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Abstract

The paper establishes an analog Whittaker-Shannon-Kotelnikov sampling theorem with
with fast decreasing coefficient, as well as a new modification of the corresponding interpolation

formula applicable for general type non-vanishing bounded continuous signals.
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1 Introduction

Problems of recovery of signals from incomplete observations were studied intensively in different
settings. This includes recovering signals from samples. The most important tools used for signal
processing are based on the representation of signal processes in the frequency domain. This
includes, in particular, the conditions of data recoverability. In general, possibility or recovery
a continuous time signal from a sample is usually associated with restrictions on the class of
underlying signals such as restrictions on the spectrum. The classical Nyquist—-Shannon sampling
theorem establishes that a band-limited signal vanishing on 4+oco can be recovered without error
from a discrete sample taken with a sampling rate that is at least twice the maximum frequency
of the signal (the Nyquist critical rate). In particular, a band-limited signal z(t) € C(R) N L2(R)
with the spectrum contained in the interval [—m, 7| can be recovered from its sample {x(k)}?2

o) = 3 EE Do), )

This is celebrated Whittaker-Shannon-Kotelnikov interpolation formula, also known as Whit-

taker—Shannon interpolation formula, Shannon’s interpolation formula, and Whittaker’s interpo-
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lation formula. It can be observed that since the coefficients of this interpolation formula are
decreasing as ~ 1/k, it covers only signals such that x(t) — 0 with a certain rate as [t| — +oo.

There are many works devoted to generalization of the Sampling Theorem; see e.g. the reviews
in [4 [6] [8, 9] 10] and literature therein. However, the extension of this result on non-vanishing
signals has not been obtained yet.

The purpose of the present paper is to obtain an interpolation formula similar to (II) but
applicable to non-vanishing continuous signals.

It can be observed that a non-vanishing signal from L. (R) can be modified to a signal from
L1(R) without any loss of information, for example, by replacement x(t) by e~lz(t). However, at
least for the case of signals from L;(R), these damping transformations represent the convolutions
in the frequency domain, with smoothing kernels. Unfortunately, a band-limited signal will be
transformed into a non-band-limited one along the way. For the general type two-sided processes
from Lo (R), one could expect a similar impact of the damping transformations on the spectrum.
Therefore, it was essential to develop a special approach for extrapolation of non-vanishing signals
from their samples.

The paper present an analog of Sampling Theorem and a modification of Whittaker—Shannon-
Kotelnikov interpolation formula for non-vanishing signals (Theorem [Z2land formula (B]) in Section
2). The kth coefficients for this new interpolation formula (@) are decreasing as ~ 1/k%. Some

numerical experiments are described in Section Bl

2 The main result: Sampling theorem and interpolation formula

Some notations

Let R and C, be the set of all real and complex numbers, respectively, and let Z be the set of all
integers.

We denote by Lo (R) the standard space of all functions z : R — C, considered up to
equivalency, such that [|z[|;_(r) := esssupeg [#(t)| < +o00.

For r € [1,00), we denote by L,.(R) the standard space of all functions x : R — C, considered
up to equivalency, , such that ||z z, (r) := (ffooo ]a:(t)]rdt) v < H00.

We denote by C(R) the standard linear space of continuous functions f : R — C with the

uniform norm || f||c := sup, | f(t)|.

Definition 2.1 For a Borel measurable set D C R with non-empty interior, let x € Loo(R) be
such that [%_x(t)y(t)dt = 0 for any y € L1(R) such that Y|g\p = 0, where Y is the Fourier



transform of y. In this case, we say that D is a spectral gap of © € Loo(R).

For Q € (0,+00), we denote by V() the set of all signals # € Lo (R) with the spectral gap
R\ (—Q,). We call these signals band-limited.

We use the terms ”spectral gap” and ”band-limited” because, for a signal x € Ls(R), Definition
2.1 means that X (w) = 0 for w € D, where X the Fourier transform of z. The standard Fourier
transform is not applicable for general type non-vanishing signals from L. (R, however, we will
use the terms ”spectral gap” and ”band-limited” for them as well. It is shown in Section below
that this is still justified with respect to the spectral properties of these signal.

