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Abstract

It is known that Q-conditional symmetries of the classical Burgers’

equation express in terms of three functions satisfying a coupled sys-

tem of Burgers-like equations. The search of conditional symmetries

of this system leads to a system of five coupled Burgers-like equa-

tions. Using the latter system as a starting point, and iterating the

procedure, an infinite hierarchy of systems made of an odd number of

coupled Burgers-like equations can be conjectured. Moreover, starting

from a pair of Burgers-like equations, a similar hierarchy of systems

made of an even number of coupled Burgers-like equations may arise.

We prove that these two infinite hierarchies can be unified, and each

element of the hierarchy arises from the nonclassical symmetries of the

previous one. Writing a generic element of this hierarchy as a matrix

Burgers’ equation, the existence of the matrix Hopf-Cole transforma-

tion allows for its linearization and the determination of its solutions.

Finally, it is shown that each element of the hierarchy possesses a five-

dimensional Lie algebra of classical point symmetries. Though these
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Lie algebras are realized in manifolds with different dimensionality,

they are all isomorphic.

Keywords. Lie symmetries; Conditional symmetries; Hierarchy of coupled
Burgers-like equations; Matrix Burgers’s equation; Matrix Hopf-Cole trans-
form.
Mathematics Subject Classification (2010). 35K10 - 58J70 - 58J72

1 Introduction

Lie groups of continuous transformations, originally introduced in the nine-
teenth century by Sophus Lie [1,2], provide a unified and powerful framework
for the investigation of differential equations. Continuous transformations
are characterized by their infinitesimal generators, and establish a diffeomor-
phism on the space of independent and dependent variables, taking solutions
of the equations into other solutions (see, for instance, [3–6]); any transfor-
mation of the independent and dependent variables naturally induces a trans-
formation of the derivatives. The Lie group of point transformations leaving
a differential equation invariant is obtained by solving a linear system of de-
termining equations for the components of the infinitesimal generators. This
process is completely algorithmic; nevertheless, it usually involves a lot of
cumbersome and tedious calculations. The current availability of many pow-
erful Computer Algebra Systems (CAS) (either commercial or open source)
greatly helped the application of Lie group methods, so that most of the
needed algebraic manipulations can now be done quickly and often automat-
ically. In fact, many specific packages for performing symmetry analysis of
differential equations are currently available in the literature [7–15]. Any-
way, the calculations reported in this paper are made by using ReLie [16], a
package written in the open source CAS Reduce [17].

Lie’s theory allows for the development of systematic procedures for inte-
grating by quadrature (or, at least, lowering the order) of ordinary differen-
tial equations [18], or determining invariant solutions of initial and boundary
value problems [19], or deriving conserved quantities [20, 21], or building
relations between different differential equations that turn out to be equiva-
lent [21–24].

Along the years, many extensions and generalizations of Lie’s approach
have been introduced, and a wide set of applied problems has been deeply
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analyzed and solved. Here, we limit ourselves to consider conditional symme-
tries whose origin can be thought of as originated in 1969 with the paper by
Bluman and Cole [25] on the nonclassical method, where the continuous sym-
metries mapping the manifold characterized by the linear heat equation and
the invariant surface condition (together with its differential consequences)
into itself have been considered. Later on, Fuschich [26, 27] introduced the
general concept of conditional invariance. The basic idea consists in replacing
the conditions for the invariance of a differential equation by the weak condi-
tions of the invariance of the combined system made by the original equation,
and some differential constraints. When the differential constraints are given
by the invariance surface conditions and their differential consequences, we
have what are usually referred to as Q-conditional symmetries. Using this
approach, one has fewer determining equations, with the additional com-
plication that they are nonlinear [28–34]. In many cases, the results allow
for the introduction of non-trivial reductions of partial differential equations
leading to the determination of wide classes of exact solutions in many ap-
plied problems [35–37]. Some authors [38] do not recognize the status of
symmetry to nonclassical symmetries, and prefer to use the term reduction
operators. Nevertheless, our primary aim in this paper is not concerned with
the use of conditional symmetries to characterize reductions of partial differ-
ential equations and determine exact solutions. In fact, we are interested in
deriving an infinite hierarchy of systems of second order partial differential
equations with a common underlying structure.

In this paper, within the framework of Q-conditional symmetries, we start
with the classical Burgers’ equation, say

u,t + uu,x − u,xx = 0 (1)

(the subscripts ,t and ,x denoting partial derivatives with respect to t and x,
respectively), or with a system of two coupled Burgers-like equations, say

u,t + uu,x − u,xx + v,x = 0,

v,t + vu,x − v,xx = 0,
(2)

and prove that an infinite hierarchy of coupled Burgers-like equations can
be suitably generated. The Burgers’ equation represents the simplest model
equation suitable to describe wave propagation phenomena when there is
a balance between linear evolution, quadratic nonlinearity and viscous dif-
fusion. Apart from its own interest since it models various physical situa-
tions [39], the Burgers’ equation is remarkable because of its linearization
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through the well known Hopf-Cole transformation [40,41] mapping it to the
linear heat equation.

Many papers about nonclassical symmetries of classes of Burgers’ sys-
tems, as well as symmetries of systems of coupled Burgers-heat equations
are available in the literature (see, for instance, [42–46]).

It is known [33] that nonclassical symmetries of the classical Burgers’
equation (1) express in terms of three functions a(t, x), b(t, x) and c(t, x)
satisfying a coupled system of Burgers-like equations, say

a,t + aa,x − a,xx + b,x = 0,

b,t + ba,x − b,xx + c,x = 0,

c,t + ca,x − c,xx = 0.

(3)

Hereafter, we first prove that some conditional symmetries of the system (3)
are expressed in terms of five functions satisfying a system of coupled Burgers-
like equations with a similar structure. Using the latter system as a starting
point and iterating the procedure, an infinite hierarchy of systems made of
an odd number of coupled Burgers-like equations seems to arise. Moreover,
we also prove that, starting from the pair of Burgers-like equations (2), a
similar hierarchy of systems made of an even number of coupled Burgers-like
equations arises.

