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Abstract

We consider the nonlinear Schrédinger (NLS) equation on the half-line subjecting to
a class of boundary conditions preserve the integrability of the model. For such a half-
line problem, the Poisson brackets of the corresponding scattering data are computed, and
the variables of action-angle type are constructed. These action-angle variables completely
trivialize the dynamics of the NLS equation on the half-line.
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1 Introduction

Integrable nonlinear partial differential equations (PDEs) in 1 + 1-dimensions serve as infinite-
dimensional analogues of Hamiltonian systems in classical mechanics. To investigate the Liou-
ville integrability of such PDEs in the presence of boundaries, suitable boundary conditions must
be imposed. For 1+ 1-dimensional PDEs with the space variable posed on the half-line or the
finite interval, an important step was taken by Sklyanin in [1] to introduce a systematic approach
to selecting boundary conditions that preserve the integrability of a model. In Sklyanin’s for-
malism, the admissible boundary conditions are described by solutions of the classical reflection
equations: the reflection matrices [I] (see also [2] for a recent development). For the boundary
models constructed in this manner, the integrability is ensured by the existence of an infinite
set of integrals of the motion in involution.

In addition to the integrability aspect, another important topic is the solution method to the
integrable boundary problem. In this respect, several methods have been introduced to solve
the integrable boundary value problems defined on the half-line or the finite interval, such as
the nonlinear mirror image method developed e.g. in [3H7] following the idea initiated in [8HIT],
a boundary dressing technique presented recently in [12], and a more recent method of [13],14]
which is based on Sklyanin’s double-row monodromy matrix. The first and third methods in
the aforementioned ones extend the applications of the well-known inverse scattering transform
(IST) (see e.g. [I5HIS]) from the full-line case to the half-line case with integrable boundary
conditions. We note that a more general method to analyze boundary value problems, known as
unified transform method, was due to Fokas [19]. The effectiveness of Fokas’ unified transform
method is manifested when one is working with boundary conditions which break integrability
at the boundary.

For the full-line problem with vanishing boundaries, an important discovery is that the
IST provides an infinite-dimensional analogue of Liouville theorem in classical mechanics: it
provides the variables of action-angle type, which linearize the model, in the infinite-dimensional
Hamiltonian setting, see e.g. [20H24]. The main purpose of the present paper is to carry out
this programme to the half-line problem in the presence of integrable boundary conditions. The

particular model we consider is the NLS equation
iy + Uy + 2ulul? =0, (1.1)

where u = u(z,t) is a complex-valued function and |u|?> = u@ with the bar denoting complex
conjugation. We concentrate on a class of integrable boundary conditions introduced in [I3][14],
which include the well-known Robin boundary condition [I] and a new time-dependent boundary
condition [25] attracted attention recently [6L14L126,27], as special cases. For the NLS equation

equipped with such boundary conditions, we compute the Poisson brackets of the corresponding



scattering data, and we construct explicit variables of action-angle type which trivialize the
dynamics of the NLS equation on the half-line.

The paper is arranged as follows. In section 2, we collect some basic results regarding the
Hamiltonian formulation of the NLS equation on the full-line that we will need. In section 3,
we concentrate on the NLS equation posed on the half-line with a class of integrable boundary
conditions and investigate the corresponding inverse scattering transform. Section 4 concerns
our main results: we compute the Poisson brackets between all the elements of the scattering
data and derive the variables of action-angle type for the half-line problem discussed in section

3. We discuss our results further in section 5.

2 The NLS equation on the full-line

We start by briefly outline the main results from the Hamiltonian formulation of the NLS

equation on the full z-axis under the assumption that the field and its derivatives decrease

> , (2.1a)

IN w2 MG it
z,t,\) = V(z, t, )o(z, t,\), Viz,t,\)=[ 2 . , 2.1b

rapidly as |z| — oo.
The NLS equation admits a Lax pair [17,[I§]

Gu(@,t, ) = Uz, t,\)(z, 1, \), Uz, t,\) = ( u
u

N> <

where A is a spectral parameter.

An important quantity, called the transition matrix [23]
Ty A) = b [ Ue e, (2.2
y

is defined as the fundamental solution of the space-part of the Lax equations

T (x,y, \)

pe =U(z, )T (z,y,\), (2.3)

with the initial condition

T(z,y, )| I. (2.4)

=y =

The transition matrix 7'(z,y, A) has an integral representation [23],

2rx—y
T(x,y,\) = E(x —y,\) + / E(x —z,\)T (z,y, 2)dz, (2.5)



where
A .
E(z,\) = exp 5,508 (s 03 = diag(1,—1), (2.6)
and the matrix valued kernel 7 satisfies
1 X
T2 = 5U0(g )+ [ Vol T (o025~ 2)ds, (27)
y+z

2
with Up(z) = U(z, A) + Bo3. The evolution of T'(z,y, A) along t is given by

oT (z,y, )

Y =V(z, )T (z,y,A\) — T(x,y, \)V(y, \). (2.8)

The structure of U implies that the transition matrix T'(x,y, A) is unimodular
det T(z,y,\) =1, (2.9)

and it satisfies the following involution relation

T(z,y,\) = oT(z,y,\)o, o= ( (z) _OZ ) . (2.10)

Indeed, the unimodular property (2.9) follows from the fact that U is traceless, while the invo-

lution relation ([Z.I0) follows from the fact that U satisfies U(z, \) = oU(x, \)o.

