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Neutrino oscillations in the interaction picture
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We study the mixing of different kind of fields (scalar in 041D, scalar in 3+1D, fermion in 34+1D)
treating the mixing term as an interaction. To this aim, we employ the usual perturbative series in
the interaction picture. We find that expression for flavor changing probability exhibits corrections
with respect to the usual quantum mechanical (e.g. neutrino) oscillation formula, in agreement with
the result previously obtained in the non-perturbative flavor Fock space approach.

I. INTRODUCTION

The idea of neutrino oscillations as a mechanism to solve the solar-neutrino puzzle was firstly proposed by Pontecorvo
and collaborators [1-4] and it was later confirmed by a plethora of experiments (see e.g. [5-8]).

Although many features of neutrino mixing and oscillations are now well-understood ﬂg], there is no agreement
on their correct ultimate description within quantum field theory (QFT). Various ideas were proposed in the last three
decades, as external wavepackets ,@], weak-process states ﬁ] and the flavor Fock-space approach M} The
latter is based on the discovery [15] that the flavor and the mass representations of the equal-time anticommutation
relations of neutrino fields, are unitarily inequivalent M} Therefore, the Hilbert space where flavor fields are
defined is explicitly built in and the oscillation probability is computed by taking the expectation value of lepton
currents/charges on the one-particle neutrino states at a reference time. Such modified formula differs from the
classic Pontecorvo result in two respects HE] i) apart from the usual oscillation term which depends on the difference
of neutrino energies/frequencies, the oscillation formula of Ref. ﬂﬁ] shows up a fast-oscillation term which depends on
the sum of the frequencies; ii) in the formula of Ref. @], there are energy dependent oscillation amplitudes which are
the coefficients of a Bogoliubov transformation [15].

In this paper we introduce a different approach, in a close analogy to what is done in the study of unstable particles
ﬂﬂ, ] In fact, we employ the interaction (Dirac) picture, where the interaction Lagrangian in the Dyson series only
contains the mixing term between different flavor-fields. For simplicity, we limit our calculation to the case of two
flavors. Then we compute amplitudes for the various decay channels at the first order, which describe both flavor
changing and survival processes. Three examples are here analyzed: a quantum mechanical (QFT in 04+1D) toy
model, a scalar field model and a fermion (“neutrino”) model in 34+1D. Remarkably, we find the that the fermion
flavor-transition formula non-trivially agrees, within the approximation adopted, with the non-perturbative formula
of the flavor-Fock space approach. Let us remark that the comparison is not possible in the boson case, where the
flavor charge expectation value is not positive-definite and thus it cannot be interpreted as a probability @, @] In
this respect, the present work represents also a viable approach to compute the oscillation probability in this tricky
situation.

The paper is organized as follows: in Section [Tl we present general considerations on field mixing and the interaction
picture approach. In Section [[Illwe study the 0+1D toy model, while in Sections[[V]and [V] we extend our consideration
to 3+1D scalar and fermion models, respectively. Finally, we present discussion and conclusions in Section [VIl For
reader’s convenience, in Appendix [Al we briefly review the non-perturbative flavor Fock space approach.
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II. GENERAL CONSIDERATIONS

The charged-current lepton sector of weak interaction is described (in the case of two-flavors) by the Lagrangian

L = Z (o (i@ — M) Vo + Lo (190" — 1100) ly] + Loniz + Lavin (1)
o=e,u
with
ﬁmi;ﬂ = —Mey (veyu +vuye) ) (2)
g —
Ewint - _ﬁ UZZE,# [WJ Vo ’}“U‘ (1 - ,75) ZU + hc] (3)

The neutrino kinetic term (including £,,:,) can be diagonalized by the mizing transformation |31, 132]
ve = Ui, (4)
j=1,2

U is the mizing matriz. In the two flavor case, here analyzed

U - (cos9 sme) ’ (5)

—sinf cos@

with tan 20 = 2me,, /(m, —me).
If one employs the interaction picture to compute transition amplitudes, £ must be decomposed into a free and an
interaction part. A possible choice is

with
Eron = Z 12 (Z")/Ha“ _ mj) v; + Z Z(i’yua# _ ma) l, (7)
J o
m g [
Loy = ——2\/5 Z [VVJr v U y* (1- 75)1,, + h.c.] . (8)
0,7

In such a case the effect of mixing is incorporated in the weak-interaction vertex. Following this approach, one is led
to calculate transition amplitudes in which neutrinos appear only as internal lines [12, [13, 133] [

However, in charged current weak interaction processes, neutrinos are produced with a definite flavor. Therefore,
another reasonable possibility is to take the following split

L = Lo+ LY 9)

wnt ?

with

Lo = > T (id—mo)ve+ Y Iy (i) —115)ls, (10)

o=e,u o=e,u

In this approach, L, is diagonal in the asymptotic fields appearing in Eq.(I0). Thus, in order to describe neutrino
oscillations, we can safely disregard L, (zeroth-order in g), so that the charged-lepton part also decouples. In other
words, we can treat the mixing term as an interaction, and we can compute the transition amplitudes among different
flavors by means of the usual Dyson formula for the time evolution operator

Ulti,ty) = Texp [z /tjfd‘*x : Lint(x) :] = Texp [—i / %fd4x : Hint () :} , (12)

ti

I Note that, in this approach, the issue of inequivalence of flavor and mass vacua for neutrinos (see Appendix) is not taken into account.



where Ly = Egn:to = —Mey (Tely +Tpve), Hint(x) = —Lint(x) is the interaction Hamiltonian density and 7 is the

chronological product. In the following we will only need the expression of the operator up to the second order

ty ty t
Ulti,ty) = 1—i/ dt, Hmt(tl)—l—(—i)Q/ dt, Hmt(tl)/ dto Hipg(t2) + ... (13)

t; ti t;

where Hipy = [d*x Hini(x) is the interaction Hamiltonian.