Let Q € (2, ) be given. Let some even integer number N be selected such that

Q
T—Q

N >

Further, let some Qq € (Q, 1) be selected such that

0

N > .
_W—Ql

Clearly, such 7 exists.
Fort € [N N+1)and 7=t — N €[0,1), let us select

m|t]  wN
t  N+71

It is easy to see that, for any ¢t € [N, N + 1), we have g(t) > 7N(N +1)~! > Q; and g(¢t)t = 7N.
Assume that the function g(¢) is extended periodically from [N, N + 1) to g : R — [Qq, 7).
This function is right-continuous. In addition, g(m) = w and (t — m)g(t) = #N for any integer m

and any t € [N +m,N +m +1).

Theorem 2.2 For any continuous bounded band-limited signal x € C(R) NV (), for any integer
m and any t € [N +m, N +m + 1), we have that

() =) ax(t)a(k), (2)

kEZ

where ap,(t) =1 — @, and
(t —m)sin[g(t)(k —m)]
w(k—m)(k—t)

ap(t) = k#m. (3)

The corresponding series is absolutely convergent.



In particular, formula (B]) implies that ax(k) = 1, and that ax(l) = 0 for any integers k and [ such
that k # [.
It can be noted that, under the assumptions of Theorem [2.2] we have that

(t —m)g(t)sinc[g(t)(k —m)] _ Nsinclg(t)(k —m)]
ar(t) = (ke —1) - k1t , kAm.

We used here that (t —m)g(t) = 7N.

Corollary 2.3 Theorem [2.2 implies that a non-vanishing process from x € V(R) N C(R), i.e., a
band-limited process with the spectral gap R\ (=, Q), is uniquely defined for any 6 € R by its

one-sided sample {x(k)}rez k<o-

3 Some numerical experiments

In some straightforward numerical experiments, we applied truncated interpolation classical in-
terpolation formula (II) and our formula (3)) for simulated band limited signals, with summation
over {k € Z : |k| < L}, for some large enough L. For these experiments, we used Q = 27
and preselected Q; = (2 + 7)/2. The number N was selected as the smallest even number such
that N > Q;/(m — Q). It can be noted that these choices define the simulated signal uniquely.
We experimented with band-limited vanishing signals from Ls(R) as well as with non-vanishing
signals from Lo (R).

For band-limited vanishing signals from Lo(R), we found that the results were indistin-
guishable for both formulae (1) and (B). In particular, we considered a band-limited signal
z(t) = Afsinc(Mrt) + sine(Mr(t — 1)/2], with M = 256 and A = \/M4/5. This signal has
been used for numerical examples in [6], p.30.

We estimated x(t) at several arbitrarily selected single points. For example, for ¢ = 47830.4,

we found the following.

e The error for both interpolation for L = 10% was about 107°.
e The error for both interpolation for L = 10* was about 1076.

e The error for both interpolation for L = 10° was about 10~7. More precisely, the error for
interpolation (I} was 1.3503206299415515963 - 10~7, and the error for interpolation (@) was
7.6562947048617628244 - 10~".

In addition, we tested these interpolation formulae for some non-vanishing processes. In par-
ticular, we considered signal x(t) = cos(Q2t — L/2)). Again, we estimated z(t) at several arbitrarily

selected single points. For ¢t = 47830.4, we found the following.



For L = 103, the errors for the interpolation was about 10~ for (), and about 1075 for ().

For L = 103, the errors for the interpolation was about 10~ for (), and about 10~ for ().

For L = 10%, the errors for the interpolation was about 1075 for (), and about 10~8 for ().

For L = 10°, the errors for the interpolation was about 1076 for (), and about 107! for
@). More precisely, the error for interpolation () was 1.577106079952983464-1075, and the
error for interpolation (@) was 8.7279850013999293878 - 10~ 1L.

These experiments show that formula (B]) can replace formula (Il) for band-limited vanishing

signals, and can be used for effectively for non-vanishing signals as well.