The main result of this paper (Theorem 4.1) consists in proving that
the two hierarchies may be unified; in fact, for every non-vanishing m ∈ N, a
system of m coupled Burgers-like equations (the kth element of the hierarchy,
where k = ⌈m/2⌉), namely

∆m ≡

{

u
(k)
α,t + u(k)

α u
(k)
1,x − u(k)

α,xx + u
(k)
α+1,x = 0,

u
(k)
m,t + u(k)

m u
(k)
1,x − u(k)

m,xx = 0,
(4)

with α = 1, . . . , m− 1, admits Q-conditional symmetries that are expressed
in terms of the solutions of a similar system of coupled Burgers-like equations
involving two more unknown functions, i.e.,

∆m+2 ≡

{

u
(k+1)
α,t + u(k+1)

α u
(k+1)
1,x − u(k+1)

α,xx + u
(k+1)
α+1,x = 0,

u
(k+1)
m+2,t + u

(k+1)
m+2 u

(k+1)
1,x − u

(k+1)
m+2,xx = 0,

(5)

with α = 1, . . . , m+ 1.
Before proving the general result, in Section 3, we analyze in detail the

Q-conditional symmetries of the first elements of the hierarchies made of an
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odd or even number of equations. These computations allow us to guess
the structure of the vector fields of nonclassical symmetries for the generic
element of the hierarchy and so state the main theorem. Moreover, writing
a generic element of this hierarchy as a matrix Burgers’ equation [42, 43],
the existence of the matrix Hopf-Cole transformation [47] allows for its lin-
earization and the determination of its solution in terms of the solutions of
linear heat equations. Finally, we show that all the elements of this infinite
hierarchy share the property of admitting a five-dimensional Lie algebra of
point symmetries; these Lie algebras, even if realized in terms of vector fields
on manifolds with different dimensionality, are all isomorphic.

The idea of iterating the nonclassical method for evolution equations, and
deducing the so-called heir equations, dates back to 1994 [48] (see also [49]
and the recent review [50]), and has been proved useful for determining solu-
tions of starting equations. Anyway, we remark that the approach followed
in this paper is rather different, as will be shown below; moreover, differently
from [48], we will not restrict ourselves to consider the no-go case [44].

The plan of the paper is as follows. In Section 2, for the reader’s conve-
nience, a brief sketch of the approach to conditional symmetries is given. In
Section 3, the conditional symmetries admitted by some special instances of
systems of Burgers-like equations are investigated. The results here derived
will serve as a guide for stating the general theorem proved in Section 4.
Moreover, every element of the hierarchy can be written as a matrix Burg-
ers’ equation and linearized by means of the matrix Hopf-Cole transform; it
is also shown that each member of the hierarchy possesses a five–dimensional
Lie algebra of classical point symmetries. Finally, Section 5 contains our
conclusions.

2 Theoretical preliminaries

In this Section, also to fix the notation, we briefly review the used approach
to conditional symmetries.

Let us consider an rth order differential equation, say

∆ (xi, uα, uα,i, . . . , uα,i1,...,ir) = 0, (6)

where xi (i = 1, . . . , n) are the independent variables, uα (α = 1, . . . , m) the

dependent variables, and uα,i1,...,ik =
∂kuα

∂xi1 . . . ∂xik

(k = 1, . . . , r).
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A Lie point symmetry of (6) is characterized by the infinitesimal operator

Ξ =

n
∑

i=1

ξi(xj , uβ)
∂

∂xi

+

m
∑

α=1

ηα(xj , uβ)
∂

∂uα

(7)

such that
Ξ(r) (∆)

∣

∣

∆=0
= 0, (8)

where Ξ(r) is the rth prolongation of (7) [3, 4, 6]. Condition (8) leads to a
system of linear partial differential equations (determining equations) whose
integration provides the infinitesimals ξi and ηα. Invariant solutions corre-
sponding to a given Lie point symmetry are found by solving the invariant
surface conditions

Qα ≡

n
∑

i=1

ξi(xj , uβ)uα,i − ηα(xj , uβ) = 0, α = 1, . . . , m, (9)

and inserting their solutions in (6).
In 1969, Bluman and Cole [25] introduced a generalization of classical

Lie symmetries, and applied their method (called nonclassical) to the lin-
ear heat equation. The basic idea was that of imposing the invariance to a
system made by the differential equation at hand, the invariance surface con-
dition together with the differential consequences of the latter. This method
requires to solve a set of nonlinear determining equations whose general
integration is usually difficult. Nonclassical symmetries are now part of con-
ditional symmetries, i.e., symmetries of differential equations where some
additional differential conditions are imposed to restrict the set of solutions.
This method revealed useful in many applied problems modeled by differen-
tial equations (for instance, reaction-diffusion equations [35–37]) possessing
very few Lie point symmetries; consequently, more rich reductions leading to
wide classes of exact solutions are possible.

The nonclassical symmetries introduced by Bluman and Cole are now
referred to as Q-conditional symmetries [37]. In such a case, Q-conditional
symmetries are expressed by vector fields Ξ such that

Ξ(r)(∆)
∣

∣

M
= 0, (10)

where M is the manifold of the jet space defined by

∆ = 0, Qα = 0,
D

Dxj1

D

Dxj2

· · ·
D

Dxjk

Qα = 0, (11)
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with 1 ≤ j1, j2, . . . , jk ≤ n, 1 ≤ k ≤ r − 1, and α = 1, . . . , m, along with the
Lie derivative

D

Dxk

=
∂

∂xk

+ uα,k

∂

∂uα

+ uα,ik

∂

∂uα,i

+ uα,ijk

∂

∂uα,ij

+ · · · , (12)

where the Einstein convention on sums over repeated indices has been used.
Trivially, a (classical) Lie symmetry is a Q-conditional symmetry. How-

ever, differently from Lie symmetries, all possible conditional symmetries of
a differential equation form a set which is neither a Lie algebra nor a linear
space in the general case. Furthermore, if the vector field of a Q-conditional
symmetry is multiplied by an arbitrary nonvanishing smooth function of de-
pendent and independent variables, we have still a Q-conditional symmetry.

In the following, we will be concerned with second order partial differential
equations ruling the evolution of m unknown functions depending on t and
x, and consider Q-conditional symmetries corresponding to the vector field

Ξ =
∂

∂t
+ ξ(t, x, uβ)

∂

∂x
+

m
∑

α=1

ηα(t, x, uβ)
∂

∂uα

. (13)

Below it will be shown that, starting with the classical Burgers’ equation
or with a special pair of coupled Burgers-like equations, and looking for Q-
conditional symmetries, an infinite hierarchy of coupled systems of Burgers-
like equations is recovered.

