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Non-Canonical Nucleon Decays as Window into Light New Physics

Kåre Fridell,1, 2, ∗ Chandan Hati,3, 4, † and Volodymyr Takhistov5, 1, 6, 7, ‡

1Theory Center, Institute of Particle and Nuclear Studies,
High Energy Accelerator Research Organization (KEK), Tsukuba 305-0801, Japan
2Department of Physics, Florida State University, Tallahassee, FL 32306, USA

3Instituto de Física Corpuscular (IFIC), Universitat de València-CSIC,
C/ Catedratico Jose Beltran, 2, E-46980 Valencia, Spain

4Service de Physique Théorique, Université Libre de Bruxelles,
Boulevard du Triomphe, CP225, 1050 Brussels, Belgium

5International Center for Quantum-field Measurement Systems for Studies of the Universe and Particles (QUP),
KEK, 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan

6Graduate University for Advanced Studies (SOKENDAI), 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan
7Kavli Institute for the Physics and Mathematics of the Universe (WPI), Chiba 277-8583, Japan

Nucleon decays are generic predictions of motivated theories, including those based on the unification
of forces and supersymmetry. We demonstrate that non-canonical nucleon decays offer a unique
opportunity to broadly probe light new particles beyond the Standard Model with masses below
∼few GeV over decades in mass range, including axion-like particles, dark photons, sterile neutrinos,
and scalar dark matter. Conventional searches can misinterpret and even completely miss such new
physics. We propose a general strategy based on momenta of visible decay final states to probe
these processes, offering a rich physics program for existing and upcoming experiments such as
Super-Kamiokande, Hyper-Kamiokande, DUNE, and JUNO.

Introduction. — Baryon number B appears to
be an accidentally conserved symmetry of the Standard
Model (SM) that ensures the stability of protons. How-
ever, many considerations strongly motivate and high-
light the fundamental necessity of searching for observ-
able B-violating (BNV) ∆B ̸= 0 processes that would
constitute a clear sign of new physics beyond the SM.
While strongly suppressed at low temperatures, B is al-
ready violated by three units in the SM through non-
perturbative instanton effects [1]. Global symmetries in
general, including B or lepton number L, are expected
to be broken by quantum gravity effects [2, 3]. Viola-
tion of B is one of the key conditions necessary to suc-
cessfully generate observed asymmetry between baryons
and anti-baryons in the early Universe [4]. Nucleon de-
cays, corresponding to BNV processes, naturally appear
within the context of fundamental Grand Unified Theo-
ries (GUTs) [5, 6] and theories based on supersymmetry
(see Refs. [7, 8] for a review).

Significant efforts have been devoted to searching for
fundamental BNV nucleon decays, with over 60 processes
already analyzed over the span of several decades [9].
Diverse strategies for analyzing such processes have
been discussed [10, 11]. Most sensitive limits have
been obtained by the Super-Kamiokande large water
Cherenkov experiment [12] (see Ref. [13] for a review),
pushing the nucleon lifetime above ∼ 1034 years for
proton decays p → e+π0, p → µ+π0 [14] and rul-
ing out or constraining broad classes of theories, espe-
cially minimal GUT models. Nucleon decays constitute
prime physics targets for upcoming experiments includ-
ing Hyper-Kamiokande [15], DUNE [16] and JUNO [17].

In conventional nucleon decay searches it has been as-
sumed that the observable processes only involve SM

fields as the external final states. However, in a vari-
ety of theories nucleon decay can be induced by exter-
nal interactions [18, 19], resulting in unusual kinemat-
ics of outgoing particles. In Ref. [20] it was suggested
that p → (e+ + missing energy), combined with non-
observation of p→ e+π0, could be related to the appear-
ance of sterile neutrino. Invisible nucleon decays n →
(invisible) have been discussed in the context of new dark
sector fermions related to the neutron lifetime puzzle [21–
23] and unparticles that do not behave like particles [24].

In this work, we demonstrate that non-canonical nu-
cleon decays (NCNDK) constitute an underexplored
frontier covering a broad landscape of motivated light
new physics targets beyond the SM spanning decades
of orders of magnitude in mass range below ∼few GeV,
including scalars (e.g. axion-like particles (ALPs), ma-
jorons), neutral fermions (e.g. sterile neutrinos, light neu-
tral composite fields), and gauge bosons (e.g. dark pho-
tons). We show that ongoing and upcoming experiments
looking for the conventional nucleon decay modes are
sensitive with distinguishable signatures to a plethora of
novel scenarios where the nucleons can decay into differ-
ent light states beyond the SM. We propose a general
strategy to exploit these opportunities.