4 Background: spectral representation for non-vanishing signals

In this section, we outline some results being used in the proof for the main Theorem 2.2

4.1 Some notations and definitions for spaces of functions

We denote by Z the complex conjugation. We denote by * the convolution
(h*x)(t) := /oo h(t — s)xz(s)ds, teR.

For a Banach space X, we denote by X™* its dual.

For r € [1,00), we denote by ¢, the set of all processes (signals) x : Z — C, such that
zlle, = (52 _ o |3:(t)|7’)1/r < 4+00. We denote by £+, the set of all processes (signals) x : Z — C,
such that ||z, = sup,cz |z(t)] < +o0.

We denote by W3 (R) the Sobolev space of functions f : R — C that belong to LsR together
with the distributional derivatives up to the first order.

Clearly, the embeddings W} (R) € C(R) and C(R)* C W} (R)* are continuous.

Let Wl}zl(—w, 7) denote the Sobolev space of functions f : [—7, 7] — C that belong to Lo(—, )
together with the distributional derivatives up to the first order, and such that f(—m) = f(7).

Let C be the space of functions f € C([—m,7]) with the finite norm ||f|lc := zkez\fk\,
where fk = % ffﬂ e~ws f(s)ds are the Fourier coefficients of f. In other words, C is the space
of absolutely convergent Fourier series on [—m,7|. By the choice of its norm, this is a separable

Banach space that is isomorphic to £;.

P
Lemma 4.1 i. The embedding Wy (—m,7) C C is continuous.



ii. If f €C and g €C, then h = fg € C, and ||hllc < |/ fllcllgllc-

iii. For f € C , define gf(w,m) := €™ f(w), where m € Z, w € R. Then g¢(-,t) € C and
lgr(stlle = I flle-

Let A be the space of continuous functions f € C'(R) with the finite norm || f||.4 :== [5 | (w)|dw,

where f(w) = [0 e ™% f(s)ds is the Fourier transform of f. By the choice of this norm, this is
a separable Banach space that is isomorphic to L;(R).
In particular, the definition for A implies that Y € A in Definition 211

It can be noted that there are functions in C'(R) that do not belong to A.

Lemma 4.2 i. The embedding W4(R) C A is continuous.
ii. If fe Aand g€ A, then h= fge A, and ||h||a < ||fllallglla-

iii. For f € A, define gs(w,t) := €™ f(w), where t,w € R. Then g¢(-,t) € A, |lgs(,t|la =
| flla, and the function g(-,t) is continuous in A with respect to t € R.

In particular, it follows that the embeddings W4 (R) ¢ A € C(R) C L1(R) and Li(R)* C
C(R)* C A* C W4 (R)* are continuous.

We assume that each X € L;(R) represents an element of the dual space C(R)* such that
(X, f) = [, X(w)f(w)dw for f € C(R). We will use the same notation (-,-) for the extension of

this bilinear form on A* x A.

4.2 Spectral representation for non-vanishing signals

The space A and its dual A* have been used to define formally a spectral representation for x € £,
via X € A* such that (X, f) = [%_z(t)p(t)dt for any f € A, where ¢ € L1(R) is the Fourier
transfer for f; see, e.g., Chapter VI in [5]. In Chapter III in [3], a similar definition was used for
the Fourier transforms for pseudo-measures on [—, 7| represented as elements of /... However,
for the purposes of this paper, we will use a more straightforward definition from [2] based on the

following lemma.

Proposition 4.3 For any x € Lo (R), there exists a weak™ limit X € A* of the sequence of
functions Xm(w) = [T e ®'a(t)dt defined on R for m > 0. This X is such that || X4+ =

HUCHLOO(R)-

It can be noted that, in Proposition @3] X,,, € L1(R) C C(R)* C A*.



We define a spectral representation of z € Lo (R) via mapping F : Lo(R) — A* such that
X = Fux for x € Loo(R) is the limit in A* introduced in Proposition By Proposition 4.3} this
mapping is linear and continuous.