3 Conditional symmetries of Burgers-like

equations

In this Section, we start considering the classical Burger’s equation [39]. In
[33], it was proved that theQ-conditional symmetries of Burgers’ equation are
expressed in terms of three functions that are solutions of a system of coupled
Burgers-like equations. In what follows, we prove that the latter system of
coupled Burgers-like equations admits Q-conditional symmetries expressed
in terms of five functions satisfying a new system of coupled Burgers-like
equations. This process can be repeatedly used, and a hierarchy of systems
involving an odd number of unknowns arises. Moreover, we prove also that,
starting with a pair of coupled Burgers-like equations, another hierarchy
of systems involving an even number of coupled Burgers-like equations is
generated.
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3.1 Hierarchy originating from Burgers’ equation

Let us consider the Burgers’ equation

∆1 ≡ u
(1)
,t + u(1)u(1)

,x − u(1)
,xx = 0 (14)

for the unknown u(1)(t, x), and take the vector field

Ξ =
∂

∂t
+ ξ(t, x, u(1))

∂

∂x
+ η(t, x, u(1))

∂

∂u(1)
. (15)

In order to compute the Q-conditional symmetries of (14) associated to (15),
let us define the manifold M1 as















∆1 = 0,

Q1 ≡ Ξ
(

u(1) − u(1)(t, x)
)

= 0,

DQ1

Dt
=

DQ1

Dx
= 0,

(16)

whence the conditional symmetries are found by requiring

Ξ(2)(∆1)
∣

∣

M1

= 0.

The latter provides the following polynomial of third degree in the derivative
u
(1)
,x

∂2ξ

∂u(1)2

(

u(1)
,x

)3
+

(

2
∂2ξ

∂x∂u(1)
−

∂2η

∂u(1)2
+ 2

∂ξ

∂u(1)
u(1) − 2ξ

∂ξ

∂u(1)

)

(

u(1)
,x

)2

+

(

∂2ξ

∂x2
− 2

∂2η

∂x∂u(1)
−

∂ξ

∂t
+

∂ξ

∂x
u(1) − 2ξ

∂ξ

∂x
+ 2

∂ξ

∂u(1)
η + η

)

u(1)
,x

−
∂2η

∂x2
+ 2

∂ξ

∂x
η +

∂η

∂t
+

∂η

∂x
u(1) = 0.

Annihilating the coefficients of this polynomial, after simple algebra, we get

ξ = κu(1) +
1

2
u
(2)
1 ,

η =
κ(1− κ)

3

(

u(1)
)3

−
κ

2
u
(2)
1

(

u(1)
)2

+
1

4
u(1)u

(2)
2 +

1

4
u
(2)
3 ,

(17)

where κ is a constant such that κ(κ − 1)(2κ + 1) = 0, whereas u
(2)
1 (t, x),

u
(2)
2 (t, x) and u

(2)
3 (t, x) are functions depending on the indicated arguments.
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Three cases must be distinguished, say κ = 0, κ = 1 and κ = −1/2, the

latter being the most interesting one. In such a case, the functions u
(2)
1 (t, x),

u
(2)
2 (t, x) and u

(2)
3 (t, x) satisfy the system

∆3 ≡















u
(2)
1,t + u

(2)
1 u

(2)
1,x − u

(2)
1,xx + u

(2)
2,x = 0,

u
(2)
2,t + u

(2)
2 u

(2)
1,x − u

(2)
2,xx + u

(2)
3,x = 0,

u
(2)
3,t + u

(2)
3 u

(2)
1,x − u

(2)
3,xx = 0.

(18)

As already remarked, this result has been obtained in [33].
Then, it can be interesting to explore the Q-conditional symmetries ad-

mitted by the system (18). As a result, the following Proposition is proved.

Proposition 3.1. The vector field

Ξ =
∂

∂t
+ ξ(t, x, u

(2)
β )

∂

∂x
+

3
∑

α=1

ηα(t, x, u
(2)
β )

∂

∂u
(2)
α

(19)

gives a Q-conditional symmetry of the system (18) provided that

ξ =
1

2

(

−u
(2)
1 + u

(3)
1

)

,

η1 =
1

4

(

−
(

u
(2)
1

)3

− 2u
(2)
1 u

(2)
2 + u

(3)
1

(

u
(2)
1

)2

+ u
(3)
2 u

(2)
1 + u

(3)
1 u

(2)
2

− u
(2)
3 + u

(3)
3

)

,

η2 =
1

4

(

−
(

u
(2)
1

)2

u
(2)
2 − u

(2)
1 u

(2)
3 −

(

u
(2)
2

)2

+ u
(3)
1 u

(2)
1 u

(2)
2 + u

(3)
2 u

(2)
2

+ u
(3)
1 u

(2)
3 + u

(3)
4

)

,

η3 =
1

4

(

−
(

u
(2)
1

)2

u
(2)
3 − u

(2)
2 u

(2)
3 + u

(3)
1 u

(2)
1 u

(2)
3 + u

(3)
2 u

(2)
3 + u

(3)
5

)

,

(20)
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where the functions u
(3)
α (t, x) (α = 1, . . . , 5) satisfy the constraints

∆5 ≡







































u
(3)
1,t + u

(3)
1 u

(3)
1,x − u

(3)
1,xx + u

(3)
2,x = 0,

u
(3)
2,t + u

(3)
2 u

(3)
1,x − u

(3)
2,xx + u

(3)
3,x = 0,

u
(3)
3,t + u

(3)
3 u

(3)
1,x − u

(3)
3,xx + u

(3)
4,x = 0,

u
(3)
4,t + u

(3)
4 u

(3)
1,x − u

(3)
4,xx + u

(3)
5,x = 0,

u
(3)
5,t + u

(3)
5 u

(3)
1,x − u

(3)
5,xx = 0.

(21)

Proof. The proof immediately follows by requiring

Ξ(2)(∆3)
∣

∣

M3

= 0, (22)

where M3 is the manifold of the jet space defined by the system (18) together
with the invariant surface conditions and their differential consequences, say















∆3 = 0,

Qα ≡ Ξ
(

u(2)
α − u(2)

α (t, x)
)

= 0, α = 1, 2, 3,

DQα

Dt
=

DQα

Dx
= 0.

