant along ∂S. We can
use this observation to construct a quantity that measures the non-staticity of the boundary ∂S.
Taking the L2 norm of the quantity D̄iD

⊥N on Σ, the above condition becomes, by integrating
by parts

0 =

∫

∂S

D̄iD
⊥ND̄iD⊥N = −

∫

∂S

D⊥N∆h̄D
⊥N.

In order to simplify this further, recall equation (12). Taking the normal derivative of this equation
yields

D⊥∆h̄N −
1

2
(r̄ + |K̄|2)D⊥N = 0

where we have used the Leibniz rule on the second term and that N = 0 on ∂S. To use this
expression in the integral above, one commutes derivatives in the first term. Using the assumption
of Gaussian coordinates

D⊥∆h̄N = h̄ijρkDkDiDjN

= h̄ijρk(rljkiDlN +DiDkDjN).

In the second term, we now use the Leibniz rule to obtain

h̄ijρkDiDkDjN = ∆h̄D
⊥N − h̄ijDi(Djρ

kDkN)− K̄jkDkDjN
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= ∆h̄D
⊥N − h̄ijDi(K̄j

kDkN)− K̄pq(D̄pD̄qN + K̄pqD
⊥N)

= ∆h̄D
⊥N − h̄ijK̄j

kDi(D̄kN)− |K̄|2D⊥N

= ∆h̄D
⊥N − |K̄|2D⊥N

where we have, again, used that N = 0 on ∂S and changed the 3-covariant derivative to the
2-covariant derivative by contraction with an intrinsic quantity. To get to the fourth line one uses
that N = 0 on ∂S. To take care of the Riemann tensor, we observe that

h̄ijρkrljkiDlN = h̄ijρkrljkihl
mDmN

= h̄ijρkrljki(h̄l
m + ρlρ

m)DmN

= h̄ijρkrljkiρlρ
mDmN

= h̄ijρkρlrljkiD
⊥N.

Now, we can apply the Gauss-Codazzi identity to obtain

h̄ijρkρlrljki =
1

2
(r̄ + |K̄|2).

Thus,

D⊥∆h̄N =
1

2
(r̄ − |K̄|2)D⊥N +∆h̄D

⊥N,

so that we finally obtain

∆h̄D
⊥N =

1

2
(r̄ + |K̄|2)D⊥N −

1

2
(r̄ − |K̄|2)D⊥N = |K̄|2D⊥N.

Thus, we can rewrite the condition that the second KID equation is satisfied in terms of the
vanishing of

ω ≡

∫

Σ

|K̄|2|D⊥N |2.

In other words, in time symmetric initial data, if N = ∆hN = 0 on the ∂S then the KID equations
will be satisfied at the boundary if and only if ω = 0.

5.2 The non-time symmetric case

Having shown in the previous section that the KID equations can be used to choose suitable
boundary values for the approximate Killing equation as well as constructing an invariant char-
acterising the stationarity at the apparent horizon, we now move on to the non-time symmetric
case, Kab 6= 0. In this setting, the decomposition of the KID equations is much more compli-
cated. We can no longer consider N i = 0 and thus have to study a system of equations. Using the
time symmetric case as a blueprint, we begin by manipulating the equations in order to obtain a
system of equations that has a similar form to the operator K above so that we can investigate
how much of the full KID equations can be satisfied on a boundary ∂S which is assume to be a
MOTS.

5.2.1 Intrinsic equations over ∂S

We begin with the second decomposed KID equation (10). Taking the trace and using that
h̄pqρp = 0 yields

Nk
(

h̄pqDkK
‖
pq −Kiq

(

ρiK̄k
q
)

−Kpj

(

ρjK̄k
p
)

)

+ h̄ijDiN
kKkj + h̄ijDjN

kKik +∆h̄N − ρkDkNK̄

= N
(

h̄ijrij + h̄ijKijK + h̄ijKikK
k
j

)

.
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One can simplify the first term as follows

h̄pqDkK
‖
pq = Dk(h̄

ijKij)−Kij h̄
i

p h̄ j
q Dk(ρ

pρq)

= DkK̄,

where, to get from the first to the second line, one uses h̄pqρp = 0 and the MOTS condition (7).
Thus, one obtains

NkDkK̄ −NA
‖ Kijρ

iK̄A
j −NAKijρ

jK̄A
i + h̄ijDiN

kKkj + h̄ijDjN
kKik +∆h̄N − ρkDkNK̄

= N
(

h̄ijrij + K̄K + h̄ijKikK
k
j

)

.