Notice that we look at the time evolution operator and not at the S-matrix. This is because the phenomenon
of flavor oscillations can only be described at finite time. This amounts to say that flavor neutrino states do not
exist as asymptotically stable states. As it will be clear from the various examples below, the limits t; — —oo and
ty — +oo forbid the flavor-changing processes under study. At the same time, such a limit guarantees strict energy
conservation. This is in agreement with the flavor-energy uncertainty relation derived in Ref. [34] and it is analogous
to what happens for unstable particles [27, [28, [35-38] (see also [39, 40], where the importance of finite-time QFT in
the study of decay has been emphasized). As a matter of fact, both the decay of unstable particles [41] and neutrino
oscillations [42] can be viewed in terms of the time-energy uncertainty relations.

In the following we will first study the case of 0+1D QFT (that is, QM), and a 341D scalar model. This preliminary
analysis permits to grasp the main features of the problem, without the complication of dealing with spinors.

IIT. A QUANTUM MECHANICS TOY MODEL OF FLAVOR MIXING

Let us consider the quantum mechanical problem of two interacting harmonic oscillators with bare frequencies w4, p.
We treat this problem as a 0 + 1D field theory described by the Lagrangian

_1d:vA2wi21dw32W1232 2
v=5 () Sz () T senars W

In agreement with the previous discussion, we regard the term L;,; = w124 pTATR as an interaction, where wi‘ p (with
dimension Energy?) plays the role of the coupling constant. Hence, the fields in the interaction picture take the form:

1
\/20.),4

1 —tw w
,TB(t) = 2wB_ (CLBG bt + aTBe Bt) y (16)
T

in which the creation and annihilation operators (with usual commutation relations [a4,a] = [ap,a
otherwise) have been introduced.
We can safely perform calculations by means of the formula (I3)), taking Hint(t) = w? gza(t)zp(t). As initial state

xA(t) (aAe_i“"‘t + a&ei“’“t) , (15)

"] =1 and zero

t;, we consider an excitation along the A-direction: |A) = aL|O). We then evaluate the probability that the state
has changed at the time t7 > ¢;, a situation that roughly speaking corresponds to a decay of the initial state. The
first possible transition is the mixing |A) = af4|0> — aTB|O> = |B) driven by the interaction term. The corresponding
amplitude reads:

t
! dtlefi(wAfwB)tl

2
BIU(ty,t:)|4) = (OlapU(t1,t:)a}|0) = —i——2E—
(BUs,t)ld) = QlasU(tr t)aql0) = —iZm=f s |
B W%B e—i(wA—wB)tf — e_i(wA_wB)ti (17)
T V2wa2wg (wa —wp) '

Hence, the probability for this “transition” to happen is:

2 | (wa—wB)AL

LA sin [72 }
At) = —AB

Pasp(At) waws (w1 —wp)?

. At=t;—t;. (18)

The formula includes an oscillation whose frequency is proportional to the frequency differences, that we shall call
4 2
~ wapAt

the “low frequency” term. Note, for short times Pa_, p(At) ~ e
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There is, however, at first order another possible transition: af4|0> — (aji) aTB |0), that is a single excitation along
A converts into AAB. The corresponding amplitude reads:

\/_wAB b

1 . —i(w w
%<0|a3a?4 Ulty,t;) af4|0> = \/M\/m dtye"watws)t
B \/_WAB —l(wA-i-wB)tf _ e_i(WA+WB)ti (19)
\/2&)1\/2&)2 (wA —I—wB) ’
hence
: 2 | (watwg)At
sy o [
Passaap(At) = —AE (20)

wawp (w4 +wp)?

which involves the sum of the frequencies and is denoted as the ‘high frequency’ term. For short times, PA744B (At) ~
wi 512
2wAABwB :

Summarizing, the total transition probability (in other words, the A transition probability (loosely speaking its

decay probability) is given as the sum of both terms.

A A A Ay [0 [TmR] s |leatpntt]
Pp(At) Pasp(At) + Pasaap(At) DAL E (@A —wp)? (Wa +wp)? (21)
SwiBAt

For short times, PA(At) ~
Similarly, one can easily calculate within the same framework the survival probability. To this end we need to
evaluate

(AJU(ts,t:)|A) = (0laaU(ts,t;)aly[0) (22)
Up to the second order we get:
ty t1
(AU (t7, 1) A) = 1 — i T{Ola / dty o (1) / dty Hyne (t2)a’ [0) (23)
ti ti
Upon using the equality
(0laaHini(t1)H; t(t2)aT |0y = %e*i(wA+wB)tlei(WA+wB)t2 + (“fliei(wAfwB)tlefi(wA—wB)tz (24)
o o A dwawp dwawp ’
one gets the survival probability of the state |A) as:
Wi t efi(wAerB)At -1 t ei(wAfwB)At -1 2
P At) = |1 — —4B {2, - + — - } 25
A~ (A1) } dwawp | i(wa + wp) (wa +wp)? —i(wa —wp) (wa —wp)? (25)
=1-R—ilP=Q1—-R—il)A—R+il)=1—R+il — R+ R?> —iRI —il —ilR + I* (26)
=1-2R+..., (27)
where R and I are real. In particular:
R = whp <1 —cos [(wa —wp)At] N 21 —cos [(wa —i—wB)At])
T dwawp (wa —wp)? (wa +wp)?
202 (wA—wB)Atj| 2 |:(wA+wB)Atj|
4 sin [7 sin® | A B2
_ _Yas 2 +2 2 , (28)

