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STATIONARY REDUCTION METHOD BASED ON NONISOSPECTRAL
DEFORMATION OF ORTHOGONAL POLYNOMIALS, AND DISCRETE
PAINLEVE-TYPE EQUATIONS

XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU

ABSTRACT. In this work, we propose a new approach called “stationary reduction method
based on nonisospectral deformation of orthogonal polynomials” for deriving discrete Painlevé-
type (d-P-type) equations. We successfully apply this approach to (bi)orthogonal polynomi-
als satisfying ordinary orthogonality, (1,m)-biorthogonality, generalized Laurent biorthog-
onality, Cauchy biorthogonality and partial-skew orthogonality. As a result, several seem-
ingly novel classes of high order d-P-type equations, along with their particular solutions
and respective Lax pairs, are derived. Notably, the d-P-type equation related to the Cauchy
biorthogonality can be viewed as a stationary reduction of a nonisospectral generalization
involving the first two flows of the Toda hierarchy of CKP type. Additionally, the d-P-type
equation related to the partial-skew orthogonality is associated with the nonisospectral Toda
hierarchy of BKP type, and this equation is found to admit a solution expressed in terms of
Pfaffians.
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1. INTRODUCTION

1.1. On OPs and their analogues. An orthogonal polynomial (OP) sequence is a family of
polynomials such that any two different polynomials in the sequence are orthogonal to each
other under some inner product, among which, the classical OPs, such as Jacobi, Laguerre and
Hermite OPs, are the most widely used. Since the 19th century, the theory of OPs has been
well developed; see e.g. [12,13,15,20,39,58,99,122,138,143].

The theory of OPs encompasses two distinct but interconnected facets. The two facets have
many things in common, and the division line is quite blurred, it is more or less along algebra
vs. analysis. The first aspect pertains to the formal and algebraic elements of the theory, which
establishes strong links with special functions, combinatorics, and algebra. The exploration of
broader classes of OPs using mathematical analysis techniques constitutes the other facet of
the theory. In this regard, the primary inquiries revolve around the asymptotic properties of
the polynomials and their zeros, the reconstruction of the orthogonality measure, and related
aspects.

Nowadays, there have been some more general definitions of OPs [40,41,70,122,142], such as
matrix OPs, multiple OPs, multivariable OPs , bi-OPs, rational orthogonal functions etc., and
some analogues of orthogonality, such as skew-orthogonality, partial skew-orthogonality etc.

(Unless otherwise specified, polynomials or functions with certain orthogonality are collectively
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referred to as OPs for simplicity.) In particular, new concepts called Cauchy bi-OPs [26],
partial-skew-OPs [48] and generalized Laurent bi-OPs [152] were proposed very recently and
the corresponding theories and applications have been increasingly developed (see e.g. [22,24—
28,46,49,51,54,73,81,86,87,100,114,115]).

OPs have emerged with great importance in the fields of mathematical physics, quantum
mechanics, numerical analysis, statistics, probability, and many other disciplines. In recent
decades, considerable attention has been paid to interdisciplinary studies between the theory
of OPs and integrable systems. For example, OPs can serve as wave functions appearing in
the Lax pairs of Toda-type lattices [3-8,11,48,68,99, 109, 125,127, 132, 149, 150], while the
compatibility conditions of discrete spectral transformations of OPs can give rise to discrete
integrable systems [9,10,47,124,131,139-141,145]. The theory of OPs can play important roles
in the study of peaked soliton problems for a class of integrable partial differential equations
[18,19,46,49,52,53,115,118,119]. In addition, semi-classical OPs will lead to Painlevé-type
equations [148,149]. This work is devoted to an interdisciplinary study on nonisospectral

deformation of OPs and integrable Painlevé-type equations.

1.2. On Painlevé equations. Around the early 20th century, Painlevé, Gambier and Fuchs

investigated the problem, proposed by Picard, related to second-order ordinary differential

d*y dy
— =F|-= 1.1
= (). (1.1)

where F' is a rational function of Z—Z and y, and is analytic in terms of x. The objective is

equations of the following form

to classify the differential equation (1.1) under the condition that all movable singularities of
the solution are poles. They discovered that, up to a Mobius transformation, there were fifty
equations of the form (1.1) that possess this property, now known as the Painlevé property.

Painlevé, Gambier and Fuchs further demonstrated that, among these fifty equations, forty-
four of them can be reduced to linear equations that can be solved using elliptic functions or
previously known special functions such as Airy functions or Bessel functions. The remaining
six equations, which cannot be reduced to linear form, give rise to new nonlinear ordinary
differential equations that define new transcendental functions. These equations are known as
the Painlevé equations [60,64,65,75,98,101,113,129, 148]:
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whose solutions are called the Painlevé transcendents. Here, «, 3, v, and ¢ are all constants.
It is also noted that each of the Painlevé equations can be written as a (non-autonomous)
Hamiltonian system for a suitable Hamiltonian function H;(q,p,z). The function o(z) =
H;(q,p, z) satisfies a second-order, second-degree ordinary differential equation, known as the
Jimbo-Miwa—Okamoto equation or Painlevé o-equation, whose solution is expressible in terms
of the solution of the associated Painlevé equation [103].

Although the Painlevé equations were initially regarded as purely mathematical objects, they
also widely appear in various studies of physical systems. For instance, Py is related to the
Korteweg-de Vries (KdV) equation [2,59,78,136], which models shallow water waves, and it also
appears in the long time asymptotics for the the mKdV equation [69]. The Painlevé equations
can also arise in the solutions of the nonlinear Schrodinger equation [29,38,153] and appear
in the study of the Camassa-Holm equation [17,67]. Additionally, the Painlevé equations have
applications in many other fields [1, 14, 16,23, 30,75,79,82,102,113,123, 144], including OPs,
statistical mechanics, random matrices, plasma physics, quantum gravity, general relativity,
and etc.

In recent years, there has been increasing interest in discrete Painlevé (d-P) equations [42,64,
65,72,89,91,93,94,105-108,129,133,135,148,149]. d-P equations are nonlinear, non-autonomous,
second-order ordinary difference equations that tend to continuous Painlevé equations in a
certain limit. The systematic study of d-P equations started in the early 1990s in the work
of Grammaticos, Ramani, who first, together with Papageorgiou [93], introduced the notion
of singularity confinement as a discrete counterpart of the Painlevé property and proposed
to use it as an integrability detector for discrete systems, then, together with Hietarinta [133],
applied this idea to obtain non-autonomous version of the two-dimensional integrable mappings
known as the Quispel-Roberts—Thompson (QRT) mappings and succeeded in constructing d-P
equations systematically.

Based on whether the coefficients are linear, exponential, or elliptic functions of n, d-P
equations can be classified into three-types [65,105,108,133], denoted by the prefixes d—, g—,
or ell— respectively, before the equation names. For example, there exist

Zn + a(_l)n

d-Pr: Zpy1+ a0+ -1 = T b,
TnzZn + a
d-Pi: 2pp1 +Tn1 = ———5—
1—22

(zp — a®)(z} — b?)
(Tp + 2)% — 2
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(Tnt1 + 2n)(Tn + Tp—1)

_ (w0 — 2n)? = a®)(xn — 22)* = 1)
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where 2z, = an + 3, a, b, ¢, d are all constants, and
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where g, = qo¢™ + 3, a, b, ¢, d are all constants. An example of a scalar elliptic d-P equation
is

en(yn)dn(v,)(1 — E*sn*(2,))n (€1 + Tn_1)

= en(zn)dn(zn) (1 = k?sn?(20)s10* (7)) (@n 41201 + 27.)

+ (en?(zn) = en®(m))en(zn)dn(zn) (1 + K23 20120 -1) = 0,
in which
Ye 1= 2],

Zn = (Ye Ty0)n+w, = .
Yo n:2.]+15

and cn, dn, sn are all Jacobi elliptic functions.

It is Sakai that gave the definite classification scheme of d-P equations based on algebro-
geometric ideas [135]. There is also certain connection between d-P-type equations and bi-
rational representation of affine Weyl groups [129, 130]. For a comprehensive survey of the
geometric aspects of d-P equations, see the article by Kajiwara, Noumi and Yamada [108]
together with the references therein.

At the end of this subsection, we mention that d-P equations also appear in some applied
problems [35-37,76,77,96,97], such as the computations of gap probabilities of various ensem-
bles in the emerging field of integrable probability, quantum gravity, and reductions of lattice
equations etc.

1.3. Connection between Painlevé equations and OPs. It is known that there exists
close connections between the (discrete and continuous) Painlevé equations and OPs. The
relationship between Painlevé equations and OPs can be dated back to the work of Shohat [137]
in 1939 and later Freud [85] in 1976. However the equations in their works were not identified
as d-P equations until the work of Fokas, Its and Kitaev [76,77] in the early 1990s. Later,
Magnus demonstrated certain relationship between semi-classical OPs and the (continuous)
Painlevé equations [121]. Nowadays, a multitude of connections between Painlevé equations
and OPs have been discovered; see a recent monography by Van Assche [148] and references
therein or some others e.g. [16,23,30,32,33,43,44,55-57,61-63,66,71,83,84, 147,149,154, 155].
The relationship can be summarized as follows:

(1) d-P equations are satisfied by the recurrence coefficients of certain semi-classical OPs.

(2) The recurrence coefficients of OPs undergoing a Toda-type evolution satisfy Painlevé
differential equations, and their special solutions are associated with special functions
such as Airy functions, Bessel functions, (confluent) hypergeometric functions, and
parabolic cylinder functions.

(3) Expressions for rational solutions of some Painlevé equations can be formulated utilizing
Wronskians of certain OPs.

(4) Special transcendental solutions of Painlevé equations are often used to establish the
local asymptotics of OPs at critical points.

Motivated by the fact that the cross-research on OPs and Painlevé equations has promoted
the mutual development of both fields, we are interested in the interdisciplinary studies of OPs
and d-P equations. Specifically, we are curious about what types of Painlevé equations are
related to the recently proposed Cauchy bi-OPs [26], partial-skew-OPs [48] and generalized
Laurent bi-OPs [152].
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To this end, we propose a new method called stationary reduction method based on non-
isospectral deformation of OPs for deriving d-P-type equations in Section 2. Subsequently,
this approach are successfully applied to various OPs, including ordinary OPs,
(1, m)-type bi-OPs, generalized Laurent bi-OPs, Cauchy bi-OPs and partial-skew
OPs, in Section 3-7. As a result, some seemingly new high order d-P-type equa-
tions are obtained. It is noted that the obtained d-P-type equations from partial-skew OPs
and Cauchy bi-OPs are associated to nonisospectral Toda hierarchies of BKP and CKP types,
respectively. In particular, the obtained d-P-type equation from partial-skew OPs enjoys solu-
tions in terms of Pfaffians. To the best our knowledge, this is the first instance of a d-P-type
equation that exhibits a solution expressed in terms of Pfaffians. Section 8 is devoted to con-

clusion and discussions.

2. STATIONARY REDUCTION METHOD BASED ON NONISOSPECTRAL DEFORMATION OF OPs

In the literature, there exist some methods for deriving d-P equations (see e.g. [64, 74,90,
91, 93,112, 148]), among which two effective methods are the compatibility method based on
orthogonality and the approach according to stationary reduction of nonisospectral flow.

The compatibility method based on orthogonality [148] typically involves the following steps.
First one needs to construct a semi-classical weight function to derive a structure relation with
the help of the Pearson equation. Then one can derive a system of difference equations by
using the compatibility condition of the recurrence relation and the structure relation. Finally,
a d-P equation can be obtained by eliminating a number of variables. This method has been
successfully applied to some well-known orthogonalities so that different d-P equations have
been derived. However, this method fails for some novel orthogonalities, such as
partial-skew orthogonality, Cauchy biorthogonality. One of the difficulties lies in
deriving the corresponding structure relations.

The art of the approach according to stationary reduction of nonisospectral flow [112] is as

follows. Consider a nonisospectral flow

%Un + U, Vyp = Vor1U, =0 (2.1)
associated with the Lax pair
Yt = Un(@, A, (2.22)
S = Vala, it (220)
Here q = (¢1,¢2, - - -,qn) is a vector function in ¢ and the spectral parameter A depends on the
time variable t satisfying
M+ f=0,

where f is a scalar function in t and A satisfying f # 0. By setting
Un =Py, Vn:_ana

one will obtain a d-P equation

Pn,)\ +PnQn _Qn-i-an =0,



NONISOSPECTRAL DEFORMATION OF OPS AND PAINLEVE 7

by considering the stationary equation associated with (2.1). In addition, when the partial

derivative of 1),, with respect to ¢ is zero, the Lax pair (2.2) degenerates into

¢n+1 = Pn(qa )\)wnu
wn,/\ = Qn(q7 A)¢n

which gives the Lax pair of the d-P equation. It is evident that this method involves
a direct performance of the stationary reduction on the nonisospectral equation.
Unfortunately, it cannot provide the solution to the d-P equations, nor can it show
the realization of the the stationary reduction from the perspective of the solution.

Due to the limitations of these two methods, a natural question arises: Can one derive
d-P equations and their solutions without constructing the semi-classical weight functions?
Furthermore, it is important to understand how the stationary reduction mechanism operates in
this context. To this end, we propose a new method for deriving d-P equations—the stationary
reduction method based on monisospectral deformation of OPs. The research route is illustrated
in the following figure (Fig. 1).

F
Recurrence relation
of OPs

OPs with certain

Nonisospectral equation
orthogonality

A 'd
p—— Nonisospectral
deformation of OPs

Stationary

Time evolution of the reduction

spectral parameter and —
k: moments

Discrete Painlevé-type
equation
.
) = A
e i Realization of

[ Explicit weight function >——> stationary reduction W

AN E—

~
Recurrence relationof the |~
moments

FIGURE 1. Research route

More precisely, we start from a family of OPs without giving a specific weight function and
first perform nonisospectral deformation on the OPs by introducing the measure p(A;t), where
the spectral parameter A(t) depends on the time variable ¢ and satisfies

%/\(t) = a(t). (2.4)
Subsequently, we utilize the compatibility condition for the deformed OPs to derive the non-
isospectral integrable equations. By implementing stationary reduction, we are able to obtain
d-P equations along with explicit expressions of their particular solutions. This approach en-
ables us to rigorously demonstrate the achievability of stationary reduction. As we will see,
this new method can be successfully applied to various recently proposed new orthogonalities,
including Cauchy biorthogonality, partial-skew orthogonality, and etc. As a result, different

classes of d-P-type equations are derived.
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3. NONISOSPECTRAL DEFORMATION OF ORDINARY OPS AND D-P

It is well known that, upon introducing a suitable time deformation of the measure of the
OPs, one can derive the time evolution equation for the OPs by using the evolution rela-
tion of the measure p(A;t) with respect to the time variable ¢ along with the recurrence rela-
tion and orthogonality of the OPs. By considering the compatibility condition of the recur-
rence relation and the time evolution relation satisfied by the OPs, one will obtain integrable
equations. For example, the Toda lattice can be obtained by considering ordinary OPs with
du(X;t) = et®du()); the Lotka-Volterra lattice can be derived by considering ordinary OPs with
symmetric measure and du(A;t) = ety du(x) (see e.g. [8,132,149]). Similarly, one can also de-
rive nonisospectral integrable equations by using the compatibility condition of the recurrence
relation and the time evolution relation satisfied by OPs [21,50]. In this case, it is required
that not only the measures p(A;t) depends on the time variable ¢, but the spectral parameter
A is also related to t.

In this section we shall take the nonisospectral deformation of the ordinary OPs (and those
with symmetric measure), together with nonisospectral Toda and Lotka-Volterra lattices and

the corresponding d-P-type equations, as examples to illustrate the process of our approach.