Now, we assume that the quantities ρkN
k and ∂

∂ρN
i are and prescribed on ∂S. We separate

terms into their normal and tangential components as follows:

NkDkK̄ = (h̄k
i + ρiρ

k)N iDkK̄

= NA
‖ D̄AK̄ + ρiN

iρkDkK̄,

and

hijDiN
kKij = hijDiN

k
‖Kkj + hijDi(ρ

kρlN
l)Kkj

= D̄ANB
‖ K

‖
AB − ρlKliK̄

i
AN

A
‖ + hijDi(ρ

kρlN
l)Kkj .

Thus, the second KID equation on ∂S implies that

∆h̄N−ρkDkNK̄+2D̄ANB
‖ K

‖
AB+NA

‖ (D̄AK̄−4Kijρ
iK̄A

j)−N
(

h̄ijrij + K̄K + h̄ijKikK
k
j

)

= F̃

where
F̃ ≡ −2hijDi(ρ

kρlN
l)Kkj − ρiN

iρkDkK̄.

In order to remove the normal derivate of N in the above equation, consider the trace of the first
decomposed KID equation (9)

NK̄ = Nkρ
k − D̄AN

A
‖ .

Taking the normal derivative of this quantity, one obtains an expression for the normal derivative
of N in terms of prescribed quantities and thus the second KID equation on ∂S can be written

∆h̄N + (2KAB
‖ − K̄AB)D̄AN

‖
B +NA

‖ (D̄AK̄ − 4Kijρ
iK̄A

j − ρkrkA)

−N
(

h̄ijrij + K̄K + h̄ijKikK
k
j − ρkD̄kK̄

)

= F

where F now includes terms involving the normal derivative of N i.

For the first KID equation, we cannot just take a derivative tangential to ∂S and take the
trace as we did in the time symmetric case as the resulting equation is not elliptic. Instead, we
consider the trace free part of (9), namely

NK
‖
AB + D̄(AN

‖
B) +Nkρ

kK̄AB −
1

2
h̄AB(D̄CN

C
‖ + K̄(N +Nkρ

k)) = 0.

Taking the divergence of this equations and using the special form of the Riemann tensor in
2-dimensions we can write

∆h̄N
‖
B + (2K

‖
AB − K̄h̄AB)D̄

AN + RN
‖
B +N(2D̄AK

‖
AB − D̄BK̄) = FB,

where
FB ≡ D̄B(K̄Nkρ

k)− 2D̄A(Nkρ
kK̄AB).
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Thus, we have the following system of equations on ∂S:

∆h̄N
‖
B + (2K

‖
AB − K̄h̄AB)D̄

AN +RN
‖
B +N(2D̄AK

‖
AB − D̄BK̄) = FB (18a)

∆h̄N + (2KAB
‖ − K̄AB)D̄AN

‖
B +NA

‖ (D̄AK̄ − 4Kijρ
iK̄A

j − ρkrkA)

−N
(

h̄ijrij + K̄K + h̄ijKikK
k
j − ρkD̄kK̄

)

= F
(18b)

where F and FB are source terms. These source terms are completely determined in terms of the
intrinsic geometry of ∂S, the extrinsic curvatures Kij and K̄AB, the normal component of N i,
and the normal derivative of N i, ∂

∂ρN
i.

Remark 12. As in the time symmetric case, the system (18a)-(18b) does not incorporate all
parts of the KID equation on ∂S. Equation (18a) is a formulation of the tracefree part of (9)
while (18b) is the trace of (10).

The system (18a)-(18b) is manifestly elliptic for (N,N
‖
B). It can be succinctly written in the

matricial form
∆h̄

~N + TAD̄A
~N + C · ~N = ~F

where TA and C are 3 × 3 matrices and ~N ≡ (N,N
‖
A). We note the formal similarity of this

equation with the time symmetric equation (14). However, in contrast to the time symmetric
case, it is not clear how to connect the solvability of the system (18a)-(18b) to, for example, the
stability of the MOTS ∂S. This is an interesting question which falls beyond the scope of the
present article.

In order to provide some intuition into the consequences of the system (18a)-(18b), for the
rest of this section, we make the following assumption:

Assumption 1. The elliptic operator associated to the system (18a)-(18b) as well as its adjoint
have trivial Kernel.

