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ABSTRACT: We present the analytic expressions for the color-planar contributions to the heavy-
light form factors at three loops in perturbative QCD. These form factors play an important
role in the precision predictions of various observables in top quark and flavour physics. We
compute the master integrals using the method of differential equations. We perform the
ultraviolet renormalization for all the appearing fields and parameters. The analytic results for
the renormalized form factors are expressed in terms of generalized harmonic polylogarithms.
We also study the Sudakov behaviour of these form factors in the asymptotic limit, which

enables us to obtain the complete logarithmic three-loop and partial four-loop contributions.
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1 Introduction

Form factors encode the kinematical behaviour of scattering amplitudes in quantum field
theories, and as such could be considered as the basic building blocks of the amplitudes. Form
factors not only provide important insights about the analytic structure of the scattering
amplitudes, but also play a central role in obtaining precise theoretical predictions for the
physical observables by contributing to their virtual corrections, and thus, in enhancing our
ability to probe for new physics at large.

The form factors for various local composite operators between massless physical states

(such as a pair of gluons or quarks), have been computed up to the fourth order in perturbative



quantum chromodynamics (QCD) [1-15], and have played a key role in precision studies of the
Standard Model (SM) parameters. The heavy quark form factors (HQFF) are the cases when
the physical states are massive (such as a pair of top quarks), and are of critical importance in
the study of physical observables - such as the forward-backward asymmetry of heavy quark
pair production at lepton colliders, the study of anomalous magnetic moment of a heavy
quark, and more importantly, the study of top-quark properties at the High-Luminosity Large
Hadron Collider (HL-LHC). The current state-of-the-art computations in this frontier involve
third order QCD (O(a?)) corrections [16-31] to the HQFF.

The heavy-light form factors (HLFF) play an important role in analysing the properties
of heavy quarks, particularly the flavour-changing decays of such quarks. With appropriate
analytic continuation, these form factors constitute the virtual corrections for a heavy quark
decaying into a light quark and a charged (W) boson. Few examples of such decays are
t — bW* b — cW* and b — uW?*. The virtual corrections to the ¢ — bW* decay are very
important to obtain a precise top-quark decay width I'y, one of the most important parameters
in the studies of fundamental interactions. This is particularly relevant for top-quark studies
to obtain an understanding of its scope in opening up a portal to beyond the SM (BSM)
physics, and as such, both the production and decay modes of the top are still subjected
to active theoretical and experimental scrutiny, particularly from a precision point of view.
The other two processes contribute to the hard functions that are required for calculations
in the Soft Collinear Effective Theory (SCET), to evaluate the differential distribution of the
inclusive semi-leptonic B meson decays in the shape-function region. This allows a precise
determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements |Vy| and |Vipl,
which are relevant for the study of flavour and CP-violation in the quark sector. The top-
quark decay, due to its high importance, has already been studied up to next-to-next-to leading
order (NNLO) in QCD [32-35]. Within the regime of SCET, the semi-leptonic B decays have
been studied up to NNLO QCD as well [36-42]. The explicit two-loop QCD corrections to the
HLFF have been presented in refs. [43-45]. To keep up with the increasing volume of precision
measurements at the collider experiments, it is essential to improve the precision predictions
from the theory side. At the same time, it is imperative that a uniform precision is achieved
for both the production and decay processes, which in turn necessitates the inclusion of third
order QCD corrections. To this end, the three-loop master integrals (MIs) relevant to obtain
the color-planar limit of the HLFF have been computed in [46].

In this work, we provide for the first time, the analytic results for three-loop QCD correc-
tions to the HLFF in the color-planar limit. We use the method of integration-by-parts (IBP)
reduction technique [47, 48] to obtain a basis of MIs for the process under consideration.
These MIs are analytically evaluated through the method of differential equations [49-53]. We
perform the ultraviolet (UV) renormalization in a mixed scheme, and eventually show that
the UV renormalized form factors satisfy the universal infrared (IR) behaviour [54] - which

provides an important consistency check of the UV renormalized results. In addition, we also



perform a rigorous study on the Sudakov behaviour of the HLFF in the asymptotic limit. Due
to the universality of IR behaviour and factorizations of the QCD scattering amplitudes, we
can predict the high-energy logarithms by studying the integro-differential Sudakov equation
and the renormalization group equations (RGE). The study of Sudakov behaviour has been
performed in case of massless form factors in refs. [55-61] and of HQFF in refs. [62-64]. We
present the first such study for the HLFF in this paper.

This paper is organized as follows. In section 2, we discuss the theoretical basics of the
process under consideration i.e. the definition of the form factors, the relevant projectors,
the procedure of UV renormalization and the universal IR structure. In section 3, we briefly
describe the details of the computational procedure, in particular, the exact computation of
the MIs. In section 4, we present the primary result of this paper i.e. the three-loop color-
planar finite remainders after performing appropriate IR subtraction. Next, we report a concise
theoretical formulation for the study of Sudakov behaviour along with the three-loop results
in section 5. Finally we conclude in section 6. In the appendices A-C, we present the one, two
and three-loop UV renormalized form factors. In appendix D, we also present partial four-loop

results in the asymptotic limit.

2 The heavy-light form factors

We consider the decay process
t(P) — b(p) + W*(q). (2.1)

The top quark, carrying momentum P, decays into a massless bottom quark and a off-shell
W boson. The bottom quark carries a momentum p and the W boson carries a momentum

q = P — p. The on-shell conditions are given by
P?=m?, p*=0. (2.2)

m; denotes the mass of the top quark. We also define the dimensionless variable x as

The general form of the amplitude is given by
be(p) T, ta(P) (2.4)

where b, (p) and t4(P) are the bi-spinors of the b-quark and t-quark, respectively. The generic
structure of the vertex with one massive and one massless quark can be described in terms of
three independent form factors' as

. G G
T = —ibea| G1v"(1 — 75) + o 2 (14 ~5) (P! + ph) 4+ 23 (1 4 45) (PH — p)] . (2.5)
my th

!The definitions of our G2 and G3 have been swapped, as compared to the ones presented in [43].



Each form factor (G;) can be obtained by applying appropriate projector on the amplitudes
and performing trace over the spinor and color indices. We find the projectors (P;) to be

applied on ng for the corresponding form factor (G;) as

Py = = Bea (P ) [ 91177 (1=75) = 22 (1) (P ) = % (1 3) (P =) | (26)
where
1 1 1
L= 2@ —-2)(1—2) T T o2 d—2)0 - 229 T T 2amdd - 2)(1 - 2)2’
1 1+ (d—2)z d—1
LT TP d— (1 —2)2 T TR d—2)(1 -2 P T mPd—2) (1 — 23’
1 d—1 (2d —3) — (d — 2)z

AT ) ERL o T s R e 7y s R Il

N¢ denotes the number of colors. We also mention here the Casimir operators C'4 = Ng,

2 _
Cp = ]gf\,cl and Tp = % for SU(N¢). We denote the number of light and heavy quarks by ny

and ny, respectively. The form factors (G;) can be expanded in powers of the strong coupling

constant (ag) as
- Zg“’ Z( ) ( (2.8)

where g, = i is the weak interaction coupling constant. e is the electric charge and s,, is the

sine of the weak mixing angle. Accordingly the leading order form factors are
0 0 0
V=1 V=0 c"=o. (2.9)

2.1 Ultraviolet renormalization

We use dimensional regularization in d = 4 — 2¢ space-time dimensions to regularize the bare
form factors. As the vertex is chiral, it becomes necessary to establish the treatment of ~5
within this regularization scheme. However, both the 5 from the vertex and the projectors,
are connected to the open fermion lines. Hence, we use the prescription presented in [65, 66]
i.e. the anti-commutation of 75 with other y-matrices ({,,vs} = 0), followed by 72 = 1.

We follow a mixed scheme to perform the UV renormalization of the form factors. The
mass and wave function of the heavy quark (t), and the wave function of the light quark (b)
have been renormalized in the on-shell (OS) renormalization scheme. On the other hand, the
strong coupling constant has been renormalized in the modified minimal subtraction (MS)
scheme [67, 68]. We denote the corresponding renormalization constants by Zy,, Z2 ¢, Zap and

Za,, respectively. All the renormalization constants follow a series expansion in oy as

Z; = Z(O‘) z". (2.10)

The required three-loop results are available for Z,, in refs. [69-73], for Zy; in refs. [69-71, 74]
and for Z,, in refs. [75-81]. The Zy, was presented in ref. [43] up to two-loop and O(e’). The



closed-form solution of Zfb) in € was given in refs. [41, 42]. To obtain the two-loop results up

to O(e?), we also re-compute Z§2b) and present up to O(e?) in the following

1 5 89 869 5 2
73 = CpnpTw |- - 2 = (222 -2 O] . 2.11
2b Frp T |- — g e 36+C2 +e 516 6C2 3C3 + O(€) (2.11)
The mass renormalization of the heavy quark requires explicit computation of the Feynman
diagrams after counter-term insertion. The other renormalizations are multiplicative i.e. the

renormalized form factors (G;) are related to the bare form factors (G;) as follows

1 ~
G; = ZQZJZ;b(Gi + Gct,i) . (212)

Gt,; denotes the appropriate mass renormalization counter-term contributions from lower or-
ders in as. We also note that the strong coupling constant renormalization needs to be per-

formed considering full QCD i.e. the corresponding S-functions are given by

11 4
Bo = ECA - gTF(nh +m),
34 20
b1 = ?CA — ECATF(nh + nl) — 4CFTF(nh + nl) . (2.13)

2.2 Ward identity

The UV renormalized form factors satisfy the on-shell Ward identity
g —mwTlps =0. (2.14)

The pseudo-scalar vertex appears for the process where a top quark decays into a bottom
quark and a charged pseudo-Goldstone boson. The generic structure of this vertex can be

described as follows with the form factor S
Tps = —-5(1+5). (2.15)
my

In order to satisfy the Ward identity, it is necessary to renormalize the pseudo-scalar vertex
as well. Apart from the usual quantities i.e. the mass and the wave function of the heavy
quark, the wave function of the light quark and the strong coupling constant, an additional
renormalization is needed for the heavy quark mass (m;) appearing in the vertex. This overall
mass renormalization has been performed also in OS scheme. The UV renormalized form

factor S also can be expanded in oy as
o0

_ 9w s )" g(n)
5_2\@;(%) S (2.16)

=0

In terms of the form factors, the Ward identity takes the following form

26 4 U 4 2GI) — 28 . (2.17)



2.3 Universal infrared behaviour

The UV renormalized form factors still contain divergences of IR origin, arising from soft
gluons and collinear partons. However, they follow a universal structure. In case of massless
scattering amplitudes, a plethora of seminal works [60, 82-85] has already provided a good
understanding on the universal IR structure generated through the soft and collinear dynamics.
A first step was taken in ref. [62] to achieve the universal IR structure for the two-loop scattering
amplitudes with massive partons in the high energy limit. Later, it has been studied also at
the three-loop level in refs. [63, 64]. Following a SCET approach, the universal IR structures
for a generic two-loop amplitude with both massless and massive partons, have been presented
in ref. [54], which can easily be generalized to three loops for the form factors.

Following ref. [54], the IR singularities of the form factors can be factorized as a multi-

plicative renormalization factor, as follows
Gi = Z()G™(n). (2.18)

G?n(ﬂ) is finite as € — 0. [ is the scale introduced for this particular factorization of IR
singularities. The structure of Z(f) is controlled by the RGE which is characterized by the
corresponding anomalous dimension. However, before we proceed further, we note, as also
mentioned in [27], that the anomalous dimensions have been computed considering only the
massless QCD corrections with n; light quark flavours. On the other hand, the form factors are
defined considering full-QCD i.e. n; light and ny heavy quark flavours. Hence, to describe the
IR structure of the form factors, we solve the RGE for Z, the equivalent of Z in the massless
QCD with n; light quark only and then use the decoupling relation for the strong coupling
constant i.e. the relation between @, and «y, which are defined in the massless and the full
QCD, respectively. The RGE for Z is

d _
IIn 7 In Z(e,¢* my, i) = —T(q%, my, fi) . (2.19)

I is the corresponding anomalous dimension. In case of heavy quark form factors, I' is purely
the massive cusp anomalous dimension [86-89]. For the case of HLFF, I' is a combination of
massive and massless cusp anomalous dimensions. To solve the RGE, we expand both Z and

I' in a perturbative series in «; as follows

7 = g% (%)"ZW) , I'= i (%ﬁr)nﬂrn. (2.20)

The solution can then be found as

InZ = (%) o, To + (%)2 3By, I —4Bolo | T
A/ | 4e2  2e 47 16€3 16€2 de

<%>3 11831 58I + 83T — 12331 N I, — 6801 — 61T LT

4 72¢4 72¢3 3662 6e



+0O(af), (2.21)

where,

I''=_T,. (2.22)

f3 is the B-function in the massless QCD with n; light quarks. To obtain Z from Z, we use the
decoupling relation obtained using background field method in refs. [90-92].

3 Computational details

We follow the conventional procedure to compute the HLFF starting with the generation of the
corresponding Feynman diagrams using QGRAF [93]. Considering only the QCD corrections
we obtain 13 diagrams at two-loop and 263 diagrams at three-loop. We note that we have
considered only one additional light quark to generate the diagrams, which is sufficient to
compute the diagrams for all flavours. We use in-house FORM [94] routines to translate the
QGRAF output into Feynman amplitudes and for further manipulations of Dirac, Lorentz and
color algebra and also to project out the form factors using the projectors. The color algebra
has also been performed using COLOR [95]. We also use another independent approach based
on FEYNARTS [96], FEYNCALC [97] and MATHEMATICA to generate the Feynman diagrams
and perform the algebraic manipulations to compute the form factors up to two-loop, finding
perfect agreements.

After these first manipulations, the expressions contain a large number of scalar Feynman
integrals. Following standard procedure, we reduce them to a much smaller set of scalar
integrals, the MIs using IBP [47, 48] identities. We have performed the reduction with two
independent in-house programs based on the public codes KirA [98] and LITERED [99]. In

the next section, we present the details of the reduction.

3.1 Integral families and reduction to master integrals

All the Feynman diagrams contributing to the three-loop color-planar corrections of the HLFF
can be mapped to a single integral family. We note that 13 sectors in this integral family
completely span all the appearing scalar integrals. To set our convention, we present a generic

three-loop integral as follows:

3
dk; 1
L(dz) = | ] 553 - (3.1)
i=1 <27r> j=1 DjJ

where, v = viva..v12. We put S = exp(—e(yeg — In(47))) equals to one for each loop order.

We choose the following combination of the propagators as our color-planar integral family
{D1 — m}, Dy — m?, D3 — m7, D12, Doz, D13, D1.1, Da.1, D31, D112, Doz, Daaa} (3.2)

where,

Di = k}? 7Dij = (k?l — kj)2 7Di;1 = (kl — P)2 ,Di;lg = (kl - P +p)2 . (33)



’ #‘ sector‘ master integrals ‘ ’ #‘ sector‘ master integrals

’ 3‘ 7 ‘ 1111000000000 ‘ 6| 655 | 1111000101005 {111100(—1)10100
4129 1101110000000 669 11011100101007 Il(_1)1110010100,
78 1011100100000 —710111(71)0101007 1101110(71)101007
92 To01110100000 T1011100101(~1)0
519 | I111000000100 686 | 1011101010100, {(~1)11101010100+
526 | 011100000100, {(~1)11100000100 Tor11(~1)10101005 Lo11101(~1)10100
540 1001110000100, I(—l)OlllOOOOlOO 691 T110011010100, Ill(—1)011010100
51110 | Io11101100000 693 | 1101011010100, {1(~1)1011010100
244 | In01011110000 694 | Io110110101005 {(~1)11011010100
247 | I111011110000 700 | Zo01111010100, L(—1)01111010100

I
541 | 1101110000100 937 100101011100

1 1
558 1011101000100, 1(71)11101000100 587 110011000110

653 1101100010100 1811 IllOOlOOOlllO

661 1101010010100 1841 I100011001110

668 _[001110010100 3591 1111000000111

684 | I001101010100, {(~1)01101010100 71695 | 1110110101005 L111(—1)11010100>
689 | 1100011010100 I111011(-1)101005 L1110110101(~1)0
692 | 1001011010100, {(~1)01011010100 939 | I110101011100, {11(—1)101011100
1543 | I111000000110 1591 | T111011000110, L111(~1)11000110
1557 | 11010100001105 {1(~1)1010000110 1654 | Jo110111001105 Lo11(—1)11100110
1588 | Io01011000110, I(—1)01011000110 1815 | I1110100011105 {11101(—1)001110

’ 8 ‘ ‘ ‘ 1821 | Tip11100011105 L10111(—1)001110

’ 9‘ 1918 ‘ To11111101110, L(—1)11111101110 ‘ 1845 | Tro1011001110, Li(-1)1011001110

Table 3: List of the master integrals. # indicates the number of propagators.

Using KIRA, we have obtained 70 MlIs for this integral family, as listed in Table 3, classified

as per the number of propagators appearing in the denominator.

3.2 Computation of the master integrals

In this section, we summarize the computational details of the MIs. We follow the generic
method of differential equations [49-53]. To set up the system of differential equations of the
MIs, we differentiate them with respect to the variable x, followed by IBP reductions on the
differentiated output to obtain a linear combination of MIs for each differentiated integral. We

obtain a 70 x 70 system of coupled linear differential equations, which can be symbolically



presented as

d
TI=MT. (3.4)

Here the 70 x 70 matrix M contains rational functions in z and d. To proceed, we first
rearrange the system of differential equations in an upper block-triangular form. In such an
arrangement, the integrals in the last block are homogeneously coupled. Hence, we compute the
MIs block-by-block starting from the last one. Also while solving for each block, we perform
series expansion of the whole subsystem in € and solve it order by order in e successively,
starting with the highest pole in €. At each order in €, we decouple the coupled subsystem and
obtain higher-order differential equation(s), which has(have) been solved using the method of

variation of constant. In our case, the spanning alphabet is

1 1 1 1 (35)
2 1l—2 142 2—-=z ’

i.e. the usual harmonic polylogarithms (HPLs) [100] and generalized HPLs [101]. The kernel
with letter 2 is defined such that

Hy(z) =In(2) —In(2 —x). (3.6)

The integration constants are determined using boundary conditions either at x =0 or x = 1,
or demanding regularity at x = 0. For several two- and three-loop integrals, the boundary
conditions have been computed using MBCoNIcHULLS [102, 103] with AMBRE [104], and
HypEXP [44, 105]. We have used HARMONICSUMS [106-108], and PoLyLoGcTooLs [109] at
several stages of the computations. All the computed MIs have been checked numerically
against the dedicated numerical programs FIESTA [110, 111] and AMFLow [112].

3.2.1 A comment on the boundary conditions

As noted in ref. [46], the regularity condition provides one boundary constant for the 2 x 2
subsystem of the MIs with 9 propagators. To solve this subsystem, the other boundary constant
must be computed explicitly. Instead of using the conventional methods, we have used the
method of auxiliary mass flow [113, 114] through AMFLOW to compute the boundary constants
of these MIs at x = 0 with 100 digits precision. As the appearing constants are only multiple
zeta values (MZVs) [115], we have used the PSLQ algorithm [116] to generate the analytic
expressions for the boundary constants, which agree with the results presented in [46]. Below,

we have listed the integrals used to evaluate the boundary constants:

Ji = Ioniinionio, J2 := Iotninn-nu-1) . J3 = lotri1rio111(-1) - (3.7)

We present below only 60 digits of their corresponding numerical values as obtained up to 100
digits using AMFLOW. We also present the analytic expressions for those integrals in terms
of MZVs as obtained using PSLQ:

J1 = 0.0291666666666666666666666666666666666666666666666666666666667 /¢*



Jo =

Iy =

— 0.272222222222222222222222222222222222222222222222222222222222/63
+ 2.59825692198426295563240247140224666960871026564183564789818 /¢
— 14.3991851789832694696508356174382924385264868134461722268087 /€
+ 102.228914656763448459622280957586653192203871348934296116490

— 557.393658369305674148828733349502449840866254759521243337465 €

LT (49N 11809 683G,
et \ 240 3 180 €2\ 720 1440

1< 1997 649 1573 >+<9805 3411 199333¢3 5887<>
3

A\ TR0 109t T @ 142 T 160" 28800 360

. 39151 1211 80939¢2 71737 | 203870x¢; | 93589
el — — — .
90 10 °2 7 1440 720 3 1440 1200

9.50817150770749519362447310718916715678773809767440846676787 /¢
+ 106.846826668085492645539260806397665758174182861898304620986
+ 1086.60508936445510128134626208539389154637371328559182445538 €

2
(B vaaa)+ (Sa+ Toa+ 1066 +0d +16)

5

48
0.00277777777777777777777777777777777777777777777777777777777778/65
— 0.0361111111111111111111111111111111111111111111111111111111111/64
+ 0.614342903086572016230704257635362636491570608122828066446491/63
— 2.3460688334409303886381835’)0703622910763680750137140892258048/62
+ 20.7239362079225624295936570840634156856361033919705523677456 / €
—102.137080500713770454158085984583431631006835833131173671352
+ 707.637488980516140963097357277365579231294612697726106856846 ¢
1 1 1 13 1/1 41 1 27 133 379
5(360> +€4<360) +es<3+240<2> ﬂz( 0 240<2+3&)C3>
1<102 1 36281C22 2191C3> n <_ 738 279 95687(%

5 T2t T T 360 5 T390 .o

527 1231 7253 5184 927 29703 , 4606121¢3
T 159 T 720 2% 5 CS) +E< 5 52" 500 2 T 120060

405 1483 3529 , 188887<>
— =) .

(3.8)

681 67 8529
3+ 32¢2(3 + TOC%C?) +12¢5 + 8¢5 — ?CQQ") + 16€7> . (39

T 9T g 28T TS T Teo0 (3.10)

4 Results

We have

computed the three-loop QCD corrections to the HLFF in the color-planar limit. We

have also obtained the necessary contributions from lower orders in «; i.e. the two-loop QCD

~10 -



corrections to the HLFF up to O(¢?) and the one-loop QCD corrections to the HLFF up to
O(€*). In this section, we present the primary results of this work i.e. the G§3)S and the S®).
In order to present them in a concise form, we provide here only the hard finite remainder

after performing IR subtraction through eq. 2.18. Ggﬁn) also accepts series expansion in «; as

o — f: (Z;;)"glgn) ' (4.1)

follows

We present the renormalized three-loop results (in the color-planar limit) along with the one-
loop results up to O(e?) and the two-loop results up to O(e) in the appendices. We also provide
an ancillary file result.nb containing all the results in MATHEMATICA format with the arXiv
submission of this manuscript. We use the mass of the top quark as the renormalization
scale i.e. /ﬁ% = m?. To make the presentation more compact, we introduce the following

abbreviations for some of the rational functions that appear in the expressions:

1 1 m
) fn:——n’ fm’n:f—n. (42)
x x

le—x

In the following, we present all the Q’i(?’)s and S®) in the color-planar limit.

() _ g | 130089341 o 100091 4 9666520 — 345622 4492) H
g c[ 110902 T2 2592(0 31 + 266652z 345657 + 855449z) Hy 1 (z)
2

1
+5 (5980 — 21902~ + 27272 + 116542) Hy 1,1 () 5 (140 + 303zt

+ 691x)H171’171(x)) + x2< (— 763589 + 2714642 — 772430z

5184
1
— 11809972%) Ho 1 (x) + 716 (35722 + 51242~ + 59653z — 160972?) Ho 0,1 (z)

1
+ 35 (13209 — 621z~ — 18272 + 12577z — 48972%) Ho 1,1 (z) + 16

1
+ 118202~ + 1082~ + 571z — 372052%) Hy 1 () + g (4121 - 768z" + 7019z

— 56780

1
+22102%) Ho 111 () + % (2741 + 27327 + 60202 — 97022) Hy 00,1 ()

1 1
+ 6(199 — 1132~ 4 473z + 3112°) Hy 011 (%) + %( — 1954 + 4742~ — 229z

4
— 13332%) Hy 10,1 (2) + g( — 106 + 927" — 3462 + 652%) Ho 1,111 (%)
1
3

2 1
+ g(166 + 3271 — 164z + 1212%) Hy 10,11 () + 3 (302 — 73z + 1492%) Hy 1,101 (2)

+ (68 + 8271 — 219z + 1012?) H1 01,11 (z) — 5 (35 + 3271 + 982 — 102%) H11.,0,0,1 ()

— o -1 . . 9
+ <186624( 90563101 — 933122~ — 100911910z — 400787172
1
+ 395 (— 1547099 + 1397252 + 129622 — 11487172 — 3631492°) Hy ()
! 1
+ o5 (- 9787 + 867z — 20647z — 3492%) Hy 1 (z) + 5 (2563 + 172" + 8952
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1

+ 961x2)H1,171(5U)>C2 + (972

(73427 — 215542z + 6192527)

1
+ g (12671 — 572" — 160092 + 80934) Hy () +2(1 + 3x)H0,0,1(x)>43>

+z° <((1 +22)(4+ 32))( — 24Ho0,1,1,1,1(2) — 12H1 0 01,1,1(2) — 4H11,0,0,1,1(2))

+ (34 14z + 32% + 2°) (6 Ho,1,1,1,01 (%) — 4H1,0.1,01,1 (%) + 2H1,10,1,01(2))
+ (2 + 17x + 2563) ( - 2H0 1.1 070,1(56) + 4H071,17071,1(:L') — 2H170,07070,1(w)

It Rat]

1
— 12H170707071,1(CC) — 2H171,07[)70,1(5L') + 6H170,071(1‘)C2) + %(3197 + 2281%'71

1
+ 97722 — 909322 + 15212°) Ho 0.1 (7) + T (2850 — 3752~ + 7888z — 42122

1
— 5262%) Ho0,1,1(x) + % (1235 + 783z~ — 358z — 76532” + 3682°) Ho 1,01 ()

191 466 5223 1
(et S~ 60”4 S Y Hopo0a(a) + 5 (— 199~ 3007 — 130z
z~t 1349z 6223
+2702% + 262%) Ho,01,1(2) + (63 + e 1827 ) Hoo1.0:(2)

374 623 1
( -5 21 4 T:E + 41022 — 2933> Hoo1,11(2) + =

6
85 302
— 84$2 + 124%3)H0717070,1($) + ( - — — 4])71 — Tx + 1231‘2 — 135(,‘3>H071707171(33)

3
379 . 385z
+ (— —~

(236 + 327! + 1317z

6123 1
Ao 3,2 _ )H “(—44-81
o T 3 3z 3 o,1,1,0,1($)+6( 8lz

212 17623
—1922% + 22°) H1,0,0,0,1 (%) + (T ~3e! - 2060 + 922 — L0

>H1,0,0,1,1(13)

+ %(42 + a7t 57w + 222 + 32%) Hi 1,01 (2) + 4(1 + 152 + 322 + 22°) Hy 0,0,0,0,1 (2)
—2(14 + 93z — 122% 4+ 102°) Ho,0,0,0,1,1 (%) + 2(5 + 23z — 92° + 22°) Hy0,0,1,0,1 ()

— 4(23 + 92z + 272% + 52°) Ho0,0,1,1,1(2) + 2(1 + 152 + 32° + 22°) Ho 01,001 (2)
—2(8 4 55z — 62° + 62°) Ho 01,011 (%) + 2(14 + 37z + 122%) Hy 0,1,1,0,1(2)

+ x(13 + 62 + 2x2)H071,070,071(x) + 12(1 + 3z + 3$2)H071’0,0’1,1($)

+ (54182 — 32 + ) Ho1,0,1,0,1(x) + 2( — 11 4+ 102 — 272 + 72*) Ho 10,111 (%)

3
+2(8 + 453 + 62% + 42”) H1 011,01 (2) + (23 + 2072 — 32” + 252°) <§Hg71,171(m)

1 1
+ §H1,170,1(a:))C2 - <48( — 680 + 16132 ~! — 200122 — 21122% — 13092°) Ho 1 (z)

1 1

+ 5 (2416 + 249z~ + 6353z — 145227 + 3422%) Hy 01 (2) + 15 (665 + 99z~ — 5748z
1

— 12992% — 7192°) Ho 1,1 () + 57 (1598 + 84z~ 4 2391z — 4262® + 1332°) Hy 01 ()

1 3
+ 7 (118 + 5352 — 2162° + 462°) Ho 00,1 () + 5 (36 + 1392 + 62 + 82%) Ho 0,11 ()
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1
+3 (59 + 334z — 692% + 332%) Ho 10,1 (2) + (19 + 173z — 32% + 212%) Hy 91,1 (2)

72
f 1
+ 143x3)H1(x)><3> o+ ((392363 + 925887 — 48513927 + 781392%)

1 1
+ (— (5015 + 31803z — 15512” + 57012°) + 15 (=335 =99z — 7172

2160

1 1
t 550 (26594 + T4la ™! — 47404z — 98742” — 154172°) Hi(2) + 15 (2691 + 238552

1
+ 3801z” + 27492%) Ho 1 (z) + %( — 3053 — 777z — 65672 + 1325x3)H1,1(x)) G

1
(—7514867 — 163309352 — 1017989722 + 6921472%)¢3 + ( (685 + 632!

