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Neutrino–antineutrino (νν̄) pair production is one of the main processes responsible for the energy
loss of stars. Apart from the collision of two (γγ → νν̄) or three (γγγ → νν̄) real photons, pair
creation from a photon and photon collisions in the presence of nuclear Coulomb fields or external
magnetic fields have been considered previously. Here, we study a pair production of neutrino and
antineutrino from a low-energy photon in the presence of a combined homogeneous magnetic field
and the Coulomb field of a nucleus with charge number Z.

I. INTRODUCTION

Due to the large mass of theW± and Z0 vector bosons
mediating the weak interaction, the coupling of neutrinos
to the remaining matter particles is extremely suppressed
at low energies. As a consequence, the cross sections for
neutrino–antineutrino pair creation in photon collisions,
for example, are very small. However, because the stel-
lar plasma is basically opaque for electrons and photons
but transparent for neutrinos, such processes, albeit rare,
are very important for the energy loss of stars. Neutri-
nos can carry away energy from the entire volume of the
star, whereas electromagnetic radiation can only escape
from a small surface layer. Thus, for large stars with
high temperatures O(109 K) (≈ 86 keV) and densities
O(105 g/cm3), processes involving neutrinos may even
dominate electromagnetic radiation from the star [1–5].

Although neutrinos can also be created in processes
involving real electrons or nuclear transitions [6–13], we
focus on neutrino pair production by photons or electro-
magnetic fields in the following. A single photon alone
can obviously not emit a neutrino pair due to energy-
momentum conservation, so the lowest-order process cor-
responds to the collision of two photons γγ → νν̄. Since
neutrinos do not carry electric charge and thus do not
couple directly to photons, this process requires an in-
ternal charged particle mediating the interaction. Here,
we consider electrons or positrons as the lightest charged
particles, but other charged particles such as muons can
be treated in complete analogy.
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FIG. 1. Triangle Feynman diagram representing the neutrino
antineutrino creation γγ → νν̄ in the four-fermion limit.
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FIG. 2. Exemplary Feynman diagrams involving neutrino
pairs and three photons at one fermion loop order.

fermion interaction, the lowest-order Feynman diagram
of this process γγ → νν̄ is depicted in Fig. 1. How-
ever, it turns out that the associated amplitude is sup-
pressed due to the Landau-Yang theorem [14–17]. The
four-fermion description represents a point interaction
(current-current theory) between massless neutrinos and
thus the two outgoing neutrinos have no relative orbital
angular momentum. Due to the (V-A) coupling struc-
ture, their spins must be parallel and thus the final state
has total angular momentum J = 1, which cannot couple
to two initial (real, i.e., on-shell) photons.

Deviations from the conditions mentioned above, such
as taking into account the small neutrino masses [18, 19]
or the non-local structure [20–22] of the four-fermion in-
teraction (mediated by internal W± or Z0 bosons) or
replacing one of the initial (real) photons by an external
field [23–28] can lead to a non-zero (albeit small) ampli-
tude. Another option is a third photon vertex (repre-
senting a real photon or an external field), which is the
case we consider here. Exemplary Feynman diagrams are
depicted in Fig. 2, where we have explicitly included the
internal W± or Z0 bosons instead of using the effective
four-fermion interaction as in Fig. 1.

For typical densities, collisions of three real photons
can be quite rare events. Thus, in order to increase the
interaction volume, one may replace one or two initial
real photons by external electromagnetic fields, which
amounts to considering photon-photon collisions or pho-
ton decay in this background. Examples for such back-
ground fields are the Coulomb fields of nuclei or strong
magnetic fields, which may also exist in stellar environ-
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ments.
In the following, we study photon decay into a

neutrino–antineutrino pair in the combined background
of a strong magnetic field superimposed by a Coulomb
field. In analogy to a recent study on Coulomb assisted
vacuum birefringence [29], such a scenario offers advan-
tages in comparison to other cases, such as an enlarged in-
teraction volume. Furthermore, for photon energies way
below the MeV scale, all involved scales are subcritical
(i.e., also well below MeV) and thus we may use a low-
energy effective description.