Consider the canonical Poisson brackets [23]

{u(x,t),u(y,t)} = {ﬂ(m,t),ﬂ(y,t)} =0, {u(x,t),ﬂ(y,t)} = 25(:17 - y)v (2'11)

where d(z — y) is the Dirac o-function. Using these Poisson brackets, one can deduce that the

transition matrix satisfies the following well-known relation (see e.g. [23])

{Tl(:Evyv /\),T2(x,y,,u)} = [T()‘ - M))Tl(x7y7 )‘)T2($7ynu)] ) (212)

for y < x, where Ti(z,y,\) = T(x,y,\) ® I, To(z,y,n) = I @ T(x,y,p), and the classical

r-matrix r is

r(\) = (2.13)

1
)

o O O =
S = O O
oS O = O
= o O O

For = < y, it follows from (2.12]) that

{Tl(x7y7 )‘)7T2($7ynu)} = - [7"(/\ - /L)le(:Evyv /\)T2(x7ynu)] ) (214)



since T(y,z,\) = T~ (2,9, \).
With the Poisson brackets (2Z.11]), the NLS equation on the full z-axis can be written in the

Hamilton form

ut:{H7u}7 ﬂt:{H7a}7 (215)
with the Hamiltonian
H— —/ (Jul* — [ua]?) de. (2.16)

Local integrals of the motion of the NLS equation with vanishing boundaries can be constructed
from the monodromy matrix 7'(A) which is defined by [23)]

T(A\) = lim lim E(—z,\)T(x,y,\)E(y,\). (2.17)

T—00 Yy—>—00

Indeed, the quantity InTi1(\), where T11(\) stands for the 11-entry of T'(\), provides a gen-
erating function for the local integrals of the motion. By investigating the large A\ expansion
of InT11(\), we can extract explicit forms of the local integrals of the motion order by order.
Moreover, with the r-matrix relation (2.12]) or (2.14)), one can prove that such integrals of the
motion are in involution (see [23] for details). Thus, the integrability of the NLS equation with

vanishing boundaries from the Hamiltonian standpoint is obtained.

3 The NLS equation on the half-line

We now proceed to the NLS equation on the positive z-axis subjecting to suitable boundary
conditions at z = 0 such that the integrability of the model is preserved. We concentrate on
the case where the NLS field is of Schwartz type in x, i.e. u(x,ty) € S(R') for a fixed time
t = tp. This means that vanishing boundary conditions are imposed for the NLS field and its

derivatives as x — 0.

3.1 Boundary conditions

Following [1] (see also [2]), we consider the boundary conditions at # = 0 that are characterized
by the matrices K () obeying both

dK(N)
dt

=V(0,t, )K(A\) — K(A\)V(0,t,—)\), (3.1)
and

{EK1(A), Ko ()} = [r(A = p), Ky (A Kz ()] + Ki(A)r(A + @) Ko () — Ko (u)r(A 4 p) Ki(A), (3.2)



where we assume that the reflection matrices K(A) can depend on time in general. For a
boundary condition resulting from (3.1]) with K obeying (3.2]), one can establish the integrability
of the corresponding half-line problem in the sense of the existence of infinitely many Poisson
commuting conserved quantities by investigating the Sklyanin’s double-row monodromy matrix.
We refer the reader to [1L2] for details on this issue. In this paper, we will confirm further the
integrability of such boundary problems by investigating the corresponding scattering problem
(see section 3.3 below).

In the rest of the paper, we will require that K(\) satisfies the following normalization

conditions

KNK(=X\) =1, det(K(\)K(=)\) = 0K(—\)o. (3.3)
Let
d(\) = det K(—)). (3.4)
From (3.3), we immediately obtain

ANA(=N) =1, d(=\) = d(N). (3.5)

We assume that d()) is a rational function of A\. Then the normalization condition (3.5)) implies
that d(\) takes the form

N _
A=8))(A+8) _ _fN
d(\) =¢ — =e , €==1, 3.6
2 jI;[l (A= Bj) (A +8;) g(A) (39)
where
N —
F =g =T[O=8)(A+5). (3.7)
j=1
We further require that the K (\) matrix subjects to the following form
1
K(\) = —=K(X), 3.8
() = 77k (39)
where the entries of () are polynomial of A, and satisfy the asymptotic
lim K (\) = diag(1,¢). (3.9)
A—00

The above normalization conditions will be needed when investigating the analytic properties
of Jost solutions and scattering data for the corresponding half-line problem (see section 3.2
below).



A class of K(\) matrices meeting equation (3.1]) was presented in [14]. Here we only present
the following interesting boundary conditions as examples.

Example 1: Robin boundary condition. Taking

K(\) = ( (1) s ) (3.10)

—ifB

where [ is a real parameter, we obtain from (3.I]) the well-known Robin boundary condition
(see e.g. [1LA])

(ua + Bu)|p—g =0, (3.11)

for the classical NLS equation (LIJ). In this case, the Poisson bracket ([8.2]) automatically holds.

Example 2: A boundary condition involving the time derivative of the field.

1 —iQ 2a
K() = X —iB (AH( %iu i ))

where f is a real parameter and

Taking

, (3.12)

=0

Q= /B2 — 4|ul?, (3.13)
then we obtain from (3.I)) the following boundary condition

(ue — 2iul?u + iQuy) | 0, (3.14)

z=0 =

which appeared in [13,28]. In this situation, the Poisson bracket ([B.2) is not trivial, it is

equivalent to the following boundary Poisson bracket
{u,a} = —iQ, (3.15)

at ¢ = 0.
Example 3: Another boundary condition involving the time derivative of the
field. Taking

1 9 9 9 —iQ i
A+ a+iB)(A—a+iB) (O - _6)”%( iu 291))

where « and 3 are two real parameters, and

K(\) = . (3.16)

z=0

0 = VA~ ul?, (3.17)



we then obtain from (B.I)) the following boundary condition

(tue — 2u, Q1 — (o + B%)u + 2ulul?)| _, = 0. (3.18)

z=0

In this case, the Poisson bracket (8.2]) is equivalent to the following boundary Poisson bracket
{u,a} = —2iQy, (3.19)

at = 0. The boundary condition ([B.I8]) was derived in [25] via dressing a Dirichlet boundary
with an integrable defect condition for the NLS equation (see e.g. [29-31]). The NLS equation
in the presence of such a boundary condition attracted attention recently [6l14}26]27].
Explicit forms of integrals of motion in involution and the Hamiltonian formulations for the
above boundary models will be presented in section 3.3.
Remark We emphasize that the boundary Poisson bracket (3.2]) is essential for the Hamil-
tonian formulation of the boundary models and for the construction of the Poisson structure of

the corresponding scattering data. This will become clear in section 3.3 and section 4.

