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ASYMPTOTIC DIRECTIONS IN THE MODULI SPACE OF CURVES
E. COLOMBO, P. FREDIANI, AND G.P. PIROLA

ABSTRACT. In this paper we study asymptotic directions in the tangent bundle of the
moduli space M, of curves of genus g, namely those tangent directions that are an-
nihilated by the second fundamental form of the Torelli map. We give examples of
asymptotic directions for any g > 4. We prove that if the rank d of a tangent direction
¢ € HY(T¢) (with respect to the infinitesimal deformation map) is less than the Clifford
index of the curve C, then ( is not asymptotic. If the rank of { is equal to the Clifford
index of the curve, we give sufficient conditions ensuring that the infinitesimal deforma-
tion ( is not asymptotic. Then we determine all asymptotic directions of rank 1 and we

give an almost complete description of asymptotic directions of rank 2.

1. INTRODUCTION

In this paper we study the local geometry of the Torelli locus in A,. Following the
philosophy of Griffiths, the local geometry of the period map often contains information
about the global geometry (see [16], [17], [18], [28]). We consider A, endowed with the
Siegel metric, that is the orbifold metric induced by the symmetric metric on the Siegel
space H, = Sp(2¢g,R)/U(g) of which A, is a quotient by the action of Sp(2¢g,Z). Denote
by j : My, — A, the Torelli map. The Torelli locus is the closure of the image of j. The
local geometry of the map j is governed by the second fundamental form, which at a non

hyperelliptic curve C' of genus g, is a linear map
I1: I, — Sym*H°(K$?),

where I is the vector space of quadrics containing the canonical curve.

One of the leading problems in the area is to study totally geodesic subvarieties of A,
generically contained in the Torelli locus.

This problem is related to the Coleman-Oort conjecture according to which for g suf-
ficiently high there should not exist special (or Shimura) subvarieties of A, generically
contained in the Torelli locus. We recall that special subvarieties of A, are totally geo-
desic, hence in the last years the study of the second fundamental form has been used
to attack this problem. In particular estimates on the maximal dimension of a totally
geodesic subvariety of A, generically contained in the Torelli locus have been given in [3],
[12], [11].

In this paper we take a different point of view. The image of IT in Sym?H*(T¢)Y is
a linear system of quadrics in PH(Ty) = P39~4. This paper is devoted to the study of
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the base locus of this linear system of quadrics. Following the terminology of differential
geometry we call asymptotic direction a nonzero tangent direction ¢ € H'(T¢) such that
I(Q)(C® () =0for all Q € I,. So asymptotic directions correpond to points in the base
locus.

Clearly a tangent direction to a totally geodesic subvariety is asymptotic. But the
locus of asymptotic directions in the projective tangent bundle of the moduli space of
curves M, is a natural locus, that is worthwhile investigating. For example we believe
that asymptotic directions could also be useful in the study of fibred surfaces in relation
with Xiao conjecture (]29], [13]).

Since I7 is injective (see [4, Corollary 3.4]), its image in Sym*H'(T¢)Y is a linear
system of quadrics in PH'(Tp) 2 P39~ of dimension Y=209=¥ Hence for every curve C'
of genus g < 9, dim([I(I3)) < 3g — 4, so the intersections of the quadrics in I1(1y) is
non empty, thus there exist asymptotic directions. In fact for ¢ < 7 there are examples
of special subvarieties of A, generically contained in the Torelli locus for g < 7 (see [7],
81, 191, [10], [22], [23], [24], [26], [27]).

On the other hand, for high values of g one would expect that the intersection of a

(9-2)(9=3) ;. m3g—4
U—=09=2 in PP97* would be empty.

space of quadrics of dimension

One main result of this paper is to show that this is not always the case. Indeed,
for all g there are examples of asymptotic directions given by the Schiffer variations at
the ramifications points of the gi’s for trigonal curves and by linear combinations of two
Schiffer variations on bielliptic curves (see Lemma 8.2 and Theorem 9.2).

This is rather unexpected and intriguing and indicates that understanding the geometry
of the locus of asymptotic directions is important. Especially finding new examples of
curves admitting asymptotic directions would be very interesting.

In this paper, using the Hodge Gaussian maps introduced in [5|, we develop a new
technique to calculate the second fundamental form I7(Q)(¢ ® ¢) on certain tangent
directions ( different from Schiffer variations, computing some residues of meromorphic
forms (see Proposition 4.3).

This technique works for those tangent directions ( whose rank is less than g, where

the rank of an infinitesimal deformation ( is the rank of the linear map
uC : HY(K¢) — HY(O¢)

given by the cup product.

One of the main results we obtain by application of these ideas is the following

Theorem 1.1. (Theorem 5.5, Theorem 5.1) Let C' be a smooth curve of genus g, take
an integer d < Clif f(C) and an infinitesimal deformation ( € HY(T¢) of rank d. Then
we have:

(1) ¢ is a linear combination of (possibly higher) Schiffer variations supported on an
effective divisor D of degree d.
(2) € is not asymptotic.
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For a definition of n*-Schiffer variations see section 2.
Notice that the first part of the above result can be seen as a generalisation of the
generic Torelli theorem of Griffiths. In fact, denoting by C; the symmetric product of C',

under the assumption Clif f(C') > d, we characterise the image of the natural map
PTc, — P(H' (T¢))

as the locus of deformations of rank d. When d = 1 it is the bicanonical curve.

Since the Clifford index of the general curve of genus g is LQT_lj, this gives a character-
isation of the image of the natural map PTx, — P(H'(T¢)) as the locus of deformations
of rank d, for all d < L%J Moreover, for such values of d, Theorem 1.1(2) says that
for the general curve of genus g the base locus of the linear system of quadrics [1(I5) in
PH'(T¢), does not contain any point [¢] with with Rank({) = d.

In the case where the rank of ( is equal to the Clifford index of the curve, we give
sufficient conditions ensuring that the infinitesimal deformation ( is not asymptotic (see
Theorem 7.2).

This result allows us to determine all asymptotic directions of rank 1. Notice that by
Theorem 1.1, there can be asymptotic directions of rank 1 only for curves with Clifford

index 1, namely trigonal curves or plane quintics. We have the following

Theorem 1.2. (Theorem 8.4 and Theorem 8.5)
(1) If C is trigonal (non hyperelliptic) of genus g > 8, or of genus g = 6,7 and Maroni
degree 2, then rank one asymptotic directions are exactly the Schiffer variations
in the ramification points of the g3.

(2) On a smooth plane quintic there are no rank one asymptotic directions.

We recall that the general trigonal curve of genus g > 6 has Maroni degree 2. For
trigonal curves of genus g = 5 or ¢ = 6,7 and Maroni degree 1, we show that there can
exist asymptotic directions that are not Schiffer variations in the ramification points of
the gi. We describe these asymptotic directions and we give the explicit equations of the
trigonal curves admitting such asymptotic directions (see Section 10).

Finally we consider infinitesimal deformations of rank 2 and we prove the following

Theorem 1.3. (Theorem 9.1, Theorem 9.6)

(1) Assume C' is tetragonal, of genus at least 16 and C' is not a double cover of a
curve of genus 1 or 2. If a deformation ¢ of rank 2 is not a linear combination
of Schiffer variations supported on an effective degree 2 divisor, then ( is not
asymptotic.

(2) On a smooth plane sextic there are no asymptotic directions of rank 2.
For bielliptic curves we show the following

Theorem 1.4. (see Theorem 9.2) On any bielliptic curve of genus at least 5 there exist
linear combinations of two Schiffer variations that are asymptotic of rank 2.
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More precisely, the linear combinations of Schiffer variations which are asymptotic in
the above Theorem are &,4i,(,), where o is the bielliptic involution and (p, o(p)) € C'xC
is in the zero locus of the meromorphic form 7 € H°(Kgxc(2A)) which determines the
second fundamental form I7 (see |3, Theorem 3.7]).

The structure of the paper is as follows.

In section 2 we describe in Dolbeault cohomology those infinitesimal deformations ¢
whose kernel contains a given nonzero form w € H(K¢). We define a split deformation ¢
as an infinitesimal deformation such that the rank 2 vector bundle of the extension corre-
sponding to ( splits as the sum of two line bundles, and we give a Dolbeault cohomology
description of it. We also recall the definition of (higher order) Schiffer variations.

Section 3 contains some technical results that will be useful to make explicit computa-
tions on the second fundamental form of the Torelli map.

In Section 4 we recall the definition of the second fundamental form, we define asymp-
totic directions and we use the results in Section 3 to give a formula that computes the
second fundamental form I7(Q)(¢ ® ¢) on some ¢ with non trivial kernel, in terms or
residues of meromorphic forms (see Proposition 4.3).

In Section 5 we consider infinitesimal deformations of rank d less than the Clifford index
of the curve, and we analyse the extension corresponding to ¢ and the rank 2 vector bundle
E of the extension. First we show that if either d < Clif f(C), or d = Clif f(C) < %
and F is not globally generated, then ( is a linear combination of Schiffer variations
supported on a divisor D of degree d (see Theorem 5.1). One of the main technical tool
is a Theorem of Segre-Nagata and Ghione (see [19] p. 84) on the existence of a subline
bundle A of F such that deg(A) > %*. Then we show that if d < Clif f(C), no linear
combinations of Schiffer variations of rank d is asymptotic (see Theorem 5.4). Here we use
a result of Green and Lazarsfeld (|15, Theorem 1]) that allows us to find some quadrics
where our technique to compute the second fundamental form works well. Finally we
prove Theorem 5.5.

In Section 6 we define some special split deformations that we call double-split, where
we can compute explicitly the second fundamental form, showing that they are not as-
ymptotic.

In Section 7 we treat the case where the rank of ( is equal to the Clifford index of the
curve and we give sufficient conditions ensuring that ( is not asymptotic (see Theorem
7.2).

In Section 8 we determine all asymptotic directions of rank 1 and we show Theorem
1.2 (Theorem 8.4 and Theorem 8.5).

In Section 9 we concentrate on deformations of rank 2. We show Theorem 1.3 (Theorem
9.1, Theorem 9.6) and we give the example of asymptotic directions on bielliptic curves
proving Theorem 1.4 (Theorem 9.2).

In section 10 we consider trigonal curves of genus g = 6,7 and Maroni degree 1 and

trigonal curves of genus g = 5, showing that there can exist asymptotic directions that
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are not Schiffer variations in the ramification points of the gi. We also describe these
asymptotic directions and we give the equation of the trigonal curves admitting such
asymptotic directions.