As mentioned earlier, the above assumption ensures the existence of a unique solution (N,N
‖
A)

to the system (18a)-(18b). Observe that this is independently of whether the 3-manifold S admits
a solution to the KID equations. However, it is important to note that this system will always be
solved by a solution to the KID equations. The values obtained as solutions to the system (18a)-
(18b) then provide boundary values for the AKE boundary value problem in the following way: N
and the tangential components of N i are obtained through solving the system. The value of ∆hN
can be obtained by using Einstein’s equations and the other quantities were already prescribed.
One could obtain values for the quantities that we prescribed here through analysing the normal-
normal and normal-tangential components of the decomposed KID equations independently of
the above analysis. These components are derived in appendix C.

5.2.2 Constructing an invariant on ∂S

Constructing an invariant on a MOTS ∂S immersed on a non-time symmetric hypersurface S is
more involved than in the time symmetric case. It is important to note that the way one derives
an invariant is not unique. We outline below one possible way is to consider the parts of the
decomposed KID equations on ∂S that are not included in the system (18a)-(18b).

For example, under Assumption 1, the solution to the system (18a)-(18b) may not solve the
trace of the first decomposed KID equation (9):

Q ≡ NK̄ −Nkρ
k + D̄AN

A
‖ = 0.

The non-zero value of Q, in conjunction with the tracefree part of the second decomposed KID
equation and the normal-normal and normal-tangential components of the decomposed KID equa-
tions derived in appendix C, will characterise the non-stationarity of S on the boundary 2-surface
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∂S. In particular, the sum of the L2 norms of these quantities will provide a geometric invariant
that incorporates all of the above quantities.

6 Conclusion

We have shown that there exists solutions to the (AKE), approximate Killing vectors, on asymp-
totically Euclidean initial data along with boundary conditions on an inner boundary 2-dimensional
surface. We associated this boundary with a boundary of a black hole characterised by a MOTS.
In the time symmetric case, we have then constructed invariants on this MOTS that classify the
staticity of the initial data set. In particular, the invariant ω vanishes when there exists a Killing
vector.

Combining the analysis of the latter sections with the main theorem allows us to write down
the following theorem in the time symmetric case:

Theorem 3. Let λ be the Dain invariant associated to the boundary value problem

P ◦ P
∗

Å

X
X i

ã

= 0 on S,



















X |∂S = 0,

∆hX |∂S = 0,

X i|∂S = 0,
∂
∂ρX

i|∂S = 0,

in a time symmetric complete, smooth asymptotically Euclidean initial data set for the Einstein
vacuum field equations with one asymptotic end and an inner boundary ∂S. Then, if on the one
hand λ = 0 then the initial data is static. On the other hand, if the 2-surface invariant ω is
non-zero on ∂S then the initial data cannot be static —and thus λ 6= 0.

Note that, by Lemma 5, since we have vanishing boundary conditions, we have a solution to
the KID equations and thus Dain’s invariant vanishes.

In the non-time symmetric case one could write down an analogue of the above theorem with
the explicit solutions coming from the system (18a)-(18b) as well as prescribed values for the
other boundary values. In this case Dain’s invariant λ would be non-zero. Further work would
entail removing Assumption 1 and the precise construction of invariants for specific given initial
data. It would also be of interest to explore the conditions one would have to impose on the
initial data in order to guarantee existence of unique solutions to the projected KID equations
on ∂S.

Acknowledgements

We have benefited from discussions with J.L. Jaramillo on the MOTS stability operator. Fur-
ther enriching discussions with J.L. Williams about various aspects of this project are acknowl-
edged.The calculations in this article have been carried out in the suit xAct for the Wolfram
programming language [15]. We have made used of routined for integration by parts in xAct
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A Green’s Formula for the full AKE

We will show that the Green formula indeed gives the form found in Lemma 3. Throughout this
appendix we will suppress the volume and surface forms dµ and dS as well as ∂S on the surface
integrals for readability. Start by considering the expression

∫

S

P ◦ P
∗

Å

X
Xi

ã

·

Å

Z
Zi

ã

−

∫

S

P ◦ P
∗

Å

Z
Zi

ã

·

Å

X
Xi

ã

=

∫

S

P ◦ P
∗(X)Z + P ◦ P

∗(Xi)Z
i −

∫

S

P ◦ P
∗(Z)X + P ◦ P

∗(Zi)Xi.