3.2 Inverse scattering transformation on the half-line

The IST for the NLS equation in the presence of the aforementioned boundary conditions has
been investigated recently in [I3] (see also [14]). Here we will re-formulate this problem closely
following the method and notations adopted in [23] for full-line problem. Doing so is necessary,
since it paves the way for studying the Poisson structure and Hamiltonian formulation for the
half-line problem that will be performed in the next section, and it enables us to compare our

results for the half-line problem with the case for full-line problem, more conveniently.

3.2.1 Jost solutions on the half-line

Let
F(z,y,\) = T(x,y, \) E(y, \), (3.20)
G(x,y,\) = T(z,0, ) K(N\)F(0,y, -\ K (\), (3.21)
where
K(\) = diag (1,d()\)), d(\) = det K(—\). (3.22)

By using the integral representation (2.5]), we can prove that the limits

Fla,\) = lim F(z,y, ), (3.23)
Y—00

G(z,A) = lim G(z,y,\), (3.24)
y—00



exist for real A, and in particular F'(z, A) has an integral representation
Flo,\) = E(z, ) + / Fw, 2)E(2, Ndz, (3.25)

where the kernel F(z, z) is given by

& —21— Z) - /.. T(s,x,25 — 2)Up(s)ds, (3.26)
=

Flx,z) = —%Uo(

and satisfies

/:O | F(z,2)||dz < exp </;O HUo(z)Hdz> —1. (3.27)

See Appendix A for details for the existence of the two limits and for the derivation of the
integral representation (B3.23]).

We now discuss the analytic properties of F'(z,\) and G(z,\). The functions F(z,y, ) and
G(z,y,\) are entire functions of A\. However, it is not the case for F(x,\) and G(x, \), since
they involve a passage to the limit. Using the integral representation ([B3:25), it follows that the
first column of F'(z, A) is bounded and analytic in the lower half of the complex A-plane, while
the second column of F'(x,\) is bounded and analytic in the upper half of the complex A-plane.
We will denote the first and second columns of a 2 x 2 matrix A by A®) and A®)| respectively.

We introduce the following notations
(3.28)

The integral representation (B3.25]) implies the following asymptotic behaviour for ®(z, \):

1
oM (z,\) = ( . ) +0o(1), ITmA<0, |\ — oo,
(3.29)
@ (z,\) = ( T ) +0o(1), ITmX>0, |\ — oc.

Recall that G(x, A) involve the matrix K (\). To avoid unnecessary singularities of G(z, \), we
require that all zeros of d(\) are located in the lower half of the complex A-plane. Then we can
conclude that the first column of G = K (\)F(0, —A\)K (\) is bounded and analytic in the upper
half of the complex A-plane, while the second column of G = K (\)F (0, —A\)K()) is bounded
and analytic in the lower half of the complex A-plane, and thus so does G(x,\). Moreover, we

find from (B.9), 23) and B25) that ¥(x,\) = G(x,\)E(—z,\) has the following asymptotic
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behaviour:

1
(2, ) = ( . > +0(1), TmA>0, |\ — oo,

(3.30)
@ (z,2) = ( (1) > +0(1), TmA<0, |\ — oc.
For real A, the functions F(z,\) and G(x, \) satisfy
det F(xz,\) = det G(z, \) =1, (3.31)
F(z,\) =0cF(z,\)o, G(x,\)=0cG(z,\)o. (3.32)

Indeed, the unimodular property det F'(z,A) = 1 follows from (2.9]), the unimodular property
det G(z,\) = 1 follows from (2.9)) and the normalization condition (B3.5]). The involution relations
B32) follow from the involution relation (2I0) and the normalization conditions ([B3). The
analytic properties of the columns of F(z,\) and G(x,\) imply that the involution property
[B32) may extend to complex values of A, it takes the form

F(z, ) = ioF@(z,}), ImA<0,

- _ (3.33)
G (z,\) = icGP(z,)), ImA>0.

3.2.2 Scattering data

The functions F(x,\) and G(x,\) satisfy the differential equation (2.3]). This in turn implies
that they are related, namely

G(z,\) = Fz, \)T(V), (3.34)

where T'(\) is a matrix function independent of z. Evaluating (334) at z = 0, we obtain a

representation of I'(\),
L) = Fy {OVE R (=K, (3.35)

where Fy(\) = F(x,\)|,_y- The unimodular property (8.31]) and the involution property (3.32))
extend naturally to T'()),

detT(\) = 1, (3.36)

I'(\) =ol'(N)o, (3.37)

for real . In addition to the involution property (3:37)), the matrix I'(\) also satisfies

I 1\ = K(=AD(=NEK (N, (3.38)
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which can be verified by virtue of the normalization conditions (8.3 and (8.5]). This symmetry
relation is the main difference with respect to the full-line problem, and it is crucial to the
analysis of the IST for the half-line problem.