+

120960 18

+ 9272 + 15152% — 1392%) Hy 1 (z) + (7 + 117z — 152% + 17303)H170,1(x)) (3

1 1
+ 5 (10 + 11672 — 2402° + 1972%) (5 + (E( — 1139 — 5578z — 1578z% — 4142°)
1
+ (=72 - 37z — 1502° + 28x3)H1(x)>C5> ~ 53372 (24023071 — 108343892~ 1) Hy ()

10
+-4§—(61 + 92 N Hy11,11(2) — 60Ho 11,111 (%) — 48H101,1,1,1(2) — 36H1,1,01,1,1(7)

byt PRkt ] byt PRkt ]

—24H111001(x) —12H1100,00(x) —120H 1 1111,1(2) —51H7 1.1.1(2)C2

byt by sty byt IRt ]

+ (%(352 + 4527 Y Hy 1 (z) — 10Hp 1 1 (%) — 30H1,1,1(x))¢3] . (4.3)

(— 61616 — 8197z~

1 1
= Ng [x( _ 316 i(—6889 + 346585m1)H1(x)) + 72 (36

1

+ 11422 — 321992) Hy 1 () + g (— 12860+ 799271 — 9272 — 3401x) Hy 1,1 (2)
4

+3(680 + 1012~ + 353x)H171,171(:1:))

+z° ((1 + 37z + 84a® + 42°) (22 ' Hy 10,01 (%) — 42~ Hi101,1(2))

1
——(— 46728 — 163272~ + 268119z + 10063027) Ho,1 ()

T 108
(7 92906 B 54191‘1 B 53i5x N 2939;2) Hooa(x) + Tls (— 31631 + 7837 !
+ 18272 — 31605z + 16852%) Ho,1,1(z) + %(6290 — 4708271 — 36272 + 65493z
+144472%) H1 01 (z) + ( - QOSﬁ + 256;1 — 3111z — 473m2) Ho111(z)
+ %( — 2859 — 103z~ — 50702 — 322%) Hy 001 (7) + (% + 137; o 923z

1
- 953:2) Hipi1(z) + 6(658 — 1342~! + 26192 — 1012%) H1 101 ()

[t Rk it ] It Rt

— 24( —43 + - 8x — 6%2)H01 1.1 1(1’) + 2(64 — 8.%71 + 57x + 13332)1‘[1701 1 1(1‘)
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1
—6(40 + 81z + 52%) Hy 1,101 (%) + <$1 + 25 (39895 + 182385z + 45794952)
1 -1 2 2 1 -1
+ 15 (67243 — 70412 " — 4822 + 237721z + 263412°) Hy (z) + E(6561 — 313z

3
+ 24057z — 3892%) Hy 1 (z) — = (441 + 13z~ + 1011z + 473:2)1{1,1,1(9@)) G

2

161 5¢2 1
+ < - +2e+t % + ﬁ( — 2331 + 372" — 879z — 15252%) Hy ()

— 4(3 + w)H()’o,l(;C)) C3> + .f'4 ((24 + 107x + 58:(}2) (4H0’071’07171($> — 4H070717170’1(.%'))

+ (1 + 13z + 7.?62) ( — 24H0,070707071(.73) — 12H070717070,1(a;) — 24H07170,07171(.T))
+ (6 + 37z + 202%) (56 Ho,0,0,1,1,1(z) + 48Ho,0,1,1,1,1(z) + 4Ho,1,0,1,1,1(2)

bty syt by bty

+4Ho.1,1,0,0,1(x) —8Ho,1,1,0,1,1(x) —12Ho 1.1.1,0,1(2) + 4H1,0,0,0,0,1(2)
+24H0,0,0,1,1(2) +24H1001,1,1(2) +8H1,01,01,1(2) —12H10,1,1,0,1(2)
)

IR IR ]

+4H11,0,00,1(z) +8H1,1,00,1,1(2) — 4H1,1,01,0,1(x) + (= 36Ho1,1,1 () — 12H1 0,0,1(2)

77777

54
— 20H1’071’1(x) — 12H1,170’1(.%') + 8H1(:L')43)<2 + EHLl(m’)Cg — 12H170’1(x)(3

1
+ 22, (7)¢5) + E( — 9282 — 2642~ — 203452 + 127762% + 2402°) Ho 00,1 (2)

1
+ §( — 3738 + 4652~ — 257542 + 110662> + 10862°) Ho 1,1 ()

1
+ Ts( — 10206 — 855z~ ! + 4961z + 226662 + 309z°) Ho 1,01 () + ( — 164 — 2271

2359z 15827

2
+ 48x3> Ho00.0.(x) + 5 (552 + 302" + 1852 — Td6a”

3 3
3199z 101622
+ 168x3)H0,070,171(x) + ( —354— 11271 — 3 - 3 - 6x3)H0707170,1($)
2978 733622
+ (588 + 427! - . S . - 882%) Hog1,0(w) + (=206 — ™' — 10150

2
— 3802% + 62°) Ho 1,00, (2) + 3 (420 + 122" + 331z — 6162 + 602°) Ho 1,0,1,1(2)

104622
+(—152—8x*1+—9037x+ 03695

+ 21427 + 342°) Hy 00,01 () + ( — 52 + 627" + 36z + 55627 + 842°) Hy 0,011 ()
— (102 + 27! + 129z + 582> + 252°) Hy 0,1,0,1(z) + 12(14 + 59z + 322%) Ho,0,0,0,1,1(2)
— 4(15 + 31lx + 17.’L‘2)H0’07071’071(:L‘) — 21}(41 + 22:E)H07170’07071(.’E)

+ 16%‘3) H0,1,1,0,1<33) + (26 +41x

1
—6(1+22)(4 4 32)Ho101.01(2) + <24( — 14390 — 191927 + 571382 4 255582

83z~!  13699r  922”
4 12 3

+11182°) Ho () + (- 675 - ~1092°) Ho o1 (x)

33z~1 3705z
+

n ( 178 — + 185022 — 7333) Ho11(2)
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— 340 — Tzt - —=

_|_
N = N~

+ = (= 354 — 7072 — 3882%) Ho 0,0, (%) — 3(78 + 3172 + 1722%) Ho 0,1,1 (2)

2
+ = (=174 — 581z — 3162%) Ho 10,1 (x) — §(570 + 2689z + 18502° + 123;3)@,) G

1 1
+ <20( — 11258 — 44760z + 1142 + 52792°) + ﬁ( — 31564 — 7412~" — 33638z

, 1
+ 18235627 + 196672°) Hy () + To( — 858 — 75052 — 4048x2)H0,1(x)) 2

1
+ g (76002 + 4012752 + 2171722°)¢5 + (— 727!

2

-3 (108 + 661z + 6922” + 542%)) Ho 1 (x)C3 — 2(33 + 224z + 1212%) (3

12353z 532122
6 3

+ (424 + + 98x3)§5) — 100~ Y(6H1 1 11.1(7) + Hlvl(g;)gg,)] : (4.4)

=

1 1
= N2 |z ——(—930797 + 12038212 1) + —— ( — 2684967 + 60021612 !
C{x<2592( * T+ s * .

1
— 16187142 %) Hy (x)) +7° <36(8346 + 1014672 — 2596822 + 30562
1 71 - 5 108
+ 14997z) Hy 1 (z) + §(9482 +89992 7" — 345127 + 12540 — — — 705z) Hy1,1(x)

4
- §( — 214 + 1373271 — 346272 + 36273 + 28590)]-[171’171(3:))
1
+ 73 <108( — 321078 4 149193z ~! — 110062~ — 90877z — 319262?) H,1 (z)

+ — (52834 + 261842 ! — 250422 + 103092 — 24212%) Hy 0,1 ()

—+

|~ %l =&l

(56467 + 11349z~ — 228022 + 348z % — 6655z + 15212%) Hy 11 ()

+ — (= 100012 + 343202 ' — 39442~? — 1562 — 45092 — 71852%) H1 01 ()

6
1751
(13016 — 27962~ + 74022 — 4823 + 761z + 9092%) Ho 11,1 (x) + (—

* 2

D Wl =W

0lz~t  9lx—2 g3 0132
_ e B it
2 3 3

1
— 83x +3632%) Hy 0,11 (7) + 6( — 3008 + 474z~ — 172272 — 279z — 572%) Hy 101 ()

1
— 82%) Hi 00,1 (2) + 5 (3613 — 14730~ + 1002~

—24(113 4 3371 + 2272 + 2z + 62?) Ho 1,1,1,1(x) — 2(218 — 602~ + 1622

— 75z + 272 Hy 01,11 () + (— 166 — 422~ + 4272 — 482) Hy 10,01 ()
+ (332 + 84271 — 827? + 962) H11,0,1,1(x) + 6(98 + 1227 + 13z + 32%) Hy,1,1,01 ()

IR ]

1
+ (7—( — 383433 + 124052 " + 7682 > — 1554672 — 104932?)

2
1
+ Zg( — 316071 + 35745z~ — 245022 — 3202~% — 30729z — 103912?) H; (z)
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1 3
4715(4—26277%—321x_14—230x‘24—60x_34—3373x47297x2)£ﬁJ(x)477(4—981

\)

615 217z~
— 2610~ + 26277 = 2092 +30%) H111(2)) o+ ( — 20 —

7452% 1
- 1; +18@%1—1mzp1+7mx2—7zv3—6Nx+4ﬂx%ﬂﬂm)@>

+ 4272 — 126z

+ fon (— 6027 Hy 1111 (2) — 1027 Hy 1 (2)(3) + 2 ((2 + 2)(5 4 22) (24H0,0,0,0,0,1 (%)

+12H0,0,1,00,1(2) + 24Ho1,00,1,1(2)) + (32 4 27z + 42°) ( — 56Ho,0,0,1,1,1(2)
—48Ho0,1,1,1,1(7) —4Ho1,01,1,1(7) —4Ho11,001(7) +8Ho1,1,0,1,1(7)
+12Ho1,1,1,0,1(2) — 4H1,0,0,00,1(2) — 24H1,00,0,1,1(7) — 24H100,1,1,1(T)

—8H1,0,1,01,1() +12H101,1,01(2) —4H1,1,00,01(%) —8H1,1,00,1,1(%) +4H11,01,0,1()

+ (36Ho,1,1,1 () + 12H1 00,1 (%) + 20H1,0,1,1 () + 12H1 10,1 (x) — 8H1 (2)(3) (2

- %Hl,l(ﬂﬂ)@ +12H1 0,1 (2)¢3 — 22H1 (2)¢5)

+ — (21748 + 43442~ — 384272 — 3873z — 48882% — 722%) Hy 00,1 (2)

_.I_

O = =

— 00

29830 — 3675z~ " + 10222 + 72273 — 6222z — 22422” — 9902°) Ho 0,11 ()

+
&~

(2420 + 103052~ ! — 66622 — 36z ~* — 26079z — 25762 — 2432°) Ho 1,01 ()
12822

2180 2
+—(———f—%46x’1——4x’2—%231x—— )fﬂlQGDJ(x)+—§(——82——582x’1

3
-2 2 3 3062 -1 -2
+ 78z~ % 4 225z 4 208z* — 36x°) Ho,0,0,1,1(2) + (T + 14527 — 162~ + 579z

12422

2
4—6x3>lﬂlleJ(x)+—§(——100——606m’14—66x’2—k4335x—%634x2

+ 722 Ho0,1,1,1(z) + (938 + 11z~ + 42~ + 569z + 802* — 62°) Ho,1,0,0,1 (2)

2 368

+§(—@8—mel+%m4+4%x+1mﬁﬂ%&m4@)+(—77+1mf4
292>

— 98272 — 4197 — " )fﬂLLlpJ(x)+—(——36——12x_1%—6$_2——191x——76x2

—62°)Hy 0001 (%) + (— 6627 + 242072 — 4( — 61 + 1772 + 222 + 92%) ) H100.1,1(2)
+ (184 4+ 47271 — 8272 + 47z + 4227 + 32°) Hy 01,01 (2)

— 12(56 + 45z + 42%) Ho0,0,0,1,1(z) — 4( — 38 — 272 + 22%) Ho,0,0,1,0,1 ()

— 4(100 + 81z + 82%) Ho,0,1,0,1,1(x) + 4(100 + 81z + 82%) Hy 0,1,1,0,1 ()

+2(28 + 27z + 87%) Ho1,0,0,0,1 () + 18(4 + 32) Ho1,0,1,0,1(2)

1
+(iﬂ—45ﬁ8+2aBMrl—1%4ﬁ2—9mr3—4m&M—4m&9+2$@ﬂH@ﬂm

1
+ 15 (14846 + 457501 — 49827 + 3873z + 7842% + 1442°) Ho 0,1 (2)
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=

-1
87921

42592
2

1
+ ( — 1343 + — 4142” + 159:3) Ho,1(x) + (2254 + 800z !

1
— 128272 + 5552 + 23022 + 692°) Hy 91 (x) + 3 (880 + 621z — 522%) Ho 0,01 ()
1
+ 3(304 + 243z + 202%) Ho 11 (x) + 3 (592 + 459z + 202%) Ho 10,1 (2)

2
+ (750368 + 1514z + 416z

+ 72:c3>C3) ot ( - %( 56332 + 1852~ — 30090z

1
+191962” — 4592°) + Top (65048 + 16695z~ + 1110272 — 1604862 — 546462

1 1
— 38012%) Hy(z) + E(6088 + 53192 + 1004x2)H0,1(x))g§ + —(— 359312

420
670

1
— 297621z — 375162%)¢3 + (? 46501 — 1402 + 674z + +122%) Ho 1 ()Cy

5450  4217x 119822 3
T3 T T2 T3 _3033)(5)

7022

+4(95 + 81+ 132%) GG +

+8f_, $3$H07071($)C3:| . (4.5)

a3 [_ 932731

Y 6561 + f 2% (482 Ho0,1,1,1,1(2) + 24xH1 001,11 (2) + 82H11,00,1,1 (7))

1 1
7 —— 1 — 38452821 + 414 H, —(—9541 — 44402~ "
+x<5184(65505 384528z + 414773x) Ho 1 () + 108( T

1
+44172) Ho g1 () + 1 (— 4804 — 70221 + 174272 4 32092) Ho 1,1 (z)

1 1
+ @(11669 — 7590x_1 _ 234_@‘2 + 78253;)}[170’1(‘%-) + E( — 5749 + 19321:—1

439 857! 413z
— 144272 + 517z) Ho 11,1 (x) + ( - — - +a7% 4 7>H1,0,0,1(£L')

9 6 18
107z~ 26 1
3:1: + %)HLQJJ(JJ) + 1—8(40 — 9229771 + 581$)H1,170,1(x)

4
— §(—209 + 18271 + 1192)Ho 1111 () — 8(—19 + 2271 + 162)Hy 01.1.1()

+ (-4

2 2
+ §(14 + 327t —5x)Hy1001(7) — §(—103 + 627 4+ 1212)Hy 1 01.1()

2
—(25 — 61x)H (
+ 3( 5—61x)Hi11001(2) + 186624

1
+ 55 (208069 - 337772~ — 216022 + 20648z ) Hy (z) +

1
— 271a) Hyi(2) + £(179 = 1172 — 4943:)H17171(95)>C2

(31005587 + 995328z~ + 26479789z)
1
36

(3964 — 5612~! — 9022

1 1
+ (%(13139 + 486! — 20510z) + 2—7(1079 + 44727 — 54272 — 1670x)H1(x))<3>

+ <(3 +2?) (= 6Ho1,1,1,01 (%) + 4H1,01,01.1(%) — 2H1,101,01())

+ (2 — 2 +2%) (4Ho,1,1,0,01 (%) — 8Ho1,1,0,1,1 (%) + 4H1 0,0,00.1(2) + 24H1 0,0,01,1(2)

17 -



1
+ 4H17170’07071(:E) — 12H1707071( )CQ) - — (2809 + 4202~ — 2780z + 1593$2)H07070,1(l‘)

36
N (_ 598 562" 2322°
3 3

+ 4272 + 89z —

1
)HO,O,Ll(-T) + %( — 1033 — 8102~*

193 94 5222

— 36272 + 4532x — 611I2)H0,17071(33) + ( - ? — 22~ Tm — Tx)H&O,O,O,l(fE)
-1 -1 531’2

+ (=43 + 78271 + 82 — 622%) Ho 01,1 (7) — (63 + 8z~' — 21z + 3

(20 + 33z~ — 2892 + 39 )HO 011,1(z) + = (— 164+ 627" + 91z

119 16033 1
—Tlx )HQ 1,0,0 1( )+ (7 + 8x~ 5 + 13z >HQ’]_707]_7]_($) + 6(211 — 8471

— 104z +1222%) Hy 1,10.1(x) +

)Ho,0,1,01(x)

+

oo\woo\_n
| =

1
§(17 + 927 + 142 — 10352)H1,0,0,0,1($)

+3 (58 + 18271 — 107z + 612°) H100,1,1(z) + (=15 — 4o~ + 92) H1 0.1,0,1 ()

—4(2 — x4 22%) Ho,00,0,0,1 (x) + 4(14 — 7z + 52%) Ho,0,0,0,1,1(2)
—2(10 — 52 + 22%) Ho 00,101 (%) + 4(19 + 4z + 52°) Ho 0,0,1,1,1 ()
—2(2 =2+ 22%)Ho 01,001 () +4(8 — 4z + 32%) Hy,1,0,1,1(x)
—4(5 + 2x)Ho0,1,1,01(%) — 20°Ho1,00,0,1(x) — 120Ho1,0,0,1,1 ()
+ (= 7420 —2*)Hop0101(2) = 2(5 — 162 + 72*) Ho1,01,1,1(2)
2395  269z~!

2 -2
+ 4( —54x—2x )H170,171’071($) + (( 21 6 —2x7° + 85z
2 1 1
775 )Hgvl(w) + E( — 1177 — 249z~ + 4372 — 992%) Ho 0.1 () + 5 — (1307

1
— 4142~ — 328z + 809m2)H0,171(w) + 1—2( — 467 — 19227 + 262z + 372%) H1 01 ()

3
( — 115 4+ 56x — 33x )Ho,Lo,l(a:) — 5(49 — 26x + 25x )HO,l,l,l( )

—_

— 41 + 222 — 212%) Hy 01,1 (2) + = ( — 49 + 26z — 252%) Hy 10,1 (2)

O |

2
1
1
1 1 )
+ (— — 8665 + 5738z — 31092%) + — (— 47 + 3820 — 1432 JHi(2)) ) o
1
( ~446128 — 96386z — 1190992%) + == (6602 + 5550~ — 86452

+58082%) Hy () + 4173 4 1482z — 274922) Ho 1 () + 461 + 3514z

80~
(3429421 + 40854462 — 6921472°) (3

160(
— 1325:132)H1 1($))C2 +

120960
+ (18 (307 — 12621 — 974 + 2472%) Ho 1 (z) + 2(—2 + 2) Ho o1 (z) + ( — 29 + 222

— 17z )H17071($)>C3 + %( — 287 4 2772 — 1972%) (5 + (%(1405 — 1762 + 23427)

~ 18 -



1
—2(3 — 39z + 142%) H, (x))g5> + m(70816 — 9665181z~ 1) Hy (z)

1
+ @( — 315557 — 7385042 ! + 1106642 %) Hy 1(z) + — ( — 13769 — 3621z~

54
+ 3114272 — 32427 Hy 1 1 () — %(82 — 411z~ + 5427 %) Hy 111 ()
— 2??(—44 + 92 ) Hy11,(2) — 60Ho 11,11, (%) — 48H101,1,11 (%) — 36H11,01,1,1(2)
—24Hq 11,000 (x) —12H1 11,100 (x) — 120H1 11,111 (2) — 51H 7 10,1(2)C2
+ (%(487 — 90z~ Hy 1 (2) — 10Ho 11 () — 30H171,1(x))g3] . (4.6)
4.1 Checks

We have performed several checks on our results. Firstly, we have cross-checked all our one- and
two-loop results with the ones available in literature, finding perfect agreement. Specifically, we
have cross-checked all one- and two-loop results, both for time-like and space-like virtualities of
the boson, with the results in the ancillary file SemilepFF.txt included in the arXiv submission
of ref. [43]. As mentioned earlier, we have cross-checked the computation of the relevant three-
loop MIs numerically against FIESTA and AMFLOW. The second and most important check
of the UV renormalized three-loop form factors is that they satisfy the universal IR structure.
The Ward identity also acts as a non-trivial check of our computation. It can easily be checked

that the three-loop form factors satisfy eqn. 2.17.

5 Asymptotic behaviour of the heavy-light form factors

Scattering amplitudes in massless QCD provide good understanding of the underlying funda-
mental principles such as the factorization or the IR behaviour of the QCD amplitudes. The
massless form factors exponentiate and demonstrate the Sudakov behaviour, which in turn
has allowed for a rigorous study to predict all the universal contributions of the form factors.
The massive form factors generally do not exponentiate. However, in the asymptotic limit,
when the mass scale is much smaller than the center of mass energy, they do exponentiate and
present a rich structure in terms of IR singularities and high-energy logarithms. A first study
was performed in ref. [62] to comprehend this structure at the two-loop level. In refs. [63, 64],
detailed studies have been performed to find the structures at three loops and beyond. The Su-
dakov behaviour is universal, and hence it is expected that the HLFF will exhibit a combined
behaviour of the massless and massive form factors. We explicitly study the corresponding
RGE and briefly present our findings in this section.

We begin with the observation in refs. [62-64] that the massive form factors factorize into
two contributions F7 and Cz, as described in the following. I denotes the corresponding vertex
i.e. I = G1 and S for the corresponding form factors. The function FI, which contains the

contributions from the universal logarithms and IR structures, satisfies the following integro-
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differential equation
2 2 2 2 2 2
e (o ) =3 [ (e o) w0r (G )] o0
where 2 is the scale introduced for the Sudakov factorization. The key factor is that the mass
dependence is contained in the function K7, while the process dependence through the hard
scale Q2 is contained in the G function. The function F7 is related to Fy, the asymptotic
limit of the actual form factors F7, through the matching coefficient Cy, as follows
F(QQ, t—%a ) CIFI(Q; 2’% %a e) (5.2)
P peops
The Kj and G functions also satisfy the RGE which is controlled by the light-like cusp anoma-
lous dimension. The solutions of the RGE which involve the respective boundary conditions
Ky (as(m%), 1, e) = K7 and Gy (as(QQ), 1, e) = Gy, and eq. 5.2 provide the F} in terms of these
finite functions (K, Gr) and the light-like cusp anomalous dimension (A, in the present sce-
nario). The solutions of Fy in terms of K7, Gy and A up to four-loop are presented in ref. [64]
for the HQFF. We note that these solutions do not contain the contributions from massive

internal quark loops. The corresponding solutions for the HLFF are same except the fact

that the K; have to be interpreted differently as described in the following, and the Sudakov

L=l <—q22> (5.3)

K1 encapsulate the universality of the IR structures, and hence we anticipate that Iy in the

logarithm is defined as followed

present case will show a combined behaviour of the respective functions Kro and Ky ,, in the

massless and massive form factors. Indeed, we find
1
Kr= §(IC[,0 + ’Cl,m) . (5.4)

Eqs. (10)-(13) in ref. [64] along with eq. (5.4) provide the Fj for the HLFF. All the appearing
anomalous dimensions admit series expansion in a. The light-like cusp anomalous dimension
is now known up to four-loop order [117-120]. Kjo has been computed in terms of the light-
like cusp anomalous dimension and presented up to four loops in [59]. In [64], Kt ,, has been
conjectured to be a combined contributions from the collinear (By), soft (f7), quark mass (7,)
and heavy quark (y¢g) anomalous dimensions. v, = By + % is available up to four-loop level
[117-120]. 7y, is also available up to five-loop level [69-71, 121-123] whereas 7 is known up
to three-loop level [54, 64].

In summary, all the constituents in the generic structure of Fy are known except for the
other finite function G;. At this point, we consider our exact computation of the HLFF up
to two-loop in the asymptotic limit, and compare order by order in € and L. We find perfect
agreement for the poles in € except for the single pole. In the next, by demanding the equality

again order by order in € and L, we find the finite function G; and the matching coefficient
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Cr. The finite function G; captures the Q2 dependence of the form factors, not the mass
dependence, and hence we find them the same as in the case of massless form factors, as
expected. We also find that the matching coefficients of HLFF and HQFF (Cy,,) also are

related. In case of the vector form factor,
1
Cv =C7,, - (5.5)

The square-root is also expected as each massive leg contributes equally to the matching
coefficient, and in case of the HLFF, there is single massive leg present. However in case of the
scalar form factors, the overall renormalization of the Yukawa 1coupling are the same in both
the HLFF and the HQFF. Hence, Cg contains an additional Z3.

Next, we extend our study to the higher orders in «;. Now, we use all the available
quantities, and predict the three- and four-loop HLFF in the asymptotic limit. For the three-
loop form factors, we predict all the poles and also the complete logarithmic contributions
to the finite part (653,0) and SG9 . the € coefficient of the three-loop form factors Ggg)
and S®) in the asymptotic limit). The three-loop matching coefficient is known partially
i.e. the complete light-quark and the color-planar contributions. Hence, the non-logarithmic
contributions to ég?),o) and SG9 have been obtained for these color configurations. We take
the color-planar contributions of the predicted results and compare those with our computed
ones after performing appropriate Taylor series expansion in the large-z limit, finding complete
agreement. This provides strong checks on both the computations. On one hand, it ensures
that the three-loop computation is correct and on the other hand, it showcases the richness of
the universal structure of the QCD amplitudes.

In the following, we present (N}gg’o) and S0 We define the following two constants

c1 = 12¢210g2(2) + log(2) + 24Li4<%) , (5.6)
es = 26¢210g(2) — 20¢2 log3(2) — log®(2) + 120Lis (%) . (5.7)

We present all the logarithmic contributions and the partial non-logarithmic contributions

originating from the complete light-quark and color-planar corrections.

169 6, 2473 5 yaf 6379 97G 512680  75C  T15Gs
144 240 96 ' 16 48 8 6

5643 2331, 6211
+ L2< - -

G = cp| -

1907 8361
2
S 6 2t g2t C3+24C210g(2)>+L< <

10057 . 24107 , 5161, 209 1623
- - T s — (5 — 96(, log (2
Tt @ 30 %2 1 ¢z + 5 (2C3 : (5 — 96¢2 log( )+801>]
451 39395 145, 61127  709C,  583(s
2 _ =715 4 2T 3 _ _
+CACF[ T < 864 24 >+L < 216 2 6
709445 6589 1033 482273
2 o 2 o o
+L < o T @ gy G 524G 12g21og(2)> +L< o6
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e = 1
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The X, g’l’o) and X ég,o) denote the color-non-planar contributions to the non-logarithmic part
of égz«;,o) and S0 respectively. In the appendix D, we also present the four-loop form factors
(CNT‘YL) and 5’(4)) in the asymptotic limit. The available ingredients allow us to compute up
to the %3 pole with complete color dependence. For the complete light-quark contributions,
we obtain complete result for the }2 pole, complete logarithmic result for the % pole and up
to O(L?) for the finite part. For the rest of the contributions, we obtain one less order in L

compared to the light-quark contributions for each e order.

6 Conclusions

In this paper, we have presented the three-loop QCD corrections to the heavy-light form factors
in the color-planar limit. We have used the generic techniques of IBP reduction and the method
of differential equations to compute the bare form factors. Following the appropriate ultraviolet
renormalization procedure through a mixed scheme, we obtain the renormalized form factors
which satisfy the universal infrared behaviour. The form factors are expressed in terms of
harmonic polylogarithms and generalized harmonic polylogarithms. The results presented in
this paper are the first steps to obtain a precise third-order QCD corrections to the heavy-to-
light quark transition. The results will be very important in the precise determination of the
properties of the top quark decay at third order in the strong coupling constant. The results
can also be combined with the jet and soft function in the SCET framework to obtain a precise

phenomenological determination of the CKM matrix elements |V;| and |V,|. Hence, they are
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also very important for the study of flavour and CP violation within and beyond the SM of
particle physics.