(23)

The lengthy computations can be done by using the program ReLie [16]
written in the Computer Algebra System Reduce [17]. As a result, we obtain

three polynomials of third degree in the derivatives u
(2)
α,x. We immediately

obtain

ξ = κu
(2)
1 +

1

2
u
(3)
1 , (24)

u
(3)
1 (t, x) being a function of the indicated arguments, and κ is a constant

that has to satisfy the condition

κ(2κ+ 1) = 0. (25)

The most interesting case again corresponds to the choice κ = −1/2. After
straightforward though tedious computations, all the determining equations
can be solved, and the vector field (19) assumes the form (20), along with

the functions u
(3)
α (t, x) (α = 1, . . . , 5) that satisfy the system of differential

equations (21).

Remark 3.2. We note that the system (21) has the same structure as the
system (18), even if it involves two more unknowns.
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Nothing prevents us to repeat the procedure looking for Q-conditional
symmetries of system (21). The result we obtain is stated with the following
Proposition.

Proposition 3.3. There exist Q-conditional symmetries of (21) in corre-
spondence to the vector field

Ξ =
∂

∂t
+ ξ(t, x, u

(3)
β )

∂

∂x
+

5
∑

α=1

ηα(t, x, u
(3)
β )

∂

∂u
(3)
α

, (26)

where

ξ =
1

2

(

−u
(3)
1 + u

(4)
1

)

,

η1 =
1

4

(

−
(

u
(3)
1

)3

− 2u
(3)
1 u

(3)
2 + u

(4)
1

(

u
(3)
1

)2

+ u
(4)
2 u

(3)
1

+ u
(4)
1 u

(3)
2 − u

(3)
3 + u

(4)
3

)

,

η2 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
2 − u

(3)
1 u

(3)
3 −

(

u
(3)
2

)2

+ u
(4)
1 u

(3)
1 u

(3)
2 + u

(4)
2 u

(3)
2

+ u
(4)
1 u

(3)
3 − u

(3)
4 + u

(4)
4

)

,

η3 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
3 − u

(3)
1 u

(3)
4 − u

(3)
2 u

(3)
3 + u

(4)
1 u

(3)
1 u

(3)
3 + u

(4)
2 u

(3)
3

+ u
(4)
1 u

(3)
4 − u

(3)
5 + u

(4)
5

)

,

η4 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
4 − u

(3)
1 u

(3)
5 − u

(3)
2 u

(3)
4 + u

(4)
1 u

(3)
1 u

(3)
4 + u

(4)
2 u

(3)
4

+ u
(4)
1 u

(3)
5 + u

(4)
6

)

,

η5 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
5 − u

(3)
2 u

(3)
5 + u

(4)
1 u

(3)
1 u

(3)
5 + u

(4)
2 u

(3)
5 + u

(4)
7

)

,

(27)
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and the functions u
(4)
α (t, x) (α = 1, . . . , 7) satisfy the system

∆7 ≡



























































u
(4)
1,t + u

(4)
1 u

(4)
1,x − u

(4)
1,xx + u

(4)
2,x = 0,

u
(4)
2,t + u

(4)
2 u

(4)
1,x − u

(4)
2,xx + u

(4)
3,x = 0,

u
(4)
3,t + u

(4)
3 u

(4)
1,x − u

(4)
3,xx + u

(4)
4,x = 0,

u
(4)
4,t + u

(4)
4 u

(4)
1,x − u

(4)
4,xx + u

(4)
5,x = 0,

u
(4)
5,t + u

(4)
5 u

(4)
1,x − u

(4)
5,xx + u

(4)
6,x = 0,

u
(4)
6,t + u

(4)
6 u

(4)
1,x − u

(4)
6,xx + u

(4)
7,x = 0,

u
(4)
7,t + u

(4)
7 u

(4)
1,x − u

(4)
7,xx = 0.

(28)

Proof. The proof requires only straightforward though lengthy computations.
Also in this case the Reduce program ReLie has been used.

The results heretofore obtained can be summarized as follows:

• there are Q-conditional symmetries of the Burgers’ equation expressed
in terms of three functions representing arbitrary solutions of the sys-
tem ∆3 made of three coupled Burgers-like equations;

• there are Q-conditional symmetries of ∆3 expressed in terms of five
functions representing arbitrary solutions of the system ∆5 made of
five coupled Burgers-like equations;

• there are Q-conditional symmetries of ∆5 expressed in terms of seven
functions representing arbitrary solutions of the system ∆7 made of
seven coupled Burgers-like equations.

It seems natural to conjecture that repeatedly searching for Q-conditional
symmetries, and starting from the classical Burgers’ equation, a hierarchy of
systems made of an odd number of Burgers-like equations may arise.

In the next Subsection, we shall consider the case of a coupled system
made of an even number of Burgers-like equations. In particular, the starting
point will be the system of two Burgers-like equations whose structure is
deduced from (18) where we set u

(2)
3 ≡ 0.
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3.2 Hierarchy originating from a pair of coupled
Burgers-like equations

Let us consider the following system made of two coupled Burgers-like equa-
tions

∆2 ≡

{

u
(1)
1,t + u

(1)
1 u

(1)
1,x − u

(1)
1,xx + u

(1)
2,x = 0,

u
(1)
2,t + u

(1)
2 u

(1)
1,x − u

(1)
2,xx = 0.