3.1. Ordinary OPs. Here the ordinary OPs denote a family of polynomials { P, (\)}nen sat-
isfying the “ordinary” orthogonality condition

/ Po(N) Pon(N)dp(A) = hn6pm, (3.1)

where each P, () is a monic polynomial of degree n in A and p is a positive measure for which

all the moments
ci:/)\idu()\), i=0,1,2,...

exist. In many cases, (3.1) can be written as
/Pn()\)Pm()\)w()\)d)\ = hnOnm,

where w(\) is the corresponding weight function. From the orthogonality condition (3.1), one

can get the three-term recurrence relation of the form
AP, () = Poy1(N) + b Po(N) + a2 P—1(N), (3.2)

together with the initial values P_1(\) = 0, Py(\) = 1. The determinant expressions of the
polynomials {P,(\)}nen and recurrence coefficients {a2 },>0 and {b, }»>0 can be obtained by

using the orthogonality condition

Co C1 e Cn
1 C1 C2 -+ Cpii
Pn A) = — . . . . s 3.3
W=a| (33
Ch—1 Cn -+ Cop—1
1 A A"
2 _ AnJrlAn*l b, — A;+1 N A:z (3 4)

Qa
n A2 ’ An+1 An ’

n
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where the Hankel determinant

Co ¢t - Cp—1
Cc1 Co e Cn,
A, = . . . £ 0, (3.5)
Cn—1 Cn o Coan—2
and the determinant A* is obtained from A,, by replacing the last column (¢, _1, cp, .. -, Can—2) "
by (CnsCntt,--->Can_1)' . In addition, {h,},en admit the expressions
h — An-‘,—l

3.2. Nonisospectral Toda lattice. Consider the monic OPs {P, (\;t)}nen in (3.3) satisfy-
ing the three-term recurrence relation (3.2). Suppose that the spectral parameter A evloves
according to the time evolution (2.4). We now choose a weight function such that the moments
satisfy the time evolution

d

26 (t) = ajei(t) + a1 (t) + azcjpa(?). (3.6)
Since
4 »(t)—/v wet) + L t) + aw(nit) ) d
7= ajw(; prltt aw(\;
=ajc;(t) + //\j (jtw(/\;t) + ozw(/\;t)) dn,
we have

(d
/)\J (dtw()\; t) + aw(X; t)) dA = aicjp1(t) + azcjpa(t).
Therefore, it is required that

%w(/\; t) + aw(\;t) = (A + ax ) w(\;t),

based on which, concrete moments will be given in (3.21).

Lemma 3.1. Under the assumption of (2.4) and (3.6), the monic OPs (3.3) satisfy the time
evolution

%Pn()\; t) =naP,(\;t) — a2 (a1 + ag(by_1 4+ bn))Pu1(Mt) — aga? a2 Py_o(Nit).  (3.7)

Proof. We rewrite the orthogonality condition (3.1) as
/Pn(/\;t)Pm(A;t)w(/\;t)d)\ =0, m=0,1,...,n—1. (3.8)

By taking derivation of both sides of (3.8) with respect to ¢t for m =0,1,...,n — 1, we are led
to

0 :/ (jtPn()\;t)Pm()\;t) +Pn(/\;t)(iPm(A;t)) w(A, t)dA

+ /Pn(/\;t)Pm(/\;t) (;ltw(/\;t) + aw(/\;t)) d\
d

:/ <dtPn()\;t) n (al)\+a2)\2)Pn()\;t)> P (A £)dA.



10 XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU

Then, by using the recurrence relation (3.2), we obtain

0 :/ (jtPn(A;t) + alaipnl) P\ t)w(\;t)dA

+ [ @2a? ((bp1 + bn)Pa1(Xst) + a2 Pa_o(X;t)) PN\ )w(X; t)dA.
n n—1

Since the polynomial %Pn()\; t) is of degree n, we can express it as a linear combination of the
OPs P; with 0 < ¢ < n, that is,

d n
anA,t: i}Di)\;ta
Lt = S wPixi )

=0

using which, we get

d
%Pn()ﬁ t) + alaipn—l()\; t) + a2ai[(bn—1 + bn)Pn—1(>H t) + aiflpn—2<)‘; t)]

=Y Pn(At) + (Yn-1 + ai(al +ag(bn-1+bn)))Po-1(\;t)
n—3
+ (Y2 +aga?_a?)P,_o(\t) + Z ~viPi(A;t).
=0

By comparing the highest degree of A on both sides, it is evident from (2.4) that

Y = Na.
According to the orthogonality condition, it is not hard to see that vg = v1 = -+ ;-3 =0
and

Vo2 = —Q2a;,_iay,

Y1 = —(1a? + aa? (bp_1 + by)).
Therefore, the conclusion (3.7) follows. O

The compatibility condition between the recurrence relation (3.2) and the time evolution (3.7)
can be employed to produce a nonisospectral Toda lattice. In fact, we have the following theo-

rem.

Theorem 3.2. Under the assumption of (2.4) and (3.6), the recurrence coefficients {a2} and
{bn} for the monic OPs (3.3) satisfy the nonisospectral Toda lattice

d 2
% = 20a? + a1al (by, — bnp_1) + aoa(ad, —ai_, + b3 —b2_,), (3.9a)
db
7: =ab, + a1 (CL72H_1 - ai) + 042(a72,+1(bn+1 + bn) - ai(bn—l + bn)) (3'9b)
Proof. Differentiating (3.2), we first have
d

aAP, (N t) + )\%Pn()\; t)
2

d db,, d da? d
:%P,H_l()\;t) + Epn_l(/\;t) + bn%P,Lq()\; t)+ dtl n—1(Ast) + a%%P,L_l()\; t). (3.10)

By substituting the corresponding expressions (3.7) for %Pn_i_l(A;t), %Pn()\;t), %Pn_l()\;t)
into both sides of (3.10), we then obtain

LHS of (3.10)
=(n+ Da(Pyr1(A;t) + by Po(A;t) + afan_l(/\; t))
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—an(e1 + ag(bp-1 + b)) (Pa(At) + bp1 Pa1 (A1) + @l P (X))

— a2 a2 (Pu_1(Mst) + bp_oPp_o(\;t) + a2 _oPu_3(\t)), (3.11)

RTS of (3.10)
=(n+ 1)aPyy1(Ast) — ap (a1 + a2 (bt + b)) Pa(Ast) — anal al Pu_1(Ast)

db,,
+ EP,L(/\; t) + b (naP,(A\;t) — a (a1 + az(bp_1 + bp)) P 1(X; 1)
2 2 dai 2
—anas,_qa;Pa_o(Xt)) + o —1(X 1) + az ((n — )aP,—(A;t)
— aifl(oq + ag(bnfg + bnfl))Pn,Q()\; t) — a2a272aiflpn,3()\; t)), (312)

where (3.2) is used to replace AP, (A;t), AP,—1(\;t), AP,_2(A;¢) in (3.11).
Finally, we obtain the desired equation (3.9) by comparing the coefficients of P,y1(A;t),
P,(Ast), Poo1(At), Pu—o(X;t) and P,_3(A;t) in (3.11) and (3.12). O

Remark 3.3. It is worth noting that, when « # 0, (3.9) represents a generalized nonisospectral
Toda lattice that encompasses both the first and second flows of the isospectral Toda hierarchy.
When o = as = 0, (3.9) reduces to the first isospectral Toda flow. Similarly, it yields the
second isospectral Toda flow when oo = a; = 0.

3.3. Asymmetric d-P; related to nonisospectral Toda. The three-term recurrence rela-
tion (3.2) and the time evolution (3.7) constitute the Lax pair of the nonisospectral Toda lattice

(3.9), which we can write in matrix form as

dipy,
Yni1 = Unthn, %: U, (3.13)

where 9, = (P,—1(A\jt), Py(A\;t)) T and

U, = 0 1 ,
—a? A—b,

V _ Oégai_l — (A*bn—l) (052>\+011 +012bn_1) +Oz(n7 1) 042)\+011 +Oégbn_1
" —a? (ao\ + a1 + asby,) aza? + an '

We claim that the compatibility condition of the linear system

O

¢n+1 = inny H = Qn'(/}ru (314)
with i .
P = = —_— [ —

yields a d-P-type equation.

Theorem 3.4. Under the assumption of (2.4) and (3.6) as well as the stationary reduction, the

recurrence coefficients {a2}nen and {bp}nen for the monic OPs (3.3) satisfy the asymmetric
d-Pr

oty (Up, + Upt1 + Upn) + a1ty + an +e; =0, (3.15a)
U (U, + Up—1 + ) + 10, +a(n —1) + f1 =0, (3.15b)
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with the Lax pair (3.14), where

_ agaiﬂ +an + e

Un

—ab, — ay
_map +an—1)+fi
" —ab, —aq

with some arbitrary constants e; and fi.

Proof. The compatibility condition in (3.14) gives a difference system in matrix form
Py + PQn — Qui1 P =0,
the explicit form of which reads
20+ i (bp — bp—1) +as(al 4 —ai_; +b2 —b2_;) =0, (3.17a)
ab, + ai(ap ;= an) + as(ag y (bnpr +bn) — afy(by—1 +by)) = 0. (3.17b)

Now we are ready to simplify (3.17) to obtain the asymmetric d-P; (see e.g. [88]). It is noted
that (3.17) can be equivalently written as

Ea% — a%Eil bn(E — 1) asb, + aq - 0
( 1-E~Y, (E-EY ) ( aga + (n — 1)« ) B ( 0 ) (3.18)

where F is the shift operator on n, E¥f,, = f,.%. Multiplying (3.18) from the left by

0 E
asby, + a1 (asa?,, +na)E )’

E-1) ( buFin + (E+1)Gip ) _ ( 0 ) | 5.19)

aZF1 1 Fin + b, F1 2 Giy + G1pni1Gig 0

we can get

where
Fi = agb, + aq,
Gin = aga’ + (n—1).
Expanding the expression (3.19) explicitly, we have
as(a y +a2 +b2) +arb, + (2n— Da+c =0, (3.20a)
a2 (agby + 1) (oby 1 4+ 1) — (a2 + (n — 1)a)? — ci(aza? + (n — 1)a) +d; =0, (3.20b)

where ¢1,d; are two arbitrary constants. Finally, we can derive the asymmetric d-P; (3.15)

from (3.20) via the Bécklund transformation

bn = Up + Vn,

2
a, = Up—1Un,

agaiﬂ +an+ e
Up =

—aab, — ay
aza? +a(n—1)+ fi
n =
—oib, — ay

cp=e + f1, di=-—eifr.
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Remark 3.5. It is noted that the asymmetric d-Py can be obtained from the d-Py

1 1
a2wn(wn+1 + wy, + ’LUn_l) —+ arwy, + 50571 — 1(30& — 261 — 2f1)

— (—l)ni(a — 261 — 2f1> = 0,

by considering the cases of odd and even values of n as a coupled system and then setting

W2n = Un, W2p+1 = Up (See' c.g. [92])

2
Remark 3.6. Obviously, (3.17) is the stationary reduction (i.e. setting ds; = dfl’t" = 0) of

the nonisospectral Toda lattice (3.9). This means that the asymmetric d-Py (3.15) together

with its Lax pair (3.14) can be deduced from stationary reduction of the Lax pair (3.13) of the

nonisospectral Toda lattice (3.9).

3.4. Realization of stationary reduction. In this subsection, we would like to demonstrate
the feasibility of the stationary reduction from the perspective of solution. To this end, we will

introduce a concrete weight function to define the corresponding moments.

Lemma 3.7. Under the assumption of (2.4) together with % <0, define the moments as

—+o0
c;(t) = / N (0)edot e MO+ N (00 g3 (). (3.21)
0
Then the moments simultaneously satisfy the time evolution (3.6) and
d
ﬁcj(t) = —ac,(t). (3.22)

Proof. First, let’s seek for an appropriate weight function so that the moments satisfy the
evolution relation (3.6). It follows from (2.4) that

where A\(0) is the spectral parameter at initial time. In the case of the integral interval [0, +00),

the moments can be written as

+oo +oo
GO = [ VOt = [ VO F30):0a30)

where e/ f(A(0);t) is the deformed weight function that needs to be determined. Differenti-

ating the above expressions for the moments produces

d

Ze

dt ™
from which we can obtain

S T0)51) = (@A) + X200 ) FA0): )

+oo .
(t) = aje;(t) —l—/o )\j(O)ejath)\(O),

with the help of the evolution relation (3.6). This implies that it is reasonable to take
FONO); ) = ¢ HAO N 00

9

which yields the expressions of the moments (3.21).
Next we aim to verify the evolution relation (3.22) satisfied by (3.21). Integration by parts

gives

+oo
¢ (t) :/ )\j (O)ejate%)‘(o)ea‘wL%AQ(O)eQ“td)\(o),
0
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+
:_/ Oo)\(O)j)\j—l(0)€jat+%)\(0)eat+g—§>\2(O)EQMd)\(O)
0

to oy ; S1A(0)e™t + 22 A2 (0) 2t
_/ 7)\]4’1(0)6(]4’1)0“5@7 (0)e™ 432 A%(0)e dA(O)
0 «

0 gy ) ©12(0)e®t + 22 A2 (0)e2et
7/ 7)\]4’2(0)6(]4'2)0467 (0)e**+ 52 A%(0)e d\(0)
0 a

. aq )
=—jJ¢j — —Cjy1 — —Cjya,
JC T T G T G2
where we used the fact at the boundary

s NFH0)F(A0)5t) = o NTH0)f(A(0);) = 0.

Therefore we have

. &7 aq
= N - e
Cj+2 (J+ )a2 Cj a2cj+17
inserting which into Eq. (3.6), we obtain Eq. (3.22). The proof is completed O

Finally, we show that under time evolution (3.22), the nonisospectral Toda lattice and the
corresponding Lax pair can indeed be stationary. In fact, the following result immediately
follows from the above lemma.

Theorem 3.8. Under the definition of the moments (3.21), we have

2
dai(t) _ dbn _

dt dt
dn,;(t)
dt
where {a2} and {b,} are the recurrence coefficients for the monic OPs (3.3) and {v, ;} are the
coefficients in the expansion P,(\;t) = Z?:o Vg (DA(E)7 .

and

:0)

Proof. The main argument involves the utilization of (3.22), which holds based on the definition
(3.21) of the moments. It obviously follows from (3.22) that

d

A, = —nal,, iA* = —nal},

dt at="
where A’ is the determinant obtained from the matrix of A, by replacing the last column
(Cn1,Cns- vy Can—2)T by (€n,Cnit,...,can_1)T. Then we easily get
da?  d (Apy1Dny —0
dt — dt A2 -
dbn _ i A:z+1 _ ﬁ -0
dt  dt \A,1 A, '
Furthermore, recall that the coefficients of the expansion for P, () are written as
Tnj .
7n,j:Ana .7:07"'7n
with
CO Cl DRI Cj—l C]+1 ... Cn
Cl 02 e Cj C]+2 e Cn+1

Tn; = (—1)""I

J

Ch—1 Cp "+ Cpyj—2 Cntj 0 Cop—1
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By employing the evolution relation (3.22), one can obtain

d

T,
dt

g = —nady

from which it is not hard to see
dyn,j

=0.
dt

O

In summary, under the definition (3.21) of moments, the nonisospectral Toda lattice (3.9)
does indeed exhibit the stationary reduction. Besides, we also have demonstrated that the
coefficients v, ; in the expansion of the monic OPs don’t depend on time ¢, which means that
% = 0 so that the Lax pair (3.13) of the nonisospectral Toda lattice does indeed exhibit the
stationary reduction under the definition of the moments (3.21), from which the asymmetric
d-Py (3.15) together with its Lax pair (3.14) arises.