II. MODIFIED EULER-HEISENBERG
LAGRANGIAN

To begin, we will provide a concise summary of the fun-
damental principles. The Euler-Heisenberg Lagrangian
outlines a direct connection between low-energy photons
and serves as a quantum adjustment to classical Maxwell
electromagnetism, building on the pioneering work of
Euler and Heisenberg [30]. When the electromagnetic
fields represented by the field strength tensor Fµν are
slowly varying and remain significantly lower than the
Schwinger critical field, which is determined by the elec-
tron mass me, elementary charge q, and the related crit-
ical magnetic field

Ecrit =
m2

ec
3

ℏq
≈ 1.3× 1018

V

m
,

Bcrit =
m2

ec
2

ℏq
≈ 4.4× 109 T , (1)

then one can examine the low-energy limit of the Euler-
Heisenberg Lagrangian. In this limit which is of interest
in what follows, the one-loop photon-photon interaction
is described by the lowest-order in the Euler-Heisenberg
Lagrangian [30–35] given by

L(1) = ξ
[1
4
(FµνF

µν)2 +
7

16
(Fµν F̃

µν)2
]

=
2ξ

16

[
14 tr(F 4)− 5 (tr(F 2))2

]
, (2)

with the pre-factor

ξ =
ℏq4

360π2m4
ec

7
= ε0

αQED

90πE2
crit

=
2α2

QED

45m4
e

, (3)

To examine the range of validity for the low field approx-
imation provided by the Euler-Heisenberg Lagrangian in
various physical regimes, see [36, 37]. The electromag-
netic field strength tensor, denoted by Fµν , and its dual,

represented by F̃µν = 1
2ϵ

µναβFαβ , are related to each
other. For recent experimental attempts of light-by-light
scattering, see [38–41]. From now on, we shall employ
natural units with

ℏ = c = ε0 = 1 , (4)

in order to simplify the expressions. In deriving the last
equality in (2) we have used the following identity which
links the field strength tensor with its dual

(FF̃ )2 = 4 tr(F )4 − 2(tr(F 2))2 , (5)

where the trace is taken over Lorentz indices. As pre-
viously noted, any violation of the constraints set by
the Landau-Yang theorem results in finite contributions
to the scattering amplitude that involves neutrinos. In
the absence of external fields and nuclei, the first non-
vanishing amplitudes of interest involving two neutrinos
are those that have three photons, as presented below

γν → γγν , (6)

γγ → γνν̄ , (7)

νν̄ → γγγ . (8)

The effective Lagrangian presented below was derived
for the photon-neutrino interactions involving five points
in [21, 22] and justified in [42]

Leff =
GFa√
32πme

(2ξ3
45

) 1
4

Nµν

×
{
5FµνFλρF

λρ − 14F νλFλρF
ρµ
}
, (9)

where

Nµν = ∂µ

[
ψ̄ γν(1 + γ5)ψ

]
− ∂ν

[
ψ̄ γµ(1 + γ5)ψ

]
,

(10)

is the effective coupling for the electron-neutrino part
with the fermion-loop via W or Z bosons, a = 1 −
1
2 (1 − 4 sin2 θW ) where θW is the weak mixing angle or

Weinberg angle (sin2 θW = 1 − (mW /mZ)
2 ∼ 0.23142),

[43, 44]. The first term in a (aW = 1) is for W and
the last (aZ ∼ 0.04) for the Z boson contribution, see
Fig. 2 for the corresponding Feynman diagrams. The
reduced value of the Fermi constant GF is expressed as
GF /(ℏc)3 = 1.1663787(6)×10−5 GeV−2 in natural units
[45]. The effective Lagrangian mentioned earlier is the
result of substituting the neutrino current Nµν for one
of the external legs in the four-photon amplitude de-
rived from the EH effective action at low energy. In a
previous work [24], the process of producing a neutrino-
antineutrino pair was examined in the presence of an ex-
ternal magnetic field, which replaced one of the incoming
photons. This external magnetic field was found to en-
hance the cross section compared to vacuum processes,
as discussed earlier. The calculation of the cross section
for neutrino pair production under the condition where
the magnetic field is perpendicular to the incoming pho-
tons and the momenta of the neutrino particles have been
integrated out is given by [24]