Note the slight abuse of notation in writing P ◦P∗(X) to mean the lapse component of the AKE
and P ◦ P∗(Xi) to mean the shift component. Since the AKE operator is self-adjoint, we only
need to perform integration by parts on one of the integrals and the form of the bulk integrals
will not matter. The AKE takes the form

P ◦ P
∗

Å

X
Xi

ã

≡

Ö

2∆h∆hX − rijDiDjX + 2r∆hX + 3
2D

irDiX + (12∆hr + rijr
ij)X

+DiDjHij −∆hHk
k − rijHij + H̄

Dj∆hD(iXj) +Di∆hD
kXk +Dj∆hFij −Di∆hFk

k − F̄i

è

where

H̄ ≡ 2(KQ̄−KijQ̄ij) + 2(KkiKj
k −KKij)γ̄ij ,

F̄i ≡
(

DiK
kj −DkKj

i

)

γ̄jk −
(

Kk
iD

j − 1
2K

kjDi

)

γ̄jk + 1
2K

k
iDkγ̄

γ̄ij ≡ DiDjX −Xrij −∆hXhij +Hij

Q̄ij ≡ −∆h(D(iXj) −DkXkhij + Fij)

Hij ≡ 2X(Kk
iKjk −KKij)−Kk(iDj)X

k + 1
2KijDkX

k + 1
2KklD

kX lhij −
1
2X

kDkKij +
1
2X

kDkKhij

Fij ≡ 2X(Khij −Kij).

We consider each component separately, beginning with the lapse component.

A.1 The lapse component

The lapse component of the AKE is given by

P ◦ P
∗(X) = 2∆h∆hX − rijDiDjX + 2r∆hX + 3

2D
irDiX + (12∆hr + rijr

ij)X

+DiDjHij −∆hHk
k − rijHij + H̄.

Therefore, we perform integration by parts term by term on the expression

∫

S

P ◦ P
∗(X)Z.

Since we know that the operator is self-adjoint, we know the bulk integral obtained through
integration by parts. accordingly, we concentrate our attention on the boundary terms of the
associated bulk integral in each term of P ◦ P∗.

∫

S

2∆h∆hX :

∮

∂

∂ρ
X∆hZ −

∮

∂

∂ρ
(∆hZ)X +

∮

∂

∂ρ
(∆hX)Z −

∮

∂

∂ρ
Z∆hX,
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∫

S

rijDiDjXZ :

∮

rijρiDj (X)Z −

∮

XρjDi

(

rijZ
)

,

∫

S

r∆hXZ :

∮

rZ
∂

∂ρ
X −

∮

X
∂

∂ρ
(rZ) ,

∫

S

3

2
DirDiXZ :

3

2

∮

∂

∂ρ
(rZ)X,

∫

S

DiDjHijZ :

∮

2ρiDj(XBij)Z −

∮

2ρjXBijD
iZ

−
1

2

Å∮

ρiDj(KkiDjX
k)Z −

∮

ρjKkiDjX
kDiZ +

∮

KkiρjX
kDjDiZ

ã

−
1

2

Å∮

ρiDj(KkjDiX
k)Z −

∮

ρjKkjDiX
kDiZ +

∮

KkjρiX
kDjDiZ

ã

+
1

2

Å∮

ρiDj(KijDkX
k)Z −

∮

ρjKijDkX
kDiZ +

∮

ρkX
kKijD

jDiZ

ã

+
1

2

Å∮

∂

∂ρ

(

KklD
kX l

)

Z −

∮

KklD
kX l ∂

∂ρ
Z +

∮

ρkKklX
l∆hZ

ã

−
1

2

Å∮

ρiDjXkDk(Kij)Z −

∮

XkρjDk(Kij)D
iZ

ã

+
1

2

Å∮

∂

∂ρ

(

XkDkK
)

Z −

∮

XkDkK
∂

∂ρ
Z

ã

,

∫

S

∆hHk
kZ :

∮

∂

∂ρ

(

XBk
k
)

Z −

∮

2XBk
k ∂

∂ρ
Z

+
1

2

Å∮

ρjD
j(KklD

kX l)Z −

∮

ρjKklD
kX lDjZ +

∮

Kklρ
kX lDjDjZ

ã

+
1

2

Å∮

ρjD
j(KDkX

k)Z −

∮

ρjKDkX
kDjZ +

∮

ρkX
kDjDjZ

ã

+

∮

∂

∂ρ

(

XkDkK
)

Z −

∮

XkDkK
∂

∂ρ
Z,

∫

S

rijHijZ :
1

2

Å

−

∮

rijKkiρjX
kZ +

∮

rijKijρkX
kZ +

∮

rKklρ
kX lZ

ã

,

∫

S

H̄Z :4

Å∮

KρiD
iDkX

kZ −

∮

ρiDkX
kDi(KZ) +

∮

ρkX
k∆h(KZ)

ã

− 8

Å∮

∂

∂ρ
XZ −

∮

X
∂

∂ρ
Z

ã

+ 2

Å∮

ρkK
ijDkDiXjZ −

∮

ρkDiXjDk(K
ijZ) +

∮

ρiXj∆h(K
ijZ)

