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ON PICARD’S THEOREM VIA NEVANLINNA THEORY

XTANJING DONG

ABSTRACT. We study a long-standing Picard’s problem for non-compact
complete Kahler manifolds with non-negative Ricci curvature. When the
manifold carries a positive Green function, a positive answer is given to
the Picard’s problem, i.e., it is showed that every meromorphic function
on such a manifold reduces to a constant if it omits three distinct values.
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1. INTRODUCTION

1.1. Motivations and Techniques.

It is well-known that the famous Picard’s little theorem asserts that every
meromorphic function on the complex Euclidean space reduces to a constant,
if it omits three distinct values. All the time, many authors have been trying
to generalize this theorem to a more general non-compact complex manifold.
Due to S. T. Yau [44], each holomorphic function on a non-compact complete
Kéhler manifold (Hermitian manifold, more general) with non-negative Ricci
curvature has Liouville property. So, a natural problem is that does Picard’s
little theorem still hold on such a manifold? It is called the Picard’s problem.
To our knowledge, this is a long-standing problem. In what follows, we shall
give an accurate statement.

Let (M, g) be a non-compact complete Kéhler manifold with non-negative
Ricci curvature, see examples for such a manifold in Sha-Yang [34] and Tian-
Yau [39, 40]. The well-known Picard’s problem asks that

Picard’s Problem. Is every meromorphic function on M necessarily a
constant if it omits 3 distinct values?

The first result in this direction could be traced back to 1970. S. Kobayashi
[20] obtained some Picard-type theorems for holomorphic mappings between
complex manifolds from the viewpoint of complex hyperbolicity. As a special
consequence, he showed that

Theorem A (Picard’s Theorem, Kobayashi). Every meromorphic function
on M on which, a complex Lie group acts transitively, must be a constant if
it omits 3 distinct values.

Kobayashi’s result is limited to certain complex manifolds which are acted
on transitively by a complex Lie group. In 1975, Goldberg-Ishihara-Petridis
[17] presented some Picard-type theorems on harmonic mappings of bounded
dilatation on a locally flat Riemannian manifold, refer to N. Petridis [27] also.
In particular, they showed that

Theorem B (Picard’s Theorem, Goldberg-Ishihara-Petridis). Assume that
M s locally flat. Every holomorphic mapping f : M — P1(C)\ {0,1, 00} of
bounded dilatation must be a constant mapping.

It does not seem to be a quite satisfactory answer to the Picard’s problem,
for some restrictions such as local flatness and bounded dilatation. The first
result without any restrictions for M is due to S. T. Yau [44], who considered
the Liouville’s problem based on a method of gradient estimates at the same
time, which is viewed as a weaker version of the Picard’s problem. He showed
that
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Theorem C (Liouville’s Theorem, Yau). Ewvery holomorphic function on
M must be a constant if it is bounded.

By S. T. Yau [44], Liouville’s theorem still holds for all harmonic functions
on M (see Cheng-Yau [9] also). The gradient estimation method shows great
power in many problems from geometric analysis (see, e.g., [35]), but it seems
to be unable to give a solution to the Picard’s problem. Until 2010, A. Atsuji
[2] developed a Nevanlinna-type theory based on heat diffusions, and he gave
a positive answer to the Picard’s problem for M, as a meromorphic function
on M is of a slow growth rate. In the following, we introduce his basic ideas.
Let o, A be the Kéhler form and Laplace-Beltrami operator of M associated
to g, respectively. One can endow P!(C) with Fubini-Study metric wgg. Let
f: M — P(C) be a meromorphic function. Using the Kihlerness of M, the
Hilbert-Schmidt norm of differential df (with respect to metrics a, wrg) can
be written as the form

* m—1
| = am TS0 0T
He showed that

Theorem D (Picard’s Theorem, Atsuji). Let f : M — PY(C) be a mero-
morphic function. Assume that f satisfies the growth condition

/ e_”2d7‘/ |df||?dv < 00,  e> 0,
1 B(r)

where B(r) is a geodesic ball centered at a fixed point o with radius r in M.
Then, f must be a constant if it omits 3 distinct values.

= Alog||f|*.

Atsuji’s trick [2] (see [11] also) is employing the probabilistic approach (via
Brownian motions), who introduced the so-called Nevanlinna-type functions
Ty(t,wrs),mf(t,a) and Nf(t,a), in which ¢ is the time of a Brownian motion
X; on M. By using It6’s formula (see, e.g., [18]) and estimates of curvatures,
he established a heat diffusion version of Second Main Theorem, which leads
to the above Theorem D. It is apparent that M is stochastically complete (or
X is conservative) since M has non-negative Ricci curvature by Grigor’yan’s
criterion [I5]. However, in order to make T (t,wrs) and Ny(t,a) meaningful
in spirit of Nevanlinna’s settings, the following conditions are necessary:

o Tf(t,wrs) < oo for t > 0;
o T¢(t,wps) — 00 as t — 00;
o N¢(t,a) =0 if f omits a.

To do so, f has to satisfy certain growth assumptions. That is why a growth
condition is needed in Atsuji’s theorem. Unfortunately, the growth condition
is so strong that few meromorphic functions can satisfy it.
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In the present paper, we wish to settle the Picard’s problem by developing
Nevanlinna theory (see, e.g., [24], 26] 29]) to complete Kéhler manifolds with
non-negative Ricci curvature. As we know, Nevanlinna theory studies value
distribution of meromorphic mappings between complex spaces, which has
been developed for a long time since R. Nevanlinna founded two fundamental
theorems for meromorphic functions on the complex plane in 1925. During
this period, rich results have been achieved, we may refer the reader to L. V.
Ahlfors [4], H. Cartan [6], Carlson-Griffths-King [7, [16], J. Noguchi [23], 24],
E. I. Nochka [25], M. Ru [28] 29], B. Shiffman [30], B. Shabat [31], F. Sakai
[321133], W. Stoll [37,[38], P. Vojta [36], H. Wu [43] and etc., and refer also to
[1, 2, B} 1T, 12} 13] and their references therein. To our knowledge, almost all
theorems from Nevanlinna theory are based only on Kéahler manifolds which
admit a complete Kédhler metric of non-positive sectional curvature, while we
know very little if the domain manifolds are not non-positively curved, since
we know little about how to estimate Green functions (satisfying Dirichelet
boundary condition) for bounded domains under a Ricci curvature condition.