The involution property ([B.37)) justifies the following notation for I'(\),

_ [ AN -BOY
r(\) = ( B0) A ) (3.39)

for real \. It follows from (3:34]) that A(\) and B(\) can be expressed as

A(N) = det <G(1)(x, ), F® (z, A)) ,
3.40
B(\) = det (F(l)(x, \), GO (z, )\)) : (340

where as before GU)(z,\) and FU(z, ), j = 1,2 denote the columns of G(z,\) and F(z,\).
The analytic properties of F)(z, ) and G (x, \) imply that A()\) has an analytic continuation
into the upper half of the complex plane Im A > 0. The analytic properties of F (1)(33, A) and
G(l)(x,)\) imply that in general B(\) can only be well-defined for real \. The asymptotic
formulae (3:29)) and (B30) imply the asymptotic behaviour

AN =1+0(1), |\ — oo,

(3.41)
B(A) =0(1), |A — .
With the notation (3:39), equalities ([3:36) and (3:38) become
AN+ B2 =1, XA€R, (3.42)
A(X) = A(—A), B(A\) =—d(-=\)B(-X), AeR. (3.43)

We note that the first of (8.43)) can be analytically continued into the upper half of the complex
A-plane, that is

AN) = A(=X), ImA>0. (3.44)

To simplify our analysis we shall assume that A(\) has only finite number of simple zeros

in the upper half of the complex A-plane. The symmetry (3.44]) implies that the zeros of A())
always appear in pairs: if A; is a zero of A(\), then so does —Xj. We will exclude the special case
that a zero of A()) is a pure imaginary number for convenient sake. Let Z = {\;}] U {—Xj}?,
Re\j # 0, Im A\; > 0, denote the set of the zeros of A(\). The expression ([3.40) implies that for
A = \j, the first column of G(z, ) is proportional to the second column of F(x, ). Let ~; be

the proportionality coefficient,

GO (z,\)) = FP(x,);), j=1,---,n. (3.45)
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Let 7; be the proportionality coefficient corresponding to the paired zero —5\]- of A(N),
GO (z,—X\) =7 FD(z,-X;), j=1,---,n. (3.46)
We can deduce that
Vv = —d(=X;), j=1,---,n. (3.47)

See appendix B for the proof of the relation. It is clear that S\j, —Aj, 1 < j < n, are the zeros
of A*(\) = A()) in the lower half-plane, and we have

G(z)($75‘j):_7] ()(:E /\)7 J=1--,n, (348)
GO )= —5%FV(z,=)), j=1,-,n '
The quantity A(A\) can be expressed in terms of its zeros and B(\) as
(A ) A [®log (1—[B(p)?)
— I . 4
1;[ )\+)\)exp{m,/0 T dipp, ImA>0 (3.49)

To prove ([B.49]), we consider the function

N ) A+ X))
1;[ (A+>\) (3.50)

which is analytic for Im A > 0 and has no zeros for Im A > 0. It is easy to see

AN =AWV =1~ [BOP, (3.51)

for real A. Using (B.50]) and (3:51]) in the following formula (see e.g. [23])
AN L[ —Re e <A(M)> d 3.52
W =ewd [ — L (3:52)

we obtain

N \ o ~
H A+A-)exp{iﬁ log (1 !B(u)!z)dﬂ}, (3.53)

)\—I—)\) 211 w—A

This formula can be extended up to the real line using the Sochocki-Plemelj formula. The
equality (3:49)) follows from ([B53]) after using the symmetry relation ([B:43]) of B(A).

Following the terminology used in [23] for the full-line problem, we will call A(\) and B(\)
transition coefficients for the continuous spectrum, and will call v;, ¥;, 7 = 1,--- ,n, transition
coefficients for the discrete spectrum for the half-line problem. Note that A(\) and B(\) involve
both the initial data and the boundary conditions, this can be seen from the expression (3.35])
where Fy(\) encodes the initial data, while K(\) contains the boundary information. The set
{B(\),B()\), AjyAj,7j, i+ constitutes the so-called scattering data for our half-line problem.
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3.2.3 The time evolution of scattering data

By using (3], ([2.8]) and the rapid decay of u(z,t) as © — oo, we find that I'(\) satisfies the

evolution equation

dU(\)  iA?
— = o o T (3.54)
In components, ([3.54) can be written as
dAN)  dB(Y)

This in turn implies that the generating function for the conservation law is just A(\). By
studying large A expansion of A()\), we can extract explicit forms of the conserved quantities.
This will be discussed in the next subsection.

Let us derive the time evolution of transition coefficients for the discrete spectrum. It follows

from (2.8]) that

e, A) E; N v, A F () — gF(ax, ). (3.56)

Using (8) and (28], we obtain
7dG(d”;’ A _ V(z, \)G(z, \) — ?G(x, N)os. (3.57)

From (3.356]) and (.57, we have
% = V(x, \))FP (z,\;) + ?F@) (z, ), (3.58)
7‘“;(1);;”’ M) )G (@) — %?GU)(Q;, A). (3.59)

The above two equations are compatible with (3.45]) only if

% = —iy;, j=1,-,n. (3.60)

In summary, we have formulated a transformation

(u, @) — (B(A), B(A), Aj, Ajs 755 75) (3.61)

from the functions w, % to the transition coefficients and discrete spectrum of the corresponding
auxiliary linear problem. In terms of the new variables, the NLS equation with the boundary

conditions stated in section 3.1 can be easily solved:
B()‘a t) = exp (_Z)‘2(t - tO)) B()‘a t0)7

(3.62)
Aj(t) = Aj(to), 7;(t) =exp (—z‘)\g(t —t0)) i (to), G=1,--,m,
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where B(A, 1), Aj(to) and 7;(to) result from the initial data u(x,t9) by applying the transfor-
mation ([B.6I]). The inverse part of the problem can be solved by formulating an appropriate
Riemann-Hilbert problem. We will not discuss this issue in this paper, since our main purpose
is to investigate the Poisson structure and action-angle variables on the scattering data for the
half-line problem. We refer the interested reader to [13] and, in particular, to the monograph [19]
for details regarding this issue.

