
ar
X

iv
:2

30
9.

01
79

2v
3 

 [
m

at
h.

N
T

] 
 1

5 
N

ov
 2

02
3

EXPLICIT FAMILIES OF CONGRUENCES FOR THE

OVERPARTITION FUNCTION

NATHAN C. RYAN , NICOLÁS SIROLLI , JEAN CARLOS VILLEGAS-MORALES AND
QI-YANG ZHENG

Abstract. In this article we exhibit new explicit families of congruences for
the overpartition function, making effective the existence results given pre-
viously by Treneer. We give infinite families of congruences modulo m for
m = 3, 5, 7, 11, and finite families for m = 13, 17, 19.

1. Introduction

Let p(n) be the number of partitions of a positive integer n; that is, the number
of ways n can be written as a sum of non-increasing positive integers. Ramanujan
[Ram19] proved congruences of the form:

p(5n+ 4) ≡ 0 (mod 5),

p(7n+ 5) ≡ 0 (mod 7),

p(11n+ 6) ≡ 0 (mod 11),

for every n. For decades it was difficult to find more congruences like these; never-
theless, Ono proved in [Ono00] that for each prime m ≥ 5 there exists an infinite
family of congruences for the partition function modulo m: more precisely, he
proved that a positive proportion of the primes ℓ are such that

p

(
mℓ3n+ 1

24

)
≡ 0 (mod m).

for every n coprime to ℓ.

The number of overpartitions p(n) of a positive integer n is defined to be the
number of ways in which n can be written as a non-increasing sum of positive
integers in which the first occurrence of a number may be overlined (see [CL04]).

The numbers of both partitions and overpartitions can be described in terms of
eta-quotients; in particular, they are known to be coefficients of weakly holomorphic
modular forms of half-integral weight, with integral coefficients. Treneer showed
in [Tre06a] that Ono’s existence results were valid, more generally, for the coeffi-
cients of such modular forms. In the particular case of the overpartition function,
her results imply that for every prime m ≥ 5, for sufficiently large r, a positive
proportion of the primes ℓ ≡ −1 (mod 16m) have the property that

p
(
mrℓ3n

)
≡ 0 (mod m).

for every n coprime to mℓ. We will see in Theorem 4.11 that we can take r = 1.
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The main goal of this article is to show explicit instances of these (families of)
congruences, as well as for certain variations similar to those considered by Ono for
the partition function.

Weaver devised a strategy in [Wea01] for making Ono’s results explicit: she
exhibited 76,065 new families of congruences for the partition function by finding
congruences between its generating function and appropriate holomorphic modular
forms, and then verifying a finite number of congruences for the partition func-
tion. Her computations were extended by Johansson [Joh12], who used efficient
algorithms for computing the partition function to find more than 2.2 · 1010 such
families of congruences.

Using Weaver’s techniques along with the theory of Eisenstein series of half-
integral weight from [WP12], we were able to find infinitely many families of con-
gruences for the overpartition function. Our first main results are the following two
theorems.

For an odd prime m, throughout the article we denote

km =

{
m+ 2, m = 3

m− 2, m > 3.

Theorem 1.1. Let m ∈ {3, 5, 7, 11}, and let ℓ be an odd prime such that ℓkm−2 ≡
−1 (mod m). Then

p
(
mℓ3n

)
≡ 0 (mod m)

for every n prime to ℓ.

We remark that for m = 3 and m = 5 the result was proved, respectively, in
[LO11, Coro. 1.5] and [Tre08, Prop. 1.4]. We include those cases in our results to
highlight our unified approach.

Theorem 1.2. Let m ∈ {3, 5, 7, 11}, and let ℓ be an odd prime such that ℓkm−2 ≡
−1 + ǫm,ℓ ℓ

km−3
2 (mod m), with ǫm,ℓ ∈ {±1}. Then

p
(
mℓ2n

)
≡ 0 (mod m)

for every n prime to ℓ such that

(
(−1)

km−1
2 n

ℓ

)
= ǫm,ℓ.

For primes m ≥ 13 the appearance of cusp forms in level 16 and weight km/2
makes it more difficult to find infinitely many families of congruences. Using the
results from [BSCVR+23] for efficiently computing the overpartition function, we
obtain the following families of congruences.

Theorem 1.3. Let m, ℓ be primes as in Table 1. Then

p
(
mℓ3n

)
≡ 0 (mod m)

for every n prime to ℓ.

