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EXPLICIT FAMILIES OF CONGRUENCES FOR THE
OVERPARTITION FUNCTION

NATHAN C. RYAN®, NICOLAS SIROLLI® AND JEAN CARLOS VILLEGAS-MORALES

ABSTRACT. In this article we exhibit new explicit families of congruences for
the overpartition function, making effective the existence results given pre-
viously by Treneer. We give infinite families of congruences modulo m for
m = 5,7,11, and finite families for m = 13,17, 19.

1. INTRODUCTION

Let p(n) be the number of partitions of a positive integer n; that is, the number
of ways n can be written as a sum of non-increasing positive integers. Ramanujan
[Ram19] proved congruences of the form:

p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11),

for every n. For decades it was difficult to find more congruences like these; never-
theless, Ono proved in [Ono00] that for each prime m > 5 there exists an infinite
family of congruences for the partition function modulo m: more precisely, he
proved that a positive proportion of the primes ¢ are such that
me3n + 1
D (T+) =0 (mod m).

for every n coprime to /.

The number of overpartitions p(n) of a positive integer n is defined to be the
number of ways in which n can be written as a non-increasing sum of positive
integers in which the first occurrence of a number may be overlined (see [CL04]).

The numbers of both partitions and overpartitions can be described in terms of
eta-quotients; in particular, they are known to be coefficients of weakly holomorphic
modular forms of half-integral weight, with integral coefficients. Treneer showed in
[Tre06a] that Ono’s existence results were valid, more generally, for the coefficients
of such modular forms. In the particular case of the overpartition function, her
results imply that for every prime m > 5, for sufficiently large r,

p(m ¢n) =0 (mod m).
for every n coprime to £.
The main goal of this article is to show explicit instances of these (families of)

congruences, as well as for certain variations similar to those considered by Ono for
the partition function.
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Weaver devised a strategy in [WeaOl] for making Ono’s results explicit: she
exhibited 76,065 new families of congruences for the partition function by finding
congruences between its generating function and appropriate holomorphic modular
forms, and then verifying a finite number of congruences for the partition function.
Her computations were extended by Johansson [Joh12] who used efficient algorithms
for computing the partition function to find more than 2.2 - 10'° such families of
congruences.

Using Weaver’s techniques along with the theory of Eisenstein series of half-
integral weight from [WP12], we were able to find infinitely many families of con-
gruences for the overpartition function. Our first main results are the following two
theorems.

Theorem 1.1. Let m € {5,7,11}, and let £ be an odd prime such that ™% = —1
(mod m). Then
p(mfn) =0 (mod m)
for every n prime to .
We remark that for m = 5 the above result was given in [Tre08, Prop. 1.4].
Theorem 1.2. Let m € {5,7,11}, and let £ be an odd prime such that (™% =
m—>5
—14+enel 2 (mod m), with €y, € {£1}. Then
p(mfn) =0 (mod m)

for every n prime to £ such that

(277) e
m2—2

For primes m > 13 the appearance of cusp forms in level 16 and weight 2=
makes it more difficult to find infinitely many families of congruences. Using the
results from [BSCVRT23] for efficiently computing the overpartition function, we
obtained the following families of congruences.

Theorem 1.3. Let m, ¢ be primes as in Table 1. Then
p(mf*n) =0 (mod m)

for every n prime to £.

m|€

13 | 1811, 1871, 1949, 2207, 3301, 4001, 4079, 4289, 4931
17 | 2039, 2719, 3331, 4079

19 | 151,1091, 2659, 3989

TABLE 1. Congruences for primes m > 13. See Theorem 1.3.