2. PRELIMINARIES ON DEFORMATIONS

Recall that an infinitesimal deformation ¢ € H'(T¢) corresponds to a class of an

extension

(1) 0=+0c—E—Ks—0

Taking gobal sections we have:

0 — HY(C,0p) — H(C,E) — H°(C,K¢) = HY(C,0c) — ...
Definition 2.1. We define the rank of ¢ as the rank of the map UC.

We shall now describe in Dolbeault cohomology those deformations ¢ having a given
form w € H°(K¢) in the kernel of UC.

Let w € HY(K¢), w # 0 be a holomorphic 1-form, Z = > n;p; its divisor, consider the
sequence

0=>To SO0 — Oy —0,

and the corresponding exact sequence in cohomology:
(2) 0 — HYOc) 5 HY(Oz) > HY(Te) % HY(O:) — 0.

By the above exact sequence, the elements in ( € H'(T¢) such that w € ker(U¢) are
exactly those belonging to the image of §.

Let {U;, z;} be open pairwise disjoint coordinate neighbourhoods centred on p; and
p; € D; C A; C U; and D; and A; are two closed disks where D; is in the interior of A;.

Let s € H°(Oz) be a holomorphic section and assume that fi(z;) = Y 7", 8,7 is its
polynomial expression in U;. Let p be a C* function on C' which is equal to 1 on D; and
equal to 0 on C'\ U;A,.

Denote by p the C* function on C given by >, pf;. Let us introduce the following
19
9(2) 92"

notation: writing in a local coordinate z, w := g(z)dz, we set % = Hence % defines
a meromorphic section of T¢.
Then we set in Dolbeault cohomology ¢ := [3(2)] = 6(s). One clearly has w U = 0

and conversely any ( such that w U ( = 0 has a Dolbeault representative as above.

Definition 2.2. We say that an infinitesimal deformation ¢ € H*(Tg) is split if the
vector bundle E in (1) splits as a direct sum of line bundles E = (Ko ® LY) @ L.

We will now give a description in Dolbeault cohomology of split deformations.
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Take a form w € H°(K¢) and choose a decomposition of its zero divisor Z = D + F,
where the supports of D and F are disjoint. Set [op] € H°(Oz), where op = 1 on
Up,eSupp(p)Ai and op = 0 on Uy, e gupp(r)Ai-

With the above notation set pp := pop. Setting © = 9(22), we have in the exact
sequence (2), in Dolbeault cohomology é(op) = ¢ = [0(22)] € H'(C,Tc). One has

Ow = Jpp, which is J-exact, hence w U = 0 in H(C, O¢).

Proposition 2.3. An infinitesimal deformation ¢ € HY(T¢) is split if and only if ¢ =
8(op) = [0(E2)] for some form w = sT, with zero divisor Z = D + F, where D = div(s),
F = div(1), L = O¢(D) and D and F have disjoint supports. In particular, if D has
degree d and h°(Oc(D)) =1+ 1, then rank(¢) = d — 2r.

Proof. Notice that if ¢ is split, there exist 7 € H*(Kc® L), s € H°(L) non zero sections

with disjoint zero loci such that the extension (1) is given by:

(3) 0500 (Kpo L)oo L 5 Ko =0

hence w := s7 € ker(U(¢). More precisely ker(U¢) = s- H'(Kc ® LY) + 7 - H°(L). So, if
h°(L) =r + 1 and deg(L) = d, dim(ker(U¢)) = h°(L) + h°(Kc ® LY) — 1 =2r + g — d,
hence ¢ has rank equal to d — 2r.

Setting D = div(s), F' = div(7), we have Z = D + F, where the supports of D and
F are disjoint. Setting [op] € H%(Oy) as above then é(op) = ¢’ = [9(22)] € H'(C, T¢).
One has 9(£2)w = dpp, which is d-exact, hence ('w = 0 in H'(C, O¢).

We claim that ¢’ = (. In fact, consider the extension (3) given by ¢ and tensor it by
Te. We get

( s+T

(4) 0T @ Ve (Teo L) S5 00 — 0.

Then ¢ = §(1), where § : H(O¢) — H'(T¢) is the coboundary morphism. We have
s@ + 722 =1, hence the element Y := (1=£2 22) € C=(LV & (Tc ® L)) is mapped
to 1 under the map (s + 7). Then (s + 7)0(Y) = d((s + 7)(Y)) = 9(1) = 0 € A%, so
there exists an element X € A% (T¢) such that (—7X, sX) = (V) = (9(1£2),d(22)) €
AGHLY) ® A (Te ® L)) and ¢ = [X] € HY(T¢). Thus if we take X = 9(22), we get

(~r0(2), 50(72)) = (=0("2), 6("2)) = (9(+—L2), 8(%2)),

w w s T
since d() = 0, as s is holomorphic. So we have shown that ¢ = [9(22)] = (.

Viceversa, assume that in the exact sequence (2) the divisor Z of w has a splitting
Z = D+ F, where D and F have disjoint support. Then w = s7 where s € H°(O¢(D)),
T € H(O¢(F)), with div(s) = D and div(r) = F. Define pp as above and ¢ := [0(22)],
then clearly w € ker(U().

We claim that the deformation ( is split. In fact taking L = O¢(D), the extension (3)
has a class given by (.
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Let C be a smooth complex projective curve of genus g > 2. Let p be a point in C' and
z a local coordinate centred in p. For 1 < n < 3g — 3, we define the n'* Schiffer variation
at p to be the element £ € H'(C,T¢) = Hg’l(TC) whose Dolbeault representative is

%%, where p, is a bump function in p which is equal to one in a small neighborhood
U containing p, §; = [% %]. Clearly £ depends on the choice of the local coordinate z.

Take 1 < n < 3g — 3. Take the exact sequence
0—=Te = Te(np) = Te(np)m — 0,
and the induced exact sequence in cohomology:
0= H(Te(np)) = H(To(np)ny) & H'(T0)
By Riemann Roch, if n < 2g — 2 we have:
h*(Te(np)) =0,
hence we have an inclusion

o H(Te(np)np) = C" — H'(T)

and the image of d) in H'(C,T¢) is the n-dimensional subspace (&, ...,&7).

Clearly H(Ko(—np)) C Ker(Ug)), for n < g, hence & has rank < n. For n = 1 the
first Schiffer variations f; are the usual Schiffer variations, that we denote simply by &,,
and they have rank 1 (see Section 7).

In particular, any linear combination { = Zle > by 7, with Zle m; < g has

rank < Zle my, since H°(K¢o(— Zle m;p;)) C ker(UC).

3. SOME COMPUTATIONS

We will now show some technical results that will be useful in the sequel to make
explicit computations on the second fundamental form of the Torelli map.

Consider two holomorphic one forms w; and w,. With the notation introduced in section
2, take an infinitesimal deformation ¢ having a form w # 0 in its kernel and denote by
Z = 3" n;p; its zero divisor . Then ¢ = [0] € HY(T¢) with © := 9(2), and p = 3, pf;.
We have Ow; = v; + Oh;, where h; is a C* function on C, so ( Uw; = [yi] € HY(O¢).
Consider the two meromorphic functions g; = “t and g, = 2. Then clearly, by the above

construction we have

Note that if pg; is C*, up to a constant we have h; = pgy, 71 = 0, hence w; € ker(U().
Set

(5) w((,wy, wa) 1= 27i Z Res,, (figid(fig2))-

pi€Supp(Z)
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In the next section we will show that this expression will be very useful in the compu-
tation of the second fundamental form of the Torelli map.

Remark 3.1. For any C* functions hy, he, we have

/8h1 /\5h2:/8h2 /\Ehl
C C

Proof.
/6h1 /\EhQI/d(hlghQ)—/hlaghgz/hlgahg:
C C C C

:/d(hlahg)—/5h1A8h2:/8h2/\5h1.
C C C

Lemma 3.2. Assume that pgy is C°, then we have have

/ ohy A 5}12 = / a<pgl) A 5<pg2) =
C C

= / A(pg2) A O(pg1) +w((,wi,ws) = / Oho A Ohy.
c c

In particular, if both pgy and pgy are C*°, we have w({,wy,wy) = 0.

Proof. Since fc Ohy A\ vy = fC (h17y2) = 0, we get

/3h1/\5h2:/@hl/\(@u@—fyg):/@hl/\@wz:
C C C

- /C 3(pg1) A Blpga) = /C d(pg1) A 3(pgs) = /C A(p0:3(pg)) — /C P00 (pg2).

Now,

/ (p910(pg2)) lim pg1920p = 0
c e—0

ZE

since 5,0 = 0 near the points p;. Here D, is a small disc around p;. It follows then

/ Ohy NOhg = — / pg100(pg2) = / pg100(pg2) = / d(pg10pga) — / dpg1) NO(pg2) =
C C C C C

— [ o009 + | Do) 7 Do)
C C
We have
/ d(pg10(pgz)) th / pgld(pgz =21 Yy Res,,(fig1d(fig2) = w(C,wi,ws).
pPi€EZ

The last sentence follows since if pg; are both C'*°, clearly f;g1d(fig2) has no poles on
Z.
O
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Remark 3.3. Notice that if { = [0(?2)] is split, in formula (5) we have

w((,wy,wy) = 2mi Z Res,, (91d(g2))-

pi€Supp(D)
4. SECOND FUNDAMENTAL FORM AND HODGE GAUSSIAN MAP

Denote by M, the moduli space of smooth complex projective curves of genus g > 4
and let A, be the moduli space of principally polarised abelian varieties of dimension g.
The space A, is a quotient of the Siegel space H, = Sp(2g,R)/U(g) by the action of
the symplectic group Sp(2g,Z). The space H,, is a Hermitain symmetric domain and it
is endowed with a canonical symmetric metric. We consider the induced orbifold metric
(called the Siegel metric) on the quotient A,.

Denote by

j : Mg — Aga [C] = [](C)v @C]
the Torelli map, where j(C) is the Jacobian of C' and ©¢ is the principal polarisation
induced by cup product. It is an orbifold embedding outside the hyperelliptic locus ([25]).
Consider the complement Mg of the hyperelliptic locus in M, and the cotangent exact
sequence of the Torelli map:
0= Nigo/a, = Ly ime = Yoo = 0,
where ¢ = dj* is the dual of the differential of the Torelli map. Call V the Chern

connection on Q}M MO with respect to the Siegel metric and let

IT: Nijoa, = Sym* Q. I11=(q¢® Idg: )V

MY/ Ag

be the second fundamental form of the above exact sequence.
If we take a point [C] € M), we have:

Mo/ ag 100 = Tor Qim0 = Sym*HO(C, Ke), Qg o) = H(C, KE?),

where I := I5(K() is the vector space of quadrics containing the canonical curve and the
dual of the differential of the Torelli map ¢ is the multiplication map of global sections.