In 2023, the author [I4] obtained the first result for the value distribution
of meromorphic mappings on a complete Kéhler manifold with non-negative
Ricci curvature. As a consequence, the author gave a positive answer to the
Picard’s problem if M is of maximal volume growth saying that

Vi(r)
2

>0,
m

lim inf

r—oo T
where V(r) denotes the Riemannian volume of geodesic ball B(r) centered
at a fixed reference point o with radius r in M.

The original technique in [I4] is to construct a family of relatively compact
domains {A(r) },~o exhausting M through the global Green functions for M,
based on an asymptotic estimate of minimal positive global Green function
obtained by Colding-Minicozzi [§]. With an optimal estimate for local Green
function for A(r) in terms of integral forms, the author (see [14]) established
a Second Main Theorem of meromorphic mappings on M. Let us introduce
the main contributions or key techniques in [I4]. Let G(o, x) be the minimal
positive global Green function of A/2 for M. Colding-Minicozzi [§] (see [21]
also) obtained the asymptotic behavior of G(o,z): there exists a constant
A = A(m) > 0 such that

. (2m —=2)G(o,x)
lim o -

= A, "m>2,
v=oe p(x)

where p(x) denotes the Riemannian distance function of = from o. By means
of the asymptotic estimate of G(o,x), the author defined the domain:

A(r) = {:17 eM: Go,x) > A/ tl_zmdt}, Y > 0.
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Thus, the Green function g, (o, x) of A/2 for A(r) with a pole at o satisfying
Dirichlet boundary condition can be written as

gr(0,x) = G(o,x) — A/ =M.
According to [14], for any € > 0, there exists 7. > 0 such that

T T

(A— o) / H2mas < g (0.2) < (A + ¢ / pl-2m gy
p(z) p(z)
holds for all x € M satisfying p(x) > r.. Based on this estimate, the Calculus
Lemma can be established. The situation where m = 1 is trivial for that M
is conformally equivalent to C under two assumptions of non-negative Ricci
curvature and maximal volume growth (see [21]). By employing the standard
arguments, the author established a Second Main Theorem of meromorphic
mappings from M into a complex projective manifold, which gives a Picard’s
theorem:

Theorem E (Picard’s Theorem, Dong). Assume that M is of maximal
volume growth. Every meromorphic function on M must be a constant if it
omits 3 distinct values.

However, the technique in [I4] depends on Colding-Minicozzi’s asymptotic
estimate. Unfortunately, there are no asymptotic estimates for G(o, x) if M
is not of maximal volume growth.

In this paper, we will give a positive answer under a much weaker volume

growth condition:
I
——dt < o0,
1 V()

which is equivalent to that M carries a positive global Green function. Refer
to N. Varopoulos [41}, [42] (or see Li-Tam-Wang [19] 21]), there exists uniquely
a minimal positive global Green function of A/2 for M, denoted by G(o, x).
Our original method is the construction of domain A(r) and the application
of Li-Yau’s estimates on heat kernels and Green functions.

According to the estimate for G(o, ) obtained by Li-Yau [22], there exist
constants A, B > 0 such that

o0

oot
A/ — _dt < G(o,z) < B —dt, "z e M.
p(x) V(t) (0:2) p(x) V(t)

Re-define A(r) by

A(r):{weM: G(o,x)>A/Tw%dt}, Y s 0.
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In further, we have

gr(0,2) = G(o,x) — A/OO %dt,

which defines the Green function of A/2 for A(r) with a pole at o satisfying
Dirichlet boundary condition. There is a natural relationship between A(r)
and g, (o0, z) (see Lemma [£.1]): for 0 < t < r, we have

Tos
gr(o,x :A/ ds, "z e dAt),
o) =4[ $os ()

which plays an important role in the establishment of Nevanlinna theory in
this paper.

In the study of Nevanlinna theory, Negative Curvature Method and Log-
arithmic Derivative Lemma Method are considered as two standard research
approaches. In our investigations, Logarithmic Derivative Lemma Method is
used. In doing so, it is necessary to establish the so-called Calculus Lemma,
which turns out to be a workable road to the Logarithmic Derivative Lemma.

Let us introduce the main techniques: Gradient Estimation (see Theorem
[12) and Calculus Lemma (see Theorem [5.2)) as follows.

Gradient Estimation. For any € > 0, there exists re > 0 such that

va@wWS(B+OV%%§7 Yz € OA(r)

holds for all v > re.

The above gradient estimate of g, (0, x) gives an estimate of the harmonic
measure 7, on OA(r) with respect to o: for any € > 0, there exists re > 0
such that (see Corollary A.3))

B
dm(z) < re_r

< V(T)dar(az), vxeaA(T)

holds for all r > 7.

Calculus Lemma. Let k > 0 be a locally integrable function on M. Assume
that k is locally bounded at o. Then for any § > 0, there exist a constant
C >0 and a subset E5 C (0,00) of finite Lebesque measure such that

(1+6)2
/ kdm, < CT(2m_l)6</ gr(o,az)kdv>
OA(r) A(r)

holds for all v > 0 outside Es.

