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Vorticities in heavy-ion collisions (HICs) are supposed to induce spin alignment and polarization
phenomena of quarks and mesons. In this work, we analyze the spin alignment of vector mesons
φ and ρ induced by rotation from quark dynamics in the framework of the Nambu-Jona-Lasinio
(NJL) model. The rotating angular velocity induces mass splitting of spin components for vector
φ, ρ mesons Mφ,ρ(Ω) 'Mφ,ρ(Ω = 0)−szΩ. This behavior contributes to the spin alignment of vector
mesons φ, ρ in an equilibrium medium and naturally explains the negative deviation of ρ00−1/3 for
vector mesons. Incidentally, the positive deviation of ρ00− 1/3 under the magnetic field can also be
easily understood from quark dynamics.

I. INTRODUCTION

Relativistic heavy-ion collision experiments provide a
platform for studying quantum chromodynamics (QCD)
matter under extreme conditions. It has been expected
that quark gluon plasma (QGP) can be created through
heavy ion collisions (HICs) [1]. In a specific case, a non-
central collision, QGP is created with a large orbital an-
gular momentum (OAM) at a range of 104 − 105~ [2–4].
Meanwhile, a strong magnetic field can reach the magni-
tude of 10m2

π at the initial time of the HICs and evolves
with time [5–7]. The magnitude of the magnetic field
decays severely while the averaged angular velocity still
maintains its magnitude along the axis which is perpen-
dicular to the reaction plane [3]. Therefore, the effects
of a rotating medium will play significant roles on QCD
phase diagram, dilepton production rate and spin polar-
ization.

Spin alignment of vector meson φ and K∗0 has been
one of the intriguing topics in HICs. Experimental evi-
dence suggests that spin density matrix element ρ00 has
a remarkable deviation from 1/3 [8, 9]. ALICE col-
laboration has measured ρ00 for K∗0 and φ meson at√
sNN = 2.76 TeV in Pb-Pb collisions [8], and a nega-

tive deviation from 1/3 at lower transverse momentum
has been reported. STAR collaboration had measured
ρ00 between

√
sNN = 11.5 and 200 GeV in Au-Au col-

lisions [9]. In this collision energy range, a positive de-
viation form 1/3 is reported for ρ00 of vector meson φ,
which can be explained by a φ-meson field [10].

Both the magnetic field and vorticities are expected
to contribute to the spin alignment. In Ref.[11], the ef-
fect of magnetic field on spin alignment has been studied.
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In this work, we introduce the effects of global rotation
on quark matter. Generally, the rotation has an inhibi-
tion effect on quark and anti-quark pairing [12], which
is different from Magnetic Catalysis (MC) [13–16]. As a
consequence, chiral condensate will disappear as the an-
gular velocity grows. Since the chiral condensate is an
order parameter for chrial phase transition, its behav-
iors demonstrate that first order phase transition occurs
at low temperature regions and crossover occurs in high
temperature regions. The characteristics imply an anal-
ogy between the rotation and chemical potential [17, 18].
However, it is found that the rotation behaves beyond an
effective chemical potential in dilepton production [19]
and the rotation enhances the dilepton production rate
and induces the ellipticity of lepton pairs.

It is also worth emphasizing that previous studies
have assumed an infinite size without boundary condi-
tions [3, 17, 20]. The boundary conditions on a finite
size system should be taken into account for a rotating
system[21–24], and inhomogeneous chiral condensation
will be developed [25, 26]. For example, no-flux or MIT
bag boundary conditions are applied in a spherical or
cylindrical system [27–29]. The choice of boundary con-
ditions will influence the behavior of chiral condensate
near the surface. Particularly, when no-flux boundary
condition is applied in a cylindrical system, chiral con-
densate will almost keep a constant in the inner part of
the cylinder but get enhanced like a Gibbs phenomenon
near the surface [21].

In QCD phase diagram studies, it is also possible
to consider inhomogeneous rotation with boundary con-
ditions. Chiral condensate is enhanced near the area
where the angular velocity changes severely, and this phe-
nomenon is called centrifugal effect [25]. Furthermore,
chiral condensate reveals the dynamical mass of quarks.
Besides the light quarks u and d, heavy flavor quarks,
like s,c, are studied in electromagnetic and rotational
fields [30]. Corresponding φ,D mesons are expected to
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be influenced by rotation as well. However, it is compli-
cated to describe the freeze-out of heavy particles from
the QGP [31]. Therefore, we only consider light-flavor
vector meson modes excited and annihilated in a rotat-
ing medium.

External fields, such as magnetic field and vortical
field, will induce the mass splitting of spin-1 vector
mesons. In recent years, much attention has been paid
to the magnetic field effect of vector mesons, such as ρ, φ.
For example, in case of charged ρ mesons, mass splitting
behaves like:

Mρ±(eB) = Mρ±(0)∓ κeB (1)

where κ is a coefficient. For point-like particle, κ = 1;
when quark-antiquark loop effect is considered, κ 6= 1.
Similarly, ρ meson under rotation also exhibits a mass
splitting phenomenon [32]:

Mρ(Ω) = Mρ(0)− szΩ (2)

This relation indicates that vector mesons tend to occupy
the sz = +1 state. In this paper, a similar result can be
obtained for vector meson φ.

Recently, the mass splitting and spin alignment of vec-
tor meson φ has been investigated under the magnetic
field [11]. Another important contribution from the ro-
tation on the spin alignment should also be taken into
account. Therefore, in this work, we calculate the rota-
tional contribution on matrix element ρ00.