Then, at the point [C], the second fundamental form is a linear map
I1: I, — Sym*H°(K3?).
Definition 4.1. A nonzero element ( € H'(T¢) is an asymptotic direction if
11(Q)(C®¢) =0
for every Q € I.

In [5, Theorem 2.1] it is proven that /7 is equal (up to a constant) to the Hodge-
Gaussian map p of |5, Proposition-Definition 1.3]. We briefly recall its definition.
Let Q =, a;jw; ©w; € Iy, where w; € H(K¢), and © € A% (T¢), [6] =: (.
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We write Ow; = v;,+0h,; where 7; is a harmonic (0, 1)-form. Now, identifying Sym?H°(K3?)
with the symmetric homomorphisms H'(T) — HO(KE?), we have (see [5]):

(6) [[(Z QW5 ® LUJ)(C) = Z al-jwlﬁhj.
0, 0,

In [5, Theorem 3.1] (see also [3, Theorem 2.2]) it is proven that if C' is a non-hyperelliptic
curve of genus g > 4 and p, q are two distinct points in C', we have

(7) Q) (&, &p) = —2mi - p12(Q) (p),

where py @ I, — H(KS") is the second Gaussian map of the canonical bundle (see [5],

or [3] for more details).

Remark 4.2. Since I1 is injective (see [4, Corollary 3.4]), I1(Iy) C Sym?H*(T¢)Y is a

(9-2)(g-3)
M09 Hence for every

linear system of quadrics in PHY(Tg) = P39~* of dimension
curve C' of genus g < 9, dim(I11(Iy)) < 3g — 4, so the intersections of the quadrics in

I1(15) is non empty, thus there exist asymptotic directions.

Examples of asymptotic directions.

(1) Using equation (7) one can see that Schiffer variations ¢, at ramification points of
a g3 on any trigonal curve of genus g > 4 are asymptotic directions (see Lemma
8.2). Moving a branch point in P!, one can see that there exist algebraic curves in
the trigonal locus having these Schiffer variations as tangent directions (see [13]).

(2) Other examples of asymptotic directions of rank 1 different from Shiffer variations
at ramification points of a g3 on trigonal curves of genus 5, or of genus 6,7 with
Maroni degree k = 1 are given in the last sections. We will give an explicit
description of these loci of trigonal curves admitting such asymptotic directions.

(3) In Theorem 9.2 we prove that on any bielliptic curve of genus at least 5 there
exist linear combinations of two Schiffer variations that are asymptotic directions
of rank 2.

(4) Other examples of asymptotic directions are given by tangent vectors to special
(hence totally geodesic) subvarieties of A, generically contained in the Torelli
locus (see [7], [8], [9], [10], [22], [23], [24], [26], [27]). In all these examples, g < 7.

Now consider a quadric () € I,. Notice that we can always assume that ) has the

following expression:
S
Q= Zwm—1 © w;.
i=1

Fix a holomorphic form w € H(K¢), w # 0, with zero locus Z. With the notation of
section 2, we set ¢ = [0(£)]. So we have (w = 0 and Ow; = v; + Oh;, ~; harmonic. Let
gi be the meromorphic function given by #¢. We would like compute 11(Q)(¢ ® ().
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Proposition 4.3. Assume pgq;—1 is C°, Vi =1,...;s. Using the notation of (5) we have:

S

Q) ®C) ==Y w(C wy1,ws)-

i=1
Proof. From the Hodge Gaussian computation (6), we get

S

I(Q)(¢) = Z(WZi—lahQi + wo;iOhgi—1).

i=1

We have

s

IT(Q)(C© ) =C(II(Q)(Q) = 5(5)(2(012@'—1%22‘ + wyiOhsi1)) =

i=1

= Z / ((Y2ie1 + Ohgi—1) A Ohg; + (72i + Oha;) A Ohgiy) =
i=1 7/ C

Z / (Ohai—1 A Ohg; + Oha; A Ohag;_y) Z / (Ohas A Ohas 1 + Ohoy 1 A Fhay),

since v A Oh; is exact for any k, .
So, using Lemma (3.2) we get

Q)¢ ®¢) = Z / (Ohss A Dy + Oy A D) =

- Z[(w((’, Wai—1, Wa;) +/ A(pg2i) N A(pgai-1)) + / A(pg2i-1) A (pgai)].
i=1 c C
Now the result follows since

Q:= Z(a(l)g%) A O(pg2i-1) + O(pgai—1) A D(pgai)) = 0.

In fact we have d(pg;) = g;0p so that

Q= Z(G(PQZi)gm—l + 0(pg2i-1)gai) N Op = 2(921‘921‘—1 + 92i-192i)0p A Op+

+ Z((892z‘)92i—1 + (0gai—1)gai) N\ pOp = 0,

since Q € I, hence > (gai_192i+92i-192:) = 0, and hence also its derivative > ((0g2;)goi—1+

(092i-1)92:) = 0.
]
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5. DEFORMATIONS OF RANK d < Clif f(C)

Recall that if C' is a smooth projective curve of genus g and L is a line bundle on C
then the Clifford index of L is

Clif f(L) = deg(L) — 2h°(L) + 2,
and the Clifford index of C is
CLff(C) = miniepiccy{deg(L) = 2h°(L) +2: h*(L) = 2,h' (L) > 2}.

We say that a line bundle L contributes to the Clifford index if h°(L) > 2, h!(L) > 2.
One always has Clif f(C) > 0, and Clif f(C) = 0 if and only if C' is hyperelliptic;

Clif f(C) = 1if and only if C is trigonal or isomorphic to a plane quintic, and Clif f(C) =

2 if and only if C' is tetragonal, or isomorphic to a plane sextic (see [21]). We have the

following relation between the Clifford index and the gonality gon(C') of a curve C' ([6]):
ClLfF(C) +2 < gon(C) < ClLif f(C) + 3.

Consider an infinitesimal deformation ¢ € H!(T) and a corresponding extension

(8) 0= 0 —FE— Ko—0.

Theorem 5.1. Let C be a smooth algebraic curve of genus g and ¢ € H (T¢) a defor-
mation of rank d. Suppose one of the following assumptions is satisfied:

(1) d < Clif f(C),
(2) d=Clif f(C) < % and E not globally generated.

Then C is a linear combination of Schiffer variations supported on an effective divisor
D of degree d.

Proof. Taking gobal sections in the extension (8) corresponding to the rank d deformation

¢, we have:

0— H°(C,0¢) — H(C, E) — H(C,K¢) S HY(C,00) — ...

Since ¢ has rank d, we get h°(E) = g — d + 1. By a Theorem of Segre-Nagata and
Ghione (see [19] p. 84) there exists a subline bundle A of E such that deg(A) > %1, So,
up to saturation we have a diagram
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Both the maps f and h are nonzero, since deg(A) > 0. In fact, if f were zero, then ¢
would factor through Og. So f is nonzero and hence also h is nonzero.

So, we have h°(K¢ ® AY) > 1. We claim that h%(A) > 2. In fact, if h°(4) < 1, we
would have h’(Ke ® AY) > h°(E) — 1 = g — d and by Riemann Roch, we would get
deg(A) < d < 4%, a contradiction. So h°(A) > 2, and if h%(Kc® AY) > 2, A contributes
to the Clifford index and we have:

hY(A) — K (Ko ® AY) = deg(A) — g + 1,
(A +h*(Kc @ AY)>g—d+ 1.
So summing up we get
2h°(A) > deg(A) — d + 2,

<d. If d < Clif f(C), this is a contradiction . If d = Clif f(C), then

hence Clif f(A)
, hO(A) + h° (Ko ® AY) = g — d + 1, and we have an exact sequence

Clif f(A) =
0— HA) —» H'(F) —» H' (K¢ ® AY) — 0.

Moreover A and Kc® A" are both base point free (since they compute the Clifford index).
Thus FE is globally generated, a contradiction.

So h’(K¢ ® AY) = 1, hence there exists an effective divisor D such that Ko @ A =
Oc(D), and h°(Oc(D)) = 1. So we have h°(A) = h°(K¢(—D)) = g — d, hence by
Riemann Roch, deg(A) = deg(Kc(—D)) = 29 — 2 — d. Thus the image of the map
H(E) — H°(K¢) is H°(Ko(—D)) and we get a commutative diagram of extensions

0 > O > B » Ko(—D) —— 0
) ol 7
0 > O y y Ko — 0
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where the upper extension splits, since the image of ¢ is contained in £’ by construction.
Hence it corresponds to 0 € H'(T¢(D)) and the element ¢ € H'(T) belongs to the kernel
of the map H'(T¢) — H* (T (D)) which is the image of the injective map H(T¢(D)p) —
HY(T¢), that is the space of Schiffer variations supported on D.

O

Remark 5.2. Notice that Theorem 5.1 is a generalisation of the generic Torelli theorem of
Griffiths. In fact, denote by Cy the symmetric product of C. Then, under the assumption
Clif f(C) > d, we characterise the image of the natural map

PTe, — P(H'(T¢))
as the locus of deformations of rank d. When d = 1 it is the bicanonical curve.

We will now consider linear combination of Schiffer variations supported on a divisor
of degree less than the Clifford index of C'. First recall the following

Lemma 5.3. Let C be a smooth curve of genus g, take an integer d < Clif f(C) and an
effective divisor D of degree d. Then Ko (—D) is projectively normal, so the multiplication

map
(10) m: Sym*’H°(C, Ko(—D)) — HY(KE*(—2D))
18 surjective.

Proof. Notice that h°(D) = 1 since Clif f(C) > d. Moreover Ko(—D) is very ample by
Riemann Roch and by the assumption Clif f(C) > d. So by [15, Theorem 1|, Kc(—D)
is projectively normal. O

We have the following

Theorem 5.4. Let C be a smooth curve of genus g, take an integer d < Clif f(C), an
effective divisor D = Zle m;p; of degree d. Then any linear combination of all Schiffer
variations &), with n; < m; is not an asymptotic direction.