(29)

By looking for Q-conditional symmetries of (29) in correspondence to the
vector field

Ξ =
∂

∂t
+ ξ(t, x, u

(1)
β )

∂

∂x
+ η1(t, x, u

(1)
β )

∂

∂u
(1)
1

+ η2(t, x, u
(1)
β )

∂

∂u
(1)
2

, (30)

and requiring that

Ξ(2)(∆2)
∣

∣

∣

M2

= 0, (31)

where M2 is the manifold of the jet space defined by the system (29) together
with the invariant surface conditions and their differential consequences, say















∆2 = 0,

Qα ≡ Ξ
(

u(1)
α − u(1)

α (t, x)
)

= 0, α = 1, 2,

DQα

Dt
=

DQα

Dx
= 0,

(32)

we obtain the following invariance conditions:

∂2ξ

∂u
(1)2
1

(

u
(1)
1,x

)3

+ 2
∂2ξ

∂u
(1)
1 ∂u

(1)
2

(

u
(1)
1,x

)2

u
(1)
2,x +

∂2ξ

∂u
(1)2
2

u
(1)
1,x

(

u
(1)
2,x

)2

+

(

2
∂2ξ

∂x∂u
(1)
1

−
∂2η1

∂u
(1)2
1

+ 2
∂ξ

∂u
(1)
1

u
(1)
1 − 2ξ

∂ξ

∂u
(1)
1

+
∂ξ

∂u
(1)
2

u
(1)
2

)

(

u
(1)
1,x

)2

+

(

2
∂2ξ

∂x∂u
(1)
2

− 2
∂2η1

∂u
(1)
1 ∂u

(1)
2

+ 2
∂ξ

∂u
(1)
1

− 2ξ
∂ξ

∂u
(1)
2

+
∂ξ

∂u
(1)
2

u
(1)
1

)

u
(1)
1,xu

(1)
2,x

+

(

∂ξ

∂u
(1)
2

−
∂2η1

∂u
(1)2
2

)

(

u
(1)
2,x

)2

+

(

∂2ξ

∂x2
− 2

∂2η1

∂x∂u
(1)
1

−
∂ξ

∂t
+

∂ξ

∂x
u
(1)
1

−2ξ
∂ξ

∂x
+ 2η1

∂ξ

∂u
(1)
1

−
∂η1

∂u
(1)
2

u
(1)
2 +

∂η2

∂u
(1)
1

+ η1

)

u
(1)
1,x

13



+

(

−2
∂η1

∂x∂u
(1)
2

+
∂ξ

∂x
+ 2η1

∂ξ

∂u
(1)
2

−
∂η1

∂u
(1)
1

+
∂η1

∂u
(1)
2

u
(1)
1 +

∂η2

∂u
(1)
2

)

u
(1)
2,x

−
∂2η1
∂x2

+ 2η1
∂ξ

∂x
+

∂η1
∂t

+
∂η1
∂x

u
(1)
1 +

∂η2
∂x

= 0,

∂2ξ

∂u
(1)2
1

(

u
(1)
1,x

)2

u
(1)
2,x + 2

∂2ξ

∂u
(1)
1 ∂u

(1)
2

u
(1)
1,x

(

u
(1)
2,x

)2

+
∂2ξ

∂u
(1)2
2

(

u
(1)
2,x

)3

+

(

∂ξ

∂u
(1)
1

u
(1)
2 −

∂2η2

∂u
(1)2
1

)

(

u
(1)
1,x

)2

+

(

2
∂2ξ

∂x∂u
(1)
1

− 2
∂2η2

∂u
(1)
1 ∂u

(1)
2

+
∂ξ

∂u
(1)
1

u
(1)
1 − 2ξ

∂ξ

∂u
(1)
1

+ 2
∂ξ

∂u
(1)
2

u
(1)
2

)

u
(1)
1,xu

(1)
2,x

+

(

2
∂2ξ

∂x∂u
(1)
2

−
∂2η2

∂u
(1)2
2

+
∂ξ

∂u
(1)
1

− 2ξ
∂ξ

∂u
(1)
2

)

(

u
(1)
2,x

)2

+

(

∂ξ

∂x
u
(1)
2 − 2

∂2η2

∂x∂u
(1)
1

+2η2
∂ξ

∂u
(1)
1

+
∂η1

∂u
(1)
1

u
(1)
2 −

∂η2

∂u
(1)
1

u
(1)
1 −

∂η2

∂u
(1)
2

u
(1)
2 + η2

)

u
(1)
1,x

+

(

∂2ξ

∂x2
− 2

∂2η2

∂x∂u
(1)
2

−
∂ξ

∂t
− 2ξ

∂ξ

∂x
+ 2η2

∂ξ

∂u
(1)
2

+
∂η1

∂u
(1)
2

u
(1)
2 −

∂η2

∂u
(1)
1

)

u
(1)
2,x

−
∂2η2
∂x2

+ 2η2
∂ξ

∂x
+

∂η2
∂t

+
∂η1
∂x

u
(1)
2 = 0;

the latter are polynomials of third degree in the derivatives u
(1)
1,x and u

(1)
2,x,

whose coefficients must be vanishing. After simple algebra, we get

ξ = κu
(1)
1 +

1

2
u
(2)
1 , (33)

where u
(2)
1 (t, x) is a function of the indicated arguments, and κ is a constant

that has to satisfy the constraint κ(2κ + 1) = 0. Again, looking for the
Q-conditional symmetries of system (29), we choose κ = −1/2. Thence, in-
tegrating the determining equations, we obtain the Q-conditional symmetries
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characterized by the vector field (30), with

ξ =
1

2

(

−u
(1)
1 + u

(2)
1

)

,

η1 =
1

4

(

−
(

u
(1)
1

)3

− 2u
(1)
1 u

(1)
2 + u

(2)
1

(

u
(1)
1

)2

+ u
(2)
2 u

(1)
1

+ u
(2)
1 u

(1)
2 + u

(2)
3

)

,

η2 =
1

4

(

−
(

u
(1)
1

)2

u
(1)
2 −

(

u
(1)
2

)2

+ u
(2)
1 u

(1)
1 u

(1)
2 + u

(2)
2 u

(1)
2 + u

(2)
4

)

,

(34)

and the functions u
(2)
α (t, x) (α = 1, . . . , 4) satisfying the constraints

∆4 ≡



























u
(2)
1,t + u

(2)
1 u

(2)
1,x − u

(2)
1,xx + u

(2)
2,x = 0,

u
(2)
2,t + u

(2)
2 u

(2)
1,x − u

(2)
2,xx + u

(2)
3,x = 0,

u
(2)
3,t + u

(2)
3 u

(2)
1,x − u

(2)
3,xx + u

(2)
4,x = 0,

u
(2)
4,t + u

(2)
4 u

(2)
1,x − u

(2)
4,xx = 0.

(35)

Repeating the same algorithm for the latter system of four coupled Burgers-
like equations, the admitted Q-conditional symmetries are expressed in terms
of six arbitrary functions depending on t and x. We write this result in the
following Proposition.