Clearly, for € Li(R), Fx is the standard Fourier transform, and G = F~! is the inverse
Fourier transform.

Further, for any h € Li(R), define a mapping My, : A* — Lo (R) such that y, = MpX is
defined as

1
o

By Lemma (i), it follows that H(-)e’* € A for any ¢t € R, and it is continuous in ¢ in the

yn(t) (X,H(-)e"") for X € A*, H=Fh, tcR.

topology of A.

Remark 4.4 For the special case where X € L1(R), the standard results for Fourier transforma-
tions imply for h € A that y(t) = %(Yh,ei'@ for any t € R, where Y, = HX. In this case, the
form (HX,e't) is well defined since H € C(R) and hence HX € L1(R).

Clearly, the operator My, : A* — Lo (R) is linear and continuous for any h € A. Moreover,
yn(t) is continuous in t, Mp(A*) C C(R), and the mapping My, : A* — C(R) is continuous.

Lemma 4.5  i. For any x € Loo(R) and X = Fzx, we have that (h * x)(t) = yp(t), where
yn = MpX.

1. For any X € A* and y = My X, there exists an unique up to equivalency process x €
Lo (R) such that (h x x)(t) = yn(t) for any h € A for all t. For this process, we have that
2] Lo r) < [ X4, and Fz = X.

We define an operator G : A* — Lo (R) such that x = GX in Lemma [45[ii) above.

Theorem 4.6 The mappings F : Loo(R) = A* and G : A* — Lo(R) are continuous isometric
bijections such that F = G~ ! and G = F~1.

4.3 Band-limited signals and spectral representation
The following lemma connects Definition 1] with the spectral representation.

Lemma 4.7 A signal © € Loo(R) has a spectral gap D C R if and only if (Fx, f) = 0 for any
f € A such that flgr\p = 0.

This implies that, for any signal x € V() and any fi,f2 € A, if fi(w) = fa(w) for all
w e [—Q, Q] then (Fz, f1) = (Fx, f2).



5 Proofs

5.1 Proofs of auxiliary results

The proof for Lemma 1] can be found in [I].
Proof of Lemma[].} Let y € L1(R), and let Y = Fy € Loo(R). It follows from the definitions
that Y € A. Let h(t) = §j(—t) and H = Fh. We have that Y = H. Furthermore,

1 _

/ T syt = / T R OR(—t)dt = (7 2)(0) = —— (X, He) = (X, 1) = (X 7).

oo oo 27 27
Since Y (w) = 0 if and only if Y (w) = 0, the lemma statement follows from the definitions. [J
The proofs for the remaining statements listed in Section can be found in [2].

5.2 Proof of Theorem

As the first step to prove Theorem 2.2 we need to obtain its more abstract conditional version.

Proposition 5.1 Let Q € (0,7) be given, and let Q1 € (Q,m) be selected. Suppose that there
exists a function E : R x R — C such that the following holds.

i. B(t,w)=e“" for allt € R and w € [-Q1,Qs].
i. For anyt, E(t,)|—xx €C and supieg [|E(t,")|[—rqllc < +o0.
iii. For anyt, E(t, ) € A and sup;cg ||E(t,)||a < +o00.
Forte R and k € Z, let
1 /7

ag(t) = By E(t,w)e”“Fdw.

Then any signal € C(R) NV(Q) can be represented as

z(t) =Y ap(t)a(k).

kEZ

The corresponding series is absolutely convergent. In addition, if E(t,w) = E(t,—w) for all t and

w, then ai(t) € R.

It can be noted that, under the assumption of Lemma [5.1], we have that
i. ag(k) =1 and a;(m) = 0 for all t € R and all integers k and m, m # k;

ii. {ak(t)}kez € (q for all ¢.



Proof of Proposition [31l Suppose that E(t,w) is such as described in Lemma Bl Since
E(t,-) € A, we have that {ay(t)} € ¢; for all t. Hence

w) = Zak(t)ei‘“k Zak Ek,w), teR, we[—N,Q],
kEZ keZ

where the series are absolutely convergent for any ¢, w. Moreover, the sum
t,) = ag(t)E(k,") (4)
keZ

converges in A for any t € R.