Theorem 1.4. Let m, £ be primes, and let €y, ¢ € {1} be as in Table 2. Then
p(mfn) =0 (mod m)

for every n prime to £ such that
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m (f Emg)

137 (431,1), (2459, 1), (4513, 1), (4799, 1)

17 | (167,1), (541,1), (911, —1), (1013, —1), (1153, 1),
(1867,1), (1931, —1), (2543, —1), (2683, 1), (2887, 1),
(3019, —1), (3023, 1), (3329, 1), (4243, —1), (4651, —1)

19 | (2207, —1)

TABLE 2. Congruences for primes m > 13. See Theorem 1.4.

We point out that using different techniques, in [RSST21, BSCVR 23] the au-
thors found (finite) families of congruences for the overpartition function modulo
m for m = 3,5,7; see also [CSWZ15] for m = 5, and [Xial7] for powers of m = 3.
Moreover, and independently from our work, in [Zhe23] the author gives a proof
of Theorem 1.1, which uses eta-quotients instead of Eisenstein series. As far as we
know, the results in this article give the first known congruences for m > 11.

The rest of the paper is organized as follows. In the next section we give the
necessary notation and preliminaries regarding half-integral weight modular forms
and eta-quotients. In Section 3 we state the results we need on Eisenstein series
of half-integral weight and level 16. We conclude the article with the proofs of our
main results in Section 4.

2. PRELIMINARIES

Half-integral weight modular forms. We refer the reader to [WP12, Sect. 5]
for details on this subsection.

Given a non zero integer m we denote by x,, the primitive Dirichlet character
such that x,(a) = () for every a such that (a,4m) = 1.

Given an odd integer k > 3, we denote A = % Furthermore, given a positive
integer m we denote w,, = Y., with m = (—1)*n.

Given k as above, a positive integer N divisible by 4 and a character Y modulo N
we denote by My /2(N, x) the space of holomorphic modular forms of weight k/2,
level N and character x. We denote by Sj/2(N,x) and & /2(N, x) the subspace
of cusp forms and the Eisenstein subspace, respectively. When y is the trivial
character, we omit it from the notation.

We consider the following operators acting on half-integral weight modular forms.

Let g =>_,50a(n)g" € My/a(N).
e The Fricke involution W(N), given by

W(N) : Myy2(N,x) = M2 (N, xxn),
(gIW(N))(2) = (N2)"*¥/2g(~1/N=).

We include here an extra factor of N~*/2 not present in [WP12].
e For a prime ¢, the Hecke operator T'(¢?), given by

T (%) : Myyya(N, x) = Myy2(N, x),
(21)  gIT(?) =" (all®n) + X (OO wn(O)a(n) + x(€2) > Fa(n/?)) ¢

n>0
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e For an integer m > 1, the V(m) operator, given by
V(m) : My2(N,x) = My j2(mN, xXm),
IV(m) = X ama™.
n>0
e For an integer m > 1, the U(m) operator, given by
U(m) : My2(N,x) = Myyo(M, xXm),
glU(m) = a(mn)q",
n>0
where M is the smallest multiple of N which is divisible by every prime
dividing m, and such that the conductor of x,, divides M.
The latter two act as well on rings of formal power series.

The following is the Sturm bound for general weights. Its proof follows from the
integral weight case; see [RSST21, Prop. 4.1].

Proposition 2.2. Let k > 3 be an integer, and let m be a prime. Suppose that
9= ps0a(n)q" € Myo(N)NZ[q]. Let

k
no=|—r- [SLQ(Z) : FQ(N)] .
24
If a(n) =0 (mod m) for 1 <n <mnyg, then g =0 (mod mZ[q]).
The result is also valid for proving equalities, namely when m = 0.

Eta-quotients. Let n(z) denote the Dedekind eta function, which is given by
L - n Tz
nz)=q¢x1 [[1-q"), q=e""
n=1
Given a finite set X = {(d,7r5)} C Zso X Z, denote sx = > drs. Assuming that
sx =0 (mod 24), the eta-quotient defined by X is

5x a T
(2.3) ) =m0 =2 T[] (1 -¢")"
X X n=1
Note that 1/5% is also an eta-quotient.
Let k = )"y 15, and let N be the smallest multiple of every 0, and of 4 if k is
odd, such that

s
Nzg =0 (mod 24),
X

Finally, letting m' = [[y 0" we let m = m/ for even k, and m = 2m/’ for odd k.
Then (see [GHI93, Thm. 3] and [Tre06b, Coro. 2.7]) we have the following result.