2wawp (wa —wp)? (wa +wp)?



hence
.2 (wAfwB)At .92 (u}A+u)B)At
sy (s [Es] e [z
PL(A) =P At) = 1— —AB 2 , 29
s (A1) a-a(At) wAWE (wa —wp)? + (wa +wp)? (29)
which leads to (at order g2):
P& (At) + Ph(AL) = 1, (30)

4 4 2
for each t, as it must. For small ¢, p5(¢) ~ 1 — :;AjB 2AT’52 + AT’?) =1- %.

Of course, the present problem can be also solved by introducing the rotation

x1\ _ [ cosf —sind TA
(3:2 > o (sin9 cos > <:1:B) (31)

with
1 2w?
0 = - arctan % , (32)
2 wp — w4
and
wi = w? cos? O + w¥ sin? 0 — w?  sin(20) , (33)
wi = w? sin? 0 + w cos® 0 + wi g sin(26) (34)
Wi = wicos? 4+ wisin®f | (35)
wh = wisin? + w3 cos’ 6 . (36)
The position operators become
1 . .
w1(t) = = (e et (37)
1 . .
walt) = o= (a2 aleet) (38)
Upon denoting |©2) as the vacuum of the full Hamiltonian (a1 [2) = a2 |2) = 0), one may also consider the state
|a) = cosfal Q) + sinfal | (39)
yet it is clear that |a) # |A) = aL |a),
In terms of |a), the survival probability takes the form:
— wo)At
PLAL) = 1 — sin? 20sin? {(“’1#“2)] . (40)
In the limit of small 8, the previous expression is approximated by:
-2 (wA—wB)At
e _ At Aot sin {7}
Ps(At) ~ 1— %sirﬂ [M} =1- B 2 - 2 (41)
(wh —wi) 2 (wp +wa)”  (wp—wa)

We then realize that the functions P%(At) and PZ(At) are different in various ways. First, the expression Pg(At)
contains only the low frequency term but not the high frequency one. Second, the ratio of the coefficients in front of
the terms with frequency (wa — wp) reads dwawp/ (wa + w 3)2, which is in general different from unity (it approaches
for it in the limit of equal bare masses). This discrepancy is due to the fact that the states |a) and |A) are different,
thus they have different survival probabilities. In the framework of QM, one may “engineer” both initial states. In
QFT it is different, and it is not a priori clear to what the field x4 corresponds to.



IV. SCALAR FIELD MIXING IN THE INTERACTION PICTURE

We now move from QM to QFT. To this end, we investigate the mixing for scalar fields in the interaction picture.
Let us consider two fields ¢4 = ¢pa(t,x) and ¢p = ¢p(t,x) that correspond to our flavor bare states A and B,
whose Lagrangian density is given by

£ = Outa) — TAG 4k (Out5) — "L — i poads. (42)

The Hamiltonian density is
H = 7 + 7 + = (V¢A) (V¢B)2 A¢A +Z ¢B +mApdads, (43)

with m4 = 0t and mp = 0;¢p. We regard the mixing term as a perturbation, thus:

m2 m2
Ho= "2+ 72 4 S (Vou) + 5 (Vo) + A% + A, Hiw = mApads (44)

Upon quantizing the system, in the interaction picture we get for the field A:

1 1 ) .
¢A(I) = ¢A(t,x) = W _Z \/ﬁ (ak,Ae_lkm + a/iLAeka) , (45)

FA(,T) =7TA(t X) Z \/ 5 WkA ak e the _UJLAQHW) ) (46)

k 2mn/L

with k0 = wi a4 = /k* +m?%. The commutation relation [ (t,x), 74 (t,y)] = = Y e Y =gy (x — y) implies
that [ak)A, GL,A} = Jk,p, zero otherwise. Analogous expressions hold for ¢p(x) and 7p(z).

The interacting Hamiltonian (in the interaction picture) reads:

—i(wq,a—wq,B)t

Hint( ) /d XlHlnt Z \/T\/T (CLq ACLq Be
q,A q,B

+QL Aaquel(wq,A*Wq,B)t + aquaiq_’Be*Z(“’q,AJr“’q,B) + QL AaT—q Bei(“’q,AJr“’q,B)t) . (47)

Next, we define the “flavor state” A with three-momentum p as:

|A,p) =al ,10) . (48)

Assuming that such a state is created at ¢ = 0, we evaluate the probability that it has transformed into a different
state at the time ¢ > 0 or, conversely, that it has not changed.