Novel nucleon decays with light states. — Nu-
cleon decay processes mediated by ∆B ̸= 0 interactions
can be explored in generality using SM effective field the-
ory (SMEFT) [25–28]. From the low energy SM perspec-
tive, ∆B = 1 operators start to manifest at the low-
est order at dimension six (d = 6). Particularly well
studied are |∆(B − L)| = 0 conserving processes, such
as p → e+π0 that often is the dominant channel of
non-supersymmetric theories and sensitive to GUT scale
physics around ∼ 1016 GeV. At d = 7, for example,
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O Operator (∆B,∆L) Dim Decay modes New Field(s)

Od2uN ϵabc
(
d̄caN

) (
d̄cbuc

)
(1, 1) 6 p(n) → π+(0)N̄ sterile neutrino

ODd2uN̄ ϵabc
(
N̄γµda

) (
d̄cbD

µuc

)
(1,−1) 7

n → Nγ sterile neutrino
p(n) → π+(0)Nγ

Odu2eϕ ϵabc
(
d̄caub

)
(ēcuc)ϕ

† (1, 1) 7
p → e+ϕ dark scalar, majoron
p(n) → e+π0(−)ϕ

Od2QL̄X ϵabc
(
Q̄c

a
iγµdb

) (
L̄idc

)
Xµ (1,−1) 7

n → νX / e−π+X dark photon
p(n) → νπ+(0)X

OdQ2L̄H̄ϕ ϵabc
(
Q̄c

a
iQj

b

) (
L̄idc

)
H†

jϕ
† (1,−1) 8 n → νϕ / e−π+ϕ dark scalar, majoron

ODd2QL̄a ϵabc(∂µa)
(
Q̄c

a
iγµdb

)
(L̄idc) (1,−1) 8 n → νa / e−π+a axion-like particles

ODd2uN̄a ϵabc(∂µa)
(
N̄γµda

) (
d̄cbuc

)
(1,−1) 8

n → Na axion-like particle with
p(n) → π+(0)Na sterile neutrino

OduQeL̄N̄ ϵabc (ēcua)
(
Q̄c

b
iγµdc

) (
L̄iγ

µNc
)
(1,−1) 9

p → e+νN sterile neutrino
n → e+e−N

Odu2eN2 ϵabc
(
d̄caub

)
(ēcuc) (N̄

cN) (1, 3) 9 p → e+N̄N̄ sterile neutrino

TABLE I: Characteristic list of SM invariant B-violating operators mediating NCNDKs in four-component spinor
notation involving the SM as well as additional new light degrees of freedom. Here, ϕ denotes new light scalars, N
fermions, X vector fields, and a ALPs, all being singlets under the SM gauge group. Processes are shown only up to
3-body decays.

there are |∆(B −L)| = 2 nucleon decays [29, 30] such as
n→ e−π+ discussed in context of the Pati-Salam model
and SO(10) GUTs [31–33]. Additional channels from
higher dimensions, such as p → e+e+µ−, can be observ-
able if the scale of new physics mediating the processes
is significantly below GUT scales [34–36]. A systematic
overview of nucleon decay modes with an emphasis on
new inclusive searches can be found in Ref. [10].

To elucidate light new physics scenarios that can lead
to NCNDKs, we will consider effective interactions in-
volving scalars, pseudo-scalars, neutral fermions, and
gauge bosons. These possibilities can be taken to cor-
respond to well-motivated and actively searched-for sce-
narios of light new physics beyond the SM, such as dark
scalars that may contribute to dark matter or majorons
that are Goldstone bosons associated with the lepton
doublet L [37, 38], ALPs that are general (pseudo) Gold-
stone bosons of a global U(1) symmetry breaking (e.g.
Ref. [39]), sterile neutrinos that mix with active SM neu-
trinos (e.g. Ref. [40]), light neutral composite fields [41–
44], or dark photon gauge bosons (e.g. Ref. [45]).