ã

− 2

Å∮

KρiD
iDkX

kZ −

∮

niDkX
kDi(KZ) +

∮

ρkX
k∆h(KZ)

ã

+ 4

Å∮

KijρkD
k(AijX)Z −

∮

nkAijXDk(K
ijZ)

ã
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+ 2

Å∮

BijρiDj (X)Z −

∮

XρjDi

(

BijZ
)

ã

− 2

Å∮

BZ
∂

∂ρ
X −

∮

X
∂

∂ρ
(BZ)

ã

+

Å

−

∮

rijKkiρjX
kZ +

∮

rijKijρkX
kZ +

∮

rKkln
kX lZ

ã

,

where Aij ≡ Khij −Kij and Bij ≡ KikK
k
j −KKij . By inspection one sees that X = 0,∆hX =

0, Xi = 0, ∂
∂ρX

k = 0 and the same for Z is enough to for all the boundary terms to vanish.

A.2 The shift component

The shift component of the AKE is

P ◦ P
∗(Xi) = Dj∆hD(iXj) +Di∆hD

kXk +Dj∆hFij −Di∆hFk
k − F̄i.

In analogy to the lapse component, we want to perform integration by parts on
∫

S

P ◦ P
∗(Xi)Z

i.

As above, we compute term by term ignoring the final bulk term. The first two terms (i.e. the
ones with highest order derivatives) have the following boundary terms:

∮

1

2
njZi∆hDiXj −

∮

1

2
ρi∆hD

jZiXj

+

∮

1

2
njZi∆hDjXi −

∮

1

2
ρj∆hD

jZiXi

+

∮

ρiZ
i∆hD

kXk −

∮

nk∆hDiZ
iXk

+

∮

1

2

∂

∂ρ

(

DjZi
)

DjXi −

∮

1

2
DjZi ∂

∂ρ
(DiXj)

+

∮

1

2

∂

∂ρ

(

DjZi
)

DiXj −

∮

1

2
DjZi ∂

∂ρ
(DjXi)

+

∮

∂

∂ρ

(

DiZ
i
)

DkXk −

∮

DiZ
i ∂

∂ρ

(

DjXj

)

,

∫

S

Dj∆hFijZ
i :

∮

nj∆h(2AijX)Zi −

∮

ρkD
k(2AijX)DjZi +

∮

2AijXnkDkD
jZi,

∫

S

Di∆hFk
k :

∮

ρi∆h(4KX)Zi −

∮

ρkD
k(4KX)DiZ

i +

∮

4nkKXDkDiZ
i.

Now, let Ci
jk ≡ DiK

kj −DkKi
j so that F̄i can be written as

F̄i = Ci
jk γ̄jk −

(

Kk
iD

j − 1
2K

kjDi

)

γ̄jk + 1
2K

k
iDkγ̄.

Then
∫

S

F̄iZ
i :

Å∮

Ci
jkρjDk (X)Zi −

∮

XρkDj

(

Ci
jkZi

)

ã

−

Å∮

CiZ
i ∂

∂ρ
X −

∮

X
∂

∂ρ

(

CiZ
i
)

ã
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+
1

2

Å

−

∮

rijKkiρjX
kZ +

∮

rijKijρkX
kZ +

∮

rKkln
kX lZ

ã

−

ï∮

Kk
iρlD

lDkXZi −

∮

nlDkXDl(K
k
iZ

i) +

∮

ρkX∆h(K
k
iZ

i)

−

∮

njKi
kXrjkZ

i

−

Å∮

Ki
kρk∆hXZi −

∮

ρlD
lXDk(Ki

kZi) +

∮

nlXDlDk(Ki
kZi)

ã

+

∮

2Ki
knjBjkXZi

−
1

2

Å∮

Ki
knjKljDkX

lZi −

∮

KljρkX
lDj(Ki

kZi)

ã

−
1

2

Å∮

Ki
knjKlkDjX

lZi −

∮

KlkρjX
lDj(Ki

kZi)

ã

+
1

2

Å∮

Ki
knjKjkDlX

lZi −

∮

KjkρlX
lDj(Ki

kZi)

ã

+
1

2

Å∮

Ki
kρkKlmDlXmZi −

∮

KlmnlXmDk(Ki
kZi)

ã

−
1

2

∮

Ki
knjX lDiKjkZ

i

+
1

2

∮

Ki
kρkX

lDlKZi

ò

+
1

2

ï∮

KkjρiDjDkXZi −

∮

ρjDkXDi(K
kjZi) +

∮

ρkXDjDi(K
kjZi)