For the case of the transition into a different state, let us first calculate the probability amplitude for the transition
[4,p) = |B,k):

ty
Aa-p (P, K ti ty) = (B k|U(ty,t:)| A, p) = —i/ dt1 (Olax, 5 Hine(t1) af) 4[0) +
t

2 —i(wp,A—wk,B)tf _ ,—i(wp,a—wk,B)t;
m e P, B e P, B
= AB Ok . (49)

v/ 2wp, A/ 2wk, B P Wp, A — Wk B

The probability that a particle A with momentum p converts into a particle B is obtained upon summing over the
density of final states ), :

ot sin® 7(%’“;’?’3)“}
Pasp(piAt) =Y |Aasp (P, kit ty) [P = —A8
k

5 (50)
Wp, AWp, B (wp_,A — wp_,B)




The result is finite and well behaved. Note, for short time Pa_, p(p; At) ~ _mhp 42

- 4wp AWp, B
Yet, other transitions are possible. Namely, we may have the transition A — AAB of the type

|A,p) = |A, k1) |A, ko) | B,ks) = aly . aly \ al (o 10) (51)

where the two emitted A particles have different momentum, k; # ks. The corresponding amplitude of this process
reads

tf
A7 (0 Ky Ko ks L £) = —i / 1010410, 0.. 10505105 it (£t [0) (52)
t

After an explicit calculation up to first order, its squared modulus turns out to be:

sin? [_(“’“3 Atwig )AL

4 p)

m
|A§f§f43(pak15k27k37t’i’tf)|2 AL

Oy pOks —ks + Oy —ks Ok . 53
Wkg,AWkg,B (Wk37A+wk3,B)2 ( 1,PYk2, 3 1, 3 27p) ( )

Next, one needs to sum over final states ki, ko, k3. leading to the probability:

1 2
ki £k ki £k
PR A p(P; AL) 5 Z “AAfAiXB(paklak%k&tiatf)‘

2
ki,ka,ks
. Wiy, At+wiks, B )AL . At
mA sin® [—( uiia 2k3 5) } ma sin® [7@""”;"’3)
_ AB AB (54)
= E: p) R
o WksAWks B (Wi, A + Wy, B) Wp.AWp.B  (wp,4 + Wp,B)

where the factor 1/2 in front of the sum takes into account that the two A in the final state are identical bosons. The
subtracted term in the last equation is due to the condition ks # k;. Note, the sum term diverges, thus a certain
cutoff is implicitly introduced so to keep the intermediate results finite (which is then sent to infinity at the very end
of the calculation). When the volume is sufficiently large, the previous expression becomes

) (wk3,A+Wk3,B)At .2 (wp,A-i-wp,B)At}
e AN 1 A3k mixB sin® | =t - miB sin® | FRATREI -
A aap(P; At) = om)3 3 5 (55)
(27)% Wiy, AWKy, B (Wiey, A + Wiy, B) Wp,AWp,B  (wp, 4 + wp,B)

where, again, a cutoff is implicit in the integral over k3. The term proportional to V is a typical vacuum term that
needs to be subtracted. However, the second term in Eq.([BH]) needs to be kept, see below.
The last possible transition is the case in which ks = ky, thus

1
[4,P) = 5, Atk a0k, 510) - (56)
The amplitude at first order is
i (Y +
AT 5 (. ke Ksiti ty) = _E/ dt1(0fax,, a0k, AGky, B Hint (t1)ay, 410), (57)
t;

whose squared modulus is

2 (wpﬁA-l-wp’B)At

2 myp MM { 2 }
|~AA—>AAB(p=k17k3;tivtf)| = 6k1795k1,—k32 2 (58)

Wp,AWp,B  (wp,a + wp,B)
Upon summing over the final momenta ki, kj:
2 mi sin? [7(WP’A+§’p’B)At}
PA%AAB p, A Z "AA%AAB p. ki, ki ti, ty)| =2 2 (59)
ki1 ks Wp,AWp,B  (wp, 4 + wp,B)

Note, the factor 2 appears just as in the QM toy model of SectionlITll



Putting all the pieces together, the total probability of A going into something else (thus, a decay probability) is

PADAL) = Pas,p(p; At) + PETIE 5 (p; At) + P TEA (b At)

. — At . At
m4 Sln2 |:(WP,A ;’p,B) :| m4 51112 |:(WP,A+;’13,B)
AB AB
2 2
Wp,AWp. B (wp, A — Wp,B) Wp,AWp,B (Wp,4 + wp,B)

sin? [ (Wkg,A+;k3,B)At:|

&k 4
+V / 5 A (60)
3w

5, A‘*’ke (Wi A + Wiey.B)°

The factor 2 of PX'K2 ,(p; At) combines with the factor —1 in 7)}4(11—;31(1243 (p; At) in order to give the same factor in
front of the high-frequency term. Finally, the term proportional to V', being a vacuum term, is subtracted. Then the
probability that the oscillation takes place up to second order is:

A mjlaxB sin
PD(P§ At) = 7t 2
Wp,AWp,B (Wp,4 — wp,B) (wp,a + wp.B)

sin2 [(WP,A_;p,B)At} 2 [(WP,A"‘;’P,B)A‘S}

(61)

It is important to verify the correctness of the previous result. Just as in the QM toy model, one needs to check
the survival probability of the state |A, p). To this end, we calculate the probability of the transition

|4,p) = A k), (62)
and then sum over k. The corresponding amplitude, up to second order, reads:

ty t1
Aasap, kiti ty) = <0|aL,AU(tf7ti)aI,,A|O> = Ok,p + (—i)z/ dtl/ dtQ<O|ak.,AHint(t1)Hint(tQ)aI,_’A|O>- (63)
t; ti