It can be reminded that ™! = >, ay(t)e™" for w € [—Q,Qy], but this does not hold if
lw] > Q.

Further, let Agq be the set of all h € A such that h(t) = 0 if [t| > 7 —Qy. Clearly, (h*e"?)(w) =
(h* E(t,))(w) ifwe [-Q,Q] and h € Ag. Let X = Fz. By Lemma[LF] by Theorem [£.6, and by
the choice of F and X, we have that

pul) = () (6) = 5 (X, o ) = o (X, B(1, )

for all ¢t and all h € Ag. Hence

z(t) = X, E(t teR
( ) 2 < i ( ) )>7
In particular,
xz(k) = L (X,E(k,-)), kel
2 ) ) )

By (@), it follows that

:%<X’Zak(t) Zak XEkw Zak

kezZ keZ kezZ
This completes the proof of Lemma 5.1 [
The following step is to find a function E satisfying the assumptions of Proposiotion .11
Up to the end of this paper, we assume that N and ¢ are selected as in Theorem In

particular, g(m) = 7 for any m € Z.

Lemma 5.2 We have that €9 = =90 =1 for all t € [N, N + 1). In addition, e9M—") =
e~ W) — 1 for allm € Z and t € [N +m,N +m +1).



Proof of Lemma[22 Let t = N + 7 and 7 € [0,1). We have

=1, te[N,N+1).

We used here that N is even. Further, let m € Z. By the choice of g, we have that g(t+m) = g(t),

and
(90E=m) _ gigl-m)e-m) _ 1 4 & [N 4 m, N +m+ 1)
This completes the proof of Lemma U

Lemma 5.3 Let a function E [N,N + 1] — C be defined as

E(t,w)=e™,  we[-g(t),g(t),

E(t7w) = eig(t)t7 w g—f [_g(t)a g(t)]'

Further, let a function & : [N, N + 1] x R — R be selected such that £(t,-) € WH(R) for any t,
and &(t,w) =1 for any w € [—g(t),g(t)]. We define the function Ex : R x R — C as

En(t,w) = Et,w)é(t,w), weR, te[N,N+1].
Further, let t = m+ N + 7, where 7 € [0,1) and m € Z. Let

E(t,w) = Ex(1,w)e™™, weR, teR.

Then the conditions (i)-(iii) of Proposition [51] hold for these E, In addition, E(t,w) = E(t, —w)

for all t and w.

Proof of Lemma It is easy to see that condition (i) of Proposition 51l is satisfied for E.
~ P
Further, E(t,-)||_r.q] €W4 (—m,7) for any t € [N, N + 1], and
swp B nmll < ox.
te[N,N+1] Wy (—=m,7)

Hence En(t,)||—rx €C for any t € [N, N + 1) and

sup ||E(N + 7, ')|[—7r,7r]||C < +00.
te[N,N+1]

10



Furthermore, En(t,-) € Wi(R) for any t € [N, N + 1], and

sup  [|E(t,-)llwpw) < +o0
te[N,N+1]

Hence condition (ii) of Proposition 5] are satisfied for En(t,w) and for t € [N, N + 1].
Further, by Lemma [£1iii), for any v € A, we have that

ey A, olla = lle ™ ula.
Similarly, we have for u € C that
¢Muel,  ule = lle"™ulc.

Then conditions (iii) are satisfied for the selected F, and Hence condition (iii) of Proposition .1
are satisfied for En(t,w), for t € [N, N +1]. In addition, E(t,w) = E(t, —w) for all t and w. This
completes the proof of Lemma 5.3l [

It can be noted that E(t,g(t)) = E(t,—g(t)) # E(t,—g(t)) for E selected as in Lemma [5.3] for
non-integer ¢t ¢ {N, N + 1}.