Let 1 be a nonconstant meromorphic function on M. The Calculus Lemma
can lead to Logarithmic Derivative Lemma (see Theorem [5.0)): for any § > 0,
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there exists a subset E5 C (0,00) of finite Lebesgue measure such that

IVl 2+ (1+9)?
<
m(“ 0] > = 2
holds for all » > 0 outside Ej.

log™ T'(r, 1) +

1.2. Main results.

Let X be a complex projective manifold with dimc X < m, over which we
can put a Hermitian positive line bundle (L, h) with Chern form ¢; (L, h) > 0.
Fix a reduced divisor D € |L|, where |L| denotes the complete linear system
of L. Given a meromorphic mapping f: M — X, we have the Nevanlinna’s
functions T¢(r, L), m¢(r, D), N¢(r, D) and N ¢(r, D), see definition in Section
3.2 of this paper. Assume that M carries a positive global Green function,
i.e., it satisfies the volume growth condition:

i’
——dt < 0.
NG

Let % := —dd®log det(g;;) be the Ricci form of M associated with the metric
g, and Kx be the canonical line bundle over X. The characteristic function
of Z is defined as

,n.m

_ - m—1
T(r,%) = m 1) /A(T) gr(0,x)Z N ™.

The first main result is the following Second Main Theorem.

Theorem 1.1 (=Theorem [6.1)). Let f : M — X be a differentiably non-
degenerate meromorphic mapping. Let D € |L| be a reduced divisor of simple
normal crossing type. Then for any § > 0, there exists a subset E5 C (0,00)
of finite Lebesque measure such that

T¢(r,L) + Ty(r, Kx) + T(r,%) < N¢(r,D) + O (log" Ty(r,L) + §logr)
holds for all v > 0 outside Es.

For a divisor D € |L|, the simple defect of f with respect to D is defined
by

< . Nf(’f’, D)
0¢r(D)=1-1 — 7.
£(D) D T
Again, put
a(Ky)] . 3 3 .
= inf R: < : L K .
[ (@) in {se we < swy; “wy € e1(L), “wa € X)}

Theorem [LT] gives a defect relation:
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Corollary 1.2 (=Corollary [6.4]). Assume the same conditions as in Theo-

rem 6.1l Then
- c1(K%) .. T2
% (D) < [ e (L) ] ~ it )

Let R be the scalar curvature of M. Set

() = timinf I 9r (0.2 et
1% = 11m n .
r—00 fA(r) gr(0,)Alog(1 + |f|2)dv

We obtain a Picard’s theorem:

Corollary 1.3 (=Corollary 6.11]). Every meromorphic function f on M
must be a constant if it omits max{[3 — 2v(f)],0} distinct values, where
[3 —2v(f)] denotes the mazimal integer not greater than 3 — 2v(f).

Corollary [[3] shows that each meromorphic function f satisfying v(f) > 0
on M must be a constant, if it omits 2 distinct values. Actually, this theorem
gives a quantitative solution to the Picard’s problem.

2. SOME FACTS FROM DIFFERENTIAL GEOMETRY AND GEOMETRIC
ANALYSIS

2.1. Volume Comparison Theorem.

A space form is defined as a complete Riemannian manifold with constant
sectional curvature. Given a simply-connected space form M* with constant
sectional curvature K, of dimension n. Let V(K,r) denote the Riemannian
volume of a geodesic ball with radius r in M. Besides, let M be a complete
Riemannian manifold with Ricci curvature Ricyy, of dimension n. Fix a point
o € M. Denote by V(r) the Riemannian volume of a geodesic ball centered
at o with radius 7.

Bishop-Gromov (see, e.g., [5]) gave an upper bound of V(r):

Theorem 2.1 (Volume Comparison Theorem). If Ricys > (n — 1)K for a
constant K, then the volume ratio V (r)/V (K, r) is non-increasing in r > 0,
and it tends to 1 as r — oco. Hence, we have

V(r) <V(K,r)
holds for all v > 0.

In particular, if M¥ = R™, then we obtain:
Corollary 2.2. Assume that M is non-compact. If Ricys > 0, then we have
V(r) < wpr™

holds for all r > 0, where w, is the volume of a unit ball in R™.
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Calabi-Yau (see, e.g., [35]) gave a lower bound of V (r):

Theorem 2.3. Assume that M is non-compact. If Ricpr > 0, then M has an
infinite volume. More precisely, there exists a constant C' = C(n,V (1)) >0
such that

V(r)>Cr
holds for all v > 2.

2.2. Estimates of Heat Kernels.

Let M be a complete Riemannian manifold of dimension n, with Laplace-
Beltrami operator A. The heat kernel p(¢, z,y) of A/2 for M is the minimal
positive fundamental solution of the following heat equation

(% - %A)u(t,a:) =0.

Fix any reference point o € M. Let p(x) be the Riemannian distance function
of x from o.

Li-Yau [22] gave an estimate for p(t,0,x):

Theorem 2.4. Assume that M has non-negative Ricci curvature. Then for
any 0 < e < 1, there exist constants C1 = Cy(e,n) > 0 and Co = Cy(e,n) >0
such that
_ @) @2
C1V(t)"te” =9t < p(t,0,2) < CoV(t)Le Grat, Yt >0
holds for all x € M.

Set -
G(o,x) = / p(t, 0, x)dt.
0

If the right-hand integral converges , then G(o, x) defines a minimal positive
global Green function of A/2 for M with a pole at o, i.e.,

(1) —%AG(O,J)) =d(x); G(o,x)>0; lim G(o,x) =0,

T—r00

where 6 is the Dirac’s delta function with a pole at o. It is evident that such
a Green function is also unique if (Il is satisfied.

In further, Li-Yau [22] obtained an estimate for G(o,x):

Theorem 2.5. Assume that M has non-negative Ricci curvature. If G(o, x)
exists, then there exist constants C1,Co > 0 depending only on n such that

o0 t o0 t
0/ —dtgc(o,x)go/ o
o) V@) o) V@)

holds for all x € M.
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3. NEVANLINNA’S FUNCTIONS AND FIRST MAIN THEOREM

Let (M, g) be a non-compact complete Kéhler manifold with non-negative
Ricci curvature of complex dimension m, whose Kéahler form is defined by

V-1

m
Z gijdzi N dZ;

i,j=1

o =

in a local holomorphic coordinate (z1,- - , z;,). Fix a reference point o € M.
Let B(r) stand for the geodesic ball centered at o with radius 7 in M. Denote
by V(r) the Riemannian volume of B(r).