Theorem 1.4. Let m, ℓ be primes, and let ǫm,ℓ ∈ {±1} be as in Table 2. Then

p
(
mℓ2n

)
≡ 0 (mod m)
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m ℓ
13 1811, 1871, 1949, 2207, 3301, 4001, 4079, 4289, 4931
17 2039, 2719, 3331, 4079
19 151, 1091, 2659, 3989

Table 1. Congruences for primes m ≥ 13. See Theorem 1.3.

for every n prime to ℓ such that

(
(−1)

km−1
2 n

ℓ

)
= ǫm,ℓ.

m (ℓ, ǫm,ℓ)
13 (431, 1), (2459, 1), (4513, 1), (4799, 1)
17 (167, 1), (541, 1), (911,−1), (1013,−1), (1153, 1),

(1867, 1), (1931,−1), (2543,−1), (2683, 1), (2887, 1),
(3019,−1), (3023, 1), (3329, 1), (4243,−1), (4651,−1)

19 (2207,−1)

Table 2. Congruences for primes m ≥ 13. See Theorem 1.4.

We point out that using different techniques, in [RSST21, BSCVR+23] the au-
thors found (finite) families of congruences for the overpartition function modulo
m for m = 3, 5, 7; see also [CSWZ15] for m = 5, and [Xia17] for powers of m = 3.
As far as we know, the results in this article give the first known congruences for
m > 7.

The rest of the article is organized as follows. In the next section we give the
necessary notation and preliminaries regarding half-integral weight modular forms
and eta-quotients. In Section 3 we state the results we need on Eisenstein series
of half-integral weight and level 16. We conclude the article with the proofs of our
main results in Section 4.

2. Preliminaries

Half-integral weight modular forms. We refer the reader to [WP12, Sect. 5]
for details on this subsection.

Given a non zero integer m we denote by χm the primitive Dirichlet character
such that χm(a) =

(
m
a

)
for every a such that (a, 4m) = 1.

Given an odd integer k ≥ 3, we denote λ = k−1
2 . Furthermore, given a positive

integer m we denote ωn = χm, with m = (−1)λn.
Given k as above, a positive integerN divisible by 4 and a character χ modulo N ,

we denote by Mk/2(N,χ) the space of holomorphic modular forms of weight k/2,
level N and character χ. We denote by Sk/2(N,χ) and Ek/2(N,χ) the subspace
of cusp forms and the Eisenstein subspace, respectively. When χ is the trivial
character, we omit it from the notation.

We consider the following operators acting on half-integral weight modular forms.
Let g =

∑
n≥0 a(n)q

n ∈ Mk/2(N).
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• The Fricke involution W (N), given by

W (N) : Mk/2(N,χ) → Mk/2(N,χχN ),

(g|W (N))(z) = (Nz)−k/2g(−1/Nz).

We include here an extra factor of N−k/2 not present in [WP12].
• For a prime ℓ, the Hecke operator T (ℓ2), given by

T (ℓ2) : Mk/2(N,χ) → Mk/2(N,χ),

g|T (ℓ2) =
∑

n≥0

(
a(ℓ2n) + χ(ℓ)ℓλ−1ωn(ℓ)a(n) + χ(ℓ2) ℓ2λ−1a(n/ℓ2)

)
qn.(2.1)

• For an integer m ≥ 1, the V (m) operator, given by

V (m) : Mk/2(N,χ) → Mk/2(mN,χχm),

g|V (m) =
∑

n≥0

a(n)qmn.

• For an integer m ≥ 1, the U(m) operator, given by

U(m) : Mk/2(N,χ) → Mk/2(M,χχm),

g|U(m) =
∑

n≥0

a(mn)qn,

where M is the smallest multiple of N which is divisible by every prime
dividing m, and such that the conductor of χm divides M .

The latter two act as well on rings of formal power series.

The following is the Sturm bound for general weights. Its proof follows from the
integral weight case; see [RSST21, Prop. 4.1].

Proposition 2.2. Let k ≥ 3 be an integer, and let m be a prime. Suppose that
g =

∑
n≥0 a(n)q

n ∈ Mk/2(N) ∩ ZJqK. Let

n0 =

⌊
k

24
· [SL2(Z) : Γ0(N)]

⌋
.

If a(n) ≡ 0 (mod m) for 1 ≤ n ≤ n0, then g ≡ 0 (mod mZJqK).

The result is also valid for proving equalities, namely when m = 0.

Eta-quotients. Let η(z) denote the Dedekind eta function, which is given by

η(z) = q
1
24

∞∏

n=1

(1− qn) , q = e2πiz.

Given a finite set X = {(δ, rδ)} ⊆ Z>0 × Z, denote sX =
∑

δrδ. Assuming that
sX ≡ 0 (mod 24), the eta-quotient defined by X is

(2.3) ηX(z) =
∏

X

η(δz)rδ = q
sX
24
∏

X

∞∏

n=1

(
1− qδn

)rδ ∈ q
sX
24 (1 + qZJqK) .