−

∮

ρiK
kjXrjkZ

i

−

Å∮

Kρi∆hXZi −

∮

ρlD
lXDi(KZi) +

∮

nlXDlDi(KZi)

ã

+

∮

2KkjρiBjkXZi

−
1

2

Å∮

KkjρiKljDkX
lZi −

∮

KljρkX
lDi(K

kjZi)

ã

−
1

2

Å∮

KkjρiKlkDjX
lZi −

∮

KlkρjX
lDi(K

kjZi)

ã

+
1

2

Å∮

KkjρiKjkDlX
lZi −

∮

KjkρlX
lDi(K

kjZi)

ã

+
1

2

Å∮

KρiKlmDlXmZi −

∮

KlmnlXmDi(KZi)

ã

−
1

2

∮

KkjρiX
lDlKjkZ

i

+
1

2

∮

KρiX
lDlKZi

ò
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+
1

2

ï

−

Å∮

Ki
kρk∆hXZi −

∮

ρlD
lXDk(Ki

kZi) +

∮

nlXDlDk(Ki
kZi)

ã

−
1

2

∮

Ki
kρkXrZi

+

∮

Ki
kρkXBZi

+
1

4

Å∮

Ki
kρkKlmDlXmZi −

∮

nlXmKlmDk(Ki
kZi)

ã

+
1

4

Å∮

Ki
kρkKDlX

lZi −

∮

ρlX
lKDk(Ki

kZi)

ã

+
1

2

∮

Ki
kρkX

lDlKZi

ò

.

We see that setting X = 0, ∆hX = 0, X i = 0 and ∂
∂ρX

i = 0 and, equivalently, for Z: Z = 0,

∆hZ = 0, Zi = 0 and ∂
∂ρZ

i = 0 that all boundary integrals in the above expressions vanish. This

assertion can be verified by using the fact that we can separate the derivative terms like DiXj

into an tangential part and normal part to the boundary ∂S. Integrating by parts on the intrinsic
derivatives yields X i and the normal derivative part. Both of these vanish using the vanishing of
X i and its normal derivative.

In summary, we can write Green’s formula as

∫

S

P ◦ P
∗

Å

X
Xi

ã

·

Å

Z
Zi

ã

−

∫

S

P ◦ P
∗

Å

Z
Zi

ã

·

Å

X
Xi

ã

=

2
∑

j=1

4
∑

α=1

Å∮

Sα
j (X,X i)B′α

j (Z,Zi)−

∮

bαj (X,X i)Tα
j (Z,Z

i)

ã

where

b11 = X

b12 = ∆hX

b2,3,41 = X i

b2,3,42 =
∂

∂ρ
X i

and

B′1
1 = Z

B
′1
2 = ∆hZ

B
′2,3,4
1 = Zi

B
′2,3,4
2 =

∂

∂ρ
Zi

Thus, we verify that the boundary operators satisfy bαj = B;α
j and, accordingly, the associated

boundary value problems is self-adjoint.
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B Deriving the solution to the ODE arising from the LS

condition

In this appendix we derive the solution to the system of equations














Å

d2

dρ2
− |ξ|2

ãÅ

4
d2

dρ2
X − |ξ|2X + 3iξA

d

dρ
XA

ã

= 0,
Å

d2

dρ2
− |ξ|2

ãÅÅ

d2

dρ2
− |ξ|2

ã

XA + 3iξA

Å

d

dρ
X + iξBXB

ãã

= 0.

This system is used in the analysis of the Lopatinskij-Shapiro conditions in Section 2.4.

Using the Ansatz

Xi =

k
∑

n=0

X∗iρ
ne±|ξ|ρ

where k = 0, 1, 2, we obtain the general solution in vector notation

~X =~ae|ξ|ρ +~be−|ξ|ρ + α

Ñ

c
c1

−c1ξ1+ic|ξ|
ξ2

é

ρe|ξ|ρ + β

Ñ

d
d1

−d1ξ1−id|ξ|
ξ2

é

ρe−|ξ|ρ

+ γ

Ö

ρ2

Ö

− 3r|ξ|
10 − 3ir1(ξ1+ξ2)

10
3
10ξ1
Ä

−ir + r1(ξ1+ξ2)
|ξ|

ä

3
10ξ2
Ä

−ir + r1(ξ1+ξ2)
|ξ|

ä

è

+ ρ

Ñ

r
r1
r2

é

è

e|ξ|ρ

+ δ

Ö

ρ2

Ö

3s|ξ|
10 − 3is1(ξ1+ξ2)

