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In this work we study the influence of external electric field and temperature on the chiral phase transition
of Quantum Chromodynamics. We use the two-flavor Linear Sigma Model coupled with quarks (LSMq) in a
thermal and electrized medium to evaluate the effective quark mass and the Schwinger pair production. To this
end, we apply one-loop correction to the fermionic sector of the model and the simple tree-level approximation
in the mesonic contributions. The electric fields strengthen the partial restoration of the chiral symmetry when
applied with finite temperature in a crossover transition. The expected decrease of the pseudocritical temperature
as a function of the electric field is observed until electric fields reach 𝑒𝐸 ≈ 13.5𝑚2𝜋 . For stronger electric fields,
the effect is the opposite, which is in a very good agreement with previous results obtained with four-point
non-renormalizable models, showing that this effect is independent of renormalizability issues. We also show
the thermal and electric effects on the behavior of the Schwinger pair production.

I. INTRODUCTION

Experimental efforts over the last few decades can give us
very strong evidence of the formation of quark-gluon plasma
in the relativistic heavy-ion collisions (HIC) [1–3]. If one as-
sumes basic ideas from classical electromagnetism, one can
obtain that strong magnetic fields perpendicular to the reac-
tion plane can be present in peripheral heavy-ion collisions
with 𝑒𝐵 ∼ 1019 G[4]. This is a preliminary sketch of more
sophisticated computational techniques that predict magnetic
fields of the same order of magnitude depending on the impact
parameter, electrical conductivity and the collision time [5–7].
Besides that, recent numerical simulations predict that strong
magnetic and electric fields should be present in peripheral
HIC, which is the case observed in asymmetrical collisions
[8–11]. In such situations, e.g., Cu+Au collisions, strong elec-
tric fields are expected due to the difference of electric charges
in the region where the nuclei overlap. It is also feasible to
anticipate the emergence of strong electric fields by predic-
tions of event-by-event fluctuations of proton position within
the colliding nuclei of Au+Au and Pb+Pb [12–15] at the usual
collision energy scale

√
𝑠 = 2.76 TeV and

√
𝑠 = 200 GeV from

ALICE and RHIC respectively. Additionally, the presence
of electric fields can be very interesting to better understand
anomalous transport properties as the chiral separation effect
[4, 16–18], the chiral magnetic effect [19] and several other
quantities in the phase diagram of quantum chromodynamics
(QCD).
Despite the numerical evidence about strong electric fields

in HIC, there is still little effort to increment QCD phase
diagram analysis in such an environment. In lattice QCD
(LQCD), the main reason concerns technical issues similar
to the sign problem [20, 21] which makes very difficult such
applications, regardless of a few recent works with some im-
provements [21–24]. In this way, the current literature about
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electric fields in QCD is restricted basically to low energy
effective models and some applications in quantum field the-
ories (QFTs), such as the case of Nambu–Jona-Lasinio (NJL)
model and its extensions [25–31], Chiral Perturbation Theory
[32, 33], Dyson-Schwinger equations [34] and𝜆𝜙4 theory [35–
37]. Most of these models are in good agreement with regard
to the partial restoration of the chiral symmetry guided by elec-
tric fields, namely inverse electric catalysis (IEC). In the case
of the NJL model, some different regularization techniques
have also been used to evaluate not just the behavior of the ef-
fective quarkmass but also the Schwinger pair production [27],
even in more complex environments including electric fields
[28, 29]. If simultaneously to the electric fields we include
the temperature, the two-flavor NJL [25, 26] results indicate
that both quantities will strengthen the partial chiral symmetry
restoration, with the decreasing of the pseudocritical temper-
ature as a function of the electric fields until 𝑒𝐸 ∼ 13.5𝑚2𝜋 ,
where an opposite behavior is predicted, which until now is
due inconclusive reasons [26]. The same qualitative result has
been obtained in the context of the 𝜆𝜙4 self-interacting scalar
field theory [35].
In the present work we explore for the first time, the two-

flavor Linear Sigma model (LSM𝑞) coupled with quarks with
a constant electric field and finite temperatures. We apply the
one-loop correction in the fermionic sector of the model and
the usual tree-level approximation for the mesonic sector. In-
spired by the regularized expressions of the pure electric field
part in the thermodynamic potential, developed in the context
of NJL model [25, 26], we apply these set of equations in the
renormalizable version of LSM𝑞. Our aim is to reanalyze all
the basic physics of the model, i.e., effective quark masses,
Schwinger pair production, and observe how the pseudocrit-
ical temperature for chiral symmetry restoration behaves as
a function of the electric fields. These quantities must be
enough to know how the renormalizability affects the results
in comparison with previous results obtained in NJL model.
The work is organized in the following structure: In section