We will denote by a(t) the corresponding coefficients ax(t) defined as in Proposition 5] with
E and g defined by Lemma

Proposition 5.4 Let E be selected as in Lemmal53 Fort € [N,N + 1), we have that ap(t) =
1 - 9@

T

and

_ tsin[g(t)k]

ak()—m, /<;7é0

It can be noted that, since g(¢)t = 7N for t € [N, N + 1), we have that

_ g(t)tsinc(g(t)k)  Nsinc(g(t)k)

wl) ==y  ~ k-t  F7O

Proof of Proposition Clearly, ay(t) = Ix—; for ¢t € Z, by the choice of g(k) = 7. Further,

we have that

k(1) = 5—(ou(t) + Bie(t),

where

g(t
/ —zwk zwtdw
g(t)

9(®) GO . -9t T
/ —zwk zg )tdw + / e—zwkezg(t)tdw _ ezg(t)t / e—zwkdw + / e—zwkdw )
9(t) -7 9(t)

11



Assume that k£ # 0. In this case,

e—zwkezwtdw — — — ’

—g(t) i(t —k) i(t —k) t—k

g(t) eig(t)(t_k) — e_ig(t)(t_k) e_ig(t)k — eig(t)k 2Sln(g(t)k)
a(t) = / -

wg(t)k _ jimk —irk _ —ig(t)k —ig(t)k _ _ig(t)k
_ig(t e e e e _ ig(oe [ © e
iy (A ) (00
— _ig()t 2sin(g(t)k)
k’ )

and

ar(t) = 2= (an(t) + Be(t)) =

2 S or te

1 (2sin(g(Ok) | o 2sin(g()k)
(W ”?)‘

By the choice of even N, we have that 9! = ™V = 1. Hence

1 1 1 1 1 t
oult) = 5 (n(0) + 5u(0) = ~Zsinla(08) (2 + 1) = TP = O
Further, assume that £ = 0. In this case,
g(t) ig(t)t _ —ig(t)t iNt _ ,—iN7
ao(t):/ ety = & ‘e S ‘e .
—g(t) it it

Since t > N > 0, we have that ag(t) = 0. Further, we have fy(t) = 2¢9® (1 — g(t)) = 2(7 — g(t)).
Hence ag(t) =1 — 90 " This completes the proof of Proposition 541 O

™

Lemma 5.5 Let E be selected as in Lemma 5.3 For any k,m € Z, we have that
ak(t + m) = ak_m(t).

Proof of LemmalZd Let N be defined as in Lemma B3], and let t = N + 7, By the definitions,
E(t,w) = eM@E(7,t), where M € Z is such that 7 =t — M € [N, N + 1). Hence E(t +m,w) =
e B(t,w) and

[ . , 1 [ ,
ar(t+m) = —/ MY B(t,w)e” Wrdw = — E(t,w)e ™ = dy = a0 (t).

27 J_, 2 J_,

This completes the proof of Lemma O

Corollary 5.6 Let E be selected as in Lemma [Z.3 Let ay(-) be defined by (3). Then for any
m € Z, any signal © € V(Q) N C(R) can be represented, fort € [N +m,N +m+ 1), as

2(t) =Y ap_m(t — m)a(k). (6)

kEZ

The corresponding series is absolutely convergent.

12



Remark 5.7 Corollary is due to the particular choice of acceptable E. Possibly, there exist
acceptable choices of E such that does not hold.

Proof of Corollary Let z(t) := x(t + m). It is easy to see that = € V(). Clearly,

x(t) = z(t — m) for all t. By Proposition 5.4, we have that
#(s) = ap(s)Z(k), s€0,1).
keZ

Hence, for t € [m+ N,m+ N + 1),

2(t) = E(t—m) =D apt —m)T(k) =D ap(t —m)a(k+m) = ag_m(t —m)z(d).

kEZ keZ kEZ

This completes the proof of Corollary O

Proof of Theorem [23 follows immediately from Proposition 5.4l and Corollary O

Proof Corollary By Theorem 2.2 the signal z is uniquely defined by the sequence
{x(k)}rez. Further, it can be shown that the sequence {z(k)}rez represents a band-limited
bounded discrete time signal as defined in Theorem 4 [I]. Then Corollary 23] follows from Theo-
rem 4 [I]. O