Proposition 2.4. With the notation as above, X is a weakly holomorphic modular
form of weight k, level N and character X.,.

Thus, 7% is holomorphic and nonzero in the upper half-plane, but it can have
poles and zeros at the cusps. Furthermore, following [Lig75], if ged(a,¢) = 1, then
the order of vanishing of 7% at a cusp s = a/c € QU {oc} is given by

N rs
X 2
(2.5) ord, (n) = 31 gcd( ) E ged(e, §) 5
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In particular, ords, (7%) = 0 whenever sx = 0. Moreover, in this case by (2.3)
we have that n* € 1 + ¢Z[q]. In particular, nX € Z[q]*.

3. EISENSTEIN SPACES OF HALF-INTEGRAL WEIGHT AND LEVEL 16

Wang and Pei ([WP12]) considered the Eisenstein spaces of half-integral weights,
giving bases of eigenforms for these spaces in the case of level 4D, with D odd and
squarefree. Relying on their definitions and results, we consider the case of level
16. The main result of this section is the following.

Proposition 3.1. Let ¢ > 3 be prime. Then T (%) acts by multiplication by oj_1(¢)
on Ei2(16).

We also give in Proposition 3.5 exact formulas for the coefficients of the Eisenstein
series, which are needed to prove the congruence in (4.15).

Let oo = {£(§7) : n€Z} < SLy(Z). Let k > 3 be an odd integer. Denote
A =51 Let N € {4,8}. For v € To(N), let j(7,z) be the automorphy factor of
weight 1/2. For k& > 3 we denote
Z 1

k’
7GFOO\FU(N)J(%Z)

LENES

EkﬁN(z)

For k = 3 we consider the difference E3 n — 2V N Eé n defined by the formulas
above, which, for simplicity, we will denote by E3 x.

We start by giving the Fourier expansions of these Eisenstein series, following
[WP12]. For this purpose we introduce the following notation, which will not used
in other parts of the paper.

For an even integer v denote
1— 2(2—k)v/2

+ —k)v
Ck(’l))—wi2(2 k) /2.
Given a positive integer n, let v, = vala(n) and n’ = (—=1)*n/2"", and denote
¢ (vn — 1), 21 vy,
Cr(n) = 1 ¢ (vn), 2| vy, n =3 (mod 4),
i (vy) + 2(@=Rvn+(3=k))/2 ("7/), 2|v,,n =1 (mod 4),
Cr(n), k>3,
Vra(n) = ()
Cg(n) — 2, k= 3,

0, (-1)*n =2,3 (mod 4),
Yes(n) =< Cr(n) —1, (=1)*n=0,1 (mod 4), k > 3,
Cs(n) =2, (=) n=0,1 (mod4), k=3.

Let w denote a Dirichlet character of conductor f. Let B, denote the A-th
Bernoulli polynomial. Then we consider the generalized Bernoulli number

¥
Brw =13 w(a)Ba(2)
a=1
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Furthermore, letting p denote the Mobius function, for each positive integer n we
denote

Brw(m) = 3 plaw(@)a b=,
a,b

where a, b run over all positive odd integers such (ab)? | n.
Recall that for each positive integer m we consider the primitive Dirichlet char-
acter w,, such that for (a,4m) = 1 we have

ante) = (1)

We denote by f,, its conductor, and we remark that f,,/m is the square of a rational

number. We let
AV fm/m B, 1 —wn(2)27*
~ faBa 1—2-22

Finally, for each positive integer n we denote

(32) ax'm

(3.3) ar,N (1) = @ Brw, (1) Y5 (1) 0,

(3.4) CL;@,N(”) = axnN Brwnn (M) nt.