Proof. We will prove the statement by induction on d. The case d = 1 is already known
(see Lemma 8.2).

By induction assume that no linear combination of all {gji |l < my, @ <k, Iy <
my — 1}i—1. x is asymptotic.

So take a linear combination ( := Zle Z;ﬂ:ﬁ bmfgi. To prove the result, we will show
that there exists a quadric ) € I, such that 11(Q)(¢ ® ¢) = 0 if and only if b, = 0.
Then if ( were asymptotic, b, » = 0, and by induction we get a contradiction.

Notice that h%(D) = 1 since Clif f(C) > d. Set Fy:= D, Fy_ := F; — p. By Lemma

5.3 the following multiplication maps
pryy  Sym* HY(Ko(=Fy1)) = HY(KE*(—2Fy-1)),
pr, » Sym*H (Ko(=Fy)) — HY(K&*(—2Fy))



ASYMPTOTIC DIRECTIONS IN THE MODULI SPACE OF CURVES 15

are surjective.
Set
Iy =ker pp, |
and
I; = ker pup,.
We have and inclusion I; C I;_; and

dim(]d_l/ld) =qg— d—1.

We would like to fix a basis of H(Ko(—F,;_1)). Recall that by Riemann Roch and
the assumption Clif f(C) > d, both K¢(—F;) and Ko(—F;_1) are very ample. We
first take a form w; € HY(Ko(—Fy1)) \ HY(Ko(—Fy)), we € HY(Kc(—Fy)) such that
ordyws = m;, Vi =1, ...k, and wy € H*(Kc(—F})) such that ord, ws = my, + 1. Finally
Wiy -y Wy—gr1 € H'(Kc(—Fy)) such that ord,,w; > my +1,Vi=4,...,9—d+ 1.

Then any ) € I; 1 can be written as follows:

g—d+1

Q=) awow+Kk,
j=1

where K € Sym?(H(Kc(—Fy))).

Notice that pg, (Q) = 0, ayw? is the only term whose vanishing order in py, is 2my —2,
and aowiws is the only term whose vanishing order in py is 2my — 1. So we must have
a3 = ag = 0. Since dim(1y_1/14) = g — d — 1, there exists a quadric ) € I;_; such that
az # 0. But then since ord,, (wiws) = 2my, = ord,, (w3) and all the other terms have
higher vanishing order in p;, the quadric () has the form

Q = a3 O w3 + fws O wy + K,
where ' =37, ajwr © w; + K", with K" € Sym?(H°(Kc(—Fy))) and as 7& 0, 8 #0.
Observe now that we have ¢ = S5 > bkl = (O ST by ow )], where

J= w2
pp;, are bump functions which are equal to 1 in a neighbourhood of p; and z; is a local

coordinate around p;. In the notation of section 2, p = Zle > bz .

Using the formula in Proposition 4.3 we get

w3 W 1
11(Q)(C ®C) = azbm, kResy,—d(—) = ¢ - by, s Reso(zd(—)) = —Chymy 1,
Wy Wo 2k
where ¢ # 0 is a nonzero constant.
Then I1(Q)(¢ ® ¢) = 0 if and only if b,,, x = 0, and this concludes the proof. O

Theorem 5.5. Let C' be a smooth curve of genus g, take an integer d < Clif f(C'). Then
there are no asymptotic directions ¢ € H'(T¢) of rank d.

Proof. Take an element ¢ € H'(T¢) of rank d. By Theorem 5.1, € is a linear combination
of Schiffer variations supported on a divisor D of degree d, so we conclude by Theorem

5.4. U
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Notice that, since the Clifford index of the general curve of genus g is Lg;zlj, Theorem

5.1(1), and Theorem 5.5 imply the following

Corollary 5.6. Let C' be a general curve in My. Then

(1) all tangent directions ¢ of rank d < L%J are linear combinations of Schiffer

variations supported on an effective divisor of degree d.
(2) There are no asymptotic directions of rank d < | %5*].

Remark 5.7. For the general curve of genus g we characterise the image of the natural
map PT, — P(HY(Tc)) as the locus of deformations of rank d, for all d < | ].

Moreover for such values of d the base locus of the linear system of quadrics 11(13) in
PH'(T¢), does not contain any point [(] with with Rank(¢) = d.

6. DOUBLE-SPLIT DEFORMATIONS

We will give some computation of the second fundamental form along some tangent
directions. Let C be a curve of genus g we assume C' non hyperelliptic. Let L be a line
bundle on C and M = K¢ ® LY. We assume that h°(L) > 1 and h°(M) > 1. We consider
the map

¢: \NH(L)® \ H'(M) = L,

(11) (b((Sl A 82) & (Tl A T2)) = (817’1) ® (827'2) — (817’2) ® (827'1).
Set N := Ko ® L™2 and assume |L| is base point free, that h°(L) > 2, and h°(N) > 1.

Fix a nonzero section ¢t € H(N), a base point free pencil (s;, s9) in H°(L), such that sy,

and sy have zeros disjoint from the zeros of t. Consider the quadric
Q = (s7t) © (s5t) — (s152t) © (s152t) € I,
set w 1= 515t denote by D the zero locus of s;, and take ¢ := [0(22)] € H(T¢).

Definition 6.1. A deformation ¢ € HY(T¢) is said to be double-split if it is split with w =
s17, s1 € HY(L), 7 € HY(Kc® L") and T = sot with so € H(L) and t € H*(Kc ® L™?).

Proposition 6.2. With the above notation, if ¢ is double-split, we have
11(Q)(¢ © () = deg(L) # 0.

So ¢ is not an asymptotic direction.

Proof. We set w; = s, wy 1= 83, w3 = wy 1= W = S189t, T 1= L. Then with the

notation of Proposition 4.3, we have g3 = g1 = 1, ppg1 = pp 3t = ppx is C*, since pp is

identically zero on the zeros of s;. Then we can apply Proposition 4.3 and we get

Qo) =~ Y Resylgidgs — godgs) = — S Resy(grdgs) =

p€Supp(D) p€Supp(D)
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=— Y Resp(xd(%)): > Resp(‘iﬁ):deg(p):deg(L).

p€Supp(D) p€Supp(D)

7. RANK d = Clif f(C') DEFORMATIONS

In this section we will consider infinitesimal deformations of rank d = Clif f(C') and
we will give sufficient conditions under which ( is not asymptotic.

Take a smooth non hyperelliptic curve C' of genus g > 4 and an element ¢ € H*(T¢),
corresponding to the class of an extension as in (1).

Taking gobal sections in (1), if we ¢ has rank d, we get h°(E) =g —d + 1.
Remark 7.1. Recall that if ( € HY(T¢) is a deformation of rank d = Clif f(C) < %
and E is not globally generated, then by Theorem 5.1, ¢ is a linear combination of Schiffer

variations supported on a degree d effective divisor.

Theorem 7.2. Assume ( € H'(T¢) is an infinitesimal deformation of rank d on a curve
C of Clifford index d # % and g > 5. Assume moreover that Clif f(C) = Clif f(L) =
gon(C)—2, where L is a g3, on C. Assume that ¢ is not a linear combination of Schiffer

variations supported on a degree d effective divisor.
o If for every such L, h°(L®?) = 3, then ¢ is split.
o If for every such L, h°(L®?%) = 3 and h°(L®3) = 4, then ¢ is double split and it is
not an asymptotic direction.

Proof. By the assumptions and by Remark 7.1, we know that E is globally generated.
Take to generic points p,q € C, then since g > 5, there exists a nontrivial holomorphic
section o € HY(E(—p — q)).

Tensoring (1) by Oc(—p — ¢), we obtain an extension

(12) 0= Oc(-p—q) = E' = Ke(—p—q) =0,

where B/ = E® Oc(—p —q), so h°(E") > g—d—3 > 0. By the theorem of Segre-Nagata
and Ghione, ([19] p. 84), there exists a subline bundle A of E’ such that deg(A4) > 2.
We claim that h%(A) > 1. In fact, if h°(A) = 0, by Riemann Roch we would have
W(Ke® AY) = g — 1 —deg(A) < 2. So, since p,q are generic points, h’(Kc ®
AY(—2p —2q)) < 5’;—5. On the other hand, up to saturation we have the exact sequence

02A—FE — Kc® A (=2p—2q) =0,

and h*(Kc®AY(—2p—2q)) > h°(E') > g—d—3. So we get d > &1, which contradicts
our assumption. So h%(A) > 1. We have the following diagram:
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We have h°(A(p + q)) > 1 and deg(A(p + q)) > 5. If h(A(p + q)) = 1, then h°(K¢e ®
AY(=p —q)) = g — 2 — deg(A) < L=, but h®(Ke ® AY(=p —q)) > h(E) =1 > g —d,
so we get d > g%l, a contradiction. So h°(A(p+ q)) > 2 and h°(K¢c ® AY(—p —q)) > 2,

since E is globally generated. So A(p+ ¢q) contributes to the Clifford index and we have:

h'(Alp+q)) — h°(Ke ® AY(—p — q)) = deg(A) — g + 3,

hO(A(p +q)) + W (Ke @ AY(=p —q)) > g —d + 1.
So summing up we get

2h°(A(p + q)) > deg(A) —d + 4,

hence d < Clif f(A(p+ q)) < d, and either A(p+¢q) = L, or A(p+q) = K¢ ® LY, where
L is any line bundle as in the statement. But A(p + ¢) # L, since p, g are general and
A is effective. So A(p +q) = K¢ ® LY, and the vertical exact sequence induces an exact
sequence on global sections. So it corresponds to a class of an extension € € H'(Kc® L™2)
that induces the zero map H°(L) — H'(K¢ ® LV). If h°(L®?%) = 3, the multiplication
map Sym?HY(L) — H°(L%?) is surjective, so € must be zero. So £ = (K¢ ® LY) @ L
and ( is split.
By Proposition 2.3, the diagram becomes:
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Ko ® LY

(7,8) T

0 Oc (Ke® LY)® L~ K¢ 0

where s € H°(L) and 7 € H°( K¢ ® LY) have disjoint zero loci. Then ker(U() =
s+ H'(Kc ® LY) + 7 - H°(L), which has dimension g — d.
Assume now h°(3L) = 4, then the multiplication map

m: HY(L)® H(Kc® L™%) — H'(Kc® L")

is surjective, since ker(m) = HY(K¢ ® L™3) by the base point free pencil trick. So
T =st+ s, with s € H(L), t,t' € H'(K¢c ® L™%). We claim that if we take w’ = s7/,

with 7/ = s't/, then [0(22)] = [0(22)] = (, where D is the zero divisor of s and w = s7.
In fact [0(22) — O(22)] = [5(pD(m))] = 0, since pp(m) is a C*> vector
field, as Wis/t,) has no poles on D by construction.