3.1. Construction of A(r).

Assume that M is satisfied the condition of volume growth:

¢
——dt < 0.
/1 V(t)

It implies that M is non-parabolic and there exists a unique minimal positive
global Green function G(o, z) for M satisfying

1
—EAG(O, x) = do(z),

where A denotes the Laplace-Beltrami operator and J, is the Dirac function
with a pole at o. Let p(z) be the Riemannian distance function of z from o.
According to Li-Yau [22], there exist constants A, B > 0 such that

* ot

ot
2 A/ — dt < G(o,x §B/ ——dt, “ze M.
@ o) V(1) (@) o) V(1)

Define
— . ¢ v
A(T)—{xEM. G(o,x)>A/r V(t)dt}’ r > 0.

It is evident that A(r) is relatively compact for any » > 0, and the sequence
{A(rn) o, exhausts M if 0 <7 <rg <--- <ry < --- — oo0. According
to Sard’s theorem, the boundary dA(r) of A(r) is a submanifold of M for
almost every r > 0. Set

gr(0,2) = G(o,x) — A/OO ﬁdt,

which is the positive Green function of A/2 for A(r) with a pole at o satis-
fying Dirichelet boundary condition, i.e.,

—%Agr(o,:n) =0o(z), “zeAr); glox)=0, YxedAr).
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Moreover, we denote by 7, the harmonic measure on JA(r) with respect to
o, which is defined by

_ 19g:(0, )

dmr(2) = 355

do,(z), "z € dA(r),
where 0/0V is the inward normal derivative on dA(r), do, is the Riemannian
area element of OA(r).

3.2. Nevanlinna’s Functions.

In what follows, we will introduce Nevanlinna’s functions. Let f : M — X
be a meromorphic mapping, where X is a complex projective manifold. Let
(L, h) be a Hermitian holomorphic line bundle over X, with the Chern form
c1(L, h) = —dd®log h, where

%(5_0).

Fix a divisor D € |L|, where |L| is the complete linear system of L. Let sp be
the canonical section associated to D, i.e., sp is a holomorphic section of L
over X with zero divisor D. The characteristic function, proximity function,
counting function and simple counting function of f are respectively defined
by

d=0+0, d=

1

Ty(r,L) = ~2 /A( )gr(o,x)Alog(ho f)dv,

1
m T,D = lo 7(171-7‘7
(r. D) /am) BT o 7l
,ﬂ.m
N¢(r,D) = ——— . m-1
100 = oy [ sleman

ﬂ.m

(m —1)! /Supp(f*D)ﬂA(r)

m—1

Nf(r, D) = gr(0,z)ax )

where dv is the volume element of M.

Equip X with the K&hler metric ¢;(L, h). Let ||df || be the Hilbert-Schmidt
norm of differential df. By the Kahlerity of M, we have

frer(L,h) A o™t
m om

ldf||* = 4 = —Alog(ho f).

Locally, write sp = Spe, where e is a local holomorphic frame of L and 5p is
a holomorphic function. By Poincaré-Lelong formula (see, e.g., [7]), it leads
to

[D] = dd“[log |3p|?]
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in the sense of currents. So, we obtain the alternative expressions of T%(r, L)
and N¢(r, D) as follows

7Tm * m—

Ty(r,L) = W/A(r) gr(0, ) f e1(L,h) A 1
1
=1/ ool
A(r)
and

s c ~ m—

Ny(r,D) = m/A(r) gr(0,2)dd"[log |5p o f[*] Aa™ !

1

= —/ gr(o,x)Alog|§DOf|2dv.
4Jaw)

3.3. First Main Theorem.

To establish the First Main Theorem of f, we need Jensen-Dynkin formula
(see, e.g., [12], 13]) which states that

Lemma 3.1 (Jensen-Dynkin formula). Let ¢ be a €>-class function on M
outside a polar set of singularities at most. Assume that ¢(0) # co. Then

1
/M(T) p(x)dm(z) — ¢(0) = 3 /A(T) gr(0,2) Ag(z)dv(z).

Assume that f(0) € SuppD. Apply Jensen-Dynkin formula to log ||spo f|,
then we are led to

1
D) o S o
1 1
=3 oA
= —i/A gr(0,z)Alogho fdv — i/ gr(0,x)Alog |5p o f|2dv
() A(r)
= T¢(r,L) — N¢(r, D).

Therefore, we are led to that

Theorem 3.2 (First Main Theorem). Assume that f(o) ¢ SuppD. Then

T¢(r,L) + log =my(r,D) + Ny (r, D).

N
lsp o f(o)l
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4. GRADIENT ESTIMATES OF GREEN FUNCTIONS

Let M be a non-compact complete Kéhler manifold of complex dimension

m satisfying
/ —dt < .
Theorem 4.1. We have

s
. =A[| ——ds, "ze€OAt
wlo)=A [ grsds. Vaeon)
holds for all 0 <t < r, where A is given by (2).

Proof. According to the definition of Green function for A(r), it is immediate
that for 0 <t <r

<t
grlo.a) = Glo.a) =4 [ s
* s
G(o,z) — A t 7 0s) ds+A/
s
= gt(o,z) + A t —V(s)ds

Since
gt(o,a:) =0, Vx S aA(t)a
then we obtain
s

r ) - A d 9 v aA t .
gr(0, ) /tV(s)S x € OA(t)

O
Let V denote the gradient operator on M. We obtain an estimate of upper

bounds of || Vg, (o, )| as follows:
Theorem 4.2. For any € > 0, there exists r¢ > 0 such that

Vg, (0,2)|| < (B + e)%, Yo € OA(r)

holds for all r > re, where B is given by (2)).
Proof. Tt yields from (2)) that

lim sup &

On the other hand, we have

* ¢
lim G(o,z) =0, lim /
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Whence, it concludes that

0G(0,x)
: v
111,11> solip 2%, g{(t)—ldt
. V||G(o,
= hili)s;ip % < B, Yze€dA(r)\ Cut(o),
Vip(z)) 0V

where C'ut(0) is the cut locus of 0 and 9/97 is the inward normal derivative
on OA(r). By

Yz € OA(r) \ Cut(o),

we see that for any € > 0, there exists r. > 0 such that
p(x) v
IVG(o,z)|| < (B+€)————, xz € OA(r) \ Cut(o)
V(p(x))
holds for all 7 > 7. Since Cut (o) has measure 0, with the aid of the continuity

of ||[VG(o,z)|| on M\ {o} and ||Vg,(o,z)|| = [|[VG(0,z)| on OA(r), one then
has the theorem proved. O

As a result, we obtain an estimate for upper bounds of harmonic measure
7 on OA(r) with respect to o as follows:
Corollary 4.3. For any € > 0, there exists r. > 0 such that
B+e r v
d < ——d ) € 0A
mr(z) < > V0 or(z) x (r)

holds for all r > re, where B is given by ({2)).