II we present the formalism details of LSM𝑞 including effects
of an electric field and finite temperature. In section III we
show the equations of the one-loop correction for the fermionic
contribution including thermo-electric effects. The numerical
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results are present in section IV and the conclusions in section
V. The appendix A is devoted to the explicit computation of
the minimum of the effective potential.

II. LAGRANGIAN OF THE SU(2) LSM𝑞 WITH ELECTRIC
FIELDS

The Lagrangian of the SU(2) LSM𝑞 in an external electro-
magnetic field is given in Euclidean space by the following
expression [38]

L = 𝜓
[
𝑖 /𝐷 + 𝑔(𝜎 + 𝑖𝛾5 ®𝜏 · ®𝜋)

]
𝜓 + 1
2

[
(𝜕𝜇𝜎)2 + (𝜕𝜇 ®𝜋)2

]
+𝑈 (𝜎, ®𝜋) − 1

4
𝐹𝜇𝜈𝐹𝜇𝜈, (1)

where 𝐴𝜇 and 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 are respectively the elec-
tromagnetic gauge and tensor fields, 𝑔 is the Yukawa cou-
pling constant, ®𝜏 are isospin Pauli matrices, 𝑄 is the di-
agonal quark charge 1 matrix, 𝑄=diag(𝑞𝑢= 2/3, 𝑞𝑑=-1/3),
𝐷𝜇 = (𝜕𝜇 + 𝑖𝑒𝑄𝐴𝜇) is the covariant derivative and we adopt
𝐴𝜇 = −𝛿𝜇4𝑥3𝐸 in order to include in the 𝑧−direction a constant
electric field. In this model, we have the following quantum
fields: 𝜓 = (𝜓𝑢 𝜓𝑑)𝑇 which are the quark fermion fields and
the mesonic degrees of freedom as given by the 𝜎 and ®𝜋 fields.
The purely mesonic potential,𝑈 (𝜎, ®𝜋), in eq.(1), is given by

𝑈 (𝜎, ®𝜋) = 1
2
𝑚2

(
𝜎2 + ®𝜋2

)
+ 𝜆

24

(
𝜎2 + ®𝜋2

)2
− ℎ𝜎 (2)

where 𝜆, 𝑚2 and ℎ are constants fixed by experimental parame-
ters as the 𝜎 and 𝜋 meson masses and the pion decay constant,
𝑓𝜋 . The value of ℎ = 𝑓𝜋𝑚

2
𝜋 ensure the explicit breaking of the

chiral symmetry, i.e., 𝑆𝑈 (2)𝑣 group. We adopt, for simplicity
the mean field values of 〈𝜎〉 ≡ 𝜙 and 〈 ®𝜋〉 ≡ ®𝜋 = 0.
The tree-level effective potential in a constant electric field

for the LSM𝑞 is given by

𝐹0 = 𝑈 (𝜙, ®𝜋) − 1
4
𝐸2, (3)

this representation is useful formaking clear some of our renor-
malization procedures to the one-loop fermionic correction to
the effective potential.
The meson and quark masses, at the tree-level approxima-

tion, are given by [38]

𝑚2𝜎 = 𝑚2 + 𝜆

2
𝜙2, (4)

𝑚2𝜋 = 𝑚2 + 𝜆

6
𝜙2, (5)

𝑀 = 𝑔𝜙 (6)

where 𝜙 is vacuum expectation value of 𝜎 field.

1 Our results are expressed in Gaussian natural units where 1GeV2 = 1.44 ×
1019𝐺 and 𝑒 = 1/

√
137.