Proposition 3.5. For N € {4,8} and odd k > 3 we have
Exn =1+ Z ar,N(n)q", k=3,

n>1

E,’“N = Z%,N(”) q*, k>3.

n>1

The proof is essentially given in [WP12]; their formulas for the coefficients of
these Eisenstein series involve values L(\,wy,) of L-series of quadratic characters
at positive integers. The latter are well known; we use them in the result below.

Given a positive integer A we denote

24 A—k (2043
2 (BN

(1— 272 By’

e\ =

Lemma 3.6. For every positive integer m we have that
aaxm =ex (1 —wm(2)27) LA wp,) m~1/2.
Moreover, sgn(ay,,) = (242).

Proof. From [MVO07, p. 337] and [MV07, Thm. 9.17] we have that for every qua-
dratic character w with conductor f and such that w(1) = (—1)* we have that

2)\24-3) 2>\—17.‘_>\\/T
A

L\ w) = ( Biw,

from which the first claim follows.
The second claim follows from the fact that for every such w we have that
L(\,w) > 0; hence

senan ) =sn(es) = (2572 ) () = (25). 0

2



EXPLICIT FAMILIES OF CONGRUENCES FOR THE OVERPARTITION FUNCTION 7

Corollary 3.7. Let n be a squarefree positive integer. Then aj, y(n) # 0. Further-
more, ak,n(n) =0 if and only if v, n(n) = 0.

Proof of Proposition 3.5. Using the well know formulas for {(2\) and T'(\ + 1/2),
and using that

(=)M2 (1 + (-DM) (2/\+1>
V2 L2 )

(2 M2 (14 (—1)M)

CO22HIT(A +1/2)¢(2M) (1 — 222

Then the result follows straightforwardly from Lemma 3.6 and the formulas [WP12,
(2.30), (2.33), (2.35), (2.36) and (2.38)]. O

we obtain that

€x

Proposition 3.5 shows that Ej y and El’c ~» Which a priori have their coefficients
in a cyclotomic field ([Shi85, Thm. 2.3]), actually have rational coefficients. The
following results shows that, as in the integral weight case (see (4.7)), their denom-
inators are controlled by k£ and can be described in terms of Bernoulli numbers.

Its proof will require the following result (see [SUZ95, p.1]).

Lemma 3.8. Let d be a fundamental discriminant, and let X be a positive integer.
(a) If d = —4 then 2By, /X € Z.
(b) If d = +p, with p an odd prime such that 2)\/(p —1) is an odd integer, then
pB)\de//\ €.
(c) Otherwise, By /) € Z.

We denote by Sy the denominator of (2* — 1)By/\; here we let 0 = 0/1.
Proposition 3.9. For N € {4,8} and odd k > 3 we have

Ek,N €l+ —(22*71)B>;>\_Sk2**2 Z[[‘]ﬂa
22

E N € @ Toym Lldl.
Proof. We prove the claim for Ej n; the proof for E,’C y follows by similar argu-
ments.

Let n be a positive integer. Recalling that f,, denotes the conductor of w,,, write

n = fug® = fl(q),)? with f! squarefree, so that \/f./n = 1/q, and 2q,,/q, € {1,2}.
Then letting

22—1
rn = Q;z B)\,Wn (n)7

Sp = (2>\ _ wn(Q)) B>\7wn/)\,
and using (3.2), according to (3.3) we can decompose

A )QA,

1
ak,N(n) = A1 (22)\ _ 1) Box ’ (2Qn/q; T'n Sn FYk,N(n) .

By the definition of 4 x(n) we have that 2¥=24; y(n) € Z. Furthermore, from

the definition of 8 ,(n) it is easy to see that r,, € Z. To prove the result it suffices
then to show that s,5) € Z.

This is immediate when A is even and n is a square, since in this case s, =
(2* — 1)By/\ (unless n = 1, when they differ by a sign).