This paper is organized as follows. In section II, quan-
tum field theory in a rotating frame is introduced. Based
on it, the quark propagator and the self-energy are modi-
fied by uniform rotation. Consequently, masses of vector
mesons are obtained by random phase approximation.
In section III, the numerical result of quark mass, meson
mass and spin alignment will be presented. Finally, the
conclusion and summary will be given in section IV.

II. FORMALISM

A. Quantum field theory in a uniformly rotating
frame

In quantum field theory, a Lorentz vector field V a(x)
can be described by tetard ea(x) = eµa(x) ∂

∂xµ in curved
space-time. In this section, Latin letters, a, b = 0, 1, 2, 3,
stand for Lorentz indices. And Greek letters, µ, ν =
0, 1, 2, 3, stand for coordinate indices. Parallel transport
of V a(x) acts as follows:

V a(x+ dx) = V a(x) + ΓabµV
bdxµ, (3)

where Γabµ is called spin connection. Metric compati-
bility ensures Γabµ = −Γbaµ, and non-torsion condition
provides a relation between the tetard and the spin con-
nection:

Γabµ =
1

2

[
eaν
(
∂µe

b
ν − ∂νebµ

)
− ebµ

(
∂µe

a
ν − ∂νeaµ

)
−eaρebl (∂ρecσ − ∂σecρ) ecµ

]
.

(4)

For spinor field, corresponding spinor connection is given
by Γµ = σabΓabµ, where σab is spinor representation of
Lorentz group. In the co-moving frame of the QGP, free
fermions are described by modified Dirac equation:

[iγ̄µ(∂µ + Γµ)−Mf ]ψ = 0, (5)

whereMf is the mass of a fermion and γ̄µ = eµaγ
a satisfies

{γ̄µ, γ̄ν} = gµν .
Particularly, in a uniformly rotating frame, the tetard

can be described by

eaµ = δaµ + δai δ
0
µvi, eµa = δµa − δ0

aδ
µ
i vi, (6)

where ~v = ~Ω× ~x gives the velocity in the lab frame. We
use the capital Greek letter Ω to represent the magnitude
of angular velocity. If we substitute Eq.(6) into Eq.(4),
non-zero terms of spin connection will be expressed as
following:

Γij0 =
1

2
(∂ivj − ∂jvi) ,Γi0j =

1

2
(∂ivj + ∂jvi) ,

Γ0ij = −1

2
(∂ivj + ∂jvi) ,Γ0i0 = −1

2
(vj∂ivj + vj∂jvi) .

(7)
Finally, in a uniformly rotating frame, Dirac equation
can be rewritten by[33]

[iγa∂a + γ0ΩĴz −Mf ]ψ = 0. (8)

Here, z-axis is chosen as the direction of the rotation
and it is perpendicular to the reaction plane. The total
angular momentum Ĵz can be expressed as Ĵz = L̂z + Ŝz
where L̂z is the orbital angular momentum and Ŝz =

1
2

(
σ̂z 0
0 σ̂z

)
contributes to the spin part.

For solving modified Dirac equation Eq.(8), Ref.[12]
has given the solutions in the cylindrical coordinates
where a position in space-time is labeled by r̃ = (t, r, θ, z).
We can write down a complete set of commuting opera-

tors: the Hamiltonian Ĥ, the longitudinal momentum k̂z,

the square of transverse momentum ~̂k2
t , the total angular

momentum Ĵz, and the helicity operator on transverse

plan ĥt. The eigenstates for fermion and anti-fermion
[12] are given by:

U =

√
Ek +Mf

4Ek
eikzzeinθ


Jn (ktr)

seiθJn+1 (ktr)
kz−iskt
Ek+Mf

Jn (ktr)
−skz+ikt
Ek+Mf

eiθJn+1 (ktr)

 ,

(9)

V =

√
Ek +Mf

4Ek
e−ikzzeinθ


kz−iskt
Ek+Mf

Jn (ktr)
skz−ikt
Ek+Mf

eiθJn+1 (ktr)

Jn (ktr)
−seiθJn+1 (ktr)

 ,

(10)
where Jn (ktr) is the n-th order Bessel function and n ∈ Z
stands for the quantum number of angular momentum.
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In Eq.(9) and Eq.(10), kt and kz are the eigenvalues of
transverse and longitudinal momentum, respectively, and

s = ±1 is the eigenvalue of the helicity operator ĥt. Be-

sides, Ek is defined by Ek ≡
√
k2
z + k2

t +M2
f and the

energy is given by E = ±Ek − (n+ 1/2)Ω.

Based on the solutions of Dirac equation, one can write
down the quark propagator by definition: S (r̃; r̃′) =〈
0
∣∣Tψ(r̃)ψ̄ (r̃′)

∣∣ 0〉. As a standard procedure, ψ(r̃) and

ψ̄ (r̃′) are expanded by Eq.(9) and Eq.(10), and a explicit
form can be obtained as following:

S (r̃; r̃′) =
1

(2π)2

∑
n

∫
dk0

2π

∫
ktdkt

∫
dkz

ein(θ−θ′)e−ik0(t−t
′)+ikz(z−z′)[

k0 +
(
n+ 1

2

)
Ω
]2 − k2

t − k2
z −M2

f + iε

×
{[[

k0 +

(
n+

1

2

)
Ω

]
γ0 − kzγ3 +Mf

] [
Jn (ktr) Jn (ktr

′)P+ + ei(θ−θ
′)Jn+1 (ktr) Jn+1 (ktr

′)P−
]

−iγ1kte
iθJn+1 (ktr) Jn (ktr

′)P+ − γ2kte
−iθ′Jn (ktr) Jn+1 (ktr

′)P−
}
.