So ( is double-split and we apply Proposition 6.2 to conclude.

8. RANK ONE DEFORMATIONS

In this section we consider infinitesimal deformations ¢ of rank 1 on a non hyperelliptic
curve C' of genus g > 4, and we ask whether these can be asymptotic. In Theorem 5.5
we proved that if Clif f(C') > 1, there are no asymptotic directions of rank 1. So we
will assume Clif f(C) = 1, hence C' is either trigonal or isomorphic to a smooth plane
quintic.

We will show that if C' is trigonal of genus g > 8, or ¢ = 6,7 with Maroni degree 2,
then there do not exist asymptotic directions of rank 1, except for the Schiffer variations
at a ramification point of the g3, which are asymptotic.

We will also prove that on a smooth plane quintic there are no rank one asymptotic

directions.



20 E. COLOMBO, P. FREDIANI, AND G.P. PIROLA

In section 10 we will show that if ¢ = 5, or ¢ = 6,7 and Maroni degree 1, there are
examples of curves admitting asymptotic directions different from Schiffer variations at
ramification points, and we will describe these loci.

Take a smooth non hyperelliptic curve C' of genus g > 4 and an element ¢ € H'(T¢).
The cup product U¢ : H*(K¢) — H'(O¢), corresponds to an element v, in S?H'(O¢).
We have the following exact sequence given by the differential of the period map (dual
to the multiplication map):

0— HYTy) 5 S?HY (O¢) — 1) — 0,
where v(¢) = 7.

Remark 8.1. The rank of  is equal to the rank of the quadric ..

So an element ¢ € H'(T¢) has rank one if and only if [y;] € P(S?H'(Oc)) lies in the

image the Veronese map
P(H'(Oc)) — P(S*H'(Oc)).

Recall that by [18] if C' is non hyperelliptic, non trigonal and not isomorphic to a
smooth plane quintic, the only rank one elements [(] € P(H'(T¢)) are given by the
classes of the Schiffer variations [¢,], that are the points of the bicanonical curve. If C
is trigonal the rank one elements correspond to the Veronese image of the ruled surface
containing the canonical curve, and if C'is a smooth plane quintic they correspond to the
points of the Veronese image of the Veronese surface in P(H'(O¢)) = P5.

Since ¢ has rank 1, in the extension (1) corresponding to ¢, we get h°(E) = g.

Lemma 8.2. Assume C is not hyperelliptic, ( € H(T¢) a rank one deformation. If E
is not globally generated, then ¢ = &, is a Schiffer at a point p. If C' non trigonal, then
Vp € C, &, is not an asymptotic direction. If C is trigonal and g > 6, then &, is an

asymptotic direction if and only if p is a ramification point of the g3 .

Proof. Assume FE is not globally generated, we conclude by Theorem 5.1 that ( = ¢, is a
Schiffer at a point p.

If g > 5, C is not hyperelliptic, and not trigonal, then by Vp € C, &, is not an
asymptotic direction.

In fact, in [5] (see also [3, Theorem 2.2]) it is proven that for any @ € Ir(K¢), we have

IT(Q) (& © &) = —2mipa(Q)(p),
and by [2, Theorem 6.1] we know that if C' is not hyperelliptic, and not trigonal of genus
g > 5, for any p € O, there exists a quadric ) € I,(K¢) such that ps(Q)(p) # 0.
Assume that C' is trigonal not hyperelliptic and g > 5, then a basis for I,(K) is given
by the quadrics of rank at most 4 defined as in (11) where L is the g3. For such quadrics

we have

Q)& © &) = =2mips(Q)(p) = —2mipn, 1 (s1 A 52)(P)pn, ke () (T A 72) (),
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(see [5] for the first equality, and [2, Lemma 2.2| for the second one).

If C is trigonal and p is a ramification point of the g3, p(Q)(&, ® &) = 0, since
p1,(s1 A s2)(p) = 0.

Assume C' trigonal and p not a ramification point of the g3, then h°(K¢ @ LY(—p)) =
h°(Kc® LY) — 1, otherwise |L(p)| is a g2 and C' would be hyperelliptic. We claim that if
g>6,h%(Kec® LV(—2p)) = h°(Kc ® LY(—p)) — 1. In fact, otherwise |L(2p)| would be a
g2, so it would give a map C' — P? of degree 1, hence g < 6. So g = 6 and C' would be
a smooth plane quintic, hence not trigonal. So if we take 7,7 ¢ H°(Kc ® LY(—2p)) C
HY(Kc® LY), we get

I11(Q)(§p © &) = 2mips(Q)(p) = 2mipy, £(s1 A 52)(p)hr ke (—1) (11 A T2)(p) # 0,

since p is not a ramification point for |L|, nor for the pencil (1, 75) C H*(K¢c ® LV).
U

The case Clif f(C') > 1 has already been considered in Theorem 5.5 where we proved, in
particular, that there are no asymptotic directions of rank 1. So we assume Clif f(C) = 1.
Hence either C' is trigonal, or it is a smooth plane quintic. Assume first C' is trigonal.

Definition 8.3. Let C' be a trigonal (non hyperelliptic) curve of genus g > 5 and let L
be the line bundle of degree 3 computing the unique trigonal series. The Maroni degree

k€N of C can be characterised as the unique number such that
RO(C, L) = k42, hO(C, L¥*?) > k 4 3.

The following bounds on & have been established by Maroni (|20])

9=4 o 9°2
3 - T 2
Hence if g > 5, we can have trigonal curves with k£ = 1 only if ¢ = 5,6, 7. This means
that h°(L®?) = 3, and h°(L®3) = 5. For g = 5, we have k = 1, while for g = 6,7 the
general curve has £k = 2. We will say that a trigonal curve of genus ¢ = 6,7 is Maroni
special if k = 1.

Notice that if g > 8, we always have k& > 2.

Theorem 8.4. If C is trigonal (non hyperelliptic) of genus of genus g > 8, or C is
trigonal (non hyperelliptic) of genus g = 6,7 and k = 2, then the rank one asymptotic

directions are ezactly the Schiffer variations in the ramification points of the g3.

Proof. Take ( a rank 1 infinitesimal deformation and E the rank 2 vector bundle in the
corresponding extension (1). If E is not globally generated, then by Lemma 8.2, ( = &, is
a Schiffer at a point p, and it is an asymptotic direction if and only if p is a ramification
point of the g..

So assume F is globally generated and take L the gi. Then, since C is not hyperelliptic,
hO(L#®?) = 3 and by assumption h°(L®3?) = 4. So by the proof of Theorem 7.2, ¢ is not
asymptotic.
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U

Let us now assume that C' is a smooth plane quintic and take L = O¢(1) the g2, then
L®? = K.
By the discussion following Remark 8.1, the deformations of rank one correspond to

the points of P2, hence they are the intersections of two lines.
Theorem 8.5. On a smooth plane quintic there are no rank one asymptotic directions.

Proof. Since the Schiffer variations are not asymptotic directions (see Lemma 8.2), we
consider only rank one deformations corresponding to points p € P?\ C.

Choose two lines Iy, I, in P? passing through p that intersect C transversally. Denote
by s1, s the corresponding sections in H(L).

Since L®? = K¢, we have HY(K¢ ® L72) = H°(O¢), and we choose t = 1 € HY(O¢).
Choose w = s153, set D = div(s;). Then the element ¢ = [9(£2)] is double-split of a rank
one, by Proposition 2.3. Hence by Proposition 6.2, we have p(Q)(¢ ® ¢) = deg(L) = 5,
so ( is not asymptotic.

O

9. RANK 2 DEFORMATIONS

In this section we will study rank 2 deformations and the condition to be asymptotic.
Let ¢ € H'(T¢) be a rank 2 deformation. If Clif f(C') > 2, by Theorem 5.5, we know
that ¢ is not asymptotic.

So assume Clif f(C) = 2, hence either C' is tetragonal, or it is a smooth plane sextic.

Theorem 9.1. Assume C' is a tetragonal curve of genus at least 16 and not a double
cover of a curve of genus 1 or 2. If a deformation ¢ of rank 2 is not a linear combination

of Schiffer variations supported on a degree 2 effective divisor, then ( is not asymptotic.

Proof. Under our assumptions, the rank 2 bundle £ in the extension (1) associated with
the rank 2 deformation ( is globally generated (see Remark 7.1). We claim that for
every gi, L, we have h9(L®?) = 3, h%(L®3) = 4, hence we conclude applying the proof of
Theorem 7.2.

In fact, if h°(L®?) > 4, C has a g3. This can’t give a birational map, by the Castelnuovo
bound. So the map has degree 2 and it gives a double cover of genus 1 curve, which
contradicts our assumptions. Hence h%(L%?) = 3.

If h°(L®3) > 4, C has a g{,. Again the induced map can’t be birational by the
Castelnuovo bound. If it has degree 3, the curve C' would be trigonal, which contradicts
our assumption on Clif f(C'). If the map has degree 2, it gives a double cover of a genus
1 or 2 curve, a contradiction.

0

We will now consider the case where ( is a linear combination of two Schiffer variations.
We have the following
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Theorem 9.2. On any bielliptic curve of genus at least 5 there exist linear combinations

of two Schiffer variations that are asymptotic of rank 2.

Proof. Assume the curve C' is bielliptic of genus at least 5, and let 7 : C' — E be the 2 : 1
map to a genus 1 curve F. By the Castelnuovo inequality a bielliptic curve of genus at
least 5 is not hyperelliptic, nor trigonal. Denote by ¢ the bielliptic involution. Consider
the curve I' in the surface S = C x C' given by the graph of o, I' := {(p,o(p)) | p € C}.
Consider the form 7 € H°(Kg(2A)) introduced in [3]. Denote by Z(7) its zero locus.
Clearly Z(7) intersects the curve I' outside the diagonal. Take a point (p, o(p)) € Z(n)NT,
p # o(p). Thus, for any quadric @ € I, by [3] we have

1(Q)(& © &) = —4miQ(p, o (p))i(p, o(p)) = 0.
Take ¢ = a&, + b&,(p), then by [3] we have

I(Q)(C ©¢) = a*I1(Q)(& © &) + b I1(Q)(&or) © &otr))-

Notice that any quadric Q € I, Q is o-invariant. In fact, H°(C, K¢) = HY(E, Kg) @
H°(C, K¢)~, where HY(C, K¢)~ denotes the anti-invariant subspace by the action of o
and H'(E, Kp) = H(C, K¢)* is the invariant subspace. Hence dim (Sym*H°(C, K¢))
g — 1. Moreover we have dim H°(C, K&*)* = 2g — 2, thus dim H°(C, K&?*)~ = g — 1.
Since the multiplication map is o-equivariant, Ir(K¢o)~ = (0), so l(K¢) = L(Ke)™.