σB

∣∣∣
γγ→νν̄

∝ 10−51
( ω

me

)6 ( B

Bcrit

)2

cm2 . (11)
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The comparison between the scattering in a constant
magnetic field and in vacuum results in a ratio of

σB(γγ → νν̄)

σ(γγ → νν̄)
∝

(mW

me

)4 ( B

Bcrit

)2

. (12)

In this article, we will perform the same calculation for
the production of a neutrino-antineutrino pair in a mixed
background consisting of a constant magnetic field and
Coulomb field. This process involves the decay of an
incoming photon into a pair of neutrino and antineutrino
in the presence of the mixed background, which can be
represented diagrammatically by Fig. 2 after replacing
two of the photons with those from the external fields.
It is worth noting that the presence of the Coulomb field
results in an additional enhancement compared to the
pure magnetic field case discussed earlier.

The effective Lagrangian is altered by the presence of
the mixed magnetic and Coulomb fields. To account for
this modification, we begin by replacing the strength ten-
sor in (9) with a sum of three terms

fµν → fµν + Fµν + Fµν . (13)

Here, f , F , and F represent the field strength tensors
for the incoming photon, the magnetic field, and the
Coulomb field, respectively. To obtain the desired out-
come for the process of interest, it is necessary to include
multilinear terms involving all three field strength ten-
sors. By doing so, we obtain

Leff =
GFa√
32πme

(2ξ3
45

) 1
4

Nµν

×
{
− 10

[
Fµνtr(Ff) + Fµνtr(Ff) + fµνtr(FF )

]
−14

[
F νλ(Fλρf

ρµ + fλρFρµ) + Fνλ(Fλρf
ρµ + fλρF

ρµ)

+fνλ(FλρFρµ + FλρF
ρµ)

]}
. (14)

Substituting the effective coupling of the electron-
neutrino, Nµν , back into the calculation, we obtain the
following expression for the amplitude

MBN =
GFa√
8πme

(2ξ3
45

) 1
4

ū(p1)γµ Jµ(1 + γ5) v(p2) .

(15)

The neutrino pair spinors are denoted by ū and v. It is
important to note that, unlike the previous findings pre-
sented in [24], in this case, the derivative in Nµν acts not
only on the quantum field fαβ but also on the Coulomb
field Fαβ . Thus, it is possible to decompose the total
current into two distinct contributions

Jµ = Jµf + JµF . (16)

We first write down the contribution from f :

Jµf = 6i
[
(F · k)µ(ε · F · k) + (F ↔ F)

]
+14i

{
2εµ(k · F · F · k)− kµ

[
(k · F · F · ε) + (F ↔ F)

]}
.

(17)

To evaluate JF which corresponds to contribution from
the derivative correction of the Coulomb field, we must
first consider the vector potential for the Coulomb field,
its corresponding field strength tensor, and ultimately its
Fourier transform. The vector potential for the Coulomb
field is expressed as follows

Aµ =

(
− Ze

4πr
,0

)
. (18)

To compute JF we need [46]

∂iFj0 = −Ze
4π
∂i∂j

1

r
. (19)

Its Fourier transform reads (see, e.g., [47–49])∫
d3rei∆q·r ∂iFj0 = Ze

(∆q)i(∆q)j
|∆q|2

, (20)

where ∆q represents the momentum that is exchanged
during the current process of assisted neutrino pair pro-
duction. For arbitrary momentum transfer ∆q, this
Fourier transform is bounded from above by the con-
stant Q = Ze. In contrast to Eq. (20) which is the
Fourier transform of the derivative of the Coulomb field,
Eq. (25) shows that the corresponding Fourier transform
of the Coulomb field itself, which determines Jf , can be-
come arbitrarily large for small ∆q, i.e., in forward direc-
tion. This growth for small ∆q corresponds to the large
effective interaction volume. In this limit, the current JF
is less important than Jf and thus we neglect it in the
following.
The square of the amplitude in (15) results in:

|MBN |2 =
8G2

Fa
2α3

QED

π(180)2
1

m8
e

(
ū(p1)γ

µJfµ(1− γ5)v(p2)
)

×
(
v̄(p2)(1 + γ5)(Jfµ)∗γµu(p1)

)
. (21)

To compute the differential cross section, we sum up the
final states of the neutrino pair spins and average the
initial polarization states of the incoming photon (ε)

1

2

∑
s,s′; ε

|MBN |2 =
8G2

Fa
2α3

QED

2π(180)2
1

m8
e

×tr
[
(/p1 +m)(γ · Jf )(1− γ5)(/p2 −m)(1 + γ5)(J∗f · γ)

]
.