(11)

Here, we have simplified the expression by projection op-
erators P± = 1

2

(
1± iγ1γ2

)
. In Appendix A, we will

present another procedure for obtaining the quark prop-
agator in a rotating medium.

Nevertheless, Eq.(11) is the result under the infinite
size approximation. One can find a finite size version
with a boundary condition (see Ref.[21]). The transverse
momentum kt is discrete and its integral is replaced by
the summation of series. In this manuscript, firstly, we
have to calculate the spectral functions of vector mesons
in a rotating medium. So, we apply the infinite size ap-
proximation to avoid the tedious summation of the series.
This compromise will cause the violation of causality in
the case of large angular velocity. In this manuscript,
we study the phenomena and quantities at a fixed radius
r = 0.1GeV−1 and in a range of angular velocity from
Ω = 0 GeV to Ω = 0.4 GeV so that the velocity of a
fixed point is smaller than the speed of light, i.e. Ωr < 1.

B. The 3-flavor NJL model

In order to study the microscopic properties of vector
mesons, we use the Nambu-Jona-Lasinio(NJL) model to
estimate the strong interaction[34]. The 3-flavor NJL
model is required to investigate φ meson, which contains
s quark [35]. The Lagrangian of the 3-flavor NJL model
is given as following:

L3NJL =ψ̄[iγ̄µ(∂µ + Γµ)−mf ]ψ

+G

8∑
a=0

[(
ψ̄λaψ

)2
+
(
ψ̄iγ5λ

aψ
)2]

−K
[
det ψ̄ (1 + γ5)ψ + det ψ̄ (1− γ5)ψ

]
,
(12)

where K is the coupling constant of six-fermion interac-
tion, Gs and GV are coupling constants of four-fermion
interaction for scalar and vector channels respectively. In
the 3-flavor NJL model, ψ = (ψu, ψd, ψs) is a Dirac spinor
which contains u, d and s quarks. Correspondingly, λa

are the Gell-Man matrices and mf is the current quark
mass with different flavors.

The NJL model is an effective model which only con-
tains quarks. The rotation affects the quark dynamics
through the non-zero term of spinor connection Γµ. Fur-
thermore, by applying the mean field approximation, the
Lagrangian will be rewritten as:

LMF =
∑

f=u,d,s

ψ̄f [iγ̄µ(∂µ + Γµ)−Mf ]ψf

− 2GS
∑

f=u,d,s

σ2
f + 4Kσuσdσs

(13)

where σf is the chiral condensate σf ≡
〈
ψ̄fψf

〉
for a

specific flavor. And Mf is dynamical quark mass which
is given by

Mf ≡ mf − 4GSσf + 2K
∏
f ′ 6=f

σf ′ . (14)

In a uniformly rotating medium, the spinor connection
Γµ has been estimated in section II A. We assume the
direction of rotation is parallel to the z-axis. By applying
the standard procedure in finite-temperature field theory
[36], the grand potential for quarks with specific flavor is
shown as follows:

Ωf (r) =
Nc
8π2

T
∑
n

∫
dk2
t

∫
dkz

[
Jn (ktr)

2
+ Jn+1 (ktr)

2
]

×
[
Ek/T + ln

(
1 + e−(Ek−(n+ 1

2 )Ω)/T
)

+ ln
(

1 + e−(Ek+(n+ 1
2 )Ω)/T

)]
.

(15)
Consequently, the total grand potential is

Ωtot(r) =
∑

f=u,d,s

(
2GSσ

2
f − Ωf

)
+ 4Kσuσdσs. (16)

Here, Nc = 3 is the degeneracy of color and T is the tem-
perature of the medium. We can obtain the dynamical
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quark mass Mf and chiral condensate σf by solving the
gap equations:

∂Ωtot

∂σf
= 0,

∂2Ωtot

∂σ2
f

> 0. (17)

In principle, if other parameters are fixed, the dynam-
ical quark mass Mf (r) will be a function of radius r.
Currently, most of studies have assumed that Mf (r) is
changed smoothly, i.e. ∂Mf (r)/∂r ' 0. Such assumption
is called local density approximation(LDA)[12, 17, 25].
In this manuscript, we use the LDA and choose a fixed
radius r = 0.1GeV−1. Then, Mf (Ω) will be evaluated
numerically in section III A.

C. Vector meson mass splitting under the rotation

In the NJL model, the vector meson φ is treated as a
ss̄ bound state or a resonance state, and it can be con-
structed by quark-antiquark scattering[34]. In the ran-
dom phase approximation (RPA), vector meson propa-
gator can be obtained by summation of quark loops and
one loop polarization function is given by

Πµν(q) = −i
∫
d4r̃Trsfc[iγ

µS(0; r̃)iγνS(r̃; 0)]eiq·r̃. (18)

Here, Trsfc stands for the trace in the spinor, flavor and
color spaces. Since φ meson is purely constituted by s
quark, S(0; r̃) stands for the s quark propagator with the
dynamical mass Ms given by mean field approximation.
The polarization function of φ meson is supposed to be
modified in a rotating medium.