Proof. By

10g, (0, )
2 OV

= %HVgr(o,x)Hdar(x), Vo e OA(r),

dm,(x) = do,(x)

we see from Theorem that for any € > 0, there exists r. > 0 such that
B

(3) drm.(z) < +e_p)

— 2 Vip(=))
holds for all r > r.. Again, by (2)

o0 t oo ¢
— dt < / ——dt, "z e dA(r).
/,m vo=] Vo r)

p(x) >r, Tz e dA(r).

do,(x), Ve e OA(r)

It implies that
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On the other hand, Corollary 2.2] and Theorem 2.3 conclude that r/V (r) is

non-increasing in r > 0. Hence, we have

P(x) r Vo r
Vo) = vy C oAl

That is to say, (3]) leads to that

B+4+e r
dr,(z) <
(@) S 5=V

holds for all r > r.. O

do,(z), Vi e OA(r)

5. CALCULUS LEMMA AND LOGARITHMIC DERIVATIVE LEMMA

Let M be a non-compact complete Kéhler manifold of complex dimension
m satisfying
/ Tt e
— 0.
1 V()

5.1. Calculus Lemma.
We need the following Borel’s lemma (see, e.g., [24]):

Lemma 5.1 (Borel Lemma). Let uw > 0 be a non-decreasing function on
(ro,00) with ro > 0. Then for any § > 0, there exists a subset E5 C (rg,00)
of finite Lebesgue measure such that such that

u'(r) < u(r)1+5

holds for all r > ry outside Es.

Proof. The conclusion is true clearly for u = 0. Next, we assume that u Z 0.
Since u > 0 is a non-decreasing function, then there exists a number r; > rg
such that u(r;) > 0. The non-decreasing property of v implies that the limit

A= lim u(r)

r—00

exists, here A = oo is allowed. If A = oo, then A=! = 0. Set

Es = {7‘ € (rp,00) : u'(r) > u(r)1+6}.

Note that u/(r) exists for almost every r € (rg,00). Then, we have

1 1
Es = dr < d — — 719 < O0.
5 = /Eg T /T T+/ 1+5 5u(r1)5 SA° +7ry—1rg < 00

This completes the proof. O

Now, we give the Calculus Lemma:
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Theorem 5.2 (Calculus Lemma). Let k > 0 be a locally integrable function
on M. Assume that k is locally bounded at o. Then for any § > 0, there exist
a constant C > 0 and a subset Es C (0,00) of finite Lebesgue measure such

that 5 (145
1+
/ kdm, < C <m> </ gr(o,x)kdv>
AA(r) r A(r)

holds for all r > 0 outside Es.

Proof. Invoking Theorem 1] we obtain
/ gr(0,x)kdv = / dt/ gr(0,x)kdoy
A(r) 0 OA(t)

- A/OT (/t V‘(Ss)ds> dt/aA(t) kdo,.
A(r) = /0 (/t %@) dt/m(t) kdo,.

A simple computation leads to

dA(r) T /T /
AN (r) = = dt kdoy.
) =G Vi) Jo  Joaw

In further, we have
L] (M) _ / kdo.
dr r AA(r)

Now, we apply Borel’s lemma to the left hand side of the above equality for
twice: one is to V(r)A/(r)/r and the other is to A’(r), we conclude that for
any ¢ > 0, there exists a subset F5 C (0, 00) of finite Lebesgue measure such

that "
/ k‘dar S (V(T)> A(T)(l"r(s)z
AA(r) r

holds for all » > 0 outside Fs. On the other hand, Corollary 3] implies that

there exists ry > 0 such that
B
dm,(z) < W:)dar(gc), Yo € OA(r)

holds for all » > rg, where B is given by (2]). Combining the above, we have

J
/ kdm, < B <m> A(r)(+9)?
AA(r) T

holds for all » > 0 outside Eg := F5U (0, 7). Therefore, we have the theorem
proved by setting

Set

C = BA-(+)* 5 g,
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As a result, we conclude that

Corollary 5.3. Let k > 0 be a locally integrable function on M. Assume
that k is locally bounded at o. Assume that M is of maximal volume growth.
Then for any 6 > 0, there exists a subset E5 C (0,00) of finite Lebesgue
measure such that

log+/ kdm, < (14 6)? 10g+/ gr(0,x)kdv + (2m — 1)d log r
AA(r) A(r)

holds for all r > 0 outside Es.

Proof. Using Corollary 2.2] and Theorem 2.3] there exist constants Cy,Co >
0 such that

Cir<V(r)< Cor®™, Ve > 0.
It yields that

é
§log C1 <log™ <@> < (2m —1)dlogr +dlog™ Cy, "r>1.

By Theorem [5.2] again, then we have the corollary proved if disturbing § > 0
a little and replacing Es by Es U (0,1) so that log™ Cy is absorbed. O

5.2. Logarithmic Derivative Lemma.

Let % be a meromorphic function on M. The norm of the gradient Vi) is
defined by

T =0 oY
2 _ ig o
Vol =2 3 755

ij=1

in a local holomorphic coordinate (z1,--- , z,), where (gﬁ) is the inverse of
(gﬁ). Again, define the Nevanlinna’s characteristic function of ¥ by

T(r,¢p) = m(r, ) + N(r, ),

where

m(r, ) = /8 o o Wl

,n.m

—_— gr(0, 1)
(m - 1)' /w*ooﬂA(r) ( )

It is not difficult to show that

T<r, %_C) = T(r,9) + O(1).

m—1

N(Tﬂ/J) =
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On P!(C), one puts a singular metric
. 1 VI
[C12(1 + log? [¢]) 47

/ vt
P1(C)
Lemma 5.4. We have

N\
TR+ log )

d¢ A dC.

