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We review a new method in order to determine the parameter η̄ of the Cabibbo-Kobayashi-
Maskawa matrix from K → µ+µ− decays, using interference effects in the time-dependent
decay rate. Furthermore, we discuss a new precision relation for the phase-shift of the time-
dependent oscillation. The new methodology enables the discovery potential of future time-
dependent measurements of K → µ+µ− decays for physics beyond the Standard Model.

1 Introduction

Even over 75 years after the discovery of the kaon in Manchester1, kaon physics is an exciting field
with many new developments. On the theory side, there has been a lot of renewed interest in the
decay K → µ+µ−, see recently Refs. 2,3,4,5,6,7,8. On the experimental side, recent developments
in rare kaon decays have been the 3.4σ evidence for K+ → π+νν̄ at NA62 9, an improved upper
limit on KL → π0νν̄ from KOTO 10, as well as new upper limits on B(KS → µ+µ−) 11 and
B(KS,L → 2(µ+µ−)) 12 from LHCb. Furthermore, recently, new ideas for the future of kaon
physics at CERN have been brought forward 13.

In this review, I focus on the recent idea to use the time dependence ofK → µ+µ− decays as a
probe for new physics2,3,7,8. First experimental studies of this idea have been presented in Ref.14.
The new idea is that we can in principle very cleanly measure Im(V ∗tdVts), or equivalently η̄,
from K → µ+µ−. We can do so by employing time-dependent interference effects. In this way,
K → µ+µ− is transformed into a third golden mode 15 along K+ → π+νν̄ and KL → π0νν̄
which are currently measured at NA62 16 and KOTO 10, respectively.

Our new method includes fK as the main hadronic uncertainty, so it is theoretically clean,
however it includes measuring the time-dependent interference effects, which are experimentally
challenging.

In Sec. 2 we present the main idea, giving us a new handle on the Wolfenstein parameter η̄.
In Sec. 3 we present another precision relation related to the phase shift in the time dependence
of K → µ+µ− decays. Constraints on new physics are briefly discussed in Sec. 4, before we
conclude in Sec. 5.

2 Separating Long- and Short-Distance Physics in K → µ+µ−

One of the long-term goals of the physics program of rare kaon decays is to determine the
unitarity triangle purely with kaon decays. This gives a crucial intergenerational consistency
check of the Standard Model (SM) and new ways to probe for new physics. A key issue for this
goal is the identification of observables with a theoretically clean sensitivity to CKM matrix
elements. In order to achieve that, we need methods with a theory error on the hadronic physics
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at the order of ∼ 1%. In K → µ+µ− we are currently not able to achieve such a theory precision
for the long-distance (LD) effects. The question is therefore how to extract the short-distance
(SD) physics from K → µ+µ− measurements.

In principle, the measurement of the branching ratio B(KS → (µµ)l=0), where the index
l = 0 indicates the angular momentum of the muons in the final state, provides such a clean
probe for SD physics. The reason is that, as a transition from a CP-even to a CP-odd state,
|A(KS → (µµ)l=0)| is a CP-violating amplitude. As such it has to a very good approximation
no contributions from long-distance (LD) physics. However, in practice final state muons with
specific angular momentum (µµ)l=0 and (µµ)l=1 are not available to us because in the decay rate
we measure their incoherent sum. The key question is therefore how to access B(KS → (µµ)l=0).

At this point it is instructive to take a step back and look at the anatomy of long- and
short-distance physics in K → µ+µ− in general: 3

• CP-conserving amplitudes: both SD and LD contributions.
CP-odd → CP-odd: |A(KL → (µµ)l=0)| ,
CP-even → CP-even: |A(KS → (µµ)l=1)|.

• CP-violating amplitudes: only SD contributions.
CP-even → CP-odd: |A(KS → (µµ)l=0)| ,
CP-odd → CP-even: |A(KL → (µµ)l=1)|.

• Relative phases: both SD and LD contributions.
ϕ0 ≡ arg (A∗(KS → (µµ)l=0)A(KL → (µµ)l=0)) ,
ϕ1 ≡ arg (A∗(KS → (µµ)l=1)A(KL → (µµ)l=1)).

In our discussion we neglect the small CP violation from mixing, i.e., we take the limit εK = 0,
which can however also be incorporated into the analysis as shown in Ref. 7. In the SM, the SD
operator does not generate a (µµ)l=1 state due to CPT, see, e.g., the appendix of Ref. 3, and
therefore |A(KL → (µµ)l=1)| = 0 and ϕ1 = 0. Because of that, we are left in total with four
theory parameters, one of which, namely |A(KS → (µµ)l=0)|, is purely due to SD physics. As
said above, we can cleanly calculate it in the SM 7,17,18,19

B(KS → (µµ)l=0) = 1.7 · 10−13 ×
(

A2λ5η̄

1.3 · 10−4

)
. (1)

The hadronic uncertainties from fK
20 as well as from higher-order QCD/EW corrections 7 in

the prefactor in Eq. (1) are at the level of ∼ 1%. The observable B(KS → (µµ)l=0) therefore
opens the way to a theoretically clean extraction of η̄, and importantly we can also calculate it
cleanly in models beyond the Standard Model (BSM).