Currently, we focus on the mesons which remain at rest
in the rotating frame, i.e. ~q = 0. In this case, polarization
vectors are given by

εµ1 =
1√
2

(0, 1, i, 0),

εµ2 =
1√
2

(0, 1,−i, 0),

bµ = (0, 0, 0, 1)

(19)

where εµ1 and εµ2 are the right and left-hand polarization
vectors respectively. Longitudinal polarization vector is
parallel to the direction of rotation. Correspondingly, the
projection operators are given by

Pµν1 = −εµ1 εν1 , (sz = −1 for φ meson ),

Pµν2 = −εµ2 εν2 , (sz = +1 for φ meson ),

Lµν = −bµbν , (sz = 0 for φ meson ).

(20)

As we have assumed ~q = 0, nonzero elements of the
polarization functions can be read in the following ma-
trix:

Πµν
φ =

 0 0 0 0
0 Π11 Π12 0
0 Π21 Π22 0
0 0 0 Π33

 . (21)

The explicit expressions of matrix elements are shown in
Ref.[19]. This tensor can be decomposed by projection
operators in Eq.(20) as following:

Πµν
φ = A−1,−1P

µν
1 +A11P

µν
2 +A00L

µν , (22)

Similarly, the vector meson propagator can be decom-
posed as following:

Dµν
φ (q) = D−1,−1(q)Pµν1 +D11(q)Pµν2 +D00(q)Lµν . (23)

Here, coefficients Dλ are obtained by RPA summation
and expressed by:

Dλλ(q) =
4GV

1 + 4GVAλλ
, (24)

where

A−1,−1 = −(Π11 − iΠ12), (sz = −1 for φ meson ),

A11 = −Π11 − iΠ12, (sz = +1 for φ meson ),

A00 = −Π33, (sz = 0 for φ meson ).
(25)

Then we can obtain the corresponding spectrum func-
tions for different spin components, which takes the fol-
lowing form:

ξλλ(ω) ≡ 1

π
ImDλλ(ω)

=
(4GV )

2
ImAλλ(ω)

π
{

[1 + 4GV ReAλλ(ω)]
2

+ [4GV ImAλλ(ω)]
2
} ,

(26)
where ω is the energy of meson and we set the momentum
to ~q = 0.

D. spin alignment of vector meson φ

Heavy-ion collisions will create an ensemble of parti-
cles under extreme conditions. Particularly, we consider
vector meson φ with spin-1. For a fixed direction, a nor-
malized spin state of a φ meson is labeled by |λ〉 with
λ = 1, 0,−1. Spin density operator ρ is defined by

ρ =
∑
λλ′

ρλλ′ |λ〉 〈λ′| , (27)

Here, ρλλ′ comprises a 3 × 3 spin density matrix as fol-
lowing:

ρλλ′ =

 ρ11 ρ10 ρ1,−1

ρ01 ρ00 ρ1,−1

ρ−1,1 ρ−1,0 ρ−1,−1

 , (28)

An ensemble of φ mesons, for which spin information is
described by ρλλ′ , will decay to

φ→ K+ +K−. (29)
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In this process, daughter particles will have an angular
distribution[37]:

dN

dΩ∗
=

3

4π

{
cos2 θρ00 + sin2 θ (ρ11 + ρ−1−1) /2

− sin 2θ (cosφRe ρ10 − sinφ Im ρ10) /
√

2

+ sin 2θ (cosφRe ρ−10 + sinφ Im ρ−10) /
√

2

− sin2 θ [cos(2φ) Re ρ1−1 − sin(2φ) Im ρ1−1]
}
.

(30)
From experimental data of θ-distribution, ρ00 can be ob-
tained as a coefficient of angular distribution. Since ex-
periments can measure the value of ρλλ′ , theoretical stud-
ies should explain the results of spin alignment and eval-
uate ρλλ′ qualitatively. Magnetic field and vorticity are
two factors which are taken into account in many models.
The approaches are generalized as follows:

B,Ω (quarks)
influence−→ ρλλ′ (φ)

determine−→ dN

dΩ∗
(
K+,K−

)
(31)

Theoretical studies are interested in the first step of
Eq.(31). In a real heavy-ion collision process, the evolu-
tion is complicated, and the history will influence ρλλ′ af-
ter the freeze out. One possible method is the quark coa-
lescence model. However, it is unable to take the medium
effects into account in the quark coalescence model. As
we mentioned in previous sections, quark mass and me-
son mass will be modified in a rotating medium.

In this investigation, we aim at a uniformly rotating
medium and the created φ mesons are in global equilib-
rium. In this case, the particle number density ρλλ′(q)
can be expressed by

ρλλ′(q) =

∫
dω

2ω

eω/T − 1
ξλλ′(ω,q) , (32)

where ξλλ′(ω,k) is the spectral function given in Eq.(26).
At the one loop level, the spectral function in a rotat-
ing medium is calculated in Ref.[19], and we present it
in Appendix B for convenience. Generally, the spectral
function is the imaginary part of the full propagator:

ξλλ′(q) ≡
1

π
ImDλλ′(q) . (33)

Particularly, if the rotation axis is chosen as the quan-
tized direction, ξλλ′(ω,q) and ρλλ′(q) will become diag-
onal:

ρλλ′(q) =

 ρ11 0 0
0 ρ00 0
0 0 ρ−1,−1

 . (34)

Therefore we divide the spectral function into two part:
a delta function part and a continuum part, i.e.

