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We study the near threshold behavior of cross sections of low-energy antiproton scattering off the ground

and excited states of positronium with zero total orbital momentum L = 0. In our computational experiment,

the existence of singularities called the Gailitis-Damburg oscillations above the thresholds of excited states

of positronium and antihydrogen atoms is confirmed. In the future the obtained results can be useful for

2023

Several experiments on antimatter based on the
use of the Antiproton Decelerator Facility are being

8 planned and performed at CERN. Two of them aimed at
the antimatter gravitational behavior — AEgIS [1] and

(O ‘GBAR [2] — use, inter alia, the three-body reaction

p+Ps—H+e” (1)

ph]

7~ of antihydrogen H formation via antiproton p scattering
C) off the gas of Rydberg positronium (Ps). In this
regard, a number of theoretical works which study the

he

—ireaction (I]) have recently appeared. Of natural interest
here is to find a mechanism for increasing the reaction
rate of antihydrogen formation process used for the
production of antimatter atoms.

The researchers are interested in various singularities
of the cross sections of scattering processes in the e et p
system. Among them are resonances, the near threshold
enhancement of cross sections, as well as the less
known above threshold singularities called the Gailitis-
Damburg (GD) oscillations, predicted for the first time
in [3,4]. The latter arise due to long-range dipole
interaction between an excited atom (either H or Ps)
and a charged particle (e~ or p). The GD theory [3H5]
predicts two types of singularities: a series of narrow
resonances in energy regions below the thresholds of
excited states of atoms and cross-section oscillations
above these thresholds. The existence of the first of
them, also called Feshbach resonances, in the e”e™p
and e~eTp systems has been reliably confirmed both
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experimentally and theoretically, by using very accurate
special methods for calculating the energies and widths
of resonances [6HI4]. The situation is more complicated
with singularities of another type—oscillations of cross
sections. Their existence in the e~etp system has been
discussed in the works [I5HI7], but only in the last of
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developing proposals for improving the conditions of experiments with antimatter.

them the cross sections that are consistent with the
predictions of the GD theory have been obtained.

The goal of this work is to study the above threshold
behavior of scattering cross sections in the e~ e'p
system in the case of zero total orbital momentum
of the system L = 0. Our ab initio approach to
solving the multichannel quantum scattering problem
in a system of three particles is based on the solution
of the Faddeev-Merkuriev (FM) equations, which are
strictly equivalent to the Schrodinger equation [18],
in the configuration space. These equations in the
total orbital momentum representation [I9] are reduced
to a finite set of three-dimensional partial differential
equations. To solve boundary value problems for these
equations, we proposed and implemented an efficient
computational algorithm [20], which was tested, in
particular, in calculations of low-energy scattering in
the e"etp system [21]. To calculate the obtained in
this work cross sections above the thresholds of excited
states of atoms, it is critically important to use the
asymptote of solutions to the FM equations, which
explicitly takes into account the long-range nature of
effective interaction between a neutral atom and an
incident (outgoing) particle. By this reason one needs
to modify the “standard” formulae for the asymptotic
behavior of wave functions [I4]22]. This modification is a
generalization to the three-particle case of the results of
our work [23]. Here we briefly discuss the corresponding
theory and apply it in a series of calculations of low-
energy cross sections above the thresholds of the first
few excited states of atoms in the e~etp system.

A system of three spinless nonrelativistic charged
particles with masses m, and charges Z,, o = 1,2,3
is considered. In what follows, the set of indices a3~y
denotes one of the cyclic permutations of the set {1, 2,3}
that enumerates the particles. Since in the triad af~y
the pair of particles 5 is completely determined by the
number « of the third particle, we will systematically
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use this fact to identify pairs of particles. In the center
of mass frame, the position of particles is described by
a set of Jacobi coordinates. For the partition a(87v),
they are defined as the relative position vectors between
B~ particles ¢, and between their center of mass and
the particle a yo. We use reduced Jacobi coordinates
{Za, Yo}, which are Jacobi vectors scaled by factors
V2o and /2pi(s) respectively. Reduced masses of
the pair « (u,) and the system “particle a@ — pair o”
(Ha(sy)) are expressed in terms of particle masses mq
by standard formulae. For different values of «, the
reduced Jacobi vectors are related by an orthogonal
transform g = cgaTa + 58aYa, Y3 = —SBaTa +
cgaYo [18]. In what follows, the vector lengths are
denoted by the corresponding non-bold letters, for
example, z, = |x,|. The states of a system with total
orbital momentum L = 0 are symmetric with respect
to the rotation of the system as a whole and for this
reason depend only on the three coordinates X, =
{Za, Yoy 2o = €080y = (T, Yo )/ (Taya)} that determine
the position of particles in the plane containing them.
In what follows, where it is due, it is assumed that the
coordinates Xg are expressed in terms of X,.

