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It was found that, using nonrelativistic QCD factorization, the predicted x.; hadroproduction
cross section at large pr can be negative. The negative cross sections originate from terms propor-
tional to plus function in 3P},” channels, which are remnants of the infrared subtraction in matching

the SPF] short-distance coefficients. In this article, we find that the above terms can be factorized

into the nonperturbative 3S£8] soft gluon distribution function in the soft gluon factorization (SGF)
framework. Therefore, the problem can be naturally resolved in SGF. With an appropriate choice of
nonperturbative parameters, the SGF can indeed give positive predictions for x.; production rates
within the whole pr region. The production of ¥(2S) is also discussed, and there is no negative

cross section problem.

I. INTRODUCTION

Our current understanding of the inclusive heavy
quarkonium production mechanism relies primarily on
the non-relativistic QCD (NRQCD) factorization [IJ,
which factorizes the inclusive cross section of a heavy
quarkonium into summation of perturbatively calculable
short-distance coefficients (SDCs) multiplied by nonper-
turbative long-distance matrix elements (LDMEs). Over
the past decade, much theoretical effort has been devoted
to computing the next-to-leading-order (NLO) QCD cor-
rections to the SDCs and determining the NRQCD
LDMEs. With full NLO SDCs and properly fitted
LDMEs, NRQCD has been very successful in describing
the yield of quarkonium states produced at the Tevatron
and the LHC, including the J/, ¥(25), xcs, and T(nS)
states [2HI4].

However, NRQCD factorization still encounters chal-
lenges in describing the inclusive quarkonium production.
In addition to the well-known polarization puzzle and
universality problem [I5H30], the negative cross section
problem has recently emerged as a new challenge. Some
studies [31] have reported that the NRQCD predictions
for charmonium yields at the LHC may turn negative
when prp is very large, which is unphysical. It should be
noted that this negative cross section problem is distinct
from the issue of negative pr-integrated quarkonium pro-
duction cross sections discussed in Refs. [32H37]. Let us
consider the pr distribution of x.; hadroproduction. It is
well known that NLO contributions of 3P},” for x.s pro-
duction are large but with negative signs. The negative
values are originated from the remnants of the infrared
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subtraction in matching the 3P51] SDCs. To describe ex-
perimental data, substantial cancellations between the

contributions of the 35¥ and 3P!"! channels are needed
[Bl, 12]. Such cancellation will cause the x.; production
rates to become negative at exceptionally high pr, as we
will see in later discussions. In the region where pr is
comparable to the center-of-mass energy /s, the pr be-

havior of 3PL[,1] contributions is sensitive to the remnant
terms of the infrared subtraction. Therefore, to over-
come the substantial cancellation and the negative cross
section problems, one viable approach could be to mod-
ify the infrared subtraction scheme, which amounts to
resum a series of relativistic correction terms comparing
with the NRQCD method. This is precisely what soft
gluon factorization (SGF) does. SGF is a recently pro-
posed factorization approach [38], which is equivalent to
the NRQCD factorization, but with a series of important
relativistic corrections originated from kinematic effects
resummed [39]. In SGF the hadronization of the interme-
diate state to quarkonium is described by the soft gluon
distribution function (SGD), in which the momentum of
soft radiation is kept. As a result, the infrared subtrac-
tion utilized in matching the P-wave short distance hard
parts differs from that used in NRQCD, which is carried
out at the point where the momentum for soft emissions
is zero. Due to this, the negative cross section problem
may be resolved or relieved in the SGF framework. To
investigate this possibility, in this paper we apply the
SGF to study the x. and ¥(2S) production at LHC. For
a comparison we will also present the results in NRQCD
factorization.

The paper is structured as follows: In Sec. [} we
present the collinear factorization formula for calculat-
ing the hadronic production of quarkonium. In Sec. [[TI]
we introduce the SGF of fragmentation functions and
compute the related short distance hard parts. In Sec.
[[V] we present our phenomenological results and related
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discussions. Our conclusions are summarized in Sec. [Vl
Finally, we present the calculation details of the short
distance hard parts in SGF in appendix [A]

II. QUARKONIUM PRODUCTION IN
COLLINEAR FACTORIZATION

As we will see, negative cross section can easily appear
at high pr region, and thus we will be only interested
in this region. When pp is large, the production cross
section of a heavy quarkonium H at hadron colliders can
be factorized as [40), 41]
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where >, runs over all parton flavors, » runs over all

possible spin and color states of the fragmenting QQ-pair,
p is the momentum of the observed heavy quarkonium,
pr = (p*,(),@ 1) is a light like momentum whose plus
component equals to the plus component of p#, z,  and
¢' are the light-cone momentum fractions, and up is the
collinear factorization scale.