Then we have

H(Q)(C ®¢) = (a® + ) I(Q)(& © &),
since @ is o-invariant, I] is o-equivariant and o,(§,) = & (). Hence, if a® +b* = 0, ( is
asymptotic. On the other hand, notice that if a® + b # 0, there exists a quadric @ such
that I1(Q)(&, ©®&,) # 0, so ¢ is not asymptotic (see Lemma 8.2).
O

Remark 9.3. The asymptotic directions found in Theorem 9.2 are linear combination of
Schiffer variations supported on a divisor D = 2p + 2q of a gi on the bielliptic curve C.

Proof. For any point (p, o(p)) of the curve I' in the proof of Theorem 9.2, the line bundle
Oc(2p +20(p)) is a g; on C. In fact, for p € C, denote by y = 7(p) = w(c(p)) € E, and
take a 2 : 1 cover ¢ : E — P! such that y is a ramification point of ¢. Then ¢(y) is a
critical value for the degree 4 map 1) := ¢ o 7, such that ¥*(¢(y)) = 2p + 20(p). O

Assume now that C'is a smooth plane sextic. We will describe the rank 2 deformations
on C. Set V := HYOp:(3)) = H°(C, K¢) and consider the Grassmannian G(8,V) of
linear subspaces of V' of codimension 2. Denote by Y;, = {[¢] € PHY(T¢) | rank({) < k}
and consider the map

x: Y2\ Y1 = G(8,V),
[¢] = ker(C).
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Denote by Sec(C) C Y, the linear combination of Schiffer variations at two points in C.

Let Z € Hilb*(P?) be a length 2 scheme and denote by Z the ideal sheaf of Z. Then
Wy := H%(Zz(3)) C V has codimension 2. If Z = p + ¢, p # ¢, then W is the space of
cubics passing through p and ¢, while if Z = (p,v), where v # 0 is a tangent vector at
p, the elements in W, are the cubics passing through p and tangent at v. Consider the
injective map

v Hilb*(P*) — G(8,V), Z v+ Wy.

Denote by Hilb?(P?)(C) the divisor of schemes having support intersecting C' and Ug :=
Hilb*(P?) \ Hilb*(P?)(C). We have the following

Proposition 9.4. We have

(1) x(Ya\ Y1) C y(Hilb*(P?)),
(2) x induces a bijection between Y3 \ Sec(C') and Uc.

Proof. Take [(] € Y2\ Y1, and W = x([¢]) = ker(¢) C V. Denote by
ev: W X O]p2 — O]}DQ(?))

the evaluation map and tensor it by Op2(—3). Then the cokernel of this map is a sheaf
Oz and we claim that it has length 2.

In fact, denote by m; : W @ H°(Op2(i)) — H°(Op2(3 + 1)) the multiplication map and
by ¢; := codim(Im(m;)), H*(Op2(3 + i)).

Then by a Theorem of Macaulay (see [14, Theorem 2|), we have ¢; < 2. Gotzmann’s
Persistence Theorem (see [14]) says that if ¢; = 2, then ¢; = 2 for all ¢ > 1. From this
one easily proves that Oz has length 2.

This shows that x([¢]) = v(Z) and (1) is proven. Since 7 is injective, we can consider
the composition

Bi=~y"tox: Y\ Y1 — Hilb*(P?).

We claim that 8~1(Hilb*(P?)(C)) C Sec(C).

Assume by contradiction that there exists [(] € Sec(C) such that 3([¢]) € Hilb*(P?)(C).
Then ((C]) = p+q, where p € C and g & C and x(([¢]) = ker(€) = {s € H(Op(3)) | 5(p) =
s(q) = 0}.

The image of mg is given by the sextics vanishing at p and ¢. So, restricting to C, we
obtain that the image of the map p: W ® H(C, K¢) — H°(C, K&?) is HO(K&?(—p)).
Hence we get ¢ = ¢, € Y.

So we can consider the restriction 8’ of 5 to Y5 \ Sec(C'). This gives a map

B Ys\ Sec(C) — Ue.

We want to show that (3’ is bijective.

Assume [B'([n]) = B'([C]) = Z. So W = ker(n) = ker(¢), hence W C ker(an + b(),
for every linear combination. Note that the rank of an + b( cannot be 1, otherwise
W C H°(Kqo(—p)) for some p € C, and so p € Supp(Z), a contradiction since Z € Ug.
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On the other hand, letting L = H°(K¢)/W, then an + b¢ define symmetric forms on L,
which has dimension 2, so there exists a linear combination an + b¢ for which the rank of
the corresponding quadric drops. Hence it is zero and [(] = [n] € Y2, thus £’ is injective.

To prove that [’ is surjective, fix Z € Ug and realise Z as a complete intersection of
a line [ and a conic I' (tangent if Z is not reduced). Using the equations of [ and I' we

obtain the exact sequence

0 — Op2(—3) = Op2(—1) B Op2(—2) - Zz — 0
and tensoring by Op2(3) we have
0— Op2 — Op2(2) ® Op2(1) = I5(3) — 0.
Restricting to C' and using the fact that Z N C = (), we get the exact sequence
0= Oc = O0c(2)®Oc(l) = Ko — 0,

and its extension class gives a non trivial class ¢ such that ker(() = H°(Zz(3)c). So

B'([¢]) = Z. 0

Remark 9.5. Notice that from Proposition 9.4 (2), it follows that the restriction of x to
Yy \ Sec(C) is injective. Hence for these infinitesimal deformations ¢, ker(C) determines

C.
We show the following
Theorem 9.6. On a smooth plane sextic there are no asymptotic directions of rank 2.

Proof. By Proposition 9.4 we have shown that a rank 2 deformations ¢ that is not a linear
combinations of Schiffer variations corresponds to a point Z € Hilb*(P?) whose support
does not intersect C. We have ker(¢) = H°(Op2(3) ® Zz) and (¢ is determined by its
kernel.

The deformation ¢ corresponds to such a length 2 scheme Z, that is the intersection
of a line [; and a conic I', which are tangent in a point if Z is not reduced. So ker(({) =
H°(Op2(3)®Z7) = I-H°(Op2(2))+T-H°(Op2(1)). The scheme Z is either supported in two
distinct points p, ¢, or it is given by p and a tangent direction v. So the line [; is uniquely
determined by Z, while we can choose I' as the union of two lines l5, I3 passing through
p and g, or passing through p if Z is not reduced. Denote by [ =: s; € H(O¢(1)), set
w = 15953 € H'(K¢) and D := div(s1). Then a Dolbeault representative for ¢ is 9(22),
where pp is as in Proposition 2.3. This can be easily seen, observing that ker([0(£2)]) is
equal to ker(¢). So ¢ is double split, hence it is not asymptotic by Proposition 6.2.

Assume ( is a linear combination of two Schiffer variations, ( = a§, + b§,, with p, g two
distinct points in C' and not lying on a bitangent of C.

Consider s; € H°(Oc(1)(=p — q)), s2 € H°(Oc(1)) such that (s;,s,) is base point
free and such that p is not a ramification point of this pencil. Let s3 € HY(O¢(1)), with
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s3(q) = 0, s3(p) # 0. Set Q = 5353 5353 — 515253 ® 815283 € I5(K¢). Then by |2, Lemma
2.2] we have

112(Q) = s3(11,000) (51 A $2))* € HY(KEY),

so u2(Q)(p) # 0, while u2(Q)(q) = 0 and Q(p,q) = 0. So by [3, Thm. 2.2|, we have
I1(Q)(¢) = mia*uz(Q)(p) = 0 if and only if a = 0 and ( is a Schiffer variation at ¢, so it

is not asymptotic.

If the line through p and ¢ is bitangent, take s, the section of H°(O¢ (1)) given by a line
passing through p and not through ¢, ss3,ss the sections given by distinct lines passing
through ¢ and not through p. Then the quadric ) = 333463354—5253346323354 € I,(Keo),
is such that Q(p,q) = 0, since s254(p) = $284(¢) = 0. By [2, Lemma 2.2|, we have

p2(Q) = 53(#1,00(1)(32 As3))? € HO(K§4)-

Hence 15(Q)(p) # 0, while u2(Q)(¢) = 0. So by [3, Thm. 2.2|, we have I1(Q)(¢ ® () =
—2mia?12(Q)(p) = 0 if and only if @ = 0 and ( is a Schiffer variation at ¢, so it is not
asymptotic.

Ifp=gq (=a& + bfz, take the tangent line of C' at p and denote by s; the given
section of H(O(1)). Take sq, s3 two other sections of H°(O¢(1)) given by two lines not
passing through p. Then consider the quadric Q = s353® 383 — 515283 ® 815283 € I(K().
Set w = 518283 € H(K¢), then ¢ = [0(p,(%t))] and the computation in Proposition
4.3 gives I1(Q)(C ® () = b2Resp(§—;d(§—f)) = 0 if and only if b = 0, hence ( is a Schiffer
variation at p, so it is not asymptotic.

d

10. MARONI SPECIAL TRIGONAL CURVES OF GENUS 6,7 AND TRIGONAL CURVES OF
GENUS 5

10.1. ¢ = 6 Maroni special. Let C' be a (non hyperelliptic) trigonal curve of genus
6 and Maroni degree k = 1. We will show that in this case there can exist asymptotic
directions that are not Schiffer variations in the ramification points of the g3. We will
describe these asymptotic directions. Moreover we give a parametrisation of the locus of
the trigonal curves of genus 6 with Maroni degree 1 giving an explicit equation. We also
describe the sublocus of those trigonal curves admitting such asymptotic directions.