III. ONE-LOOP FERMIONIC CONTRIBUTION

In this work we treat mesonic sector at tree level and include
quantum corrections only in the fermionic sector. The one-
loop correction to the fermionic contributions at 𝑒𝐸 = 𝑇 = 0
is given by [39–42]

𝐹1𝑣𝑎𝑐 = −2𝑁𝑐𝑁 𝑓

∫
𝑑4𝑝

(2𝜋)4
log(𝑝20 + 𝐸2𝑝) + 𝐶, (7)

where 𝐶 is a mass-independent constant that can be ignored,
𝑁𝑐 and 𝑁 𝑓 are the number of colors and flavors, respectively.
The energy dispersion relation, 𝐸𝑝 , is given by

𝐸2𝑝 = 𝑀2 + 𝑝2, (8)

In the MS scheme [38], we obtain for eq.(7) the following
expression

𝐹1𝑣𝑎𝑐 =
𝑁𝑐𝑁 𝑓 𝑀

4

16𝜋2

[
log

(
Λ2

𝑀2

)
+ 3
2

]
. (9)

where Λ is the renormalization scale. In the present scheme,
one needs to include the counter-terms 𝑚2 → 𝑚2 + Δ𝑚2 and
𝜆 → 𝜆 + Δ𝜆 [38], where

Δ𝑚2 =
𝜆𝑚2

16𝜋2𝜖
, (10)

Δ𝜆 =
2𝜆2 − 24𝑁𝑐𝑁 𝑓 𝑔

4

16𝜋2𝜖
(11)

𝛿𝜀 =
𝑚4

16𝜋2𝜖
, (12)

where we have included a vacuum energy counter-term Δ𝜀

[38].
When considering a constant electric field, the one-loop

fermion contribution can be written in the proper-time formal-
ism [43]

𝐹1 =
∑︁
𝑓

𝑁𝑐

8𝜋2

∫ ∞

0
𝑑𝑠

𝑒−𝑠𝑀
2

𝑠2
E 𝑓 cot(E 𝑓 𝑠), (13)

where E 𝑓 = |𝑞 𝑓 𝑒𝐸 |. We can verify the validity of the last
expression just evaluating the analytical extension derived by
Schwinger [43], i.e., 𝑒𝐸 → 𝑖𝑒𝐵, where we obtain the exact
expression to the LSM𝑞 with a constant magnetic field in the
𝑧− direction [25, 26].
The integration in eq.(13) has divergences with different

sources. First, we treat the divergence in the lower limit of
integration, 𝑠 = 0, by using the separation of divergences from
Schwinger’s work in QED [43]. For this purpose we use the
Taylor expansion of cot(E 𝑓 𝑠) function for E 𝑓 𝑠 � 1
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cot(E 𝑓 𝑠) ∼
1

E 𝑓 𝑠
−
E 𝑓 𝑠

3
−

(E 𝑓 𝑠)3

45
+ O((E 𝑓 𝑠)5), E 𝑓 𝑠 � 1.

Using the expansion in eq.(13), we can avoid the divergences
in the region 𝑠 = 0

𝐹1 (E, 𝑀) =
∑︁
𝑓

𝑁𝑐

8𝜋2

∫ ∞

0
𝑑𝑠

𝑒−𝑠𝑀
2

𝑠3
(
E 𝑓 𝑠 cot(E 𝑓 𝑠) − 1

+
(
E 𝑓 𝑠

)2
3

)
+ 𝑁𝑐

8𝜋2
∑︁
𝑓

∫ ∞

1
Λ2

𝑑𝑠
𝑒−𝑠𝑀

2

𝑠3

− 𝑁𝑐

24𝜋2
∑︁
𝑓

E2𝑓
∫ ∞

1
Λ2

𝑑𝑠
𝑒−𝑠𝑀

2

𝑠
. (14)

In eq.(14) the first three terms are the finite electric field
contributions, which were regularized with respect to the ul-
traviolet divergence from the contributions near 𝑠 = 0. In
the second term of the second line, we have the fermionic
contribution from the vacuum given in eq. (9) and the field
contribution, proportional to E2, that must be regularized and
renormalized. For simplicity, we define the one-loop fermionic
contribution as

𝐹1 (E, 𝑀) = 𝐹1𝑣𝑎𝑐 (𝑀) + 𝐹1𝑚𝑒𝑑 (E, 𝑀) + 𝐹1𝑓 𝑖𝑒𝑙𝑑 (E, 𝑀),

where we have separated 𝐹1 in the vacuum, medium and field
contributions. Each term is given by the following expressions:

𝐹1𝑚𝑒𝑑 (E, 𝑀) =
∑︁
𝑓

𝑁𝑐

8𝜋2

∫ ∞

0
𝑑𝑠

𝑒−𝑠𝑀
2

𝑠3

×
(
E 𝑓 𝑠 cot(E 𝑓 𝑠) − 1 +

(E 𝑓 𝑠)2

3

)
, (15)

𝐹1𝑣𝑎𝑐 (𝑀) = 𝑁𝑐

8𝜋2
∑︁
𝑓

∫ ∞

1
Λ2

𝑑𝑠
𝑒−𝑠𝑀

2

𝑠3
,

=
𝑁𝑐𝑁 𝑓 𝑀

4

16𝜋2

[
log

(
Λ2

𝑀2

)
+ 3
2

]
, (16)

𝐹1𝑓 𝑖𝑒𝑙𝑑 (E, 𝑀) = − 𝑁𝑐

24𝜋2
∑︁
𝑓

E2𝑓
∫ ∞

1
Λ2

𝑑𝑠
𝑒−𝑠𝑀

2

𝑠

= − 𝑁𝑐

24𝜋2
∑︁
𝑓

E2𝑓
[
− log

(
𝑀2

Λ2

)
− 𝛾𝐸

]
,(17)

where 𝛾𝐸 is the Euler-Mascheroni constant. Usually, the di-
vergence proportional do 𝐸2 is renormalized and incorporated
in the 12𝐸

2 from the Lagrangian eq.(1). For renormalization
purposes, we set 𝐸2 → 𝑍2𝐸2, where:

𝑍2 =

1 + 𝑁𝑐

∑︁
𝑓

4𝑞2
𝑓

3(4𝜋)2𝜖

 . (18)

The details of the last contribution are evaluated in Ref.
[38], in the case of a constant magnetic field, which in our
case we do not consider the one-loop mesonic contributions.
Now we work with the divergent contributions present in

eq.(15), that occurs in the proper-time integration when E 𝑓 𝑠 =

𝑛𝜋 in the cotangent function, with 𝑛 = 0, 1, 2, 3.... These
divergences are associated with the instabilities in the vacuum
due to the electric field, which gives rise to the Schwinger pair
production of quarks. We extend analytically to the complex
plane the integration and separate the real from the imaginary
part. This procedure is developed in detail in Ref.[25]. This
gives rise to the following result

<
(
𝐹1𝑚𝑒𝑑 (E, 𝑀)

)
=

𝑁𝑐

2𝜋2
(E 𝑓 )2

{
𝜁 ′(−1) + 𝜋

4
𝑦 𝑓 +

𝑦2
𝑓

2
(𝛾𝐸

−3
2
+ ln 𝑦 𝑓

)
− 1
12

(
1 + ln 𝑦 𝑓

)
+

∞∑︁
𝑘=1

𝑘

[ 𝑦 𝑓

𝑘
tan−1

( 𝑦 𝑓

𝑘

)
−1
2
ln

(
1 +

( 𝑦 𝑓

𝑘

)2)
− 1
2

( 𝑦 𝑓

𝑘

)2]}
, (19)

where 𝑦 𝑓 = 𝑀 2

2E 𝑓
and 𝜁 ′(−1) = 1/2 − log(𝐴) with 𝐴 =

1.282417... being the Gleisher-Kinkelin constant [44]. The
imaginary part of the one-loop effective potential is

=
(
𝐹1𝑚𝑒𝑑 (E, 𝑀,𝑇)

)
=

𝑁𝑐

4𝜋

∑︁
𝑓

E2𝑓
∞∑︁
𝑘=1

𝑒
−𝑀2 𝜋𝑘

E 𝑓

(𝑘𝜋)2
. (20)

The thermo-electric contribution is evaluated in the
imaginary-time formalism. The result is given by

<
(
𝐹1𝑡ℎ𝑒𝑟𝑚 (E, 𝑀,𝑇)

)
= − 𝑁𝑐

2𝜋2
∞∑︁
𝑛=1

(−1)𝑛E 𝑓

∫ ∞

0
𝑑𝑠

𝑒
−𝑠𝑀 2

𝑓

𝑠

× cot(E 𝑓 𝑠)𝑒
−

E 𝑓 𝑛2

4| tan(E 𝑓 𝑠) |𝑇 2 . (21)

where the summation is over the Matsubara frequencies. The
thermo-electric contribution is finite due to the Fermi-Dirac
distribution, written in the proper-time formalism. The full
thermodynamic potential, including the tree-level potential 𝐹0
in eq.(3), is given, therefore, by

< (𝐹 (E, 𝑀,𝑇)) = <
(
𝐹0 + 𝐹1 (E, 𝑀) + 𝐹1𝑡ℎ𝑒𝑟𝑚 (E, 𝑀,𝑇)

)
.