Note that 1/ηX is also an eta-quotient.
Let k =

∑
X rδ, and let N be the smallest multiple of every δ, and of 4 if k is

odd, such that

N
∑

X

rδ
δ

≡ 0 (mod 24),
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Finally, letting m′ =
∏

X δrδ we let m = m′ for even k, and m = 2m′ for odd k.
Then (see [GH93, Thm. 3] and [Tre06b, Coro. 2.7]) we have the following result.

Proposition 2.4. With the notation as above, ηX is a weakly holomorphic modular
form of weight k/2, level N and character χm.

Thus, ηX is holomorphic and nonzero in the upper half-plane, but it can have
poles and zeros at the cusps. Furthermore, following [Lig75], if gcd(a, c) = 1, then
the order of vanishing of ηX at a cusp s = a/c ∈ Q ∪ {∞} is given by

(2.5) ords
(
ηX
)
=

N

24 gcd(c2, N)

∑

X

gcd(c, δ)2
rδ
δ
.

Proposition 2.6. Let ∆2 = η8(z)η8(2z). Then ∆2 ∈ S8(2). Furthermore,

Mk(2) → Sk+8(2),

g 7→ g ·∆2

is an isomorphism.

Proof. The above proposition gives that ∆2 ∈ M8(2). Furthermore, by (2.5) we
see that ∆2 has simple zeros at the cusps for Γ0(2), namely 0 and ∞. Hence the
second claim follows, since ∆2 does not vanish on the upper half-plane. �

Eisenstein spaces of integral weight and level 2. We consider the subgroup
Γ∞ = {± ( 1 n

0 1 ) : n ∈ Z} ≤ SL2(Z). Let k ≥ 2 be an even integer. Denote

Ek(z) =
∑

γ∈Γ∞\ SL2(Z)

1

(cγz + dγ)k
∈ Mk(1),

D2 = 2E2|V (2)− E2 ∈ M2(2).

Then Ek ∈ 1 + qZJqK. Furthermore,

(2.7) Ek = 1− 2k

Bk

∑

n≥1

σk−1(n)q
n.

The following result will not be used in our proofs, but explains the type of forms
hm appearing in Table 4 below (see also Remark 4.10). Though it is probably well
known, we give a proof for the sake of completeness.

Proposition 2.8. Let D2, E4 be as above. Then
{
Da

2E
b
4 : 2a+ 4b = k

}
is a basis

for Mk(2).

Proof. Denote by Vk the subspace of Mk(2) generated by
{
Da

2E
b
4 : 2a+ 4b = k

}
.

Let ∆2 = η8(z)η8(2z). Using Proposition 2.2 and (2.7) we get that

576∆2 = 5D2
2E4 − E2

4 − 4D4
2.

Hence ∆2 ∈ V8. Thus, to prove that Mk(2) = Vk for every k, by Proposition 2.6
it suffices to show that for every f ∈ Mk+8(2) there exists g ∈ Vk+8 such that
f − g ∈ Sk+8(2).

For this purpose it suffices to prove that there exist g∞, g0 ∈ Vk+8 such that g∞
does not vanish at ∞, and g0 vanishes at ∞ but not at 0; equivalently, g0 vanishes
at ∞ but is not cuspidal.

We can clearly let g∞ = Da
2 with a = k+8

2 . In the case of g0, it suffices to
consider k ∈ {0, 2, 4, 6}. Then using explicit bases for Sk+8(2) we see that we can
let g0 be as in Table 3.
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k g0
0 D4

2 − E2
4

2 D5
2 −D2E

2
4

4 D6
2 − E3

4

6 D7
2 −D2E

3
4

Table 3. Forms in Vk+8 vanishing at ∞ but not at 0. Used in
the proof of Proposition 2.8.

Finally, the independence of the forms Da
2E

b
4 follows using the formulas for

dim(Mk(2)) (see [CO77]). �

3. Eisenstein spaces of half-integral weight and level 16

Wang and Pei ([WP12]) considered the Eisenstein spaces of half-integral weights,
giving bases of eigenforms for these spaces in the case of level 4D, with D odd and
squarefree. Relying on their definitions and results, we consider the case of level
16. The main result of this section is the following.

Proposition 3.1. Let ℓ ≥ 3 be prime, and let k ≥ 3 be an odd integer. Then T (ℓ2)
acts by multiplication by σk−2(ℓ) on Ek/2(16).

We also give in Proposition 3.5 exact formulas for the coefficients of the Eisenstein
series, which are needed to prove the congruence in (4.13).