In particular, we illustrate such characteristic new
physics interactions focusing on the operators up to di-
mension 9 listed in Tab. I. Furthermore, higher dimen-
sional operators can also be constructed similarly [46]. As
depicted in the last columns of Tab. I, different operators
will lead to one or multiple missing energy contributions
in the nucleon decay final states. Intriguingly, we note
that novel nucleon decay modes n → Na (i.e. an ALP
with a sterile neutrino) as well as n→ νX (i.e. a neutrino

with a dark photon) constitute the most minimal invis-
ible nucleon decay channels, since considering only SM
final states gives n→ ννν. Invisible nucleon decays have
been searched in various experiments [47, 48] and could
become significant in models based on extra dimensions
(see e.g. Refs. [49, 50]) or partially unified Pati–Salam
type theories [51].

We stress that the characteristic list of our NCNDK
modes in Tab. I is not exhaustive. Dinucleon (see e.g.
Refs. [52, 53] for dinucleon decays with SM final states)
and trinucleon decays (see e.g. Ref. [54] for trinucleon
decays with SM final states), and new radiative modes
analogous to p → e+γ with SM final states [55] are also
possible. More so, as exemplified by n → Na, a broad
variety of additional NCNDKs involving a combination
of novel light final state particles that can have distinct
theoretical motivations are feasible. We leave a compre-
hensive systematic analysis of possible NCNDK channels
for future work.

The two-body NCNDK widths corresponding to the
operators in Tab. I are given by

Γψ→ij =
1

16π

λ1/2(mψ,mi,mj)

m3
ψ

|
∑
I

CIMψ→ij
I |2 , (1)

with λ being the Källén function λ(x, y, z) = x2 + y2 +
z2−2xy−2yz−2zx. Here the Wilson coefficient CI cor-
responding to the operator OI is obtained by integrating
out all the heavy degrees of freedom mediating NCNDK
in a UV completion at the heavy new physics scale. The
matrix element MI is evaluated taking the values pro-
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v(1,1,15) ∼ mPS

d
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FIG. 1: [Left] Proton decay p→ π+N in the GUT model described in the text, with representations shown for
SO(10) GUT, and the vacuum expectation value for the Pati-Salam gauge group SU(2)L × SU(2)R × SU(4)C .
[Right] Proton decay p→ e+(µ+)ϕ mediated by the S1 and S′

1 leptoquarks. See text for details.

vided from Lattice QCD simulations, e.g. Ref. [56] at a
typical hadronic scale µ0 = 2 GeV and then taking into
account the running of the operators between µ0 and the
heavy new physics scale.

For the 3-body nucleon decay, the differential rate for
ψ → ijk is given by

dΓψ→ijk

d|p⃗i|
=

1

(2π)3
1

32m3
ψ

2mψ|p⃗i|√
m2
i + |p⃗i|2

∫ t+

t−
dt|Mψ→ijk|2 ,

(2)
where s ≡ (pψ − pi)

2 and t ≡ (pψ − pj)
2. A concise

summary of the details of the kinematics and the matrix
element calculation, including the form factor formalism
and renormalization group running, are provided in the
Appendix.

Ultraviolet model completion. — We now il-
lustrate how two characteristic distinct processes from
Tab. I, based on Od2uN leading to p → Nπ+ and
Odu2LHϕ leading to p → e+ϕ, can be realized within
concrete models. For p→ Nπ+, the sterile state N must
have a mass below the proton mass. Further, given our
BNV effective interaction, a natural context to consider
it in are the left-right symmetric models [57–60] with
the gauge group GLR ∈ SU(3)C × SU(2)L × SU(2)R ×
U(1)B−L. If the masses of right-handed neutrinos N are
significantly lighter than the right-handed gauge bosons,
and the right-handed gauge bosons lie well above the elec-
troweak scale, then the feebleness of the right-handed in-
teractions make N effectively “sterile” states.

To mediate the p → Nπ+ mode, we need media-
tors with diquark and leptoquark couplings, which are
well known to be present in theories unifying leptons
and quarks, like the Pati-Salam model [61] (based on
the gauge group GPS ∈ SU(2)L × SU(2)R × SU(4)C ,
which can be embedded in SO(10)). However, in the
conventional minimal non-supersymmetric SO(10) GUT
models, the right-handed neutrino mass mN is often in-
timately linked with SU(2)R breaking occurring at rela-
tively high scales O(1012−14) GeV as necessary to realize
the conventional high-scale seesaw. Therefore p → Nπ+

is a challenge to realize in this context.
The related conventional nucleon decay with SM fi-

nal states p → π+ν can be mediated via the leptoquark
and diquark type mediators (in the 126H multiplet) with

masses close to the GUT scale. However, the resultant
dimension-6 operators are significantly suppressed be-
cause of the GUT scale mediators. Sizeable proton decay
rates can be obtained in the supersymmetric version of
this model [62, 63].