ξλλ(ω,q) = δ
(
ω2 −M2

φ,λ

)
+ ξ∗λλ(ω,q) (35)

where ξ∗λλ(ω,q) is the continuum part of spectral func-
tion and Mφ,λ is the vector meson mass for different spin

components. Correspondingly the particle number den-
sity ρ̄λλ(q) takes the form of:

ρ̄λλ(q) =
1

exp (Mφ,λ/T )− 1
+

∫
dω

2ωξ∗λλ(ω,q)

exp(ω/T )− 1
(36)

In experiment measurement, spin alignment is evaluated
by matrix element ρ00 which can be expressed by:

ρ00(q) ≡ ρ00(q)∑
λ=0,±1 ρλλ(q)

. (37)

In the non-rotating case, φ mesons with different spin
components have the same mass Mφ(sz = 0,±1), which
leads to ρ00 = 1/3. In a finite angular velocity, the mass
of φ meson with sz = +1 component decreases linearly
thus φ mesons tend to occupy the sz = +1 state. As
a consequence, spin polarization and spin alignment can
be obtained in our formalism.

In this section, Eqs.(32-37) are momentum-dependent.
However, in this investigation, we evaluate the spectral
functions and spin alignment with q = 0, which means
vector mesons are staying at rest in the rotating frame.
In general, Ref.[11] has revealed the spin density matrix
for arbitrary measuring direction which is characterized
by Euler angles (α, β, γ). The explicit form is:

ρλλ′(0;α, β, γ)

=
∑
λ1,λ2

Rλλ1(α, β, γ)ρλ1λ2
(0)R−1

λ2λ′
(α, β, γ) . (38)

Here, Rλλ′(α, β, γ) is the spin-1 representation of the ro-
tation. As a result, the spin alignment only depends on
Euler angles β, and the explicit form is:

ρ00(0;α, β, γ) =
ρ00(0) cos2 β + ρ11(0) sin2 β

ρ̄00(0) + ρ̄11(0) + ρ̄−1,−1(0)
. (39)

In Section III C, numerical results will be presented for
β = 0, and the following formula is used:

ρΩ
00(0) ≡ ρ̄00(0)

ρ̄00(0) + ρ̄11(0) + ρ̄−1,−1(0)
. (40)

III. NUMERICAL RESULT

Since a rotating system has broken the Lorentz symme-
try, it is not necessary to use Pauli-Villas regularization.
In fact, the Bessel function will not reflect the oscilla-
tion behavior in the cut-off energy scale Λ. Therefore we
choose a hard cut-off function:

fΛ =
Λ2∗10

Λ2∗10 + p2∗10
(41)

where Λ = 620.411MeV is the energy scale for cut-off.
And the corresponding coupling constants are: GS =
1.710
Λ2 , GV = 0.67 ∗ 1.710

Λ2 and K = 12035
1000Λ5 . Current quark

masses are: mu = md = 5.5 MeV, ms = 135.433 MeV.
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FIG. 1. Dynamical quark masses as functions of angular ve-
locity at temperature T = 10 MeV. Red lines stand for mass
of s quark and the blue lines stand for light quark u and d.
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FIG. 2. Dynamical quark masses as functions of angular ve-
locity at temperature T = 150 MeV. Red lines stand for mass
of s quark and the blue lines stand for light quark u and d.

A. Dynamical quark mass

As mentioned in previous sections, chiral condensate
will be suppressed under rotation. In FIG. 1, at an al-
most zero temperature, T = 10MeV, rotation induces
a first order transition at angular velocity Ωc = 0.713
GeV. Both Mu and Md stay at a constant mass when
the angular velocity is below Ωc. From Eq.(14), we know
that dynamical quark masses are determined by the chi-
ral condensates σu, σd and σs. In fact, σu = σd and
drops at Ωc while σs still varies smoothly. Consequently,
Ms has a small jump at Ωc and then decrease smoothly.
The behavior of Mu,d,s as a function of angular velocity
Ω is very similar to the case of finite quark chemical po-
tential [38, 39], but the first order phase transition will
occur at µc ' 0.33 GeV at finite density.

At a higher temperature, T = 150 MeV, FIG.2 reveals
that chiral phase transition will be crossover which occurs
around Ωc ∼ 0.4 GeV. The phase transition takes place
in a smaller angular velocity. Furthermore, It is noticed
that the mass decreases slowly before the phase transi-
tion. Above all, the rotational effect on the dynamical
quark mass is similar to that of the chemical potential
µq.

T=150MeV
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
0.75

0.80

0.85

0.90

0.95

1.00

1.05

1.10

Ω [GeV]

M
ϕ
[G
eV

]

FIG. 3. φ meson mass as a function of angular velocity at
temperature T = 150 MeV and µ = 0 MeV.
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FIG. 4. The deviation of φ meson mass as a function of an-
gular velocity at temperature T = 150 MeV.

B. Mass spectra of φ and ρ meson under rotation

After we obtain the dynamical quark masses in differ-
ent temperatures and angular velocities, we can apply
this result in Eq.(18) and obtain corresponding meson
masses.

At zero temperature and low temperatures, similar to
ρ meson, φ meson mass with different spin components
sz = 0,±1 also show mass splitting effect with Mφ(Ω) =
Mφ(0)− szΩ.