(22)

It is possible to show that, given the thermodynamic po-
tential, we can derive the Schwinger pair production rate, i.e.,
Γ(E, 𝑇, 𝑀) = =

(
𝐹1 (E, 𝑀,𝑇)

)
[25, 26].

In order to fixΛ, at E = 𝑇 = 0, we choose the physical point
𝜙 = 𝑓𝜋 at the minimum of the effective potential [38], i.e.,

𝑑 (<𝐹 (E, 𝑀,𝑇))
𝑑𝜙

|𝜙= 𝑓𝜋 = 0, (23)
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Toobtain the behavior of the effective quarkmass as function
a of the temperature and electric fields, we evaluate the gap
equation, given in Appendix A.

IV. NUMERICAL RESULTS

In this section we present and discuss our numerical results.
The model requires fixing three independent parameters: the
mass parameter𝑚, the boson-fermion coupling 𝑔 and the boson
self-coupling 𝜆. These parameters are fixed in such a way to
obtain with LSMq the vacuum values of pion mass, 𝑚𝜋 =

140 MeV, pion decay constant, 𝑓𝜋 = 93 MeV, the 𝜎 meson
mass, 𝑚𝜎 = 800 MeV and effective quark masses 𝑀 = 300
MeV. With these experimental inputs, we obtain the following
set of parameters: 𝑔 = 3.2258, 𝑚2 = −290600 MeV2 and
𝜆 = 215.19. We also need to fix the renormalization scale Λ,
having determined the parameters 𝑚, 𝑔 and 𝜆 we can choose
the value of Λ where the minimum of the one loop effective
potential in the vacuum remains the same at tree level value
(𝜙 = 93 MeV). Similar procedure was made in [38] and the
value obtained for the renormalization scale was Λ = 181.96
MeV.

eE = 0.0m
2
π

eE = 5.0m
2
π

eE = 10m
2
π

eE = 15m
2
π

eE = 18m
2
π

0 50 100 150 200 250
0

50

100

150

200

250

300

T [MeV]

M
[M

e
V
]

Figure 1. Effective quark mass as a function of the temperature for
different values of electric fields.

In Fig. 1 we can see the effective quark mass as a function of
the temperature for different values of electric fields. For low
values of electric fields, we can see the partial restoration of
chiral symmetry as we increase the temperature. This effect is
strengthened for higher values of electric fields, which is very
clear for strong enough values, e.g., 𝑒𝐸 = 15𝑚2𝜋 and 𝑒𝐸 =

18𝑚2𝜋 . Additionally, for all of these cases, the transition is a
crossover. Despite that the two effects combine themselves to
partially restore the chiral symmetry, they are different physical
phenomena, i.e., the temperature excites the systemweakening
the interaction in the chiral condensate. On the other hand,
the electric fields accelerate the charges with different signs in
opposite directions, inducing the chiral condensate to be less
probable to happen as we increase the strength of the electric
field.
When we increase the electric fields, the transition occurs to

lower values of temperatures, indicating inverse electric catal-
ysis (IEC) of the pseudocritical temperature. However, in the
purple dotted line, for 𝑒𝐸 = 18𝑚2𝜋 , we cannot distinguish by
the Fig. 1 in a very clear way if we have electric catalysis (EC)
or IEC. The phenomena EC and IEC will be easier to verify
when we plot the pseudocritical temperature as a function of
the electric field.
We can see the effective quark masses as a function of the

electric fields for different values of temperature in Fig. 2. The
analysis indicates that, at low temperatures, the electric fields
partially restore the chiral symmetry breaking at 𝑒𝐸 � 15𝑚2𝜋
as indicated previously in Fig. 1. For low values of the electric
fields, we can see the influence of the thermal effects on the
partial restoration of the chiral symmetry. On the other hand,
as we increase the strength of the electric field, Fig.2 shows
the effect of the electric field on the partial restoration of the
chiral symmetry.