The dé’s in Eq. are perturbative calculable hard
parts describing partonic interactions. f; 4 is parton
distribution function (PDF), D;_, g is the single par-
ton fragmentation function (FF) which gives the leading
power (LP) contribution in 1/p% expansion, Diog(r)—H
is the double parton FF [40, 41] which gives the next-
to-leading power (NLP) contribution. The hard parts
for producing a single parton have been computed up
to NLO in ay [42], and that for producing a heavy QQ
pair at leading-order (LO) have been obtained in [41] 43].
PDF's have been extracted from other experimental data
and they are ready for our use. Finally for the FFs,
the pupr dependence is controlled by evolution equations.
The evolution kernels are perturbatively calculable [40],
but the input FFs at an given initial factorization scale
po 2 2mg , where mg is the heavy quark mass, are in
principle nonperturbatlve Since po > Aqcp, it is plau-
sible to further factorize these input FFs, e.g., using the
NRQCD factorization approach or the SGF approach.

The NRQCD factorization for FFs has been exten-
sively studied. The SDCs for all double parton FFs have
been calculated up to O(a,) in Refs. [44H46]. The SDCs
for all single parton FFs are available up to O(a?2) [47H57]
(see [44H46] for a summary and comparison). And part
of them are calculated to O(a?) [49, B8HET]. Tt is well

known that in matching the LO SDCs of 3P£1’8] chan-
nels in NRQCD factorization, the soft divergences that

appear in the full-QCD expression for the P-wave frag-
mentation process are subtracted by the transition rate
of QQ state BSF] into 3P£1,8]' The subtraction is per-
formed at the point where the momentum of soft radi-
ation in the transition is zero, i.e., z = 1. After the
subtraction, some terms proportional to 1/(1 — z); are
remained. These terms cause the P-wave gluon frag-
mentation functions to strongly peak at z — 1 and then
become negative, leading to negative contributions to the
cross sections. Especially, they drive the cross sections
negative at rather large pr, as we will see later.

In Ref. [68], one of the current authors and collabora-
tors showed that, by including LP and NLP contributions
of 1/p2 expansion, very simple LO calculation based on
the formula Eq. can already reproduces the compli-
cated NLO NRQCD results for both color-singlet and
color-octet channels. As SGF' is equivalent to NRQCD,
the same conclusion should hold for SGF. Following this,
in present paper we consider only the LO contribution
to hadronic x. and (2S) production, i.e., we take LO
PDFs, LO FFs (evaluated with LO kernels) and LO hard
parts in Eq. . For simplify, we do not consider the

contribution from the 3S£1] channel in ¥(25) production
as its contribution is much smaller than the theoretical
uncertainties [12].

IIT. FRAGMENTATION FUNCTIONS IN SGF

In SGF approach, according to Refs. [38 [69], the FFs
at scale pg can be factorized as
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where Z = z/z, ﬁf_)QQ[m,] and ZA)[QQ(N)]AQQ[M,] are the
perturbatively calculable short distance hard parts that
25+1y [c]

and n/ =25 +1L [e'] 7 in the amplitude and the complex-
conjugate of the amphtude respectively. My is the
mass of heavy quarkonium H which satisfies p? = M3.
Fipn—m is the SGD, which describes the hadronization
of an intermediate QQ pair into heavy quarkonium by
radiate soft gluons. The SGDs are defined as

produce a QQ pair with quantum numbers n =
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where z is the light-cone momentum fraction which de-
fined as z = p* /P, and P, is the total momentum of the
intermediate QQ pair. ¥ stands for Dirac field of heavy
quark and the subscript “S” means the field operators in
the above definition are the operators obtained in small
momentum region. In additional, we define “S” to select
only leading power terms in (P. — p)* = (1 — 2) P ex-
pansion [69]. C,, are projection operators corresponding
to the intermediate state n, whose explicit definition are
given in Ref. [3§].

In Eq. , it was suggested to expanding mé around

M% /(42?%) in the short distance hard parts [38] [69],
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which defines a velocity expansion in SGF. Here we only
consider the hard parts at leading order in the velocity
expansion, and then we have n = n/. For convenience,
we denote

[25+1L§]A] = [QSHLBC,]AQSHLBC,]A]- (5)
Similar to the definition of polarized NRQCD LDMEs
presented in [46], it is convenient to define polarized
SGDs as follows:
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A=A
where ny denotes 2S+1LBC}/\, A=L,T,TT,--- correspond
to |J.| = 0,1,2,---, respectively. N, is the number of
polarization states for ny. We have [40]
Nasgé]ld = le([)S] = NSP[le] = N3P[1~8] = N3P2[,1L8] =1,
NSSF,]T = N3P1[}i18] = NSP 1, 8 =d— 2,
1
N3p[1,8] =-(d-1)(d—2) -1, (7)
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where d is the space-time dimension. One can also define
the following unpolarized SGD

F[3S[s]]_>H(Z, MH> meq, NJ/\)

=2 Flasp,

For y. and (2S) production, we need to calcu-
late the short distance hard parts for g — QQ[‘O’SE]/\],

Jon (x, Mg, mq, pa)- (8)

3

g — QQI'SY), g — QQPPLY, 10Q(k)] — QQPSY),
[QQ(x)] — QQISY] and [QQ(x)] — QQPPLSY) at LO,

where k = 018 18] Following the strategy for the cal-
culation presented in Ref. [69], we computed these short
distance hard parts. The calculation details are given in
appendix [A] and the obtained results are summarized as
follows
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where s could be v or a. Here we only listed the nonvan-
ishing LO hard parts. The contributions of ¢®! channels
for double parton FFs are neglected, due to the partonic
SDCs d6; ;oo s)+x Vanishes at LO [O(a2)] [A].
In contrast to the NRQCD SDCs, the P-wave short dis-
tance hard parts presented above do not include terms
proportional to 1/(1 — z)4. These plus distributions cor-
respond to the leading-power order in the momentum of
the emitted soft gluons, which are factorized into the 35 ES]
SGD in SGF.