As in Section 2, let Γ∞ = {± ( 1 n
0 1 ) : n ∈ Z} ≤ SL2(Z). Let k ≥ 3 be an odd

integer. Denote λ = k−1
2 . Let N ∈ {4, 8}. For γ ∈ Γ0(N), let j(γ, z) be the

automorphy factor of weight 1/2. For k > 3 we denote

Ek,N (z) =
∑

γ∈Γ∞\Γ0(N)

1

j(γ, z)k
,

E′
k,N = 2kNλ

1−(−1)λi
· Ek,N |W (N).

For k = 3 we consider the difference E3,N − 2
√
N E′

3,N defined by the formulas
above, which, for simplicity, we will denote by E3,N .

We start by giving the Fourier expansions of these Eisenstein series, following
[WP12]. For this purpose we introduce the following notation, which will not used
in other parts of the article.

For an even integer v denote

c±k (v) =
1− 2(2−k)v/2

1− 22−k
± 2(2−k)v/2.
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Given a positive integer n, let vn = val2(n) and n′ = (−1)λn/2vn , and denote

Ck(n) =





c−k (vn − 1), 2 ∤ vn,

c−k (vn), 2 | vn, n′ ≡ 3 (mod 4),

c+k (vn) + 2((2−k)vn+(3−k))/2
(
n′

2

)
, 2 | vn, n′ ≡ 1 (mod 4),

γk,4(n) =

{
Ck(n), k > 3,

C3(n)− 2, k = 3,

γk,8(n) =






0, (−1)λn ≡ 2, 3 (mod 4),

Ck(n)− 1, (−1)λn ≡ 0, 1 (mod 4), k > 3,

C3(n)− 2, (−1)λn ≡ 0, 1 (mod 4), k = 3.

Let ω denote a Dirichlet character of conductor f . Let Bλ denote the λ-th
Bernoulli polynomial. Then we consider the generalized Bernoulli number

Bλ,ω = fλ−1

f∑

a=1

ω(a)Bλ(
a
f )

Furthermore, letting µ denote the Möbius function, for each positive integer n we
denote

βλ,ω(n) =
∑

a,b

µ(a)ω(a)a−λb−2λ+1,

where a, b run over all positive odd integers such (ab)2 | n.
Recall that for each positive integer m we consider the primitive Dirichlet char-

acter ωm such that for (a, 4m) = 1 we have

ωm(a) =

(
(−1)λm

a

)
.

We denote by fm its conductor, and we remark that fm/m is the square of a rational
number. We let

(3.2) αλ,m =

√
fm/mBλ,ωm

fλ
mB2λ

1− ωm(2)2−λ

1− 2−2λ
.

Finally, for each positive integer n we denote

ak,N (n) = αλ,n βλ,ωn
(n) γk,N (n)nλ,(3.3)

a′k,N (n) = αλ,nN βλ,ωnN
(n)nλ.(3.4)

Proposition 3.5. For N ∈ {4, 8} and odd k ≥ 3 we have

Ek,N = 1 +
∑

n≥1

ak,N (n) qn, k ≥ 3,

E′
k,N =

∑

n≥1

a′k,N (n) qn, k > 3.

The proof is essentially given in [WP12]; their formulas for the coefficients of
these Eisenstein series involve values L(λ, ωm) of L-series of quadratic characters
at positive integers. The latter are well known; we use them in the result below.
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Given a positive integer λ we denote

eλ =
22+λ−k

(
2λ+3

2

)
λ!

(1 − 2−2λ)B2λπλ
.

Lemma 3.6. For every positive integer m we have that

αλ,m = eλ
(
1− ωm(2)2−λ

)
L(λ, ωm)m−1/2.

Moreover, sgn(αλ,m) =
(
2λ+1

2

)
.

Proof. From [MV07, p. 337] and [MV07, Thm. 9.17] we have that for every qua-
dratic character ω with conductor f and such that ω(1) = (−1)λ we have that

L(λ, ω) =

(
2λ+3

2

)
2λ−1πλ

√
f

λ!fλ
Bλ,ω,

from which the first claim follows.
The second claim follows from the fact that for every such ω we have that

L(λ, ω) > 0; hence

sgn(αλ,m) = sgn(eλ) =

(
2λ+ 3

2

)
sgn(B2λ) =

(
2λ+ 1

2

)
. �

Corollary 3.7. Let n be a squarefree positive integer. Then a′k,N (n) 6= 0. Further-

more, ak,N (n) = 0 if and only if γk,N (n) = 0.

Proof of Proposition 3.5. Using the well known formulas for ζ(2λ) and Γ(λ+1/2),
and using that

(−i)λ+1/2
(
1 + (−1)λi

)
√
2

=

(
2λ+ 1

2

)
,

we obtain that

eλ =
(−2πi)λ+1/2

(
1 + (−1)λi

)

22λ+1Γ(λ+ 1/2)ζ(2λ)(1− 2−2λ)
.