We have also studied the asymptotic behaviour of the HLFF by solving the integro-
differential Sudakov equation and the corresponding RGE. The systematic study has allowed
us to find a connection among all types of form factors and also enabled us to obtain complete
logarithmic corrections at three—loop level. We also compute partial four—-loop results, which
can be fully determined by performing an explicit four—loop calculation of one of these massive

form factors.
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A One-loop form factors

In this appendix, we present the one-loop form factors up to O(e?).

iV = CFL%{ - 1} + %{ - g - 2H1(x)} + { — 6+ f5 Hi(x) — 2Ho,1(x) — 4Hy 1 (x)

- %Cz} + 6{ — 12 -+ f3 (H071(l‘) + 2H171(.’L‘)) + 4f2 Hl(x) — 2H07071($) — 4H07171($)
—4Hy01(x) — 8Hy11(z) — ZCQ — Hy(z)C + éCg} + 62{ — 24+ f, (8H: ()

1
+4Hoq(z) + 8H1,1(x)) + f5 (2Ho,1,1(2) + 2H1,0,1 (%) + 4H1 1.1 () + §H1(33)C2

+ Hooq(z)) — 2Ho0,0,1(z) — 4Ho 01,1 (z) — 4Ho 10,1 (z) — 8Ho11,1(2) — 4H100,1(x)

9
—8Hy0,1,1(x) —8H11,0,1(x) —16Hy11,1(x) — 3¢ — Ho1(x)Ce — 2H1 1 ()2 — EC%

+ gc;g + ;Hl(x)@,} + 63{ — 48 + f2 (16H1 (3;') + 8H0’1(x) + 16H171(£L') + 4H07071(:C)
(

+ 8H()71,1(:L’) -+ 8H170,1(IL’) + 16H17171((E) + 2H1(:E)C2) + f3 (2HQ,07171 .T) + 2H0717071((E)
+4Ho11,1(x) + 2H100,1(x) + 4H1 01,1 (2) +4H1101(x) +8Hy1 1,11 ()

IRt Rt ] sbyty

1 1
+ (§H0,1(f'3) + Hi(x))¢2 — SH(2)G + Ho0,0,1(x)) — 2Ho0,00,1(x) — 4Ho 00,11 (2)

—4Ho0,1,0,1(2) — 8Ho,0,1,1,1(x) —4Ho,1,0,0,1(x) —8Ho1,0,1,1(x) —8Hp1,1,0,1(2)
—16Hop1,1,1,1(2) —4H1,0,0,0,1(2) —8H1,0,01,1(2) —8H1,0,1,01(2) —16H101,1,1(2)
—8H1,1,0,0,1(2) — 16H1,1,0,1,1(x) — 16H1,1,1,0,1(x) — 32H11,1,11(2) + ( — 6 — Hoo1(x)

—2Ho11(x) —2H10,1(x) — 4Hy 11 (%) + éC3)C2 + (2+ g 0.1() + §H1,1(9€))C3

— 24 —



1

456 B+t <x>)}] - (A1)

GV = [{ - QH;M} — {2 (@H (@) + 21 (@) + Hoa() |+ - - (2(4H0(2)

SN

+8H11(x) + 2Ho11(x) + 2H10.1(x) + 4Hy 11(2) + Hop,1(2)) + (16 4 G2) Hi(x)) }

1
+ 63{ — 37 (6((16 + G) Hi1 () + 4Hoo,1(x) + 8Ho11(x) + 8Hy0,1(2) + 16H1,1,1 ()
+2Ho0,1,1(x) +2Ho1,0,1(x) +4Ho11,1(z) +2H1 0,01(2) + 4H101,1(2) + 4H1,1,01(2)

IR ]

+ 8H171’171(£U) + H0,07071($)) + 2(48 + 6o — Cg)Hl (ZL') + 3(16 + CQ)HO,l(x)) }:| . (A2)

T

G:(gl) _ OF |:{4 — 2f2,3 Hl(fE)} + ;{8 + f2,3 (_ 2H0,1(.’E) _ 4H171(5L')) B 4f3 Hl(ﬂf)}
2
+ 6;{16 + fo (= 8Hy(z) — 4Ho,1 (x) — 8H11(2)) + fas (— 2Ho0,1(2) — 4Ho1,1()
3
—4H,01(z) — 8H1,11(z) — Hi(2)() + 2(2} + 62{32 + fs (— 16H;(x) — 8Ho ()
— 16H1 1 (x) — 4Ho0,1(x) — 8Ho1,1(x) — 8H1,0,1(x) — 16H1 1,1 (2) — 2H; (2)C2)
+ fos (—2Ho,0,0,1(x) — 4Ho,0,1,1 () — 4Ho,1,0,1(z) — 8Ho11,1(2) — 4Hy 00,1 ()
—8Hy01,1(x) — 8Hy11,0,1(x) — 16H11,11(x) + ( — Hoa(z) — 2H11()) G2

5Lyt

+ ;Hl(l”)(s) +4¢ — g@ﬂ : (A.3)
50 = 3 { - 1)+ 1{ - § -2} + { -1 20 (o) - 2Hos(2) - 4H1s(2)

— %CQ} + 6{ —8— 2f_1 Hl(a:) — 2%71H071(£C) — 4:671H171(:L') — 2H()7071(.7J)
—4Ho11(v) —4H10.1(2) — 8H111(7) + %C3 - i(z (5+4H, (l’))}
+ 62{ — 16+ f4 (—4H1(x) — 2Ho(2) — 4H11(2)) — 22 ' Ho1(2)

—d4a ' Hy 11 (x) — 4 Hyo1(2) — 827 Hy11(z) — 2Ho00.1(x) — 4Hoo1.1(x)
—4Ho10,1(z) —8Ho11,1(x) —4H100,1(7) — 8H10,1,1()

9 9

—8Hy101(z) — 16Hy 1,1,1(x) + ( — 2 — 2 " Hy(2) — Ho(z) — 2H11(2)) 6 — — G5

L1, 10
+ égg (5+4H1(@)) b+ 32+ £, (— 8H(x) — 4Ho, (x) — 8H1a(x)
—2Ho 1 () — 4Ho,1(z) — 4Hy 01 (z) — 8H11,1(x)) — 227 Ho 00,1 (2)
— 4z Hoo11(z) — 4o Hop01(2) — 827 Ho 11,1 () — 4o Hig01(2)
— 8z 'Hy1,1(x) — 82 'Hy01(x) — 1627 Hy1,1,1(2) — 2Ho,0,00,1(2)
—4Ho0,0,1,1(7) —4Ho01,01() —8Ho0,1,1,1(x) —4Ho,1,00,1(%) —8Ho1,0,1,1(T)
—8Ho1,1,01(7) —16Ho1,1,1,1(7) — 4H1,00,0,1() —8H1,00,1,1(7) — 8H1,01,0,1()
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—16H10,1,1,1(2) —8H1,1,00,1(x) —16H1,1,01,1(x) — 16H1 1,1,01(2) —32H1,1,1,1,1(x)

+ ( — 4+ (—1 — x’l)Hl(x) — x71H071(1‘) — 21‘71[‘[171(33) — H070’1(x) — 2H0,1,1(x)
1 4 2 2 4

— 2H17071(.%') — 4H171,1(.%') + 6C3)C2 + (g + §$71H1($) + §H071(a}> + §H171($))C3

+ ég:; — %gg (5+4H, (x))}} . (A.4)

B Two-loop form factors

The two-loop form factors are presented up to O(e) in the following.

o =a[a{s) + {5 e}« 1T e 2t st )

+7{g+ (=13 + 552) Hy (x )—fs Ho () + 2(—3 + 14x) Hy 1 (z) + 2Hy 01 (x)

el 8 2z

—|—12H0,171(:1?)+8H1,071( )+32H111( ) 13 ¢3+ (2(11+4H1( ))}4—{%
~1(z

+ fo 2°(1 — 42+ 52%) (8H 1041 (z) + )2) + & (%(91 — 152" — 157z

—192%*)Ho(x) —4(— 1+ 2" + 21z — 72*)Hi g1 (2) + (é( — 399 — 642z + 972?)

— (70 = 527! + 91z — 202°) Hy (2))¢2) + 2° (( — 1 + 5z — 32° + 2°) (16 Hy 1,01 (2)
+8Hy_1(z)¢2) + (27 + 271 — 92 — 252% + 122°) Ho o1 (x) — 2( — 59 + 5o~ ' + 83z

— 562 +302%) Ho11(7) — 2(— 2 — 22 + 2?) Ha 11 () + 2(3 + 112 — 5a?

+32%) Ho,0,1(2) +4(9 + 92 + 132% — 32°) Ho 01,1 (7) — 42 (18 — Tz + 32%) Ho 1 0.1(2)
+ (61n(2) (10 — 22z + 52° + 42”) — 6( — 2 — 22 + 2°) Ha(2) — 2(17 4 41z + 92?
RIS

2%)Ho1 (7)) + 55 (199 + 2699z — 9152% + 449z 7( — 166 + 246z — 752

—322%)(3) + 72(153 — 492~ Y Hy () + (134 — 25271 — 59z) Hy 1 ()
— 4(—26 + 7$71)H17171( ) + 56H07171,1( ) — 8H1707071(l‘) + 48H1,07171(:L‘) + 32H1717071($)

28 4909
+128H11,1(x) + 8H1a (0)G2 — T Hi(@)Go p + e

+ 16582) (8H,17071(l‘) + 4H,1($)C2) (1 — 4z + 5$2) (16H1’,1 071(1‘) + 32H,1’070’1($)

)

+16H 10,1,1() + 16H _1101(z) —32H_1 101(2) + (— 24In(2) H_1(x) + 8H1 1 ()

22 (7172

2
—16H_11(z) — 16H_1 _1(z))Co + 6H_1(2)(3)) + 2((410 — 872! + =

— 1452) Hy 1 (z) + (532 — 982" — 1342) Hy 11 (2)) + 22 ((207 — 552~ — 290z
— 422%)Ho 1 (z) + (183 + 21 — 2952 + 272%) Hy 0.1 (z) — 4(— 9+ 5z~ + 85z

1 1
—292%)Hy 101 (%) + (g( — 735 — 2794z + 489z%) + 5(—199+ 143771 — 423x

+1672%) Hy () + ( — 300 + 182! — 342z + 642°) Hy 1 (2)) (o)
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+2°(— 16Lig(4)(—4 + 32) ( — 4 4 5 + 22%) — 3 In*(2)(—4 + 3z)( — 4+ 5z + 22?)
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+ ( — 48 IH(Q)H(),_l((I}) + 16H0707_1($) + 16H0717_1({L') — 32H07_171($) — 32H07_17_1(x)

1521 14723
L q14p — 2122 4 T
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1 1

— 9452° + 4992°)(3) G + (55 (=45 — 100692 - 44492% + 20452%) + = (=561 + 35z

— 9272% + 2372°) Hy (2)) (3 + (%( — 1129 + 903z + 8672> — 6772°)

1
+3( =376+ 44z~ + 216z + 3132* — 1702°) Hy (z) — 14( — 2 — 22 + 2*) Ha(x)
4 1
+ 5 (=404 122 - 572% + 132%) Ho 1 (2)) (s + = (= 761415132 — 2003z + 6412°)(5)
1

+ Z(815 — 331z Hy(z) — 40(—10 4+ 3z~ V) Hy 1 1.1 (2) + 240Ho11,1.1(2) + 16Hp 1211 ()
+ 224H17()717171(33) — 48H171,07071($) + 176H171707171(.T) + 128H171717071(x)
+ 512H171 1.1 1(33) + 16H171,27171(I) + ( — 48 111(2)H171(I) + 48H07172(:L‘) + 32H17171(SU)

ybyty
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+48H,12(7)) G2 — 532H1,1(x><3}]

11y 1049 11 1 g 1549 67 11
CrC ey o1 R S (e =
+ FA[ {4}+é{w4'3 1("’;>+2<2}+e{ 216 9 o+ 56
89437

+ Z@( e 8H1(5"))} + { 1296

1 1
—2H_1(z)(2) + zQ(g( — 2274 33z~ 4 1572 — 1162%) Ho 1 (2) + (=47 +492

+fa.z (1 —4x + bx )( — 4H_170,1(£L‘)

— 442%)Hy 01 (z) + (%( — 419 — 1178z — 8152%) + %( 65— 122! — A1z

= 562%) Hy(2))C2) +7°(( = 14 52 = 32% + 2%) (= 8Ho, 1,01 (2) — 4Ho,-1(7)C2)
3

+ %(8 + 36x — 3322 — 20353)H07071($) + ( — ; + 56z — 7322 + 6271:)}]07171(3;)

— (2 + 2x — 562)H271’1(I‘) + 2(1 + 10x + 4%2)H0’070’1($) + 4(1 + 2z + 4$2)H0’071,1(IL’)
—2(1+4 22 +42?)Ho 10,1 (z) + (— 31n(2)(10 — 222 + 52° + 42°) + 3(— 2 — 22

:UQ)Hg(m) —2( =1+ 26z +42%)Ho1(2)) e + 75 (147 — 23z + 4952 — 932°) (3

1
(632 — 1140z + 6272% — 382%)(3) + 754(72545 + 807z ) Hy () + §:z(—235

" 36
88
+ 3927 + 3492) Hy 1 (2) — 5 Hi(2) +8Hi001(z) + 8Hi(x)Co + 14H, (x)gg}
2009581
{— S + £ #((7 = 170 + 162%) (= 4H_10.(2) = 2H_1(2)2)

+ (1 —4a + 52%) ( — 8Hy 10,1 (2) — 16H_1001(x) — 8H_1,0,1,1(z) — 8H_1,1,0.1(x)
+ 16H,17,170’1(l’) + (12111(2)}[,1(‘%) — 4H1’,1(:E) + 8H7171(:E) + 8H717,1($))C2

1
—3H_1(x)(3)) + (54(

+7792)Hy1,1(2)) + @ (514(

2
+ §( — 385 + 722! + 824z — 4572%) Hy 0.1 () — 2(51 — 663 + 472%) H1,10,1(2)

2
12868 + 3327z + 108372) Hy 1 (z) + (437 + 117271

9002 + 24062~ + 9463z — 4163x%) Ho 1 (v)

1 1
+ (ﬁ;( — 10445 + 2638z — 2502527%) + s (509 — 261" + 1475z — 19392%) Hy (z)

—4(21 + 427! + 122 4 192%) Hy 1 (2)) C2) + 2% (8Lia(4)(—4 + 32) ( — 4+ bz + 22%)

- %111(2)4(—4 +32)(— 4+ 5z +22%) + (— 1+ 52 — 32 + 2%) (= 16Ho0,—1,01 ()
—16Ho,1,-1,01(%) — 32Ho,~1,00,1(z) — 16Ho,—1,0,1,1(%) — 16Ho —1,1,0,1(7)

+ 32Ho,—1,-1,01(2) + 16H1,0,-1,0,1(2) + (241In(2)Ho,—1(z) — 8Ho,—1(z) — 8Ho1,—1(x)
+ 16Ho,—1,1(z) + 16Ho—1,—1(2) + 8H1,0,-1(2))¢2 — 6Hy,—1(x)(3)

+ é( — 430 + 99z~ + 822z — 5882% + 792%) Hy 0.1 (x) + é( — 1184 + 1442~ + 1860z
— 14912% 4 6892°) Ho 1,1 (z) + (2 — 162 + 172 — 52%) Hy 1 1(2) + (6 — 18z — 2927

— 702%) Ho,0,0,1(2) + 42(7 — 70z + 82°) Ho 0,11 (z) + 2(3 + 952 — 542”
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+112*) Ho 10,1 (2) +2( — 2 + 1682 — 2192° + 622°) Ho 1,11 (2) + (44 — 827! — 362

— 682% + 842°) Ho—1,0,1(z) + (— 7+ 96z — 792% — 42°) Hy 001 (7) + 2( — 26 + 1282
—1512” + 462%)Hy1 011 (7) + (— 8+ 42~ + 162 — 62°) Hi 011 (2) +2(— 2 — 22

+ 332)H2,170,1(93) + 6( —2 -2z + 932)H2,171,1(33) + 8(1 + Tx + 43:2)H0,070,071(x)

+8(2 + 11z + 82%) Ho,0,1,1(2) + 2(5 + 22z + 202%) Ho 01,01 () + 24 (1 + 2z
+42%)Ho1,1,1(2) + 2(3 + 222 + 122%) Ho 10,01 () + 8(1 + 22)2 Hy 10,11 (2)

—8(1+ 3z +42®)Ho1,0.1(z) — 4( — 13 + 522 — 382% + 142°) H10,0,0,1 (2)

+8(2 — 11z + 527 — 32%) Hy 0011 (%) — 4( — 5+ 10z — 162* + 42°) H1,0,1,0,1 (2)

+ (21n%(2) (38 — 58z + 112* + 122%) + In(2) (3( — 40 + 1062 — 672> + 32°)

—6(1 +2z)(4 — 82 + 52®) Hy (z) + 48z Ho 1 (7)) — 3( — 2+ 162 — 172° + 52°) Ha()

+ (51 — 827! + 2172 + 62® + 772 Ho 1 (z) + (22 — 4z~ — 182 — 342” + 422°) Hy _1 ()
+6(—4+227" + 8z — 32%)Hi2(z) +5(— 2 — 2z + 2%)Ha 1 (z) — 2( — 9 + 34x — 2827
+82%) Hoo1(x) — 8( — 1+ 252 + 42%) Ho 1,1 (z) + 4(3 + 14z + 122°) H1 0.1 (2)

+ é(zm + 663z + 15572% — 1512%)(3) G + (%( — 1681 — 763z — 23462 — 9392%)

2 1
— g( — 94 + 491z — 2552° + 1212°) Hy (2)) (5 + (@ (2558 — 12480 + 68912

83 6722 7923
+31932%) + (5 — 1207 — 80z + 2o +

—6( — 3+ 20z — 82% + 42°) Ho 1 (2)) (3 + %(207 — 651z + 6132 — 2152°)(5)

VHi(z) + 7( — 2 — 22 + 2%) Hy(2)

1
+ @(—70165 + 339633771)]'{1(:6) — 176H1’1,171(a:) — 8H071727171($) + 40H17170,071($)

+ 8H171707171(1‘) - 8H1 1.2.1 1($) + (24 ID(Q)HLl(aZ) — 24H071,2(9:) + 32H17171(1‘)

y bty

— 24H171,2(£U))C2 + 46H1,1(x)C3}}

Gl [613{ - T @) e+ D@ o)+ {
38

4 8 8
+ ﬁ(n — 3z YH(z) — §(—19 + 327 ) Ho1(2) + 5(19 — 32 VY Hy 1 (x) + 3 0.0.1(%)

16 16 32 26 1
+ ?H(),Ll(ib) + EHLQJ(:L') + §H171’1(l’) + §C3 + §<2 (85 + 48 H; (CE))}

171101 4
6{ ’]7_942 + (_9 + 475[7)(51571]’]0,071(.@) -+ §$71H07171(1U) + §$71H17071(13)
+ gxflfh,l,l(x)) + 57 (5813 - 232521 Hy (z) — 57 (—281+ 9321 Ho 1 (x)

8
— 2—7(—281 + 93.%71)H1’1($) + 8H070,071(1:) + 16H070’171<1') + 16H0717071(33)

+ 32H0717171(l’) + 16H1707071(33) + 32H170,1,1(az) + 32H1717071(CC) + 64H1717171(1I)
2569 2

49
(574 — §(—131 + 272 V) Hy(z) + 12Ho 1 (2) + 24H1 1 (2)) 6o + ggg
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+5 4“3 (235 + 144H, (x

e

2
+ CFnhTF[ { 2} + { 15 (1111 — 67582 4 70512%) — (89 4 572! — T3a

oo

— 2652%) Hy(2)) + 2%( - §( —1—3z— 32" + 2*)Ho1(2) + %(23 + 315z

— 5072° + 412%) & + g( — 7 — 15z — 212 + 72°)G3) + %f,1 z°(— 3 — 5z + 527

+192%) Ho (2 )+4H1( JGaf +e{ 1 3 ((~ 3= 5w+ 5a® + 192 (2

9
8 16 8 )
+ §H17071( ) - KH_lo 1( ) - §H_ C ) +4$( —1—4dx+=x )HO,]_(IE)CQ)
1

1
545 (15230 — 52348 + 267412°) +

27
— %(89 + 572! — 73z — 26522 Hy 1 (2)) +2°(( — 1 — 32 — 322 + 2°) ( — 8Ho0,0,1(2)
16 16 32 16 16

- gHo 01,1(z) — 5 Hoa o01(z) + gHo,—Lo,l(ﬂC) + ng,o,o,l(x) + gHo,—l(w)Cz)

4
— 5(52 + 9327 + 51z — 842% — 162°) Ho 1 (z) — 5(—2+ 927" + 30z — 15027
16

— 1052%) Hop,1(w) + (= 5 In(2)(1 + 452 — 6927 + 72°)

16 2
+ 5 (- 14104z - 1112* + 162°%) + §(50 + 927" — 36z — 6627 — 852°) H1(2)) (2

5g (43 + 152 + 12027 —432%) (3 + ( (— 43+ 705z — 11372° + 72)

(—5— 21z — 1527 + 52°) H1(2))G3) + iHLl(g;)@H . (B.1)

Ho1,1()

+ 7% (= (305 — 7752~ — 1633z + 17192%) Hy (z)

©l 00 W,

GP =t [ {2 @)+ - o (Ho () + 6514 (2) + 13H: ()}

+ {f,1 7° (14 4z + 2%) (— 16H_101(z) — 8H_1(2)¢2) +2° (( — 61 + 1127
+ 305z + 452%) Ho 1 () + 8(12 + 27 + 322 — 32%) H1 01 (2) + (122(57 + 2z) + (358
— 102" + 442z + 262°) H1(2)) (o) + 2*( — 2(36 + 2~ + 8z — 242 — 32°) Hy 0,1 ()
4( — T8 + 51’_1 +4x + 70$2 + 8$3)H07171($) + 4( — 14 + 6x — 222 + $3)H27171(l‘)
— 16(2 + 3x + 41’2)H0’0,071(l’) — 16(2 + 15x + 4$2) (2H0’0,171(3}) — H()’l’(],l(.r))
—1922Hy 101 (7) + (— 12In(2)( — 22 + 302 — 262” + 92°) + 12( — 14 + 62 — 22°
4
xS)Hg(ac) +48(2+ 11z + 4m2)H071(x) — 962 Ho,—1(x)) (2 — gg (9 + 49z + 18302)(22
+ (— 224 90z — 822” + 412%)(3) + 7(—55 + 51:6*1)H1( )+ (50271
— 2174 + 2)) Hy1 (o) + 56x*1H171,1(:c)} { (10 + ( 377 + 3972~ ) Hy ()

4
+2%(( — 1044 + 210z~" - i 42z) Hy 1 (%) + 4(—470 + 492" — 292) Hy 11 ())
+2°(2(— 189 + 552" + 5042 + 702°) Ho 1 (z) + 3(— 23 + 27! + 119z
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+ 552%) Ho o1 (z) +2( — 379 + 572" + 607z + 492°) Ho 1,1 (z) + (— 670 — 182"

+ 8862 + 822%) H101(7) — 4(—2 + 2)(—10 + 32) Ho 1,1 (x) + 8(43 + 52~ + 117z
—92%)Hy 101 (x) + (— 540 + 2430z — 822° + 121n(2) (92 — 88z + 512?)

+ (=135 — 1752~ ! + 595z + 1072°) Hy (z) — 12(—2 + z)(—10 + 3z) Ha ()

+4(359 — 9271 + 473z + 172%) H11(2)) o + ( — 424 + 1060z — 2592%)(3)

+ 10 (B ((1+42 +2%) (= 32H1 —101(z) — 64H_100,1(z) — 32H_10.1,1(x)
—32H_1101(z) + 64H 1 _10.1(z) + (48In(2)H_1(z) — 16H1 1 (z)

+32H_11(z) +32H_1_1(2)) o — 12H_1(2)(3) — 32(4 — 3z + 62%) H_1 0,1 ()
—16(4 — 3z + 62°) H_1(z)(2) + 962 2(1 + 22) Ho 1 (2)C3)

+ 2% (32Li4 (1) ( — 26 + 42z — 382* + 132°) + §1n4(2)( — 26 + 42z — 3827 + 132%)
+ (2+ 152 + 42%) ( — 192Ho0,1,1,1 (%) 4+ 64H1,00,1,1(%) — 32H1,0.1,01())

—2(52 + 7a~! — 314x — 46827 + 92°) Ho 00,1 (7) + 4( — 144 + 7z~ " + 3742 + 52827
+192%) Ho0,1,1(2) + 4( — 176 — 2352 + 102% + 92°) Hy 1,01 (2) + 8( — 226 + 13z~
+ 21827 +222°)Ho111(2) —32(— 1+ 2 + 32 — 132*) Hy 101 (2) — 8(27 + 27"
+ 152 — 5322 + :E3)H1,07071($) + 8( — 118 + 9z~ ! + 64z + 1422 + 22933)H1,07171(33)
+8(6+ 227! + 6z — 627 +2°)Hy 911 (7) +8( — 14 + 62 — 22° + 2°) Ha 10,1 (2)
+24( — 14+ 62 — 22 + %) Ho 11,1 (2) — 32(4 + 152 + 82%) Ho0,0,0,1(2)

— 32(8 + 392 + 162%) Ho0,0,1.1(2) — 16(10 + 57z + 202°) Ho 0,1,0,1(2)
—384xHo 0 —1,01(7) — 48(2 + T2 + 42®) Ho1,0,0,1 (z) — 128(1 + 63 + 22°) Ho1,0,1,1(2)
+32(4 + 27z + 82%) Ho1,1,0,1 () — 3842 Ho1,-1,0,1(2) — 7682 Ho 1,001 ()

— 384xHo,1,0,1,1 () — 384w Hy —1,1,0,1(x) + 7682 Ho _1,—1,0,1(x) + 32(2 + 3z

+42%) H10.0,0.1(2) + 3842 H10-1,0.1(2) + (81n%(2) ( — 10 + 662 — 7022 + 232°)
+1n(2)( — 24( — 2 + 6z + 22% + 32°) Hy(x) + 5762 Hy 1 (x) + 5762 Ho _1(x))

—2(280 + 2127 4 12202 + 69222 — 32%) Hy 1 (z) — 16( — 1 + 27 + 32 — 132%) Hy _1 ()
+24(6 4 227" 4 62 — 62° + 2°) Hy 2(x) + 20( — 14 + 62 — 22° + 2°) Ha 1 ()

—16(2 + 33z + 42%) Ho 1 (x) — 1922H o1 (z) + 96(4 + 232 + 82%) Ho 1,1 (z)

— 1922 Ho 1,1 (7) + 384z Ho _1,1 () + 384z Ho_1,—1(z) — 96(2 + 11z + 42*) Hy 0.1 ()

4558 899z
+ 192z Hy0,—1(2) — 8(92 + 549z + 1842%)(3) (2 + (5 +1344e + 216627 — ——

+ 95—6(9 + 49z + 182%) Hy (2)) G + (— g( — 542 + 442" + 1382 + 4062% + 352°) H1 ()
+28( — 14 + 62 — 227 + 2°) Hy(z) — 144z Ho _1(2)) G + 4(16 + 1352 + 322%)(5)

+ 240.751H1717171($)}:| + CpCy |:{f1 f)g(l +4x + 1‘2) (SH_L()J(.T)
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2221

1

+4H_1(2)¢) +7(— 6+ §(173 — 3352 ) Hy(z)) +2°(( — 22 — + 922
11822 9 1

+—3 JHo,1(z) +2(2 + 2)(5+ 92)Hy 01 (2) + (112 + 2102 + 80z” + (52 + 8z

+ 274 + 142%) Hi(2)) &) + 2% (2( — 20 — 402 + 6622 + 32%) Ho o1 (2)

+2( =22 — 562 + 6222 + 72*) Ho 1,1 (x) — 2( — 14 + 62 — 227 + 23) Hy 1 1(2)
—4(2+ 31z + 122%) Hop,1(x) — 8(2 4 Tz + 122%) Hop 11 (x) + 4(2 + T

+122%) Ho1,0,1(x) + 962 Ho —1,01 (%) + (61n(2) ( — 22 + 302 — 2627 + 92%)

—6( — 14+ 6z — 22° + 2°) Ho(z) 4+ 12(2 + 152 + 122%) Ho 1 (z) + 482 Ho,—1(2)) (o

6 1 2
— £ (1841370 + 1082°) ¢G5 + 5 (22— 90z + 8227 — 412%)(3) — ggz?(sz + 13z 7!