In the SGF formula Eq. , a factorization scale pp is
introduced. The freedom to choose up results from the
RG equations obeyed by the SGDs [69]. For simplify, here
we do not consider the evolution of SGDs and directly
provide a model for them at the scale up = Mpy. We
adopt following model [70} [7T] for the SGDs

NHT(Myb/A)(1 — z)b~1gMub/A-b-1
T(Mgb/A — b)T(b)

Fmod(g) = . (10)
Here N¥ determines the normalization, A characterizes
the average radiated momentum in the hadronization
process, and b is related to the second moment of model
function, i.e.,

1
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where My (1 —x) denotes the radiated momentum in the
hadronization, and A should be O(Aqcp). These param-
eters are depend on the Q@ state n. The normalization
factor N*[n] is related to the NRQCD LDME (O (n))
defined in [46]. Up to the lowest order in velocity expan-
sion, we have [3§]

NH[n] ~ (0 (n)). (12)
Similar to the LDMEs in NRQCD, we assume that these
normalization factors satisfy the spin symmetry relations

Nxeo 358 = 3N [350) ] = 3Nxeo 350
— NXCIF’S 1] = Nxa [35[8] ]
g Ve[Sl = g N sl )
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These relations reduce the number of normalization fac-
tors required, and we select NX<0[3§1)]  Nxeo3plt],
N¥(29) [3S£8]}, N¥(29) [15([)8]]7 and N¥(25) [3P(£8]] as the free
parameters, which can be determined through fitting to
experimental data.

IV. PHENOMENOLOGICAL RESULTS
A. General setup

Before going ahead, we provide some details regarding
our fitting procedure. We use LO PDFs, LO SDCs and
LO FFs in Eq. (1). We use CTEQ6L1 [72] as the input
LO PDF, and use LO a, with ny = 5 and AGy, =

165 MeV. The LO [O(a2)] SDCs for LP are known in
[42], and the complete LO [O(a2)] SDCs for NLP are
taken from Ref. [41l 43]. To facilitate comparison, we
evaluate the LO FFs in both the NRQCD factorization
and the SGF approaches. We fix the charm quark mass
to mg = m. = 1.5 GeV and choose the factorization
scale in Eq. to be up = pr. To resum the leading
logarithms of p2./m?2, we evolve the single parton FFs
from the initial scale po to the scale pup = pr E We

1 Here we do not include the evolution of double parton FFs, be-
cause the solution of the corresponding RGEs is still absent. Nev-
ertheless, this should be tolerable because logarithms are impor-
tant only in the region where pr is very large, but then the dou-
ble parton contribution is suppressed comparing with the single
parton contribution.



compute the evolved FFs by using the method described
in Ref. [12]. In the calculation, we use the LO evolution
kernel with ny = 3. In NRQCD factorization, we choose
initial scale 19 = 2m, and set NRQCD factorization scale
ua = me as usual. In SGF, we take ug = My and set
SGF factorization scale upy = Mpy. For H = x.j, we
choose My = 3.5 GeV, and for H = ¢(25) we choose
My = my2s) = 3.686 GeV [73].

We use the data on the x.1 and x.2 transverse momen-
tum distributions provided by ATLAS Collaboration [74]
at /s = 7 TeV to perform the fits of the parameters
Nxeo 3618 - Nxeo 3Pl in SGF, as well as the NRQCD
LDMEs (OX00(3S’£8})> and (OXeo (3P(£1])>. We determine
the parameters and LDMEs for ¢(25) by fitting to the
cross section data provided by ATLAS and CMS Collab-
orations [75,[76]. Due to the factorization formula Eq.
is applied in the large pr region, only the data with ppr >
12GeV are considered in the fitting. Following Ref. [12],
in the fitting we take the uncertainties in the theoreti-
cal expressions for the charmonium cross sections to be
30% of the central values in magnitude, which account for
uncalculated corrections of higher orders in velocity ex-
pansion. Some branching ratios are used in the fits, they
are B(xco — J/¢y) = 0.0128, B(xc1 — J/¢vy) = 0.36,
Blxex — J/17) = 0.2, BW(2S) — p*p~) = 0.0075,
B((2S) — J/yrta™) = 034, B(J/Y — ptp™) =
0.0593 [73].