T = 0.0 MeV

T = 100 MeV

T = 140 MeV

T = 180 MeV

0 5 10 15 20 25
0

50

100

150

200

250

300

eE/m2
π

M
[M

e
V
]

Figure 2. Effective quark mass as a function of the electric field for
different values of temperature.

In the Fig. 3, we show the pseudocritical temperature for chi-
ral symmetry restoration as a function of the electric field. The
pseudocritical temperature is calculated as themaximumof the
−𝜕𝑀/𝜕𝑇 . We can clearly see the IEC effect, which turns into
EC for very high values of electric fields, i.e., 𝑒𝐸 > 13.5𝑚2𝜋 ,
where we have the increasing of the pseudocritical temperature
as a function of electric fields. This result is in good qualita-
tive agreement with the previous works with SU(2) NJL and
Polyakov–Nambu–Jona-Lasinio (PNJL) models [26]. There-
fore, the phenomenon observed previously in both NJL and
PNJL that the IEC change to EC after a critical value of the
electric field can not be attributed to the regularization issues,
which are inherent to nonrenormalizable models. Since our
results show now by using a renormalizable model qualita-
tively the same behavior which has been observed before in
NJL and PNJL models.
The Schwinger pair production as a function of temperature

is given in Fig. 4. We can see that, for lower values of elec-
tric fields, e.g., 𝑒𝐸 = 5𝑚2𝜋 , the production is almost zero in
the low-temperature limit, and slightly changes at 𝑇 > 𝑇𝑝𝑐 ,
indicating that the high temperatures can strengthen the pair
production in an electric medium. As we increase the elec-
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LSMq SU(2)

NJL SU(2)

5 10 15

120

140

160

180

200

eE/m2
π

T
c
[M

e
V
]

Figure 3. The pseudocritical temperature for chiral symmetry restora-
tion as a function of the electric field in the LSMq (solid line) and
NJL SU(2) (dashed line) [26].

eE= 5.0 m
2
π

eE= 10 m
2
π

eE= 15 m
2
π

eE= 18 m
2
π

0 50 100 150 200 250

0.0

0.5
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Figure 4. The Schwinger pair production of quarks as a function of
the temperature for different values of the electric fields.

tric fields, the pair production grows in the low-temperature
region and substantially increases after the pseudocritical tem-
perature, which we can see in the situations 𝑒𝐸 = 10𝑚2𝜋 and
𝑒𝐸 = 15𝑚2𝜋 . At very high electric fields, the Schwinger pair
production almost does not change in the full temperature
range considered. These results are in good agreement with
the previous two-flavor NJL model results [25, 26].

In Fig. 5 are shownour results for the Schwinger pair produc-
tion as a function of the electric field normalized by the pion
mass squared. It is clear from this figure that non-negligible
effects start to appear around 𝑒𝐸 = 5𝑚2𝜋 and for fixed electric
fields the temperature enhances the pair production. Above
𝑒𝐸 = 18𝑚2𝜋 the pair production saturates. Again, these results
are in qualitative agreement with previous NJL and PNJL cal-
culations.
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Figure 5. The Schwinger pair production of quarks as a function of
the electric fields for different values of the temperature.

V. CONCLUSIONS

In this work, we have studied within the Linear sigmamodel
with quarks, the quark matter at finite temperature with a
background of electric fields. One of the main motivations of
this studywas the estimation of the effects of the strong electric
fields on the chiral symmetry restoration scenario within a
renormalizable model, and performing the comparison with
previous results obtained in SU(2) versions of NJL and PNJL
models [26].
Our numerical results have shown that the constituent quark