+ 5856)H171(:E)} + e{f( -39 — 514(—1151 +1961z~ 1) Hy(z))

1
-+ 5:2(§(1144 — 13192~ — 5092) Hy 1(z) — 4(82 + 132! + 582) Hy 1,1 ()

+ 0 (23((1+ 4z + 2%) (16H1,—1,0,1 () + 32H_100,1(2) + 16H_101,1 ()
+16H_11,0,1 (%) — 32H_1_1,0,1(x) + ( — 24In(2)H_1(z) 4+ 8H;,—1(z) — 16H_11(z)
—16H_1,_1(x))C + 6H_1(2)(3) + 16(4 — 3z + 62%) H_1 0.1 (2)

+8(4 — 3z + 62°) H_1 (2)(2) + 962 x(1 + 62) Ho11(2)C2) + 5:3% (750 — 9342~

+ 609z + 2592%) Ho 1 (z) + ( — 122 — 222" + 60z + 962°) Ho,0,1 () + (— 52 — 32z~
+ 428z + 3062%) Ho 1.1 (%) — 2(83 + 162" + 28z — 632°) Hy0,1(2)

+2(=2+2) (=10 + 32)Ha 1 1 (z) + 8(11 + 30z + 72*) H1 10,1 (2) + (342 + 175z
+1272% — 61n(2) (92 — 88z + 512%) + ( — 281 + 37z~ + 101z — 172%) H, (x)

1

+6(—2+ 2)(—10 + 3z) Hy(z) + 8(25 + 4o~ + 130z + 92%) H11(2)) (2 + 3 (632 + 68
2

+4352%)(3) 4+ 2" (16Li4(1) (26 — 422 + 382> — 132°) — 3 In*(2)( — 26 4 42z — 3827

+ 13$3) + (24 7z + 12:52)( — 48Ho0,1,1,1(x) + 16H1,001,1(z) — 8H1,0,1,0,1())
+2( — 58 4 62 + 4082> + 372%) Ho 00,1 (z) + 8( — 20 + 92 + 1752* + 152%) Ho 011 (2)
+4( — 43 — 1592 + 2322) Ho 10,1 (%) + 12( — 22 — 562 + 6222 + 72*) Ho 11,1 (2)
+16(—1+a '+ 32 — 132%) Hy 1,01 (2) + 2( — 58 — 1052 + 1302> + 152°) H1 00,1 (2)
—4( =2+ 922 — 1022% + 32°) Hy 01,1 (x) — 4(6 + 227" + 6z — 62 + %) H1 11 (2)

— 4( — 14+ 62 — 22% + xB)HQJ’O’l(fE) — 12( — 14+ 6x — 222 + x3)H2,17171(x)

—32(1 + 11z + 62%) Ho,0,0,1(x) — 16(4 + 3z) (1 + 8z)Ho 01,1 (2) — 4(10 + Tlz
+602%) Ho0,1,0,1(2) + 1922Ho 0,—1,0,1(z) — 12(2 + 23z + 122%) Hy 1,0,0,1 ()

—16(2 + 13z + 122%) Ho 1,011 (2) + 32(1 + 22)(1 + 32) Ho 1,1,0,1 (%)

+1922Hy 1,101 (2) + 384z Ho —1,00.1(2) + 1922 Ho —1,01.1(2) + 1922 Ho —1,1,01(2)
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— 3842 Hy 1,10, (%) + 8(2 + 31z + 122%) H1 00,0, (2) — 1922H; 01,01 ()

+ (—4In*(2)( — 10 + 66z — 702* + 232°) + In(2) (12( — 2 + 6z + 227 + 32°) H; (x)
— 288z Hy 1 () — 2887 Hp,—1(x)) +2( — 76 + 82~ — 490z — 5402% — 472°) Hy 1 ()
+8(—1+a ' +3z—132%)Ho_1(z) — 12(6 + 227" + 6z — 62° + 2°) H1 2()
—10(— 144 6z — 222 + 1'3)H271($) —4(2—29z + 121‘2)H0’071(:L‘) + 962 Ho0,—1(z)
+ 962 Ho1,—1(7) — 1920Hy 1,1 (z) — 1922 Hy _1,—1(z) — 24(2 + 157 + 1227) Hy o1 (2)

— 962H1,0,-1(z) — 8(23 + 151z + 1382%)(3) 2 + (%( — 1210 + 12072z + 66662
+17632%) + %(18 + 137z + 1082%) Hy ()¢5 + ((22 + 242" + 348z — 35827

— 92°)Hy(z) — 14( — 14 + 62 — 22 + 2°) Ho(z) 4+ 12(2 + x)(1 + 122) Ho 1 (2)

+ 720 Hy1(7))Cs + 2(8 + 132 + 482%)5) }]

+ ConiTe | {7 (g Hi(e) + Hoa ) + 3 Hia(o)) | + o'

3 3
296 592
+ THOJ(:K) + THLl(m) + 8H()7071(:L’) -+ 16H07171(£C) + 16H17071(.T) + 32H17171(33)

1922

27 M)

+ 12H1($)C2) }:| + CrnpTF |:{{Z‘4( — 96$H070,1(.%') + 96$C3)
+ f2(§(54 +17z) + g(
+ $2)H0’1(£L') + g3_03( —9— 122+ :UQ)CQ} + e{f,l i‘%?(l + 20z

3

, 16 ) 32 ,
+x )H0,1,1($) + E(l + 20z + )H17071(93) — ?(1 + 20z + )H_17071(:E)
2
= (

16 4
— 5 (14200 + 2?)H_1(z)) + 332(§(228 +191z) + o

+ 961z)Hy (z) + 3(322 + 25271 + 252) Hy 1 (2)) + @3(2 (37271 +3(91 — 8z

8
322 + 252" + 252) Hy () + 3/ 7% (1 + 20z

4138 + 9612~ !

+42%))Ho1(z) + (— 64In(2)( — 9 — 122 + 27) — %(90 + 87z +2%) — %(87 + 3z

+ 81z + 52%) Hy(2)) (o) + :34(2 (36 + 32! + 24z — 1242® — 52%) Hy 0,1 (2)

- 2881‘H0’070’1(.%') — 192$H0’0,171(.%') — 192$H071,071($) + 3841'H07_170’1($)

144

—X
)

— 4127 + 22°) — 1920H, (7)) Gs) }} . (B.2)

+1922Hy 00,1 (x) + (1922Ho1 () + 1922 Ho, 1 (x)) (2 — G+ (—16(17+ 11z

e Ll?{xl( — 44 2f, Hi()) ) + %{afl( — 18+ fuy (2Ho1(x) + 12H, 1 (x))

— 35H:(z)) + 14x*2H1(33)} + { — 62z ' + f, 2°(16(11 — 227" — 62 + 32°) H_1,0,1(2)

+8(11 — 227" — 62 + 32) H_1(2)(2) + 2°(( — 111 — 432~ " + 26272 — 169z
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—32%)Hoq(z) +8(—22 — 1327 + 2272 — 122 + 32°) Hy 01 (7) + (4(— 117 + 927!
— 82z + 132%) — 2(407 + 3z~ ! + 10272 — 27z + 152%) Hy (2)) (o) + 2* ((— 8 + 54a!
— dz7% 4 962 — 13227 + 302%) Ho 0,1 (2) + 4(234 — 392~ + 10272 — 2762 + 862°
—242%)Ho11(2) + 4(30 — 34z + 1627 — 32°) Ha 11 (2) + 16(4 + 52) Ho 00,1 (2)
+96(4 + 3z)Ho0,1,1(z) —48(4 4+ 3x)Ho1,01(x) + 64(2 + z)Hp —1,0,1 ()

+ (12In(2)( — 38 + 58z — 40z + 112°) + 12(30 — 34z + 162” — 32%) Hy(z)

16
— 16(28 + 232)Ho 1 (2) + 32(2 + 2)Ho,—1(2)) (2 + + 125+ 103z)¢3

+ (30 — 110z + 802* — 272°)(3) 4+ (103 — 131z~ + 3227%) Hy ()
+2%(344 + Tda~! — 36272 + 1627° — 98x) H11(x) + 56 25 a:’lHLl,l(a:)}

+ e{i(193 — 203271 + %(551 — 673271 +102272) H(2)) + 7%(2(470 + 1032~

— 54z 4+ 162~ — 953) Hy 1 () + 4(348 + 2372~ ! — 82272 + 242~ — 772) Hy 1,1(2))
+2°(( — 2062~ + 98272 — 2(103 + 232z + 5127)) Ho 1 (z) + (— 447 + 21z~" + 50272

+ 59z — 1472%) Ho 1 () +2( — 25 + 7T1z~' — 26272 + 162> — 4312 + 652%) Ho 1,1 ()

+ (—298 + 6022 — 84272 4+ 162~ — 558z + 422%) Hy 01 (z) + 4(32 — 8z~ — 24a
+52%)Ha11(2) +8( =59 — 61z~ + 10272 — 61z + 1522) Hy 10,1 (z) + (— 874 + 278z~
— 1484z + 27227 — (121n(2)) (104 + 8z~ — 1122 + 5327) + (— 949 + 903z~ — 11422
— 2352 + 32%) Hy(z) + 12(32 — 827 — 24x + 52°) Hy(z) — 4(827 + 152! + 18272

248x~1 99122
=852z + ——)(3)

+ 10 (B((— 24 11z — 62 + 32°) (322 Hy 101 (x) + 64z~ H_1 00,1 (2)

+320 ' H 1 911(2) + 320 H_y 101 (2) — 64z " H_y _10.1(z) + ( — 482 ' In(2) H_1 ()
+ 162 " Hy _1(z) — 322 "H_11(2x) — 320 "H_1 _1(2)) (o + 1207 " H_1 (z)¢3) — 32(— 15
+3z7' + 120 — 72®)H 101 (z) — 16( — 15+ 327" 4+ 122 — 72°) H_1(2)(2)

— 288z xHo 1 (2)(3) + 2" (— 32Lig(1) ( — 42 + 702 — 522° + 152°)

— A7z 4 272*) Hy 1 (z)) o + (68 +

4
-3 In*(2)( — 42 + 702 — 522° + 152°) + (4 4 3z) (576 Ho,0,1,1,1(z) — 192H1,0,0,1,1(2)

+96H1,0,1,0,1 (%)) + (24 x) (128 Ho,0,-1,0,1 (%) + 128 Hy1,—1,0,1 () + 256 Ho,—1,0,0,1(2)
+128Hy,—1,0,1,1(2) + 128 Ho,—1,1,0,1(x) — 256 Ho,—1,-1,0,1(z) — 128H1,0,-1,0,1 ()

+ (In(2)( — 192Ho,1(x) — 192Ho,—1(2)) + 64Ho0,—1(x) + 64Ho,1,—1(z) — 128 Ho —11 ()
—128Hy —1,-1(x) — 64H10—1(2))Co + 48Ho —1(2)C3) — 2(352 — 141z~ + 14272 + 254x
+ 3342 — 992°) Ho 00,1 (z) + 4(92 — 13z~ + 14272 — 8822 + 382 — 332°) Ho 1,1 ()
+4(402 + 40z~ — 51z + 42® — 32°) Ho 1,01 (7) + 8(654 — 952" + 26272 — 776z + 2302
—662°)Ho1,1,1(2) — 32(13 — 1127 + 2272 + 92 — 92° + 62°) Hy 1,01 (z) — 8( — 19
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— 23z~ + 2272 + 252 + 3327 — 92%) Hy 00,1 (2) + 8(362 — 832~ + 18272 — 4162 + 1702?
— 4223 Hy 11 (2) +8(— 2227 + 4272 = 3(— 6 + 6z — 4a® + 2°) ) H1 2,11 ()

—8( =30+ 34z — 162° + 32°) Ha 10,1 (z) + 24(30 — 34x + 162> — 32°) Ha11,1(2)
+32(14 + 132)Ho0,0,0,1(x) + 32(34 + 292)Ho 0,0,1,1 () + 48(16 + 132)Ho 0,1,0,1 ()
+16(20 + 192) Ho 10,01 (%) + 128(5 + 4)Ho1,0.1.1(2) — 32(22 + 172)Ho 11,01 ()

—32(4 + 52)Hy 00,01 (z) + ( — 81n*(2)(6 + 38z — 562° + 212%) + 241n(2) ( — 10 + 34=

— 242® + 92°) Hy () + (1728 4+ 4942~ — 84272 + 2104z + 2922° — 1142°) Hy 1 ()
—16(13 — 11z~ " 4 2272 + 9z — 92° + 62°) Ho, 1 (z) + 24( — 2227 ' + 4272 = 3(— 6 + 6z
— 42” + 2°)) Hy 2(z) 4 20(30 — 34a + 162° — 32°) Ha,1 (z) + 48(8 + 52) Ho0,1()

— 32(58 + 47113)H0’171(:E) + 32(28 + 231’)H170,1(1‘) + 8(458 + 367:E)C3)C2

32

1
+ (5( — 13650 — 2696z — 65522° + 1689z°) 2 (125 + 103z) Hy (2)) (3

2
+ (-5 (1542 - 340z~ + 8827 — 1654 + 3162” — 332%) Hy () + 28(30 — 34z + 162°

PRkt ]

— 32%)Ha(2)) 3 — 4(106 + T72)¢5) +240fo5 " Hi 11 1(3:)}}
+ CpCa [{f_1 (= 2+ 11z — 62 + 32%) (= 8z H_1 0,1 (z) — 4o H_1(2)()

+ :z(g(—zzu +269771) + %( — 687 + 125527 — 40627 %) Hy(2)) + 2°( — %(177
—12327" + 22072 + 682 + 92%) Ho 1 (z) — 2(24 + 42~ + 112 + 32%) Hy 91 (2)

+ (= 6(50 + 427 + 53 + 82%) + 2( — 68 — 48z~ + 8277 — 69z + 32%) H1(2)) ()
+2'((2+2)( = 32Ho—101(x) — 16Ho _1(z)C2) + 2(76 + 4z~! — 967 + 1627
—92°)Ho,1(x) + 2(58 + 82" — 24z — 362° + 32°) Ho 11 (z) + 2( — 30 + 34z — 162°
+32%)Ha 11 (2) +4(24 + 172 + 42%) Ho 0,1 (2) + 8(8 + 92 + 42®) Ho 01,1 (2)

—4(8 4 92 + 42?) Ho 10,1 (z) + (61n(2) (38 — 58z + 402 — 112°) + 6( — 30 + 34z

— 162° + 32%) Ha(z) — 4(40 + 35z + 1227) Ho 1 (2)) 2 + %(364 + 317z + 1082%) (3

1 272
+ 5 (=304 1102 — 802”4 272%)(3) — %(14 15107 + 26072 — 420) 1 () }
+ 6{f,1 .fg(( — 2+ 11x — 6562 + 3%3)( — 16:1,‘71H17_17071(:U) — 323371H_1707071(1,‘)

— 16$71H_170’1,1($) — 16.@71[{_171,071(%) + 32$71H_1’_1’0,1($) + (241’71 1n(2)H_1(ac)
— 8%71H17_1($> + 161‘71[‘[_171(1') + 16%71H_17_1(x))<2 — 61‘71H_1(x)<3)

+16( =15+ 327" + 122 — T2?) H_1 01 (z) + 8( — 15 + 327! + 122 — 72®) H_(2)(2)
13 1
+ 93(277(—572 +653z71) + 5—4( — 20559 + 35167z — 89382 %) Hy())

1
+ 5:2(§( — 7258 + 66052 ' — 140222 + 2739z) Hy,1 (z) 4+ ( — 56 + 604a~" — 104z

— 35 —



1
+168z) Hy11(z)) + :33(§( — 7296 + 51422~ ! — 94422 + 3383z — 96927) Ho 1 ()

+ (= 74+ 23027 — 44272 — 160z + 402%) Ho 1 (z) — 2(378 — 200z~ + 32272 + 78z
+392%) Ho,1,1 (z) — 2(127 — 200z~ + 32272 — 76z + 532°) Hy0.1(2) + 2( — 32+ 8z~
+ 242 — 52°) Ha,1,1(2) — 8(31 4+ 4z~ + 10z 4 33%) Hy 101 () + ( — 682 — 662~ + 363
—2592% + 61n(2) (104 + 8z~ — 112z + 532%) + (109 + 91a~! — 6272 + 67z

— 1012%) Hy(x) + 6( — 32 + 827" + 24z — 52°) Ha(v) + 8( — 61 — 482~ + 8272 — 70

2
+32%)Hy1(2)) ¢ + (— 530 — 602" + 198z — 35;”: )¢3)

+ z*((16Lis(3) + §In4(2))( — 42 4 70z — 5227 + 152°)

+(2+2)(— 64Ho0,-1,0,1(x) — 64Ho1,-1,0,1(x) — 128Ho 1,00, () — 64Ho,—1,01,1(2)
—64Ho,—1,1,0,1(x) + 128Ho —1,-1,0,1(z) + 64H10,-10.1(z) + (In(2) (96 Ho1 ()
+96Ho,—1(z)) — 32Ho0,—1(x) — 32Ho,1,—1(z) + 64Ho —1,1(x) + 64Ho _1,—1 ()
+32H10,1(2)) ¢ — 24Ho 1 (x)¢3) + 2(134 + 162~ — 502z + 102% — 512%) Hy 00,1 ()
+ 8(40 + 827" — 1852 — 3927 — 32°) Hy 0,11 (7) + 4(165 + 102" + 3z + 72?

—62°)Ho 1,01 (%) + 12(58 + 827" — 242 — 362” + 32°) Ho 11,1 () + 16(13 — 112"

+ 2272 4+ 92 — 92° + 62°) Ho,—1,0,1 (z) + (344 + 24a~" — 306z + 162° — 422°) Hy 00,1 (2)
+4(26 + 827" + 122 — 642” + 92°) Hy 01,1 (z) + (882! — 16272 4+ 12( — 6 + 62 — 42
+2%))Hy o1 (%) +4( — 30 + 34z — 162% + 32%) Ha 1 0,1 (2) + 12( — 30 + 342 — 162°
+32%)Hap11(2) + 32(9 + Ta + 22%) Ho 0,00, (%) + 16(30 + 25z + 82%) Hy 0,0,1,1(x)
+4(64 + 57z + 202%) Ho0,1,0,1 () + 48(8 + 9z + 42%) Ho 01,11 (2) + 4(56 + 43z
+122%) Ho1,0,0,1 () 4+ 16(12 + 112 + 42®) Ho 10,11 (z) — 32(5 + 5z + 22%) Ho 1,1,0,1 (2)
—8(24+ 17z + 4562)H1,0,0,0,1(90) +8(8 4+ 9z + 4332) (H10,1,0,1(x) —2H1,0,0,1,1(x))

+ (41n*(2) (6 + 38z — 562° + 212°) — 12In(2) ( — 10 + 34z — 242® + 92°) Hy ()
+2(500 — 842~ + 1622 + 594z + 862> + 332%) Ho 1 (z) + 8(13 — 11z~ ! + 2272 + 9z
— 92° + 62°) Ho,—1(z) + (2642 — 48272 + 36( — 6 + 62 — 42 + 2°) ) Hy 2()

+10( — 30 + 342 — 162° + 32°) Hy1 (z) + 4( — 16 — 3z + 42°) H 0,1 (2)

—32(19 + 17z 4 62%) Ho1,1(z) 4+ 8(40 + 352 + 122°) Hy 01 (z) + 8(139 + 127z

+ 462%)C3) Co + (%

+1082%) Hy(2)) (5 + ((222 — 288z~ " + 4822 — 284z + 2962” — 212°) Hy (z)
+14( — 30 + 342 — 162” + 32°) Ho(z) — 12(20 + 152 + 42?) Ho 1 (2)) (3

4
(— 2658 — 17824z + 2880z — 1689z") — = (364 4 3172

—2(22 + 31z + 1622)C5) }]
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15221 8 16 4
+ CrnyTr |:{ — 933 + f273 (§$71H071(x) + glﬁlHLl(‘%‘)) + §1‘71(—51 + 26m’1)H1(x)}
233271
+ 6{ — 2; + f2y3 (8x_1H070,1(x) + 16$_1H07171($) + 161'_1H17071(33) + 321‘_1H1’171($)

2 8

+ 1227 Hy(2)G) + 2—7:(1(—1527 + 56621 Hy (x) + §af1(—69 + 3227 1) Ho 1 ()
16 4 -1 -1

+ ! (~69 4 82071 Hya (x) - 240 @}

8
+Crmlrp [{f4(2 + ) (32Ho 0.1 () — 323) + 7% ( — 5 (202 + 192" — 8x)

8f , 73

+ g( — 124 — 223z~ + 26272 — 51z) Hy(z)) + (= 11+ 227" — 10z — 32%) Ho1 ()

+ %;7:3(21 —dz 432G} +e{ 1 5:3(?( — 114221 — 102 — 322) Ho 1 1 (x)

16 32
+ 7( — 11+ 2.%'_1 — 10x — 3.%'2)H1’0,1($) — g( — 11+ 2:6_1 — 10x — 3$2)H_170’1(£C)

3
16 4
27

— —(—11+2z7" =102 — 32*) H_1 (z) () + 7*( (712 + 583z~ — 38x)
2 8
+ 5o (848 = 5947271 4 5662 ~% — 1527x) Hy (x) + (= 124 = 2282~ + 262~

3

— 51x)Hy1(z)) + 333(2( — 75— 261z + 32272 + 24z — 182%) Hy 1 (2)

+ (- 641n(2)(21 — 4z + 32%) + 2(897 + 212! — 389z + 1832%) + (132 + 36z

164x
—8r 24 - +202%) H1(2))¢2) + 2*((2 + 2) (96 Ho 0,01 (%) + 64Ho 01,1 (2)

+ 64H071,071($) — 128H07_1,071(.T) — 64H17070,1(CC) + ( — 64H071(33) — 64H07_1($))C2

48 8
+ gcg +64H1(2)¢) + —-3(12 — 332! + 6272 — 8z + T4a® + 152°) Ho 01 (2)

—16( — 41 + 53z — 92% + 827) (3) }} . (B.3)

iy, 1 157 _1
_CFL4{2}+63{2+2H1(x)}+62{ <+ (5+ 207 Hi(w) + 2Hoa (@) + 8Hi, ()

1 1141

+ 56} ;{? + (10 + T2 V) Hy (@) + (5 + 22 V) Ho (z) + 2(5 + 62 1) Hy 4 (2)
19 1

+ 2H070,1(:c) + 12H0,171(1') + 8H1,071(1') + 32H1’171($) — ?Cg + 5(2(11 + 4H1(.’L‘))}

831

+ {55 + 12 (= 160H 104 (x) = SoH_1(2)G) +7((23 + 1o + 82) Ho,i ()
3

+4(5+ 2271 —4x)Hy 1 (2) + (g(—85 +372) + (81 — 102~ — 352) H(2))(2)

+72%((13 — 2271 — 202 + 32%) Ho 0,1 (z) + ( — 66 + 202~ + 40z + 122%) Ho 1,1 (x)

— 6(—2 + -Z')ZHQJJ(IL') — 2(5 —2x + 33:2)H0707071(a;) + 4(1 — 10x + 31’2)H0707171(1')

+4(4 — 4z + 32%) Ho 10,1 () + (6 1In(2)(—4 + 2) (=8 + T2) — 18(—2 + 2)? Ha(z)
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+2(7 + 10z + 2°) Ho 1 (7)) G + 210( 665 + 466z — 4492°) (5 + ( — 232 + 308z

—492%)¢3) + (25 + 172 ) Hi(z) + 2(5 — 27" + 427 2) Hy 1 (z) + 4(5 + 142~ ) Hy 11(2)
+56Ho,1,1,1(x) — 16 Hp —10,1(x) — 8H1,0,0,1( )+ 48H101,1(x) + 32H1 1,0,1(2)
)¢

+128Hy,1,1,1(2) + (= 8Ho,—1(z) + 8H11(x))Ca — *H1($ }
1821

E{ 32
—32xH _1101(x) +64cH_1 _101(z) + (48 In(2)xH_1(x) — 162H; _1(z)

+320H_11(z) + 32¢H_1_1(2)) (o — 120H_1 (z)¢3) + Z((68 + 492! — 9z) Hy 1 ()

+ f2, 2 (= 32eH) — 0, (2) — 64w H_1 00,1 (%) — 320H_1,01,1(2)

+ (72— 342~ + 8272 — 6z)Hi01(x) + 8(8 + 52! — Tz)Hy10.1(2) + (%(—1783 + 599x)
+ (67 — 73z — 82z) Hy () + (298 — 362" — 1182) H11(7))(2)
+ [ (B(=8(7T+22)H 10,1 (2) — 47+ 22)H_1 (2)(2) + 122°2(5 + ) Ho 1,1 (2)(2)
+2%( — (48Lis(3) + 2In*(2)) (14 — 16z + 32%) + (68 + 192~ — 912)Ho 0,1(x)
+2(38 — 7ot + 8272 — x — 322%) Ho 1,1 (z) — 4(15 — 172 + 5a?) Ha,1 1 (2)
+ (77 — 1o~ + 64a — 612%) Ho 0,01 (7) + ( — 26 + 282" + 144z + 222°) Ho 1,1 ()
2(—43 — 22 + 32%) Ho 10,1 (z) + 4( — 101 + 262" + 76z + 82%) Ho 1,11 ()
— 8( —3+4dr 42— 9$2)H07,17071(l‘) + (40 — 81 — 20z)H1,0,0,1(2)
A4( =67+ 18271 + 40z + 62°)Hy 011 (7) +4( — 2+ 42! + 42 — 32°)H1 11 ()
—12(=2+ 2)?Ha,1,0,1(7) — 36(—2 + 2)2Ha 11,1 () — 2(23 — 14z + 152%) Hy 0,0,0,1 (2)
— 4(9 + 14z + 2®) Ho,0,1,1(z) — 20(2 + ) Ho 01,0, (2) 4+ 8(1 — 262
+ 72%)Ho 01,11 () — 4(8 — 43 + 52°) Ho1,0,0,1(z) + 8(5 — 18z + 72*) Ho 1,011 (7)
+8(9 — 10z + 72%) Ho 11,0, (2) — 8(13 — 30z + 142%) H1,0,0,0,1(2)
+16(4 — 4z + 32%) Hi00,1,1(2) — 8(2+ 2*) Hi0,10,1(2) + ( — 121n%(2) (16 — 20z + 32?)
+1In(2) (12(z — 2)(—31 + 28z) — 12( — 6 + 8z + 2°) H1(z)) — 12(15 — 17z + 52°) Ha(z)
—3(25 + 142" + 52z — 212®) Ho 1 (z) + 4(3 — 42" — 22 + 92%) Ho —1 () + 12( — 2
+ 4o~ + 4z — 32%) Hi 2(x) — 30(—2 + z)? Ha 1 (z) — 2(25 — 422 + 232%) Ho 01 ()

—24(1 +22)Hy 01 (2) + é( — 775 + 446z — 4992%)(3) (o + ( (9071 — 5742z

+133327%) — 2(43 — 230z + 792°) Hy (2)) (5 + (1( — 1059 + 1498z — 43527)

1 4
+3 (286 — 88z~ — 428z + 2032%) H(v) — 42(—2 + x)* Ha(z) — 3 (4 — 44a

1
+132%) Ho 1 (2)) (3 + = (=601 + 13622 — 6412%)(5) + 6(11 + 7271 Hy ()

+2(25 — 327 + 8272 Hy 1 (2) + 4(=5 + 32~ 1) (1 + 4o~ ") Hy 1,1 () +40(1 + 62~ ) Hy111(2)
—32Ho0,-1,01(x) + 240Ho1,1,1,1(2) + 16Ho1,21.1(z) —32Hp 1,-1,0,1 ()
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— 64Ho,—1,00,1(x) —32Ho —1,0,1,1(x) —32Ho —1,1,0,1(x) + 64Ho —1,—1,0,1(2)
+224H1 01,11 (2) +32H1,0,-1,0,1(x) —48H1 1,0,0,1(z) + 176 H110,1,1(x)
+ 128H171717071($) +512H1 111 1(.73) + 16H1717271,1($) -+ (111(2) (48H07_1(I) — 48H171(.T))

Pt b At ]

— 16Ho,0,-1(x) + 48Ho,1,2(x) — 16Ho,1,-1(2) + 32Ho,—1,1(x) + 32Ho,-1,-1(2)

+ 16H1707_1(1‘) + 32H17171(SU) + 48H17172(.73))C2 + ( — 12H07_1(:L‘) — 52H171($))C3}:|

3

1 (11 1049 11 1 1¢ 1549 67 11
—J= i) Ay = § Z i b A = & -

+CFCAL?,{ 4 f+ 62{18 @)+ 2C2}+ e{ o169 @

1 54589 o
+ ZCQ( -7+ 8H1(.%'))} + { — W + f_1 $(8$H—1,0,1(x) + 4.TH_1(.1‘)C2)
1 1 1
+ j(g(—m — 662" + 89x) Hy 1 (x) + g(—29 +352)Hy0,1(x) + (%(1165 — 49z)
71 65 1
(= s BN () G) + 7 (5 (— 40+ 567 — 72%) Hoo(2)