3.5. Nonisospectral Lotka-Volterra lattice. Now we consider the monic OPs { P, (\;t) }nen
(3.3) with symmetric measure. Let the weight function w(\;t) be an even function with respect
to A and the integral interval be symmetric. In fact, in this case, it is obvious that the moments
satisfy

con # 0, can+1 = 0,

from which it is not hard to see b,, = 0 and the recurrence relation (3.2) becomes
AP, (A t) = Poyi(\t) + a2 Pu_1 (M), (3.23)

Suppose that the spectral parameter A satisfies the time evolution (2.4). We now seek for a
weight function such that the moments satisfy the time evolution
d

%Cj (t) = OéjCj (t) + OllchrQ(t) + Oé2€j+4(t). (324)
Since
4w —/Aﬂ' wet) + - Lwt) + aw(nt) ) d
0= ajw(X; it aw(A;
=ajc;(t) +/Aj (;ltw()\;t) + aw()\;t)) d,
we have

[ d
/)\J (dtw()\; t) + aw(X; t)> dX = aicja(t) + aacja(t),
from which it suffices to set
d
%w()\; t) + aw(A;t) = (A% + a M w(\;t). (3.25)

This implies that such a weight function exists and it is reasonable to choose the expressions
(3.36) for the moments.

Lemma 3.9. Under the assumption of (2.4) and (3.24), the monic OPs (3.3) satisfy the time
evolution
d
5, (i) “naPa(st) — a2y + aa(dy + a4
+ap 1)) Pama(Nit) — asay_sai_sar,_yap Pa—a(Nit). (3.26)
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Proof. For m = 0,1,...,n — 1, by taking the derivative to the orthogonality condition (3.1)

with respect to time t, we have

0 —/ (jt (/\ t) m(/\; t) + Pn(/\;t)jtpm(/\;t)> w(/\’t)d)\

+/Pn()\;t)P (A t)(j w(A;t) + aw(X;t))dA,

which immediately results in

/ <jt L (Ast) + (A + a2)\4)Pn()\;t)> P\ tH)w(X;t)dh =0

by virtue of (3.25). With the help of the recurrence relation (3.23), we obtain
d
(d (\st) + ara? 1aiPn2) P\ tH)w(; t)d)

+/t
/

2an 10’ Ap—2 +an 1 +a‘ +an+1)Pn*2()‘7t)Pm()‘vt)w()‘7t)d>‘

=

+ [ apa?_ja2a? 502 5Py s(M;t) P\ t)w(X; t)dA.

Upon setting 4 P, (A\;t) = Y1 % Pi(\;t), we have
d
dt
+azap_qa;((ah_o +ai_y +aj +ap ) Paoa (A1) + ap_sai_oPoa(Xit))

Po(A\jt) 4+ aqa?_ a2 P, _o(\t)

=Y Pa(Ast) + Va1 Pa1(Ast) + (Y2 + cnal_jap + aoal_qal(ah_o +ar_q +al
+ a2 1) Pa2(Ait) + Yn—3Po—3(\it) + (Yn—a + azal_sa2_saZ_1a2)Po_a(\;t)

n—>5
+) Pi(At). (3.27)
1=0

Comparing the highest power of A on both sides of the equation (3.27) immediately gives
vn = na. By making use of the orthogonality condition, it is not hard to get

Yo =7="""=Vn-b5="Tn-3= Tn-1=0
and
Va4 = —Q2;,_3a,_»a;_1a;,
-2 = —ap_qap (a1 +az(ag 5 +ay_y +ap +aniy)),
Therefore, the time evolution (3.26) of {P,(A;t) }nen is verified. O

The compatibility condition of the three-term recurrence relation (3.23) and the time evolu-
tion (3.26) enables us to derive a differential equation. In fact, we have the following theorem.

Theorem 3.10. Under the assumption of (2.4) and (3.24), the recurrence coefficients {a2}nen
for the monic OPs (3.3) satisfy the nonisospectral Lotka-Volterra lattice
02
ditﬂ =2aa;, + ayaj(ah g —ap_y)
+azap (a1 (ay, +ap gy +app) —an_q(ah_y +ap g +ay)). (3.28)
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Proof. Taking the derivative of (3.23) with respect to time ¢, we have

aAP, (M) + )\%Pn()\; t)

oo+ Y p o2 ), 00 (3.29)
*dt n+1 9 dt n—1 ) ndt n—1 ) ) - Y. .

By inserting the three-term recurrence relation (3.23) and the time evolution (3.26) into both

sides of the equation (3.29), we obtain
LHS of (3.29)
=a(Pri1(Nt) + a2 P_1 (A1) + na(Pay1 (A1) + a2 Pu_1(\st))
— ap_yap (o +az(ag 5 +ap_y +ap +ag ))(Pao1(Ast) + a5 Ps(Ast))
—anap_3ap 5+ an_qan(Puos(A\t) +ai_y Puos(A5t)), (3.30)

RHS of (3.29)
=(n+DaPu1(Xt) = apyap(on + a2(a; 1 +ap + a5y +ap49) Paoi(Xit)

da?
— agai_zai_laiaiHPn_g,(/\; t) + d—t”Pn_l()\; t)+ (n— 1)aafan_1(/\; t)
- a2a72174a72173a72172a72%1a31]3n,5()\; t)
—a}_yal_jal(on +ax(al_g+ap o+ap g +ap))Pas(Xit). (3.31)

Comparing the right hand sides of (3.30) and (3.31), one will see that the differential equation
(3.28) follows from the coefficient of P,_1(\;t). O

Remark 3.11. It is noted that (3.28) can be identified as a nonisosepctral generalization that
incorporates both the first and second flows of the isospectral Lotka-Volterra hierarchy when
a # 0. In fact, when a = ag = 0, it reduces to the first isospectral Lotka-Volterra flow, and

when a = a7 = 0, it gives the second isospectral Lotka-Volterra flow.

3.6. d-Pp related to nonisospectral Lotka-Volterra. In the previous subsection, we uti-
lized the orthogonality condition (3.1) to derive the time evolution (3.26) of the OPs, which
together with the recurrence relation (3.23) constitute the Lax pair of the nonisospectral Lotka-
Volterra (3.28). As we will see, we can obtain a d-P-type equation from a stationary Lax pair
by employing the method introduced in Section 2.

The recurrence relation (3.23) and time evolution (3.26) can be rewritten in matrix form as

dp,
wn+1 = Unwnv i = nl/}nv (332)

dt
where ¢, = (Pu_1(Xst), Pa(N1)) T,

0 1
U, = ,
! (ﬂiA)

—a A\t — )2 (aga% + al) twp+am—1) aA®+ A (0[2 (afﬁl + a%) + al)
Vo = _\3.2  y. 2 2 2 2 92 )
agX’ar — Aay, (Oég (anH + an) + al) agN“ar + wpi1 +an

with w, = a?_; (ag (a%72 +a2 |+ a%) + al). Now we claim that the compatibility condition
of the linear system

Oy,
’(/}nJrl = inn7 (;p)\ = Qnd}nv (333)
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with

dA 1

will yield a d-P-type equation. In fact, we have the following theorem.

Theorem 3.12. Under the assumption of (2.4) and (3.24) as well as the stationary reduction,
the recurrence coefficients {a2 }nen for the monic OPs (3.3) satisfy the following d-Pr

o 1 -
alafbﬂ(ai + afH_l + ai+2 + Of) +(n+ 5)04 —(=1)"4g —¢c =0, (3.34)

with the Lazx pair (3.33), where

e
2 2,2 | 2
Ag = 5 + aaiy + agai(al + a3),
2 2,2 | 2
¢ = —aqaj — asai(ai + aj3),
and when n is odd, ¢ = —c; when n is even, ¢ = 0.

Proof. By considering the compatibility condition of (3.33), i.e.
Py + PQn — Qui1 P =0,
we can obtain
20+ an(ag g — ap_y) + aolap g (an + ahyy +ahn) —ap_y(an_o+ap_; +a7)) =0, (3.35)
which can be further simplified to get the d-Py. In fact, summing the above equation results in
2na + aq(ad g +an) + as(a (a2 +as,q +ar o) +as(ai_y +as, +ar)) +c=0,

from which, (3.34) follows. O

Remark 3.13. It is worth noting that the equation (3.35) is the stationary reduction, i.e.
2

setting dgt" = 0, of the nonisospectral Lotka-Volterra equation (3.28). This means that the

d-Py (3.34) together with its Lax pair (3.33) can be deduced from the stationary reduction of

the Lax pair (3.32) for the nonisospectral Lotka-Volterra equation.

3.7. Realization of stationary reduction. In the previous section, we derive the d-P; by
formally applying the stationary reduction to the nonisospectral Lotka-Volterra equation. Now
we will construct an explicit weight function and rigorously demonstrate the feasibility of the

stationary reduction from the perspective of solution.

Lemma 3.14. Under the assumption of (2.4) together with %> <0, define the moments as

+oo
¢i(t) = / N (0)eo e SEN O FEN 0 g3 ) (3.36)
Then the moments simultaneously satisfy the time evolution (3.24) and
d
ﬁcj(t) = —acj(t). (3.37)

Proof. First, let’s seek for an appropriate weight function so that the moments satisfy the
evolution relation (3.24). Since it follows from (2.4) that
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where A(0) is the spectral parameter at the initial time, in the case of the integral interval

(—00, +00), the moments can be written as

+oo +oo
)= [ N@dutst) = [ VO 0] )M 0)

—00 —00
where e/t f(A(0);t) is the deformed weight function that needs to be determined. By taking
the derivative of the moments, we have

+oo .
et = ajes)+ [ W LEBRD

— 00

dA(0).

It can be seen from the evolution relation (3.24) that f(A(0);t) needs to satisfy the time
evolution

STA0)0) = (@200 + X (0)e**) FA0); ),

so it is reasonable to set
FON0);2) = 3 X O HZ2NT 0
from which we have the explicit expression (3.36) for the moments. Now it remains to be
confirmed that the evolution relation (3.37) is satisfied by the moments in (3.36).
Using integration by parts and the fact at the boundary
V000 = Tim A0)f(0)5t) =0,
we have

+o0
Cj (t) = / bV (O)ejate‘z%)\2(0)e2at+%)\4(0)e4atd)\(o)

— 00

+oo i1 . 0(1)\20 2at 112>\40 dat
:‘/ A0)j N ~H(0)e7 0 O TA O g\ (0)

— 00

—+00
_ / QL \T+2 ()20t FEAT O3+ G2N 00 3 ()
(0%

— 0o

+oo
_ / %)\j+4(0)e(g‘+4)ate%,\2(o)e2°f+j—§x4(o)e4md}\(o)
oo @
. aq a2
TG T G T G
which results in
. « aq
Cira=—(+ 1)07203‘ RPCAEE
It is evident that (3.37) immediately follows from substituting the above relation into the

evolution relation (3.24). Therefore, we complete the proof. O

The above lemma implies the following result.

Theorem 3.15. Under the definition of the moments (3.36), we have

daz (t)
=0
dt
and
dyn (1) —0
dt ’

where {a2} are the recurrence coefficients for the monic OPs (3.3) and {»;} are the coefficients
of OPs in the expansions Pp(\;t) = Z?:o Y (E)A(E)7 .
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Proof. The argument is mainly based on the time evolution (3.37), which holds for the moments
definied in (3.36). It follows from the time evolution (3.37) of the moments that the Hankel

determinant A,, satisfies the evolution %An = —nad,,. Therefore we have
dai (t) _ i An+1An71 —0
dt dt A2 '
Furthermore, recall that the coefficients of OPs are written as
T .
’y7;: ’, jZO,...,n
n,j An
with
CO Cl DRI Cj—l C]+1 ... Cn
C C ... C . C ... C
Loy = (0| T
Cn—1 Cn *° Cpgj—2 Cpij -+ Cop—1

By utilizing the evolution relation (3.37), one gets

d
%Tn,j = 777,0[Tn,j,
based on which, it is not hard to see
d

O

It follows from the above theorem that, for the moments defined in (3.36), the nonisospectral

Lotka-Volterra equation (3.28) does indeed exhibit the stationary reduction. Besides, we also

have demonstrated that the coefficients v, ; of OPs don’t depend on time ¢, implying ag’t" =0,

which means that the Lax pair (3.32) of the nonisospectral Lotka-Volterra equation does indeed
allow the stationary reduction under the definition of the moments (3.36), from which the d-Pg
(3.34) together with its Lax pair (3.33) arises.

4. NONISOSPECTRAL DEFORMATION OF (1,m)-TYPE BI-OPS AND D-P

In this section, we consider the corresponding problems related to the (1, m)-type bi-OPs
[47,120], which are generalizations of the ordinary OPs discussed in the previous section and
associated with the Muttalib-Borodin random ensemble [34,126]. Firstly, the time evolution of
the (1, m)-type bi-OPs is deduced by utilizing the biorthogonality condition. Subsequently, the
nonisospectral integrable equations are derived based on the compatibility condition between
the recurrence relation and the obtained time evolution. Then, by considering stationary reduc-
tion of the Lax pair of the nonisospectral integrable equations, we obtain a family of d-P-type
equations together with the corresponding Lax pair. Lastly, we construct an explicit weight
function that ensures the validity of the aforementioned process.

4.1. (1,m)-type bi-OPs. For a fixed m € N, define the inner product (|-}, according to
(FN)]w(X)dAlg(A))m = /f(A)g()\m)w(A)dA7
where w()\) is a formal weight function so that all the moments

¢ = /)\iw()\)d)\, ieN
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exist. Two families of monic polynomials {P, (A)}nen and {@Q,(A) }neny with an exact degree
n for each P,()\) and Q,(X) are called (1, m)-type bi-OPs with respect to the bilinear 2-form
(-|-)m if they satisfy biorthogonality condition

(Pr (M) |w(N)dNQs(A))m = hnbns, hpn #0. (4.1)
Obviously, when m = 1, the biorthogonality condition reduces to the case for the ordinary OPs

in Section 3.

It is noted that the biorthogonality condition (4.1) can be equivalently written as
(PN w(N)dAAN)m =0, s=0,1,...,n—1,
for the sequence of polynomials { P, (z)}nen and
N lwN)dNQrn(A\))m =0, s=0,1,...,n—1

for the sequence of polynomials {Q,(2) }nen. Based on the biorthogonality, we have the follow-
ing determinant expressions for the (1,m)-type bi-OPs

CO Cl PRI cn
Cm Cl+m e cn+m
1
P == S (4.22)
T . . .
Cn—1)m Cli+(n—1)m "~ Cnit(n—-1)m
1 A . A"
Co c1 S Cn—1 1
1 Cm Cl4+m o Cm+n—1 A
Qn(A)=—1 . . , . 0 (4.2b)
Tn : : . : :
Cnm Cl4nm Tt Cn—14+nm )\n

under the assumption of 7, = det(cmiﬂ);fj_:lo # 0. In addition, {h, },en admit the determinant
representations
hn _ Tn+1
Tn
It can also be proved that P,(\) and @, (\) respectively satisfy the following m + 2 recurrence

relations

)\mPn(A) - bn,mPner()\) + bn,mflpnqufl()\) + bn,m72pn+m72(>\) +-- bn,flpnfl(A)a
(4.3a)

AC?n(A) = an,n+lQn+1 (A) + an,nQn()\) + an;ﬂ—lQn—l()\) + -+ an,n—an—m(A)a (43b)

where by, = appnt1 =1 and b, ; = 0,5 > m or j < —1. Since P, (A) and @, () have similar
structures, we shall maintain our focus on {P,,(\)}nen-
In order to facilitate our discussion, we rewrite the recurrence relation (4.3a) in matrix form
as
AP = JP, (4.4)
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where
Py boo bo1  bo2 -+ bom 0 0 0
Py bi,-1 bio big - bim—1 bim 0 0
P = J =

Pl - 0  ba—1 bao -+ bam—2 bam—1 bam O

4.2. Nonisospectral Blaszak-Marciniak lattice. In this subsection, we consider nonisospec-
tral deformation of the (1,m)-type bi-OPs, and use the compatibility condition to derive non-
isospectral integrable equations.