The FM equations for three charged particles [18][24]
in the case of L = 0 have the form [211125]:

To+ Valza) + > Vil (25, y5) — B | ta(Xa) =
BFa

:Caya
- Vags)(xouya) Z Vs(Xp). (2)
o 1Y

Here the kinetic energy operators are given by

0% 02 1 1 0 0
Tp= e (= =) (122 ——. (3

oy2 022 (yi + xi) aza( Za)aza ®)
The potentials V,
interaction Vy(z) =

represent the pair Coulomb
V2uaZ3Z,/xs. They are
split into short-range VOSS) and long-range parts VOEI)

Va(za) = VI (@0, ya) + VI (T4, Ya) (4)

using a function called the Merkuriev cut-off [I8]2T].
The equations (@) can be summed up, which leads
to the Schrédinger equation for the wave function
U =3 1a(Xa)/(xaya), where 1), are the components
of the wave function given by the solution of the
equations (2I).

At energy values E below the threshold of breakup
(ionization) of the system, the FM components ¢, (X,)
at y, — oo are substantially different from zero only
in the asymptotic region Qo = {Za,¥a: Ta K Ya

for yo, — oco}. In Q, the FM components can be
represented in the form

d}g‘aou/\) (Xa) ~

~ Z e (xa)YéO (904; 0) (w(ng)(,,)\) (ya,Pu)5aao -

nt
+ | Pv
- Z 1#(”@)(”,4,) (yaapn’) ]Ts(om/é/)(agu/\)) . (5)
n'e "

In this formula the indices anf enumerate the binary
scattering channels, i.e., the Coulomb bound states of
two particles in pair a with radial wave function ¢,¢(z)
and energy e,. The set of indices agvA defines the
initial scattering channel. Yy, denotes the standard
spherical harmonic. In formula (&) and below in the
text it is assumed that the indices nf take integer
values n > ¢ > 0 corresponding to channels which are
open at a given energy E. The momentum p, of an
incident (scattered) particle is determined by the energy
conservation condition E = p2 + &,. Accordingly, the
channel is considered open if £ — &, > 0. The functions
w(_ne)(z»\) and w(tw)(z»\) define the incident and scattered
waves. It is standard to choose these functions in the
form

w(jfw)(nw) (yaapn/) = Uzt (nnapnya)é(né)(n’l’) ) (6)

where ujt(n, z) are the Coulomb incoming and outgoing
waves [26], and the Sommerfeld parameter is defined
as My = Za(Zp + Zy)\/2ba(8y)/ (2Pn). Indeed, the use
of functions (6]) in (E) leads to the solution of the FM
equations with asymptotic behavior of the form:

{/}\g‘aouk) (Xa) ~
~ ¢ux(Ta)Yro(ba, 0)“; (N> PvYa)dacn —

- E ¢n€ (xa)no (eou O)UZF (nn 5 pnya) A / %g(omé)(aou/\) .
nt n
(7)

The cross section of the scattering process with initial
apr A and final anf channels is expressed in a standard
way through the S-matrix element §(an4)7(aoy>\) [25].

In a system of three charged particles, the presence
of an effective dipole potential between the excited
bound state of pair « (atom) and particle a leads to the
fact that the representation (@) becomes insufficiently
accurate, since after substituting it into the FM
equations the dipole potential is not compensated.
Formally, the dipole potential can be obtained by
substituting into the FM equations (2)) the asymptotic
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expansion in {2, of the sum of the long-range parts of

the potentials

1
ZVB()(%,?JB

B#a

2t Py(za)
Zd(fﬂ) T (8)

where P, are Legendre polynomials. Indeed, from the

properties of the Merkuriev cut-off it follows that in 2,

the quantity Vﬁ(l)7 up to a term exponentially decreasing

in the variable y,, coincides with the potential V. Then

the coefficients of the multipole expansion () can be

obtained by using the formula
I 1

5 |CsaTa + SpaYal

[sgalya>lcsalra

1 i <|Cﬂa|xa)epe(za). (9)

~ Ispalya Spala

In particular, the first two coeflicients have the form

Za(Zg + Zoy)\/2Ha(87) (10)

Co=dl) =

D,=d? = 7,(-1)*./2 . Mo
o ( ) ,ua(,@v) ma+mﬂ+m'y
m
7. si _ —1)? e
sien(s - (1) [
. . My
+ Zgsign(y — a)(=1)7, /—|. (11)
mp

As is known from the theory of the FM equations, the
right-hand sides of the equations decrease exponentially
in Q,. Substituting the first two terms of the
expansion (§) into the FM equations (@), we obtain

that in the asymptotic region 2, the equations take

the form
« Da a~o
I;+v;ua)+§l4—i%i-Eﬂ¢$wﬂgxg

:o(%).(m)