1
+ 5( — 44 + 88% — 53%2)H071,1(I) + 3(—2 + $)2H27171(l‘) — 2H0707071($) — 4H0707171(SU)

+2Ho,1,01(%) + (— 3In(2)(—4 + ) (=8 + 7z) + 9(—2 + x)*Ha(z) + 2(7 — 8z
1
+42”)Ho1(2)) G2 + 1%(13 — 62z + 312°) (5 + 35 (830 — 1192z + 28127)(3)

2 1 88
— — (121 + 3542~ Hy (x) + §(—223 — 78z Y Hy1(z) — — Hya1(z) +8Hy —10.1(x)

27 3
938797
+ 8H170’071($) + (4H[)7_1(IL') + 8H1,1($))C2 -+ 14H1(.13)C3} + 6{ — 7776

+ (fo1 2) (47T + 22)H_1 01 (2) + 2(7 + 22)H_1 (2)(2) + f2, (162H1 1041 ()
+322H 100,1(%) + 162H _1011(x) + 162H 1 101(x) —322H_1 -10,1()

+ (—24In(2)zH_1(z) + 8zHy,—1(z) — 160H_11(z) — 162H_1,1(x)) {2 + 62H_1(2)(3)

437
(47 + 807z~ ! — 314a)Ho 1 (2) + (— 32271 + ?(—1 +2))Hi,1(2)

2
27
1 452 515
+2(=37 + 412) Hy1,0 (@) + (57 (19863 — 20470) + (= == + a7 + 2 ’

+(—96 + 322! + 88z) Hy 1 (z)) () + 22 ((24Lia(3) + In*(2)) (14 — 162 + 327) + é( — 142

+z(

)Hl(x)

2
— 198z~ " + 617z — 2592%) Ho 0,1 () + §(47 — 144271 + 2392 — 1692%) Ho 1,1 (2)

+2(15 — 17z + 52%) Ha 11 (2) + ( — 36 + 44z + 192%) Ho 00,1 (z) — 4(12 — 32z
+112%) Ho,1,1(x) — 2(30 — 38z + 172%) Ho 10,1 () — 2(44 — 88z + 532%) Ho 1,11 (2)
+4(—3+4z7t + 22 — 92*)Ho _1,0,1(z) + ( — 53 + 64x — 172?) Hy 90,1 (z) — 2(16
— 562 + 372 Hio1,1(z) + (4 — 827" — 82 + 62%) Hi9.11(2) + 6(—2 + 2)?Ha1,0,1 ()
+18(=2+ 2)*Ha1.1.1(2) — 8Hp0,001(z) — 16Ho00.1.1(2) — 10Hp 01,01 ()
—24Hop011,1(z) —6Ho1,001(7) —8Ho1,0,1,1(2) +8Ho1,1,0,1(7)

byt

+4(15 — 28z + 14a*) Hy0,0,0,1 () + 242> Hy 00,11 (z) + (61n%(2) (16 — 20z + 32%)
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+1n(2) (= 6(z — 2)(—31 + 28z) + 6( — 6 + 8z + 2*) H1(z)) + 6(15 — 172 + 52°) Ha(x)
+ (=694 162" + 222 — 442®) Ho1 () + ( — 6 + 82! + 4z — 182°) Hy 1 ()
—6( —2+4a ! + 42 — 32%) H12(2) + 15(z — 2)°Ha 1 (2) + 2(7 — 162 + 82%) Ho 0,1 (2)

1
+8(7 — 8z + 42®) Ho 11 (x) — 12Hy 0.1 () + 6( — 125 — 302z + 1512°)(3) (2

+ (2*10( — 2891 + 45502 — 75022) + 2(148 — 2422 +1212°) Hn(2))G3 + (5%(8191

1
— 11441z + 32232%) + s(—272+ 14421 + 376z — 2212°%) Hy () + 21(—2 + z)* Ha(2)

1 2

+6(5 — 8z +42®) Ho 1 (7)) G5 + 3 (223 — 430z + 2152%)¢5) — o7 (1061 + 125421V H, (2)
2 2

o7 — 5 (401 + 2345 ) Hy g1 () = 176 Hy1,1,1(2)

+16Ho,0,-1,0,1(z) — 8Ho,1,2,1,1(%) + 16Ho1,-1,0,1(x) + 32Ho,—1,0,0,1(x)
+16Ho,—1,0,1,1(2) + 16Ho, —1,1,01(2) — 32Ho,—1,-1,01(2) + 16 fo5 T2 Hy 0,0,1,1(2)

+4f, 733 — 22)xH101,0.1(z) — 16H10-1,0.1(z) +40H1 1,001 (2) + 8H11,0.1.1()
—8H11211(2) + (In(2)( — 24Ho,—1(x) + 24H1 1(x)) + 8Ho0,-1(2) — 24Hy 1 2()

y byt

+8Ho,1,—1(z) — 16Ho,—1,1(x) — 16Ho,—1,—1(x) — 8H1,0—1(x) + 32H1 1,1 ()

(655 + 12092~ 1) Hy 1 ()

_ 24H1,172(.T))42 + (6H07_1($) + 46H1,1(x))C3}]

3893

1 {‘_ 10 4 125 20
324

**%mﬂﬂé{—ﬁ+¢2 5 3m@}+ {7+ THmE e+
16

8 16 8
+ 5§(7-+—12x‘1)111(x)—+ §(5-+—3x‘1)}¥al(x)-+ 25(5-+-3x’1)}{L1(x)-+‘71¥Q0J($)

3
16 16 32 26 1
+ —Ho11(x) + — Hipoa(z) + — Hia(x) + 5@’ + §C2 (85 + 48H, (SU))}

3 3 3
87149 16 8 16
—— = 141z Y H — 1A, —
+e{ So + 577+ Wla Y H (@) + 5= (37 + 570 ) Hoa (o) + o
8 16 16
+ §(10 + 9$71)H0,071(CC) + 5(10 + 9$71)H07171($) + 3(10 + 9%71)H170,1(.’L‘)
32
+ 5(10 + 9(E71)H17171(l’) + 8H07070,1(.T) + 16H0707171(1I) + 16H0717071(IL’) +32Hp11 1(1’)

1921
4‘16}JLQ0J(x)4‘32}{LQ1J($)4—32f{LLOJ($)4—64}{LL1J($)%—(‘ng
4

+5(25+ 272 ") Hy(z) + 12Hoq (z) + 24H11 (%)) G + %4% + 23743 (235 + 144H, (x)) }}

(37 + 572~ 1) Hy 1 ()

1
162

32

(11407 — 17630z + 85272%) + 5

12 _9 -1
8 8
— 14 + 72%) Hi(z)) + o/ 7°(3 + 11z — 112% + 52°) Ho 1 (z) + gHovo,l(a:)
1, ) 5 4 28
+ 57 (409 + 472 — 6510” + 1850%) Gy + 5 Hu(2)Ga — 343}

16 16
+ef £0 2 (5 (34 11a = 11 4 50°) Hoo 1 (2) + 5 (34 1l — 112 + 52 Hy 4 (x)

— 40 —



- %2(3 + 11z — 112® + 52 ) H_1 01 (z) — g(:a + 11z — 112° + 52°) H_1 (z)(2)
+ 7z (24 (17057 — 54850z + 274252%) + ;g( — 94 + 47271 + 11z + 122%) Hy (z)
gi (13+ 62" — 14z + 72°)Hy 1 (2)) + @ (287( 8457z — 174z

8
+ 9622 — 19x3)H0,1(:r) + 9 (19 + 92! + 57z — 5122 + 3Ox3)H0,071(x)
16 4
+ (= 5 n(2) (- 53 + 992 — 872° + 252%) + o (— 343+ 965z — 8372% 4 247z°)

— %(65 + 927" — 9z — 212” + 202°) Hy(2)) 2 — §(655 — 1173z + 11012* — 2952°)(3)

9
16 16 32 16
+8H,0,0,1(z) + §H0,0,1,1($) + §H0,1,0,1(SC) - gHo,fl,O,l(x) - §H1,0,0,1(33)
16 8 43 40
+ ( — 4H0,1(:U) — §H07_1($) + gHLl(:C))CQ + %C% + 9H1($)C3}:| . (B.4)

C Three-loop form factors

The form factor G§3) in the color-planar limit, is given by

G = No[ : {- %} + ;5{ = g - éHl(«T)} + ;4{ - % + 418( 149 + 32~ V) H, ()
;Ho 1(2) — %Hl,l(l') - E@} ;3{ - 13913170549 + 824( 2083 + 2162~ 1) Hy ()
+ 2o (=354 7 ) Hou () + 5 (~259 + 152~ ) Ha(e) — < Hooa(s) — > Hopa(a)
- %Hl,O,l(ZC) - gHLl,l(ZC) - %Cs + G- 31911;2;6201{1 (2)) } l{%
+ 52(%( — 1141 + 1322~ + 3830z + 2032%) Ho 1 () + %( — 251 —9z~*
— 179z — 652%) Ho 0,1 () + é( — 173 + 927" + 83z — 872%) Ho 1,1 () + 214( 434+ 9z7"
+ 413z — 1272%) Hy 91 () + (10368 (96451 + 185530z + 4461122) + %(2497

+ 1352~ ! + 73452 — 9052%) H1(z))(2) + 333%( — 9 — 65z — 32 — 72°) Ho,0,1(2)

1 1
+ Z( — 21 — 29z — 392% + 52%) Hy 01,1 (x) + 1(3 + 37z — 32 4+ 52%) Ho 10.1(2)

3 1
+ E(19 + 127z + 92° + 132°) Ho 1 (%) (o + —— (—31427 — 845672 — 476252

5760
5 1
+3232%)¢3) + @(6703 + 27450 V) Hy (2) + 2 (6271 + &(—1267 +4752)) Hy 1 (2)
1 19 3 15
+ ﬁ(—401 + 572 ) Hy g (z) — 5H071,1,1(~’C) - ZHl 0,0,1(z) — §H1,071,1(ﬂf)

9 45
— §H171,071(x) — 27H17171,1(CC) — fHLl( )CQ + 7{3( 4993 — 3132H, (.73))}

8 864
1 (965287 1 1
ht T 1850 — 473z~ — 24272 — 6609z) H —(—1931 + 408z~ !
{17496 +2 (g5 ( T ) Hia (@) + 54 +aler
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1
—1501z)Hy 11 (2)) + 3_02(@ (26915 — 5049z~ ! + 9917z + 628252%) Ho 1 (2)

1 1
+ %( — 1043 — 1922~ — 1934z + 9372%) Ho 0,1 (z) + @( — 1655 4 272271 + 346z

1 1
+18292%) Ho 1,1 () + = (559 — 158z~ ! + 610z + 16172%) Hy o1 () + Z( — 631

1
+432x~' — 2832 — 1372%) Ho 1,11 () + ﬂ( — 463 — 272" — 763z — T2®) H1 00,1 ()

1 1
+ Z( — 191 + 2527 + Tlz — 732%) Hi 911 (2) + E(337 + 33271 + 6432 — 52%) Hy 10,1 (2)
1
—— (30292 2z + 211170722) + —— (112147 — -1 4114394
+ 62208(30 9275 + 5076682z + 7072%) + 1728( 7 — 66962 + 114394z

1
+639792%) Hy () + 15 (4921 + 201z + 6547z + 4272%) Hy 1 (z)) G2

1 1
+ (m(21953 + 200307 + 1244927%) + E( — 53 +292~! + 727z — 1992%) H, (7)) (3)

1
+ 5:3(E( — 126 — 152" — 128z + 7982” — 612%) Hy 0,1 ()

1
+ 271( — 1346 + 152~ + 744z + 17942” + 1972°) Ho 1.1 (7)

1 1
+ o (754 - 152" — 648z + 69027 + 252°) Ho 10,1 (2) + 3(— 33260 — 3z°

1 1
—312%)Ho0,00,1(x) + Z( — 77 — 321z — 872 — 192°) Hy 00,11 () + Z( — 37— 211z

1
—272% — 192%) Ho 01,01 () + 5( — 115 — 207z — 2012” + 192°) Ho 01,11 ()

1 1
— 1(21 + 167z + 32* + 192°) Ho 10,01 (%) + 5( — 37+ 192 — 872% + 212°) Hy 10,11 (2)

1 1
+ 5 (13 + 1452 — 92° + 192°) Ho 11,01 (z) + (35(—386— 172! — 13002 — 11662

1 1
+ E( — 7 =163z + 272% — 252%) Ho 0.1 (x) + é(221 + 15452 + 872

1
+1632%) Ho 1,1 (z) + —288( — 10049 — 46029z — 102752 — 31992°)(3) G

+ 61.%'3)H0’1($)

1
+ m(70661 + 464529z + 36750322 + 709923)¢2

1
+ 5 (7+ 255z — 51a” + 412°) Ho 1 (z)(s
11
+ ——(— 3647 + 16461z — 123812> + 46072°)(5) — —-=(—7422 + 25492~ ') H ()
240 1728
27

1 9
+ 6(_451 + 1952 Y Hy111(2) — 65Ho11.11(2) + 1H1,0,0,0,1($) - ?HI,O,O,I,I(x)
9

9
— Hi0101(®) =5TH10,11,1(%) — S H1,1,001(%) —45H11,01,1(%) — 27Hy1,1,01(%)

2 2
45 135 8099

87
—162H1 11,11 (2) — (§H1,0,1($) + TH1,1,1($))C2 - %Hl(l‘)g - ZH1,1(~’U)C3}

1599187 1 ) )
- 1179167 — 11 -1 8316272 — 1986142) H
{ 104976 +x(2592( 79167 6877z 8316z 98614z ) Hy,1 (z)
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1
+ —— (75890 — 42393z ! — 10802 — 124433z) Hy 11 ()

432
1 1
+ %(—15937 — 21863x)Hy1,1,1()) + zQ(ﬁ( — 12720 + 22841z~ 1 — 470115z
1
—1102462%) Ho 1 (%) + == (325115 + 14319z~ + 361925z + 127372%) Ho 0.1 ()

1728

1
+ gp (372647 — 2716521 — 8642~ + 2653852 + 1079812%) Ho 1 1 ()

1
+ gp (— 131197+ 464727" + 216272 — 166099z + 4360127) Hy o1 (2)

1 1
+ 5 (—3893+ 5162 + 240462 + 242592%) Ho 11,1 () + T 8777 - 13262!

1
+ 2894 + 81952%) Hy 00,1 () + i( — 6397 — 17642 ! — 5518 + 204472%) Hy 0,1,1(2)

1 5
+ =5 (1055 — 14642~ — 8008z + 14213z%) Hy 1,01 (z) + (4214 33z~ — 437z

1 1
—152%)Ho111,1(2) + = (— 729 — 572! — 1617z + 1192%) H10,0,0,1 () + Z( —943

8
1
— 3271 — 1705z + 1152%) Hy 00,11 () + Z( — 205 — 7o~ — 8372 + 1332%) H1 01,0, (7)
1 1
+ 6( — 2737 +3632~" — 30492 + 1312%) H1 0111 (2) + E( — 923 — 750! — 2885z

1
+ 355;32)}1171,0,0,1(95) + 5( — 69 + 7921 — 3352 + 157952)1{1’1707171@)

.I_l

1 7
~ (1829 + 1172~ + 593 73722 H — — — ———— (2372659
+ 6( + r + x+ T ) 11,1,01(x) + ( 5 46656(

1
+ 2558038 + 5038272%) + o (— 5004173 + 15450321 + 5184a 7 — 42200150

1 1
+ 1786572%) Hy (z) + o5 (3471 = 2120z~ — 8694 + 149752°) Hy 1 () + 16 (2185

3
+ 692" + 1329z + 4612%) Hy 01 (z) + 5 (2027 + 792" + 1845z + 4172%) Hy 11 (2))

1 -1 2 2 1
+ g (75207 + 8972~ + 331192 + 201134°) H ()5 + (5770,

1
+20046310%) + 2 (97687 + 1968x ! + 14038 + 65803°) H () +

(2820391 — 2372270x
L
72

1
+ 11252~ + 11015z + 4552°) Hy 1 (2))(3) + ﬂﬁ (24495 — 4202~" + 74003z

1
— 573922 + 16932°) Ho 0,01 (x) + o (7963 — 26762~ + 81911z + 230972

1
—162632°) Ho 0,11 () + i (275 + 1578z~ — 318072 — 5163z% — 11899z°) Ho 1,01 ()

1 1
+ @(998 — 81271 + 6208z + 61622% — 152°) Ho0,0,0,1 () + ﬂ( — 3938 — 285271

1
+ 1840z + 128102° + 132%) Hy 00,11 (%) + 3 (182 + 452" + 5384z + 76742

(5549

1
— 72*)Ho 1,01 (%) + ﬁ( — 5806 + 201z~ + 8900z + 142142* + 5632°) Ho 0,1,1,1 ()
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1
24( 98 — 111z~ 4 4272z + 71942” — 1032*) Hy1,0,0,1(2) + 12( 4014 + 51z~
1
— 1772z 4 69902% — 1272%) Ho 1,011 (%) + — ( — 1744 + 452~ " — 52727 + 23462

12
1
— 4572°) Ho 1,101 () + g( — 57 — 2652 + 932* — 232°) Ho,0,0,0,0,1 ()

1
+ Z( — 325 — 1853x — 872 — 1712*) Hy,0,0,1,1(x) + ~ ( — 93 — 659z — 1472?

7
1
—672%)Ho0,0,1,01(x) + 5( — 523 — 17432 — 7052 — 532%) Hy 0,0,1,1,1(%)
1 1
+ Z( — 101 — 703z — 32* — 752°) Ho 0,1,0,0,1 () + 5( — 269 — 1073z — 27922
3 3 2 3
— 59x )H070,1707171(ZIJ) — *(25 + 157x + 27x* + 15z )H07071717071(33) + 5( — 93 — 181x

1
—1592% + 132 Ho 011,11 (2) + ~ ( — 117 — 9312 + 212* — 1072%) Ho 1,0,0,0,1 (%)

4
1 1
+ 5( — 189 — 853z — 1592% — 592°) Ho 1,0,0,1,1 () + 5( — 53 — 327z — 512°
1
— 311’3)H0’1’0’1’071([E) + ( — 247 — 2251 — 489.@2 + 79(E3)H0’1’071,171(.’B) + 5( — 59

— 467z — 92% — 532°) Ho1,1,0,0,1 (%) + (— 91 + 181z — 2492° + 752%) Hy 11,011 ()
+13(3 4+ 37z — 32 + 52°) Ho 111,01 (2) + 3(29 — 271z + 1352 — 612%) Hy 0,0,0,0,1(2)
- %(47 + 2272 + 452 + 172%) H1 000,11 (%) + %(23 + 23 + 452% — Ta®) Hy0,0,1,0,1 ()
+ %(35 — 13z + 812® — 192°) Hy 0.1,0,01 (%) + (— 83 + 157z

— 2252 + 672%) H101,01,1(%) + (= 29 + 1332 — 9927 + 372%) H10.1,1,0.1(2)

1
+ (%( — 18091 + 1282821 — 425559z — 9368122 — 396892°) Ho 1 ()

+ 56 (8186 + 729271 + 193762 + 63422% — 1932%) Ho 0,1 () + s — (— 4366 + 2372~
3
— 496562 — 198662 — 3173z%) Ho1,1(x) + (107 + 2512 — 27927 + 52°) Ho 0,01 ()
1
+ g(365 + 949z + 1112% + 32%) Ho 01,1 (2) + 3 (285 + 1547z + 32 + 1392%) Ho 10,1 (2)
L3
= + =

(233 + 1693z + 7527 + 1832°) Ho 1,11 () < (49 + 221z + 512° + 152%) Hy 90,1 ()

1 1
+ Z( — 217 + 467z — 6032” + 1852°) Hy 011 (z) + (33561 + 120293z + 785072

(192
+ 60552°) + 148( — 497 — 29252 — 33927 — 2712%) H1(2))(3) (o

1
%—( (19514155 + 476344952 — 631110322 + 95189z )+—§§6(6639%—49091x

69120

+100292° + 51372%) Ho 1 (2)) (3 + == (—34481443 — 121743735z — 402530972

241920

— 48052132°)¢3 + 242 + 477z~ + 4728z + 62582° + 5512°) Ho 1 ()

MSvrity
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(41 + 257z + 992% + 232°) Ho 0,1 (z) + ~ (19 + 10472 — 2312% + 1732%) Hy 1,1 (2)

|

1

8

1

Z( — 1342232 — 872% + 452°) H1 01 (2)) (3 + @( — 3463 + 17229z — 108212
1

11
+ 46152°) G5 + (55 ( — 13647 — 35195z — 271892” + 743z°%) + 1o (477 + 511

1 1
—11912® + 3172°) H (2))(5) + M(6424586 — 2490752 Y Hy (x) + §(151

+ 6332 ) Hy 11,01 (2) — 422Ho 111,11 () — 129H1 001,11 () — 390H1 011,11 (%)
27

+ 5 H1,0001(2) = 8LH11001,1(2) = 27H1 10101 (2) = 342H11,0,1,1,1()

—27TH1,1,1,00,1(z) —270H1 11,01, () —162H111,1,01(2) —972H1 111,11 ()

135 8099 261

- (TH1,1,0,1($) + %ng,l,l(fc))ﬁ - ?GOHm(ﬂC)C% - 2H1,1,1(1’)C3}] . (C.1)

_l’_

The form factor Ggg) in the color-planar limit, is given by

1 1 1 5 1 5
G = N3 [64{ - ot @)+ 5{ - Sa (@) - Sa Hoa (o) — Ta Hia(e) }

1 27
+ 6—2{3—;4 (6 + 37z + 2027) (2Ho 0,11 () — Ho10,1(z) — 3Ho1(x)Ca + TOCS
3 1 1
+ Hop0,1(2)) + Z(5 4+ === (2509 — 1069z~ ) Hy (2)) + z° (- (189 — 5z~
Y 2 288 12
1 1
— 7652 — 1752%) Ho 1 (%) + §(151 + 327" 4333z + 172%) Ho 0,1 (2) + Z(187 — 937!
1
+ 297z + 292%) Ho 1,1 (z) + 1( — 71— 327" — 1712 — 7T2®) Hy 0.1 (z) + (— 28 — 1382
— 2307 — (305 + 50 + 6630 + 350%) (1)) + 22(73 — 120 + 20) i (0)

1,49 1

-1 = -1

— ?JJ HLLl(l’)} + E{.ﬁ(z + @(—2527 + 375192 )Hl(ﬂj‘))
1

+ :52(@(10894 + 841z~ ! + 24272 4+ 1993z) Hy 1 (z) + (656 — 342! + 134x)Hy 11 ()

+2*((6 + 37z + 202%) (4Ho,0,0,0,1 (z) + 12Ho0,0,1,1() + THo 01,0, ()
+24Ho01.1,1(x) + 5Ho.1,0,0,1(z) +4Ho,1,01,1(x) — 8Ho,1,1,0,1(x)

1
+ (= 24Ho1(z) + 23¢3 + Hoo,1(x))C2 — 3Ho1(x)¢3 — 2¢5) + §(452 + 152" + 94z

1
— 21722% — 1292%) Ho 00,1 () + Z(852 — 5z + 302z — 27002* — 1892°) Ho 01,1 (2)

1 1

+ (604 + 527" + 930z — 6362” — 332°) Ho 0.1 (x) + 15 (1020 + 1727 4 4342z
27

+47002% + 3612°) Ho 1 (2)C2 — = (32 + 163z + 2242° + 162°)(3)

20
1 1
+ 563(%(6429 +1033z~ " — 29133z — 58332%) Ho 1 (z) + 7352+ 222" + 171z

1 1
— 1552%) Ho o1 (2) + 5 (1632 — 502" — 1875z — 8052%) Ho 1,1 (2) + 15 (1275 + 115z
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1
— 3900z — 928z%) Hy0,1(x) + 5(1089 — 43z~ + 1815z + 1632%) Ho 1,11 (2)

(235 — 2507 + 2492 + 452°) Hy 01,1 ()

1385z 441
4

1
+3 (373 + 927 + 8372 + 412%) Hy 90,1 () +

1

2

1

+5 (287 11z~ — 681z — 292%) Hy 1,01 (z) + (— 88 — —792% + (

39271
4

— (26 + 141z 4 222% + 2(393 + 292" + 1059z + 312%) Hy(z))(3) — 652" Hy1,1 1(x)}

byt

1
+ — 688z — 712°) Hy(z) + 5(—3639— 672" — 7977z — 4132%) Hy1(2)) G2

583 1 1
+92(— 5 + o= (55235 — “H(2)) + 72 (e (— 711962 + 4738321
{:r( 1 576( 55235 — 30669z ") H(z)) + (432( 71196 7383x

1
+ 208872 — 288377x) Hy 1 () + = (33346 + 14923z~ " + 360z 2 + 70992) H1 11 ()

1
+700(7 + 22)H11,1.1(2)) + @3(@( — 305541 — 420652 " + 1548981z

1
+ g ( — 230689 — 508521 — 4646552 — 404512%) Ho .1 (2)

1
+ g (— 156013 + 13351z + 28822 — 5138192 — 522872%) Hy 1,1 ()

L 1
+ m(101903 — 1453271 — 72272 + 1617217 + 182692°) H1 0,1 (x) + 3 (3395 — 19271

1
— 13653z — 39792%) Ho 1,11 (2) + — (— 351 + 3052~ " — 8892z — 28522%) H1 00,1 ()

1 12
5035 194832
+ (S 4+ Tl 18320 — ——

+ 6985612%) Hy 1 ()

1
YHi0.1,1(x) + G (6040 + 364z~ — 4857z

1
—24292%) Hy 1 0.1 (z) + (4495 — 1652~" + 7605z + 6652%) Ho 1,1,1,1 () + 1(2133 + 5727t

1 1
+ 4277z + 972%) H1,00,0,1 () + 3 (2535 + 327! + 4601z + 1812%) H1 00,11 (7) + 3 (787

+ 7271 + 19372 + 1612°) Hy 01,01 (7) + (2043 — 1212~ + 3039z + 3312%) Hy 01,11 ()

byt

1

+5 (1045 + 252" + 2343z + 1152%) Hy 1,0,0,1 (z) + (397 — 792" + 87z

+ 992 Hy10.1,1(z) — 13(71 + 3z~ + 171z + 72%) Hy1,1,0,1(2)

1

36
1

+ 2171547 + 2448552%) Hy (z) + G (4458 + 349z~ — 555z — 10662°) Hy 1 ()

1
+ (271 + = (39067 + 117378z + 434272%) + £ (958821 — 30967z — 57622

1 3
+ g( — 4417 — 692" — 6213z + 2952%) Hy 0,1 () — 1 (3923 + 7927 + 8661z

1
+4412%) Hy11(2)) 6o + %( — 101245 — 897z~ — 334035z — 410392%) Hy ()¢5

461 32312 1
b Y P e U —(—-3732+ 16z~ — 30489z — 6133:52)}11 (7)

+ 6 36

(
i( — 1545 — 1252~ — 4263z — 1152°) Hy 1 (2))(3)

4
+ .CE4((6 + 37x + 201‘2) (144H070’0 11 1(:E) =+ 200H070 11 171($) + 84H071’0 11 1(I)

IR ] sLyty y byt
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+28H0,1,1,0,0,1(x) +8Ho,1,1,0,1,1(x) —52Ho 1.1,1,0,1(2) + 4H1,0,0,0,0,1 ()
+ 16H1,0,0,0,1,1(2) —4H1,0,0,1,01(x) —4H1,01,00.1(x) +8H1,0.1,0,1,1(2) —4H1,0,1,1,01(x)
+ (= 156Ho,1,1,1(z) — 12H1 0,01 (2) + 4H1,0,11 () + 8H1(2)(3) G2 + (— 24Ho,1(x)

1
—12H1 01 (2)) (3 + 22H1 (2)¢5) + ﬁ( — 11772 4 1592~ — 512202 — 7670x>
1
+41912%) Ho 0,01 (7) + T (5304 + 1011z~ — 76258z — 4778z* + 8409z%) Hy 01,1 ()

1 1
+ —(— 1002 — 6452~ + 7879z + 4989227 + 101882>) Hy 10,1 () + 708 + 81z~

36 it
1
— 20510z — 225642® — 1472°) Ho 0,001 (%) + o (10332 + 2852 ~! — 5078z — 420042

15z=1 7349z 68332  489x3
— 903.173)H070707171($) + (15 — 1 — 6 — 3 — 1 )H07071,071(£L’)

1 1
+5 (11604 — 2012~ — 14878z — 535642” — 32252°) Ho 01,11 (%) + 1 (572 + 372!