Under the condition that the spectral parameter A satisfies the time evolution (2.4), we seek
for an appropriate weight function to ensure that the moments satisfy the time evolution

d

26t = ajej(t) + arcim(t) + azcjram(t). (4.5)

Based on
%c‘j (1) = / N(t) (ajw()\; £+ %w()\; £+ aw(A;t)) i

=ajc;(t) + /)\j(t) (jtw(A;t) + ozw(/\;t)> dA,
we thus obtain
[ 2000 (G030 + awixin) ir = aicsn(® + azesian (o)
which implies that it is reasonable to set

%w()\; t) + aw(A;t) = (a1 A™ + a 2™ w()\; t). (4.6)

Such a weight function is given in (4.27).

Lemma 4.1. Under the assumption of (2.4) and (4.5), the (1, m)-type bi-OPs (4.2a) satisfy
the time evolution

d
apn(/\; t) =naP, (A t) — (cabp,—1 + a2by,—1(bp—1,0 + bn,0)) Prn1(A; 1)

— Oégbn,_lbn_L_an_g()\;t). (47)

Proof. Recall that the biorthogonality condition (4.1) gives

/ Pa(\)Qu (™ tyw (s )dA = 0,

for s =0,1,...,n — 1. By taking derivation of the above relation with respect to ¢, we obtain

0 :/ <;ltpn(>\;t)Qs()\m;t) + Pn(/\;t)ths()\m;t)> w(A;t)dA

+ / P Qs (™ 1) (jtw(A;t) + aw(/\;t)) i (4.8)

Then, inserting Eq. (4.6) into Eq. (4.8) gives

0= [ (GPaON+ (@X" + a2 P (1)) QU™ (1

:/ (jtPn()\;t) —&—albn,anl()\;t)) Qs(A™; t)w(A; t)dA
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+ anbp 1 (/(ano +00,0) Prc1 (A 1) Qs (A t)w(As t)dA

+f bn_l,_lpn_g(x;t>czs<w;t)w(A;t)dA) |

where we used the recurrence relation (4.3a) to replace the expressions A P, (\; ) and A2 P, (\; t).

Upon the reasonable setting

d n
Lp.nt) =S wPi(A: 1),
g En(Xit) ;7 (A1)
we have
d
apn()\; 1)+ iy, —1Pno1(Ast) + aobn,—1[(bn—1,0 + bn,0) P—1(A;t) + bn—1,—1Pr—2(A; )]
:'ann()\) + (7n—1 + albn,—l + a2bn,—1(bn—1,0 + bn,O))Pn—l(/\; t)
n—3
+ (Yn—2 + @2bn,—1bp—1,-1)Pr_a(A;t) + Z VP (A ). (4.9)
i=0

Comparing the highest power of A on both sides of the equation (4.9) shows that v, = na.
According to the biorthogonality condition for s =0,1,...,n — 1, we conclude from (4.9) that
Yo =M :...:fyn_S:O, and

Yn—2 = —Q2by _1bp_1,_1,
V-1 = —01by, 1 — @by, —1(bn—1,0 + bnyo)-

Therefore (4.7) follows. O

In the following theorem, we will derive a nonisospectral Blaszak-Marciniak (BM) lattice
by means of the compatibility condition of the recurrence relation (4.3a) and the time evolu-
tion (4.7).

Theorem 4.2. Under the assumption of (2.4) and (4.5), the recurrence coefficients {by, ;} for
the (1,m)-type bi-OPs (4.3a) satisfy the following differential system

dby,

dt

=(m — Daby; + @1 (bn1410n+141,-1 — bn—1,1410n,—1)
+ az(bni42bnti+2,-10n+41+1,-1 + b i410n4141,-1(bnti+1,0 + bnti,0)

—bp—1,041bn,-1(bn—1,0 + bn,0) — bp,—1bp—1,—1bp—2142),
l=—1,0,....m—1 (4.10)

with by m =1 and b, ; =0 for j >m or j < —1.

Proof. First of all, take the derivative of (4.3a) with respect to time t to get

d
amA" P (A;t) + A" P, (A t)

dt
d dbpy 1 (t) d
=7 'ntm(A; ———PFPuim- )\;t bn,m—1(t) = Prnym— >\§t
L Prvnet) + P2 )+ b a () 5 Prna (1)
dbpy s (t d dby 1 (1
+ T2<)Pn+mf2(/\§ t) + bn,mf2(t)apn+m72()\> + -+ T;)Pnfl<)\7 t)
b L () n>o0. (4.11)

dt
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Substituting the recurrence relation (4.3a) and the time evolution (4.7) into the both sides
of (4.11), and then comparing the coefficients of polynomials Py, 1, (A; ), Prutm—1(A; ), .., Pr_s(At)
of the both sides, we finally obtain

dbyy o —
Tl :abn,m—l + Oél(bn-‘,—m,—l - bn,—l) + a2<bn+m7—1(bn+m—1,0 + bn+m70)
—bp,—1(bp—1,0 + bny)),
dbp.m—_o(t
’TZ() :2abn,m—2 + al(bn,m—lbn+m—1,—l - bn—l,m—lbn,—l)
+ 042(bn+m,—1bn+m—1,—1 + b7L,m—1bn+m—1,—1(bn+m—2,0 + bn+m—1,0)
- bnfl,mflbn,fl(bnfl,o + bn,O) - bn,flbnfl,fl)v
dby m—s3(t
WTM :Sabn,m—i‘) + o (bn,m—2bn+m—2,—1 - bn—l,m—an,—l)
+ o (bn,m—lbn+m—1,—1bn+m—2,—1 + bn,m—an+m—2,—l(bn+m—3,0
+ bngm—2,0) — bn—1,m—2bn,—1(bn—1,0 + bn,0) = bn,—1bn—1,—1bp_2.m—1),
dby, _1(t
Tl() =(m+ 1)ab, 1 + a1(bpobn,—1 — bn—1,00n,—1) + @2(bp 16511, —1bn,—1
+ bn,Obn,—l(bn,O + bn—l,O) - bn—l,Obn,—l(bn—l,O
+bn,0) — bp,—1bp—1,-1bn—21),
which can be written as (4.10) in a unified form. O

Remark 4.3. When «a # 0, (4.10) is a generalized nonisospectral BM lattice that incorparates
both the first and second flows of the isospectral BM hierarchy [31]. In the case of & = a = 0,
it is reduced to the first isospectral BM flow, while it becomes the second isospectral BM flow

when o = a1 = 0.

4.3. d-P related to nonisospectral BM. The recurrence relation (4.3a) and the time evolu-
tion (4.7) form the Lax pair of the nonisospectral BM lattice, which can be expressed in matrix

form as

d
A"P=BP, - P=MP, (4.12)

where P(\;t) = (Py(\;t), PL(A\st), Po(Ast),...) T,

0
fi a
M= —aby_1b1,_1 f2 200 ,
—agbs _1ba 1 fz 3«
boo - bom-1 1
b1 bipo e b1,m—1 1
B= ba—1 bap bom—1 1 ’

with f, = —bp —1(01 + aa(bn,o + bn-1,0))-
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By following the process in Section 2, we can consider the stationary reduction of the Lax
pair
0

AP = BP, Zp=MP 4.1
o\ : (4.13)

where

—~ —~ dA 1
B=B M=M/|{—)=—M
’ / < dt > a\
Its compatibility condition gives

— 9 ~—
A4 "M = —B+ BM
m + 0 + s

which can be equivalently written as the following explicit form

(m — Dabni + a1(bni+10n4i41,-1 = ba—1,141bn,1)
+ a2[bpn i12bnti42,—10n4i+1,-1 F b1 bnti41,-1 (bpti41,0 + bnti0)
—bp—1,141bn,—1(bp—1,0 + bn,0) = bn,—1bp_1,—1bp—2,142] = 0,

I=-1.0,....m—1 (4.14)

Here I denotes the identity matrix. The above equation corresponds to the stationary reduction
of the nonisospectral BM lattice and it can be associated with a class of d-P-type equations.

Theorem 4.4. Under the assumption of (2.4) and (4.5) as well as the stationary reduction,

the recurrence coefficients {by.0,bn,—1} for the (1, m)-type bi-OPs (4.3a) satisfy the following
difference system

myn+1bn,1 + mynbnle

2m2a aq

1 A
— ———t+ —)+(m+1=m(by1+by_11))n+ — —mby,1, 4.15a
Qa2Tn \/ima Z'n) ( ( ! 1’1)) @ ! ( )

Q2L Tp—1 (yn + n)bn—l 1
— = ’ 4.15b
2m2a H, ’ ( )

where

1
H, =mbi_1,1yi +m(l — (n+1)by1 + nby_1,1)bp—1,1Yn + i(m +1

1
— 2mbn71bn,1,1)n2 + 5(—m + 14 2mby_11 — 2mby 1by—11)0

—((m+1=mbp1+bp—11))n+1—mbp1)(yn +n)bp_1,1
B Vom2a V2mia

(Yn +n) X (Yn—1+n — Dbp—22 — (Yn +1)(Yny1 +n+1)

oy, (6]
1 1 1 oy mla
X + + ——— | b1 2+ n+ 1) (Yn+t1 +n+1
<9Cn1 Tn  Tpitl ﬂma) 2 Qa2 < )Gt )

X ((Ynt2 +1+2)bp—13+ (Yn—1 +n — 1)bp_23),
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1 n+m
1 . \/imQOé 1 1 @
] =— —1 v ? j - o P

p=0 i=0 j=n+m—I+1 J

i—1 (yn—k +n— k) (xnl—k + -Tnflk‘*l B 2\(}%7")

k=0 (Yntm—t 1 +m —k) (wn#»:'lm,fk + wn«#vnlfkfl h 2521”1)

as(m—i—j+1)
X ZH_ 1 1 1 1

) 2 _ o __o
D, jet, 2mia (In+j + ntaj_1 2\/§m) (wrﬂ»]‘fl + Tptj—2 2\/§m>

% H 042(—2. + 1-— ])
- )
‘ 2 1 1 o 1 1
JE€Kpy 2mia (xn,+j + Tntj—1 2\/§m) (xn+]‘71 + n+zj_o 2\/§m>

l=m-3m—-2m-—1.

and
V2ma o

———— Yp=——bp_1—7n
ar +agb,o’ " am " ’

A= —ag(b1,—1bo1 + bo,—1b_11 + bg’o) — an by o.

Ty =

Here D, = {Jp, UK, | Jp,, indicates the integer set of pi-element with elements belonging in
the set [m — 1+ 2,m —i] separated by at least 2, K, indicates the integer set of pa-element
with elements belonging in the set [—i + 2,0] separated by at least 2, py + pa = p}.

Proof. Write the equations in (4.14) for [ = —1 0, 1 as follows

(m+1)aby,, 1 + a1by,—1(bno — bn—1,0) + @2by, —1[bs,10p41,—1 + bp,0(bn,0 + bn—1,0)

—bp—1,0(bn=1,0 +bn0) = bp—1,-1bn—21] =0, (4.16a)
Mmoo + a1 (b, 10pg1,-1 — bp—1,10n,—1) + a2[bp 2bn2,—1bng1,—1 + bn1bpg1,—1(bng1,0 + bnyo)
—bp—1,10n,-1(bn—1,0 + bn0) — b, —1bn—1,-1bn—22] =0, (4.16b)
(m — 1)aby 1 + a1 (by 2bnyo,—1 — bp—1,2bn,—1) + @2[by 3bn43 —1bpt2,-1 — by —1bp—1,-1bn—2.3
+ b 2bnt2,—1(bnt2.0 + bnt1,0) — br—1,20n,—1(bp_1,0 + by 0)] = 0. (4.16¢)

Dividing both sides of (4.16a) by b,, 1 and summing it for n gives

—2(bpt1,—1bn1 +bp—1bp_11 + bi,o) — by o
= — aa(b1,—1bo,1 + bo,—1b-1,1 + b3 o) — a1bo + (m + 1)na.
Upon setting
—a(b1,—1bo,1 +bo,—1b_11 + b%,o) —arby £ A,

we obtain
_a2(bn+1,71bn,1 + bn’,1bn,1’1 + bi’o) — albn’() = (m =+ 1)na + A. (417)

After implementing the summation on (4.16b), we can get
— by, —1(bng1,—1bn—12 +bp—1,—1bpn—22 + br_1,1(bno + brn—1,0))

n—1

— by, 1bporg =ma Y bio.  (4.18)

Jj=0
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Multiplying both sides of (4.16a) by b,—1,1 and summing it for n, we have

XnJrlbn,lbnfl,l

=(m+1)aY bj 1bj11+ > Wibj—11(bj—10—bj0)

3=0 3=0 (4.19)
n n—1
=(m + l)az bj—1bj_11+ Z(Wj+1bj,1 — Wibj—1,1)bj0 — Wabp_1,1bn 0,
=0 §=0
where
Xn = —agb, 1bp 1,1, (4.20)
W, = —bn),l(ag(bn,o + bnfl,o) + Oél). (4.21)

Subsequently, by virtue of (4.16b), we obtain

X7z+1bn,1bn—1,1

n n—1
:(m + 1)0[ Z bj7_1bj_171 + Z(mabj@ + ijj—2,2 - Xj+2bj,2)bj,0 - Wnbn—l,lbn,O
7=0 7=0
n—1
=mao Z(ijrl,*lbj,l + bj’,lbjflyl + bio) + mabnﬁ,lbn,l’l - Wnbnfl’lbn’o
7=0
n n—1
—(m—=1aY b abj 11+ > (Xjbj22 — Xj12bj2)bjo. (4.22)
7=0 7=0
Based on (4.17) and (4.18), we can conclude
n—1
mo Z(bj+l’_1bj’1 +bj_1bj_11+ bi())
j=0

n—1
ma . .
= Z(mja +ja+ A+ aibjo)

j=0
_1
- W((m Fl)a+ A) — %(Xnﬂbn,L2 + Xpbn_22 + Wibn_1.1). (4.23)
2 2

Furthermore, we can deduce from (4.16¢), (4.20) and (4.21)

n n—1
—(m—="1)a bj1bj 11+ Y (X;bj 22 — Xjyabj2)bjo
j=0 j=0

n

=— ij,fl(Xj+2bj71,3 — X _1bj_33—Wj_1bj_22+ Wjt1b;_12)
i—0

n—1
+ ) (Xjbjn2 — Xjyabja)bo
7=0
=—a1(D_bj—1bj_1,-1bj_22— P _bjt1,_1bj_1bj_1.2)
7=0 j=1

n—1 n

n
+) Xjbjobj—a2 — Y Xjrbjriobi—12+ Y Xjbji10bj-22
§=0 §=0 §=0
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n n n—1
= Xjpibjobi12+ Y Xjbja0bj 22— Y Xjt2bjobje
i=0 =0 i=0

n
—a Y (b2 -1bj1,-1bj—1bj 33— bj 1bj41,-1bj42 1b; 13)
i=0

:Oélbn,—lbn+1,—1bn—1,2 + Oéan,—lbn+1,—1(bn+2,—1bn—1,3
+bn-1,-1bn—23) — Xpbn obn—22 — Xny1bpn_1,2(bn—1,0 + bn,o + brti,0). (4.24)
By inserting (4.20), (4.21), (4.23) and (4.24) into (4.22), the resulting expression becomes

Cngn,f1bn+1,7lbn,lbnle
n(n — 1)ma?
:%((m +1a+ A) — asamb, _1bp—11

— ag(bp,—1bn—1,_1bp_22(02bp o + 01) + bpt1,-1bn,—1bn_12
X (a2(brt1,0 +bno +bn_1,0) +201)) — agbn,qbnﬂ,q(bn+2,7lbnf1,3
+bp—1,-1bn—2,3) — bp,—1bn—1,1(2bn,0 + a1)(a2(bpo + bp_1,0) + a1). (4.25)

In addition, by taking I = 1,2,...,m — 1 from (4.14), we have

(&)

bn,l == - l) (bn+l+2,—1bn+l+1,—1bn,l+2 - bn,—lbn—l,—lbn—Q,l+2

alm —
1

«
—bp,—1bn—1,141(bno + 10+ —)
Q2

o
bt 1bniea (bnstero + st + =), =12 m—1, (4.26)
2

from which it follows that all b,, ; can be represented by b,, ¢ and b, _1, by noting that b, ,, =1
and b, ; =0,7 >mor j < —1.
The desired equation (4.15) is obtained by (4.17), (4.25) with the help of the transformation

V2ma Qo

Ty = —————' Yp =
a1 + agbno’ am

in conjunction with (4.26).