We claim that in the remaining cases we have actually that s,, € Z. Assume first
that A is odd and n is a square. Then s, = 2B, /A, hence the claim follows by
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part (a) of Lemma 3.8. Finally, assume that A is odd or n is not a square. In case
(c) of Lemma 3.8, the claim follows immediately. In case (b), letting p = f,, the
claim follows from quadratic reciprocity and Euler’s criterion, which give that

wn(2) = (2) - (3> = 2% (mod p). 0

p
Proposition 3.10. Let k > 3 be odd. Then

4, k=3,

dim & /5(16) = {6 s

Furthermore,

(811) Ea(16) =

(B34, E34|V(4), Es s, E3.4[V(2)|U(2)), k=3,
(B, BralV(4), B 4 B y|V(4), Brs, B 5|V (2)), k>3,
Proof. The first claim follows from [CO77].

Let N € {4,8}. In [WP12, Thm. 7.6] it is proved that Ej x € &/2(NN). Con-
sidering the codomains of the operators W (), V' (2),V(4),U(2) (see Section 2) we
get that & /2(16) contains the subspace on the right hand side of (3.11), for k£ > 3.

We now prove that the generators on the right hand side of (3.11) are linearly
independent, using the formulas for their coefficients given by Proposition 3.5. As-
sume first that £ =5 (mod 4). Then

Epa =14 ara(1)q+ ara(2)q” + ara(3)q® + ara(4)q* + ar4(5)¢° + O(¢°),
EralV(4) =1+ ara(1)q* + O(¢°),

Ejy = aj, 4(1)q + ak 4(2)¢° + aj, 4 (3)¢° + af, 4(4)q* + @ 4(5)¢” + O(d°),
By 4lV(4) = a4 ()q* + O(g%),

Epg =1+ ars(1)g+ ars(4)q" + ars(5)q” + O(¢°),
El/c,8|V(2) = a;c,s(l)(f + a;c,8(2)q4 +0(q%).

Then, since aj, 4(1) a}, (1) # 0 (see Corollary 3.7), it suffices to prove that

ag,a(1) ara(3) aka(5)
a;c,él(l) a;c,4(3) ak,4(5)
a;“g(l) 0 ak)g(f))

is non-singular.

We have that 8y ., (n) = 1 for squarefree n. Furthermore, we have that vy 4(1) >
0,vk,4(3) < 0,7,.4(5) > 0 and that v, s(1) > 0,7%,s(5) < 0. Then by Lemma 3.6
the signs of the matrix above are given by

+ - +
(2)\ + 1) N
2/ \+ o -

hence its determinant is non-zero.
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The case k = 7 (mod 4),k # 3, can be proved similarly, using the 7-th coeffi-
cient instead of the 5-th coefficient in the matrix above. Finally, for £ = 3 using
Proposition 3.5 we get that

B34 =14 6q+12¢* +8¢* + O(¢*),
B3 alV(4) =1+ 0(q"),
Ess =1+8¢" + O(q"),
Es4lV(2)IU(2) =1+12¢° + O(¢"),
which completes the proof. ]
Proof of Proposition 3.1. Denote by V C & /2(16) the oj_1 (£)-eigenspace for T'(£?).

We claim first that Ej 4, Ex g € V. For every n we see easily from the definitions
and Lemma 3.6 that

Wp2p = Wn,

QN 2 = [—1 QN n,

Vi, N (6271) =Y.~ (n).
Then the claim follows directly from (2.1), using the equalities above and the trans-
formation formulas for computing 8w, (¢£*n) in terms of B ., (n) given in [WP12,
p. 209]; we remark that though Wang and Pei are considering k > 3 and level 4D

with D odd and squarefree, these particular computations hold in our setting.