masses decrease when we increase the strength of the electric
fields, as a signature of the partial restoration of the chiral sym-
metry. We have computed the evolution of the pseudocritical
temperature for chiral symmetry restoration 𝑇𝑝𝑐 as a function
of the electric fields. In the literature, as expected, usually
the pseudocritical temperature for chiral symmetry restoration
decreases as we increase the electric field strength. In [26]
within SU(2) PNJL model we have shown, for the first time in
the literature, a very interesting effect where for strong enough
electric fields the pseudocritical temperature for chiral sym-
metry restoration starts to increase after a critical value of
the electric field. This effect was founded also within LSMq
and also propagates to all quantities, as to the Schwinger pair
production. In the context of 𝜆𝜙4 theory similar results were
found, which show IEC for weak electric fields and EC for
strong electric field strength [35]. Our work provides strong
evidence that the non-monotonic behavior of the pseudocritical
temperature of chiral symmetry restoration as a function of the
electric field is a characteristic of QCD, regardless of whether
we are working with a renormalizable or non-renormalizable
effective model of QCD.
An improvement of the present work is the study of the in-

clusion of baryon density effects in the presence of thermal and
background electric fields. We are currently exploring these
avenues in PNJL and LSMq and will report on the findings
elsewhere in the near future.
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Appendix A: Gap equation

In this section, we will deal with the derivative of the real
part of the effective potential. For simplicity, we will define
<(𝐹) ≡ 𝐹. The minimum of the effective potential is given
by, 𝑑𝐹/𝑑𝜙 = 0, where 𝑀 = 𝑔𝜙, as following

𝑑𝐹0

𝑑𝜙
+
𝑑𝐹1𝑣𝑎𝑐 (𝑀)

𝑑𝜙
+
𝑑𝐹1

𝑚𝑒𝑑
(E, 𝑀)
𝑑𝜙

+

𝑑𝐹1
𝑓 𝑖𝑒𝑙𝑑

(E, 𝑀)
𝑑𝜙

+
𝑑𝐹1

𝑡ℎ𝑒𝑟𝑚
(E, 𝑀,𝑇)
𝑑𝜙

= 0, (A1)

where the first term in Eq.(A1) concerns to the tree-level po-
tential, which gives

𝑑𝐹0

𝑑𝜙
=

𝑑𝑈 (𝜙, ®𝜋)
𝑑𝜙

= 𝑚2𝜙 + 𝜆

6
[𝜙2 + ®𝜋2]𝜙 − ℎ

= 𝑚2𝜙 + 𝜆

6
𝜙3 − ℎ

where we assume that the mean field value ®𝜋 → 〈®𝜋〉 = 0.
The second term in Eq.(A1) is the one-loop correction to the
fermionic contribution, given by

𝑑𝐹1𝑣𝑎𝑐 (𝑀)
𝑑𝜙

=
𝑁𝑐𝑁 𝑓 𝑔𝑀

3

4𝜋2

[
log

(
Λ2

𝑀2

)
+ 3
2

]
−

𝑁𝑐𝑁 𝑓 𝑔𝑀
3

8𝜋2
.

(A2)

The medium and field contributions combine themselves as

𝑑𝐹1
𝑚𝑒𝑑

(E, 𝑀)
𝑑𝜙

+
𝑑𝐹1

𝑓 𝑖𝑒𝑙𝑑
(E, 𝑀)

𝑑𝜙

= −
∑︁
𝑓

𝑔𝑀𝑁𝑐

4𝜋2

∫ ∞

0
𝑑𝑠

𝑒−𝑠𝑀
2

𝑠2

[
E 𝑓 𝑠 cot

(
E 𝑓 𝑠

)
− 1

]
=

∑︁
𝑓

𝑔𝑀𝑁𝑐

2𝜋2
E 𝑓

[ 𝜋
4
+ 𝑦 𝑓 (𝛾𝐸 − 1 + ln 𝑦 𝑓 )+

+
∞∑︁
𝑘=1

(
tan−1

𝑦 𝑓

𝑘
−

𝑦 𝑓

𝑘

)]
. (A3)

The last term in eq.(A1) concerns the one-loop thermoelec-
trical contribution, which is given by

𝑑𝐹1
𝑡ℎ𝑒𝑟𝑚

(E, 𝑀,𝑇)
𝑑𝜙

= −𝑔𝑀𝑁𝑐

2𝜋2
∞∑︁
𝑛=1

(−1)𝑛
∫ ∞

0
𝑑𝑠

𝑒−𝑠𝑀
2

𝑠
E 𝑓

× cot(E 𝑓 𝑠)𝑒
−

E 𝑓 𝑛2

4| tan(E 𝑓 𝑠) |𝑇 2 . (A4)

Therefore, we obtain the gap equation for numerical analy-
sis.
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