1
— 41342 — 81242% — 3452°) Hy 1,0,0,1 () + 6(9852 — 51z~! + 7138z — 202602

1
—10712%) Ho 1,0,1,1 () + 6(5484 — 45271 + 133762 — 137627 — 1772°) Ho 1,1,0,1 (2)

+ (34 4x)(14 + 132) Ho,0,0,0,0,1 () + 2(18 + 112) (11 + 52x) Ho0,0,0,1,1 ()
+ (14 82)(102 + 592) Ho 0,0,1,0,1 () + (138 + 769z + 4162%) Ho 0,1,0,0,1 ()
+ 8(63 + 368 + 1992%) Ho 0,1,0,1,1 () + 24(7 + 502 + 272°) Ho0,1,1,0.1()
+ (174 + 991z + 5362°) Ho 1,000, (2) + 4(96 + 551z + 29822) Hy 1,0,0,1,1 ()

1
+6(20 + 137z + T42®) Ho,1,0,1,01 (z) + ( 7086 — 1267z~ + 80892 + 5685022

21~
1
+32352%) Hy 1 () + Zs( — 24636 — 7292 ! — 472663 — 261562 — 65492°) Ho 0,1 (7)

+ = (4476 — 79271 4 413062 + 3785222 + 13332°) Ho 1 1 ()

(6 +2)(—13 + 42)Ho 00,1 (z) + ( — 174 — 581z — 3162%) Hy0,1,1(x)

22003z 1142822
6 3
(17749 + 79906z + 103002 — 84872%) + 0 (942 + 8023z + 43282%) Ho 1 (7)) 3

l\J\I—l I\D\C»DOOM—!

—~

— 354 — 1691z — 91622) Ho 10,1 () — (748 + +1922%)G) G

A
"B\H

+ @(209550 + 12248212 + 662332z )<2 ( (1788 — 15921 — 21942 — 760422

— 5792°) Ho 1 (z) + (18 + 193z + 1042%) Ho 0,1 (z)) (3 + %( — 18 — 193z — 1042%) 3

13331z N 599322
6 3

+ (456 + +1142°)¢5) — 4223;1H1,1717171(x)}] : (C.2)

The form factor Ggs) in the color-planar limit, is given by

3 Lyz! 1 _ 9z~! 1 5
W87 = N[~ gt e @+ (% e (g o) o )
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e =
4 €2
27
+ 3Ho,1 ()¢ — TOC2 + Ho10.(z)) +

— 17:1'_1)1‘_1H1 ($)} + = { 4(32 + 27x + 4x )( — H0’07071($) — 2H0707171(l‘)

1 1
445 +229z71) + —
7 (g7 (—445 + 2292 )+288( 3783
+ 212927 + 21427 ?) Hy (z)) + a’??’(ﬁ (309 — 51z~ — 2522 + 541z — 182%) Ho 1 ()
1 1
+g( =347 752" + 6272 — 852 — 322) Ho1(x) + 1 (=527 + 33271 — 18272 + 47z
1 1
—392%)Ho 11 (x) + S (151 + 51z~ — 6272 + 59z — 32%) Hy 0.1 (x) + (5 (1059 + 152!

+ 397z + 412%) — 1%( — 709 — 141z~ + 10272 — 1592 — 92%) Hy (2)) (o)
2

8l

19
+ (=225 45527 — 17272 — 42~ + 652) Hy 1 (x) — o Foa x’lHLLl(x)}

}—tw‘

€ 864

(4—8(6584 — 21343z~ + 5562272 — 432277 — 41232) Hy 1 (2)

(=505 — 3732~ + 8522 — 2423 + 612) Hy 1.1 (7))
7H((32+ 272 + 42%) (— 4Ho0,00,1(z) — 12Ho0,0,1,1(x) — THo0,1,0,1 ()
— 24Ho0.1.1,1(2) — 5Ho1,00.1(x) — 4Ho1,01,1(x) +8Ho1,1,01(2) + (= Hoo,1(x)

1
+24H11(z) — 23¢3) ¢ + 3Ho a1 (2)Cs + 2¢5) + g( — 448 — 3572~ 4 30272 + 1950z

49 1
f{‘( 133529+ 63727") + <o (84951 — 1695352~ + 495922~%) Hy ()
1

_|_
+

1
+5622% + 32%) Ho 00,1 (2) + 4 (— 1616 - 233z — 102~ % + 3150 + 3622

1
+872%) Ho 01,1 (2) + Z( — 223271 + 10272 + 3( — 456 + 190z + 382% + 92°) ) Ho 1,01 ()
1

+ 75 (3688 - 28377 + 34272 — 5642z — 8342® — 272%) Hy 1 (2) (o
L7 1
+ 55 (24 32) (71 +162)C5) + 77 (5 (30351 — 137932~ + 123427 + 5909z

1
+ 38032%) Ho 1 (z) + Z( — 188 — 302z + 19272 + 61z + 202*) Ho 0,1 (z) + (20 — 143z~

53z 2 1903 1
g — 43+ Tx —162%)Ho11(2) + 5 (3111 = 1899z~ 4 236272 — 24273

1
+ 1780z + 2342*) Hy 0.1 (2) + 5( — 2997 + 99z~ — 862~ + 1612 — 2012%) Ho 111 ()

_l’_

+ %( — 845 — 2012~ + 18272 — 229z — 32®) Hy 00,1 (2) + %( — 7674+ 1772~' — 5022
+ 223z — 872°%) H10,1,1(2) + %(619 + 195271 — 22272 + 2252 — 92%) Hy 10,1 (%)

(1(2439 — 53771 4+ 879z + 1732%) + 2(5480 — 51877 + 89272 + 1520z + 3052%) Hy ()
é(8403 + 17552~ — 134272 + 1985z + 872%) Hy 1 (2)) (2 + (3(465 + 292" + 259z

1
+32%) + < (T41 + 4050 — 58072 4+ 4752 — 510%) H1(2))Gs) — 650 o Hip1(2) }
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11 -1 -1 -2
+{z (864( 3977 + 7793z )+%(11973+126201x — 522702-2) H, ()

869354 + 2925052 — 9780422 + 2803223 — 1421192) Hy 1 ()

864
123584 — 15721321 4 2939022 4 4416273 — - 55041z) Hy 11 ()

+ (350
1
7!

—2(1029 + 2453z~" — 59522 + 100z > + 163z) Hy,1,1.1(x)) + :23(%4( — 1251627

+510225271 — 512822 — 11483092 — 50973:2)1{0 1(@) + @(561509 + 88581271

— 90662 % + 916392 + 82172%) Ho 0,1 (z) + m (781601 — 108303z " + 1273422

1
+ 19227 — 36397z + 5865322) Ho,1,1(z) + ﬂ( — 182059 — 55923z ~" 4 1351022

13307 134522
— 192007 — T0857¢ + 168812”) Hy . () + (~—5— — 2131a Tx

1
+ 1859z + 2042%) Ho 111 () + E(10869 —27932~" + 304272 + 2804w

4681 2276
+6062°) 0,0, () + (5~ — 205907 + 32107 — 3627 + °

1
+ 6(4474 — 7848z + 1142777 — 12027 + 2229 + 10052%) H1,1,0,1 ()

— 64273

+ 187ZE2)H1707171(13)

1

— 5(2455 — 572" + 6622 — 103z + 1592%) Ho1.1,1,1(2) + 2 (—4357 - 123321
1

+ 138272 — 1133x + 212°) Hy 00,01 (%) + 5( — 5755 — 8192~ + 30272 — 617x

1
—1592%) H1 00,11 () + 5( — 2091 — 2912~! + 2272 — 4612 — 512°) H1 01,01 (7)

1
+ (— 5931 + 5852~ — 242272 + 785z — 4892%) Hy0,1,1,1(2) + 5 (— 2369 — 561z
+ 50272 — 6392 — 92%) H1,10,0,1(2) + ( — 1577 4 663z~" — 158272 + 817z
—2492%) Hy1,0,1,1(2) + 13(151 + 51a~" — 6272 + 592 — 32%) H1,1,1,0,1 ()

1
+ (@( — 1110357 + 105912~ + 30722~ % — 517555z + 149852%)

+ = —(— 3006825 — 172172 ~! + 244182~ — 38402~ — 362419z + 2220327) H; (z)

+ %( — 1662 — 10002z~" + 11712~% — 8423 4 1970z + 22352°) Hy 1 (z)
+ 5(7697 + 2181z~ " — 282272 4 805z + 32°) Hy 01 (7) — z( — 9007 — 1959z !
+ 15822 — 2221z — 75x2)H171,1(x))¢2 + i(334673 + 33033z 4 3390z >
+ 96091 + 1002927) Hy (2)(5 + ( 5 (3336 3852 " + 72272 + 3819z — 28127)
+ %(30828 — 50402~" + 1319272 — 144273 + 12193z + 118227) Hy (z)

1
+ (2829 + 17012~ — 250272 + 1999z — 2312%) Hy 1(2))(3) (C.3)
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+7%((32 + 272 + 42?) ( — 144Ho0,0,1,1,1(x) — 200Ho0,1,1,1,1(z) — 84Ho1,0,1,1,1(2)
—28Ho,1,1,0,0,1(%) —8Ho,1,1,0,1,1(%) +52Ho,1,1,1,0,1(x) — 4H1,0,0,0,0,1(2)

— 16H1,0,0,0,1,1() +4H1,00,1,0,1(x) +4H10,1,0,0,1(x) —8H1,0,1,0,1,1() +4H1,0,1,1,01(x)
+ (156 Ho,1,1,1 (%) + 12Hy 00,1 (x) — 4H1 01,1 (2) — 8H1(2)(3) 2

+ (24Ho,1,1(2) + 12H1 01 (2)) ¢ — 22H1 (2)(5)

1
+ %(53702 — 9842~ ! — 15272 4 16098z — 16972 — 7922%) Hy 00,1 ()

+

70190 — 17844z~ " + 114922 + 20892z — 65812 — 14942°) Ho 1.1 ()

_|_

11536 + 93z~ ! + 744272 — 2162 ~° — 63909z — 124542* — 21062°) Ho 1,01 ()

_l’_

+
\HS\HK\H%\HQJ\

5120 — 78872~ ! + 714272 + 40890z + 851022 + 2612%) Ho 00,11 (2)

_l’_

(
(
(16000 — 1899z ! + 16222 4 251702 + 44062 + 92°) Hy 0,0,0,1 (%)
(-
(

8288 — 11612 ~! — 18272 4 30366z + 55902 + 2972%) Hy 0,1,0,1(2)

+

— 12520 — 31172~ — 18622 4 68130z + 620222 + 17552°) Ho 91,11 (2)

+

2496 — 10072~ + 98272 + 8450z + 19542% + 32%) Hy 1 0,01 (7)

_l’_

— 20168 — 2463z~ " — 10222 + 245462 + 16702 + 9092°) Ho 10,11 ()

A/-\/-\/—\w

— 17344 — 6572~ — 162272 + 1128z — 614> + 3872°) Ho 1,1,0,1 ()

— 112 — 81z + da?) Ho,0,00,0,1 (%) — 2(944 + 783z + 1002”) Ho0,0,0,1,1 ()
— 712 — 621z — 1162°) Ho0,0,1,0,1(x) + ( — 680 — 567z — 7622) Ho,0,1,0,0,1 ()
—16(161 + 135z + 1927) Ho0,1,0,1,1(x) — 144(7 + 62 + %) Ho0,1,1,0,1 (2)
+ (= 872 — 7292 — 1002%) Ho,1,0,0,0,1(x) — 4(484 + 4052 + 562%) Ho 1,0,0,1,1(7)
— 6(116 + 99z + 162°) Ho1,0,1,0,1(2)

N T O RO R R RO

+ + o+

1
+ (ﬂ( — 56768 + 18482z~ — 887272 — 962> — 84230z — 8069z* — 10562°) Hy 1 (x)

(48560 + 12483z " — 145822 + 34830z + 104262 + 4952°) Ho 0,1 (2)

+

— 34224 + 2453z~ " — 446277 — 450142 — 77382% + 812%) Hy 1 1(2)

— 80 — 27z + 442%) Ho 00,1 () + (592 + 459z + 2027) Ho 01,1 ()

207222
1552 4+ 1269x + 140x )H()’L()’l(x) + (99367 -+ 8623:1: + 073 z

1
603140 — 16952 + 301526 — 1051722% — 2055%) + (6536 + 5697

+722%)(3) (o

I — AOO
—_

A l\D\b—‘ l\D\COOOM—‘»-lk

_l’_

160 (

1
+10602?) Ho,1 ()¢5 + 120 ( — 1071568 — 898587 — 1265482%) (3
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The

=

1
(55 (~
+ (=152 — 1352 — 282%) Ho 0,1 (7)) (s + = (152 + 1352 + 282°) 3

5876 4707z 134222

4696 + 7412 ! — 31822 4 12222z + 358z° + 4412°) Hy 1 ()

—302%)(5) — 42224 x_lHLLLLl(m)}] ) (C.4)

form factor S in the color-planar limit, is given by

1 1y 1 27 1 1( 37055 1
_ 3~ ) - — )y _ =t = — ) -1
= NG Lﬁ{ 48} * 65{ 32 8H1(x)} * 64{ Sisa T aa "0~ 3T (@)

1 3 5 1 123775 1 B
- g 0,1(93) — ZHl,l(IE) — *CQ} g{ - m + 864( 7067 — 1836z 1)I-Il( )

1 1 5

g( 16 — Y Hoq(z) + E(—107 — 1527 Hy 1 (z) — §H07071(a:) — ZH(M,l(a:)

3 9 29 (o — 3191 — 1620H, (x))

ZHI 0,1(x) — *H1,1,1(56) — *Cs + 798 }

1 (2746 1

— T 22 — 419x)H, 11 28%) H,
+€2{ 543 +x(288( 73 — 228z 1 9x)Ho1(z) + 24( + 9271 + 282)Ho 01 ()

1 9zt 1 1
+ (1 — 1 + 6{L‘)H0’171(:L') + E(_74 — 9z + 591‘)H170,1(£L')
1
1— 1804 —(—1303 — 1352~ ! 4a)H
+ (10368( 3898 8043z) + 44( 303 35z~ 4 574x) 1(:5))@)
1

i2(§(15 6x + Tx )H0707071(1‘) + 1(3 + 18x — 5x2)H0707171($)

1 3

Z( 9+ 6x — 5z )H0717071( ) — T6(29 — 10z + 13z )HOJ(.T)CQ

1 1
(15229 + 16198z — 323 (33781 + 30152~ 1) H
+5760( + v x>§2)+2592( + 30152 Hy(z)

19

1
+ 15 (305 3002~ — 4827 Hy 1 (x) + 6(_115 —57x ) Hyq 1 (x) — fHO,LLl( )

3 15 9 45
— —Hy 001z )_7H1011( )—§H1,1,0,1( x) —2THy11.1(x) — —Hi1(x)C

4 8
1 (1761547 1

— 4993 — 3132H } 7{7 7 1802 1

+864<3( 993 — 3132H(z)) + -\ goos1 7 (864( 802 + 7677z

1 1
— 142992) Ho 1 (2) + 55(349 + 30001 — 6972) Ho 0.1 () + £(1449 + 92271 — 96272

1
—2213z)Ho 11 (%) + — (413 + 4482~ — 48272 — 11492) H1 .1 (2) + 5(171 — 43271

8(
1
—32x)Ho11,1(2) + (94 +2727" — 2)Hy 00, (2) + 5(48 — 2527 = Tx)Hi 01,1 (x)

IR ]

1 1
+ (=52 —33z " — 11x)H1,1,0,1(x) + (o (—120005 — 766459z)

6 62208
L 1
+ ﬁ( 9677 + 113402~ — 310392) H, (z) + 57 (—868— 2012! — 832) Hy 1 (7))o
1 1
+ (1728 (5753 — 11801) + (=93 — 292" + Tdz) Hi(2))Gs) + 7 (g (22 + 1507

1
— 149z + 322%) Ho 0,01 (7) + 5 (218 — 152! — 475z + 322%) Ho 01,1 ()
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+
—_

bo\hdma\h*¢w+~>—

1
— (232 + 152! — 1552 + 282%) Hy 10,1 () + 3 (63 — 30z + 312%) Ho0,0,0,1(2)

1
67 + 10z + 192%) Ho 00,11 () + 1 (47 — 10z + 192%) Ho 0,1,0,1 ()

/\/\1\3

1
29 + 867 — 192%) Ho 01,11 () + 1 (39 — 18z + 192%) Ho,1,0,0,1 ()

_|_

1
— 13+ 50z — 212%) Ho1,0,1,1(x) + 5( — 35+ 222 — 197%) Ho1,1,0.1(2)

—

1
(218 + 172" + 289z — 442%) Hy 1 (7) + g (41— 34 + 252%) Ho o1 ()

+
—~
==

1
— 355+ 1342 — 1632%) Ho 1,1 (z) + g (9823 + 2262 + 31992%)(3) G2

+
o =
—

1 1
T{rag ( — 178171 — 125770z — 70992°) ¢35 + g (= 65+ 58z — 412%) Ho 1 (x)C3

1 1 .
+ g4 ( — POBT + 8734w — 46072°)G5) + 1o (3309 + 590720 Ha ()

1 1
+ 5 (1243 + 2545z~ — 2162 %) Hy 1 (z) + o — (2233 + 4442 — 2882 ?) Hy 11 ()
1 9 27

+ 5(67 — 19527 DHia(2) = 65Ho1 1,11 (2) + 7 Hi0001(2) — 5 Hi001,1(2)

4 2
9 9
- §H1,0,1,0,1( x) —5THy01,1,1(x) — §H1,1,0,0,1(33) —45H1101,1(2) —27H11,1,00(2)
45 135 8099 87
—162H11,1,11(%) — (8H101( )+ ——Hia(z ))42_7 1(2)¢5 — - Hiale )C:s}

4
4233773, 1 B 1
{419904 +x(1728(120419—24352x +1051492) Ho 1 () + —— (—85898

864
— 140672 4 5957x) Ho 0.1 () + — 143750 + 265537~ + 288272 + 33989z) Ho 1,1 ()

+

133
9851
6

1
i 4105 + 2328z ! — 45592) Hy 0,01 ()

2471 + 97563~ — 129622 — 137152) H1 01,1 (2) +

1
+ —— (33010 + 145412~ — 288022 + 3521z) Hy 01 () + ( —32¢72

432

1
+ 5(44441 —169152)) Ho,11.1(2) +

4 132271 — 720272
72( 72(655+63x 720z
— 8183x) Hy,1,0,1 (%) — 5(—185+ 33z~ + 72z)Ho 11,11 ()

6993—1 49z 1
YR T)Hl 0,0,0,1(x) + 5(418 + 15071 = 1372)H1 0011 (2)

1
(151 +x " — 92$>H1’071’0,1($) + §(1666 — 363z — 799$)H1 0,1,1 1( )

IR ]

+

>—~l\3\)—t A

*(452 + 75$ — 1911‘)H1,170’0,1($) + (298 — 79.1‘_1 — 20333‘)H1,170,171(.7))

232 427z
+ (7 —39z7" — T)Hl,l,l,o,l( r) +

CD

(355 (7042833 + 1244160~ + 23702872)

1 1
+ @(1696418 + 10629z — 17280z % + 10585z ) Hy (z) + % (10951 + 46842 !

1
— 33622 — 6035z) Hy 1 () + g(-342— 1412 — 2292)Hy o1 ()

3 1
= J(L66 + 792" + 17Lar) Hy 1 1 (1)) o + 535 (6439 + 16952~ — 0542:) Hy ()¢5
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+ (5 (1417255 + 62208z~ ' — 2337415z) + @(21247 + 1453221 — 1728272

31104
1
—51619z) Hy (z) + %(664 — 1125271 — 12672)Hy 1(2))(3)

1
T (27593

865 + 91221 — 432272 4+ 4106z

1
+ 5:2(@( — 25797 + 1562~ + 76862 — 48612%) Ho0,0.1(x) +

+ 59642~ " — 11474z + 1028727) Ho 0,11 (%) + 144(

1
+ 76872%) Ho 10,1 () + 24( 602 + 81z~ — 935z + 122%) Hy 0,0,0,1(x)

1 -1 2 1 1
+ 35 (110 4 357z~ " — 23472 + 1242°) Ho 01,1 () + E( — 440 — 92! — 1475z

1
+ 1522%) Ho 01,01 (%) + 5 (1054 — 93z~" — 41453 + 5963%) Ho 01,11 ()
1 1
+ ﬁ( — 352+ 1472~ — 1123z + 562°) Ho 1,001 () + 6(1560 — 51zt — 2223z
1
+ 5183:2)H0,1,o,1,1(x) +2 (1357 — 81~ — 953z + 4222°) Ho 11,01 ()

(467 — 142z + 1712%) Hy 0,0,0,1,1 ()

_|_

111 — 54 + 232%) Ho 0,000, (%) +

111 — 18z + 67.7}2)H070,071,071(.1‘) + (341 + 182z + 531‘2)H0,070,171,1(l‘)

+
DO = D =] =

175 — T4x + 752%) Ho 01,00, (%) + = (235 + 34z + 592%) Ho 0,1,0,1,1(2)

+ o+
w\y—tw\n—l%\v—lw\w%\ﬂ%\h‘m\

31 — 6z + 15$2)H07071,170,1($) — 5( — 27 — 66z + 13$2)H070,1717171($)

_|_

1
231 — 1142 + 107z )H07170707071(:L’) + 5(195 — 6x + 591’2)H07170707171(3})

<
(
(
(
(
(

67 — 14z + 31x2)H07170,170’1(x) + (5 + 242x — 791‘2)H071’071’171($)

_|_

+ = (109 — 50z + 532%) Ho 1,1,0,0,1 (z) + ( — 67 + 158z — 752%) Hy1,1,0,1,1(x)

)+

L1

13(9 — b2 + 5% )H071’171’0 1 Z (77 — 106z + 61lx )Hl,O,O,O,O,l(x)
2 1 2

(49 = 20+ 172%) Hy0.00.1,1(%) + 5 (= 1 = 222 + 72%) Hi00,1,0.1()

(11 — 462 + 192%) H1 01,00, (2) + ( — 59 + 142z — 672%) Hy,0,1,0,1,1(2)

+ +
N =N =

76337 — 1532421 — 1152272 + 50018z

_|_

— 41470z — 37x )H10,171,01( ) + (576(

1
+270172%) Ho 1 (z) + — ( — 3806 — 7292~ " — 641z + 3442%) Ho 0.1 (2)

15

3
(6754 6692~ + 2155z + 17082%) Ho 11 (2) — 1—6(205 — 98z + 52%) Ho0,0,1(x)

1
+ =( =331 — 34a — 32%) Ho,1,1 () + g( — 423 + 138z — 1392%) Hy 10,1 (2)

»Mcooo\»—nw —

3
— = (391 — 158z + 1832%) Ho 1,11 () — §(47 + 2z + 152%) Hy 90,1 (2)
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1 1
+ Z( — 169 + 386z — 1852°) Hy 01,1 () + (@( — 38247 — 22866z + 85727)

1 1
— -1 27122 H ——(—11522237 — 2723462
+ 48(655 58z + 2712%) Hy(z))(3) G + (69120( 522237 — 2723462

1 "
539069°) + 7 ( — 8433 + 17942 — 51370%) Ho,1 (2)) G + 5o

1
+ 86124862 + 48052132%) (5 + (5 (2480 - 477z~ — 24132 + 3862%) Ho,1 (z)
1

(25868957

1
+ = (31 + 10z + 232%) Ho 0,1 (z) + Z( — 269 + 250z — 1732%) Ho 1,1 (2)

61 — 7dx + 452%) H1 01 (2)) (3 + %( — 4759 + 8222z — 46152%) (3
1 11
% 10 (237 — Tldz + 3172%) Hy(2))(s)

1 1 1 -1 -2
+93312(5454773 69671342~ ")Hy (x) 2592(227743+90336m 84744z %) Hy 1 (z)

( 20345 N 18391z ! N 5622 5
216 72 3 36

2
+ 720$_2)Hl’171’1(3§) — g(—1025 + 633$_1)H171’171’1($) — 422H0 1.1.1.1 1(1‘)

sy dtytsdy

] w ool

+

—

(8241 + 7566z — 2183z%) —

— 3199 — 28447 !

It Rt ] 1yt

27
—129H100,1,1,1(z) —390H1 011,11 () + §H1,1,0,0,0,1($) —81H1,1,0,0,1,1(2)

—2TH11,01,01(2) —342H1 10111 (2) — 27H111,001() — 270H 111,011 ()

IR Rt ] byt IRt ]

135 405
—162H1,1,1,10,1(%) = 972H1111,01(2) + (= —=Hipoa(@) = o~ Hi111(2)) G
8099 , 261
~ Jgo M1a(@)6 - 2H1,171(96)C3}} - (C.5)

D Four-loop form factors in the asymptotic limit

In this section, we present partial results for the four-loop form factors in the asymptotic
limit (é@ and S (4)). With all the available components, we have obtained up to 6% poles
completely, while partial results have been computed for 6%, % and € coefficients. The light
fermionic contributions are completely known for the 6% pole, while O(L%) and O(L°, L)
terms can not be predicted for the % and € coefficients, respectively. For the non-fermionic
contributions, all the higher powers of L can be predicted except for O(L°) in 6%, O(L)
and O(L') in 1, O(LY), O(L') and O(L?) in €*. In the following, we mention the Casimirs

appearing in the four-loop results
Na=(NZ-1), Nr = No,

dpeldged  Na(Ng —6NZ +18)  dy™ddg*’  Na(NE +6)
Np 96N, ' Np 48

(D.1)

The result for GYL) is given below.
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7 41 593 22 1
{cb[ L* - 3L+ -@] Cng[72-—EgL 4g] cgcb[

55 8L 2827 257
3 Yy i 2 _ abet
+CFTLZTF[ 18+ 3 ] +CACF711TF|: 324] CF |:162:|}

1{01:[—43L3 19L2+L<—52 C2> Mg—262—§3]

31097
2592

18

187 296 24463 15 51731
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864
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2,22 33

T2 ——— _ T3 | — —

+ Cpnj F[243 31 ] —|—C’4C’pn [27} + Cpnj F[ 81}}

1 235 107 313 29 307 262 20317
- L4 L3 L2 Qe ey v
4{Cb[72 6~ T <6 @> < g et @> 384

367 127 o 685 605 1571 13
ST T 1843—12c210g(2>]+0,40%{ TR LQ( T @)

8029 57943 133 13 341
L -2 42— 27 22 == log(2
+ ( 103 + 3 Cz CS) 1296 C2 C 36 (3 + 6¢2 log( )}
2662 7757 440 56797 23677 397 o 6347
+Qﬂ&[L2+L(— - @> g]

972 27 7776 1296 Gt 3556

360 216
13311; 120241 1573

f 55 157 659
C3Cr| — — CinTp| ==L — —L*+ L —
oA 17[ 54 3888 216‘:2]+ s F[ 9 T

28 2377 9 146 1936 2966 160
- <2> — S SG 43] + CaCpmiTr [ -2 L<243 + 5 2>

162 81
379 2599 673 242 2033 143
162 T 162 CQ__Cg}_FCZAC¥””7}’[ o Lt 08 _’zn’c:
88 377 26 }

352 , 1172 49 95
TP L — - — T2 — —L— — + =
81 243 " 486 27<é]4_cb“jF"’ F[ o L5 T

100 32
33
T — 4+ —L

1171 547 1699 149 889 845
+t3 {CF[L5+ oL+ L3< C2) ( *C2* C3>

81

360 24 18

15247 280 259 , 1111 3695 413
L( —— = 7C2 Cz + 2463 + 48(s log(2 )) +—

2
15 5 (2 - fC

463 28 1309 :3< 721

i _ _ 3 [ 1309 4
Dt Dt~ gy 66421og<)+2cl]+cAcFL44L Lo

7061 163 70241 1081 557
S L2 - —/—/— _=— 19¢2 — ===
5 CQ) + ( 139 C2 C3) < 618 + 36 (o — 1283 C3

973909 201 9407 39149
15550 7C2 0 G+ Cs - *C2C3 - *Cs

— 24, log<2>> -

— 55 —



-3l -] + 3| - S+ (- I+ e ) (510
6180287@ B 397@_2 3377C3) B 2?2332:1 _ 7244135 ot 13;13 €22 n 612984445 G

R | o e e

LS U] ] 12 (0 0

B L<2136925 17;9(2 61§C3) B 230828785 B %@ 3138601 Cg 1552(3 +24¢5 log(2 )}

+CACk Ty | 1P+ 12 (ﬁj‘f ara) o - 0 - e+ )
oo are e e G- st~ 12Glog(2)| + ChCeniTi |2 -

N A

+ L(l;i? 7801062) - 1:?325 - 2*7C2 - 2254534C3} + CaCpnjT [L<72172 - 16C2>

- Ton gt |+ Contth| < L4 T+ Sal |

5 {C [;41125 76 2162003L5 74 (84;;9 70712@) 3 <2347 n 31¢2 46;?@,)

412 <8394631 14653 L 11;1 (2 2042 Cs — 26y log (2 ) ( 13039 1609 )

+ 803 B8 T+ 564445 + 216G 10g(2) - 8er ) + O(L7)

SR CERIEE R DR R S

n L2< _ 686248817 _ 3223C 433C2 4451(3 360 log(2 )> n L<3312;45487

+ 200 - DR - 06 4 Bl - 1056 - 20 og(2) + 4cr ) +0(2°)|

et (s ) (e

206 (e et - e + e - e -

— 44, log(2)> - O(LO)] — C3CF [L(Q;B? 1;§0 %c 121<3> + O(LO)]

+ dabzifw [0( LU)} + 3T [11890 jan 1160387 143 (32221 200@)

n L2<2280194 1115<2 n 80C3> <_ 164184635 _ 3;30 L 4;(1)3C22 n %Cﬁ’)

— 56 —



2870081 , 3779 ‘oo 925559
923328 24 %27 1080

3217 4c
+ =5 G5 — 36G log(2) - 1]

30797 113

¢3 162 (3 — TCQC?’