Its modulus square takes the form:

in2 w} in2 [w}
|Aasa(, kit t5))* = dpi [ 1 map M [ 2 mhy S 5
3 By by b ==
p,A%p.B ("p,A (“‘p,B)2 Wp,AWp, B (( 7p,A+ p,B)z
. 92 [(way,atwqy,B)AL
sin [%}
+ .y (64)

2
Wq,,A2Wq,,B (wa,A‘i‘wa,B)
where dots refer to higher order terms.

Then, upon summing over the final three-momentum k and taking the large volume limit, the survival probability
reads (up to second order):

PP AL) = Pasa(piAt) = > [Aasa(p Kiti tg)

Kk
.92 (wpyA—wp,B)At:| 2 |:(wp,A+wp,B)At
4 sin? |RA”Xp.B)2F 4 sin? | eATXp.B)2F
-1 Map [ 2 Mup 2
2 3
Wp,AWp,B  (wp, A — Wp,B) Wp,AWp, B (wp,A + Wp,B)

sin? {_(wa ’AJ“;‘M xB)At]

d3 4
—V/ a1 Map 7 (65)

(2m)3 Wq,,42Wq,.B (qu-,A + wqu)Q

where the latter term corresponds, in diagrammatic term, to the disconnected vacuum diagram with an AB loop.
This term coincides exactly with the one obtained previously. Upon subtracting this term, we find:

sin2 [(vaA_;dPyB)At} sin2 [(WP,A"‘;’P,B)A‘S}
w w 2 + 2
p,A%p,B (Wp,4 — wp,B) (wp,a +wp,B)

4
Map

Pé(piAt) = 1- : (66)



with
Ph(p; At) + P§(p; At) = 1, (67)

as it must.

We thus obtain the probability that the flavor A oscillates (or does not oscillate) as the sum of two distinct term
involving the low-frequency and the high-frequency term, where the frequencies wp 4 and wp g depend on the chosen
momentum p. Note, the structure of the solution is very similar to the QM toy model besides the factor 2 of the
high-frequency term. It turns out that only 1 survives the process of renormalization.

Also in the scalar QFT case one may introduce a suitable diagonalization of the fields

10 ([ cosf —sinf 10
(¢;)_(sin9 cosf )(qﬁg)’ (68)

with
1 2m?
0 = = arctan % . (69)
mp — My

The fields ¢1 and ¢, contain the annihilation (creation) operators a1 p, a2,p, (a];)p,a;p). If we introduce the “Pon-
tecorvo state”

la,p) = cosfal |Q) + sinfal Q) (70)

the corresponding survival probability takes the form:

- At
s(p; = 1 —sin220sin? | Rl —“P2)20 “p.2) , 71
Pi(p; At 1 220 sin® ( 5
with wp j = +/|p]? + m?, j =1,2. In the limit of small 6, the previous expression is approximated by:
rpa( . At) ~1— 4mjl48 sin2 (wP;A B WP7B)At (72)
S\P; — (m2 _ m2 )2 2 )
B A

which, just as in the QM toy model, differs from Eq.(G8) since the high-frequency term is missing and because the
factor in front of the low-frequency one is not the same (but the two expressions degenerate for large |p|). The
difference is expected because |a, p) # |4, p) .

V. NEUTRINO OSCILLATIONS IN THE INTERACTION PICTURE

Let us now deal with the fermion case, which can be naturally applied to neutrino oscillations and it will be then
referred as neutrino case.

In the interaction picture v, (o = e, ), defined by the Lagrangian Eq.(T), can be expanded as free fields, evolving
under the action of Ly:

1 s ik-x
vo() = = D [t 1) 0+ i) 8o 5, (73)
k,r

with ug ,(t) = e ™<ctuy o (1) = et op | wi s = /|k[2+m2. Annihilation operators satisfy

af4]0) = 0 = B ,|0) . (74)

The anticommutation relations are

{o‘{gpa o‘gtg} = 5kq57“56p0 ) {ﬁli,pv ﬁcslTa'} = 5kq5Ts5pm (75)
and the spinors are normalized so that

rios ot s rios —
u ug, = v Uk, = 0wy 00y, =0 (76)
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As in the previous examples, the idea is to perform the perturbative calculation up the first in me,. The interacting
Hamiltonian reads:

Hint = Mey Z Z |: SS/W ( )+Oé;T# peass/Wp(t)
s,s'=1,2 p
+ Bl p (Y;S (t)) + af,fﬂﬁi;eYIfs (t) + e« pul, (77)
where we defined
Wp(t) = ﬂ;uu;eei(wk,u—wk,c)t — Wp ei(wp,,i—wp,e)t (78)
Y;S (t) = ﬂ;#vipﬁeei(u)k’“—i_wk’ﬁ)t = Y;S ei(wpwu"‘wp,e)t (79)

Explicitly

W, = \/ (@pc +me) @p ) (1 . Pl ) | (50)

4wp,eWp, 1 Wp.e + Me)(Wp + my)
S Do Ty [Dpe e ) (81)
v/ Awp eWp 11 Wp,e T Me Wp,pu + My

* —1 +m Wpe+m
yiz — (y2nyt — __ P12 “p,u b p.e e ) ]9
P ( 1 ) /4wp,ewp”u, wp,e + Me wp”u. + m,u ( )