10
3
10ξ1
Ä

−is− s1(ξ1+ξ2)
|ξ|

ä

3
10ξ2
Ä

−is+ s1(ξ1+ξ2)
|ξ|

ä

è

+ ρ

Ñ

s
s1
s2

é

è

e−|ξ|ρ,

(19)

where ~a and ~b are constant vectors, {c, c1, d, d1, r, r1, r2, s, s1, s2} are constants and α, β, γ, δ are
constants of multiplicity. We write the vector ~a as

~a =

Ñ

a
a1
a2

é

= a

Ñ

1
0
0

é

+ a1

Ñ

0
1
0

é

+ a2

Ñ

0
0
1

é

where these vectors are linearly independent. This is the same as setting the values of a, a1, a2
and using the multiplicity of this solution of the system of ODEs to then multiply each vector

by a constant. We can do the same thing with the vector ~c = (c, c1, c2) where c2 = −c1ξ1+ic|ξ|
ξ2

.
Since there are two constants and c2 is a linear combination of c and c1 there are two linearly
independent vectors we can construct from this. Rearranging the expression for c2 so that c1 and
c2 are free, one can then make the choice of c1 = 1, c2 = 0 and c1 = 0, c2 = 1 to get two solutions

γ

Ñ−iξ1
|ξ|

1
0

é

ρe|ξ|ρ + δ

Ñ−iξ2
|ξ|

0
1

é

ρe|ξ|ρ. (20)

Finally, one notes that in the final two terms of the full solution above, equation (19), that the
vector ~r = (r, r1, r2) (and ~s = (s, s1, s2)) has to be linearly independent to the two vectors in
(20). Choosing r = 1, r1 = r2 = 0, the term becomes

γ

Ñ

ρ2

Ñ

− 3|ξ|
10

− 3
10 iξ1

− 3
10 iξ2

é

+ ρ

Ñ

1
0
0

éé

e|ξ|ρ.
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One can then perform these manipulations to all the terms with negative exponential solution to
obtain the full general solution the ODE system

~X(ρ) =c1

Ñ

1
0
0

é

e−|ξ|ρ + c2

Ñ

0
1
0

é

e−|ξ|ρ + c3

Ñ

0
0
1

é

e−|ξ|ρ + c4

Ñ iξ1
|ξ|

1
0

é

ρe−|ξ|ρ + c5

Ñ iξ2
|ξ|

0
1

é

ρe−|ξ|ρ

c6

Ñ

3

10

Ñ

|ξ|
−iξ1
−iξ2

é

ρ2 +

Ñ

1
0
0

é

p

é

e−|ξ|ρ + c7

Ñ

1
0
0

é

e|ξ|ρ + c8

Ñ

0
1
0

é

e|ξ|ρ + c9

Ñ

0
0
1

é

e|ξ|ρ

c10

Ñ−iξ1
|ξ|

1
0

é

ρe|ξ|ρ + c11

Ñ−iξ2
|ξ|

0
1

é

ρe|ξ|ρ + c12

Ñ

−
3

10

Ñ

|ξ|
iξ1
iξ2

é

ρ2 +

Ñ

1
0
0

é

ρ

é

e|ξ|ρ.

with 12 constants. We can then write the stable solution as the first six terms of the this solution:

~Xs(ρ) =c1

Ñ

1
0
0

é

e−|ξ|ρ + c2

Ñ

0
1
0

é

e−|ξ|ρ + c3

Ñ

0
0
1

é

e−|ξ|ρ + c4

Ñ iξ1
|ξ|

1
0

é

ρe−|ξ|ρ + c5

Ñ iξ2
|ξ|

0
1

é

ρe−|ξ|ρ

c6

Ñ

3

10

Ñ

|ξ|
−iξ1
−iξ2

é

ρ2 +

Ñ

1
0
0

é

ρ

é

e−|ξ|ρ.

By relabelling the constants, one obtains the form of solution found in the proof of Lemma 4.

C Deriving the decomposed KID equations

One can project the KID equations (2a)-(2b) onto the 2-surfaces of constant ς . Let N‖i denote

the projection of the shift vector N i onto the 2-surfaces —i.e. N‖i ≡ h̄i
jN

j . We proceed now to

decompose objects into parts perpendicular and parallel to the normal ρi. Observing that

DiNj = Di

(

δ k
j Nk

)

= Di((h̄j
k + ρjρ

k)Nk),

one concludes that

DiNj = DiN
‖
j + ρjρ

kDiNk −Nkρ
k(K̄ij − ρiaj)−Nkρj(K̄

k
i − ρia

k).