Then, it leads to

v<T(r,¢)+O0(1).

E A(r)

Proof. Note that

IVl YU AamT!
2 TN AT
[912(1 + log” [4]) «@

Whence, it concludes from Fubini’s theorem that

1 V4|2

— gr(0, ) dv
AT Ja@r) [I2(1 + log® [¥])
*\y m—1
=m gr(o,:n)q’b/\iﬁdv
A(r) Q

ﬂ.m

= — o,2)am !
- (m_ 1)' /IPl((C) \II(() /w*CﬂA(r) gr( ’ )

1
= fog M (g
< [ @ +om)e

P1(C)
= T(r,v) + O(1).
O

Lemma 5.5. Assume that 1 Z 0. Then for any § > 0, there exists a subset
Es C (0,00) of finite Lebesque measure such that

1+ log? [¢])

holds for all r > 0 outside Es.

2
/ log* rw\z<HW” dr, < (1+6)log™ T(r,v) + (2m — 1)d logr
OA(r)
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Proof. The concavity of log implies that

/ 10g+ Hv¢||2 d7T
OA(r) [9]2(1 + log® |])

Wk )
1 1 dmy,
= Og/mm( Tera gy )

< log+/ V]2
- on(r) [¥]2(1 4 log? [4])

By this with Corollary (5.3l we show that for any § > 0, there exists a subset
Es C (0,00) of finite Lebesgue measure such that

2
S e . —,
oa(r) [¥]*(1 +log” [¢])
[Vy]?
< (1+5)2 log+/ gr(0,x
A(r) |9[2(1 4 log? [4])
< (1+6)?log™ T(r,9) + (2m — 1)5logr

dm. +O(1).

dv+ (2m —1)dlogr

holds for all » > 0 outside Ej. Disturbing ¢ > 0 such that O(1) is absorbed.
The proof is completed. O

uwn>: -
m( ] /am o8 Ty

Next, we establish the following Logarithmic Derivative Lemma:

Define

Theorem 5.6 (Logarithmic Derivative Lemma). Let 1) be a nonconstant
meromorphic function on M. Then for any 6 > 0, there exists a subset
Es C (0,00) of finite Lebesque measure such that

2
(- 100l 2040

|| 2
holds for all r > 0 outside Es.

(2m —1)¢

log* T(r, ) + -

log r

Proof. Note that

||wu><1 SO | G
m(“ ] —2/aA<r> % TR+l )

1
+—/ log (1 4 log?|¢]) dr.
2 Joan(r)
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1

_ _/ - [Vy[|> p
2 Joaw) |9 [2(1 + log® [¢])
1
\

1/ 2
+= log <1 + ( log™ || + log™ — >d7rr
2 Joaw) ( i |4 >

2
R . —
2 Joaw) W2 (1 + log= [4])
1
+1og/ <1og+ ] + log™ —)dm +0(1)
OA(r)

]
; IV

<t +

= 2/8A<r> 8 TOR(1 + log? [v])

Using Lemma and disturbing § > 0, we have for any § > 0, there exists
a subset E5 C (0,00) of finite Lebesgue measure such that

24+ (1 2 2m — 1
9] 2 2
holds for all » > 0 outside Ej. O

T

IN

dr, +log® T(r,9) + O(1).

6. SECOND MAIN THEOREM AND DEFECT RELATION

Let M be a non-compact complete Kéahler manifold of complex dimension
m, with non-negative Ricci curvature satisfying

i’
——dt < 0.
NG

ﬂ.m

—_— gr(0,2)%# N a™ 1,
(m —1)! /A(r) (0,2)

6.1. Second Main Theorem.

Set
T(r,%Z) =

Let D € |L| be a reduced divisor of simple normal crossing type. We write
D = Dy +---+ D, which is an irreducible decomposition of D. Equip every
holomorphic line bundle &'(D;) with a Hermitian metric h;, which induces
a Hermitian metric h = h1 ® ---® hg on L. Since L > 0, then we can assume
that ¢; (L, h) > 0. As a result, Q = ¢ (L, h) gives a volume form on X. Pick
s; € H°(X, 0(D;) such that (s;) = D; and ||s;|| < 1. Moreover, we define a
singular volume form

Q

b= —
I15-1 lls;1?

on X. Set
ffOAN™T =Ea™.
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It is clear that

m
a™ =ml!det(g;3) /\ dz] N dzj.

In further, we have
ddlog&] > f*ei(L,hr) — f*Ric(?) + Z — [Red(f*D)]

in the sense of currents, where Red(f*D) is the reduced divisor of f*D, and
# = —ddlog det(g;;) is the Ricci form of M. Therefore, it yields that

(4) 1 / gr(0,2)Alog Edv
4 A

> Tf(r, L) + Tf(’f’, KX) + T(T‘,%) —Nf(T‘,D).

Let us establish a Second Main Theorem as follows:

Theorem 6.1 (Second Main Theorem). Let X be a complex projective man-
ifold of complex dimension not greater than that of M. Let D € |L| be a
reduced divisor of simple normal crossing type, where L is a positive line
bundle over X. Let f : M — X be a differentiably non-degenerate mero-
morphic mapping. Then for any 6 > 0, there exists a subset E5 C (0,00) of
finite Lebesgue measure such that

Ty(r,L) + Ty(r, Kx) + T(r,%) < N(r,D) + O (log* Ty(r,L) + §logr)
holds for all r > 0 outside Es.