Implementation of SO(10) breaking through the Pati-
Salam route with an explicit D-parity breaking [64–67]
can lead to light enough mN realizing p → Nπ+ at tree
level without supersymmetry [68]. The most salient fea-
tures regarding this scenario are the following— (i) The
SO(10) breaking scale mU , D-parity breaking scale mP ,
the Pati-Salam symmetry breaking scale mPS , SU(2)R
(in GLR) symmetry breaking scale mR, and B − L sym-
metry breaking scale mB−L can be decoupled: mU ≫
mP > mPS ≫ mR > mB−L ≫ mSM . (ii) For type-
II seesaw neutrino mass dominance the active neutrino
mass is given by mν ≃ βv2mR/M⟨σ⟩, where β is O(1)
constant, v ∼ 246 GeV is the electroweak vacuum expec-
tation value, and M and σ are of the order of mP [69, 70].
(iii) For mP ≫ mR ∼ mWR

, this allows for a decoupling
of masses mN ≪ mR, in contrast to the case of type-I
seesaw scenario.

An example diagram for the p → Nπ+ decay within
this model is shown in Fig. 1. The resulting proton life-
time is given by

τp→Nπ+

8.1×1034y
=
(
m2

N

GeV2 + 0.86)−1(
m126H

2×108 GeV )4(
m10H

2×108 GeV )4

λ1/2(m2
p,m

2
N ,m

2
π+ )

GeV2 λ2dNλ
2
ud(

v(1,1,15)
2×108 GeV )4

.

(3)
where λdN and λud are the Yukawa couplings in Fig. 1
(left). Since the diquark and leptoquark mediator masses
are generated when SU(4)C is broken to U(1)B−L ×
SU(3)C at the scale mPS via the Pati-Salam multiplet
(1, 1, 15) ⊂ 210H , their masses are of order mPS instead
of mU as in the conventional case. As a benchmark, as-
suming mN ∼ 400 MeV and mPS ∼ 2×108 GeV, we find
τp→Nπ+ ∼ 1.1 × 1035 years, which could be within the
reach of Hyper-K [15].

The effective interaction Odu2eϕ leading to p → e+ϕ
can be realized at tree level, as shown in Fig. 1, within
minimal ultraviolet extensions of the SM. One such
scenario comprises two copies of the scalar leptoquark
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S1, S
′
1 : (3̄, 1, 1/3). The relevant interactions are

L ⊃ yS1
ϵucRd

c
RS1 − yS′

1
dcRe

c
RS

′
1 − µ1ϕS

′
1S

†
1 . (4)

Here, ϵ corresponds to the SU(3)C antisymmetric tensor.
Rapid proton decays at dimension-6, mediated via the
coexistence of leptoquark and diquark couplings of S1,
in all generality, are absent in case S1 only has diquark
couplings, while S′

1 only has leptoquark couplings. When
the above trilinear coupling µ1 is instead considered, the
combination of the S1 and S′

1 leptoquarks can lead to
experimentally interesting proton decay lifetime, given
by

τp→µ+ϕ

4.0×1034y
=

GeV2

λ1/2(m2
p,m

2
µ,m

2
ϕ)

(
mS1

1015 GeV )4(
mS′

1

105 GeV )4

y2S1
y2S′

1
( µ1

1015 GeV )2
,

(5)
As a benchmark, taking mϕ ∼ 700 MeV, mS′

1
∼ 100 TeV,

µ1 ∼ mS1
∼ 1015 GeV, and couplings yS1

∼ yS′
1
∼ 0.4,

we find τp→µ+ϕ ∼ 1.1× 1035 years.
Observational strategy and visible momenta. —
Traditionally, nucleon decay searches have focused on

processes where the decay products are a combination of
the SM photon, charged leptons, light mesons, or miss-
ing energy associated with active neutrinos, depending
on the process. For these modes, the expected number
of events after background subtraction shows a peaked
distribution in the momentum of the observabled parti-
cle(s), as highlighted e.g. by spectral searches at Super-
Kamiokande [52, 71, 72].