Thus, the projection of DiNj onto the 2-surfaces is given by

h̄ i
p h̄ j

q DiNj = D̄pN
‖
q +Nkρ

kK̄pq.

Making use of this expression on the projection of the first KID equation (2a) with h̄ i
p h̄ j

q yields

NK‖
pq + D̄(pN

‖
q) +Nkρ

kK̄pq = 0,

where K
‖
pq ≡ h̄ i

p h̄ j
q Kij .

For the second KID equation (2b), we project term by term to derive the following using
Gaussian normal coordinates:

h̄ i
p h̄ j

q DiDjN = D̄pD̄qN + ρkK̄pqDkN,
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h̄ i
p h̄ j

q NkDkKij = Nk
(

DkK
‖
pq +Kiq

(

ρi(K̄kp + apρk) + (K̄k
i + aiρk)ρp

)

+Kpj

(

ρj(K̄kq + aqρk) + (K̄k
j + ajρk)ρq

)

−Kij

(

ρj(K̄k
i + aiρk)ρpρq

+ ρi(K̄k
j + ajρk)ρpρq + ρiρj(K̄kq + aqρk)ρp + ρiρj(K̄kp + apρk)ρq

)

)

,

2h̄ijrij = r̄ − K̄2 + K̄prK̄
pr,

where we have used the Gauss-Codazzi equation to derive the final identity. Putting these expres-
sion together, using Gaussian normal coordinates, we obtain the projection of the second KID
equation onto ∂S:

Nk
(

DkK
‖
pq +Kiq

(

ρi(K̄kp) + (K̄k
i)ρp

)

+Kpj

(

ρj(K̄kq) + (K̄k
j)ρq

)

−Kij

(

ρj(K̄k
i)ρpρq + ρi(K̄k

j)ρpρq + ρiρj(K̄kq)ρp + ρiρj(K̄kp)ρq
)

)

+ h̄ i
p h̄ j

q DiN
kKkj + h̄ i

p h̄ j
q DjN

kKik + D̄pD̄qN + ρkDkNK̄pq

= N
Ä

h̄ i
p h̄ j

q rij +KK‖
pq + h̄ i

p h̄ j
q KikK

k
j

ä

.

Together, equations (9) and (10) give conditions on ∂S that Killing vectors of the the spacetime
must satisfy on this 2-surface. However, the converse is not true. If (N,N i) a solution to these
two equations that does not necessarily mean that one has a solution to the KID equations. This
is because there are two other components of the KID equations in this decomposition which we
call the normal-normal and normal-tangential components. For the first KID equation (2a), one
has

normal− normal : NK⊥
pq + ρ(p|ρ

jDj|N
⊥
q) −Nia

iρpρq −N⊥
(paq) = 0

normal− tangential : NK⊥‖
pq +

1

2

Ä

ρpρ
iDiN

‖
q +Nja

jρpρq +N⊥
p aq
ä

+
1

2

(

h̄q
jDjN

⊥
p −NiρpK̄q

i − ρiNiK̄pq

)

= 0,

where K⊥
pq ≡ ρpρ

iρqρ
jKij and K

⊥‖
pq ≡ ρpρ

ih̄j
qKij . For the second KID equation (2b), one

can obtain the projection under the assumption of Gaussian coordinates. The normal-normal
component of the first term of (2b) can be written as

ρpρqρ
iρjNkDkKij = ρpρqN

kDk(ρ
iρjKij)− ρpρqN

kKij(ρ
iK̄k

j + ρjK̄k
i)

= ρpρqN
kDk(K − K̄)− ρpρqN

kKij(ρ
iK̄k

j + ρjK̄k
i),

where we have used the MOTS condition in the final line. Then the normal-normal component
of the second KID equations is

normal− normal ρpρqN
kDk(K − K̄)− ρpρqN

kKij(ρ
iK̄k

j + ρjK̄k
i)

+ρpρqρ
iρj(DiN

kKkj +DjN
kKik) + ρpρ

iDi(ρqρ
jDjN)

=N(−h̄p
ih̄q

jrij +KK⊥
pq + ρpρqρ

iρjKikK
k
j ).

For the normal-tangential component, we obtain

normal− tangential hp
iρqρ

j(NkDkKij +DiN
kKkj +DjN

kKik)

+ρpρ
iDiD̄qN

=N(hp
iρqρ

jrij +KK⊥‖ + hp
iρqρ

jKi
kKkj).
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