Let us now substitute the asymptotic representation ()
into the equations (I2)) and project them onto the bound
states wave functions ¢,,¢Yso. We use the following well-
known relations [26]27]:

0 ) b B
86089(1 TS G)acosgym(e’ 0) = —£(£+ 1)Yi0(0,0),
(13)

d? €€+1
“az + ( ) + Va(za) —en| one(ze) =0, (14)

Gt
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—+00 1
2 / dz, / 0008 0 () Yiro (0, 0) e () Yeo (6, 0)
0

-1

= 00 Onns, (15)

1
27 / dcos@Yeo(0,0) cos Yy (0,0)
-1

(+1
O ———— (16)

— 5 ’
e (01121

_t
402 — 1
As a result, we obtain that the functions 7,/)?;18)(1/” are
the linearly independent solutions to the close coupling
equations:

P ()

dya va

n@ n’@’ 1

+ Z w(n/ﬂ’)(u)\) (yaapl/) =0 (y_g) : (17)

n'e «

Ca
4+ =
Y

- pi:| "/’(j;g)(u,\) (youpu)

The elements of the matrix A%, which specifies the

effective dipole potential, are given by the expressions

A2, . = DaM?

né,n né,n'l’ X

441 L
X (52/,Z+1 \/m + 58/7871 \/w—_1>7 (18)

where

—+o0
M3y e = /0 Az o Pn e (X)) Tabne(xa). (19)

As is mentioned above, the incoming and outgoing
waves ﬁ(in O er) defined in (Bl) do not accurately enough
describe the asymptotic behavior of the solution to the
FM equations in €2, since they do not take into account
the presence of an effective dipole potential. Indeed,
when substituting these functions into equations (I7]),
the last dipole term of order O(y, ?) remains uncanceled
on the left side. The dipole term in the asymptotic
solutions of the equations (7)) was partially accounted
for in the works [3[4.[T4,22] by diagonalizing the block
of the channel coupling matrix

O [€(€ + 1)b00 + Afpy (nrer))
0=01,...,n—1, £'=01,...,

n —1.

However, in this case, the non-diagonal with respect to
n part of the dipole interaction remains uncanceled.
We have taken the full account of the dipole part
of the interactions in the equations (I7) using direct
asymptotic methods, which have led us to the following
form of solutions

+
T/J(ng)(l,,\) (Yo, D) =

a(0) 1 o(1)
W, T2 Wanwa

(n8)(v)) “i’u) (s Pvya)- (20)
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Here the matrices W*(©) and W*() are given by the
formulae

a(0) a(v)
W(né)(uk) 5””‘/2 )
v—1 4 a(vX)
A V,
a(l) ZW:O (ne)(ver) " e
and new values of orbital momentum ng}‘) are the
solutions to the quadratic equation
LEV(EEY +1) = 4. 22

Finally, q& ) Ve are  the
eigenvectors of the matrix

eigenvalues and

00+ 1) + Ay oy, 60 =01,...,v—1. (23)

A detailed derivation of the above asymptotic solutions
is beyond the scope of this work and will be made in a
separate publication.

The solutions (20) allow us to reformulate the
asymptotic boundary conditions (7)) for the FM

equations

,lz((lcmuk) (Xa) ~

~ Z anl(xa)ylo(oav 0) X |:1ng)(UA)(yaapV)5aao

nt
+ bv &
- Z ¢(n4)(n,e,) (yompn’M / ;S(an%’)(aouk)} ) (24)
n' e’ n

with an incident wave of the form

[QZ_} (né)(u/\) (?Joupu)

—Z

LW) 7r/2 a(wA)*  —
{V,\ } w(ne)(ux)(ywpv)-

(25)

An important fact is that the right-hand sides (@) and
@4)) coincide in the limit y, — oo. Then it follows
that the connection between the components of the
“physical” S-matrix S and the matrix S defined by the
solution (24)) is given by the equality

‘/S\(ozné)(ozouk)
= Z

To solve the FM equations with asymptotic boundary
conditions ([24]), we use a numerical scheme, described
in detail in [20, 28]. The use of more accurate
asymptote (24]) in calculations leads to a significant

L("[) 7r 2 ya(nl) 3
/ ‘/2 ( )S(Qné’)(agu/\)- (26)

reduction in the requirements for computer resources.
This is due to the fact that this asymptote is reached by
the FM components at distances significantly smaller
than the asymptote (7)), the latter enforcing to use
the size of the computational domain for the variable
Yo in hundreds of atomic units [29]. When turning to
sufficiently small above threshold energies p2, which
we are interested in, this size grows unlimitedly, which
makes the calculation of scattering cross sections at
such energies almost impossible. In our work [23] we
have demonstrated this on the example of a model
problem of single-channel scattering off a dipole central
potential.