Remark 4.5. It’s worth noting that, when m = 1, we get from (4.15)

2« [}

Yn+1 + Yn = Q2Tn (7 V2a + rln) + % -1

-« — Yntn

2
2a TpTp—1 = vz

which can be identified as the asymmetric d-Py via a Miura transform [134] and can also be
related to an asymmetric d-Pry via a rational transformation and a limiting process [147, p.65].
In a more general sense, (4.15) can be regarded as a general class of d-P equations including

the asymmetric d-Pry.

4.4. Realization of stationary reduction. In the previous two subsections, we performed
a nonisospectral deformation on the (1,m)-type bi-OPs, resulting in the nonisospectral BM
lattice. Then, we obtained a family of d-P-type equations together with the Lax pair by
applying the stationary reduction to the Lax pair for the nonisospectral BM lattice.
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In the following, we will construct an explicit weight function under the assumption of the
time evolution (4.5) for the moments, with the purpose of demonstrating the validity of the

above mentioned stationary reduction process.

Lemma 4.6. Under the assumption of (2.4) together with < < 0, define the moments as

+oo . . @] ym mat Qg m mat
c;(t) = / X (0)ed g A" ()™ 5555 X (0™ 13 (0). (4.27)
0
Then the moments simultaneously satisfy the time evolution (4.5) and
d
ﬁcj(t) = —acj(t). (4.28)

Proof. Firstly, we attempt to find a weight function so that the moments satisfy the evolution
relation (4.5). Recall that (2.4) gives

A= \(0)e™,

where A(0) represents the spectral parameter at the initial time. In the case of the integral

interval (0, 400), the moments can be written as
+oo
)= [ Vo)
0

+oo
- / X (0)e F(A(0); £)dA(0),
0
from which, we have

+oo .
2 ei(1) = ajes ) + /0 W PO 45 0)

It is not hard to see that the moments satisfy the time evolution relation (4.5) as long as
f(A(0); ) satisfies the time evolution

d
T F ) 1) = (@A™ (0)e™" + s X7 (0)e* ") F(A(0); 1)- (4.29)
Consequently, it is reasonable to set
FON0); £) = kAT O™ 4 5223 o)

so that the concrete moments are given as (4.27). The remaining part is to confirm that the
concrete moments given by (4.27) also satisfy the evolution relation (4.28).
By observing the fact at the boundary

Jim AOF(AO):1) = | T M0)F(A(0):8) =0,

we perform integration by parts to get

o ty @ m mat
¢;(t) :/0 )‘j(o)ejateﬁ)‘m(o)ema + s AT (0)e? dX(0)
+oo ) ‘
- / A(0)jAH(0)e7 F(A(0); £)dA(0)
0
+oo o '

,/ AJ+1(O);Amfl(o)ematejatf(A(O);t)d)\(())

0

-/ () 22 5m 0)eEmetedet (A 0);)A0)
0
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. a a2
= —JC — —Cj4+m — ——Cj42m
J a J+ o J+2m;

which yields

1 .
Cjram = —(—a(j + 1)¢j — a1¢jpm).
s

By inserting the above equation into (4.5), we can arrive at the evolution relation (4.28). O

Using the above lemma, we immediately have the following conclusion.

Theorem 4.7. Under the definition of the moments (4.27), we have

d

7bn (t) =

dt J( ) 0
and

d

%’7n’j (t) =0,

where {b, ;} are the recurrence coefficients for the monic (1, m)-type bi-OPs (4.3a) and {7y, ;}
are the coefficients of (1, m)-type bi-OPs with the expansions P,(\) = Z?:o Yr N

Proof. Using the evolution relation (4.28) satisfied by the moments (4.27), we will now prove
that the coefficients and the recurrence coefficients of (1, m)-type bi-OPs are not dependent on

time t. Firstly, it can be easily shown that

4. —no
dtTn = Tns
together with
d d Tn+1
—h,=—|— ) =—ah,.
dt dt< T ) “

Assume that
Pn()‘) =" + 'Yn,n71>\n_l + 'Yn,n72>\n_2 + -+ Tn,0,
Qn(Am) = ()\m)n + Bn,nfl(Am)n_l + Bn,n72()\m)n_2 + -+ ﬁn,O'

Then the determinant representation of P, (A) provided in the previous context tells us

T, ;
_ »J i
/Yn,j_ ) J—O,...,’I’L_].7
Tn
where
CO Cl ... cjfl Cj+1 ... Cn
. Cm Cl+m e Cj—1+m Cj+1+m T Cn+m
— n+j
Ty = (1)
Cn—1)m Cit(n—-1)m ~°° Cj—1+(n-1)m Cj+ri+(n-1)m " Cni(n—1)m

By making use of (4.28), we can deduce that

d

aTn’j = —naTn,j .

from which, it follows that

d
i = 0.

Similarly, it can also be inferred that %ﬁng =0.
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Furthermore, by taking the inner product of both sides of the recurrence relation (4.3a) with
Qn+;(A™), we have

+oo
bn,jhntj :/0 AP (A) @t A w(A(2); 1)dA,

1 n+j
- IZ; BrjiMnt1,1,
for j=0,1,...,m — 1, where
Co C1 te Cn—1 Cn
Cm Clim e Cn—14+m Cntm
Myt =
Cln-tym  Cli(n-m “*° Cpn—l+(n—Dm Cnt(n—l)m
Cl+nm  C1+(+1)m 0 Cp—14+(+D)m Cnt(i4+1)m
It is not hard to obtain from (4.28)
d
£M7L+1,z =—(n+1)aM,t1,,

which leads to

d d 1
%bn,j = % < Z/Bn+j,an+1,l =0
=0

thrj Tn

O

In summary, since the coefficients are independent of time ¢, we have apgt(A) = SQ%tA ) — 0,

the stationary reduction of the Lax pair of the nonisospectral BM equation is valid so that
the Lax pair of the family of d-P-type equations is derived. And, we also conclude that the
nonisospectral equation (4.10) does indeed admit the stationary reduction to (4.14) related to
the family of d-P-type equations (4.15).

5. NONISOSPECTRAL DEFORMATION OF GENERALIZED LAURENT BI-OPS AND D-P

Laurent bi-OPs (LBOPs) appear in problems related to the two-point Padé approxima-
tions [104], which can be regarded as a generalization of the OPs on the unit circle [109] whose
moments satisfy certain symmetry conditions. There has been much literatures on the con-
nection between LBOPs and integrable systems [109, 146,151, 156]. A link between LBOPs
and d-P equations was established in [155]. Recently, generalizations of LBOPs were proposed
and the corresponding integrable equations were also investigated in [152]. See also more recent
results [86,100] related to the generalized LBOPs. In this section, we study the related problem

of nonisospectral deformation of the generalized LBOPs and d-P-type equations.

5.1. Generalized Laurent bi-OPs. Let’s first give a brief review on the generalized LBOPs
proposed in [152]. For a fixed k € N*, we define the inner product

FOldalgO = [ FN)g(55)du), (51)

where p is a formal measure such that all moments

¢ = //\id,u()\), i€l



32 XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU
exist. In many cases, (5.1) can be written in the following form
(g = [ FNg(5p)wax (52)
and the moments can be rewritten as
¢ = /)\iw()\)d)\, ieZ,

where w()) is the weight function.

Two families of monic polynomials { P, (A) }rnen and {Qn, (A) }men with deg(P,(N)) = deg(Qn (X))

n are called generalized LBOPs with respect to the bilinear 2-form (-|-)1, if they satisfy biorthog-
onality condition

(PaNI I Qun () = By P 70, (5.3)
It is not difficult to find that the biorthogonality condition (5.3) can be equivalently written as
(Po(N)|dp|AN™)p =0, m=0,1,...,n—1,

for {P,(\) }nen and
(N dp|Qn(N))e =0. m=0,1,...,n—1,

for {Qn(N\) }nen.
From the biorthogonality condition, it can be deduced that the generalized LBOPs admit
the following determinant expressions

o C—p C-2k ° C_(n-1k 1
€1 C—-k C1—2k *° Cl—(n—1)k A
1 2
Pa(N) =gy |2 G2k C22k t Co—(no)k AL (5.4a)
Tn . . . . .
Cn Cn—k Cn-2k " Cp—_(n—1)k A"
€o C—k C—2k cee C_nk
c1 Cl—k C1—-2k trr Cl—nk
1 C2 Co—k Co—2k ce C2_nk
Tn : : : " :
Chn—1 Cn—1—-k ©Cn—1-2k °*° Cn—1—nk
1 A A2 S A"

where 7\ = det(clﬂ,k]—)ﬁj;lo # 0. Moreover, the generalized LBOPs satisfy the recurrence
relation of (k + 2)-term as follows

N (Py(A) 4+ anPu1(N) = Puir(\) + b1 Posk—1(N) + - + b o Pa(N), (5.5)

with © ()
(PaMdplA™e — TaiTata

Gy = = )
(Pr—1(M)|dp|A=1)k Ty(lk)ﬂgo)

In the following we mainly focus on the family of polynomials {P,(2)}nen-

5.2. Nonisospectral generalized mixed relativistic Toda lattice. In [152], it is shown
that isospectral deformation of the generalized LBOPs lead to two different generalizations of

the relativistic Toda (rToda) lattice. In this section we consider nonisospectral deformation
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to the generalized LBOPs, which actually lead to a nonisospectral generalized mixed rToda
lattice.
Suppose that the spectral parameter \ satisfies the time evolution (2.4), and we select a

weight function w(A;¢) such that the moments satisfy the evolution relation

9 e3(1) = ajes (0) + ancy i (1) + are (1) (5.6)

Since we have

%cj(t) :/)\j (ajw(/\;t) + %w()\;t) + aw()\;t)) d\

=ajic;(t) +/>\j (jtw()\;t) + aw(A;t)) d\,

by taking the derivative of the moments with respect to ¢, it is reasonable to set
d
aw(/\;t) + aw(\;t) = (a1 ¥ + a A F)w(\; t). (5.7)

It is noted that a weight function satisfying the above evolution relation is constructed in (5.17).

Lemma 5.1. Under the assumption of (2.4) and (5.7), the monic generalized LBOPs { P,,(\) }nen
in (5.4) satisfy the time evolution

d d
2P Yp
dt n()‘vt)+andt n 1()\,t)
Up—10n
=naP,(\;t) — asg P_o(\t)
n—1,0
n k n a
— | —-(n—Naa, + oy H (—aj)+ Z H (—a;j)bp—ii—1 | + agﬁ Ph_1(X\;t).
j=n—k i=1 j=n—it+1 ™

Proof. For m =0,1,...,n — 1, the biorthogonality condition (5.3) gives

/ Pa(X QA% (A £)dA = 0.

By taking the derivative of the above equation with respect to time ¢, we have

_ i . —k. . i —k. wl:
0 _/ ( (Pn()‘vt))Qm()‘ 7t) + Pn()‘vt) dtQm()‘ 7t)> ()\,t)d)\

dt
+ [ POstQnO (G0t + aw(hs )
:/ (jt(Pn(/\;t)) + (a1 \F + aQAk)P,L(A;t)> QA 5 t)w(A; t)dA
:/ (jtpn(A;t) — alan)\kpn_1> QA )w(\; t)dN
+ z% /;oo an P 1 (N ) Qu (AF ) w(\; £)dA
_ / (jtPn(/\;t) +a1anan_1/\kPn_2()\;t))> Qm (A5 Dw(A; £)dx

+al(—an)bn_l,o/Pn_l()\;t)Qm(/\‘k;t)w(/\;t)d)\

+ ba—z/anPn,l()\;t)Qm()\_k;t)w()\;t)dA
n,0
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= / %Pn(A;t)—al I ap(=XPai(Xit) | @uA 5 t)w(;t)dA
j=n—k+1
k—1 1
+alzz H bp— i,zel/Pn—lQm()\_k§t)w()\;t)d>\
i=1 =1 j=n—i+1
Qg

+ — /an 1 (A ) QA TF ) w(N; t)dA

bnO

:/ cclltP(A;t)_a1 T (e Parit) = N Pusik (A1) | QA5 )w(Xst)dA

j=n—k+1
k=1 1

a1 Y H by~ i,i—l/Pn—z(A;t)Qm(A_k;t)w()\;t)d/\

i=1 (=1 j=n—1i+1
a2 /anPn L) Qum (A H)w(\; £)dA, (5.9)

bn 0

where we used the recurrence relation (5.5) and (5.7).

= Zn: YiPi(A;t
i=0

where ~; are some coefficients to be determined, we obtain

%Pn()\; ) — o j:g+1(—aj)(Pn()\; t) = N Py_p(\it))

Upon setting

k—1 1

aq H nzzan l()\t)

=1 =1 j=n—i+1
-1

22 P 1M1

n,0

n

=Y Pn(A; ) —|— YiPi(A\t) — an H (—a;)(Pa(Xst) — AP Py (1))
=0 j=n—k+1
k—1 i

to Z Z H br—ii—iPa—i(N;t) + &anPn_l()\;t).

i=1 I=1 j=n—i+1 bno
Comparing the coefficients of the highest powers of A on both sides of the above equation
shows that 7, = na. Since the formula (5.9) hold for m = 0,1,...,n — 1, according to the
orthogonality condition, it is not hard to see
d

—P,(\;t
)
=naP,(\;t) — &anPn,l()\;t)
n,0
n k—1 1 n
tar [ [ (e Pa(rit) = NPy g (Xit)) [ CabuiiciPaci(xit) ],
j=n—k+1 i=1 I=1 j=n—i+1

from which in conjunction with the corresponding expression for a, % P,_1();t), we can even-
tually arrive at (5.8). O
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Now we are ready to derive an integrable lattice from the compatibility condition between
(5.5) and (5.8).