(22)

There trace reults in three contributions

tr
[
· · ·

]
= 8

[
p1 · Jf p2 · J∗f − p1 · p2 Jf · J∗f + p1 · J∗f p2 · Jf

]
.

(23)
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Plugging all back into (21) and averaging over the incom- ing on-shell photon polarization we arrive at

1

2

∑
s,s′; ε

|MBN |2 =
32G2

Fa
2α3

QED

π(180)2
1

m8
e

{
p1 · p2

[
72(k · F 2 · k)(k · F2 · k) + 968|k · F · F · k|2

]
+72

[
(p1 · F · k)(p2 · F · k) (k · F2 · k) + (F ↔ F) + (p1 · F · k)(p2 · F · k)(k · F · F · k) + (F ↔ F)

]
−392

[
− 2p2 · k(k · F · F · k)(p1 · F · F · k + p1 · F · F · k)− 2p1 · k(k · F · F · k)(p2 · F · F · k + p2 · F · F · k)

+p1 · k p2 · k
(
(k · F · F 2 · F · k) + (F ↔ F)

)]
−336

[
(p1 · F · k)(p2 · F · k)(k · F · F · k) + (F ↔ F) + (p1 · F · k)(p2 · F · k)(k · F · F · k) + (F ↔ F)

]
+14× 6× 2(p1 · k)

[
(p2 · F · k)(k · F · F2 · k) + (F ↔ F)

]
+14× 6× 2(p2 · k)

[
(p1 · F · k)(k · F · F 2 · k) + (F ↔ F)

]}
.

(24)

Assuming that the external magnetic field is con-
stant (B) and the nuclear Coulomb field is given by
E = erQ/(4πr

2) with charge Q = Zq, where er is the
unit vector in the radial direction, we can calculate its

Fourier transform∫
d3r ei∆q·r E =

∫
d3r ei∆q·r Q er

4πr2
= iQ

∆q

|∆q|2
. (25)

The above squared amplitude can be expressed in the
following manner, based on the electric field of the nuclei
and the constant magnetic field

1

2

∑
s,s′; ε

|MBN|2 =
32G2

Fa
2α3

QED

π(180)2
ω4
0ω1ω2

m8
e

{
(1− n1 · n2)

[
72
(
E2 − (E · n0)

2
)(

B2 − (B · n0)
2
)
− 968|E · (B× n0)|2

]
+72

[
n1 · (B× n0)n2 · (B× n0)

(
E2 − (E · n0)

2
)
+ n1 · (B× n0)(n2 − n0) ·E (B× n0) ·E+ (n1 ↔ n2)

+(n1 − n0) ·E (n2 − n0) ·E [B2 − (B · n0)
2]
]

+392 (1− n0 · n1)(1− n0 · n2)
[
E2B2 − (E ·B)2 − |n0 · (E×B)|2

]
+784

[
(1− n1 · n0)E · (B× n0) (n0 + n2) · (E×B) + (n1 ↔ n2)

]
+168

{
(E · n0)n0 · (B×E)

[
n2 · (B× n0)(1− n0 · n1) + (n1 ↔ n2)

]
+
[
|B|2(E · n0)− (B · n0)(E ·B)

][
(n2 − n0) ·E(1− n0 · n1) + (n1 ↔ n2)

]}
+672

[
n1 · (B× n0) (n2 − n0) ·E+ (n1 ↔ n2)

]
E · (B× n0)

}
.