To obtain the presented in the article results, we
have calculated the scattering cross sections with an
accuracy of no worse than 1% and a high energy
resolution: 6 - 107% a.u. when calculating cross sections
directly above the thresholds of excited states of atoms
and 6 - 107° a.u. in other cases. All presented values
are given in atomic units, cross sections are given in
units of ma?. Binary scattering processes are specified
by the initial and final atomic states. For example,
Ps(1) — H(2) denotes an excited n = 2 (both s and p
states) antihydrogen formation process when antiproton
is scattering off the ground (n = 1) state of positronium.

According to the GD theory [5], the near-threshold
oscillations in cross sections arise when some of the new
values of orbital momentum L,(l"e) are non real. Above
the threshold of the excited bound state of an atom
with principal quantum number 7, in the case of a smgle
(among values with different £ < n) non real value L né)
the theory predicts the following dependence of the cross
sections on energies p2:

o = A+ Bcos(23m L) Inp, + ¢). (27)

Here the constants A, B, ¢, their own for each specific
system and section, can be considered to be independent
of the energy p2 for small p,. A simple calculation
shows that in the system e~etp for the first few
scattering channels of excited states Ps(2), H(3) and
H(4) the condition described above is realized. The
imaginary parts of the momentum Jm ng) are equal
to 4.76914, 2.19836 and 3.99364, respectively. Thus, in
cross sections above the thresholds of these states one
can expect the presence of GD oscillations.

Figure [ shows the elastic and quasi-elastic cross
sections for antiproton scattering off positronium Ps
in the first excited state between the thresholds Ps(2)
and H(3). In cross sections above the Ps(2) threshold,
GD oscillations are clearly visible with the location of
maxima being in good agreement with the law (27)).
Indeed, for clarity, Fig. [l also shows a graph of the
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function ([27) with empirically chosen values of constants
A, B and phase ¢. The presented curves confirm the
previously obtained results [I7], where the feasibility of
the law (27) was verified on the same cross sections. The
first wave of the oscillations presented in Fig. [l has also
been obtained in the works [1516].

Let us now move on to a discussion of the
antihydrogen H formation cross sections above various
thresholds of excited states of atoms. Figures 2l and
show the cross sections of the formation of antihydrogen
H in the ground H(1) and excited H(2s), H(2p) states
between the H(2) and H(3) states thresholds. This is
a refinement of our previously published results [25],
which have been obtained using standard asymptotic
boundary conditions (7). This boundary conditions
have had to be imposed at very large intercluster
distances ¥y, to achieve convergence of results of
calculations. The latter has required the involvement of
very serious computer resources, however, even this in
some cases has not allowed us to achieve the required
accuracy at low above-threshold energies. In addition,
in our previous work [2I] in Fig. 4 the summed
cross section Ps(2)— H(1,2) in the energy interval
between the thresholds Ps(2) and H(3) is shown. We
do not duplicate it here to save space. Among all
the mentioned cross sections, weak oscillations can
be seen only in Fig. [ in the cross sections of the
formation of antihydrogen in excited states H(2) above
the corresponding threshold. Due to small amplitudes
of these oscillations and small number of waves, it is
difficult to definitely conclude whether they are related
to the threshold behavior predicted by GD theory.
However, the existing oscillations are consistent with
the law (21)), which is illustrated in Fig. Bl All the cross
sections have a fairly smooth character everywhere,
except in the vicinity of the below threshold resonances
marked in the figures. In particular, we do not see in
our results the obtained in the works [I5,[16] sharp
peaks in the cross sections Ps(1,2)— H(1,2) just above
the threshold of the excited Ps(2) state.

Finally, in the cross sections of the formation of
antihydrogen in the second excited state H(3), shown
in Fig. @ we have discovered oscillations, the positions
of maxima of which satisfy the dependence (7)) in
general. Note that the GD theory predicts small relative
amplitudes of oscillations in the cross sections of
transition processes from old channels to new channels
that emerge above the corresponding threshold [5].
This statement, generally speaking, does not agree with
the form of cross section oscillations in Fig. E] since
the latter have fairly large amplitudes. Perhaps this
circumstance is due to the fact that the GD theory,
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as stated above, does not take into account the dipole
interaction between channels with different values of n.
One challenge for future research may be to further
identify the reasons for this inconsistency. We also
plan to generalize the theory of taking into account
dipole interaction in the case of L > 0 and carry out
corresponding high-precision calculations of scattering
cross sections in the e~ et p system. We hope that this
will make it possible to more definitely answer the
question about the existence of GD oscillations in the
total cross sections of scattering processes which are
directly measured in experiment.
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by Resource Center “Computer Center of SPbU”
(http://cc.spbu.ru). The authors express their thanks to
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