B. Production of x.s

In NRQCD factorization, through the least-x2 fit to
the measured data, we obtain

(0x0 (3581} = (4.84 +£ 1.14) x 1073GeV?,

(O (A1)

2
mg

(14a)

= (6.11£2.01) x 1073GeV?,  (14b)

with x?/d.o.f = 0.53/8. The above values of NRQCD
LDMEs are consistent with the those obtained in
Ref. [12]. The x.1 and y.2 cross sections obtained from
the fit are depicted in Fig. [1| against ATLAS data [74],
where the contributions of the individual channels to the
cross sections are also presented. It is evident that signifi-
cant cancellations occur between the contributions of the
351 and 3Pl channels in NRQCD factorization. This
kind of cancellation can make the perturbative expansion
unstable and may even lead to negative cross sections at
large pr. To see this more clear, we define the ratio
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7(Xe0) (15)

and rewrite the cross sections as
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FIG. 1. The differential cross sections for prompt x.1 and
Xc2 at the LHC center of mass energy /s = 7 TeV and in
the rapidity range |y| < 0.75 compared with ATLAS mea-
surements [74]. B = B(xcs — J/¢y) x B(J/v — pTu™).

(16)

According to the fit we have r(x.) = 0.7970 52, To
achieve a positive production rate of x.; at high pr, it is
necessary to have

6'3 [1]
ZJ[?]} > —r(xe0). (17)

However, as showed in the upper panel of Fig. 2] we find
the ratios d&[3P([,l]]/d&[3S£8]](J = 0,1,2) decrease as pr
increases. Moreover, for py larger than about 1700 GeV,
all three ratios fall below the lower bound of —r(x.0)-
Consequently, at large pp all cross sections become neg-
ative, as showed in the lower panel of Fig. [2| which has
also been pointed out in Ref. [31].

It is worth noting that the cross section in the very
high pr region is greatly influenced by the behavior of
fragmentation functions near z = 1. In this regime, the
pr behavior of 3S’£8] channel is mainly dominated by the

delta function §(1 — z), while that of 3P£1] channel is
primarily governed by the terms proportional to 1/(1 —
z)4+. The absolute value of the latter decreases more
slowly as pr increases compared to the former, leading
to an increase in the ratios —d&[gPﬁl]] / d&[35§8]].

In SGF, after convolving SGDs with short distance
hard parts in Eq. @, we arrive at a form that similar
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butions for y.; production when the LDMEs take the central
values in Eq. (T4). Here /s = 7TTeV, |y| < 0.75.

to Eq. ,

~ N Xeco 3P[1]
do(xer) =27 + 1o LT ]
da_/[BP[l]]
2 J
x|r (XcO) + d&/[ssgg]] . (18)
Here
NXeo[3 (8]

" (xe0) = 51 (19)

Nxeo [Py fm2

The coefficients do’[3S}Y] and do’ [3P51]] depend on the
nonperturbative parameters b and A. The behavior of
FFs near z = 1 is dominated by the nonperturbative
SGDs. Thus in the very high pr region, the pr behav-
ior of the ratio dé¢’ [SPF]] /dé’ [SSF]] is very sensitive to
the parameters b and A. Unfortunately, there is yet no
first-principle way to determine these parameters. From
Eq. we find that when b > 1, the second moment of
the model is O(N# A?%) and is not sensitive to b. There-
fore, for simplify here we assume that the parameter b
is same for all channels and we set b = 6. To quali-
tatively analyze the effect of A on dé&’ [3P}1]] /d&’[SSES]],
we first fix ./_\[35?]] = 0.4 GeV and vary A[3P£1}]. In
Fig. [3| we show the ratios for /_\[3P£1]] = 0.36, 0.32, 0.28,

0.24 GeV(J = 0,1,2). We find that the coefficient in 3P}"

channel is always positive, and those in 3P(£1] and 3P2m

6

channels are negative. Additionally, for a fixed [\[35?1]’

there exist a scale Ay such that when A[3P£1]] > Amin,
the minimum value of the ratio for J = 0 is located at
pr < 100GeV, and when /_&[3PL[,1]] < Apin, the position
of minimum value turns to be pr ~ 3000GeV. To ob-
tain a positive cross section for y.; production within

the whole pr region, a suitable choice is 7&[3PL[,1]] > Amin.
This indicates that in the hadronization of QQ[3P31]] to
XeJ the average radiated momentum should not too close

to zero, which is different from the picture in NRQCD
factorization. On the other hand, to investigate the cor-
relation between Ay and A[SI], we vary A[31*] = 0.6,
0.55, 0.5, 0.45, 0.4, 0.35 GeV and roughly estimate
the Ay for each corresponding J_X[?’SES]]. Our analysis
suggests that Apnin ~ 0.7/7\[35’&8]]. The ratios for each
(ARSP ARPMY) = (ARS™], Apin) pair are showed in
Fig. [

Based on the discussion above, we set A[3S£8]]
0.4 GeV and A[3P£1]] = 0.3 GeV for the x.; production.
Subsequently, we determine the parameters NXco [SSF]]
and NXeo [SPél]] by fitting the experimental data, which
results in