Denote by L the trigonal linear series. Recall that by the definition 8.3 of the Maroni
degree, we have h°(L®?) = 3 and h°(L®?) = 5. Then, K¢ ® L™ has degree 1 and by
Riemann Roch h?(Kc ® L™3) = 1, so K¢ = L® @ O¢(q) for a point ¢ € C. Hence
M = K ® LY = L®%*(q), by Riemann Roch h°(M) = 4 and the map ¢ : C — |M| = P3
is an embedding. In fact ¢(C') is a curve of degree 7 and it is smooth since otherwise
C would have a g2.We fix a basis {s1,s2} of H°(L) where we assume that sy(q) = 0.
Consider the inclusion L®? C L®%(q), then we can fix now an ordered basis of M given
by {05}, 05189, 083,t} where 0 € H(Oc(q)), o # 0, and ¢(q) # 0.
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Consider the rational functions
r=— g= ", y=—=—.

Remark 10.1. Assume there exists a deformation ¢ of rank 1 = Clif f(C) = gon(C) -2,
that is asymptotic and it is not a Schiffer variation. Let L be the gi. Then we can assume

¢ =[0(22)], where D is the zero divisor of sy and w = sit.

Proof. Since ( is not a Schiffer variation and h°(L®?) = 3, by Theorem 7.2 we know that
¢ is split and by Proposition 2.3, so we can write w = s;7, where 7 € H°(K¢c ® L") and
s; € H°(L) have disjoint support. Thus 7 does not belong to (o3, 0s1s9). Moreover if
7 = 053, then ( is double split, so, by Theorem 7.2, it is not asymptotic. Hence we can

take w = s;t. O
Assume D = div(sy) = p1 + pa + ps is reduced.

Theorem 10.2. With the above notation, let ¢ = [0(22)] be a deformation of rank 1 that
is not a Schiffer variation. Then ( is asymptotic if and only if the following conditions

are satisfied:

(14) g(p1) + g(p2) + g(p3) =0
(15) 7*(p1) + ¢*(p2) + ¢°(p3) = 0
dg dg dg
(16) Resm? + Resm? + Resm? = 0.

Proof. The space W of quadrics that contain the canonical curve is spanned by the
rank < 4 quadrics corresponding to all the pencils of H°(M). Using the chosen basis and
computing the second fundamental form as in Proposition 4.3, we easily see 11(Q)((®(C) =
0, for all the quadrics constructed as above, except for (possibly) the ones corresponding
to the three pencils in the subspace (053, 05152,t) C H°(M). Denote by

I'h=ts; ® 053 — 05153 O tsy
the quadric corresponding to the pencil (os2,t),
I'y=ts;® 05153 — asfsg ® tso,

corresponding to the pencil (os;s9,t) and

_ 2 3 262
['3 = 0578y ©® 08y — (05153)

Y

corresponding to the pencil (053, 0s15).
Then, using Proposition 4.3, we obtain:

03 152 055’

05153 J 05185

II(T3)(C®¢) = —2mi Z Res,, ( d(—=

Slt Slt

+2mZRe Sp; ) =

81t 81t
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3
. 05159 gs
:—zszResm( . d(;;)):

= 27 Z Res,, xgd = 2mi Z Res,,(9°—) = 2mi Z g”(pi),

t iso 1
II(TY)(CoC) = —QWZZRGSPZ “lg 08182 +27rzZRe Sp; 05152d(2>) =

Slt Slt Slt Slt

= 2m Z Res,, xgd = —2m Z Res,, (g = —2m Z 9(pi)s

2

a=2)) =

271 Res
+ Z pz 81t 81t

1T = —2mZResm Z‘jl

t Slt

T

d
= —2mi Z Res,, (d(=)) + 2mi Z Res,, gd( ) = —2mi Z Res,, (—g)

Hence ( is asymptotlc if and only if equatlons (14), (15), (16) are satisfied.
U

Remark 10.3. If D = div(sy) is not reduced, the computation is the same, one only has
to consider the multiplicity of the points p; and take the sum over the support of D.

Now, by Riemann Roch, h’(M®3 @ L) = 24 — 5 = 19. Note that M®? @ L = L®7(3q).
Set V = HO(L), then s} - s5" is a basis of Sym™(V) the space of symmetric tensor of V.
Consider the space

V2 SymP(V)o +t- Sym®(V)a? + Sym”(V)o® ¢ H'(M®* @ L),
in fact 37 Sym? (V) ¢ HO(M®3*® L(—iq)). Since dim Sym*(V) = k+1, and h®(M®3®
L) = 19, counting dimensions, we see that we must have an equation
gbl(sl, 82) . t3 + 0'§Z53($1, Sg)tQ + 02¢5(81, Sg)t + 03¢7($1, 82) =0.

Since the curve is trigonal (non hyperelliptic) ¢1(s1, s2) # 0 and since o¢3(s1, 52)t* +
02ps5(s1, 82) + 03p7(s1, 52) vanishes on ¢ we may take ¢;(sy,52) = so then we get the
relation:

(17) $2t3 + O'ng(sl, 82)t2 + 02¢5($1, Sg)t + 0'3¢7(81, 82) = 0

Remark 10.4. Looking at the order of vanishing of the terms of the above equation in
q, since s3(q) = a(q) = 0, we see that ¢3(s1, s2) must contain the term s3.

Setting t' :=t + aos? + fos1Se, we can assume that ¢3(s1, s2) = ass + bsy, with a # 0.

Dividing by ¢3s?, we get the equation:

2
y®+ %%(517 S9) + %%(51, S2) + %@(817 52) = y° + y*3(x) + ys () + r(x) =
2 2 2
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=y ¢ (0’ + ) + yis(v) + ¥r (),
where 9y () is the polynomial in x obtained by ¢x(s1, s2) dividing by s5 and a # 0.

So we have proven the following

Proposition 10.5. Trigonal curves of genus 6 with Maroni degree k = 1 are described
by the following equation:
(18) y' 4y’ (a2” +0) + yys() + vr(2) =0,

where a,b € C, a # 0, V5, Y7 polynomials of degree < 5,7.

We will now describe the locus of trigonal curves of genus 6 with Maroni degree k =
1 admitting an asymptotic direction of rank 1 different from a Schiffer variation at a
ramification point of the gi. We have the following

Theorem 10.6. Trigonal curves of genus 6 with Maroni degree k = 1 admitting an
asymptotic direction of rank 1 different from a Schiffer variation at a ramification point

of the g3 satisfy the following equation:
(19) '+ ya’ + yaty(z) +Pr(z) = 0,
where 13,17 are polynomials of degree < 3,7 such that 1¥7(0) # 0.

Proof. Recalling that y = %, equations (14) and (15) easily give: Zf’:ly(pi) = 0,

S (y(p)? =0, and 3, y(p:)y(p;) = 0.

Set y; := y(pi), since x(p;) = 0, equation (18) gives
yP 4 byl + yis(0) + ¢(0) = 0, Vi = 1,2,3.

Hence the equation
23 + bz2% + 5(0)z + 17(0) has the elements y; as roots, so b = —25’:1 y; = 0 and
¥5(0) = Ei<j yiy; = 0.

Moreover, since a # 0, changing y by a non zero multiple, we can assume that a = 1.
So the equation (18) becomes

P(z,y) =y’ + y*2® 4+ yapu(z) 4+ 7 (z) = 0.

Notice that y? = —7(0) # 0, since s; and ¢ have no common zeros.
Consider now equation (16). We have % = %d(i) = —%%, and P,dx + P,dy = 0, so
dy = —%ff“”. Hence
Py =32y + Yu(2)y + 2yl () + ¢i(2), Py =3y" + 2y2° + aeu(z).

So equation (16) is

P, d P, )yi + 4% (0
O—ZRespZ ZR esp, ( 2Py xx ZlyQPy pi) = ZW ygy;l 7(0) —
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_ 15 il0)  Lndt(0) _ (0)  16(0) 1 ()
B Zl z ; Z ¢70 31/}7023/ 70

hence 94(0) = 0 and the equation (18) is

P(z,y) =y + y*2° + ya®3(z) + ¢ (x) = 0.
O

Remark 10.7. We observe that equation (18) depends on 11 parameters, while the di-
mension of the locus of trigonal curves of genus 6 with Maroni degree 1 has dimension
12.

By [1, Lemma 3.3|, the tangent space to the trigonal locus is:
(20) Tyijo = {C € H\(To) | ¢- Q=0 € HY(L2)},

where Q = 1 1,(s1 A s2) = s3d(32), while the tangent space to the locus of trigonal curves

with Maroni degree £ =1 is

par(t A os3)
TMaroni,[C] = {C € ﬂri,[C} | C T2 = O}

Notice that pya(t A os3) = t?d(g) and clearly s, divides t?d(g), hence the element
M1,M(t/\08§) e HO(K®2)

Assume ¢ = [0(22)], with w = s1¢ as above. We have the following

Proposition 10.8. (1) ¢ € Thyicy if and only if equation (14) is satisfied.
(2) ¢ € Trnraronic) and it is asymptotic if and only if it satisfies equation (19) with
Proof. Notice that ¢ - Q2 =0¢& H'(L®?) if and only if (- Q- s; =0, for i = 1,2. We have
0
¢ [ 0u22 0,
C Slt
since pp = 0 on the zero locus of ¢, while
Op s, Op 2_dr <
Qso = [ Qg2 = 24 L | 29,= = ;
¢ So /c S20 1 /032 <52>8231t 19 ;Q(P)7

hence the first statement follows.

We have
/ Ml,M(t A 082) 8p / ﬁd<0'82) 8p
C S9o Slt C S2 t 81t

083 g(pt) pt oS3 t  os
d(Z22y p /d 7% :/ ey
/;v ( t ) 5152 C (8182 ( t )) udD; 5152 ( t )
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Now we have:
Fdg = 2d(}) = —,dy, dy = 5, so0

3

P, d P, YL (0)
ZRespl dg ZRespl ’ —Zypy Z 3% = r(0)"

=1 =1

So ¢ asymptotic is in Thjaroni,jc) if and only if 47 (0) = 0.
O

10.2. Genus 7 Maroni special. Assume C' is a (non hyperelliptic) trigonal curve of
genus 7 with Maroni degree £k = 1. We will show that also in this case there can exist
asymptotic directions that are not Schiffer variations in the ramification points of the g3
and we will describe them. Moreover we give a parametrisation of the locus of the trigonal
curves of genus 7 with Maroni degree 1 giving an explicit equation and we describe the
sublocus of those trigonal curves admitting such asymptotic directions.