The first non-trivial flavor transition process we consider is

N
|

‘s

Vpe) = W) s o) = aplel0), (83)

whose amplitude reads

tf )
A% (Kt tp) A —iMeulrsdipWp / dt e!@rn—wp.e)t
ti
. . W. ~
= Mep 5Ts5k7p (ez(wp,u—wp,e)tf _ez(wp,u—wp,e)ti) P 5r55k,p Ae%,u(k;ti,tf)y (84)
Wk e — Wk,
where
~ en Wi , _ ; _ .
Ae%y(p;ti;tf) = M (el(‘*}p,u wp,e)ty _ez(“"p,u Wp,ﬁ)tr) . (85)

Wp,e = Wp,u

Similarly as in the boson case (see Eq.([50)), the oscillation probability is computed by summing over the final density
of states, now involving the sum over the helicities:

Ipe—)u(p7At) = Z|Ags—>u(p7k7tlatf)|2 = |Ae—)u(p7ti7tf)|2
k,s

9 ngu
= Wp m [1 — COS [(Wp)u - CUp7e) At]] N At = tf — t?, . (86)
p.e = Yp,u

Another non-trivial process is the decay

T

Vo) = Vi i )7 L) - (87)

The amplitude explicitly reads

e—r€eefL

ty
781828 . ~ . s38 —1 ot et
A’z 3(p,k1,k2,k3,ti,tf) R —1Mey Yk: 2 5k1,p6k2,—k3 6T51/ dte Z(wk2 n T Wk )
t

325

_ *2 @0

Wky,e T Wks,p

= Oky,pOks,—ks Ors, Ae_fzw(k% tirts), (88)

_ —i(w + Wk, e )t —i(w + Wk, e )ti
— _meu 67‘81 5k1,p5k2,—k3 (6 ( ko, u ko, ) f —e ( ko, p ko, ) 'L)
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where
M, Yi22% X X
A%2%_ (kity ty) = ——2 kK (e—l(wk,u'f'wk,e)tf _e—l(wk,u-i-Wk,e)ti) ) ]9
e—>eeu( T f) wk,e"‘wk”u ( )

As done above, we thus find the probability as

Peoeen@id) = 30 S0 LA (p ke ko kast, )] = S0 S0 AR (stt )P (90)

ki ,ko k3 51,52,53 k 52,53

In the large-V limit

Pk (1) o) At
Peosezn(Pi At) = V'Y / ) > sin? (M> . (91)
52,83 wk et Wk ;U') 2
This is a divergent contribution (vacuum diagram) and it must be subtracted.
Finally, we have the process
Vpe) = e v PR ). ki #F ke Vos1# o, (92)

The amplitude explicitly reads

ATE15255 (5 Ty Ko K3t tr) = Ok, pOky,—ks Orsy A2 (Kaiti tf) — Oy pOky ks Orsy AS2 (kystity).  (93)

e—reeft e—eefl e—reeft

where 4525 (k;ti ty) = As253_ (k;t;,tr). Note this correctly goes to zero when k1 = ko and s; = so. We thus find

e—reelt e—>€eepu

the probability as

Pe—)eeﬂ(p;At = 2 Z Z AZizifﬁ p7k17k27k3;ti7tf)|2

ki,k2,k3 51,582,853

= > Az Ot )l Z AL (i tis t )| (94)

k,s2,s3

It is clear we can not simply subtract the first piece involving the sum over momenta: this procedure would give a
negative probability. This subtle issue can be solved by remembering that asymptotic states have to be representations
of momentum. Thus, we must isolate the contribution with k = p

,Pe%eeﬁ(p; At) = Z |’A22~s>?ée,u k t“ tf |2 + Z |A22~S>Ze,u p; ti’ tf Z |A£i?’>eey P; tia tf)|2
k#p,s2,s3 S9,83
= Z |‘Az2—S>Zeu k tis tf + Z |A£§eeu p; ti? tf)|2 : (95)
k#p,s2,83

In other words, because of the Pauli principle, the vacuum should not carry the contribution with k& = p. Then, in
the large-V limit

,Pe%eeu(paAt =V Z / AZZ‘S)ZEH k thtj |2 + Z |A£i?’>eey pativtf)|2 . (96)

52,83

The first piece diverges and must be subtracted, while the second piece gives a finite contribution. Explicitly

4m?2 Y2 At
Pe—)eeﬁ(p; At) = K P 2 Sin2 (wp7u * wp,e) ) (97)
(Wp,e + wp,u) 2

where

Yy =) ()Y, (98)

S
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and

Y, = [P W T My [WpeTMe ) (99)
\/4wWp,eWp Wp,e T Me Wp,u + My
Therefore, the total decay probability of v, is

2 2
P (p; At) = 4m? Wo  gnz (@ou—wpe) ALY | Yo sin? ((Wou t@p ALY )
i (Wp,e = Wp,u ’ 2 (wWp,e + ‘*’Ixu)2 2

Note that all such decays (flavor transitions) are forbidden when ¢; — —o0, ty — +00, unless m. = m,,. In particular,
the last two processes are always forbidden for infinite time-intervals because of energy conservation. In fact, in that
case, the three-dimensional §s would be substituted by deltas on the four-momentum, which strictly employ energy
conservation. As we commented above, this is expected in analogy of what happens for unstable particles.