Remark For the class of exponentially fast decaying initial data, B(A) can be analytically
off the real axis. In this case, 7; has a nice characterization: it can be expressed in terms of
B(\) as v; = B(\;) (this follows by substituting ([8.45]) into (B:40)). We emphasize that this
expression is not valid in general, since B(\) has no analytic continuation off the real line in the

general case.

3.3 Conserved quantities and trace identities

Equations ([3.55)) show that A()\) is independent on t. Thus, A(\) provides a generating function
of the conserved quantities for the half-line problem with boundary conditions stated in section
3.1. We now derive explicit forms of the conserved quantities by investigating the large A

expansions of In A(A). For |A| — oo, the transition matrix 7" can be expanded as [23]
T(x,y,t,A) = (L+ W (2,8, ) exp [Z(x, 5,8, )] (T+ W (y, £,0) 7" (3.63)

where W is an off-diagonal matrix and Z is a diagonal matrix. Inserting (3.63)) into (Z.Ial), one

may obtain that the elements of W and Z have the following asymptotic representations

> wp(z,t —_
WQl(‘Tat7 )\) = Z Z()\)")7 W12(x7t7 )‘) = _W21(‘T7t7 )‘)7
n=1

(

. . (3.64)
Z22(‘T7y7t7 )‘) - %)\(Z'—y)+/ U(Z,t)WlQ(Z,t, A)d27 le(x7y7t7 )‘) = Z22(x7y7t7 5‘)7
Y
where the series coefficients w,, are given recursively by
n—1
Wi = —U, Wy = —Uy, Wpt1 = (Wn), — ﬂZwkwn_k. (3.65)
k=1
By calculating the (11)-element of (3.35]), we obtain
InA(\) = / u(x,t) [Way(z,t, —X\) — War(z,t, )] dx + In (D11(N)) , (3.66)
0

where Dq1(A) is the (11)-element of the matrix

D) = X+ W(0,t,2) P K) (T+W(0,t,—)\)). (3.67)
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The first term in the right hand side of (B.66) serves as a generating function for the bulk
conserved quantities, while the second term provides a generating function for the boundary
contribution to the conserved quantities. By computing the expansion of the logarithmic function
In (D11 (A)) in (i\) 7', we may extract from (B60) explicit forms of the conserved quantities for
the corresponding boundary problems order by order. For example, the first two nontrivial

conserved quantities for the NLS equation with the boundary condition (B.14)) are given by

o0
I = 2/ luffde + Q,_,,
0

[e%) 3
Iy = 2/ (Jul* = |ug|?) dz + <% + 2Qyu\2>
0

where  is defined by (BI3). The NLS equation with the boundary condition (.14 can be
represented in the Hamilton form (2.I5]) by choosing the Hamiltonian to be

(3.68)

=0

1 RV 2 25 2
H:_§[3:_ (Jul* = |ug|?) dz — F—FQ]U\
0
Indeed, using the Poisson bracket (ZI1I) and the bulk part of Hamiltonian (3.69), we recover
the NLS equation in bulk from (ZI3]), while using the boundary Poisson bracket (B.I5]) and
the boundary contribution to Hamiltonian (B.6J) we recover the boundary condition (B.14))
from (2.15]). For the NLS equation with the boundary condition (B.I8]), the first two nontrivial

conserved quantities are

(3.69)

z=0

o
I = 2/ luldz 4+ 2 Q1 ,
0

Sy’ (3.70)

Is = 2/ (|u|4 - |ux|2) dxr + <
0

where Q is given by ([BI7). The Hamiltonian associated with this boundary model can be

+ 20, (2|u|2 —a? - 52)>

z=0

recognized as

1 > 4()?
H = —513 = —/0 (Jul* = |ug|?) dz — < (31) + Q1 (2uf® - o? —62)>

We now show that the integrals of the motion can be represented in terms of the scattering
data. It follows from (B.49]) that the quantity In A(\) can be expanded as

(3.71)

=0

- C2j+1
In A(N\) = —_— 3.72
N =3 Gy (372
where
N -y \2j+1 Sy V2541
1 > . ; 1 21\ — (2iN) J
C2j+1 = T 0 In (1 - ‘B(N)F) (21,“)2] dp + 1 E ( ) 2 +1 : (3.73)

=1
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On the other hand, we write the expansion of ([B.66]) as

[e.e]

AN =Y (Zf)ji;ﬂl“ (3.74)
§=0

Comparing the asymptotic expansion (B3.72]) with ([B.74) yields the representations of the con-

served quantities in terms of the scattering data
Ljy1 =cgip1, j=0,1,---. (3.75)

These identities are the trace identities for the half-line problem. In particular, the Hamiltonian

H= —%Ig can be represented as
1 1 [ i 3
H=——c3=—— 2In (1 — |B(p)|? = ) — 3) . .
365 ="5: [ # (1= 1B )dﬂ+3;<(>\z) )°) (3.76)

The Poisson commutativity of the conserved quantities Ioj11 generated from In A(X) will be
proved in section 4 (see corollary 1 in section 4.1). Thus we can speak of the integrability of
the boundary conditions stated in section 3.1 in the sense of the existence of infinitely many

conserved quantities in involution.