Then the result follows straightforwardly from Lemma 3.6 and the formulas [WP12,
(2.30), (2.33), (2.35), (2.36) and (2.38)]. �

Proposition 3.5 shows that Ek,N and E′
k,N , which a priori have their coefficients

in a cyclotomic field ([Shi85, Thm. 2.3]), actually have rational coefficients. The
following results shows that, as in the integral weight case (see (2.7)), their denom-
inators are controlled by k and can be described in terms of Bernoulli numbers.

Its proof will require the following result from Carlitz ([Car59, Thms. 1 and 3]).

Lemma 3.8. Let d be a fundamental discriminant, and let λ be a positive integer.

(a) If d = −4 and λ is odd, then 2Bλ,χd
/λ ∈ Z.

(b) If d = ±p, with p > 2 prime, then Bλ,χd
/λ ∈ Z(p). Moreover, if 2λ/(p− 1)

is an odd integer, then pBλ,χd
∈ Z.

(c) Otherwise, Bλ,χd
/λ ∈ Z.

We denote

Sλ =

{
2valp(λ)+1, 2 | λ,
1, 2 ∤ λ.

Furthermore, we denote S′
λ,N = Sλ (see Remark 3.11 below).
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Proposition 3.9. For N ∈ {4, 8} and odd k ≥ 3 we have

Ek,N ∈ 1 + λ
2λ−1(22λ−1)B2λSλ

ZJqK,

E′
k,N ∈ λ2λ

(22λ−1)B2λS′

λ,N
Nλ ZJqK.

Proof. We prove the claim for Ek,N ; the proof for E′
k,N follows by similar argu-

ments, using (3.4).
Let n be a positive integer. Recalling that fn denotes the conductor of ωn, write

n = fnq
2
n = f ′

n(q
′
n)

2 with f ′
n squarefree, so that

√
fn/n = 1/qn and 2qn/q

′
n ∈ {1, 2}.

Moreover, let wn = val2(q
′
n) and write q′n = 2wnq′′n. Then letting

rn = q′′n
2λ−1

βλ,ωn
(n),

sn = Sλ

(
2λ − ωn(2)

)
Bλ,ωn

/λ

tn = (2qn/q
′′
n)

2λ−1
γk,N (n),

and using (3.2), according to (3.3) we can decompose

ak,N (n) =
λ

2λ−1 (22λ − 1)B2λ Sλ
· rn sn tn .

From the definition of βλ,ω(n) it is easy to see that rn ∈ Z. Furthermore, by the
definition of γk,N (n), we have that tn ∈ Z. To prove the result it suffices then to
show that sn ∈ Z.

First assume that λ is odd and n is a square. Then sn/Sλ = 2Bλ,ωn
/λ, hence

the claim follows by part (a) of Lemma 3.8.
Assume now that λ is odd or n is not a square. In case (c) of Lemma 3.8, the

claim follows immediately. In case (b), let p = fn. Then the claim follows from
quadratic reciprocity and

(3.10)

(
2

p

) 2λ
p−1

≡ 2λ (mod pvalp(λ)+1),

which holds for even 2λ/(p− 1) as well.
Finally, assume that λ is even and n is a square. Then sn = (2λ−1)Bλ/λ (unless

n = 1, when they differ by a sign). In this case the result follows from (3.10) and
a result of Von Staudt, which asserts that the denominator of Bλ/λ equals

∏

p−1|λ

pvalp(λ)+1. �

Remark 3.11. Making considerations about the 2-adic valuation of the generalized
Bernoulli numbers, the result also holds letting

Sλ =

{
1/2λ−2, for even λ,

1/2λ−1, for odd λ,
S′
λ,4 =





1/2, for λ = 2,

1/2λ+1, for even λ > 2,

1/2λ−1, for odd λ,

and S′
λ,8 = 1/2λ. Furthermore, the normalized Eisenstein series according to these

sharper constants seem to be primitive.

Proposition 3.12. Let k ≥ 3 be odd. Then

dim Ek/2(16) =
{
4, k = 3,

6, k > 3.
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Furthermore,

(3.13) Ek/2(16) =
{
〈E3,4, E3,4|V (4), E3,8, E3,4|U(2)|V (2)〉, k = 3,〈
Ek,4, Ek,4|V (4), E′

k,4, E
′
k,4|V (4), Ek,8, E

′
k,8|V (2)

〉
, k > 3.

Proof. The first claim follows from [CO77].
Let N ∈ {4, 8}. In [WP12, Thm. 7.6] it is proved that Ek,N ∈ Ek/2(N). Con-

sidering the codomains of the operators W (N), V (2), V (4), U(2) (see Section 2) we
get that Ek/2(16) contains the subspace on the right hand side of (3.13), for k ≥ 3.