If we now define, following the notation of Ref. |15]

— 2
|Up| _ Wp mM me _ \/(wp,e+me) (wp;H+mM) (1+( |p| ) , (101)

Wp,e — Wp,u 4wp,cWp Wp,e +me) (Wp,p + M)
|Vp| _ Yp My, — Me _ (wp,e + me) (wp,# + m,u) ( |p| _ |p| > , (102)
Wp,e T Wp,u 4Wp,eWp, Wp,e T Me  Wp,u + My
we can rewrite the probability in the form
— wpe) At e) At
Ph(p; Al) = sin®26 [|Up|2 sin’ <—(w""‘ = ) > + |Vp|? sin? <—(w""‘ +2‘“p* ) )] . (103)

with 0 = me,/(m, —m.) =~ sinf. In the approximation we used this coincides with the oscillation probability (ATI)),
firstly derived in [26]. This is a remarkable result because the method we adopted is quite different from the approach
of Ref. [26] (which is briefly reviewed in appendix), and it does not rely on the construction of a flavor vacuum (see
Eq.(A8)).

The second term on the r.h.s. of the Eq.(I03)) is the main correction with respect to the usual Pontecorvo oscillation
formula (AT6]). The effect of such term is negligible for relativistic neutrinos, e.g. when m, /|p| — 0, while is maximal
when |p| = ,/mem,, which, in our approximation is equivalent to |p| = \/mima, i.e. when the momentum is of the
order of neutrino masses. In such a case

IS
Ul = 1-|W° = 54‘57 (104)
where
¢ =g VM (105)
me +my,

Possible phenomenological implications in this regime could be studied in a cosmological context, how it will be
discussed in the conclusions.

Let us now compute the survival probability P§(k, At). The zeroth order contribution gives Pg(k, At) = 1. To
find a non-trivial contribution to the survival probability we should compute the second order terms. In the present
case it is useful to write

Ulti, ty) = 1— imw/t fd4:17 (Te()vp(z) + Tp(x)ve(z)

i

_ % /t fd4:v1 /t fd4x2 T[(: Te(z1)vpu(z1) + Tpl@)ve(x1) ) (: Te(22)vp(22) + Tp(z2)ve (22) )} + ... .(106)

The second order piece can be further expanded using Wick theorem:
2 ty ty
) _ e 4 a, .5 = T - .
U (i, ty) = - d*zq d*zo | Te(@1)vp(z1)Te(x2)vy(22) + + 1 Ue(z1)vp(21)T,(22)ve (202)
ti ti
+ D@ ve(21)Te (22) v (02) + + : Tp(@1)Ve (21)Vp(22) Ve (22) -

+ 24 (SSB(.IQ — 1) :?ﬁ(xg)ug(xl) +Sh (w2 — 1) TP (w0) 02 (1) :) } , (107)
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where

4 ) + Mo
%p(x) = / (dp e W M)es (108)

2m)4 p2 —m2 +ic’

is the Dirac propagator. The employment of Wick theorem makes evident that the divergent vacuum contributions
come from the terms containing the propagator, which can be neglected.
The survival process is

'

Vo) = [Mike) - (109)

Saving only up to linear terms in m.,, the amplitude can be written as
Azs—w (p’ k:t;, tf) = 0k 957“5 + Aez—)fes (p’ k;ti, tf) ) (110)

where A2)S (k, p;ti, ty) is the second-order piece, which goes as mZ,,.

momenta and helicities, the only pieces which cannot be disregarded are the one which go as m?
ie.

Taking the square, and summmg over the final

cu or lower powers,

Pe(p; At) = ZAH (B, tisty) ~ 1+ 2%e (AD, (Bitirty)) (111)

with
"122—)&3 p7tlvtf ZA€2—)>TES pvk; tivtf)' (112)

Explicitly one finds
—wpe) At o) At

P&(p; At) = 1—sin®26 [|Up|2sin2 <—(w"*“ 2“"”> )+|Vp|2sin2 (—(w"*“ +2“’p’) )] . (113)

Then
Pph(p; At) + Ps(p; At) = 1, (114)

as expected.

VI. CONCLUSIONS

In this paper we have shown that neutrino oscillations can actually be described as a standard perturbative QFT,
with the mixing handled by the interaction picture. A 0+1D toy model, “scalar” neutrinos and their “realistic”
Dirac fermion counterparts can all be described by this approach, the various transition amplitudes can be related
via Feynman diagrams and the differences reduced to spin-statistics differences. In the fermionic case, the same
oscillation formula as in non-perturbative flavor-Fock space approach [26], is here independently recovered, within
the approximations involved in the perturbative calculation. In particular, we find a term which depends on the
sum of the frequencies, in addition to the usual Pontecorvo term which only involves their difference. Moreover, the
pre-factors in front of such terms are exactly the Bogoliubov coefficients derived in Ref.[15].

This description sheds new light on the long-standing arguments in the literature as to the “true basis” of neutrino
Fock space. As in other quantum field theories, provided interacting and free states have the same quantum num-
bers, the Kallen-Lehmann representation can be used to convert between the two perturbatively. In such a picture,
experimental data selects the physical degrees of freedom, to be related to the Lagrangian ones via Renormalization.
Since interaction happens via weak charge, the perturbation series defined in this work shows that neutrino physical
states can be consistently defined.