(26)

The above four-vectors are defined accroding to

k = ω0(1,n0) ,

kN = (0,∆q) (static photon from the Coulomb field) ,

p1 = pν = ω1(1,n1) ,

p2 = pν̄ = ω2(1,n2) . (27)

The unit vectors n0, n1, and n2 are related to the incom-
ing photon, neutrino, and antineutrino pairs. In the next
section, we consider a special configurations the magnetic
field is parallel to the incoming photon momentum, i.e.
B ∥ k.
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III. PARALLEL CONFIGURATION

Examples of specific configurations include the mag-
netic field and incoming photon momentum being paral-
lel or perpendicular, i.e. B ∥ k or B ⊥ k. In [24], the per-
pendicular case was explored, resulting in the enhance-
ment mentioned in the Introduction. However, even in

the case of a pure magnetic field background and the
parallel configuration, non-zero results can be obtained
in the final cross section. For the remainder of this pa-
per, we will focus only on the parallel scenario, where
B×n0 = 0 and B2− (B ·n0)

2 = 0. In this case, (26) has
only one contribution.

1

2

∑
s,s′; ε

|MBN |2 =
32G2

Fa
2α3

QED

(180)2π

ω2
0

m8
e

{
392(ω0ω1 − k · p1)(ω0ω2 − k · p2)

[
E2B2 − (E ·B)2

]}

=
32× 392G2

Fa
2α3

QED

(180)2π

ω4
0ω1ω2

m8
e

Q2

|∆q|4
(
1− n0 · n1

)(
1− n0 · n2

)(
|∆q|2B2 − (∆q ·B)2

)
=

12544G2
Fa

2α3
QED

(180)2π

ω4
0ω1ω2

m8
e

Q2B2

|∆q|2
(
1− n0 · n1

)(
1− n0 · n2

)(
1− cos2 φ

)
, (28)

with the momentum transfer defined

∆q = k− (p1 + p2) . (29)

Assuming φ is the angle between the magnetic field and
the momentum transfer, the scattering angles θ1,2 be-
tween the incoming photon and the outgoing particles
can be expressed as n0 · (n1,n2) = (cos θ1, cos θ2). Thus,
we obtain:

1

2

∑
s,s′; ε

|MBN |2 =
12544G2

Fa
2α3

QED

(180)2π

ω4
0ω1ω2

m4
eB

2
crit

Z2B2

|∆q|2

×(1− cos θ1)(1− cos θ2)(1− cos2 φ) .

(30)

In order to establish a comparison with earlier research,
we calculated our cross section by numerically evaluating
the momentum integrals. We find that

σBN ≈ 4× 10−48α3
QEDZ

2(
B

Bcrit
)2(

ω

m
)6 cm2. (31)

Our result can be compared to the cross section reported
by Rosenberg in 1963 [23]. Rosenberg’s study pertains
to the decay of an incoming photon in the presence of
a Coulomb field, resulting in the production of neutrino
pairs

σ|γ+Z→νν̄ ≈ 1.25× 10−49α3
QEDZ

2(
ω

m
)6 cm2. (32)

By examining the ratio of these two cross sections, we
arrive at

σBN

σ|γ+Z→νν̄
≈ 32(

B

Bcrit
)2 , (33)

which is directly proportional to the squared dimension-
less ratio of (B/Bcrit).

IV. CONCLUSIONS

In this paper, we investigated the scattering of a low
energy photon in the presence of a combined field of a
nucleus and an external magnetic field. This scenario
was different from previous studies involving only a mag-
netic field which leads to an enhancment in the final
cross section. The presence of the Coulomb field re-
sults in a large interaction volume in forward direction
dσ/dΩ ∝ 1/(∆q)2. We calculated the differential cross
section of the scattering process and found that it exhib-
ited a peak in the forward scattering direction. The large
interaction volume and the peak in the forward scattering
direction observed in this study have important implica-
tions for the study of photon interactions in astrophys-
ical environments. It suggests that the combined field
of a nucleus and an external magnetic field can signif-
icantly affect the behavior of photons, which could im-
pact the observations of astrophysical phenomena such
as the energy loos of stars. Overall, the study provides
valuable insights into the complex interactions between
photons and background fields, which are important for
understanding the behavior of photons in astrophysical
environments.
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