Proof. The argument of proof is standard (see [14]), but for the completeness
of this paper, we still give a proof. Since D has only simple normal crossings,
then there exist a finite open covering {U,} of X and finitely many rational
functions wyy, -+ ,wy, on X such that wyq, -+ ,wy, are holomorphic on Uy
satisfying that
dwyy A+ A dwyy(z) # 0, Vo € Uy;
DNUy, = {w,\l---w,\hA = 0}, Hh)\ <n.

In addition, we can require that ﬁ(D-)|UA = Uy x C for A, j. On U), write

b = 3 3 /\ dw,\k A dyg,
|wx]?- \wAhA!

where e is a positive smooth function on U)y. Let {¢,} be a partition of the
unity subordinate to {Uy}. Set

€
P, = 7 Prex 5 /\ d’w)\k/\dU))\k
[wa1[? - - Jwany [ ]
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Again, put fyr = wyg o f. On f~1(Uy), we have

¥ Prof-exof V-
[ oy = df)\k/\dek
[Fxal? - [ fany 12 /\
2 dfany |2
O0fa1 A 2
Bziy 92 Ofa(hy+1
=grof-exof Z |f21|2"'|fhk|2 aFH)
1<ir o tin<m 17 Al Finy+1
Ofrn|? 7/ —T\n
| 2w (—) dzi, NdZi, A+ Ndzi, Ad3, .
82,’n s
Fix a zy € M, one can take a local holomorphic coordinate (z1,- - , z,,) near
xo and a local holomorphic coordinate ({1, - ,(,) near f(xp) such that
— m ) — n ~
ahozl;—EZd@Adq, qu;muww::i;—EjdgAdg.
j=1 j=1
Put
f*(I))\ Ao = §>\am.
Then, we have { =), &) and at zg:
2 2
8f>\1 8f>\hA 2 2
9211 2:m | |9 ahat1) ‘8f)m
= (@] - e (e} o e - .. -
G=orofacl ) | fa1]? |fany 2 | 9ztha+t Dzin

1<iy o Fin<m

2 2
< ¢grof-erof Z IV £ INEEYN

| <y i < |faa]? AYNE

[V Al 9 Frall”
Define a non-negative function ¢ on M by
(5) frei(L,h) A ™t = pa™.
Again, set f; = (jo f for 1 < j < n. Then, at xo:

— 1) &
Fra(mm ot = DS g g
j=1
That is, at xg:

0= (m— 1) Zz‘afz

i=1 j=1

(m—1)! —
- DS g
j=1
Combining the above, we are led to

grof-exof- (20" Z HVfMHQ..,HVfAhAHQ
(m — 1)In=hx |faa]? | Fany 2

& <

1<iy#-Fin<m
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on f~1(Uy). Note that ¢y o f-eyo f is bounded on M, whence it yields from
logt ¢ <> logt &\ + O(1) that

IV el
| Fak|

(6) log* € < 0(1og+ o+ > log* ) +O(1).
kA

By Jensen-Dynkin formula
(7) 1/ gr(0,x)Alog Edv = 1/ log &dmye + O(1).
S NING 2 Jon(r)

Combining (@) with (7)) and using Theorem [£.6] we obtain

1/ 9r(0, z)Alog {dv
4Jaw)

IV el + N >
SO<Zm<T’ | el >+10g /8A(r)gd r) o

kA

O(Zlog+ T(r, fak) +log+/
o]

kA A(r)
< O(logJr Ty(r,L) + log+/ Qdm> +O0(1).
AA(r)

Using Theorem and (@), for any ¢ > 0, there exists a subset Es C (0, 00)
of finite Lebesgue measure such that

IN

gdm> +0(1)

10g+/ odm, < O(log* Ty(r,L) + élogr)
OA(r)

holds for all 7 > 0 outside Ej5. Thus, we conclude that

1

Z/ gr(0,2)Alog Edv < O(log™ Ty(r, L) + dlogr)
A(r)

for all » > 0 outside Es. Combining this with (), we prove the theorem. [

Let S be a compact Riemann surface of genus g. Let Ly be the holomorphic
line bundle over S defined by a point a € S. Note that L is independent of
the choice of a. It yields from c¢1(Kg) = —(2 + 2g)c1(Lg) that

Corollary 6.2. Let a1,--- ,a4 be distinct points in S Let f : M — S be
a nonconstant meromorphic mapping. Then for any 6 > 0, there exists a
subset E5 C (0,00) of finite Lebesgue measure such that

q
(q—2—29)T¢(r,Lo) +T(r,%#) < Zﬁf(r, a;)+ O (log™ Ty(r, Lo) + dlogr)
j=1
holds for all r > 0 outside Es.
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Let 0'(1) be the hyperplane line bundle over P"(C) and whose Chern form
is given by wpg. It yields from ¢1(Kpn(c)) = —(n + 1)e1(€(1)) that

Corollary 6.3. Let Hy,--- ,H, be hyperplanes in general position in P"(C).
Let f : M — P™(C) be a differentiably non-degenerate meromorphic map-
ping. Then for any § > 0, there exists a subset Es C (0,00) of finite Lebesgue
measure such that

q
(q=n—=0)T¢(r,0(1)+T(r, %) Z (r,H;)+0O (logJr Ty(r,0(1)) + (5logr)
holds for all r > 0 outside Es.

6.2. Defect Relation.

For any divisor D € |L|, the defect and simple defect of f with respect to
D are defined respectively by

. Nf(T,D)

D)=1-1 —_—
(D) e Ty(r, L)
_ D)
5¢(D) = 1—limsu 7 (1, .
f( ) r—)oop Tf(r, L)

Using the First Main Theorem, we see that
0 <dp(D) <d¢(D) < 1.
For two holomorphic line bundles Ly, Ly over X, we define (see [7])

|:Cl (Lg)
Cl(Ll)

} = inf{s ER: wy < swy; Jwy € c1(Lq), Fwy € cl(L2)} .

By (@), Corollary and Theorem 23] we obtain T (r, L) > O(logr) for

a nonconstant meromorphic mapping f.