For novel NCNDKs with light but not massless new
particles in the final state, the momenta distributions
of experimentally visible SM final state constitutes can
significantly differ w.r.t. the conventional nucleon decays,
with distributions peaking at lower momenta compared
to analogous modes with nearly massless neutrinos. Here,
we do not distinguish neutrinos and anti-neutrinos.

In Fig. 2, we compute and illustrate distribution of
visible particle momenta of π+ (solid black), e+ (solid
red) for 2-body and 3-body decay modes, p → π+ν
(searched in Ref. [71]) and p → e+νν (searched in
Ref. [72]), respectively. The importance of nucleon de-
cay momenta distributions, in case of conventional nu-
cleon decays with SM constituents in the final state, was
highlighted in Ref. [10, 73].

We display in Fig. 2 (dashed and dotted black and
red lines) NCNDK modes that provide similar visible
final state signatures as nucleon decays with SM final
states, but with dramatically distinct peaked momenta
distributions [74]. Here, we assumed mN = 400 MeV
and mϕ = 700 MeV. We note that the effects of the
Fermi motion (e.g. Ref. [75]), nuclear binding energies
(e.g. Ref. [76]) as well as predicted nucleon-nucleon cor-
relation in decays [77] can contribute to the modification
of the momenta distributions for nucleon decays in nuclei.

Modified momenta associated with NCNDKs can sig-
nificantly impact conventional nucleon decay searches,

0.0 0.1 0.2 0.3 0.4 0.5
0

2

4

6

8

10

12

14

FIG. 2: Normalized distribution of visible particle
momentum |p⃗i| for i ∈ {π+, e+, µ+} in two- and
three-body decays, for a sterile neutrino mass
mN = 400 MeV and dark scalar mass mϕ = 700 MeV.
The two-body distributions have been multiplied by a
factor 1

5 for visibility.

which can misinterpret or even completely miss such
processes as we discuss. The Super-Kamiokande spec-
tral search for p → e+νν [72] as well as p → e+X
(here X was assumed massless) [52] considered a sample
with imposed visible reconstructed e+ momentum cut of
100 MeV< pe < 1000 MeV. For p → e+νν, 97% of true
visible signal momentum distribution lies above 100 MeV.
On the other hand, see Fig. 2 examples, for sterile neu-
trino with mass mN = 400 MeV for NCNDK p→ e+NN
only 26% of true visible momentum distribution exceeds
100 MeV. However, in case of NCNDK p → e+νN , such
mN gives 95% of signal momentum distribution above the
cut. Hence, signal efficiency can be dramatically modi-
fied in NCNDKs leading to misinterpretation of signals
and with lifetime limits altered by over a factor of a few.

More crucially, as we illustrate in the case of sterile
neutrino mN = 420 MeV, the channel p → e+NN is
completely invisible in the search as visible e+ momen-
tum is always below 100 MeV. Similarly, for 2-body chan-
nel p→ e+ϕ and dark scalar ϕ mass mϕ = 840 MeV the
peaked visible e+ momentum is also completely below
100 MeV. While for mϕ = 700 MeV the e+ peak is visi-
ble above 100 MeV, but mostly invisible above a similar
muon-specific cut of 200 MeV for p → µ+ϕ [52]. Hence,
conventional searches can completely miss such physics.

We note that even if the whole relevant visible momen-
tum range of NCNDK is accessible, a shift to lower mo-
mentum distribution due to light new physics compared
to SM final state search can lead to distinct results. This
is possible, for example, if the uncertainties or signal ef-
ficiencies are not uniform over momenta distributions.

In dinucleon or trinucleon decays, higher available
maximum energies allow to probe new light physics final
state constituents above GeV in masses and unlocking
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additional accessible parameter space.
Conclusions. — Nucleon decays have long been

sought as key signatures of motivated fundamental the-
ories. We demonstrated that non-canonical nucleon de-
cays offer a unique window of opportunities for broad
exploration of light new physics beyond the SM, includ-
ing dark photons, ALPs, sterile neutrinos, and scalar
dark sectors. As we showed, conventional nucleon de-
cay searches can not only misinterpret but also com-
pletely miss such new physics. We propose a general
strategy based on momentum distribution of decays, es-
pecially with invisible final states, which offers a rich
program connecting distinct subfields to search for new
physics through non-canonical nucleon decays in existing
as well as upcoming major experiments such as Super-
Kamiokande, Hyper-Kamiokande, DUNE, and JUNO.
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Appendix A: 2-body and 3-body Nucleon Decays