Now, the solution to the problem how to access B(KS → (µµ)l=0) experimentally is as
follows. It consists in measuring the time dependence of K → µ+µ−, which can be written as 21

dΓ

dt
∝ CLe−ΓLt + CSe

−ΓSt + 2CInt. cos(∆mKt− ϕ0)e−
ΓL+ΓS

2
t , (2)

where CL,S are related to the KL,S decay rates, respectively, CInt. is due to the interference
between KL and KS decays and ϕ0 is the phase shift of the oscillation. Furthermore, Γ ≡
(ΓS + ΓL)/2 and ∆m is the kaon mass difference. For the example of a pure K0 beam, the four
experimental observables in Eq. (2) can be expressed as follows by the four theory parameters:

CL = |A(KL)l=0|2 , CS = |A(KS)l=0|2 + β2
µ|A(KS)l=1|2 , (3)

CInt. = |A(KS)l=0| |A(KL)l=0| , ϕ0 = arg (A(KS)∗l=0A(KL)l=0) , (4)

where βµ =
√

1− 4m2
µ/m

2
K0 . Consequently, we can completely solve the system and obtain 3

B(KS → (µ+µ−)l=0) = B(KL → µ+µ−) · τS
τL
·
C2

Int

C2
L

. (5)
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Figure 1 – The four solutions of Eq. (7) for ϕ0 (a) and their implications for the time dependence of a pure K0 (b)
or K̄0 beam (c). Figure reproduced from Ref. 8.

The comparison of Eq. (5) as extracted from future data with the SM result Eq. (1) enables
the extraction of η̄. This implies that it is crucial to obtain the interference terms in the time
dependence Eq. (2). We note that Eq. (5) is only valid in the limit of a pure K0 beam. In a
realistic scenario of a mixed K0/K̄0 beam, a dilution factor reduces the sensitivity by a respective
amount, see Ref. 3 for details.

3 A Precision Prediction for the Phase Shift

Apart from Eq. (5), there is one more precision relation for an observable of the time dependence
of K → µ+µ− that can be used for a SM test. The phase shift ϕ0 in Eq. (2) is related to a
known ratio of branching ratios as 8

cos2 ϕ0 = C2
QED ·

B(KL → γγ)

B(KL → µ+µ−)
, (6)

where C2
QED is a known QED factor. Eq. (6) implies the model-independent prediction 8

cos2 ϕ0 = 0.96± 0.02exp ± 0.02th , (7)

that can be tested with future measurements of the time dependence of K → µ+µ−. In Eq. (7),
the experimental error comes from the one of the involved branching ratios. The theory error
comes from higher order QED corrections and from additional intermediate on-shell contribu-
tions that give a small correction to the dominant two-photon contribution 22. Eq. (7) has
actually four model-independent solutions for ϕ0, each of which implies a different time evolu-
tion. We show these solutions in Fig. 1.

4 Constraints on New Physics

Although no measurement of the time dependence of K → µ+µ− is available, the LHCb con-
straint on the branching ratio 11

B(KS → µ+µ−) < 2.1 · 10−10 (8)

constrains relevant parameter space of new physics models already now, as is worked out in
detail in Ref. 5. Therein, in order to be conservative, the bound Eq. (8) is interpreted as a
bound on B(KS → µ+µ−)l=0, resulting in a lot of room for BSM physics to be tested 5

B(KS → µ+µ−)SM
l=0

B(KS → µ+µ−)l=0
≤ 1280 . (9)



However, scalar leptoquark or two-Higgs doublet models that saturate the bound Eq. (9) can be
constructed, at the same time being consistent with existing constraints, see Ref. 5 for details.
The decays K → µ+µ− and KL → π0νν̄, although sensitive to the same CKM matrix element
combination in the SM, are sensitive to different new physics operators in BSM models5. Future
updated bounds of the constraint Eq. (8) are important to probe the parameter space of BSM
models further.

5 Conclusion

The time dependence of K → µ+µ− gives two independent SM tests. The coefficient of the
interference term of the time-dependent decay rate is sensitive to B(KS → µ+µ−)l=0, which
in the SM is proportional to the Wolfenstein parameter η̄. The second SM test is given by a
precision relation of the oscillation phase shift, which is predicted model-independently up to a
four-fold ambiguity. The leptonic kaon decay mode K → µ+µ− turns out to be theoretically
clean and experimentally challenging, similar in that respect to the related decay modes K+ →
π+νν̄ and KL → π0νν̄.
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