Concluding remarks

i. Since |ay(t)] ~ 1/k* as |k| — oo, we have that Y., ., |ax(t)] < +oo for any ¢ € R.
This allows to apply interpolation formula [B]) to non-vanishing bounded signals. For these

signals, the classical interpolation formula () in not applicable, since the coefficients decay

as ~ 1/k.

ii. It can be seen that selection of N and € for interpolation formula (2])-(3]) is non-unique.
Furthermore, it is possible that there are other potential choices of E in Proposition 5.1

leading to other versions of interpolation formula (2I).

iii. The condition that ©Q € (0,7), and that the sampling points are integers, can be removed,
as usual, by linear changes of the times scale, i.e., with the replacement of the signal x(t) by
signal z(ut), with g > 0. Clearly, less frequent sampling would require p > 1, and selection

of a larger 2 would require p < 1.

iv. The classical Whittaker-Shannon-Kotelnikov interpolation formula () allows spectrum
bandwidth [—7,7]. On the other hand, Theorem requires that the spectrum band-
width of z is [, Q], for Q € (0,7). Therefore, the possibility to cover non-vanishing

13



vi.

signals is achieved via certain oversampling; this oversampling, however, can be arbitrarily

small, since §2 can be arbitrarily close to .

It can be emphasised that the interpolation formula (B]) is exact; it is not an approximation.
Therefore, for a vanishing signal x € Lao(R) N V(2) N C(R), both formulae () and (B]) give
the same value. Similarly, for z € V() for Qy € (0,7), for all possible different choices
of Q € [Qo,m), Q1 € [Q,7m), N =N(), and E, the value of the sum (2)) is the same. Of

course, the values for the corresponding finite truncated sums will be different.

It is known that band-limited signals from Lo(R) are continuous. However, Theorem
is formulated for signals from C(R) N V() rather than for signals from V(2), since it is
unclear yet if general type band-limited signals x € V(2) are continuous. We leave it for the

future research.

References

[1]

Dokuchaev, N. (2023). Spectral representation of two-sided signals from /., and applications

to signal processing. larXiv:2310.10316.

Dokuchaev, N. (2024). On predicting for non-vanishing continuous time signals.

arXiv:2405.05566

Kahane, J.-P. (1970). Séries de Fourier absolument convergentes. Springer Berlin, Heidel-

berg.

Eldar, Y.C., and T. Michaeli, T. (2009). Beyond bandlimited sampling. IEEE Signal Pro-
cessing Magazine, vol. 26, no. 3, pp. 48-68.

Katznelson, Y. (2004). An Introduction to Harmonic Analysis. 3rd Edition, Cambridge
University Press, Cambridge.

Kircheis, M., Potts, D., Tasche, M. On numerical realizations of Shannon’s sampling theo-

rem. Sampl. Theory Signal Process. Data Anal. 22, 13 (2024).
Rudin, W. (1973). Functional Analysis. McGraw-Hill, NY.

Tropp, J.A., Laska, J.N., Duarte, M.F., Romberg, J.K., Baraniuk, R.G. (2009). Beyond
Nyquist: Efficient sampling of sparse bandlimited signals. IEEE Trans. Information Theory
56 (1), 520-544.

14


http://arxiv.org/abs/2310.10316
http://arxiv.org/abs/2405.05566

[9] Vaidyanathan, P. P. (2001). Generalizations of the Sampling Theorem: Seven decades after
Nyquist. IEEE Transactions on circuits and systems - I: fundamental theory and applica-

tions, v. 48, no. 9, 1094 —1109.

[10] Zayed, A.I. (1993). Advances in Shanonn’s sampling theory, CRC Press, Boca Raton, FL.

15



	Introduction
	The main result: Sampling theorem and interpolation formula
	Some numerical experiments
	Background: spectral representation for non-vanishing signals 
	Some notations and definitions for spaces of functions
	Spectral representation for non-vanishing signals 
	Band-limited signals and spectral representation

	Proofs
	Proofs of auxiliary results
	Proof of Theorem 2.2