Take a deformation ¢ of rank 1 = Clif f(C') = gon(C) — 2 and let L be the ga.
The assumption on the Maroni degree gives h°(L®?) = 5. By Riemann Roch we have
hO(Ke®L™3) = 2,50 Kc®L 3 isthe g}, so Ko = L®%. Set asusual V = H(L) = (sy, s2),
then HO(L®3) = (s3, 53, 5259, 5152, ).

As in the case g = 6, we can use Remark 10.1 and assume ¢ = [0(22)], where D is the
zero divisor of s; and w = s;t.

Setx =2, g= i—g, Y= é = é, D = div(s1) = p1 + p2 + p3. In the case D not reduced,
the computation is the same, one only has to consider the multiplicity of the points p;
and take the sum over the support of D.

Theorem 10.9. With the above notation, let ¢ = [0(22)] be a deformation of rank 1 that
is not a Schiffer variation. Then C is asymptotic if and only if equations (14), (15), (16)
are satisfied, where x = -, g = 52

Proof. A basis of I5(K¢) is given by the rank < 4 quadrics determined by the pencils in
HY(Kc®LY) = HY(L®3) = (s}, 53, 8259, 5153, ). Computing the second fundamental form
as in Proposition 4.3, we easily see 11(Q)(¢ ® ¢) = 0 for all the quadrics constructed as
above, except for (possibly) the three pencils in the subspace (s3, s1s3,t) C H'(Kc®LY).

Denote by
( 3)@2

4 3 3 2.2 2.2 o 4
') =ts1 ©® 85 —ts9 ® 5185, 'y =151 @ 8185 — 159 © 5785, I's = 5755 © 55 — (5155

the corresponding three quadrics.
A similar computation as in the case g = 6 shows that ( is asymptotic if and only if
equations (14), (15), (16) are satisfied. O

Observe that

(21) 2+ 2Sym?® (V) + tSym®(V) + Sym®(V)) ¢ H°(L®) = H°(M®?).



32 E. COLOMBO, P. FREDIANI, AND G.P. PIROLA
Since dim(Sym*(V)) = k + 1 and h%(L®%) = 21, we have an equation
(22) t7 4+ 2¢3(s1, 52) + L (51, 52) + o (51, 52) = 0.

Dividing by s9, we get the equation:

(23) P(z,y) = y* + y*¥s(x) + yis(z) + vo(x) = 0.

So we have proven the following

Proposition 10.10. Trigonal curves of genus 7 with Maroni degree k = 1 are described
by the following equation:

(24) Yy’ + y*s(x) + yis(x) + Yo(x) = 0,
where V3, g, 19 are polynomuals of degree < 3,6, 9.

We will now describe the locus of trigonal curves of genus 7 with Maroni degree k =
1 admitting an asymptotic direction of rank 1 different from a Schiffer variation at a

ramification point of the gi.

Theorem 10.11. Trigonal curves of genus 7 with Maroni degree k = 1 admitting an
asymptotic direction of rank 1 different from a Schiffer variation at a ramification point
of the g3 satisfy the following equation:

(25) y® 4+ yP by () + yr®iha(z) + o (),

where g, Yy, g are polynomials of degree < 2,4,9 and 1(0) # 0.

Proof. Set y; := y(p;), then equations (14), (15) imply that 25’:1 y; = 0, Z?:l vy} =0,
> icj Yiyj = 0. Since x(p;) = 0, Vi = 1,2, 3, equation (24) gives

y; 4+ yi3(0) + yibe (0) +1he(0) = 0, Vi = 1,2,3.
Hence the equation
2% 4+ 2%13(0) 4+ 296 (0) + 9 (0) = 0,

has y1, Y2, Y3 as roots. So we obtain

3
Y3(0) = — Z?/z =0, 9¥6(0) = Zyiyj =0.

i<j

Hence equation (24) is of the form

P(x,y) = y° + y*aa(x) + yars(x) + vo(2),
and 19(0) # 0, since s; and ¢ do not have common zeros. Now we compute dg = —dy

y
and P,dz + P,dy =0, so dy = —Pf,lem.
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So equation (16) becomes
3

3 .2 /
Z 712(0) + ibs (0) + 15(0)
_ A Yi P2 ?/3?/;; 9 _

1=1
3

- 0al0) | 1 usl0) | 1mu(0) _ 05(0)
DR PO Zl = (0)

i=1 Yi

since Y77, yi =37 L =0and g} = —1(0). So we get 15(0) = 0, and equation (24) is

( y) =y’ + g ae(z) + yaa(z) + Py(x) = 0
where 1)9(0) # 0. O

Remark 10.12. If { is an asymptotic direction, then it is tangent to the trigonal locus.

Proof. By (20), ¢ € Tyicp if and only if (- Q- 5;5; =0, 4,5 = 1,2.
We have:
0
CQ . 818]' = / 9818j—p = O,
C 31t
for j =1, 2,

Op 5% dx >
'9'82:/92 / 2d /_2 - i:O7
¢-Q- 2 i = )L Slt P ;g(p)

if and only if it satisfies equation (14).
U

10.3. Genus 5. Assume (' is a non hyperelliptic trigonal curve of genus 5, denote by L
the trigonal line bundle.

We will show that also in this case there can exist asymptotic directions that are
not Schiffer variations in the ramification points of the gi and we will describe them.
Moreover we give a parametrisation of the locus of the trigonal curves of genus 5 and of
the sublocus of those trigonal curves admitting such asymptotic directions.

Then, K¢ ® L2 has degree 2 and by Riemann Roch h°(Kc ® L7%) = 1, so K¢ =
L2 @ Oc(p+q) for some p,q € C. Then M = Kc® LY = L(p+q). Set H(L) = (sy, s2),
HY(Kc ® L) = (0581, 089, t), where div(c) = p+ ¢ and ¢(p) # 0, t(q) # 0, since C' is not
hyperelliptic. So we have HO(KC) = H(L®%*(p+q)) = (053, 08152, 083,151,153).

0'82

Set x = z—;, g="Y= D = div(s1) = p1+pa+ps, and again we can choose w = s;t.
In the case D not reduced, the computation is the same, considering the multiplicity of
the points p; and taking the sum over the support of D.

We have the following

Theorem 10.13. With the above notation, let ¢ = [0(22)] be a deformation of rank 1
that is not a Schiffer variation Then C is asymptotic if and only if equations (14), (15),

032

(16) are satisfied, where x = 2L, g =
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Proof. The space I(K¢) is three dimensional and it is generated by the following quadrics:
I'y = crs% Os1t— 08189 8ot, 'y = crs% O Sot — 081890 s1t, I's = crs% @osg — 08189 (D 0S89,

corresponding to the three pencils of |K @ LY|.
A straightforward computation as in the case g = 6,7 shows that ( is asymptotic if

and only equations (14), (15), (16) are satisfied.
U

Now, by Riemann Roch, h®(M®* @ L®?) = h°(L®*(3p + 3q)) = 21 — 4 = 17. Set
V = H°(L) and consider

3. Sym?V 4+ t* - Sym*(V)o +t - Sym*(V)o? + Sym°(V)o® ¢ HO(M®® @ L®?).
Counting dimensions, we see that we have an equation

¢2(Sl7 82) . tg + O'(b3(81, 82)t2 + 0'2(b4<81, Sg)t + 03¢5(81, 82) =0.

Since the curve is not hyperelliptic, ¢o(s1, s2) # 0, moreover, a¢s(sy, s2)t2+02p4(s1, 52)+
03¢5(s1, 82) vanishes on p + ¢. Thus we can choose sy such that (s; + s2)(p) = 0,

(s1+52)(q) # 0, (s1 = s2)(p) # 0, (51— 52)(q) = 0 and ¢(s1, 52) = 57 — s5.
Dividing the equation by o3s3, we get

y* (2% — 1) + y*¢s(x) + yhule) + ¥s(z) = 0

So we have proven the following

Proposition 10.14. Trigonal curves of genus 5 are described by the following equation:

(26) v (a? = 1) + y*s(x) + yihu(z) + ¥s(z) = 0,

where Y3, 1y, Y5 are polynomials of degree < 3,4, 5.

We will now describe the locus of trigonal curves of genus 5 admitting an asymptotic

direction of rank 1 different from a Schiffer variation at a ramification point of the g3.

Theorem 10.15. Trigonal curves of genus 5 admitting an asymptotic direction of rank
1 different from a Schiffer variation at a ramification point of the g3 satisfy the following

equation:
(27) y'(a® = 1) + y*wan(z) + ya®xa (@) + ¥s(2),

where ag, x2 are polynomials of degree < 2, 15 is a polynomial of degree <5 and 15(0) =
1.

Proof. Equations (14)

, (15) are equivalent to >, y; = 0, >, y? = 0, > Yy = 0, where
y; »=y(p;). Since z(p;) = 0,

equation (26) gives

—y; + y73(0) + y:04(0) +¢5(0) = 0, Vi=1,2,3.
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Hence the polynomial —2z3 + 13(0)22 + 14(0)z + 15(0) has the elements y; as roots, so
s(0) = Y27 i = 0 and ¢y (0) = — 32, wiw; = 0, while ¢5(0) # 0.

Writing ¢ as a function of =z, % = ¢'(z)%, so condition (16) is 0 = >, ¢'(p;) =

—> Z—;(pz) Since dy = —Iﬁ—zda and
Py = 2xy® + y*5(x) + yii(x) + (),
P, = 3y* (2% — 1) + 2yis(x) + tu(x),
Then
Yo e viYs(0) F yii(0) +45(0) 1= wa(0)  4(0)
O—Zyz(pz)_ Z =32 T )

i 3y; i

So, ¥(0) = 0 and equation (26) becomes:

P(z,y) = y*(2* — 1) + y*zas(z) + ya*xa(z) + ¥s(2),

where we can assume 15(0) = 1. O

Remark 10.16. Notice that changing t with t+ Ao sy, the deformation  does not change.
Hence we can change y with y + Az in such a way that as(x) = zai(x), where ay is a
polynomial of degree < 1. So the equation depends on 10 parameters, while the trigonal

locus has dimension 11.

Remark 10.17. If { is an asymptotic direction, then it is tangent to the trigonal locus.

Proof. By (20), the infinitesimal deformation ¢ = [0(£2)] is tangent to the trigonal locus
if and only if

C0= /CQ@ _ /ngd(ﬂ) A 9 _ /Cd(d(ﬂ)séﬁ) — ZResmd(ﬁ)sgi —

81t S9 Slt S9 81t So 81t
dx
=> Resp.g— = > glpi) =0,
which is equation (14). O
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