4 Hamiltonian formulation for the half-line problem

In this section, our aim will be to derive the Poisson brackets between all the elements of the
scattering data and to construct the variables of action-angle type for the half-line problem with

boundary conditions stated in the above section.

4.1 Poisson structure on the scattering data

Note that the r-matrix relation (2.I2]) can be extended to the case of transition matrices for two

arbitrary intervals (y,z) and (v, 2’) (see e.g. [23]), it reads

{Ti(z,y,\), To(a", 9, )} = (T (22", \) @ T(a', 2", )
x [r(A = p), Tu(z”,y", N T (2", y", )] (4.1)
x (T y,\) @T ",y 1))

where (y”, 2”) means the intersection of the intervals (y,x) and (y',2').
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Lemma 1 For x <y, we have the following Poisson bracket relations

{F1($7y7 )‘)7 F2($7ymu)} :F1($7y7 )\)Fg(:v,y,,u)r(y, A— /L) - T(A - :u)Fl($7y7 A)F2($7ynu)a
{Fl(x7y7 )‘)7G2($7ynu)} :Fl(:n,y,)\)Gg(x,y,u)f(y,)\ /L)
_Fl(x7y7 —/L)Gg(l‘,y, ) ()‘ :u) ($ Y, — )Fl(l‘ Y, )‘)7

{Cﬂ%%ﬂih@wwﬂZNA—MGM%%Mqu%m—GN%%)GﬂxyM(%Au)Mw
+ Gz, y, N Fa (2, y, = AP, ) Fy (2, y, =N Ga (2, y, 1)
— Fy(2,y, —p)Ga(m, y, p)F(\, ) Fy (2, y, ) G (, 9, ),
where
F(A, 1) =r(A+p)diag (1,d(p),d(—p), 1), (4.3)
7(A, u) = r(A+ p)diag (1,d(=X),d(N), 1), (4.4)
Ty, A —p) = (E(y,p—A) @ E(@y,A—p)r(A—pn),  (45)
Py, A p) = (E(y, —A —p) @ E(y, A+ p) 7(A i), (4.6)
Py, A p) = (E(y, A — p) @ E(y, p — A) r(A — p) diag (1, d(=A)d(p), d(N)d(—p),1) . (4.7)

Proof The first of (4.2]) can be derived by using [2.12)) or (2.14). The second of ([£.2)) can be
derived by using (4.]). The third of (£2]) can be derived by using (4.]) together with the relation

B2). O

Remark that the terms in the right hand side of (4.2)) involve %ﬂ which is singular at
1

A = +pu, so that we shall specify the generalized function ﬁ to be taken as p.v. SR
p.v. indicates principal value, for definiteness. By taking the limits of (£2]) as y — oo and by

where

using the relation

e:l:i)\y
= +7mid(\), (4.8)

lim p.v.
Yy—00

we obtain

Proposition 1 The Poisson brackets between the Jost solutions F(x,\) and G(z,\) are given

by

{Fi(z,A), oz, )} =Fi(2, N Fo(z, p)re (A — ) — (A — p)Fi (@, \) Fa(z, ),
{Fi(x,A), Ga(z, 1)} =Fi(2, \)Ga(@, )i (A, i) = Fi(z, —p)Ga(z, )i (A, ) Fy (@, —p) Fi (2, ),
{Gi(x, N), Ga(z, 1)} =r(A — p)G1(z, \)Ga(z, p) — Gi(z, \)Ga(@, p)r— (A — p) (4.9)
+ G, ) Fa(, = A)F(\, p) Fy (=N Ga(, )
— Fi(z, —p)Ga(a, )\, ) Fy ' (w, —p) G (, N,
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where
p.v.rlu 0 0 0
) 0 0 Ti0(A — 1) 0
re(A—p) = lim r(y,\ —u) = , (4.10
+(A—p) = lim 7y, A — p) 0 iSO —p) 0 0 (4.10)
0 0 0 p.v.rlu
r— (A — p) differs from ro (A — p) by replacing i with —i, and
p.v.ﬁ 0 0 0
0 0 15 (A d(— 0
Fo(h) = Tim 7y, A p) = | T+ (=) (1)
y—o0 0 —mid(A + p)d(p) 0 0
0 0 0 p.v.ﬁ
and 7(\, 1) and 7(\, p) are given by ({-3) and ({{-4), respectively.
Proposition 2 For real A and u, we have the following Poisson bracket relation
{T1(A), Ta()} =re (A = p)L1(NT2(p) — Tr(A)T2()r—(A = ) (4.12)

= To()7 (A )T (A) + L1M7 (A, )T (),

where (X — p) is defined by (4-10), r—(X\ — u) differs from ro (X — pn) by replacing i with —i,
7+ (A, p) is defined by ({{-11), and 7+ (\, ) is defined by

p.v.ﬁ 0 0 0
) - 0 0 “mid(A -+ p)d(\) 0
P ) = 0 mis(A+ p)d(—N) 0 0 (4.13)
0 0 0 p.v.ﬁ
Proof Straightforward calculations using (4.9]) give
{T'1(A), T2 (p)}
=r+(A = w1 (A2 (p) = T (A2 (p)r—(A = p) Y
a7 O u>rl<A>+r1< ) ()T < ) e
+ (B ) @ B () KOu) ((R(-NEW) @ (- Ew))

where
K\ p) = {K1(N), K2()} — [r(A — p), Ke (N Ko ()] = K1 (W)X + ) Ko (i) + Ka(u)r(A + 1) K1(A).