The result follows, then, by noting that the remaining generators for & /(16)
given in Proposition 3.10 belong to V, since by [WP12, Thm. 5.19] the Hecke

operators T (£?) with £ # 2 commute with the operators W (IN), and by (2.1) they
commute with U(2),V(2),V(4). O

4. PROOFS

This section is devoted to give the proofs of our main results, namely Theo-
rems 1.1, 1.2, 1.3 and 1.4.

We first state the following result for obtaining congruences for coeflicients
of (modulo m) eigenforms of half-integral weight used by [AOO01, Tre06a, Tre08,
RSST21], among others.

Proposition 4.1. Let g =}, -qa(n)q" € My/o(N)NZ[q], and let £,m be primes
such that g|T(€?) = Ao g (mod mZ[q]).
(a) If Ao =0 (mod m), then a(¢3n) =0 (mod m) for every n prime to (.
(b) If there exists € € {£1} such that
A =€l (mod m),

then a(¢*>n) =0 (mod m) for every n prime to £ such that w,(f) = €.

Proof. Both claims follow directly from (2.1); for part (a), by replacing n by ¢n,
with n prime to /. O

The goal of the following series of results is to prove that for prime m the numbers
p(mn) are congruent to the Fourier coefficients of a holomorphic modular form. We
start with a preliminary result.
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Lemma 4.2. Let f and g be power series, and let m > 1. Then
((fIV(m) - g) [U(m) = [ - (g|U(m)).
Proof. Let f =3 ja(n)¢" and g =, b(n)g". Denote

n=0
~\_ Ja(n), if h=mnm,
alh) = {0, otherwise,
h
e(h) => a(k)b(h — k).
k=0
Now, note that
hm h
c(hm) =Y " a(k)b(hm — k) =Y _ a(k)b(hm — km).

k=0 k=0

Then we have

((fIV(m)) - g)|U(m) = <<Z?i(h)qh> <Z b(ﬂ)fl”)) U (m)

h=0 n=0
= <Z C(h)qh> U(m) = clhm)q"
h=0 h=0
0o h
=y (Z a(k)b(mh — k)) ¢" = f-(g|U(m)) 0
h=0 \k=0

Lemma 4.3. Let f be an eta-quotient. Then for every prime m > 1 we have that
fIV(m) = f™  (mod mZ[q]).
Proof. Write f as in (2.3). Since both operators V(m) and g — ¢™ are multiplica-
tive, it suffices to verify the congruence for every factor g of f.
For g = qs2_)4i both operators clearly agree, and for g = 1 — ¢°" the congruence
follows from the fact that (r+s)™ = r™+4s™ (mod mZ[q]) for every r,s € Z[q]. O

Proposition 4.4. Let f = nX be an eta-quotient with sx = 0, and let F = 1/f.
Then for every prime m > 1 we have that

F™ YU (m) = F™ - (f|U(m))  (mod mZ[q]).

Proof. Applying Lemma 4.3 to the eta-quotient £ and using that, since sx = 0,
we have by (2.3) that f € Z[g]*, we obtain that

ol = F™\V(m)-f (mod mZ[q]).

The result follows then by applying U(m) to this congruence and using Lemma 4.2.
O

In what follows we consider the eta-quotient related to the generating function
for p(n) (see [CLO4, (1.1)]). Namely, we let

(45) =12 _ S gy,

UG/t

and we denote F' = 1/f. Note that f (as well as F') satisfies the hypothesis of
Proposition 4.4.
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Lemma 4.6. We have that I' € My ,5(16). Furthermore, for every nonnegative
integer k such that k =0 (mod 8) we have that F¥ € My 2(2).

We remark that f is not holomorphic: by (2.5), it has a simple pole at s = 0.

Proof. By Proposition 2.4 we have that F' is a weakly holomorphic modular form
of level 16 and weight 1/2, with trivial character. Its possible singularities lie
at the cusps s for I'o(16), namely s € {0,1/8,1/4,1/2,3/4,00}. Then the claim
follows from (2.5), which shows that the order of vanishing of F' at each such s is
nonnegative (moreover, it is positive only for s = 0).