Proposition 3.4. The system (35) admits the vector field Ξ of the Q-
conditional symmetries, say

Ξ =
∂

∂t
+ ξ(t, x, u

(2)
β )

∂

∂x
+

4
∑

α=1

ηα(t, x, u
(2)
β )

∂

∂u
(2)
α

, (36)

where

ξ =
1

2

(

−u
(2)
1 + u

(3)
1

)

,

η1 =
1

4

(

−
(

u
(2)
1

)3

− 2u
(2)
1 u

(2)
2 + u

(3)
1

(

u
(2)
1

)2

+ u
(3)
2 u

(2)
1

+ u
(3)
1 u

(2)
2 − u

(2)
3 + u

(3)
3

)

,
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η2 =
1

4

(

−
(

u
(2)
1

)2

u
(2)
2 − u

(2)
1 u

(2)
3 −

(

u
(2)
2

)2

+ u
(3)
1 u

(2)
1 u

(2)
2 + u

(3)
2 u

(2)
2

+ u
(3)
1 u

(2)
3 − u

(2)
4 + u

(3)
4

)

, (37)

η3 =
1

4

(

−
(

u
(2)
1

)2

u
(2)
3 − u

(2)
1 u

(2)
4 − u

(2)
2 u

(2)
3 + u

(3)
1 u

(2)
1 u

(2)
3 + u

(3)
2 u

(2)
3

+ u
(3)
1 u

(2)
4 + u

(3)
5

)

,

η4 =
1

4

(

−
(

u
(2)
1

)2

u
(2)
4 − u

(2)
2 u

(2)
4 + u

(3)
1 u

(2)
1 u

(2)
4 + u

(3)
2 u

(2)
4 + u

(3)
6

)

,

and the functions u
(3)
α (t, x) (α = 1, . . . , 6) satisfy the system

∆6 ≡















































u
(3)
1,t + u

(3)
1 u

(3)
1,x − u

(3)
1,xx + u

(3)
2,x = 0,

u
(3)
2,t + u

(3)
2 u

(3)
1,x − u

(3)
2,xx + u

(3)
3,x = 0,

u
(3)
3,t + u

(3)
3 u

(3)
1,x − u

(3)
3,xx + u

(3)
4,x = 0,

u
(3)
4,t + u

(3)
4 u

(3)
1,x − u

(3)
4,xx + u

(3)
5,x = 0,

u
(3)
5,t + u

(3)
5 u

(3)
1,x − u

(3)
5,xx + u

(3)
6,x = 0,

u
(3)
6,t + u

(3)
6 u

(3)
1,x − u

(3)
6,xx = 0.

(38)

Proof. Straightforward, by direct computation.

We can repeat the same procedure for the system (38) made of six cou-
pled Burgers-like equations, and the results are exhibited in the following
Proposition.

Proposition 3.5. The system (38) admits the vector field Ξ of the Q-
conditional symmetries, say

Ξ =
∂

∂t
+ ξ(t, x, u

(3)
β )

∂

∂x
+

6
∑

α=1

ηα(t, x, u
(3)
β )

∂

∂u
(3)
α

, (39)

where

ξ =
1

2

(

−u
(3)
1 + u

(4)
1

)

,

16



η1 =
1

4

(

−
(

u
(3)
1

)3

− 2u
(3)
1 u

(3)
2 + u

(4)
1

(

u
(3)
1

)2

+ u
(4)
2 u

(3)
1

+ u
(4)
1 u

(3)
2 − u

(3)
3 + u

(4)
3

)

,

η2 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
2 − u

(3)
1 u

(3)
3 −

(

u
(3)
2

)2

+ u
(4)
1 u

(3)
1 u

(3)
2 + u

(4)
2 u

(3)
2

+ u
(4)
1 u

(3)
3 − u

(3)
4 + u

(4)
4

)

,

η3 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
3 − u

(3)
1 u

(3)
4 − u

(3)
2 u

(3)
3 + u

(4)
1 u

(3)
1 u

(3)
3 + u

(4)
2 u

(3)
3

+ u
(4)
1 u

(3)
4 − u

(3)
5 + u

(4)
5

)

, (40)

η4 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
4 − u

(3)
1 u

(3)
5 − u

(3)
2 u

(3)
4 + u

(4)
1 u

(3)
1 u

(3)
4 + u

(4)
2 u

(3)
4

+ u
(4)
1 u

(3)
5 − u

(3)
6 + u

(4)
6

)

,

η5 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
5 − u

(3)
1 u

(3)
6 − u

(3)
2 u

(3)
5 + u

(4)
1 u

(3)
1 u

(3)
5 + u

(4)
2 u

(3)
5

+ u
(4)
1 u

(3)
6 + u

(4)
7

)

,

η6 =
1

4

(

−
(

u
(3)
1

)2

u
(3)
6 − u

(3)
2 u

(3)
6 + u

(4)
1 u

(3)
1 u

(3)
6 + u

(4)
2 u

(3)
6 + u

(4)
8

)

,

and the functions u
(4)
α (t, x) (α = 1, . . . , 8) satisfy the system

∆8 ≡







































































u
(4)
1,t + u

(4)
1 u

(4)
1,x − u

(4)
1,xx + u

(4)
2,x = 0,

u
(4)
2,t + u

(4)
2 u

(4)
1,x − u

(4)
2,xx + u

(4)
3,x = 0,

u
(4)
3,t + u

(4)
3 u

(4)
1,x − u

(4)
3,xx + u

(4)
4,x = 0,

u
(4)
4,t + u

(4)
4 u

(4)
1,x − u

(4)
4,xx + u

(4)
5,x = 0,

u
(4)
5,t + u

(4)
5 u

(4)
1,x − u

(4)
5,xx + u

(4)
6,x = 0,

u
(4)
6,t + u

(4)
6 u

(4)
1,x − u

(4)
6,xx + u

(4)
7,x = 0,

u
(4)
7,t + u

(4)
7 u

(4)
1,x − u

(4)
7,xx + u

(4)
8,x = 0,

u
(4)
8,t + u

(4)
8 u

(4)
1,x − u

(4)
8,xx = 0.

(41)
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Proof. Straightforward, by direct computation.