We now prove that the generators on the right hand side of (3.13) are linearly
independent, using the formulas for their coefficients given by Proposition 3.5. As-
sume first that k ≡ 5 (mod 4). Then

Ek,4 = 1 + ak,4(1)q + ak,4(2)q
2 + ak,4(3)q

3 + ak,4(4)q
4 + ak,4(5)q

5 +O(q6),

Ek,4|V (4) = 1 + ak,4(1)q
4 +O(q6),

E′
k,4 = a′k,4(1)q + a′k,4(2)q

2 + a′k,4(3)q
3 + a′k,4(4)q

4 + a′k,4(5)q
5 +O(q6),

E′
k,4|V (4) = a′k,4(1)q

4 +O(q6),

Ek,8 = 1 + ak,8(1)q + ak,8(4)q
4 + ak,8(5)q

5 +O(q6),

E′
k,8|V (2) = a′k,8(1)q

2 + a′k,8(2)q
4 +O(q6).

Then, since a′k,4(1) a
′
k,8(1) 6= 0 (see Corollary 3.7), it suffices to prove that




ak,4(1) ak,4(3) ak,4(5)
a′k,4(1) a′k,4(3) a′k,4(5)

ak,8(1) 0 ak,8(5)





is non-singular.
We have that βλ,ω(n) = 1 for squarefree n. Furthermore, we have that γk,4(1) >

0, γk,4(3) < 0, γk,4(5) > 0 and that γk,8(1) > 0, γk,8(5) < 0. Then by Lemma 3.6
the signs of the matrix above are given by

(
2λ+ 1

2

)

+ − +
+ + +
+ 0 −


 ,

hence its determinant is non-zero.
The case k ≡ 7 (mod 4), k 6= 3, can be proved similarly, using the 7-th coeffi-

cient instead of the 5-th coefficient in the matrix above. Finally, for k = 3 using
Proposition 3.5 we get that

E3,4 = 1 + 6q + 12q2 + 8q3 +O(q4),

E3,4|V (4) = 1 +O(q4),

E3,8 = 1 + 8q3 +O(q4),

E3,4|V (2)|U(2) = 1 + 12q2 +O(q4),

which completes the proof. �

Proof of Proposition 3.1. Denote by V ⊆ Ek/2(16) the σk−2(ℓ)-eigenspace for T (ℓ
2).
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We claim first that Ek,4, Ek,8 ∈ V . For every n we see easily from the definitions
and Lemma 3.6 that

ωℓ2n = ωn,

αλ,ℓ2n = ℓ−1 αλ,n,

γk,N
(
ℓ2n
)
= γk,N (n).

Then the claim follows directly from (2.1), using the equalities above and the trans-
formation formulas for computing βλ,ω

ℓ2n
(ℓ2n) in terms of βλ,ωn

(n) given in [WP12,
p. 209]; we remark that though Wang and Pei are considering k > 3 and level 4D
with D odd and squarefree, these particular computations hold in our setting.

The result follows, then, by noting that the remaining generators for Ek/2(16)
given in Proposition 3.12 belong to V , since by [WP12, Thm. 5.19] the Hecke
operators T (ℓ2) with ℓ 6= 2 commute with the operators W (N), and by (2.1) they
commute with U(2), V (2), V (4). �

4. Proofs

This section is devoted to give the proofs of our main results, namely Theo-
rems 1.1, 1.2, 1.3 and 1.4.

We first state the following result for obtaining congruences for coefficients
of (modulo m) eigenforms of half-integral weight used by [AO01, Tre06a, Tre08,
RSST21], among others.

Proposition 4.1. Let g =
∑

n≥0 a(n)q
n ∈ Mk/2(N)∩ZJqK, and let ℓ,m be primes

such that g|T (ℓ2) ≡ λm,ℓ g (mod mZJqK).

(a) If λm,ℓ ≡ 0 (mod m), then a(ℓ3n) ≡ 0 (mod m) for every n prime to ℓ.
(b) If there exists ǫ ∈ {±1} such that

λm,ℓ ≡ ǫ ℓ
k−3
2 (mod m),

then a(ℓ2n) ≡ 0 (mod m) for every n prime to ℓ such that ωn(ℓ) = ǫ.

Proof. Both claims follow directly from (2.1); for part (a), by replacing n by ℓn,
with n prime to ℓ. �

The goal of the following series of results is to prove that for primem the numbers
p(mn) are congruent to the Fourier coefficients of a holomorphic modular form. We
start with two preliminary results.

Lemma 4.2. Let f and g be power series, and let m ≥ 1. Then

((f |V (m) · g) |U(m) = f · (g|U(m)) .