—-32Q§10g(2)) +

486 - T e 213 T8l 2T o7

729
l)(-— 232973 4825 2204 4826 > +_573335

385L% 25493 326 17326 3574 2066
+ CAC%TZ[TF |: + L3 ( > + L? ( - 3)

2
_ 16¢5 log(2) | 4 202020
a7 T s 2t 35 ¢ T gy 8 T 166 10s(2) | 4 a0

400349 . 10133 , 71537 2627 2,
- - - 18¢ log(2) + —2
5832 2 620 2 916 T gy 620 706 + 18G2log(2) + 9}

19313 1156< +§<2+@C 1631455 21397
162 o7 2 152" g 3 23328 486
98 431 dabed gabed
(3 —"§*C2C3'— 18C5] 4““3Q§;“*
35 4, 3854 4
243 729
1430 374 55034 2702 2312 352927 3818
() o |

+ CACrTr [L ( 2

8435

79
B

8 40
mTr [ —8C + 343 + 3C5]

+@@@P

81 81 o187 232 T 23 ) T oeom T o @

4951 11006 1585 160 112 > 26569
3

— 2 PR J—
8102t a9 TR A 11664

3788 58 , 596 aos| 32 5374 40, 40
22 T3 22t e
2132 T 1392 " 5 43] + Crni F[ sttt o T w2 T

1 24403 11779 39727 625 11497 183
Lokl - L Lo rp( — 220y 222 ]
+e{ F[ 120" T 0 0T 560 T 72?) T 2 T8

22505 424135 6811 25223 , 10072
L - - > 56(3 log(2
108 C3> + ( 983 13 G+ 130 G+ 9 (3 + 56¢2 log( )>

71143 7559 12479 67609 2221 15434
+L2< 51 T 2 50 (5 — T G+ 5 CoCs — 5 (5 — 276(2 log(2)

17963 182123 1547 3079943
L6+L5< C2> _L4< 5184

<4+@@ﬁﬁv(—

2160 120

31 4429 , (1284883 13051 . 841 , 33370
- 2 S — 28¢5 log(2
+ 36C2 o C3> + L ( 156 T oa G2 10 G o (3 — 28(2 log( ))
3411619 440867 . 376693 , 1307477 . 835
20— — J - 536
+L( 486 216 2t 70 @t o @ g 2% 930G

1 2) — Ll 22| _
+ 138¢2 log(2) 601> + O( ﬂ *‘(ZACU?[ 2388 53393 I3
4010867 20765 . 1006 ., 29425 24422981 2203097
3 2 2
- - L
L ( 32 T 216 T 27 2T g C?’) * < 8748 | 338’

20821 2 605677 1664 1478 1 3 1
F10 2T oq3 BT g Gt 5 C5>+C’)(L )]JrCACF[(’)(L)

dabcddabcd
R
Np

1 1692005 6655
3673 5 L4< 69 2)

2

1633 14869 245641 167
LS — L°+L* —
1080 540 © T < 1206 9 @)

— 57 —



368111 6755 . 592 406519 33601 . 6313
L3 o Uty vIe L2 2
+ ( 486 52 2T o7 C3> * ( 213 T pa 2T IR0 2
6001\ (4957289 5311s5 . 71423
g > 2916 324 27 540

2008 560 16¢ 1243L°
5 G+ ?CZ log(2) — 91) + O(LO)] + CACJ%“anF[ 186

+—L4< 143155+ 605C > +Lg<303410 826C 550C > +»L2< 3467426
— —( — 3 o

203552 194
31 (3 + TCZC:%

G+

2016 | 162 729 2432 81 2187

26015 bt 283 oy 130267 A 20954098 | 1233125 8473 ,
54 2T 972 Tgu3 >3 6561 729 27 162 2
1307960 7282 370 280 8¢y 0
— — 2 — 2 10e(2) + L) + oL
w59 87 gy 2T 3G 50 0g(2) + 5 >+ ( )}
24137 5080 88 5776 112 524
2 2
TelD = 228 L 2, m 22 210 227 2=
+ C3Crny F[ ( 394 + g1 C2 15C2 o7 (3 + 3 Ga@3 + 9 C5)
dabcddabcd 64 320
+O(L) | + T | L(64G — -G — 5565 ) + O(L?)
Np 3 3
113 11045 13030 1954 405428
2 2m2 5 4 3 2
T2 - =24 0 A 3 - L
O Ty [ 243" T 1458 < 243 243 CZ) * < 2187

G+ G 6561 9 27 052 T iy

21289 2156 Lt - 2183314 2230 3703 5 44740
243 243

923 304 112 1120
0 22 _ _-tfk2, 2nay 0
+O(L )} + CaCpniTF [L(162 a1 2 I G+ o7 C3> + O(L )}

32 64
+ Cpn3 Ty [L( -7 27(,‘3) + O(LO)] }

3017 o 51467 177943 13469 2217 903
0 4 8 7 6 5
I8 — L"+L - Y
e {CF {3456 5040 ( 2160 2160 €2> ( 5 a0 %
102281 2033383 30499 . 108911 , 11570
L — — — 302 log(2
540 C3)+ ( 52 T 72 2T g 2T g & 30 logl )>

362299 11215 9107 333091 12181 70946
+ﬁ<— - Gt G+ G GG+ G

72 4 12
272 1048579 6703
7%L7_ﬁ(— @)

+

2
+ 204¢, log(2) — 83'31) + (’)(LQ)] +OACE [

6048 12960 + 720

17678467 919 . 6683 7415381 71359 . 12607
L5 e . L4 _ . 2
* ( 25920 90 40 <3> * ( 1944 216 2 T 120 @
94729 82013735 2547647 2204749 , 7392907
15¢ log(2 L? - 2 -
51 o T 1oz los( )> - ( 5832 648 7 2160 2 a8
12517 14cy

981673 ¢

s — 1087G; — * Gy log(2) + 3>+mﬁﬂ+dw4

18 116640
5 (20068937 14663 437365023 60601 . 1081 o 313093 ¢
116640 648 > 23328 864 27 27 "2 48
455621965 16599041,  456247¢2 4225744 7652 6782
3 _ _ 2 _ e
L ( 524883 11660 1620 | 729 B gy 28T g

— H8 —



44 9 3 1331 5 4 33803 121
+ 3C210g(2)>+O(L ):|+CACF|:27OL + L 394 + 9 ©)

o (464;1607 SO M 92843) n 0<L2>] n d?“bcffw [om]
n 3;1515(1;1C2 B 13954€3> L3< _ 54134352859 B 201362281@ n 2190487@2 n 132?83 G
+ 2, log(2>> E (10122263 B, B T By

— 176(9 log(2 — O(L CuCeniTp| — ——L
15 G5 G2 log(2) + 9 ) +O( )] +CaCpnilr | = 725

1717963 1333 1509865 16243 18143
LP — L - —
+ ( 14580 162 @) + ( 1458 186 T 162 43)
34805519 20443 37877 , 1211155 16
L3 — — — —(olog(2
* ( G561 T 18 2T 205 2 g o3 g Czlosl ))

109811354 5123911 . 529751 , 6970225 . 5161
L - - ; - 464
< 6561 720 2T g0 2 T Ty BT gy G20 404G

+ C’%’I’LZTF |: -

_ 16cr 1 2 22,5 ;a(2920 88
+ 88(s log(2) 9 > + O(L ):| + CACFTLZTF |: 15 L°+L 57 9 (s
1090982 31828 416

013 T o7 2T 5

255563 712 176
3 =220 e 24 12
+ < 57 57 G2 5 Gy + 76(3) + <

&3

1400 dabed qabed 128
— 1924¢5 — 16(2(s + 9q5> + O(Ll)] + L F 0 Te [LQ( —128(, + ng
F

640 8113 , 138713 74807 8621
Yy O Ll 02 2T2 L6 . L5 L4 ROV ores
T3 C5> +0( )] FOEEE | 7590 200 ¢ T Tase T ase @

L s _ 4816646 150841 o 17380 o) + 12 13737251 , 83497 - 56809
6561 729 27 729 3 6561 81 27" 810

200866 88 968 16 23302
- C3> + O(Ll)} + CACpnj T} [45L5 + L4< -5t 9Cz> +L? <

¢

729 27 81

736 64 308686 11440 80 2032
G2 — 3C3> + L? ( — - Co+ ?Cg + C3> + O(Ll)}

tor 243 27 9

2 4 4 12
+CFH?T}%[—3L5+%L4+L3<—M—8@) +L2<

79280 1216
135 81 243 27 2

729 a7
- (’)(Ll)} } . (D.2)

The result for S® is given below.

~ 1 (1 1 (11 1 1

(4) _ — ) - 4 - 3 4 AL — = 3 T
g 68{24CF}+67{8 CaCh+ 5 Ch(5 — A1) — 5Ciny F}
1 {31097 9 2827

T CACE -
6] 2592 ATF 394

1 257
CACinTr + Tg(_55 + 48L)C3nTr + @C%nl?ﬂ%

— 59 —



+CACF[——L 57923+ 14} +CF[7 —2L+107—1g‘g]}

615{3327123501’ - 3100285 C:Crn Ty + %CACFn%TI% - 8—an?Tg:
. %( 109 + 114L)C2n2TE + CuC2m T [22?0 . 520717; . fgg]
OACF[@ L(—ﬁ —26) + % - 264 —43}
4L {213( 95 + T2L)CrndT3 + C%Crm Ty [Q;QL + % - % 2}
] -3 5] o[ 1502
+ CEni Ty [38512 L7 Z%L - 1418065 277@} + CaChmiTy { B %LQ L ( 1234930
. @ 42) 2136125 . 2156929 613 Cs} B CFanF[595 o 11285 2y L<35%5 28 <2>
B % + ZC 146<3] +CACE [%H + L(% - @@) 770797769
sl 5 (5 5
v~ %367 + 26— 24<:3) + I o+ 106G - 2l — 6 log(2)]
PR a AR et Y
+ % - 14‘2 127( 775(3 + 12¢z log (2 )] }
+ {CFTL T8 { - %L 18? + 42] + C2CpmTr [L( - % + %cz) 22;;21
2294@ B 7C B 1034{3} L QTP%[ §Z§L3 2204630L2 L<% @@)
e - 8917027L3 12~ Tgr 4y ¢ (1?3335 + 7140887 G

3377 ) 16738333 | 46471 1643 , 1307 G 323 e i C
3 139968 972 2 3 253 5

27 90 > - 1944
119 335 899
_ 3 4 3 oJJ
332 log(2)| + Cpn(Tp | - LR (54 + 42)
608 53 . 616 58723 82, 3361 2038
L =22 2220, 22200 220020, ©2 — 24,1
+ ( a1 A 3> 3888 C2 130 — G+ C3 (2 log(2)

— 60 —



1474 15662 242

soucinm, (S (3 1500
1111(;224619 B 9997823 G — %@2 + %Q& +12¢2 log(2)} +CuC3 {%L‘l
(20 Do)+ (- -0+ 1) + 1 (B - et — 123
—33Glog(2) + 1| + O [ - %L5+%L4+L3<_ I%+%‘f@) +L2(%3
G- %@) rr(- 22 - To %43 + ?Cs — 48 log(2))

2227 79 651

+ oSG

651 2408 28 743 }
24 2 20

G- TCS + ngC:z - ECE) + 198¢2 log(2) — 2¢1

1585+@C_g ) 26569+3788C+§

81 272 9 %) T 11664 ' 2432 15
32L 5374 40 . 40 35 3440

373 2 2m2 4 3

_oer 0 e, 2 T [— Ry e )
+CF”ZTF[ 51 tomsr 7@ 81C3} O T~ ol g

448 374 11051 2180 2312 211447 4322

(-4 o )-

81 81 2187 243 G+ 243 G 26244 T 243
B e 13814 19313 1156 352 )
810 2 ' 729

88
2 TV Y 2F 2 Dttt
C3i| +CACFanF |:L< Cz -+ 15€2 + 9 C?,
__1631455 __21397

162 27
23328 486

8435 98 431
E R R T
dabcddabcd 8 40
%WTF [ — 82 + §C3 + §C5}
385 4723216 326

2 4 3 2
T [—L L ( 020 | 0D ) L (7
+ CalpmiTr | oe o + 720 Taie) Tt
04436 7051 . 2204 . 22538 378616

L(— 2 _ —166,1 2)
o187 Tl 2T 35 2 T og3 ¢ 7 16G2los(2) ) + o

447941 89693 , 158801 2627 2cq
- - — T0Cs — 463 log(2) — =+
G e G G S Galy — TG — 46y log(2) — =

19 3056 200 7891 341
3, T [—Lf’ 2999 4 L3<———— ) L2<— 2, + 80 )
Tl g0t T oe T 81 g @)+ g0 T g2 T80
+L( 16015 7181 4213 , 946 1331119 2155

2
_ 220 ey 4 326, log(2 ) _
972 51 27 g G2t gy Gt 32 log(2) 93328 | 24

26027 113 3217 4cq
=2 2 s 1 926, log(2 —]
162 (3 9 G2@3 + YT (s + 92¢2 log(2) + 9

287 1780 . 242 , 121 o )
=L el i L ] [—
5 + o G2 15 ¢ 9 CS) +O(L")| + C4CF
35372 1793 17422 8527 . 1103 5555
L3<7 _ ) L2< _ 2 9999 )
+ )+ 243 ety et G

729 162
3325325 32875 6367 100151 592 508
- — - — 44(2 log(2
i S G~ ey — TG+ MG log(2))

31092 213 7 135
209 45137 343
+ O(LO)} +CaCh { B %LE} + L4< T 864 ﬂ@) * L3<
159215 4283 433
303 )_%LQ(__ )

ERCES 68 T @t

596
81

s encmir[s(- G-

G2
4951

79
G2 — E;C§'+

3350 4015 2066 )
243 ' 81 2 o7 3

G

1073<2
216 2

+ O30k [L(—

4235
3888

¢+

32335 +_1441
324 36
8975 )

2 +-42i§*43-—-36C210g(2)

G2

~ 61 -



1278065 = 26905 9491 , 113641 421
( > — (a3 — 1 248, 1
3888 216 2T 3602~ T1og ¢t 3 28 — 105G +248(; log(2)

5467 87 7657 701G 4025
_4 LO} { Ay Sy ( L3(——4——7
Cl)‘+(9( )| +Cr 160" 16 288 72 ) 48

677 4625 1471 3109 1171 3245
S G+ ) H IS G- T G - TG+ TG log(2))

6551 261 345 o 20333 5644
L( oGt

aale i 674@@‘3 + G

24
—6m@bgm+8q)+0@%]+0@%}

13 5 3250

243 729

13900 2156<_) (216415
3

o157 T o T o 13122
923 304

(L%}%—C@C&vﬁ]%{L(igi s

112 1120 1633 5 3523 5 .4 15643 167
1080 216 S5 ¢ L < <?>

1 32
+ {an?Tg (- 2456 +own] + cnprp] - 3250 4
€

L3( 4370 %@) <47624

243 243
10838 3703 , 52120 )

TR G -

Cz C3) + O(LO } + CFanF{ 394
L3< _ % _ 3281 592 ) <172009 43775 6313<2 6943C3)
17

486 s 2t 972 108 % T80

394171 106243 862 4905 194 2908
L( - - G2 — EC g1 —— @+ C2C3 - 7(5

5832 162
4 16¢; 243 93290 605

1 447) C)LU} CAC2n,T [ LS4+ L4 (__4447 i )

3 C2108(2) + == ) + O(LT) | + CaCpmiTp| e L7+ 720 T 1622

L3<126464 550 ) 2( 352193 3035 283 147952C )
- 3

729 _’§1§<2__“7C3 2187 G+ Cé 243

(7 941651 1001743¢; 105563 , 906461 7282 370

6561 | 1458 810 2 729 @B g 2@t 36

712 8c 24137 5080
+ 742 log(2) — ?1) + O(LO)} + C3CrTr [L( - — 7(2 *5@2

324
- @Cs 1;2@(3 + 524(5) + O(LO)}

da,bcd dabcd
Np

dabcd dabcd
mTr [L (64C2 - §C3

13673
3888

320

- 226) + o) + o) + cicr|OWw)] + C4CE| -

4<285515 _}§§§§<é) (__ 1844069 | 6533 1006 5 29425<3)
5832 648 5832 72 27 162
‘L2<92§315'+ 22§§?342__ S;ié7<§'_ 20;3;15C3 1664@4,3_+ 1478<5> o )]
*-<14C?*[—'%£§§§1*‘+'L5(Qigig3" ﬂii352>'_ (4§§i5'+ ﬁiﬁfc _'4429<3>
(S WG ) - S
- P 10257343 835c2c3+536c5—444<210g< 2) + e )
o) o[- 2B 7 20 (- BT ) (0
ﬁi&é—2£§kﬁ-Hﬁ(—1%?5—1?fib+2§?%2+4?5@

— 62 —



10819 6465C 4973
24 16 2 40

+ 885G log(2) — 12¢1) + O(L)] }

77327 2221 15434

2
¢ 36 @3+ 9 G2C3 — 15

— 560, 10g(2)) + L2( Gs

v ooty - Lt (R0 (- B - SR« (T + )
) el L umos) (o
+ CACpn2T2 [%ﬁ + L4( - % + %6@) + L%% + 72%6@ - %@)
+12( - % - 6;“7)0@ + 8—;@ + %@,) +0(L)| + ChnT | - %ﬂ
s ) (e it
L ( B 267221999 - 223924451 - 2190487 g 13;:;,05 ‘o % o log (2)> L (30558535285
+ 663325495 2 — 627301 53— %C&; + ?Cz@ + 1644544C5 + 448(2 1og(2) — 329i)

+ O(L)} + CaCpniTr [ B %ﬁ:gﬁ +L° (% B 1136323@) + L4( - 4?451221
- 432;9 oo 1%4213 gg) .8 <39605162120 . 5583134 ‘o 31527 o 1033278 N
2

) (- 00 1307 i
- %Cz@ + 464¢5 — 224¢2 log(2) + %) + O(L)} + CACrTr [ — %Lf’

L4(% a 8798@) + L3< - % B %72(2 B %422 + 176(3) + L2<184681651

000~ 06 16606 — 16665 + 1565 ) +O(L)]
O [ (<1286, + 1260+ 226) + 0(1)

F

27203L7 _ L6(1024097 6703 ) 5(105059 16417 ,

0L2} 003[ _
O]+ Calr | 5o 25920 720 °2 8§10 720

L <82538535287 . 28112093629 - 12271860001 2 _ 22;215 bt 1215817 oo — 10876
I ) 5] ach [P (2
) Tz 101 s
(s sl o v, T o

— 63 —



44 (abed gabed 3017 887
e 0a@) + 03] 4 BB o ] 4 oa [0 s 88T 2
5 G2 log( )) +0( )} TN, [O( )} * CF[3456 672

122617 13469 3783 16949 102281 41009
6 B 5 4
L < 8640 2160 @) L ( ) <3> +1L ( 144

64 240

72853 108911 , 51305 o/ 22025 13395
- - log(2)) + L3 — 2222

288 2 Tmp @ Ty Gt 830G log( )> * ( 36 16

1435 , 298571 12181 70946 98¢, )
- — 664Cy log(2) + 224 L

3 G+ 103 (3 o7 C2G3 + 5 (5 — 664¢21og(2) + 3 ) + O( )}

+ O(L2)} : (D.3)
References

1]

2]

[10]

[11]

[12]

V. Ravindran, J. Smith and W. L. van Neerven, Two-loop corrections to Higgs boson production,
Nucl. Phys. B 704 (2005) 332 [hep-ph/0408315].

D. de Florian, M. Mahakhud, P. Mathews, J. Mazzitelli and V. Ravindran, Quark and gluon
spin-2 form factors to two-loops in QCD, JHEP 02 (2014) 035 [1312.6528].

S. Moch, J. A. M. Vermaseren and A. Vogt, Three-loop results for quark and gluon form-factors,
Phys. Lett. B 625 (2005) 245 [hep-ph/0508055].

S. Moch, J. A. M. Vermaseren and A. Vogt, The Quark form-factor at higher orders, JHEP 08
(2005) 049 [hep-ph/0507039].

P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Quark and
gluon form factors to three loops, Phys. Rev. Lett. 102 (2009) 212002 [0902.3519].

T. Gehrmann, E. W. N. Glover, T. Huber, N. Ikizlerli and C. Studerus, Calculation of the quark
and gluon form factors to three loops in QCD, JHEP 06 (2010) 094 [1004.3653].

T. Gehrmann and D. Kara, The Hbb form factor to three loops in QCD, JHEP 09 (2014) 174
[1407.8114].

T. Ahmed, G. Das, P. Mathews, N. Rana and V. Ravindran, Spin-2 Form Factors at Three Loop
in QCD, JHEP 12 (2015) 084 [1508.05043].

T. Ahmed, T. Gehrmann, P. Mathews, N. Rana and V. Ravindran, Pseudo-scalar Form Factors
at Three Loops in QCD, JHEP 11 (2015) 169 [1510.01715].

T. Ahmed, P. Banerjee, P. K. Dhani, N. Rana, V. Ravindran and S. Seth, Konishi form factor
at three loops in N' = 4 supersymmetric Yang-Mills theory, Phys. Rev. D 95 (2017) 085019
[1610.05317].

T. Ahmed, P. Banerjee, P. K. Dhani, P. Mathews, N. Rana and V. Ravindran, Three loop form
factors of a massive spin-2 particle with nonuniversal coupling, Phys. Rev. D 95 (2017) 034035
[1612.00024].

T. Ahmed, P. Banerjee, A. Chakraborty, P. K. Dhani and V. Ravindran, Form factors with two
operator insertions and the principle of mazimal transcendentality, Phys. Rev. D 102 (2020)
061701 [1911.11886].

64 —


https://doi.org/10.1016/j.nuclphysb.2004.10.039
https://arxiv.org/abs/hep-ph/0408315
https://doi.org/10.1007/JHEP02(2014)035
https://arxiv.org/abs/1312.6528
https://doi.org/10.1016/j.physletb.2005.08.067
https://arxiv.org/abs/hep-ph/0508055
https://doi.org/10.1088/1126-6708/2005/08/049
https://doi.org/10.1088/1126-6708/2005/08/049
https://arxiv.org/abs/hep-ph/0507039
https://doi.org/10.1103/PhysRevLett.102.212002
https://arxiv.org/abs/0902.3519
https://doi.org/10.1007/JHEP06(2010)094
https://arxiv.org/abs/1004.3653
https://doi.org/10.1007/JHEP09(2014)174
https://arxiv.org/abs/1407.8114
https://doi.org/10.1007/JHEP12(2015)084
https://arxiv.org/abs/1508.05043
https://doi.org/10.1007/JHEP11(2015)169
https://arxiv.org/abs/1510.01715
https://doi.org/10.1103/PhysRevD.95.085019
https://arxiv.org/abs/1610.05317
https://doi.org/10.1103/PhysRevD.95.034035
https://arxiv.org/abs/1612.00024
https://doi.org/10.1103/PhysRevD.102.061701
https://doi.org/10.1103/PhysRevD.102.061701
https://arxiv.org/abs/1911.11886

[13] R. N. Lee, A. von Manteuffel, R. M. Schabinger, A. V. Smirnov, V. A. Smirnov and M. Stein-
hauser, The four-loop N' = 4 SYM Sudakov form factor, JHEP 01 (2022) 091 [2110.13166].

[14] R. N. Lee, A. von Manteuffel, R. M. Schabinger, A. V. Smirnov, V. A. Smirnov and M. Stein-
hauser, Quark and Gluon Form Factors in Four-Loop QCD, Phys. Rev. Lett. 128 (2022) 212002
[2202.04660).

[15] A. Chakraborty, T. Huber, R. N. Lee, A. von Manteuffel, R. M. Schabinger, A. V. Smirnov et al.,
Hbb vertez at four loops and hard matching coefficients in SCET for various currents, Phys. Rev.
D 106 (2022) 074009 [2204.02422].

[16] W. Bernreuther, R. Bonciani, T. Gehrmann, R. Heinesch, T. Leineweber, P. Mastrolia et al.,
Two-loop QCD corrections to the heavy quark form-factors: The Vector contributions, Nucl.
Phys. B 706 (2005) 245 [hep-ph/0406046].

[17] W. Bernreuther, R. Bonciani, T. Gehrmann, R. Heinesch, T. Leineweber, P. Mastrolia et al.,
Two-loop QCD corrections to the heavy quark form-factors: Axial vector contributions, Nucl.
Phys. B 712 (2005) 229 [hep-ph/0412259].

[18] W. Bernreuther, R. Bonciani, T. Gehrmann, R. Heinesch, T. Leineweber and E. Remiddi, Two-
loop QCD corrections to the heavy quark form-factors: Anomaly contributions, Nucl. Phys. B
723 (2005) 91 [hep-ph/0504190].

[19] W. Bernreuther, R. Bonciani, T. Gehrmann, R. Heinesch, P. Mastrolia and E. Remiddi, Decays
of scalar and pseudoscalar Higgs bosons into fermions: Two-loop QCD corrections to the Higgs-
quark-antiquark amplitude, Phys. Rev. D 72 (2005) 096002 [hep-ph/0508254].

[20] J. Gluza, A. Mitov, S. Moch and T. Riemann, The QCD form factor of heavy quarks at NNLO,
JHEP 07 (2009) 001 [0905.1137].

[21] J. Ablinger, A. Behring, J. Bliimlein, G. Falcioni, A. De Freitas, P. Marquard et al., Heavy quark
form factors at two loops, Phys. Rev. D 97 (2018) 094022 [1712.09889].

[22] J. Henn, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Massive three-loop form factor in
the planar limit, JHEP 01 (2017) 074 [1611.07535].

[23] R. N. Lee, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Three-loop massive form factors:
complete light-fermion corrections for the vector current, JHEP 03 (2018) 136 [1801.08151].

[24] J. Ablinger, J. Bliimlein, P. Marquard, N. Rana and C. Schneider, Heavy quark form factors at
three loops in the planar limit, Phys. Lett. B 782 (2018) 528 [1804.07313].

[25] R. N. Lee, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Three-loop massive form factors:
complete light-fermion and large-N, corrections for vector, axial-vector, scalar and pseudo-scalar
currents, JHEP 05 (2018) 187 [1804.07310].

[26] J. Ablinger, J. Bliimlein, P. Marquard, N. Rana and C. Schneider, Automated Solution of First
Order Factorizable Systems of Differential Equations in One Variable, Nucl. Phys. B 939 (2019)
253 [1810.12261].

[27] J. Bliimlein, P. Marquard, N. Rana and C. Schneider, The Heavy Fermion Contributions to the
Massive Three Loop Form Factors, Nucl. Phys. B 949 (2019) 114751 [1908.00357].