Inserting [B2), that is K (X, u) = 0, into [@I4]), we obtain [@I12). O



19

Proposition 3 The matriz Poisson bracket ({.12) is equivalent to the following siz basic ones
(AN AW} =0, {ANA@W}=0, (415

[AM), B} = (A T ¢o> ANBG),  (416)

{A(A),W} = <A_;+Z.0 + >\+,i+z'0> ANBQ), (417

{BOY, B} =0, {BO)B | = 2mi (50— p) = 50+ wd(=N) A2 (4.18)

Proof The proof can be completed by calculating explicit forms of the matrix Poisson bracket

(#I2). For example, calculating the (21)-entry of ([AI2]) after using the symmetry relations

343]), we obtain

(AN, B(n)} = <7rz'5(/\ ) -y L — 4 wid(\+ )~ p i M> ANB(),  (4.19)
which produces ([£16) by virtue of the Sochocki-Plemelj formula
1 1 .
ST =PV T Tid(N). (4.20)
Other Poisson bracket relations in this proposition can be verified via a similar manner. O

From (£.I5]), we immediately obtain
Corollary 1 The conserved quantities Ioj11 constructed in section 3.3 are in involution,
{I2j41,Iok+1} =0, j,k>0. (4.21)

We note that the relations ([@.I5]), (£16) and ([@I7)) are consistent with the analyticity of
A() in the upper half of the complex A-plane, so that they can be analytically continued into
the upper half of the complex A-plane.

Proposition 4 The Poisson brackets between the transition coefficients for the continuous spec-

trum and the ones for the discrete spectrum are given by

(B} = {BO), 3} =0, AeR, 1<j<N, (122
1 1

A e AWy — —— Ay, T 142
1 1

AN, 7} = = ANy + ———AN)7;, ImA>0 4.24

{A(N), 75} A_AjJFO()’YJJrAJFAj()%, mA > 0, (4.24)

Proof We introduce the notation

F(2)(x,)\) _ ( fe(z,A) ) ’ G(l)(aj,)\) _ ( f—(xa)‘i ) ‘ (4.25)

g.,.(ﬂ?, >‘)
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It follows from the unimodular property ([B.31]) that
[fe(@, VP + g (@A) =1, AeR. (4.26)
With the notation ([A.25]), the quantities A(\), B(A\) and ~y; can be expressed as
AQA) =g+ (2, N f-(2,A) = fr (2, \)g— (2, ),

B\) =f_ (2, \) f1 (@, ) + g— (2, \)gt (z, \), (4.27)
. f(z, ) _ g-(z,p)
A w=yy o I (@ ) [y

After straightforward calculations using (4.9]) together with (3:43]) and (4.20]), we obtain that,

for real \ and p,
f-(z, 1) }
B

_A(,u)d(—)\)g+ ($7 _)‘)f—($7 _>‘) i _ 1
- ) (w0 s - 32, (429
o A(,lt)f_(l‘,)\)g+(l‘,)\) i . 1
72 ) (o0 525)-

This equality can be analytically continued in p, so that we may set u = A;. By doing so, the
term in the left hand side of (£.28]) becomes {B(\),~;}, while the terms in the right hand side
of ([@.28) vanishes due to A()\;) = 0. Hence, {B(\),7;} = 0. Proceeding as above, we obtain

1 1
AN,y = [ mio(A+ Aj) — ANy, — AN, 4.2
(A7) = (780 +3) = 55 ) A = 52 A, (4.20)
which becomes (£.23]) according to the Sochocki-Plemelj formula (£20). The remaining Poisson
brackets in this proposition can be derived via a similar manner. O

Regarding the rest of the Poisson brackets between the scattering data, we have

Proposition 5 The following Poisson bracket relations hold

vy =1t =0, 1<j5,k<N, (4.30)
N ={\, A} =0, 1<4,k<N, (4.31)
{B(u),A\j} ={B(u), X} =0, 1<j <N, (4.32)
{vi A} =0, {Aeyt =6y, 1<jk<N. (4.33)

Proof The Poisson brackets (£30]) can be derived by using the Poisson brackets (£9]) and the
expression of v; given by ([A27). The Poisson brackets (43I)) follow from (£.I5]). We rewrite

B10) as

{log AN, B(u)} = (ﬁ n ﬁlﬂ) B(y). (4.34)
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where it is assumed that Im A > 0. Inserting (3.50]) into (4.34]), we obtain

N . i
; {B(u), N} {Bw). N} {3, B} {AJ,Bw)})
log A(\), B(p) ¢ + ( 22+ LRSS 1 4 _
{1og 2 ; PPy PPy PREpY ey (4.35)
__Bw _BW
A= A+p

The right hand side of equation (£35)) is analytic for Im A > 0, thus the left hand side has no
singularities at A = A; and at A = —\;. Therefore, relations (£.32) hold. Proceeding as above,
we obtain, after using (£23]) and (B.50]), the following equation

N ) .
i /IR R GV TE\YS S Ve B VT3 o o

log A(\). ~. = = e - 4.36

{1og ¢ )’%}+kzzl<x—xk LW vl i VL W W o g, o)

For Im A > 0, the right hand side of equation ([Z36]) has singularities at A = \;. Comparing the
residues at A = \;, we find the second of relations (4.33]). The left hand side of ([4.36]) should
have no singularities at A = —S\j (since the right hand side has no singularities at A = —5\]-),
this fact implies the first of relations (A.33]). O

It follows from propositions [3 [ and [l that the non-vanishing Poisson brackets of the scat-

tering data {B(\), B(A); A\j, A\j,Vj,%;;5 = 1,2,-++ , N} are
{BOD. B} =27 (6\ = 1) = 60+ wd(-2) (1= [BOP). (4.37)

{ My} =0y, 1<4,k<N. (4.38)

We note that the Poisson bracket (4.37)) is quite different from the one for the full-line problem.
Indeed, in the full-line case the non-vanishing Poisson bracket for the transition coefficient b(\)
reads [23]

{6000 } = 2 (1= [pOVI) 6 = ). (4.39)
Compared to ([£39]), the Poisson bracket (4.37) involves both §(A — p) and 6(A + p), and par-

ticularly it involves d(\) which encodes the boundary information for the half-line problem.