At T = 150 MeV and µ = 0 MeV, FIG.3 shows φ
meson mass with different spin components sz = 0,±1
as a function of angular velocity. The mass of sz = 0
component for φ meson almost remain unchanged with
the angular velocity. The mass of sz = −1 component of
φ meson grows almost linearly with the angular velocity.
It implies that φ meson will be less possible to stay at
sz = −1 state. In contrast, the sz = +1 component φ
meson mass decreases almost linearly with the angular
velocity. sz = +1 component will be a preferred state
under the rotation. Above all, the nearly linear mass
splitting behavior of φ meson at T = 150 MeV can be
summarized in the following expression:

Mφ(Ω) ∼Mφ(0)− szΩ (42)

In FIG.4, we reveal the deviation of φ meson mass from
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FIG. 5. The spectral function ξ(ω) for φ meson with differ-
ent spin component as a function of the frequency ω under
different angular velocities Ω = 0, 0.1, 0.20.3 GeV at T = 150
MeV and µ = 0.

Eq.(42) at T = 150 MeV. The deviation is caused by the
inhibition of chiral condensate. The dashed line shows
the deviation of sz = 0 component, which is caused by
quark mass descending in finite temperature and angular
velocity. φ meson is an almost pure ss̄ state [34], so its
mass is influenced by the quark mass obviously. It is
seen that the deviation of sz = ±1 components states
are larger than that of the sz = 0 component state.

FIG.5 and FIG .6 reveal rotational effect on the spectra
function ξ(ω) for φ meson and ρ meson with different spin
components as a function of the frequency ω respectively.
The blue lines stand for spectral functions at Ω = 0 with-
out rotation, while the red, orange and gray dashed lines
stand for spectral functions under finite rotation in the
case of Ω = 0.1, 0.2 and 0.3 GeV, respectively. In the
zero rotation case, φ mesons with different spin states
have shared the same spectral function which is consti-
tuted by a delta function part and a continuum part. The

ρ meson, sz=0
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ρ meson, sz=+1
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ρ meson, sz=-1
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FIG. 6. The spectral function ξ(ω) for ρ meson with different
spin component as a function of the frequency ω under under
different angular velocities Ω = 0, 0.1, 0.20.3 GeV at T = 150
MeV and µ = 0.

location of the delta function indicates the pole mass.
For sz = 0 component of φ meson, the rotational ef-

fect is less remarkable than the other two cases. So, the
scale has been amplified and we only present the ξ(ω)
in the range of energy ω from 0.85 GeV to 1.20 GeV.
It is found that spectral functions are shifted to the left
slightly. And the peaks of the continuum parts are en-
hanced significantly.

For sz = +1 component of φ meson, the rotational
effect will shift the spectral function to the left side, and
the rotation will change the height or the shape of the
continuum part of the spectral function as well. For the
sz = −1 component, the spectral function is shifted to
the right side correspondingly.

A similar analysis can be applied for the vector meson
ρ, since we have assumed Mu = Md. We can obtain the
spectral function by substituting Ms for Mu/Md. For
φ mesons, a bound state is labeled by mass Mφ which is
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FIG. 7. Spin alignment ρ00 for vector meson φ as a function
of angular velocity at temperature T = 150 MeV.

very close to the 2Ms. However, ρ mesons are dissociated
at the temperature T = 150 MeV. So, in FIG.(6), a spec-
tral function only has a continuum part and appears as
a single peak. The top panel in FIG.(6) shows the spec-
tral functions of ρ mesons with spin components sz = 0.
Different colored lines stand for different strengths of an-
gular velocities ranging from Ω = 0, 0.1, 0.2 and 0.3 GeV.
Rotational effects are reflected in two aspects: the heights
of the peaks are suppressed and the widths are broad-
ened by the angular velocities. It can be understood that
mesons tend to be less bounded in a rotating medium.
The location of the peaks is almost unchanged in the case
of sz = 0. However, in the case of sz = +1, the locations
of resonance peaks are shifted to the left side by rotation.
Similarly, in the case of sz = −1, mass spectra are shifted
to the right side by rotation. Above all, on the shape of
spectral functions, the rotation effects are similar.

C. Spin alignment of vector meson φ and ρ

In FIG.7, we show the deviation of spin alignment ρ00

from 1/3 for φ meson as a function of angular veloc-
ity at a finite temperature T=150 MeV. In the case of
rotation, ρ00 is always smaller than 1/3, and the devia-
tion will become more significant as the angular velocity
grows. Furthermore, resonance states will have less con-
tribution for spin alignment and the deviation between
the bounded state and the total result is even negligible.
In FIG. 8, we compare the spin alignment ρ00 from 1/3
for φ meson with ρ meson, and it is found the difference
is quite small.

Here, we mention the result from the quark coalescence
model [40]:

ρφ00(Ω) =
1

3
− 1

9
(βΩ)2, (43)

where β = 1/T is the inverse of temperature. If we fit
our result with polynomial functions, numerical results

give ρφ00 ∼ 1/3 − 3.1Ω2, and the absolute value of the
coefficient is smaller than − 1

9β
2 = 4.94.
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FIG. 8. Spin alignment ρ00 for resonance states of vector
meson ρ and φ as a function of angular velocity at temperature
T = 150 MeV.