The second claim follows from the holomorphicity of F' at the cusps s for I'g(2),
namely s € {0, 00}, since by Proposition 2.4 we have that, for k as above, F* has
level 2. ]

As in Section 3, let oo = {£(§ 1) : n € Z}. Let k > 2 be an even integer. We
consider the Eisenstein series of integral weight

B = Y ——— e M),

%
€T\ SLa(Z) (ey2 +dy)
Dy =2BE5|V(2) — By € Ms(2).
Then Ey € 1+ gZ[q]. Furthermore,

2%
(4.7) Ep=1- B > or1(n)g".

n>1

The following result will not be used in our proofs, but explains the type of forms
h., appearing in Table 4 below (see also Remark 4.13).

Proposition 4.8. Let Dy, E4 be as above. Then {DSEZ :2a+4b= k} s a basis
for My, (2).

Proof. Let Ay = n®(2)n(22)8. Since (2.5) implies that ordg(Az) = ordes(Az) = 1,
by Proposition 2.4 we have that Ay € Sg(2). Furthermore, since Ag does not vanish
on the upper half-plane, the map

M (2) = Skis(2),
g g- Ao

is an isomorphism.
Denote by V;, the subspace of M,(2) generated by { DSE} : 2a + 4b = k}. Using
Proposition 2.2 and (4.7) we get that

576y = 5D3E, — Ef — 4D3.

Hence Ay € Vg. Thus, to prove that My (2) =V it suffices to show that for every
f € Mgys(2) there exists g € Vi such that f — g € Sk1s(2).

For this purpose it suffices to prove that there exist goo, go € Vits such that goo
does not vanish at co, and gy vanishes at oo but not at 0; equivalently, gg vanishes
at co but is not cuspidal.

We can clearly let goo = D§ with a = %. In the case of gg, it suffices to
consider k € {0,2,4,6}. Then using explicit bases for Si1+5(2) we see that we can
let go be as in Table 3.

Finally, the independence of the forms D$E? follows using the formulas for
dim(M(2)) (see [COTT)). O
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k go

0 Di—E?

2 D5 — DyE?
4 DS - E}

6 DI — DyE}

TABLE 3. Forms in Vy4g vanishing at co but not at 0. Used in
the proof of Proposition 4.8.

Proposition 4.9. Let 5 < m < 19 be a prime, and let h,, be the corresponding
form given in Table /. Let 0 < k,, < 8 be such that k,, = —m (mod 8) and let
gm = FFnh,,. Then gm € Mm—2(16) N Z[q], and

2

(4.10) flU(m) = gm (mod mZ[q]).
m  hp,
5 1
7 Dy
11 Dy
13 E4

17 13D3 +5E,
19 11D3+9DyEy

TABLE 4. Holomorphic modular forms used in Proposition 4.9.

Proof. The first claim follows from Lemma 4.6, since for every m, we have that
hm € Mop—k,. —2(2).
2

Since F' € Z[g]*, by Proposition 4.4 we have that (4.10) is equivalent to
(4.11) F™ " U(m) = F™ % h,,  (mod mZ[q]),

which, by Lemma 4.6, is a congruence between integral weight modular forms.
Over integral weights the operator U(m) agrees, modulo mZ[q], with the Hecke
operator T'(m) (not to be confused with the Hecke operator (2.1) for half-integral
weights). Since E,,,—1 =1 (mod mZ[q]), we get then that (4.11) is equivalent to
m—1
(4.12) F™ T (m)= F™temh,, E 20 (mod mZ[q)),
which, by Lemma 4.6, is a congruence between forms in M 2>, (2) N Z[g]. Thus,

2
by Proposition 2.2 it suffices to prove that the n-th coefficients of both sides of
(4.12) agree, modulo m, up to n equal to

w1 [SLy(Z) : To(2)] = 221,

Moreover, reversing the reasoning above and denoting h,, = Y, < am(n)q™, we
get that it suffices to show that

m2—1

P B(mn) = am(n) (mod m), 1<n< o=l

p(n)

which in each case can be proved by computing these numbers explicitly. O
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Remark 4.13. In fact, using the techniques from the above proof and Proposi-
tion 4.8, we have found forms g,, as in Proposition 4.14 for every prime m < 1000.