Proof. Let f =
∑∞

n=0 a(n)q
n and g =

∑∞
n=0 b(n)q

n. Denote

ã(h) =

{
a(n), if h = nm,

0, otherwise,

c̃(h) =
h∑

k=0

ã(k)b(h− k).
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Now, note that

c̃(hm) =

hm∑

k=0

ã(k)b(hm− k) =

h∑

k=0

a(k)b(hm− km).

Then we have

((f |V (m)) · g)|U(m) =

((
∞∑

h=0

ã(h)qh

)(
∞∑

n=0

b(n)qn

))
|U(m)

=

(
∞∑

h=0

c̃(h)qh

)
|U(m) =

∞∑

h=0

c̃(hm)qh

=

∞∑

h=0

(
h∑

k=0

a(k)b(mh− k)

)
qh = f · (g|U(m)) . �

Lemma 4.3. Let f be an eta-quotient. Then for every prime m ≥ 1 we have that

f |V (m) ≡ fm (mod mZJqK).

Proof. Write f as in (2.3). Since both operators V (m) and g 7→ gm are multiplica-
tive, it suffices to verify the congruence for every factor g of f .

For g = q
sX
24 both operators clearly agree, and for g = 1 − qδn the congruence

follows from the fact that (r+s)m ≡ rm+sm (mod mZJqK) for every r, s ∈ ZJqK. �

In what follows we consider the eta-quotient related to the generating function
for p(n) (see [CL04, (1.1)]). Namely, we let

(4.4) f =
η(2z)

η2(z)
=
∑

n≥0

p(n)qn,

We remark that f is not holomorphic: by (2.5), it has a simple pole at s = 0.

Lemma 4.5. Denote F = 1/f . Then F ∈ M1/2(16).

Proof. By Proposition 2.4 we have that F is a weakly holomorphic modular form
of level 16 and weight 1/2, with trivial character. Its possible singularities lie
at the cusps s for Γ0(16), namely s ∈ {0, 1/8, 1/4, 1/2, 3/4,∞}. Then the claim
follows from (2.5), which shows that the order of vanishing of F at each such s is
nonnegative (moreover, it is positive only for s = 0). �

For the following two results we let 0 < am < 8 be such that am ≡ −m (mod 8),
and we denote

rm =
1

2
((16− am)(m− 1)− 1) .

Proposition 4.6. Let m ≥ 3 be a prime. Then there exists h′
m ∈ Mrm(2) ∩ ZJqK

such that

(4.7) f |U(m) ≡ F amh′
m (mod mZJqK).

Proof. Recall the eta-quotient ∆2(z) = η8(z)η8(2z). We consider the eta-quotients

α = ∆2F
−am , β = fαm.

By (2.5) we have that β ∈ Srm+8(2). Since Hecke operators preserve cuspforms, by
Proposition 2.6 there exists h′

m ∈ Mrm(2) such that

β|T (m) = ∆2h
′
m.
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Note that since β ∈ qZJqK and ∆2 ∈ qZJqK× we have that h′
m ∈ ZJqK.

On the other hand, using Lemmas 4.2 and 4.3 we have that

β|U(m) ≡ (f · (α|V (m)))|U(m) ≡ f |U(m) · α (mod mZJqK).

Since over integral weights T (m) agrees with U(m) modulo mZJqK, the above con-
gruences give that

f |U(m) · α ≡ ∆2h
′
m (mod mZJqK),

which, since α,∆2 ∈ qZJqK×, concludes the proof. �

The above result shows that f |U(m) is congruent to a holomorphic modular
form. We now show that, at least for small values of m, the weight of the latter
can be improved.

Proposition 4.8. Let 3 ≤ m ≤ 19 be a prime. Let hm be the corresponding form
given in Table 4. and let gm = F amhm. Then gm ∈ Mkm/2(16) ∩ ZJqK, and

(4.9) f |U(m) ≡ gm (mod mZJqK).

m hm

3 1
5 1
7 D2

11 D2

13 E4

17 13D2
2 + 5E4

19 11D3
2 + 9D2E4

Table 4. Holomorphic modular forms used in Proposition 4.8.

Proof. The first claim follows from Lemma 4.5, since for every m, we have that
hm ∈ Mkm−am

2

(2).

We now prove (4.9). Let e = (15 − am)/2. Since Em−1 ≡ 1 (mod mZJqK), it
suffices to prove that the form h′

m from the above proposition satisfies that

h′
m ≡ hmEe

m−1 (mod mZJqK).