Compared with the spin alignment under an external
magnetic field and rotation, the deviation ρ00 − 1/3 is
positive under the magnetic field while it is negative in
the presence of rotation. It is natural to be understood
from quark dynamics that the spin of a particle tends to
align along the direction of angular momentum due to
the spin-orbital coupling. For sz = +1 component, the
vector φ, ρ mesons masses are suppressed in the rotat-
ing medium. As a consequence, vector mesons are more
possible to occupy the sz = +1 state and less possible
to occupy sz = 0 state. So, ρ00 − 1/3 is negative in the
rotating medium. On the contrary, ρ00− 1/3 of φ meson
is positive under the magnetic field [11]. Actually, vector
meson masses in the magnetic field are charge dependent.
The φ meson is a neutral particle, its property under the
magnetic field can be extended from the result of neu-
tral ρ0 meson mass spectra under the magnetic field [41].
Under the magnetic field, neutral φ meson with sz = ±1
will have a larger mass than φ meson with sz = 0. So, φ
mesons are more possible to occupy the sz = 0 state in
presence of the magnetic field, which naturally explains
ρ00−1/3 for φ meson is positive under the magnetic field.

Similarly, our theoretical method can be applied to
other species of vector mesons, such as ρ and K∗0. The
difference is the dynamical mass of constituent quark u, d
and s in the rotating medium. In Eq.(18), only one specie
of quark propagator exists in the one loop polarization
function. Since we have applied the assumption Mu =
Md, spin alignment of ρ meson is demonstrated in FIG.8.
In the rotating medium with a temperature of 150 MeV,
ρ mesons are resonance states. So, we compare it with
the resonance states of φ mesons in FIG.8. The tendency
of the deviation ρ00 − 1/3 is still close to the quadratic
polynomial.

It is worth to remind that those results are calculated
for vector mesons that stay at rest in a rotating medium,
i.e. at ~q = 0. In the ~q 6= 0 case, the calculation will be
more complicated, and it is still a puzzle to switch the
physical quantities in the rotating frame into the coun-
terparts in the lab frame. Above all, the contribution
from the rotating medium is significant, although the
spin alignment of vector mesons is affected by a com-
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bination of many factors.

IV. CONCLUSION AND DISCUSSION

In this work, we investigate the spin alignment of vec-
tor mesons φ and ρ induced by rotation. By applying a
three flavor NJL model with a vector interaction channel,
we obtain the dynamical quark mass under rotation. The
curves of Mf (Ω) is similar to Mf (µ). For the s quark,
the first order phase transition occurs at a critical angular
velocity Ωc, and Ms decreases smoothly after the phase
transition, which is similar to the quark mass behavior
at a finite chemical potential.

After substituting the dynamical quark mass, the mass
spectra of vector mesons can be obtained through the
quark-antiquark polarization function. The rotating an-
gular velocity induces mass splitting of spin components
for vector φ, ρ mesons Mφ,ρ(Ω) ' Mφ,ρ(Ω = 0) − szΩ.
This behavior contributes to the spin alignment of vec-
tor mesons φ, ρ in an equilibrium medium. In a rotating
medium, ρ00 of vector mesons has a negative deviation
from 1/3 which implies a spin alignment phenomenon,
which can be easily understood from quark dynamics
that the spin of a particle tends to align along the di-
rection of angular momentum due to the spin-orbital
coupling. For sz = +1 component, the vector mesons
masses are suppressed in the rotating medium. As a con-
sequence, vector mesons are more possible to occupy the
sz = +1 state and less possible to occupy sz = 0 state.
So, ρ00 − 1/3 is negative in the rotating medium.

On the contrary, the deviation ρ00 − 1/3 is positive
under the magnetic field, which can also be easily under-
stood from quark dynamics. Under the magnetic field,
sz = ±1 components of φ, ρ meson will have a larger mass
than that of the sz = 0 component of φ, ρ mesons. So,
φ, ρ mesons are more possibly to occupy the sz = 0 state
in the presence of the magnetic field, which naturally
explains positive ρ00 − 1/3 for φ meson under magnetic
field.

Based on a dynamical quark model, in the next step,
we are able to calculate the spin alignment ρ00 for the

transverse momentum dependent case. Furthermore, we
can apply it for vector meson K∗0 in the future. In this
series of studies, we have studied the vector meson φ and
ρ. In this case, quark loops only contain s and s̄ quarks,
and light quarks are assumed to have the same value of
mass, i.e. Mu = Md. For vector meson K∗0, the mass
difference of quarks is expected to explain the different
measurement between vector meson φ and K∗0 in the
experiment. Our work is an attempt at this target in a
rotating medium.
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Appendix A: Quark propagator in a rotating
medium

To obtain the quark propagator in a rotating and dense
medium, we adopt the method from Vladimir A. Miran-
sky and Igor A. Shovkovy[16]. This derivation has con-
sidered the chemical potential µ and the rotation term
Ω · Ĵz. Accord to an alternative definition, the quark
propagator is given by:

S
(
r̃, r̃′

)
= i

〈
r̃

∣∣∣∣[(i∂t + µ+ Ω · Ĵz
)
γ0 − ~π · ~γ −Mf

]−1
∣∣∣∣ r̃′〉 ,

(A1)

where ~π is the canonical momentum and ~γ is the Dirac
matrix. Their expressions depend on the coordinates of
the position r̃. At this moment, we treat them as abstract
operators and the propagator can be rewritten by:

S (r̃, r̃′) =i

〈
r̃

∣∣∣∣[(i∂t + µ+ Ω · Ĵz
)
γ0 − ~π · ~γ +Mf

] [(
i∂t + µ+ Ω · Ĵz

)
γ0 − ~π · ~γ +Mf

]−1

[(
i∂t + µ+ Ω · Ĵz

)
γ0 − ~π · ~γ −Mf

]−1
∣∣∣∣ r̃′〉

=i

〈
r̃

∣∣∣∣∣[(∂t + µ+ ω · Ĵz
)
γ0 − ~π · ~γ +Mf

] [(
i∂t + µ+ Ω · Ĵz

)2

− ~π2 −M2
f

]−1
∣∣∣∣∣ r̃′
〉 (A2)

Due to the translation invariance in t− and z− direction,
we can perform the Fourier transformation on the quark

propagator as follows:

S (E, kz; r⊥, r
′
⊥) =

∫
dtdzeiE(t−t′)−ikz(z−z′)S (r̃, r̃′) .