The results heretofore obtained can be summarized as follows:

• there are Q-conditional symmetries of the system ∆2 made of two cou-
pled Burgers-like equations expressed in terms of four functions rep-
resenting arbitrary solutions of the system ∆4 made of four coupled
Burgers-like equations;

• there are Q-conditional symmetries of ∆4 expressed in terms of six
functions representing arbitrary solutions of the system ∆6 made of
six coupled Burgers-like equations;

• there are Q-conditional symmetries of ∆6 expressed in terms of eight
functions representing arbitrary solutions of the system ∆8 made of
eight coupled Burgers-like equations.

These results suggest to conjecture that repeatedly searching for Q-condi-
tional symmetries, and starting from a pair of coupled Burgers-like equations,
a hierarchy of systems made of an even number of coupled Burgers-like equa-
tions arises.

Indeed, the latter conjecture and the one made in the previous Subsection,
can be unified and proved to be true, as it will be shown in the following
Section.

4 The general hierarchy of Burgers-like

equations

In this Section, we show that the existence of both hierarchies of Burgers-
like equations, arising by searching at each step non trivial Q-conditional
symmetries, can be proved in general. In fact, we have an infinite hierarchy
of systems made of an odd number of coupled Burgers-like equations or
made of an even number of coupled Burgers-like equations depending on the
starting point. The results obtained in Subsections 3.1 and 3.2 for the first
members of the two hierarchies are useful for guessing the structure of the
vector fields of the Q-conditional symmetries for the generic element of the
hierarchy. This allows to state the following Theorem.
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Theorem 4.1. Let m be a positive integer, and let k = ⌈m/2⌉. The system
of Burgers-like equations

∆m ≡

{

u
(k)
α,t + u(k)

α u
(k)
1,x − u(k)

α,xx + u
(k)
α+1,x = 0,

u
(k)
m,t + u(k)

m u
(k)
1,x − u(k)

m,xx = 0,
(42)

with α = 1, . . . , m−1, admits the Q-conditional symmetries associated to the
vector field

Ξ =
∂

∂t
+ ξ(t, x, u

(k)
β )

∂

∂x
+

m
∑

α=1

ηα(t, x, u
(k)
β )

∂

∂u
(k)
α

, (43)

where

ξ =
1

2

(

−u
(k)
1 + u

(k+1)
1

)

,

ηα =
1

4

(

−
(

u
(k)
1

)2

u(k)
α − u

(k)
1 u

(k)
α+1 − u

(k)
2 u(k)

α + u
(k+1)
1 u

(k)
1 u(k)

α

+ u
(k+1)
2 u(k)

α + u
(k+1)
1 u

(k)
α+1 − u

(k)
α+2 + u

(k+1)
α+2

)

,

ηm−1 =
1

4

(

−
(

u
(k)
1

)2

u
(k)
m−1 − u

(k)
1 u(k)

m − u
(k)
2 u

(k)
m−1 + u

(k+1)
1 u

(k)
1 u

(k)
m−1

+ u
(k+1)
2 u

(k)
m−1 + u

(k+1)
1 u(k)

m + u
(k+1)
m+1

)

,

ηm =
1

4

(

−
(

u
(k)
1

)2

u(k)
m − (1− δ1m)u

(k)
2 u(k)

m + u
(k+1)
1 u

(k)
1 u(k)

m

+ u
(k+1)
2 u(k)

m + u
(k+1)
m+2

)

,

(44)

δ1m being the Kronecker symbol, with α = 1, . . . , m − 2, provided that the
functions u

(k+1)
α (t, x) satisfy the system

∆m+2 ≡

{

u
(k+1)
α,t + u(k+1)

α u
(k+1)
1,x − u(k+1)

α,xx + u
(k+1)
α+1,x = 0,

u
(k+1)
m+2,t + u

(k+1)
m+2 u

(k+1)
1,x − u

(k+1)
m+2,xx = 0,

(45)

with α = 1, . . . , m+ 1.
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Proof. It must be verified that the vector field (43), defined by (44), is ad-
mitted by the system (42) along with the constraints (45). In fact, requiring

Ξ(2) (∆m)
∣

∣

Mm

= 0, (46)

where the manifold Mm of the jet space is defined by














∆m = 0,

Qα ≡ Ξ
(

u(k)
α − u(k)

α (t, x)
)

= 0, α = 1, . . . , m,

DQα

Dt
=

DQα

Dx
= 0,

(47)

we get the following polynomial system of m equations in the variables u
(k)
α

and u
(k)
α,x:

(

u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x

)

u
(k)
1 u(k)

α

+
(

u
(k+1)
2,t + u

(k+1)
2 u

(k+1)
1,x − u

(k+1)
2,xx + u

(k+1)
3,x

)

u(k)
α

+
(

u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x

)

u
(k)
α+1

− 2
(

u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x

)

u(k)
α,x

+ u
(k+1)
α+2,t + u

(k+1)
α+2 u

(k+1)
1,x − u

(k+1)
α+2,xx + u

(k+1)
α+3,x = 0,

(

u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x

)

u
(k)
1 u(k)

m

+
(

u
(k+1)
2,t + u

(k+1)
2 u

(k+1)
1,x − u

(k+1)
2,xx + u

(k+1)
3,x

)

u(k)
m

− 2
(

u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x

)

u(k)
m,x

+ u
(k+1)
m+2,t + u

(k+1)
m+2 u

(k+1)
1,x − u

(k+1)
m+2,xx = 0,

(48)

where α = 1, . . . , m− 1.
Due to the arbitrariness of u

(k)
α and u

(k)
α,x, the system (48) is satisfied if

and only if


























u
(k+1)
1,t + u

(k+1)
1 u

(k+1)
1,x − u

(k+1)
1,xx + u

(k+1)
2,x = 0,

u
(k+1)
2,t + u

(k+1)
2 u

(k+1)
1,x − u

(k+1)
2,xx + u

(k+1)
3,x = 0,

u
(k+1)
α+2,t + u

(k+1)
α+2 u

(k+1)
1,x − u

(k+1)
α+2,xx + u

(k+1)
α+3,x = 0, α = 1, . . . , m− 1,

u
(k+1)
m+2,t + u

(k+1)
m+2 u

(k+1)
1,x − u

(k+1)
m+2,xx = 0,

(49)
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i.e., the system ∆m+2 = 0 has to be satisfied.