Theorem 5.2. Under the assumption of (2.4) and (5.7), the recurrence coefficients {a,} and
{bn;} in (5.5) for the monic generalized LBOPs satisfy the following ODE system

day, ~ 1 1
% =aay, + a1(ansy — fn) + a2a, <bn0 - bn—l,O) ) (5.10a)
db, ~ an, an
2 =kaby,o + @1 (bno0Sn — gno0far1) + an ( by — bn—l,l) ; (5.10b)
dt bni1,0 bn-1,0
dby,.; - b
d?;,l :(k - i)abn,i + ag bn,isn - gn,ifn+i+l + gn k—1 Z H an+] n+i—l,l
k=0 j=i—Il+1
+as (““”“bn,i+1 — %bnl,Hl) i=1,.. . k-2 (5.10¢)
bn+i+1,0 bn—l,O
db k-2 &
n,k—1
dt :ab7L,k—1 + g bn,k—lsn In,k— 1fn+k + 1_gn k—1 Z H —Qp4j bn+k -1,
k=0 j=k—1
+ ( otk _Gn ) (5.10d)
bp+ko  bn_10
with
N k k-1
fn=— H(_anfj) + Z H(_anfj)bnfifl,i ;
j=0 i=0 j=0
) i+1
In,i = — Z H ( ) n,ls
1=0 j=I+1 n+J
k k-1 1
Sn = H —aptj) + Z H —ay45)b
j=1 1=0 j=1
Proof. (5.5) and (5.8) can be written in matrix form as
dP
M AP = BP, A—r =LP, (5.11)
where P(\;t) = (Py(\;t), Pr(Ast), Po(Ast),...)T and
) 0
) fi— F «a
al 20 . a2a
A = a9 1 s L = - 2[,1,100’2 f - b;; Za ,
o gy e 3
bo.o bo.k—1 1
b1,0 b1,k—1 1
B =
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with f, = (n — Daa, — oy (H?ZO(—an_j) + Zf;ol H;ZO(_an_‘j)bn_i_l,i). The compatibility
condition of (5.11) yields

d
%(A*B) = (kal + A7'L)A™'B - A"'BA7'L,

where I represents the identity matrix. After a lengthy calculation, we get the desired explicit
expression of the nonisospectral integrable lattice (5.10).

O

The integrable lattice (5.10) is a nonisospectral generalized mixed rToda lattice incorporating
positive and negative flows. To get a better understanding on this generalized lattice, we present
some special cases below.

When k = 1, we obtain a nonisospectral generalization of the mixed rToda lattice

da,, 1 1
—— =y + @10p(Ap_1 — Apy1 +bno — bu_10) + 20, | — — )
dt bno  bn-1,0
db a a
n0 abp o+ abyo(an — anyr1) + o (n+1 - n> ,
dt bpti0  bn-10

in the case of a # 0. It is easy to see that when a = as = 0, the above equation reduces to the
first positive flow of the rToda lattice and it gives the first negative flow of the rToda lattice
when a = a1 = 0.

When k = 2, we get the following integrable lattice

day
% = aa, + alan((T3 —1Dan—1ap—2+ (1 — Tz)an,lbn,g’l
1 1
+ (T - 1)bn—1,0) + oty | T—— — ’
bn,O bnfl,O
dbn,.0 9
dt’ = 20ébn}0 + Ozlbn’o((T — l)an,lan + (1 — T)anbn,m)
An+41 (79}
bn - bn— )
o (bn+1,0 ! bn_1,0 171>
dbn,l an+2 (079
=abp1 + a1 (b, 10n41(Ans2 — an) + apbno — anyabnyio) + o - )
dt bni20  bn—1ip0

where T is the shift operator on n.
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When k = 3, we have

da,
dtl = aan — alan((T4 - l)an—lan—2an—3 + (1 - Tg)an—lan—an—3,2
, 1 1
+(T° — 1)an—1bp—21+ (1 —T)bp_10) + 2a, | — — )
bno  bn-1p0
dme _ 3 2
dt - 3abn,0 - albn,O((T - 1)anan—1an—2 + (1 =T )an—lanbn—Q,Q
an an,
+ (T - 1)anbn—1,1) + 042< +1 bn,l - bn—l,1>7
bn+1,0 bn-1,0
dby, 1
dt = 2abn,1 + al(_bn71an+1(an+2an+3 — Op—-10p — an+2bn,2 + anbn—1,2)
— nt+2bn41,0(bn2 — ants) + anbno(bp—12 — an_1))
an+2 (07
bn - bn— )
e (bn+2,0 2 bn—1,0 12)
dbn,Q b
dt =« n,2 + al(_bn,Qan—i-lan-‘rQ(a'n-i-?) - an) + an+2an+3bn+1,1 - ana'n-l-lbn,l

An 43 Gy
+ anbno — Anysbni2o) + o < — ) .
bnt30  bn-1,0

5.3. d-P related to nonisospectral generalized mixed rToda. Based on the Lax pair of
the nonisospectral generalized mixed rToda lattice (5.11), we implement stationary reduction
to get
cap_sp  Op_T
ANYAP = BP, —P=MP, (5.12)
o\
where

~ — d\ 1
B=B, M =M/ <dt) :aM, M=A"'L.

Its compatibility condition will yield a family of d-P-type equations.

Theorem 5.3. Under the assumption of (2.4) and (5.7), the recurrence coefficients {a,} and
{bn,; } in (5.5) for the monic generalized LBOPs satisfy the following integrable difference system

~ 1 1
aa, + aq(ans, — fn) + agay, ( — > =0, (5.13a)
bno  bn-1p0
rs an (79}
kaby,.o + 01(bnoSn — gnofnt1) + 042( + bp,1 — bn—1,1> =0, (5.13b)
bn+1,0 bnfl,O
B -1k
(k—i)ab,; + a1 (bn,isn — Onyifntivr + (1= gnk—1) Z H (*an+j)bn+i—l,l)
k=0 j=i—i+1
n ozz(an““bnﬁ1 - “”bn_l,z-H) =0 i=1,... k-2 (5.13¢)
bptiti0 bn—1,0
N k=2 &
b k-1 + 1 (bnk—150 — Gnk—1frtk + (1 = Gnk—1) Z H (—@n+5)bnth—1-1,1)
k=0 j=k—1
+a2( otk _On ) =0, (5.13d)
bn+k,0 bn—l,O

with the Laz pair (5.12).



38 XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU
Proof. From the compatibility condition of (5.12), we obtain
9 N o
NI \FM = a(A—lB) + A7'BM,

from which the following explicit expressions in (5.13) follows. U

When k =1, it follows from (5.13) that

1 1
aay, + @16, (an—1 — Gpt1 + bpo — bp—1,0) + a2ay, < — ) =0, (5.14a)
bn,O bn—l,O

aby 0 + a1bp,o(an — ant1) + a2 (CL"“ - a”) =0. (5.14b)
bnt10  bn-1,0
Dividing the both sides of (5.14a) by a,, and making a summation, we can get
1
01 (bn,0 — Gnt1 — an) + agb— +na+ Ay =0, (5.15)
n,0

where Ay = ai(a1 — boo) — agﬁ. Similarly, dividing the both sides of (5.14b) and making a
summation gives

Q1Gpy1 — Qo Gntl o — By =0, (5.16)

bn,Obn-i-l,O

where By = aja; — ao bo,glln,o' Observe that (5.16) produces the following equations

(nae+ B)by, obr+1,0

Oélbn,obn+1,0 — Q2 ’

((n —1)a+ B)bp—1,0bn,0
a1by—1,0bp,0 — 2

Ap4+1 =

n =

plugging which into (5.15), we get

( (na + Bo)bp obpt10  ((n—1)a+ BO)bnl,Obn,0>
oy | bpo — -
a1by,0bny1,0 — a2 a1bp—1,0bn,0 — 2

1
+as— +na+ Ag = 0.
bn,O

By further simplifying it, we finally obtain

_ a1 natBy _ay (nzDatBo s
az o asg ay a1 041 'fLCV,-f—AO

Z1 X1 + o aq - n()ﬂL
LB A By

71+10 nU nlO

which is nothing but the alternate d-Py; (alt d-Pyr) appearing in [128§]

Zn Zn—1
+
Tn+1Tn +1 TpTn-1+ 1

a1 na + By "o ay By — Ag
Zp =y, T = b , B= .
(&%) (€51 n,0 Qg o

Remark 5.4. We obtain a generalized family of d-P equations including the alt d-Py; from

1
—ZTp+ —+zpt 1
Tn

with

a nonisospectral deformation of the generalized LBOPs. In fact, (5.13) together with its Lax
pair is the stationary form of nonisospectral generalized mixed rToda lattice (5.10) and its Lax

pair, which is associated with a nonisospectral deformation of the generalized LBOPs.

5.4. Realization of stationary reduction. In the previous subsections, we have obtained

the nonisospectral generalized mixed rToda lattice, based on which, the d-P-type equations are
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obtained as stationary reduction of the nonisospectral equations. In this subsection we will
show the feasibility of stationary reduction from the perspective of solutions.

Lemma 5.5. Under the assumption of (2.4) together with %2 > 0 and % < 0, define the
moments as

too . ai\k kat__ogy—k — kot
¢(t) :/ M (0)etera A (0T =FEAT e g7 (0). (5.17)
0
Then the moments simultaneously satisfy the time evolution (5.6) and
d
ﬁcj(t) = —ac;(1). (5.18)

Proof. Based on (2.4), we have
A= A(0)e™,

where A\(0) is the spectral parameter at initial time. In the case of the integral interval (0, +00),

the moments can be written in terms of A(0) as
+oo
)= [ Ndu(no
0

+oo
- / X ()¢ F(A(0); £)dA(0),
0
from which we get

+oo .
%cj(t) = ajc;(t) +/0 Aj(O)ejath)\(O).

In order to ensure that the moments satisfy the time evolution relation (5.6), it is sufficient to
set for f(A(0);t)

L FON0):0) = (5 0)F + A (0)e ) FN0): ).

Consequently, it is reasonable to define
f()\(()), t) _ e%/\k(o)ekati%/\—k(o)e—kat7
from which we get the specific expressions of the moments as (5.17).
The remaining part is to confirm the evolution relation (5.18). Using the relations at the
boundary

Jim AOF(AO):1) = | Tm M0)F(A0):8) =0,

we integrate the moments by parts to obtain

+oo . . alAk kat ag)\—k —kat
o(t) = / N (0)eTote FEN:0)e = FZAE et 3 )
0

+oo
— / A0)jAT(0)e F(A(0): £)dA(0)
- / = AHL(0) ZL AR (0)ekatedot £(A(0); £)dA(0)
0 o

-/ 0 22 )R (A (0): ) (0)
0 o

. aq (€5)]
=—7JC = —Cj+k — —_Cj—k
J o J+ o TR

combining which and the evolution equation (5.6), we immediately get (5.18). O
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Theorem 5.6. Under the definition of the moments (5.17), we have

d d
%bnd(t) = %an(t) =0

and
d

where {a,} and {b, ;} are the recurrence coefficients in (5.5) for the monic generalized LBOPs
and {yn;} are the coefficients of the generalized LBOPs with the expansions Pp,(\) = Z;‘L:o Yr N .

Proof. Let

Pn()\a t) :’Yn,n)\n + 'Yn,nflAn_l + 'Yn,n72>\n_2 + -+ Yn,0,
Qn()‘a t) :ﬁn,n)\n + Bn,nfl)\n_1 + Bn,n72)\n_2 + e + 571’07
where v, n, = fBn,n = 1. From the determinant expression of P, (\;¢) given in (5.4), we have
Tn,' .
7n7j:T.§, j=0,...,n—1,
-

n

where
Co C—k C_2k e C_(n—-1)k
C1 Cl—k C1-2k T Cl—(n—-1)k
- n+j
IPRES (—1) Cji—1 Cj—1-k Cj—1-2k -~ Cj_1—(n-1)k
Ci+1 Cj+1-k Cj+1-2k " Cjri—(n—-1)k
Cn Cn—k Cn—2k to Cn—(n—1)k

By the aid of (5.18), it is easy to get
d d
5Ty = —nal, -l =

from which %fym ; = 0 immediately follows. In a similar way, we also have % Bn.; = 0.

—nat), (5.19)

By imposing the inner products with Qn4;(A;t), 7 = 0,1,...,k — 1 on the both sides of
recurrence relation (5.5), we have

+oo
b it :/0 N (Pu(Xst) + anPu1 (N 1) Qs AR ) w (N t)d,

1 n+j a n+j
) Z BrtjiMpi1, + OB Z BrtjiMn,,
Tn " 1=0 Th—1 1=0
where
o C— 0 C(n-1k C—(1-1)k
€1 Ci—k " Cl—(n-1)k C1—(-1)k
Mpt10=1 . ) ) . ) . (5.20)
Cn Cn—k - Cn—(n—1)k Cn—(I-1)k
With the help of (5.18), we easily get
d d
%MnJrl,l = _(n + l)aMn+1,l7 %hn = _ahn»
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resulting in

d
—b,,.; =0.
dt 5]
In addition, since we also have from (5.18)
d
77(1) fnon—(l)

dat "

do_d (mnih
" dt \ 00 '

we obtain

O

The above theorem implies that the nonisospectral equation (5.10) can indeed allow the sta-
tionary reduction so that a class of d-P-type equations (5.13) are obtained. Since the coefficients
of the OPs are independent of the time ¢, it also shows that 8 - P (Ast) = 0, which means that
the Lax pair of the nonisospectral generalized mixed rToda lattlce can indeed admit stationary

reduction so that a class of d-P-type equations are obtained as well as their Lax pairs.

6. NONISOSPECTRAL DEFORMATION OF CAUCHY BI-OPS AND D-P

Motivated by the result that the explicit expression of the N-peakon solitons of the Degasperis-
Procesi equation are given by Cauchy bi-moment determinants [116,117], Cauchy bi-OPs were
first proposed in [26] and have been extensively investigated in the literature, including the
inspired Cauchy two-matrix model, Toda lattice of CKP-type (C-Toda), as well as their gener-
alizations etc. (see e.g. [22,24-28,49,49,54,81,87,114,115]). It is noted that the C-Toda lattice
can arise from isospectral deformation of the Cauchy bi-OPs [49]. However, to the best of our
knowledge, there is no existing literature that addresses Painlevé-type equations in relation to
the Cauchy bi-OPs. In this section, we shall consider nonisospectral deformation of the Cauchy
bi-OPs and derive a nonisospectral C-Toda lattice, from which we implement stationary reduc-
tion so that a d-P-type equation is obtained as well as its Lax pair. Additionally, we construct
a concrete weight function to guarantee the feasibility of the stationary reduction process.

6.1. Cauchy bi-OPs.

Definition 6.1. Define an inner product (-,-) of the form

0@ = [[ 122 g @), (6.1)

where duy, dps are two positive measures defined on the integral interval (here the integral inter-
val is omitted). The Cauchy bi-OPs denote a pair of polynomials {P,(2)}52 o and {Qn(2)}22,
that are orthogonal with respect to the inner product (6.1), that is, they satisfy the biorthogo-

nality condition

Suppose that each P,(z) or @,(z) is a monic polynomial of degree n in z and p1, ug are

two positive measures on R such that all the bimoments

i g 'yl ..
Ii,j = <Z ’ZJ> = // x_i_ydﬂl(x)dﬂ’Q(y)v 1,] = 031»"'
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and the single moments
ai= [ @), 5= [ydusly), i=0.1

exist. In this case, it can be shown that 7,, = det(I; ;)

271 # 0, as a result of which, the monic

7=0
Cauchy bi-OPs are uniquely determined by the biorthogonality condition [26]. In fact, based
on the biorthogonality condition (6.2), the explicit determinant representations of the monic

Cauchy bi-OPs are given by

I I R

0,0 0,1 0, Lo - Ion 1

I Lia - Iy

1 . , , 1 Lo - Lhin 2z

PTL(Z) = 7_7 N . : 5 Qn(Z) = ? . . )
I, I,_ R
1,0 1,1 1 Lo oo L., o
1 z e Z” 3 N

and h,, can be expressed as

Tn+1
hy, =
Tn

It is noted that there holds the following relation for the moments
Ii-‘rl,j + Iz’,j+1 = Oliﬂj. (63)

Furthermore, the Cauchy bi-OPs satisfy the four-term recurrence relation and admit the gen-

eralized Christoffel-Darboux formulation, and their zeros exhibit an interlacing pattern [26].
In the following, we focus on the Cauchy bi-OPs with symmetric measures, that is, duq () =

dps(x) = w(x)dzx. In such case, P,(2) = Q,(z) and the biorthogonality condition (6.2) and

moments can be rewritten as

o). Pute)) = [ Ww(x)w@)dmy = (6.4)
I ; = // ;zf]yw(x)w(y)d:vdy, i,7=0,1,..., (6.5)
a; =B = /nciw(ac)dnc7 i=0,1,..., (6.6)

where w(zx) is the weight function.
By introducing
[ Pow(z)dx
J Pooqw(z)dz’

and using the biorthogonality conditions (6.4), it can be shown that the symmetric Cauchy

an = (6.7)
bi-OPs satisfy the four-term recurrence relation
2(Pp(2) + anPr—1(2)) = Pry1(2) + bnPo(2) + cnPr_1(2) + dn Pr_2(2), (6.8)

with P_1(z) =0, Py(z) = 1, where the recurrence coefficients {ay,, by, ¢y, d,} can be expressed
in terms of the variables {u,,v,} as follows (see [49])

UpUnp, 1 UpUnp, 1 Up U,
ap = — 3 bn = 3Un — y Cn = —Un + -/UnUnUn—_1, dn = Up—-1 ’
Un—1 2 Un—1 2 Un—1
with
2
Tn+1Tn—1 (0n+1)
Upy = ——— =

(Tn)Q ' " Tn+1Tn ’
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1o Ioqn -+ Iop—1
Bo Ino -+ Ipp—2
} _ ) Lo Ly o hina
On = : : .. : y Tn =
Brn-1 In—10 -+ In—1n-—2
In10 In-11 - In—ipn—1

The C-Toda lattice was obtained by imposing isospectral deformation on Cauchy bi-OPs [49].
Very recently, in [110], Krichever and Zabrodin introduced the so-called constrained Toda (C-
Toda) hierarchy as a certain subhierarchy of the 2D Toda lattice. In fact, we can prove that
two flows produced by isospectral deformation of Cauchy bi-OPs coincide with the first two

members in this hierarchy; see Remark 6.3.