(A3)
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Here, r⊥ = (r, θ) is the position in cylindrical coordinates
and E is the energy. The propagator can be expressed
as follows:

S (E, kz; r⊥, r
′
⊥)

=i
[(
E + µ+ Ω · Ĵz(r⊥)

)
γ0 − ~πr⊥ · ~γ⊥ − kzγ3 +Mf

]
·

〈
r⊥

∣∣∣∣∣
[(
E + µ+ Ω · Ĵz

)2

− (kz)
2 − ~π2

⊥ −M2
f

]−1
∣∣∣∣∣ r′⊥

〉
(A4)

where ~πr⊥ and Ĵz(r⊥) are the canonical momentum and
the angular momentum operator in cylindrical coordinate
space, respectively. According to Ref.[12], the operators

~π2
⊥ and L̂z commute with each other and have a com-

mon eigenstate |nkt〉, which the explicit form in coordi-
nate space is given by Eq.(9) and (10). Here, we present
several useful equations:

〈r⊥ | nkt〉 = einθJn (ktr)

L̂z | nkt〉 = n | nkt〉
~π⊥ | nkt〉 = kt | nkt〉 ,

(A5)

where L̂z is the operator of orbital angular momentum.
As a result, the right hand side of Eq.(A4) can be evalu-
ated as follows:

〈
r⊥

∣∣∣∣∣
[(
E + µ+ Ω · Ĵz

)2

− (kz)
2 − ~π2

⊥ −M2
f

]−1
∣∣∣∣∣ r′⊥

〉

=
∑
n

∫
ktdkt

〈
r⊥

∣∣∣∣∣
[(
E + µ+ Ω · Ĵz

)2

− (kz)
2 − ~π2

⊥ −M2
f

]−1
∣∣∣∣∣nkt

〉
〈nkt | r′⊥〉

=
∑
n

∫
ktdkt

〈
r⊥

∣∣∣∣∣
[(
E + µ+ Ω · L̂z

)2

+ 2(E + µ)Ω · Sz + Ω2 (Sz)
2 − k2

z − ~π2
⊥ −M2

f

]−1
∣∣∣∣∣nkt

〉
〈nkt | r′⊥〉

=
∑
n

∫ +∞

0

ktdktJn (ktr) Jn (ktr
′) ein(θ−θ′)

[
(E + µ+ Ωn)2 + 2(E + µ)ΩSz + Ω2 · 1

4
− k2

z − k2
t −M2

f

]−1

(A6)

where Sz = i
2γ

1γ2 is the spin angular momentum term.
And we have insert the completeness condition in the
second line of Eq.(A6). Now, it is easy to obtain Eq.(11)

by means of projection operator P± = 1
2

(
1± iγ1γ2

)
. By

inserting I4 = P− + P+, the summation in Eq.(A6) can
be replaced by:

∑
n

Jn (ktr) Jn (ktr
′) ein(θ−θ′)P+ + Jn+1 (ktr) Jn+1 (ktr

′) ei(n+1)(θ−θ′)P−[
E + µ+

(
n+ 1

2

)
Ω
]2 − k2

z − k2
t −M2

f

. (A7)

Finally, we can calculate Eq.(A4) by acting the operators

Ĵz(r⊥)γ
0, ~πr⊥ · ~r⊥ and kzγ

3 on Eq.(A7).

Appendix B: Spectral functions

The explicit form and the derivation of spectral func-
tions can be found in Ref.[19, 32]. In our previous work,

we have utilized the properties of Bessel functions, i.e.
Jn(0) = 0 for n 6= 0 and J0(0) = 1. As a consequence,
the infinite summation is reduced to finite terms. Then,
Eq.(18) can be evaluated at zero and finite temperature.
For saving space in this manuscript, we merely present
one component of polarization functions. For example,
the imaginary part of 00-component is [19]:

Im Π00(ω, ~q) =− π

2
NfNc

∑
η=±1

∫
d3~p

(2π)3

1

EpEk

{[
EpEk + ~p · ~k +M2

f

] [
f

(
Ep − µ−

ηΩ

2

)
+ f

(
Ep + µ− ηΩ

2

)]
× [δ (ω + Ep − Ek)− δ (ω − Ep + Ek)] +

[
EpEk − ~p · ~k −M2

f

]
δ (ω − Ep − Ek)

×
[
1− f

(
Ep − µ−

ηΩ

2

)
− f

(
Ep + µ− ηΩ

2

)]}
.

(B1)
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where k = p + q and Ek =
√
~k2 +M2

f . Here, Nf and

Nc are the flavor number and color number in the quark

loop, and f(x) is Fermi-Dirac distribution functions with
a finite temperature T . Other components can be ob-
tained similarly.
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