— 65 —


https://doi.org/10.1007/JHEP01(2022)091
https://arxiv.org/abs/2110.13166
https://doi.org/10.1103/PhysRevLett.128.212002
https://arxiv.org/abs/2202.04660
https://doi.org/10.1103/PhysRevD.106.074009
https://doi.org/10.1103/PhysRevD.106.074009
https://arxiv.org/abs/2204.02422
https://doi.org/10.1016/j.nuclphysb.2004.10.059
https://doi.org/10.1016/j.nuclphysb.2004.10.059
https://arxiv.org/abs/hep-ph/0406046
https://doi.org/10.1016/j.nuclphysb.2005.01.035
https://doi.org/10.1016/j.nuclphysb.2005.01.035
https://arxiv.org/abs/hep-ph/0412259
https://doi.org/10.1016/j.nuclphysb.2005.06.025
https://doi.org/10.1016/j.nuclphysb.2005.06.025
https://arxiv.org/abs/hep-ph/0504190
https://doi.org/10.1103/PhysRevD.72.096002
https://arxiv.org/abs/hep-ph/0508254
https://doi.org/10.1088/1126-6708/2009/07/001
https://arxiv.org/abs/0905.1137
https://doi.org/10.1103/PhysRevD.97.094022
https://arxiv.org/abs/1712.09889
https://doi.org/10.1007/JHEP01(2017)074
https://arxiv.org/abs/1611.07535
https://doi.org/10.1007/JHEP03(2018)136
https://arxiv.org/abs/1801.08151
https://doi.org/10.1016/j.physletb.2018.05.077
https://arxiv.org/abs/1804.07313
https://doi.org/10.1007/JHEP05(2018)187
https://arxiv.org/abs/1804.07310
https://doi.org/10.1016/j.nuclphysb.2018.12.010
https://doi.org/10.1016/j.nuclphysb.2018.12.010
https://arxiv.org/abs/1810.12261
https://doi.org/10.1016/j.nuclphysb.2019.114751
https://arxiv.org/abs/1908.00357

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

M. Fael, F. Lange, K. Schonwald and M. Steinhauser, Massive Vector Form Factors to Three
Loops, Phys. Rev. Lett. 128 (2022) 172003 [2202.05276].

M. Fael, F. Lange, K. Schénwald and M. Steinhauser, Singlet and nonsinglet three-loop massive
form factors, Phys. Rev. D 106 (2022) 034029 [2207.00027].

M. Fael, F. Lange, K. Schénwald and M. Steinhauser, Massive three-loop form factors: Anomaly
contribution, Phys. Rev. D 107 (2023) 094017 [2302.00693|.

J. Bliimlein, A. De Freitas, P. Marquard, N. Rana and C. Schneider, Analytic results on the

massive three-loop form factors: quarkonic contributions, 2307 .02983.

K. G. Chetyrkin, R. Harlander, T. Seidensticker and M. Steinhauser, Second order QCD correc-
tions to Gamma(t —> W b), Phys. Rev. D 60 (1999) 114015 [hep-ph/9906273].

I. R. Blokland, A. Czarnecki, M. Slusarczyk and F. Tkachov, Heavy to light decays with a two
loop accuracy, Phys. Rev. Lett. 93 (2004) 062001 [hep-ph/0403221].

J. Gao, C. S. Li and H. X. Zhu, Top Quark Decay at Next-to-Next-to Leading Order in QCD,
Phys. Rev. Lett. 110 (2013) 042001 [1210.2808].

M. Brucherseifer, F. Caola and K. Melnikov, O(a?) corrections to fully-differential top quark
decays, JHEP 04 (2013) 059 [1301.7133].

S. W. Bosch, B. O. Lange, M. Neubert and G. Paz, Factorization and shape function effects in
inclusive B meson decays, Nucl. Phys. B 699 (2004) 335 [hep-ph/0402094].

B. O. Lange, M. Neubert and G. Paz, Theory of charmless inclusive B decays and the extraction
of V(ub), Phys. Rev. D 72 (2005) 073006 [hep-ph/0504071].

T. Becher and M. Neubert, Toward a NNLO calculation of the anti-B —> X(s) gamma decay
rate with a cut on photon energy: I. Two-loop result for the soft function, Phys. Lett. B 633
(2006) 739 [hep-ph/0512208].

T. Becher and M. Neubert, Toward a NNLO calculation of the anti-B —> X(s) gamma decay
rate with a cut on photon energy. II. Two-loop result for the jet function, Phys. Lett. B 637
(2006) 251 [hep-ph/0603140].

H. M. Asatrian, C. Greub and B. D. Pecjak, NNLO corrections to anti-B —> X(u) | anti-nu in
the shape-function region, Phys. Rev. D 78 (2008) 114028 [0810.0987].

M. Beneke, T. Huber and X. Q. Li, Two-loop QCD correction to differential semi-leptonic b —>
u decays in the shape-function region, Nucl. Phys. B 811 (2009) 77 [0810.1230].

G. Bell, NNLO corrections to inclusive semileptonic B decays in the shape-function region, Nucl.
Phys. B 812 (2009) 264 [0810.5695].

R. Bonciani and A. Ferroglia, Two-Loop QCD Corrections to the Heavy-to-Light Quark Decay,
JHEP 11 (2008) 065 [0809.4687].

T. Huber, On a two-loop crossed siz-line master integral with two massive lines, JHEP 03 (2009)
024 [0901.2133].

G. Bell, Higher order QCD corrections in exclusive charmless B decays, Ph.D. thesis, Munich U.,
2006. 0705.3133.

— 66 —


https://doi.org/10.1103/PhysRevLett.128.172003
https://arxiv.org/abs/2202.05276
https://doi.org/10.1103/PhysRevD.106.034029
https://arxiv.org/abs/2207.00027
https://doi.org/10.1103/PhysRevD.107.094017
https://arxiv.org/abs/2302.00693
https://arxiv.org/abs/2307.02983
https://doi.org/10.1103/PhysRevD.60.114015
https://arxiv.org/abs/hep-ph/9906273
https://doi.org/10.1103/PhysRevLett.93.062001
https://arxiv.org/abs/hep-ph/0403221
https://doi.org/10.1103/PhysRevLett.110.042001
https://arxiv.org/abs/1210.2808
https://doi.org/10.1007/JHEP04(2013)059
https://arxiv.org/abs/1301.7133
https://doi.org/10.1016/j.nuclphysb.2004.07.041
https://arxiv.org/abs/hep-ph/0402094
https://doi.org/10.1103/PhysRevD.72.073006
https://arxiv.org/abs/hep-ph/0504071
https://doi.org/10.1016/j.physletb.2006.01.006
https://doi.org/10.1016/j.physletb.2006.01.006
https://arxiv.org/abs/hep-ph/0512208
https://doi.org/10.1016/j.physletb.2006.04.046
https://doi.org/10.1016/j.physletb.2006.04.046
https://arxiv.org/abs/hep-ph/0603140
https://doi.org/10.1103/PhysRevD.78.114028
https://arxiv.org/abs/0810.0987
https://doi.org/10.1016/j.nuclphysb.2008.11.019
https://arxiv.org/abs/0810.1230
https://doi.org/10.1016/j.nuclphysb.2008.12.018
https://doi.org/10.1016/j.nuclphysb.2008.12.018
https://arxiv.org/abs/0810.5695
https://doi.org/10.1088/1126-6708/2008/11/065
https://arxiv.org/abs/0809.4687
https://doi.org/10.1088/1126-6708/2009/03/024
https://doi.org/10.1088/1126-6708/2009/03/024
https://arxiv.org/abs/0901.2133
https://arxiv.org/abs/0705.3133

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]
[59]

[60]

[61]

[62]

[63]

[64]

L.-B. Chen and J. Wang, Three-loop planar master integrals for heavy-to-light form factors, Phys.
Lett. B 786 (2018) 453 [1810.04328].

K. G. Chetyrkin and F. V. Tkachov, Integration by Parts: The Algorithm to Calculate beta
Functions in 4 Loops, Nucl. Phys. B 192 (1981) 159.

S. Laporta, High precision calculation of multiloop Feynman integrals by difference equations,
Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033].

A. V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158.

M. Argeri and P. Mastrolia, Feynman Diagrams and Differential Equations, Int. J. Mod. Phys.
A 22 (2007) 4375 [0707.4037].

E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A 110 (1997)
1435 [hep-th/9711188].

J. M. Henn, Multiloop integrals in dimensional regularization made simple, Phys. Rev. Lett. 110
(2013) 251601 [1304.1806].

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Manteuffel and C. Schneider, Calcu-
lating Three Loop Ladder and V-Topologies for Massive Operator Matriz Elements by Computer
Algebra, Comput. Phys. Commun. 202 (2016) 33 [1509.08324].

T. Becher and M. Neubert, Infrared singularities of QCD amplitudes with massive partons, Phys.
Rev. D 79 (2009) 125004 [0904.1021].

V. V. Sudakov, Vertex parts at very high-energies in quantum electrodynamics, Sov. Phys. JETP
3 (1956) 65.

A. H. Mueller, On the Asymptotic Behavior of the Sudakov Form-factor, Phys. Rev. D 20 (1979)
2037.

J. C. Collins, Algorithm to Compute Corrections to the Sudakov Form-factor, Phys. Rev. D 22
(1980) 1478.

A. Sen, Asymptotic Behavior of the Sudakov Form-Factor in QCD, Phys. Rev. D 24 (1981) 3281.

V. Ravindran, On Sudakov and soft resummations in QCD, Nucl. Phys. B 746 (2006) 58
[hep-ph/0512249].

V. Ravindran, Higher-order threshold effects to inclusive processes in QCD, Nucl. Phys. B 752
(2006) 173 [hep-ph/0603041].

A. H. Ajjath, P. Mukherjee and V. Ravindran, Infrared structure of SU(N) x U(1) gauge theory
to three loops, JHEP 08 (2020) 156 [1912.13386].

A. Mitov and S. Moch, The Singular behavior of massive QCD amplitudes, JHEP 05 (2007) 001
[hep-ph/0612149].

T. Ahmed, J. M. Henn and M. Steinhauser, High energy behaviour of form factors, JHEP 06
(2017) 125 [1704.078486].

J. Bliimlein, P. Marquard and N. Rana, Asymptotic behavior of the heavy quark form factors at
higher order, Phys. Rev. D 99 (2019) 016013 [1810.08943|.

— 67 —


https://doi.org/10.1016/j.physletb.2018.10.035
https://doi.org/10.1016/j.physletb.2018.10.035
https://arxiv.org/abs/1810.04328
https://doi.org/10.1016/0550-3213(81)90199-1
https://doi.org/10.1142/S0217751X00002159
https://arxiv.org/abs/hep-ph/0102033
https://doi.org/10.1016/0370-2693(91)90413-K
https://doi.org/10.1142/S0217751X07037147
https://doi.org/10.1142/S0217751X07037147
https://arxiv.org/abs/0707.4037
https://doi.org/10.1007/BF03185566
https://doi.org/10.1007/BF03185566
https://arxiv.org/abs/hep-th/9711188
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://doi.org/10.1016/j.cpc.2016.01.002
https://arxiv.org/abs/1509.08324
https://doi.org/10.1103/PhysRevD.79.125004
https://doi.org/10.1103/PhysRevD.79.125004
https://arxiv.org/abs/0904.1021
https://doi.org/10.1103/PhysRevD.20.2037
https://doi.org/10.1103/PhysRevD.20.2037
https://doi.org/10.1103/PhysRevD.22.1478
https://doi.org/10.1103/PhysRevD.22.1478
https://doi.org/10.1103/PhysRevD.24.3281
https://doi.org/10.1016/j.nuclphysb.2006.04.008
https://arxiv.org/abs/hep-ph/0512249
https://doi.org/10.1016/j.nuclphysb.2006.06.025
https://doi.org/10.1016/j.nuclphysb.2006.06.025
https://arxiv.org/abs/hep-ph/0603041
https://doi.org/10.1007/JHEP08(2020)156
https://arxiv.org/abs/1912.13386
https://doi.org/10.1088/1126-6708/2007/05/001
https://arxiv.org/abs/hep-ph/0612149
https://doi.org/10.1007/JHEP06(2017)125
https://doi.org/10.1007/JHEP06(2017)125
https://arxiv.org/abs/1704.07846
https://doi.org/10.1103/PhysRevD.99.016013
https://arxiv.org/abs/1810.08943

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

D. Kreimer, The v(5) Problem and Anomalies: A Clifford Algebra Approach, Phys. Lett. B 237
(1990) 59.

J. G. Korner, D. Kreimer and K. Schilcher, A Practicable gamma(5) scheme in dimensional
reqularization, Z. Phys. C' 54 (1992) 503.

G. ’t Hooft, Dimensional reqularization and the renormalization group, Nucl. Phys. B 61 (1973)
455.

W. A. Bardeen, A. J. Buras, D. W. Duke and T. Muta, Deep Inelastic Scattering Beyond the
Leading Order in Asymptotically Free Gauge Theories, Phys. Rev. D 18 (1978) 3998.

D. J. Broadhurst, N. Gray and K. Schilcher, Gauge invariant on-shell Z(2) in QED, QCD and
the effective field theory of a static quark, Z. Phys. C 52 (1991) 111.

K. Melnikov and T. van Ritbergen, The Three loop on-shell renormalization of QCD and QED,
Nucl. Phys. B 591 (2000) 515 [hep-ph/0005131].

P. Marquard, L. Mihaila, J. H. Piclum and M. Steinhauser, Relation between the pole and the
minimally subtracted mass in dimensional regularization and dimensional reduction to three-loop
order, Nucl. Phys. B 773 (2007) 1 [hep-ph/0702185].

P. Marquard, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Quark Mass Relations to
Four-Loop Order in Perturbative QCD, Phys. Rev. Lett. 114 (2015) 142002 [1502.01030].

P. Marquard, A. V. Smirnov, V. A. Smirnov, M. Steinhauser and D. Wellmann, MS-on-shell
quark mass relation up to four loops in QCD and a general SU(N) gauge group, Phys. Rev. D
94 (2016) 074025 [1606.06754].

P. Marquard, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Four-loop wave function renor-
malization in QCD and QED, Phys. Rev. D 97 (2018) 054032 [1801.08292].

O. V. Tarasov, A. A. Vladimirov and A. Y. Zharkov, The Gell-Mann-Low Function of QCD in
the Three Loop Approzimation, Phys. Lett. B 93 (1980) 429.

S. A. Larin and J. A. M. Vermaseren, The Three loop QCD Beta function and anomalous dimen-
sions, Phys. Lett. B 303 (1993) 334 [hep-ph/9302208].

T. van Ritbergen, J. A. M. Vermaseren and S. A. Larin, The Four loop beta function in quantum
chromodynamics, Phys. Lett. B 400 (1997) 379 [hep-ph/9701390].

M. Czakon, The Four-loop QCD beta-function and anomalous dimensions, Nucl. Phys. B 710
(2005) 485 [hep-ph/0411261].

P. A. Baikov, K. G. Chetyrkin and J. H. Kiithn, Five-Loop Running of the QCD coupling constant,
Phys. Rev. Lett. 118 (2017) 082002 [1606.08659].

F. Herzog, B. Ruijl, T. Ueda, J. A. M. Vermaseren and A. Vogt, The five-loop beta function of
Yang-Mills theory with fermions, JHEP 02 (2017) 090 [1701.01404].

T. Luthe, A. Maier, P. Marquard and Y. Schroder, The five-loop Beta function for a general gauge
group and anomalous dimensions beyond Feynman gauge, JHEP 10 (2017) 166 [1709.07718].

S. Catani, The Singular behavior of QCD amplitudes at two loop order, Phys. Lett. B 427 (1998)
161 [hep-ph/9802439)].

— 68 —


https://doi.org/10.1016/0370-2693(90)90461-E
https://doi.org/10.1016/0370-2693(90)90461-E
https://doi.org/10.1007/BF01559471
https://doi.org/10.1016/0550-3213(73)90376-3
https://doi.org/10.1016/0550-3213(73)90376-3
https://doi.org/10.1103/PhysRevD.18.3998
https://doi.org/10.1007/BF01412333
https://doi.org/10.1016/S0550-3213(00)00526-5
https://arxiv.org/abs/hep-ph/0005131
https://doi.org/10.1016/j.nuclphysb.2007.03.010
https://arxiv.org/abs/hep-ph/0702185
https://doi.org/10.1103/PhysRevLett.114.142002
https://arxiv.org/abs/1502.01030
https://doi.org/10.1103/PhysRevD.94.074025
https://doi.org/10.1103/PhysRevD.94.074025
https://arxiv.org/abs/1606.06754
https://doi.org/10.1103/PhysRevD.97.054032
https://arxiv.org/abs/1801.08292
https://doi.org/10.1016/0370-2693(80)90358-5
https://doi.org/10.1016/0370-2693(93)91441-O
https://arxiv.org/abs/hep-ph/9302208
https://doi.org/10.1016/S0370-2693(97)00370-5
https://arxiv.org/abs/hep-ph/9701390
https://doi.org/10.1016/j.nuclphysb.2005.01.012
https://doi.org/10.1016/j.nuclphysb.2005.01.012
https://arxiv.org/abs/hep-ph/0411261
https://doi.org/10.1103/PhysRevLett.118.082002
https://arxiv.org/abs/1606.08659
https://doi.org/10.1007/JHEP02(2017)090
https://arxiv.org/abs/1701.01404
https://doi.org/10.1007/JHEP10(2017)166
https://arxiv.org/abs/1709.07718
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.1016/S0370-2693(98)00332-3
https://arxiv.org/abs/hep-ph/9802439

[83] G. F. Sterman and M. E. Tejeda-Yeomans, Multiloop amplitudes and resummation, Phys. Lett.
B 552 (2003) 48 [hep-ph/0210130].

[84] T. Becher and M. Neubert, Infrared singularities of scattering amplitudes in perturbative QCD,
Phys. Rev. Lett. 102 (2009) 162001 [0901.0722].

[85] E. Gardi and L. Magnea, Factorization constraints for soft anomalous dimensions in QCD scat-
tering amplitudes, JHEP 03 (2009) 079 [0901.1091].

[86] G. P. Korchemsky and A. V. Radyushkin, Renormalization of the Wilson Loops Beyond the
Leading Order, Nucl. Phys. B 283 (1987) 342.

[87] G. P. Korchemsky and A. V. Radyushkin, Infrared factorization, Wilson lines and the heavy
quark limit, Phys. Lett. B 279 (1992) 359 [hep-ph/9203222].

[88] A. Grozin, J. M. Henn, G. P. Korchemsky and P. Marquard, Three Loop Cusp Anomalous
Dimension in QCD, Phys. Rev. Lett. 114 (2015) 062006 [1409.0023].

[89] A. Grozin, J. M. Henn, G. P. Korchemsky and P. Marquard, The three-loop cusp anomalous
dimension in QCD and its supersymmetric extensions, JHEP 01 (2016) 140 [1510.07803].

[90] K. G. Chetyrkin, B. A. Kniehl and M. Steinhauser, Decoupling relations to O (alpha-s**3) and
their connection to low-energy theorems, Nucl. Phys. B 510 (1998) 61 [hep-ph/9708255].

[91] A. G. Grozin, P. Marquard, J. H. Piclum and M. Steinhauser, Three-Loop Chromomagnetic
Interaction in HQET, Nucl. Phys. B 789 (2008) 277 [0707.1388].

[92] A. G. Grozin, M. Hoeschele, J. Hoff, M. Steinhauser, M. Hoschele, J. Hoff et al., Simultaneous
decoupling of bottom and charm quarks, JHEP 09 (2011) 066 [1107.5970].

[93] P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279.

[94] M. Tentyukov and J. A. M. Vermaseren, The Multithreaded version of FORM, Comput. Phys.
Commun. 181 (2010) 1419 [hep-ph/0702279).

[95] T. van Ritbergen, A. N. Schellekens and J. A. M. Vermaseren, Group theory factors for Feynman
diagrams, Int. J. Mod. Phys. A 14 (1999) 41 [hep-ph/9802376].

[96] T. Hahn, Generating Feynman diagrams and amplitudes with FeynArts 3, Comput. Phys. Com-
mun. 140 (2001) 418 [hep-ph/0012260].

[97] V. Shtabovenko, R. Mertig and F. Orellana, FeynCalc 9.3: New features and improvements,
Comput. Phys. Commun. 256 (2020) 107478 [2001.04407].

[98] J. Klappert, F. Lange, P. Maierhofer and J. Usovitsch, Integral reduction with Kira 2.0 and finite
field methods, Comput. Phys. Commun. 266 (2021) 108024 [2008.06494].

[99] R. N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals, J. Phys. Conf. Ser.
523 (2014) 012059 [1310.1145].

[100] E. Remiddi and J. A. M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15 (2000)
725 [hep-ph/9905237].

[101] J. Ablinger, J. Blumlein and C. Schneider, Analytic and Algorithmic Aspects of Generalized
Harmonic Sums and Polylogarithms, J. Math. Phys. 54 (2013) 082301 [1302.0378].

— 69 —


https://doi.org/10.1016/S0370-2693(02)03100-3
https://doi.org/10.1016/S0370-2693(02)03100-3
https://arxiv.org/abs/hep-ph/0210130
https://doi.org/10.1103/PhysRevLett.102.162001
https://arxiv.org/abs/0901.0722
https://doi.org/10.1088/1126-6708/2009/03/079
https://arxiv.org/abs/0901.1091
https://doi.org/10.1016/0550-3213(87)90277-X
https://doi.org/10.1016/0370-2693(92)90405-S
https://arxiv.org/abs/hep-ph/9203222
https://doi.org/10.1103/PhysRevLett.114.062006
https://arxiv.org/abs/1409.0023
https://doi.org/10.1007/JHEP01(2016)140
https://arxiv.org/abs/1510.07803
https://doi.org/10.1016/S0550-3213(97)00649-4
https://arxiv.org/abs/hep-ph/9708255
https://doi.org/10.1016/j.nuclphysb.2007.08.012
https://arxiv.org/abs/0707.1388
https://doi.org/10.1007/JHEP09(2011)066
https://arxiv.org/abs/1107.5970
https://doi.org/10.1006/jcph.1993.1074
https://doi.org/10.1016/j.cpc.2010.04.009
https://doi.org/10.1016/j.cpc.2010.04.009
https://arxiv.org/abs/hep-ph/0702279
https://doi.org/10.1142/S0217751X99000038
https://arxiv.org/abs/hep-ph/9802376
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://arxiv.org/abs/hep-ph/0012260
https://doi.org/10.1016/j.cpc.2020.107478
https://arxiv.org/abs/2001.04407
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494
https://doi.org/10.1088/1742-6596/523/1/012059
https://doi.org/10.1088/1742-6596/523/1/012059
https://arxiv.org/abs/1310.1145
https://doi.org/10.1142/S0217751X00000367
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://doi.org/10.1063/1.4811117
https://arxiv.org/abs/1302.0378

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]
[117]

[118]

[119]

B. Ananthanarayan, S. Banik, S. Friot and S. Ghosh, Multiple Series Representations of N-fold
Mellin-Barnes Integrals, Phys. Rev. Lett. 127 (2021) 151601 [2012.15108].

S. Banik and S. Friot, Multiple Mellin-Barnes integrals with straight contours, Phys. Rev. D 107
(2023) 016007 [2212.11839].

J. Gluza, K. Kajda and T. Riemann, AMBRE: A Mathematica package for the construction of
Mellin-Barnes representations for Feynman integrals, Comput. Phys. Commun. 177 (2007) 879
[0704.2423].

T. Huber and D. Maitre, HypEzp: A Mathematica package for expanding hypergeomet-
ric functions around integer-valued parameters, Comput. Phys. Commun. 175 (2006) 122
[hep-ph/0507094].

J. Ablinger, A Computer Algebra Toolbox for Harmonic Sums Related to Particle Physics, Mas-
ter’s thesis, Linz U., 2009, [1011.1176].

J. Ablinger, J. Blumlein and C. Schneider, Harmonic Sums and Polylogarithms Generated by
Cyclotomic Polynomials, J. Math. Phys. 52 (2011) 102301 [1105.6063].

J. Ablinger, The package HarmonicSums: Computer Algebra and Analytic aspects of Nested
Sums, PoS LL2014 (2014) 019 [1407.6180).

C. Duhr and F. Dulat, PolyLogTools — polylogs for the masses, JHEP 08 (2019) 135
[1904.07279].

A. V. Smirnov and M. N. Tentyukov, Feynman Integral Evaluation by a Sector decomposiTion
Approach (FIESTA), Comput. Phys. Commun. 180 (2009) 735 [0807.4129].

A. V. Smirnov, N. D. Shapurov and L. I. Vysotsky, FIESTAS5: Numerical high-performance
Feynman integral evaluation, Comput. Phys. Commun. 277 (2022) 108386 [2110.11660].

X. Liu and Y.-Q. Ma, AMFlow: A Mathematica package for Feynman integrals computation via
auzxiliary mass flow, Comput. Phys. Commun. 283 (2023) 108565 [2201.11669].

X. Liu, Y.-Q. Ma and C.-Y. Wang, A Systematic and Efficient Method to Compute Multi-loop
Master Integrals, Phys. Lett. B 779 (2018) 353 [1711.09572].

X. Liu and Y.-Q. Ma, Multiloop corrections for collider processes using auziliary mass flow, Phys.
Rev. D 105 (2022) L051503 [2107.01864].

J. Blumlein, D. J. Broadhurst and J. A. M. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun. 181 (2010) 582 [0907 .2557].

H. Ferguson and D. Bailey, A polynomial time, numerically stable integer relation algorithm, .

S. Moch, J. A. M. Vermaseren and A. Vogt, The Three loop splitting functions in QCD: The
Nonsinglet case, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192].

A. Vogt, S. Moch and J. A. M. Vermaseren, The Three-loop splitting functions in QCD: The
Singlet case, Nucl. Phys. B 691 (2004) 129 [hep-ph/0404111].

J. M. Henn, G. P. Korchemsky and B. Mistlberger, The full four-loop cusp anomalous dimension
in N'= 4 super Yang-Mills and QCD, JHEP 04 (2020) 018 [1911.10174].

- 70 —


https://doi.org/10.1103/PhysRevLett.127.151601
https://arxiv.org/abs/2012.15108
https://doi.org/10.1103/PhysRevD.107.016007
https://doi.org/10.1103/PhysRevD.107.016007
https://arxiv.org/abs/2212.11839
https://doi.org/10.1016/j.cpc.2007.07.001
https://arxiv.org/abs/0704.2423
https://doi.org/10.1016/j.cpc.2006.01.007
https://arxiv.org/abs/hep-ph/0507094
https://arxiv.org/abs/1011.1176
https://doi.org/10.1063/1.3629472
https://arxiv.org/abs/1105.6063
https://doi.org/10.22323/1.211.0019
https://arxiv.org/abs/1407.6180
https://doi.org/10.1007/JHEP08(2019)135
https://arxiv.org/abs/1904.07279
https://doi.org/10.1016/j.cpc.2008.11.006
https://arxiv.org/abs/0807.4129
https://doi.org/10.1016/j.cpc.2022.108386
https://arxiv.org/abs/2110.11660
https://doi.org/10.1016/j.cpc.2022.108565
https://arxiv.org/abs/2201.11669
https://doi.org/10.1016/j.physletb.2018.02.026
https://arxiv.org/abs/1711.09572
https://doi.org/10.1103/PhysRevD.105.L051503
https://doi.org/10.1103/PhysRevD.105.L051503
https://arxiv.org/abs/2107.01864
https://doi.org/10.1016/j.cpc.2009.11.007
https://arxiv.org/abs/0907.2557
https://doi.org/10.1016/j.nuclphysb.2004.03.030
https://arxiv.org/abs/hep-ph/0403192
https://doi.org/10.1016/j.nuclphysb.2004.04.024
https://arxiv.org/abs/hep-ph/0404111
https://doi.org/10.1007/JHEP04(2020)018
https://arxiv.org/abs/1911.10174

[120] A. von Manteuffel, E. Panzer and R. M. Schabinger, Cusp and collinear anomalous dimensions
in four-loop QCD from form factors, Phys. Rev. Lett. 124 (2020) 162001 [2002.04617].

[121] J. A. M. Vermaseren, S. A. Larin and T. van Ritbergen, The four loop quark mass anomalous
dimension and the invariant quark mass, Phys. Lett. B 405 (1997) 327 [hep-ph/9703284].

[122] T. Luthe, A. Maier, P. Marquard and Y. Schroder, Five-loop quark mass and field anomalous
dimensions for a general gauge group, JHEP 01 (2017) 081 [1612.05512].

[123] P. A. Baikov, K. G. Chetyrkin and J. H. Kiithn, Five-loop fermion anomalous dimension for a
general gauge group from four-loop massless propagators, JHEP 04 (2017) 119 [1702.01458].

—71 -


https://doi.org/10.1103/PhysRevLett.124.162001
https://arxiv.org/abs/2002.04617
https://doi.org/10.1016/S0370-2693(97)00660-6
https://arxiv.org/abs/hep-ph/9703284
https://doi.org/10.1007/JHEP01(2017)081
https://arxiv.org/abs/1612.05512
https://doi.org/10.1007/JHEP04(2017)119
https://arxiv.org/abs/1702.01458

	Introduction
	The heavy-light form factors
	Ultraviolet renormalization
	Ward identity
	Universal infrared behaviour

	Computational details
	Integral families and reduction to master integrals
	Computation of the master integrals
	A comment on the boundary conditions


	Results
	Checks

	Asymptotic behaviour of the heavy-light form factors
	Conclusions
	One-loop form factors
	Two-loop form factors
	Three-loop form factors
	Four-loop form factors in the asymptotic limit