6.2. Nonisospectral C-Toda lattice. In this subsection, we derive a nonisospectral C-Toda
lattice by considering nonisospectral deformation of the monic Cauchy bi-OPs. To this end,
we introduce the time variable ¢ into the measure and suppose that the spectral parameters
are also related to t. We then deduce a time evolution equation satisfied by { P, (x;t)}°,. By
investigating the compatibility condition between this evolution equation and the recurrence
relation, we obtain the nonisospectral C-Toda lattice.

Suppose that the integral variables =,y and the spectral parameters z satisfy the time evo-

lution
d d d
=0, —Sy=ay, —z=az (6.9)
and we seek for an appropriate weight function to ensure that the moments admit the time
evolution
d L
Splia () =ali+j = DIi(t) + on (L5 (1) + Lija ()
+ o2 (Lig2,;(t) + Lij+2(t))- (6.10)
Since taking the derivation of the moments (6.5) gives
d o
@%(t) (ol +5 - et )
x yJ d
z;t)w(y; t) + w(x; t)aw(y; t) + 2cw(z; t)w(y, t) | dedy
:Oé(l+3 - 1)1' '( )
x yJ d
w(zsthw(y; t) +wlz;t) w(y;t) + 20w(z; tw(y; t) | dedy,
we have

// ;ij < (z;)w(y; t) + w(w;t)%w(y;t) + 2aw(w;t)w(y;t)> dxdy

=a1(Liy1,;(t) + Lij+1(1) + az(liye,;(t) + Lij12(t)).
Therefore it is reasonable to consider the weight function satisfying
d d
2 (W@ t)w(y;t) + wlz;t) w(y; ¢) + 20w(z; thw(y; t)
=(a1(z +vy) + az(z? + y*))w(z; )w(y;t). (6.11)

Such an explicit weight function exist; see (6.20) for the corresponding moments.
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Lemma 6.1. Under the assumption of (6.9) and (6.10), the monic Cauchy bi-OPs {P,(z;t) } nen
satisfy the evolution relation

d
—P,(z;t
e (zt)
=naP, — (a1 — asan11)(2Pn — Puy1 + (an, — by)Py)
d, dy, Cn Cn dy, dy,
+ (al L g (dpgr + (b — ap)en — —1 (“ + S )) P,
Qp41 An41 An41 Qp Up410n42 UpQp 41

+ a2(an(bn - an) — Cn + anbnfl - anflan)(zpnfl - Pn)

dndy,
— Q2 ( +1 + dn(bn - an) + l'(dn — ApCp—1 + anlanbn2)> Pn72
ApQn41

+ QQZan(Zan—Zan—l + dn—l - an—lcn—Z)Pn—S - QQZan—landn—QPn—4- (612)

Proof. Please refer to Appendix B for the detailed proof. O

Using the recurrence relation (6.8) and the evolution relation (6.12), we can expand the
derivative formulae for P,, P,_1, P,_2 in terms of the linear combinations of themselves. In
fact, we have

d
aPn(z;t) =(na — aqay + as (ap(ant1 + an + apn—1 — by —bp_1 — 2) +¢,)) Pn

dy,
+ <(a1 — 9any1)(zan —cn) + @a(zan, —cp)(z + by —an) + R
An+1
dn Cn Cn dn dn
— a2dn+1 - 1 (OCQ ( 1 + - +2 - +l )) Pn—l
an+1 anJrl (079 an+1an+2 ananJrl
dn,
- dn <a1 - 012(an+1 + Ap — +1 - bn - Z)) Pn—?;
ApAp41
d dn,
%Pnfl(z;t) = <O[1 — Q2 (an + an—1 — A1 - bnfl - Z)) Pn

+ ((n — Do — (a1 — a2ap)(@n-1 — bp—1 + 2) + a2 (an1(an1 + ap—2

—2bp—1 —bp_2) +cn_1 — dn z— 22+ M + bi_1>)Pn—1

AnGn—1 AnGn—1
d c d d z
+<a1”a2dn <1+Z st 0 +>)Pn_2,
an a2 alap+1  aian—1  an
d Cn—1 dn dnfl z
— P, _o(z;t :(— +a2<1+ — - - + P,
" (1) Gn—1 a? | a?_ja, a?_jan—2  an_1 "
dp—
+ <6V1 — Q2 (an—l +ap—2 —bp_1 —bp_o — nl)
Gp—20n—1

_ d dp_
+(Z—bn1)( aq . (&) (Cn 1 n o n—1 -I-Z)))Pnl
Ap—1 ap—1 \ Gn—1 ApQn—1 Ap—20n—1

+ ((n —2)a — (a1 — a2ap—1)(An—2 — bp_2) + a2 (%—2(%—2 +ap—3 —2b,_2

bn—an— 1 2 Cn—1 dn
——— +b, 5 —zap_1| 5— — 5
Ap—10n—2 a1 AnQy, 1

o Cp— dp, dy— z
_Cn—l( L _a2(1+a2 L_ ) -3 ! + )))Pn—2
1

Ap—1 c_1 Qn_1Qn  Qn_1Qp—2  Qp—

—bp_3)+Cn_o—22% +
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Consequently, we immediately derive the following overdetermined system in matrix form

d
Pn+1 = Unon, % = Vaon, (6'13)

where ©,i(z;t) = (Py_a(2;t), Pa_1(2;t), Pa(2;))T, and

0 1 0 e11 e12 €13
U, = 0 0 1 s Vo= e e en |,
—dn zap—cp z—by €31 €32 €33
with
bn—an—l Cpn—1 dn
€11 =Q2 (7 - an—2(2bn—2 — Qp—2 + bn—S) - Zan—l(T ) )
Gp—10n—2 an—1 Ay 10n
2 2
+ an_3an_2+0b, o+ cn_o—2z ) — (@p—2 — bp—2)(a1 — 2a5,—1)
Cp—1 dn—1 dn, Qaz (€51
_cn,l(_az( - - ) - + +a(n—2),
ap_1 Ap—10n—2 Ap_10n An—1 an—1
Cn—1 dnfl dn z aq
e19 :(z_bn,l)(—az( ol — Sy
Ay _q a, _10n—2 a,_10n Ap—1 Ap—1
n—1
+ay(———— —an—2+by_o+bp_1)+ (a1 — a2an-1),
Gp—10n—2
Cp—1 dn—l dn z (€3]
e13 =az(—5— — — - — + +1)— ,
a1 Gy 10n—2 a, _10n QAp—1 Ap—1
2
cndn dz dpt1dy,  zdy, ad,,
621:7012( 2 - 5 Y +7+dn)+ 5
a? a2an—1  G2Qn41 an, an,
bp—1dn, zd,y,
€22 :Oéz( — n—1(2bn—1 — Ap—1) — Ap—1bp_2 — + ap_2a,_1
ApQn—1 Ap—10n

+ bif1 +cCpo1 — 22) — (a1 — agan)(ap-1 —bp—1+2) + a(n —1),

Oégd
e23 =a2(—ap_1 +bp1 +2) + —— + (a1 — onay),
Qp—10n
_ dnJrldn
€3] = — dn(al - azan+l) - a2(dn(7an + bn + Z) )
ApAn41
d d dyi1d d?
3 = = an(en(by — ay) + T SO SpHEn® w20, 4 g, )
a4 Apln4+1  Gpy10n42  Gpyi0n
ayd
+ OZQZ(an (bn - an) - Cn) + (al - a2a"+1)(za" B C") + — ’
Ap+1
€33 — — OZQ(an(bn - an) + anbnfl + zay, — an—1ay — Cn) - a’n(al - a2an+1) +an.

The compatibility condition in (6.13) yields a matrix representation of the integrable lattice
du,

dt
from which, after a lengthy calculation, we obtain the explicit expression for the nonisospectral

= Vn+1Un = UnVh, (614)

lattice. In summary, we have the following theorem.

Theorem 6.2. Under the assumption of (6.9) and (6.10), the variables {u,(t),v,(t)} in the
four-term recurrence relation (6.8) for the monic Cauchy bi-OPs { P, (x;t)}nen satisfy the fol-
lowing integrable ODE system

Zpln =2y, + a1ty (U — Vp—1)
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1

— @2tn ((U?zl — ) + 4(Ung1 — Un-1)

—4 (\/vnvn+1un+1 — \/Un_gvn_lun_l) ), (6.15a)

ZfUn =0vn + 2 (v OnUnt1tnt1 — /Un—1Untn)
— ay < (Vn—1v/Vn—10ntn — Vp\/VpUni1Unt1)

—2 (\/vnvn+2un+1un+2 - \/vn72vnun71un)

- (Un+1,/vnvn+1un+1 — vm/vn_lvnun) >, (6.15b)

with the Lax pair (6.13).

Remark 6.3. When a # 0, the lattice (6.15) is a nonisosepctral generalized C-Toda latice
that incorporates the first and second flows of the C-Toda hierarchy. In the case of « = a3 =0,
it reduces to the first flow of the isospectral C-Toda hierarchy, while it gives the second flow
in the case of & = ay = 0. The first flow of nonlinear form has been studied in [49], while it
seems that the explicit second flow is introduced for the first time. It is noted that these two
flows coincide with the results obtained by Krichever and Zabrodin in [110, eq. (2.40)], where
a combination of the first two flows was presented.

6.3. d-P related to nonisospectral C-Toda. In this subsection, by applying stationary
reduction to the Lax pair for the nonisospectral C-Toda lattice obtained in the previous sub-
section, we derive a d-P-type equation together with its Lax pair.

First, we obtain the following stationary reduction from the Lax pair of the nonisospectral

equations
_p Ion _ o) (6.16)
Pnt+1 = LnPn, Oz = nPn, .
where p .
z
@ / ( dt ) oz

Then, by considering the compatibility condition in (6.16), we have the following theorem.

Theorem 6.4. Under the assumption of (6.9) and (6.10) as well as the stationary reduction,
the variables {un, vp tnen in the four-term recurrence relation (6.8) for the monic Cauchy bi-
OPs satisfy the following integrable difference system with the Lax pair (6.16)

a1V, + 2na + Ag,

2
ay/Up + 1 (\/VUn1Unt1 — /Un—1Un)
1

1
+ (v, + §Un+1)\/vn+1un+1 — (vn + §Un71)\/un71un)

1
+ —ao (UEL — AUy 1 — AUy + 4V Up 1 U1 + 4\/vnvn1un> =0, (6.17a)

U,

— " +i (O[Q(—2U/n+2 — 2Un+1 + 2‘/vnvn+1un+1) + 2(7’L + 1)0{ + Ao)
n+

+ U“” (2(—~2un — 2up_1 + 2/Onon1tn) + 2(n — D)o + Ag) = 0, (6.17D)
n—1

where Ay = —a1v9 — %0&2 (v% —4duy — 4ug + 4\/v0v1u1).
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Proof. The compatibility condition in (6.16) yields
Pn,z + PnQn - Qn+1pn =0,
from which we derive the following difference system

20y, + a1 (Vy — Vp—1)

1
gt (023 = 02) 4 4l — )

—4 (\/vnvnﬂunﬂ — \/vn,gvn,lun,l) ) =0, (6.18a)

vy + 201 (\/UnUni1tng1 — v/Un—1Untn)

— ( (Vn—1/Vn—10ptn — Un\/UnUnt1Un1)

-2 (\/Unvn+2un+1un+2 - \/Un—Z'Unun—lun)

— (vnﬂ VUnUng1lnt1 — vn\/vn,lvnun) > =0. (6.18b)

Eliminating u,, in (6.18a) and then summing for n, we readily obtain (6.17a). Furthermore, it
is straightforward to obtain from (6.17a) that

2009/ Vp+1Vn42Unt2

1
= — Q1Upi1 — 5012(1)3“ — 4(upt2 + Unt1) + 4/ VnUnt1tnt1) — 2(n + 1)a — Ao,

2002/Up_2Vpn_1Un_1

1
= — | Up_1 — 5042(1)721_1 —4(up + Up—1) + 4y/Up_10nuy) — 2(n — 1) — Ay,
using which, we can substitute the terms V/VnUn+2Un4+1Un+2 and /U, —2Uptn_1Uy, in (6.18b),
and thus obtain (6.17b). O

Remark 6.5. Obviously, (6.18) can be recognized as the stationary form of the nonisospectral
C-Toda lattice equation (6.15). Also we note that the d-P-type (6.17) is integrable with a 3x3
Lax pair and it is associated with the Toda hierarchy of CKP type. A further simplification
will be considered in the future.

6.4. Realization of stationary reduction. Having derived the d-P-type equations through
the stationary reduction of the nonisospectral C-Toda lattice, we proceed to construct specific
moments to guarantee the validity of the aforementioned stationary reduction.

First, based on the time evolution (6.9) resulting
v =x(0)e, y=y0)e, z==z(0),

we observe that the moments can be rewritten as follows

) = OV D) Vol e
)= [, STty s s )

xt J(0)elitiat
://Rz (gg?())?ioy)(o))em f(x(0);¢) f(y(0); )dz(0)dy(0),

where f(-;t), that is related to the weight function, needs to be determined, and the integral

interval (0, 4o00) is considered.
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Then we differentiate the above relation to derive
d L
Lij(t) =(i+j — 1)afi,j (t)

dt
// e“ﬂ)“t d(f((0);t) f(y(0);t))
]R2 ))eo‘t dt

dz(0)dy(0).