Remark 4.2. Note that if m is odd (even, respectively), a hierarchy of sys-
tems with an odd (even, respectively) number of equations is generated.

Each element of the infinite hierarchy of systems of Burgers-like equations
can be written in the form of a matrix Burgers’ equation [42,43] that can be
linearized by means of the matrix Hopf-Cole transformation [47].

In fact, defining the m×m matrix Ω as

Ω =















0 1 · · · 0 0
0 0 1 · · · 0
...

...
...

...
...

0 0 0 · · · 1

u
(k)
m u

(k)
m−1 · · · u

(k)
2 u

(k)
1















, (50)

the system (42) writes in the form of a matrix Burgers’ equation, say

Ω,t + Ω,xΩ− Ω,xx = 0. (51)

The matrix Hopf-Cole transformation [43, 47],

Ω = −2Φ,xΦ
−1, (52)

Φ being an invertible m×m matrix with entries depending on t and x, maps
(51) to a matrix heat equation,

Φ,t − Φ,xx = 0; (53)

moreover, from (52), it results Φ,x = −1
2
ΩΦ, whereupon, computing the

entries of ΩΦ, the solution of the system (42) is achieved from the linear
algebraic system



























































u(k)
m v1 +

m−1
∑

j=1

(−2)ju
(k)
m−j

∂jv1
∂xj

= (−2)m
∂mv1
∂xm

,

u(k)
m v2 +

m−1
∑

j=1

(−2)ju
(k)
m−j

∂jv2
∂xj

= (−2)m
∂mv2
∂xm

,

· · · ,

u(k)
m vm +

m−1
∑

j=1

(−2)ju
(k)
m−j

∂jvm
∂xj

= (−2)m
∂mvm
∂xm

,
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where vα(t, x) (α = 1, . . . , m) are m solutions of linear heat equations, i.e.,

vα,t − vα,xx = 0, α = 1, . . . , m.

Therefore, similarly to what happens for classical Burgers’ equation, also the
solutions of each element of the hierarchy of systems of coupled Burgers-like
equations, because of the matrix Hopf-Cole transformation, can be obtained
by the solutions of linear heat equation.

As a last comment, we observe that the classical Lie point symmetries of a
generic element of this infinite hierarchy span a five-dimensional Lie algebra,
as shown below.

Proposition 4.3. Let m be a positive integer, and let k = ⌈m/2⌉. The
system of Burgers-like equations

∆m ≡

{

u
(k)
α,t + u(k)

α u
(k)
1,x − u(k)

α,xx + u
(k)
α+1,x = 0, α = 1, . . . , m− 1,

u
(k)
m,t + u(k)

m u
(k)
1,x − u(k)

m,xx = 0,
(54)

for m = 1 (classical Burgers’ equation) admits the Lie point symmetries
generated by:

Ξ1 =
∂

∂t
, Ξ2 =

∂

∂x
,

Ξ3 = 2t
∂

∂t
+ x

∂

∂x
− u

(1)
1

∂

∂u
(1)
1

,

Ξ4 = t
∂

∂x
+

∂

∂u
(1)
1

,

Ξ5 = t2
∂

∂t
+ tx

∂

∂x
+ (x− tu

(1)
1 )

∂

∂u
(1)
1

;

for m = 2 the Lie point symmetries generated by:

Ξ1 =
∂

∂t
, Ξ2 =

∂

∂x
,

Ξ3 = 2t
∂

∂t
+ x

∂

∂x
− u

(1)
1

∂

∂u
(1)
1

− 2u
(1)
2

∂

∂u
(1)
2

,

Ξ4 = t
∂

∂x
+ 2

∂

∂u
(1)
1

− u
(1)
1

∂

∂u
(1)
2

,

Ξ5 = t2
∂

∂t
+ tx

∂

∂x
+ (2x− tu

(1)
1 )

∂

∂u
(1)
1

− (xu
(1)
1 + 2tu

(1)
2 + 2)

∂

∂u
(1)
2

;

22



for m ≥ 3 the Lie point symmetries generated by:

Ξ1 =
∂

∂t
, Ξ2 =

∂

∂x
,

Ξ3 = 2t
∂

∂t
+ x

∂

∂x
−

m
∑

α=1

αu(k)
α

∂

∂u
(k)
α

,

Ξ4 = t
∂

∂x
+m

∂

∂u
(k)
1

+

m
∑

α=2

(α−m− 1)u
(k)
α−1

∂

∂u
(k)
α

,

Ξ5 = t2
∂

∂t
+ tx

∂

∂x
+
(

mx− tu
(k)
1

) ∂

∂u
(k)
1

−
(

(m− 1)(xu
(k)
1 +m) + 2tu

(k)
2

) ∂

∂u
(k)
2

−
m
∑

α=3

(

αtu(k)
α + (m− α + 1)

(

xu
(k)
α−1 − (m− α + 2)u

(k)
α−2

)) ∂

∂u
(k)
α

.

Whatever the number m of coupled equations is, we have always a five-
dimensional Lie algebra (time and space translation, scaling, Galilean and
projective transformation, respectively); these Lie algebras, although realized
in terms of vector fields on manifolds with different dimensionality, share the
same structure constants and so they are all isomorphic.

5 Conclusions

In this paper, repeatedly searching for Q-conditional symmetries, we derived
an infinite hierarchy of coupled Burgers-like equations. After fixing the no-
tation and shortly reviewing the approach to Q-conditional symmetries, we
analyzed some classes of Burgers-like equations and determined their non-
classical symmetries. At first, the Q-conditional symmetries of Burgers-like
systems made by one, three and five differential equations have been con-
sidered. The admitted Q-conditional symmetries suggest the existence of
a chain of systems made of an odd number of Burgers-like equations. The
same behavior occurs by considering an even number of Burgers-like equa-
tions. Then, we proved a theorem that merges both hierarchies, providing
the existence of nonclassical symmetries of each element in the hierarchy.
Moreover, the elements of this hierarchy can be written as a matrix Burg-
ers’ equation that is linearized by the matrix Hopf-Cole transformation; as
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a consequence, the general solution can be obtained in terms of solutions of
linear heat equations. As a last result, it is shown that the Lie algebra of
point symmetries admitted by each element of this infinite hierarchy is five-
dimensional and isomorphic to the Lie algebra admitted by classical Burgers’
equation.
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