To calculate the rate of nucleon decay via the operators
in Tab. I we use the nucleon form factor [56]

⟨π| ϵabc
(
qaCPΓq

b
)
PΓ′qc |ψ⟩ =

PΓ′

[
WΓΓ′

0 (µ, p2)− i/p

mψ
WΓΓ′

1 (µ, p2)
]
uψ ,

(6)

where ψ ∈ {n, p} is a nucleon, and q ∈ {u, d} is a
quark [78]. Furthermore, p is the transferred momentum,
µ is the energy scale, and Γ, Γ′ ∈ {L,R} denote left- or
right-handed chiralities. For convenience we also define
the matrix element for a purely right-handed operator as

⟨π| ϵabc
(
qaCPRq

b
)
PRq

c |ψ⟩ ≡ Fπψ (µ, p
2)uψ . (7)

We now turn to the decay p → π+N as an example,
which may be induced by Od2uN from Tab. I. The matrix
element can be written as

Mp→π+N = ⟨Nπ+|Cd2uN (µNP)Od2uN |p⟩ , (8)

where, using Eq. (7), we have

Mp→π+N =

U ′(µNP, µ0)Cd2uN (µNP)F
π+

p (µ0,m
2
N )upPRūN .

(9)
As another example, we consider the decay p → e+ϕ
mediated via Odu2eϕ from Tab. I. The matrix element
can be written as

Mp→e+ϕ = ⟨eϕ|Cdeu2ϕ(µNP)Odeu2ϕ |p⟩ , (10)

where the form factor is given by [56]

⟨0| ϵabc
(
qaPΓq

b
)
PΓ′qc |ψ⟩ = αΓ

ψ(µ)PΓ′uψ . (11)

Using Eq. (11) we have

Mp→e+ϕ =

U ′(µNP, µ0)Cdeu2ϕ(µNP)α
R
p (µ0)upPRūe

(12)

From these two-body decays, we can calculate the de-
cay width as

Γψ→ij =
1

16π

λ1/2(mψ,mi,mj)

m3
ψ

|Mψ→ij |2 . (13)

Here the momentum p⃗i of the final state particles i and
j have opposite directions and the same magnitude |p⃗i|
given by

|p⃗i| =
λ1/2(m2

ψ,m
2
i ,m

2
j )

2mψ
. (14)

The differential rate for the three-body ψ → ijk mode
with respect to the momentum one one of the final state
particles is given by

dΓψ→ijk

d|p⃗i|
=

ds

d|p⃗i|
dΓψ→ijk

ds
(15)

where s ≡ (pψ − pi)
2 and where in the centre-of-mass

frame we have

ds

d|p⃗i|
= − 2mψ|p⃗i|√

m2
i + |p⃗i|2

. (16)

The differential decay rate with respect to s is given by

dΓψ→ijk

ds
=

1

(2π)3
1

32m3
ψ

∫ t+

t−
dt|Mψ→ijk|2 (17)

for t ≡ (pψ − pj)
2, where

t± =
(m2

ψ −mi +m2
j −m2

k)
2

4s

− 1

4s

(
λ1/2(s,m2

ψ,m
2
i )∓ λ1/2(s,m2

j ,m
2
k)
)2

.

(18)
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Appendix B: Running of Effective Interactions

The running of the strong coupling αS between the
scale of the nucleon decay µ0 and the scale at which the
operator is generated µNP is incorporated by the function
U ′(µNP, µ0). Assuming µNP > mt and mb > µ0 > mc it
is given by

U ′(µNP, µ0) =

U
Nf=6
i (µNP ,mt)U

Nf=5
i (mt,mb)U

Nf=4
i (mb, µ0)

(19)

where [79]

U
Nf

i (µ1, µ2) =

(
αS(µ2)

αS(µ1)

)γ0
i /2β0

×[
1 +

(
γ1
2β0

− β1γ0
2β2

0

)
αS(µ2)− αS(µ1)

4π

]
.

(20)

For the operators given in the examples above we have

β0 = 11− 2

3
Nf , β1 = 102− 38

3
Nf , (21)

γ0 = −4, γ1 = −
(
14

3
+

4

9
Nf

)
, (22)

where Nf is the number of fermions.
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