Corollary 6.4 (Defect Relation). Assume the same conditions as in The-

orem 6.1l Then
- c1(K%) T(r,%)
510 < [ | it 0T

Endowing X with Kahler metric ¢1(L, h). Let ||df || be the Hilbert-Schmidt
norm of differential df with respect to metrics «, ¢; (L, h). Denote by Rg. the
scalar curvature of M. Take a local holomorphic coordinate (21, ..., 2y, ), the
Ricci curvature tensor of M can be written as the form

m
Ric = Y Rjdz ®dz;,
ij=1



26 X.-J. DONG

where
2

aZiaZj

Using the definition of scalar curvature, we have

R = — log det(g;5)-

m
= 1
Ree = > 9" Rij = —5Alogdet(gy;).
i,7=1
In further, it yields that
ﬂ.m

— gr(0,2) R N ™1
(m —1)! /A(r) ()

1

= ——/ gr(0,r)Alog det(g;;)dv
EING)

T(r,%) =

1
= —/ gr(0, ) Rgcdv.
NING,

Corollary 6.5. Let f: M — X be a meromorphic mapping. If there exists
a small number ey > 0 such that f satisfies the growth-curvature condition

Rye(z) > 1 [CI(K})
ldf (z)[*> — 2 | ex(L)
for sufficiently large ro > 0, then f must be differentiably degenerate.

] +e, "ze€ M\ A(rg)

Proof. Assume on the contrary that f is differentiably non-degenerate. Then,
we have T¢(r, L) — oo as r — oo. The growth-curvature condition leads to

T(r, %
imint 7,675
_ olimjnf a0 (07 Facde
=00 [x( 9r(0, ) ||df |2 dv
= 2lim inf Jamna(r) 97 (0:2) Rsodv + [ ) 9r(0,7) Bscdv
% TA o sty 90 DA Pdv + [ gr (0, 2) [ df [2dv

, oy 9r(0, T Rg.dv
_ gliminf J20\80w) 9 2) ,
r=0 [\ AGr) 97 (0, D) df [P dv
> [Cl(K x)
(L)
c1 (K })}
> .
[ ci(L)
Thus, we obtain d7(D) < 0 due to Corollary 6.4, but which contradicts with
d¢(D) > 0. 0

:| + 2¢g
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Treat a compact Riemann surface S of genus g, we have:

Corollary 6.6. Let f : M — S be a nonconstant meromorphic mapping.
Let ay,--- ,aq be distinct points in S. Then

q S 9r(0,2) Rgedv
( ) r ) SC

5:5 a;) <2—2g—2liminf :

a f( ]) = 9= r—00 fA gr(07x)||df||2dv

For a meromorphic mapping

f=fo:fre: fu] s M —P"(C),

we have

ldf I = Alog | f|I* == Alog(|fol* + [f1l* + -+ + [ fal®)

with respect to metrics o, wpg.

Corollary 6.7. Let f : M — P"(C) be a differentiably non-degenerate
meromorphic mapping. Let Hy,--- ,Hy be hyperplanes in general position
in P"(C). Then

Jag) 9r(0, ) Bsedv
§¢(Hj) < 1—21i f
Z e arlo. 1A Tog [T

A meromorphic function f on M can be seen as a meromorphic mapping
f= fl/fO = [fo : fl] M — Pl(C) Set

fA gr(0, ) Rscdv
f) = 2liminf
) = T o (o )8 o+ TP

We obtain a Picard’s theorem:

Corollary 6.8 (Picard Theorem). Every meromorphic function on M must
be a constant if it omits max{[3 — u(f)],0} distinct values, where [3 — u(f)]
denotes the maximal integer not greater than 3 — u(f).

6.3. Picard’s Theorem.

In the following, we investigate a more exact form of the Picard’s theorem
given in Corollary On P!(C), we introduce the spherical distance

la—b] :
\/W\/W’ a;éoo,b#oq
a# 00, b= 00

1

0, a=00, b=o00

lla, bl =

Let f be a meromorphic function on M, which is regarded as a meromorphic
mapping
Ji

% =[fo: fi] : M —PY(C).

f=
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In terms of the spherical distance, the proximity function of f with respect
to a € P}(C) = C := CU {00} can be defined as

myq(r) = lo
falr) /am S Tra T

We use the Ahlfors-Shimizu’s characteristic function of f:

110) = [ or(o- A los(1+ )y

Moreover, we define
Nyso(r) = Ny(r,a), Wﬁa(r) :Nf(r,a).
It is not hard to show the First Main Theorem:
Tf(?") + O(l) = mfﬂ(r) + Nf,a(r).

Theorem 6.9 (Second Main Theorem). Let ai,--- ,a, be distinct values in
C. Let f be a nonconstant meromorphic function on M. Then for any § > 0,
there exists a subset Es C (0,00) of finite Lebesgue measure such that

q
(q=2)T¢(r) + T(r, Z) <> Nya,(r) + O (log* Ty(r) + Slogr)
=1
holds for all r > 0 outside Es.

Proof. By
Alog || f|I* = Alog(1 + | f[*) + Alog | fol*

in the sense of distributions, we deduce that
Te(r) <Ty(r,0(1)) =T5(r) + Nioo(r) < 2T¢(r) + O(1).
Combining this with Corollary [6.3] it gives immediately

(q—2)Ty(r) +T(r, %) < Z )+ O (log™ Ty(r) + dlogr) |-

We re-define the simple defect of f with respect to a by

_ N,
50 = 1—liminf L)
r—00 f(T)

Set

fA 9r(0,2) Rscdv
v(f) = liminf
(f) = lim in oo gr(o,x)Alog(l +[fI?)dv
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Corollary 6.10 (Defect Relation). Assume the same conditions as in The-
orem [6.91 Then

q
> Ofa, <2 20(f).
j=1

Consequently, we derive a more exact Picard’s theorem:

Corollary 6.11 (Picard’s Theorem). Every meromorphic function on M
must be a constant if it omits max{[3 — 2v(f)],0} distinct values, where
[3 —2v(f)] denotes the mazimal integer not greater than 3 — 2v(f).
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