With the above choice of e, both forms in this congruence belong to Mrm(2)∩ZJqK.
Thus, by Proposition 2.2 and (4.7) it suffices to prove that the n-th coefficients of
f |U(m) · fam and hm agree, modulo m, up to n equal to n0 =

⌊
rm
36

⌋
. In each case,

this can be proved by computing these numbers explicitly. �

Remark 4.10. In fact, using the techniques from the above proof and Proposi-
tion 2.8, we have found forms hm as in Proposition 4.8 for every prime m < 1000.

Proposition 4.6 implies the following refinement of [Tre06a, Thm 1.1] for the case
of the overpartition function.

Theorem 4.11. Let m be an odd prime. Then a positive proportion of the primes
ℓ ≡ −1 (mod 16m) have the property that

p
(
mℓ3n

)
≡ 0 (mod m).

for every n coprime to mℓ.
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Proof. The proof of [Tre06a, Thm. 1.1] holds in our setting with no changes. The
key fact which implies our stronger assertion is that, since we proved in Proposi-
tion 4.6 that f |U(m) is congruent to a holomorphic modular form, the claim from
[Tre06a, Prop. 3.5] holds for m rather than for a sufficiently large power of m. �

From here on, given primes m, ℓ, we denote

λm,ℓ = 1 + ℓkm−2,

the eigenvalue of T (ℓ2) acting on Ekm/2(16) (see Proposition 3.1).

Proposition 4.12. Let 3 ≤ m ≤ 19 be a prime, and let gm be the form given in
Proposition 4.8.

(a) If 3 ≤ m ≤ 11 then gm|T (ℓ2) ≡ λm,ℓgm (mod mZJqK) for every prime
ℓ > 2.

(b) If 13 ≤ m ≤ 19 then gm|T (ℓ2) ≡ λm,ℓgm (mod mZJqK) for every prime ℓ in
Table 5.

m ℓ
13 431, 1811, 1871, 1949, 2207, 2459, 3301, 4001, 4079, 4289, 4513, 4799, 4931
17 1999, 2207, 2243, 4759
19 151, 1091, 2207, 2659, 3989

Table 5. Primes ℓ giving congruences modulo m. See Proposi-
tion 4.12.

Proof. To prove part (a) we can use Proposition 3.1, once we verify that for 3 ≤
m ≤ 11 we have that gm ∈ Ekm/2(16) + mZJqK. The latter claim, in the case
3 ≤ m ≤ 7 follows from the fact that Skm/2(16) = {0}. In the case m = 11, since
for N ∈ {4, 8} by Proposition 3.9 we have that

2317 ·E9,N , 2417 ·E′
9,4, 2

517 ·E′
9,8 ∈ ZJqK,

we can use Proposition 2.2 to obtain that

(4.13)

g11(z) ≡ 9E9,4+4E9,4|V (4)+7E′
9,4+4E′

9,4|V (4)+7E′
9,8|V (2) (mod 11ZJqK).

For proving part (b), by Proposition 2.2 it suffices to prove that the n-th coeffi-
cients of gm|T (ℓ2) and λm,ℓ gm agree, modulo m, for n up to

km

24 · [SL2(Z) : Γ0(16)] = m− 2.

Moreover, by (4.9) it suffices to prove that
(
f |U(m)|T (ℓ2)

)
(n) ≡ λm,ℓ (f |U(m))(n) (mod m), 1 ≤ n ≤ m− 2,

which in each case can be proved by computing these numbers explicitly. �

Remark 4.14. The proof of Proposition 4.8 involves computing p(mn) modulo m
for small values of n. This can be accomplished easily by expanding the infinite
product (4.4) defining f .

The proof of Proposition 4.12 involves computing p(mn) modulo m for large
values of n (e.g. n = m(m−2)ℓ2 with large ℓ); in this case we resort to the efficient
method provided by [BSCVR+23].
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The proofs of our main results now follow easily.

Proof of Theorems 1.1 and 1.3. They follow using Proposition 4.1 (a) and Propo-
sition 4.12. �

Proof of Theorems 1.2 and 1.4. They follow using Proposition 4.1 (b) and Propo-
sition 4.12; the eigenvalues λm,ℓ in Table 5 satisfy the hypothesis of Proposition 4.1
(b), namely they are such that

λm,ℓ ≡ ǫm,ℓ ℓ
km−3

2 (mod m),

where ǫm,ℓ is as in Table 2. �

Remark 4.15. We found that gm is, modulo mZJqK, an eigenfunction of T (ℓ2) for
more primes ℓ than those appearing in Table 5, but the eigenvalues are not useful
for our purposes, since they do not satisfy any of the hypotheses of Proposition 4.1.
Moreover, the primes given are all the primes ℓ < 5000 giving congruences.

For m = 23 we found that ℓ = 5303, 8783 yield eigenvalues, but they do not give
congruences. For larger m we have not been able to find eigenvalues.
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