The methods developed in this work can be applied to a calculation of observables beyond tree level which system-
atically includes oscillation effects. An obvious candidate is the magnetic dipole moment of the neutrino, which so
far has only been obtained by effective field theory techniques [43]. A proper calculation will include the interaction
included here (which corrects the magnetic mass) with the same footing as the W-lepton bubble (which provides the
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electric current generating the magnetic moment). Given the non-trivial momentum dependence of QFT neutrino
oscillation effects noticed in |15] the interplay of all these effects could yield surprises, which might be observable [44].

There are however subtleties not present in other usual quantum field theories. Unlike other interactions, neutrino
oscillations are 2-field operators, analogous to coupled harmonic oscillators. The vacuum of the theory should therefore
be analytically obtainable, and it is well known that perturbative terms can not capture such vacuum corrections. As
a related issue, the self-interaction due to the vacuum self energy will result in a “mass” correction to the flavor state,
tilting the perturbative series examined in this work. Since the theory examined here is perfectly Lorentz invariant,
violations derived using the quantum field theory approach to fermion mixing (see e.g. [45]) can only be a feature of
the vacuum and to properly assess such effects a perturbative series must be derived from such a vacuum. This is left
to a forthcoming work.

Moreover, it is interesting to stress that the physical corrections to the usual neutrino oscillation formula (AT6])
could be relevant in the measurements of the so-called cosmic neutrino background (CNB). This will be studied, e.g.,
by the PTOLEMY experiment [46-49]. The basic idea of such experiment is to detect the relic neutrinos of the CNB
(which decoupled around one second after the Big Bang) through the neutrino capture by tritium v, +3H — e~ +3He.
With the standard approach to neutrino oscillations, the rate of the capture process reads [49]

Teng = Z |Uej|2a'vufe,in07 (115)
J

where U is the mixing matrix, v, is the neutrino velocity as measured at Earth, ¢ is the average cross-section, ng is
the average neutrino number density on large scale and f.; are the clustering factors. We expect that the analysis
of this paper modifies the above expression, with the inclusion of the coefficients |Up| and |Vp|. This could be easily
understood looking at Ref. [21], where the rate of 3-decay *H — e~ + 3He + v, was computed within the flavor
Fock-space approach. As discussed in the text (see Eqs. (I04)-(I05)), the corrections in that case, and then in the
present case, become relevant in the non-relativistic regime. However, a quantitative analysis requires to consider the
three-flavor phenomenology and it will be postponed to a forthcoming work.

Finally, another phenomenon which is suited to be investigated within the approach here introduced are chiral oscil-
lations [50-52], which again are relevant in the non-relativistic regime and have been recently discussed in connection
with CNB [53]. Work is in progress in this direction.
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Appendix A: The non-perturbative approach — the Heisenberg picture

The mixing transformation (@) can be rewritten as |15
ve(x) = Gy (t) vj(z) Go(t) (A1)
with (o,j) = (e, 1), (1, 2) and Gp(t) given by
Golt) = exp |0 [a*x (v](0hme) = (o) | (42)

Fields with definite masses can be expanded as

dgk T T T T ik-x
vi(@) = [ [k (0 afey + 07y (6) BTN ] €™, (A3)
— J (2m)>2
with up (1) = e7™Ribup o, op (t) = e“Ritop o wij = 1/k]? +m3. From (A3) and (&) it follows that flavor

fields can be also Fourier expanded:

3
(o) = X [ g0kt + 1,07 (0] € (A1)
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where the flavor ladder operators are given by

(55%;7;&) =G (Eii’j (%) Golt). (A5)

D
In the Heisenberg picture, the flavor vacuum is
0)e =Gy (0) [0)12, (A6)

where [0)1 2 denotes the mass vacuum, annihilated by af ;.5 ;. One can easily verify that |0)e,, is annihilated by the
flavor operators introduced in Eq. (AH). Now, flavor states can be naturally defined as

|Vl7;,o> = O‘EU|O>6,# . (AT)
where flavor operators are taken at reference time ¢t = 0. These are eigenstates of the lepton/flavor charges
Qs(t) = /d3x vi(2) v (), (A8)

ie.

QU(O)|VIZ,U> = |Vlrc,cr>' (Ag)

We can then evaluate oscillation formulas as the expectation value of the flavor charges on a reference neutrino
state [26]

Qosp(t) = (Qp(1))s (A10)

where (--+), = (v |- |V ). Explicitly

- +
Qs (1) = sin(26) [|Uk|2sm2 <w7kt> + | Vic|? sin? <w7kt> }

Qoﬁo(t) =1 - Qdﬂp(t)a a 7é I (AH)

with w = wk 2 &+ w1, and
U(t) = ui&“i,l el@rawe )t — | | efl@rz W)t (A12)
Vi(t) = € uglvika elweatwi)t — |1 | efwkatwicn)t (A13)

Explicitly
|k[? k| k|

Ul = Ac [ 1+ , Wl = A — , Al4
Uil k ( (wk,1 +m1) (wk,2 +m2) [Vid k wk,1+m1  wg2+ ma ( )

with Ay = \/(“"‘*ﬁml)(“’k*?*m?), [Uk|? =1 — |Vi|?. Note that

4wy, 1wk, 2
Qomsp(t) = PE)()  when  my/[k| =0, w # 0, (A15)

i.e. in the relativistic limit one re-obtained the Pontecorvo formula [4]

PE) (t) = sin?(20) sin® (Wﬁ) : (A16)

We thus recover the usual phenomenological results in such limit. Notice that formulas (A1) are also recovered in a
relativistic QM treatment based on Dirac equation [50].
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