Nxo[388] — (375 £ 0.53) x 1073GeV?3,  (20a)
Nxeo[3plil
% =(2.25 £ 0.75) x 107 2GeV?, (20b)

with x%/d.of = 0.63/8. We also obtain r'(x.) =
0.1770-55. The fitted cross sections are shown in Fig.
In SGF, there is no substantial cancellations between the
contributions of the 3S£8] and 3PL[]1] channels. Moreover,

the contribution of 3P1[1] channel in the x.; cross sec-
tion is always positive. We also find that in the experi-
mental ppr region, the x.o cross section is dominated by
the contribution of 3S£8] channel, and the color-singlet
contribution can be neglected. This indicates that the
parameter NXeo [BSF]] is mainly determined by the dif-
ferential cross section for prompt y. production. In
the upper panel of Fig. [6] the pr dependence of ra-
tios d6’ [3R[]1]]/d6’ [3S£8]] is compared to —r'(xc0). Unlike
NRQCD factorization, there is a wide range of r’'(xo) in
which dé’ [3P£1]}/d&’[35£8]] is larger than —7/ (o). In this
value range, one can ensure that the cross section of x.s
production are positive within the entire pr region. In
the lower panel of Fig. [f] we show the differential cross
sections when the central values in Eq. are taken.
Therefore, the negative cross section problem in NRQCD
factorization can be resolved in the SGF framework.

C. Production of (25)

For the 9(25) production, the color-singlet contribu-
tion is neglectable as have been mentioned before. In
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NRQCD factorization, the determination of the LDMEs
is complicated and involved. Similar to the previous stud-
ies [2, [, @], we find that in the region where 12 GeV <

pr < 100 GeV, the SDC of SPO[S] can be nicely decom-
posed into a linear combination of the SDCs of 3S£8] and

8
ls([) ]’
. g d6[15[8]] d&[?’S[g]]
d6 PP = 1o e o (21)
with 7o = 5.94 and r; = —1.85. Based on this relation,

we are able to extract two linear combinations of the
three color-octet LDMEs within convincing precision,

< Ov2s) (3pll

MS/’@ ) = <O’”(2s)(15([)8])> + 7’0%(20»7 (22a)
5 Ov(25) 3pl8l

M{b@ ) = <O¢(2S) (3S£8])> +r < m(2 0 )> . (22b)

In SGF, we set /_\[3S£8}] = 0.7 GeV, 5[15([)8]] = /_\[3P(£S]] =
0.5 GeV =~ 0.7A[3S£8]] for ¢(2S) production. By con-
volving the SGDs with the short distance hard parts, we

arrive at

do(1(25)) =d&' ST INVCO Py + o'
N¥(28) [3P0[8]]

2
me

x NS84 a6 2P (23)
Similar to the case of NRQCD factorization, in the region

where 12 GeV < pr < 100 GeV, the coeflicient dé’ [3P(£8]]
can also be decomposed as

R < d&'[ls[g]] d&’[35[8]]

do' PPy = rp =0 = (20)

with r{ = 1.629 and r{ = —0.032. And we construct

following two parameters

25 o, NI

My *%) = NVEISE] g ——=0=, (25a)
N¥(25) 3P[8]

M{w(QS) ENIIJ@S)[?)SF}]-’-T/I [ 0 ] (25b)

2
me

In this paper we are interested in the sign of the total
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contributions from 3S£8] and 3P}8] channels. For this pur-
pose, we need to determine the value range of quantities

(0vC9) (1))

r(1(29)) = (0v29) (3Pl 2’
: __NUeIpsy]
' (1(28)) = VoS [3Pgsﬁ/mg' (26)

We assume that N¥(29) 3518 Nv@S)[1g8]]  nv29) 3pl#])
and all of the three NRQCD color-octet LDMEs are pos-
itive. Using the ATLAS and CMS yields data [75] [76],
we extract

MY = (2.92 £ 0.49) x 1072GeV?, (27a)

MPES = (0.11 £ 0.02) x 1072GeV?, (27b)
with x2/d.o.f = 16.58/86. And

MY = (7.37 £ 1.51) x 1072GeV?, (28a)

MY = (0.85+0.11) x 1072GeV?, (28b)

with x2?/d.of = 15.21/86. By wvarying 0
<Ow(25)(15([)8])> < M(T)/J(QS) and 0 < N¢(2S)[1S([)8]]
Méw(zs), we further obtain the lower bounds of r(¢(25))
and r'(¥(29)), i.e.,

<
<

r(¥(28)) >2.01, ' (¥(29)) >0.17.  (29)

In Fig. |7, we show the comparison between r(¢)(25))
and d&[?’POS]] / d&[?’SF]] in the upper panel , and show the
comparison between 7' (4(25)) and dé’ [3P(£8]] /dé’ [35?]] in
the lower panel. We observe that both NRQCD factor-
ization and SGF allow for a wide range of parameters
that result in positive contributions of 3S£8] + 3P£8] for
the entire pr range. However, the SGF result is qualita-
tively better than that of NRQCD factorization due to
that do’ [3P(£8]] /dé’ [3S£8]] is larger than the upper bound
of —r'(¥(29)).