4.2 Variables of action-angle type

Let us introduce the quantities

p(\) = _%m (1-[BOWP), ¢(\)=—argB(\), AeR,

pj=2Rel;, g¢j=loglyl, 1<jk<N, (4.40)
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After straightforward calculations using (3.43]) and the Poisson brackets in propositions Bl d and

Bl we find that the Poisson brackets between the above quantities have the form

{p(N), 0w} =N —p)+6A+n), {p(N),p()}={s(N), 0 ()} =0,
{pjsar} = bk, A{pj,pet ={gjax} =0, 1 <5k <N, (4.41)
{oj: ok} = bk, {ejron} ={pj o6} =0, 1<jk<N.
The quantities (£.40]) constitute the action-angle variables for the NLS equation on the half-line.
The main distinction from the full-line case is that the first of Poisson brackets (4.41]) involves
both §(A — u) and (A + ).
Expressions (3.73]) and (B.75) give the conserved quantities in terms of the action variables
p(A), pj and p;:

[ . 1 . .
Iyi1 =2(—1) %id —_ [ ) 2 (ipy — 2’“] . 4.42
2j+1 = 2(—1) /0 plu)p™dp + Oy ; (ip1 + 01) (ipr — 1) (4.42)
In particular, the Hamiltonian H = —%13 can be expressed in terms of the action variables as
H= / Prp () dp+ > o (3] — of)- (4.43)
0 12 P

From (ZA1)) and (£43)), we immediately have

Proposition 6 The action-angle variables [{-40) completely trivialize the dynamics of the NLS

equation on the half-line:

dp (A dp; do;
PO _(mpy =0, D= prpy=0, % =m0
do (A dq; 1
dp; 1,5 2 .

We note that the above formulae agree with the time evolutions of the scattering data already
established in section 3 (see (3.55]) and (3.60))).

5 Concluding remarks

We derive the action-angle variables for the NLS equation on the half-line subjecting to a class
of integrable boundary conditions. These variables are expressed in terms of the scattering data
for this integrable half-line model. A related and important question is the study of Poisson
structures and action-angle variables for integrable differential-difference equations, such as the
Ablowitz-Ladik lattice system, on the set of non-negative integers. We will investigate this issue

in the near future.
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A Existence of limits (3.23]) and (3.24])) and a derivation for the
integral representation (3.25])

Using (Z.H), we find that F'~!(z,y, \) has the integral representation

2y—x
Fog ) = (o) + [ B(-2 T (0.9 (A1)
where the kernel 7 (y, x, z) satisfies
1 y
T(y,x,2) = §U0(x ;— Z) + /+ Uo(8)T (s, 2,25 — z)ds. (A.2)

2

Let 7(y,z) = ffy_m |7 (y,x,2)||dz. Then we obtain, after using (A.2)) and interchanging the

integrals, the estimate

Tle) < [ W0aCa)lds + [ 10a(o) T (s.0)ds. (A3)
By iterating the above estimate, we obtain
T, z) < exp </y \|U0(z)||dz> 1 (A4)
We claim that the limit
Ti(x,2) = yli_)rglo T(y,z,2) (A.5)

defines a function of z in L3*?(z, 00) for each fixed z. Indeed, by using (A2) and (A4, we find
that

[ 1Tl < [ @l + [ ()T, s

<o ([ Ia(:)la) -1

The above analysis implies that the limit (A.I]), as y — oo, does exist, and there is an integral

(A.6)

representation

F~l(2,\) = B(—x,\) + /OO E(—z,\)T¢(x, z)dz, (A.7)
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where the kernel 7. (z, z) is given by

Tz, 2) = %Uo(x ‘; )+ /W Uo(s)T (s, 2,25 — 2)ds. (A.8)

2

Due to F(x, \) is unimodular, we have F~!(z,\) = 0 F'7 (x, \)o, where the superscript 7 denotes
the transpose of a matrix. Using this relation, we find the integral representation (8.25)) for
F(x,)). The existence of the limit ([3.23) implies the existence of the limit limy_,oc (0,3, —\).
Thus the limit ([3.:24]) also exists.

B A proof for the relation (3.47])

We may set = 0 in (3.45]) and (3.46) to characterize v; and 7;, since these two quantities are
independent on z. With the notation (£23]), we have

W= 0 7200, ) (B.1)
By the definition of G(z, \), we have
G(0,)) = K(\)F(0, =\ K ()). (B.2)
With the notation (@25, we obtain from (B.2)) the following expressions
F(0,=X) =d(=X) (Ka1(=N)£+(0,A) + Kaa(—A)g1(0, 1)),
Fo0 ) = (K 07-(0.0) = K (g0, ). (B2

where Kji(A), j,k = 1,2, stand for the jk-entries of the matrix K(A). The normalization
condition ([B.3]) gives K(—\) = K~1()\), which yields

Kan(A) = =d(=A)Ka1(=A), Kan(A) =d(=A)Ki1(=A). (B.4)

Inserting (B.3) and (B.4) into (B.I)), we obtain

= B () =0, 00) £4(0,4)) — Kii(A)g+(0,A5)
vy = —d( A])Km(Aj)f_(o,Aj)f+(o,Aj)_Kll(Aj)g_(o,Aj)

; = —d(-))), (B.5)

where, in the last equality, we have used g4 (0, A;) f—(0, ;) = g—(0,A;) f+(0, A;). This completes
the proof for the relation (3.47)).
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