From here on, given primes ¢, m, we denote
Aem = Om—a(€) = 14774,
the eigenvalue of T'(£?) acting on £,,—2(16) (see Proposition 3.1).
2

Proposition 4.14. Let 5 < m < 19 be a prime, and let g, be the form given in
Proposition 4.1.
(a) If 5 < m < 11 then gm|T((?) = Anegm (mod mZ[q]) for every prime
> 2.

(b) If 13 < m < 19 then gm|T((?) = Apnogm (mod mZ[q]) for every prime £ in
Table 5.

m | Y4

13 | 431,1811,1871,1949, 2207, 2459, 3301, 4001, 4079, 4289, 4513, 4799, 4931
17 | 1999, 2207, 2243, 4759

19 | 151,1091, 2207, 2659, 3989

TABLE 5. Primes ¢ giving congruences modulo m. See Proposi-
tion 4.14.

Proof. To prove part (a) we can use Proposition 3.1, once we verify that for 5 <
m < 11 we have that g, € Em—2(16) + mZ[q]. The latter claim, in the case

2
5 < m < 7 follows from the fact that S —2(16) = {0}. In the case m = 11, since
2
for N € {4,8} by Proposition 3.9 we have that
17- Eg N, 2°17- Ey v € Z[q],
we can use Proposition 2.2 to obtain that
(4.15)
911(2) = 9Eg 4+ 4F9 4|V (4) + TE§ 4 +4E§ 4|V (4)+ TE) s|V(2)  (mod 11 Z[q]).
For proving part (b), by Proposition 2.2 it suffices to prove that the n-th coeffi-
cients of g,,|T(¢2) and A\, ¢ gm agree, modulo m, for n up to
m=2 . [SLy(Z) : To(16)] = m — 2.
Moreover, by (4.10) it suffices to prove that
(fIUM)[T(€?)) (n) = Ape (fIU(m))(n) (mod m), 1<n<m-—2,
which in each case can be proved by computing these numbers explicitly. ([l
Remark 4.16. The proof of Proposition 4.1 involves computing p(mn) and a,,(n)
modulo m for small values of n. This can be accomplished easily by expanding the
infinite product (4.5) defining f (and F'), and using (4.7).
The proof of Proposition 4.14 involves computing p(mn) modulo m for large

values of n (e.g. n = m(m — 2)¢? with large ¢); in this case we resort to the efficient
method provided by [BSCVR™23].

The proofs of our main results now follow easily.



14 NATHAN C. RYAN, NICOLAS SIROLLI AND JEAN CARLOS VILLEGAS-MORALES

Proof of Theorems 1.1 and 1.3. They follow using Proposition 4.1 (a) and Propo-
sition 4.14. 0

Proof of Theorems 1.2 and 1.4. They follow using Proposition 4.1 (b) and Propo-
sition 4.14; the eigenvalues A, ¢ in Table 5 satisfy the hypothesis of Proposition 4.1
(b), namely they are such that
m—3
Amog = €mel 2 (mod m),
where €, ¢ is as in Table 2. O

Remark 4.17. We found that g,, is, modulo mZ[q], an eigenfunction of T'(¢?) for
more primes ¢ than those appearing in Table 5, but the eigenvalues are not useful
for our purposes, since they do not satisfy any of the hypotheses of Proposition 4.1.
Moreover, the primes given are all the primes ¢ < 5000 giving congruences.

For m = 23 we found that ¢ = 5303, 8783 yield eigenvalues, but they do not give
congruences. For larger m we have not been able to find eigenvalues.
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