V. SUMMARY

In this paper, we study the hadroproduction of x.s
and ©(25) using the SGF approach. Our general frame-
work is the LP4+NLP collinear factorization, with only
the LO contribution considered. Our results show that
the fit to experimental data in SGF is as good as that
in NRQCD factorization. We confirm that the NRQCD
predictions for x.; production rates at the LHC turn
negative at sufficiently large pr. These negative cross
sections originate from terms proportional to 1/(1 — z)1

in the 3P£1] gluon FFs, which are remnants of the infrared

subtraction in matching the 3P£1] SDCs and correspond
to the leading-power order in emitted soft gluon momen-
tum. At the threshold limit z — 1, these terms contain
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nonperturbative effects. In SGF, these terms are factor-
ized into the nonperturbative 3S£8] SGD, resulting in a
distinct infrared subtraction scheme from NRQCD. We
also calculate the short distance hard parts for relevant
FFsin SGF, and indeed, the P-wave short distance hard
parts are free of the plus distributions.

In our phenomenological study, we employed a simple
model for the nonperturbative SGD, which depends on
three parameters: b, A, and N¥. Currently, there is no
first-principles method to determine these parameters.
We fixed the parameter b and varied A[35™] and A[gP}H].
Based on our numerical results, we suggest the constraint
/_X[SP[I]} > 0.7A]3S [8]] which indicates that the soft gluon
emission in the hadronization of QQ[dP[l]] to Xy cannot
be ignored in the current factorization framework. With
an appropriate choice of 1_\[35£8]] and /_X[3P£1]}, there are
wide ranges of the parameters NX<0 [351¥]] and Nxeo [3pl!]]
that yield a positive cross section of x.;. Similarly, we
also calculated the contributions of 3S£8] +3P58] for ¥(25)
production. We found that in both NRQCD factorization
and SGF, there is a wide range of allowed parameters
that yield positive contributions of 3S£8] + 3PL[,8] at the
entire pr region. Based on these results, we conclude
that the negative cross section problem in NRQCD can
be resolved in SGF.
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Note added: When our paper was being finalized, a
preprint [(7] investigating a similar issue by applying the
shape function formalism was appeared.

Appendix A: The short distance hard parts in SGF

In this Appendix, we provide the necessary details for
obtaining the short distance hard parts in Eq. (9). In
Eq. (3), the projection operators K, for n = JSF]S , S([)S]

and 3P‘[L1£] are given by [3§]
VM Mg + }75 My —p

Kn(rb™) = My + 2mQ oMy " 2Ny (AD)
with
r, zels‘z 7#6[8], for n = 355]52,
I, =yC#, for n = 1S([JB], (A2)

r, :Ee‘;’l}z’y#( - %ﬁy)c[m], for n = 3PR’]§].
The color operators C!! in above are defined as

1
clll —_—¢_ A3
- (A32)

CB =V2T"® (rb™ ) 34, (A3b)

where 1, and T? are the identity matrix and the genera-
tor of the fundamental (triplet) representation of SU(3).
The introduction of gauge link ®;(rb~)s, is to enable
gauge invariance of SGDs. The gauge link is defined
along the I = (0,1,0,) direction,

Dy(rb”) =Pexp {igs /000 dél - A(rb™ + &) (A4)

where P denotes path ordering, A*(z) is the matrix-
valued gluon field in the adjoint representation:

[A*(2)]qe = if®cAll(x). In Eq (A2), D, is the gauge
covariant derivative w1th D WV =U(D,V)— (D W)W,
Andeg,, €5 5, are the polarlzatlon tensors for 3S£ s, state
and 3PL[,1 J] state.

According to Ref. [46], we use following projection op-
erators to sum over the polarizations of 3S£8] state and

BPEi] state,

(70' (o2 * 0' 1 o lﬂ',
PP = N .80 = mpﬁ P77, (Aba)
FAED



B8 oo’ _ Bo oxp'o’
PLT = Z glanELJz

[J-]=1
2 (Pﬁﬁ P” + Pﬁﬂ Poo Pﬂa Pﬁ o Pﬁa PB o)
(A5b)
A DA
|J.|=0
]_ ’ , ’ ’
S (IW pso’ — pPoph "), (A5c)
BB oo’ _ *5’ !
PITT = Y &5
[J2|=2
1 4 4 o’ ‘o o o’
_ i(pfjﬁ P + P PY7) - ﬁpﬂ P27’ (A5d)
Pg’@raa _ Z 5 *B o’
. =1

=2 (IW P + PP + PP + BT RL7),

(Abe)
i = X a6l
[J2|=0
_d=2 (080 s\ (pBle’ L o
Td-1 (PH d—QPL)(PH EvE )
(A5f)
Where
P = Z €5, €5
[S:|=1
, palo/ _|_po/la p2 ,
= —g* 4 — 140>, Aba
p-l (p-1)? (A6)
"= 3 e
|S2]=0
papoc’ pala'+po¢'la 2
= - + l"’l’JK A6b
p? p-l (p 1)? (A6b)
P’ = Z egze’f‘sj‘l =g 4 pfp]; (A6c)
Sz

Following the matching procedure, to determine the
short distance hard part in Eq. , we replace the
quarkonium H by a on-shell QQ pair with certain quan-
tum number n and momenta
1

517—61-

1
PQ=3P+4¢  Pg (A7)

where ¢ is half of the relative momentum of the QQ pair.
On-shell conditions pé = p% = mé result in

p-g=0, ¢ =mjH—p’/i (A8)

To project the final-state QQ pair to the state n, we
replace spinors of the QQ by the projector [38]

d?—2Q 2 ( )
~—m
Ng \/MH(MH—I—ZmQ) pQ Q

10

Mpy —p-. My+p

x it o + Q)

oMy (49)

here € is the solid angle of relative momentum q in the
QQ rest frame, and Ng is given by

Nq = / d4—2q.

For different states n, the operators I, are given by

(A10)

I zeg‘:’yué[g], for n = ?’ngz,

T, =vC®, for n = 15'[8], (A11)
™ d - 1 EYe 97 5
Ln :( q2)qa EJ,JIZ ’Yuc[l’g]v for n = BP}IJS]’
where q? = —¢?, and
5 1
chl === A12
VA (At20)
5 2
] = T A12b
¢ N2 -1 ( )
We first consider the single parton FFs. Basing on

Eq. , we can derive following matching relations for
the short distance hard parts at LO in ag

DgLS’c(;g[Ss?L](Z; M, pos pin)

= gLSQQ[?’SEL](Z; Mg, mq, MO)‘mQQ:MEI/4’ (A13a)
Aj_o)c(;g[ls 81](2 My, po, p1a)

:DngQQPS 5, (23 M, mq, o) =t 14 (A13b)
’ 53;;2@%81] (2 Mu, pio, pia)

:[ 53@@[3}313]](2 My, mq, po)

dz - )
Z / ngQ 35 ](Z;MH/J?,?’TLQ,ILL(),/,LA)

8 F[ss[8 Joqappis (@ MH’mQ’”A)} ’ M3 /4
(A13c)
Here we have used [38]
F[ﬁ&QQ[n](x;MH,mQ,uA) =4(1 — 2), (A14)
for n = 3S£81g , 15'([)8] and 3Pb[,i’]i]. The short distance hard

part for 35’1 \, can be taken from [69], which read as

2e
~NLO ragu 8
9-QQEsIE), ](z Mg, mq, pto, pa) = (N2 MY
2 — 2 QmQ 2
6(1— A15
X(3—26 (3—26)MH> (1—2), (Al5a)



NLO

9~QQs L] (A15Db)

(Za MH7mQ7M07MA) :Oa

here pi. is the dimensional regularization scale. Expand-
ing mg¢, around M7 /4, we then obtain

TOg 8

A LO,(0)
D st (& M tos #a) =Ry 001 = 2),
(A16a)
ALO,(0
g%C(?Q)[SSF]L] (Za Mpy, po, ,U'A) =0. (A]-Gb)

LO,(0)

The calculation of D s, is straightforward. Using

-QQUs]
the results of perturbatlve FFs listed in [44], we derive
2 2 _
~LO,(0) 804S N
2 M —_—
g—aapsi 5 Mt Hos18) = o 1)

x [(1_z)1n[1_z] —z —|—gz . (A17)

The computation of perturbative FFs DO
9—QQ[EPY ]

in Eq. (A13]) has been well studied in the literature (e g.,
Ref. [69] ). Using the projection operators in Eq. (A5)),
we obtain

LO

Dg%QQ["’P[gl]](z;MH’mQ’MO)
20212 2 11 drpZeE
:30;7%,{(_ 11 _m%)au _ )
]\4H.Z\fC 9 €IR 6 MH
7 (2622 — 1112 +93) 1 9(5—32)
4 (1—2)4 2
x In(1 — z)] +O(q?), (Al8a)
53@@[3}3[%’]1“](27 MH’mQ’:U/O)
20212 1 1 Arpde= e
St L e T
M N 3 €IR MH
1
—Z)+
LO .
9-QQFP[ ] (2 My, ma, po)
_32a%u2¢ 1 1 5 drpde e
e G R e e R
M5NC3[< an Fa g0
1
2 (22— 2 +1) (1—72%} +0O(g?), (A18c)
LO .
DQ%QQPP[T]TT] (23 M, maQ, fo)
3202p2¢ 2 [( 1 Ample=E
="ste Z ——+2—ln07)61—z
M?[Nc 324 €IR MIQ_I ( )
1
+ 22— —22(25 — T2 2623 — 3727 4 242
(1—2)+
—12) — 6 (2° — 62" + 142° — 162> + 10z — 4)
x In(1 — z)} +O(q?), (A18d)
LO

Dy ey (3 Mirma po)

11

2022 1 1 Ample= e
3 Qg e 7|:<7 - 71H%)5(17£’)
M5 N 324 €IR MH
22— — 22(25 + 42" — 5523 + 15222
(1—-2)4+
— 1922 +96) — 48(2* — 52% + 1022 — 102 + 4)
x In(1 — z)} +O(g?), (AlSe)
sraqeyt) (25 MM, o)
2022 1 1 Ample e
_ 320t - 7 — T Y50 )
MHNC 9z €IR 6 MH
+ 22— — 2(22° + 52 +382% — 46822
(1—2)+
48642 — 432) — 216(2 — 2)(2 — 1)2In(1 — z)}
+0(q°), (A18f)
]
s raaeri) (5 Mt ma, o)
NZ—4 ro
=5z = 1) Do—eaeeyy) (# M maspo)- - (AlSg)

We now turn to the calculation of SGDs in Eq. (A13).

At LO, the diagrams for F sl 1 QQEpls) are shown in

Fig. [§] ‘ here we only need to consider the case of ' =T
According to the definition Eq. , we expand the ampli-

PQ
k
Pe
—
Pq
(a) (0)

FIG. 8. Feynman diagrams for the SGDs F[3S£1’ 1>QaEelH)

at LO. The double solid line represents the gauge link along
[ direction.

tudes in terms of the soft momentum k, and keeping only
the leading terms in the expansion. In addition, accord-
ing to Eq. (A13)), we can expand mé in the amplitudes

around M? /4 and neglect the terms of O(q?) before per-
forming phase space integration. Thus we derive

LO
Fost-aaprt)
+ d d
D d*P, d%k dgd(p
= S(Pf 2m)%o — k
2 [ e o(er = Ly an) st p.—p - b
% 208 (k)0(k) Mapop Mg BLY PYL (—g?),
(A19)

(x, Mu,mqg, pa)




where the amplitude M is given by

A0 4 A2 110+ 0(g?),

@ aBp afp
(p/2+4q),
(p/2+q)-k+ic’

Maﬁap =

AL, =g, T [ TTIA T

aBp

A® _gSTr[H Tom } —(p/2—-a),

e W2—q) ket A0

with

= YMn Mo P

@ MH—|—2mQ 2Myy 2My ’
~ 2

s = (p, —m )M
O Mg (My +2mg) '@ Y 2My
1. Mg+
X (mvﬁ) QQHP(PQJFWLQ)

Performing the k-integration, we obtain

o) —p

o
F[gsglk]%QQPP(El]] (.’E, MH7 mQ, /J'A)
_a N3—18[< 1 Ample B 1)
“MZrm N, 9

x §(1—x) + Qx%)J +0(q%),

§

FLO ](xaMH7mQ7H’A)

(sl -QQrPLY
a, N2-14 [< 1 47r,u§e_’“5)
- Mim N. 3

1 2
x0(1l—z)+ 2xm} + O(g”),

(A22b)

LO
F[zs ]—)QQ[SP ](IaMH7mQ7/~‘LA)

as N2-14 [( L A é)
MIQ_ITI' N 3 €IR MIQ_I 2

1
x 8(1— )+ 2:37} +0(g?), (A22¢)
(I—=)4
LO

[3S ]—>QQ[3P ](Jf,MH,mQ,MA)

12

as N2-18 1 drple=E
2 [CEEL iy
MHT(' N 3 €IR MH
1
x 6(1—z) + 233@} +0(g?), (A22d)
LO
Foslty 1o aaprp (M mas 1)
g N3—14[( 1 1 47T,U,C67’YE>
= — —_—— n e —
MI2_I7T NC 3 €IR MI%I
1
Oy 11](56 MH»mQ 1A)

(i1 » QP
as Nf—lﬁ[( R 4rple e z)

TMIr N, 9L\ ean T ML 6
5(1— 20— | + O(q?). A22f
X 01— 2) + 20— | +0(a?) (A22f)
The SGDs F[BSEI,IT]_)QQ[SP.[]?]A] can be calculated similarly,

with results given as

LO
s 1aqueisy (0 M ma: ia)
N -4 10

(xaMvaQ7/’(‘A)' (A23)

=a(v2 = 1) Tt earey)

Substituting Eqs. (A23), (A22)), (A18) and (A15]) into
Eq. -, we can obtain the P-wave short distance hard
parts that given in Eq. @D We find that both the infrared
divergences and the terms proportional to 1/(1 — z)4
in the perturbative FFs are correctly subtracted by the
SGDs.

Finally, for the double parton FFs, we have following
matching relation

~LO,(0)
D[QQ(K)]_,[QQ ( CC MHHU07,UA)
_Dgzw»ﬂQQ (2, ¢ ¢s M, ma, 10)lm2, = a2, /4-

(A24)

Using the results of perturbative double parton FF's cal-
culated in [44446], we immediately obtain the results in

Eq. @
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