Since the moments satisfy the time evolution (6.10), we require f(z(0);¢), f(y(0):t) to obey
T @(0):1) = (@ra(0)e + e 0)c)f(x(0): 1),
SH0):0) = (@y(0)e + az? (0)F) F(3(0);)

This means that it is reasonable to set

F@(0);1) = e T 5RO
@9 2 (0)62at

F(0);1) = e vO 50y

from which the following exact expressions of the moments are obtained

+ t
// 6(1 o o;l (x(0)+y(0))em+%($2(0)+y2(0))e2md;L'(O)dy(O)
R2 y(0))ext 7

ﬂz(t):/ xi(o)eiater(O)e 42z 2(0)€2atdx(0).
Ry

Furthermore, it is easy to show that single moments satisfy the time evolution
d

ﬁﬁz(t) = iaﬁi(t) + a1 Bit1(t) + Ozzﬁprg(t). (6.19)
Lemma 6.6. Under the assumption of (6.9) together with < < 0, define the moments as
7,+])(¥t o1 at a9 2 2 2at
/ / S GO B OO 14 (0)dy(0),  (6.20a)
R2 ))e
Bi(t) = / zZ(O)emtrm(O)e‘“’%12<0>62“dx(0). (6.20D)
Ry
Then the moments simultaneously satisfy the time evolution (6.10) and
d
%IZJ(?’J) = —20{[1"1' (t), (621&)
d
ﬁﬁi(t) = —af;(t). (6.21b)

Proof. Tt is sufficient to confirm the relations in (6.21). In the case of 22 < 0, we observe at
the boundary

dm a(O)F @)t = lm #(0)f((0):0) =0,

As for the exact expression (6.20a) for bimoments, by using integration by parts with respect
to 2(0), we have

y e(z-i—])oct
//R J(n)eat | @0 )f (y(0); 1)dx(0)dy(0)

i 0)elit+iat
- /L. (;(O))y e F(a(0s0) (0 ) 0)dy 0

H—l( Yy () (i+j+1)at . s
—’—//Rz+ (2(0) + y(0))2e20t f(x(0);2) f(y(0); t)dx(0)dy(0)
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OOy
//]RQ (z(0) + y(0))e*t « —¢€ f(x(o)vt)f(y(o)y t)d (O)dy(O)

an j i j)at
11, O S2.(0)e (0)0) (0} ) O} 0)).

Similarly, by integratlng the bimoments by parts with respect to y(0), we have

itj)ot
/ /R );at F(@(0);8) f(y(0); t)da(0)dy(0)

:_// l( ) ( )6(1+J)atf(x(0)-t)f( (0)'t)dx(0)d (0)
et @0) T yyent | OO0 )dx(O)dy

“JJ. “eorev

)e
(0
_ // OO 01 0 10): 1) (0); )01y (0)
Ri . ) (0))eat ’ ’

«

)y
(«(0
It j+1 0)el? J)at ao .
- e gyt o 01001 00 00

Summing the above two formulae gives

(i+j+1)at

))2e2at f(x(0);¢) f(y(0); t)dz(0)dy(0)

(047 + Dadij(t) + ar(Ligr,;(8) + Li 1 (8) + oo (Liga (t) + L j12(t)) = 0,
combining which with (6.10) immediately gives

qa

dt

Similarly, 4 3;(t) = —a;(t) can also be deduced. O

IiJ' (t) = —20&[1'7]' (t)

Based on the above lemma, it is not hard to conclude the following result.

Theorem 6.7. Given the moments in (6.20), we have

d d
aun(t) = %’Un(t) = 0,
and p
—n.i(t) =0,
dt’y () =0

where {u,} and {v,} are the variables in the four-term recurrence relation (6.8) for the monic
Cauchy bi-OPs and {v,;} are the expansion coefficients of the monic Cauchy bi-OPs with

Po(z) = Z?:o '7n7jzj'

Proof. By use of (6.21), it is easy to see that the determinants 7,, and o,, evolve according to
d

7= —2naT,, 30 = —(2n — Daoy,,
from which, we conclude that {u,,v,}nen are independent of time ¢ by recalling the formulae
_ Tn+1Tn—1 _ (07L+1)2
un - 727 n — .
(Tn) Tn+1Tn

As for the coefficients v, ; in the expansion of P,(z), it follows from the determinant expres-

sion of {P,(2)}52, that
T, ;

Tn,j = )
5] T
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where
Io o Iopq -+ o1 Ioj+1 - Ion
Iio I, - I I . U &
) ) ,J—1 1,5+1 1,n
. n+j
T =(-1) .
In1o Inc1g o Incijo1 Incijyr o0 Incan

Due to the evolution relation (6.21) satisfied by moments, we have
d
dt

which immediately leads to £, ; = 0.

d
%Tn’j = 727’LOLTn7j.

Tn = —2nQTy,,

O

In summary, we have demonstrated that the variables {uy, v, tnen and the expansion co-
efficients «; of OPs are independent of time ¢. Therefore, under the definition of the mo-
ments (6.20), the nonisospectral C-Toda lattice can indeed admit stationary reduction, so that
a d-P-type equation associated with the Toda hierarchy of CKP-type and Cauchy BOPs arises.
Furthermore, the Lax pair of the nonisospectral C-Toda lattice can also indeed allow stationary

reduction so that the Lax pair of the d-P-type equation is obtained.

7. NONISOSPECTRAL DEFORMATION OF PARTIAL-SKEW OPS AND D-P

Recently, the concept of partial-skew OPs was introduced in [48], with the motivation by
the study of a random matrix model called the Bures random ensemble [80] as well as the hints
from the formulation of the Novikov peakon solution in terms of Pfaffians [51]. It is shown that
isospectral deformation of the partial-skew OPs are closely related to integrable lattices [48] and
they also solve certain mixed Hermite-Padé approximation problem [46]. To the best of our
knowledge, there is currently no existing literature that establishes a connection between the
partial-skew OPs and and Painlevé-type equations, which is the main objective of this section.

To achieve this objective, we first perform a nonisospectral deformation of the partial-skew
OPs without specifying the weight function. It is noted that we employ the Pfaffian as an
algebraic tool (for an introduction on the Pfaffians, please refer to Appendix A), and utilize the
derivative rules and identities on Pfaffians to derive nonisospectral deformation of the partial-
skew OPs and the nonisospectral B-Toda lattice. Then, by applying the stationary reduction to
the Lax pair of the nonisospectral equation, we obtain a d-P-type equation along with its Lax
pair. To our knowledge, this is the first instance of a d-P-type equation that features a solution
expressed in terms of Pfaffians. Finally, we construct a specific weight function to demonstrate

the viability of the aforementioned stationary reduction process.

7.1. Partial-skew OPs. In this subsection, let’s briefly review the relevant basic knowledge

about partial-skew OPs. For more details please refer to [48].

Definition 7.1. Consider a skew symmetric inner product (-,-) on the space of real coefficient
polynomials, where (-, ) is a bilinear 2-form R(z) x R(z) — R(z) satisfying the skew symmetric
relation
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Define the bimoment sequence {p; ;}75_o as
pij = {22 = = (9,2%) = —p;,. (7.1)

A family of monic polynomials { P, (2)}52, are called partial-skew OPs if they satisfy the or-

thogonality relation

(Pan(2),2™) = 2226011, 0<m <241,
2n

T2n
(Pany1(2),2™) = _ 22 g L 0<m<2n+1,
To2n+1

with
Ton = PI(0,1,...,2n — 1) #0, 7opy1 = Pf(do,0,1,...,2n) #£0,
where B; are some constants and the Pfaffian entries are defined as
Pf(i,5) = pi;, Pf(i,2) = 2", (7.2a)
Pf(do,i) = B;, Pf(do,2) =0. (7.2b)

According to the orthogonality, it can be shown that the monic partial-skew OPs admit the

following determinant expressions

40,0 10,1 See 0,20
] H1,0 M1 T H1,2n
Py (2) = ) ) .
n(2) det(p1i,1)o<i j<2n—1 ’
H2n—1,0 M2n—1,1 - H2n—1.2n
1 P - 2n
10,0 Hoi ot po.2n+1 —Bo
) 11,0 H11 t f12n41 —B1
P2 1 Z T e N . . N B
nt1(2) det(Cant2,2n+2)
H2n41,0 H2ngl,1 - H2nil2ntl  —B2ngl
1 z cee z2ntl 0
where
Bo
Cri=| Api :
Br-1
Ak = (tij)o<i<k—1,0<j<i—1. It follows from (7.1) that the determinant det(i; ;)o<i j<2n—1

is a skew symmetric determinant of 2n order, implying that it can be written in terms of
Pfaffians. In fact, in conjunction with (A.4) and (A.5), it is not hard to see that the Pfaffian
representations of partial-skew OPs can be given by
1
Py, (2) = —Pf£(0,1,...,2n — 1,2n, 2), (7.3a)

T2n

Poni1(2) =

Pf(do,0,1,...,2n,2n+ 1, 2). (7.3b)
T2n+1

In this work, we address the skew symmetric inner product of the following specific form

<ﬂ@g@»://ﬂ@mmy‘x<mw@mm% (7.4)

w
Tty
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Yy—x
z+y
and w(z) is the weight function ensuring the bimoments

= [ iy dady = PE(i, j
Wi //wy x+yw(fﬂ)w(y) xdy (4,7)

in which

is the skew symmetric integral kernel to guarantee the skew symmetric property

and the single moments

Bi = /xlw(m)dx = Pf(do, 1)
exist. In this case, it is not difficult to see that the Pfaffian entries satisfy
Pf(dy,i + 1) = Pf(dy,1), (7.5b)

where
Pf(dy,4) = Bit1, Pf(dg,d1) = 0.

It is worth noting that the specific partial-skew OPs satisfy a four-term recurrence relation

2(Pn(2) = unPo-1(2)) =Ppt1(2) + (bns1 — b — un) Po(2)

- Un(bn - bn+1 + unJrl)Pnfl(z) + uiunflpn72(z)a (76)
where
uy = 7-7L+172-7L—1, bn _ &7
> Tn

with 7,, denoting the Pfaffians with the Pfaffian entries (7.2) and o, denoting the following
Pfaffians

oom = PI(0,...,2m — 2,2m), ogmy1 = Pf(do,0,...,2m —1,2m + 1).

7.2. Nonisospectral B-Toda lattice. In this subsection we perform nonisospectral defor-
mation on partial-skew OPs. To this end, we suppose that the integral variables x,y and the

spectral parameter z satisfy the following time evolution

d d d
Fr=o, —Zy=ay, —r=oz (7.7)
and we require an appropriate weight function to ensure that the moments undergo the time
evolution
d L
et () =ali+ )pig () + a1 (pis () + pigra () + az(pive,; (8) + pijea(),  (7.82)
d .
%BZ (t) :zaﬁi (t) + alBiJrl(t) + a25i+2 (t) (78b)

According to the definitions (7.2) of Pfaffian entries, the above relations can be equivalently
written as
d
T Pf(i,j) =a(i 4+ j) Pi(i,5) + a1 (Pf(i + 1,5) + Pf(i, 5 + 1))
+ ao(PE(i + 2,7) + Pf(i, j + 2)),

d
% Pf(do, ’L) =tQ Pf(d()7 Z) + oy Pf(do,l + 1) + oo Pf(d(hl + 2)

Under the assumption of (7.7) and (7.8), we can obtain some derivative formulae for the
Pfaffians and the specific partial-skew OPs by employing (A.6)-(A.11) in Appendix A.2. For
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facilitate the presentation, we first introduce the intermediate variable t; and list some deriva-
tive formulae with respect to ¢;.
Introduce the evolution on ¢; according to
0 . . . .
1
0 . )

o Pf(do, Z) = Pf(do, 1+ 1),

oty
which can actually be regarded as a special evolution in the case of &« = a3 = 0,a; = 1. Then
it follows from (A.6) and (A.7) that

D e < e .

8—t1Pf(11, coydoN) = Z Pf(i1,d0,. .. i+ 1,... d2Nn), (7.10a)
k:il

9 12N -1

Thpf(ao,il,...,igN_l): Z Pf(ao,il,ig,...,ik—‘r1,...,i2N_1). (710b)

k=11
Based on the results in [48, Lemma 3.15, Lemma 3.20], we immediately obtain the derivative

formulae for 7o, Tont1, TonPon(2;t), Tont1Pont1(z;t) with respect to t;.

Lemma 7.1. There hold the following differential relations

—T9, = PI(0,...,2n — 2,2n), (7.11a)

oty

gmﬂ = Pf(dy,0,...,2n —1,2n + 1), (7.11b)
1

%(TQHPQn(Z;t)) =Pf(0,...,2n—1,2n+1,2) — zP£(0,1,...,2n, 2), (7.11c)
1

3}
a—h(TgnJrngnJrl(z;t)) = Pf(do,0,...,2n,2n+ 2,2) — 2 Pf(dy,0,...,2n + 1, 2). (7.11d)

By successively applying (A.6) and (A.7), we can also derive the following corollary on the

second derivative with respect to t1.

Corollary 7.2. There hold

82
Fp T = Pf(0,...,2n —3,2n —1,2n) + P{(0,...,2n — 2,2n + 1), (7.12a)
1
32
5 Tant1 = P(do,0,... 20 = 2,20,20 + 1) + Pf(do,0,...,2n — 1,20 +2),  (7.12b)
i
2
7(7’2”P2n(2;t))
ot3
=—2zPf(0,...,2n — 1,2n 4+ 1,2) + P£(0,...,2n — 2,2n,2n + 1, 2)
+Pf(0,...,2n — 1,2n + 2,2) + 22 P£(0, ..., 2n, 2), (7.12¢)
32
775 (T2nt1Pang1(251))
ot?
= — 2zPf(dy,0,...,2n,2n + 2,2) + Pf(dy, 0, ...,2n,2n + 3, 2)
+ Pf(do,0,...,2n — 1,20+ 1,20+ 2, 2) + 22 Pf(dy, 0, ..., 2n + 1, 2). (7.12d)

Proof. See Appendix C. O
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Furthermore, observe that the derivative for the Pfaffian entries with respect to t; can be
equivalently written as

0
— Pf(4,j) = — Pf(do,d1,1,j
ot, (Za]) ( 05 17%])7
9 bt(dy, i) = P(d, 1)
atl 0, - 1,¢),
by recalling (7.5). By employing (A.8) and (A.9) with o = @ = 0,01 = 1, similar to the

results in [48, Lemma 3.15, Corollary 3.16], we also have the following evolution relations.

Lemma 7.3. There hold the following differential relations

i7'2'” = —Pf(do,dl,O,...,Qn— 1)7 (713&)
oty
0

o T2n+1 = Pf(dl, O, ey 271), (713b)
oty

6%(7’2”]3271(2; t)) = —Pf(do,d1,0,...,2n, 2), (7.13¢)
1

8%(7-271+1P27l+1(2; t)) = Pf(dl, 0, ey 2n + 1, Z) (713(1)
1

After comparing the relations in Lemma 7.1 and Lemma 7.3, we immediately obtain the

following identities.

Lemma 7.4. As for the specific Pfaffians, there hold the following relations:

P£(0,1,...,2n — 2,2n) = — Pf(dy, dy,0, ..., 2n — 1), (7.14a)
— Pf(dy,d1,0,...,2n,2) =Pf(0,...,2n — 1,2n+ 1,2) — 2 P£(0, ..., 2n, 2), (7.14b)
Pf(do,0,...,2n —1,2n+ 1) = Pf(d;,0,...,2n), (7.14c¢)
Pf(dy,0,...,2n+1,2) = Pf(do,0,...,2n,2n+ 2, z) — 2 Pf(do,0,...,2n + 1, 2). (7.14d)

In general, it is not hard to obtain the derivative expressions for 7, with respect to t by
using the derivative formulae (A.6) and (A.7).

Lemma 7.5. Under the assumption of (7.7) and (7.8), we have

%m =n(2n — 1)ats, + a1 PEO,1,...,2n — 2,2n)
+as(—PE0,1,...,2n—3,2n — 1,2n) + P£(0,1,...,2n — 2,2n + 1)),  (7.15a)
%TgnH =n(2n + 1)ate,t1 + a3 Pi(dp,0,1,...,2n —1,2n+ 1)
+as(—Pf(dy,0,1,...,2n — 2,20 + 1,2n) + Pf(do,0,1,...,2n — 1,2n + 2)).
(7.15b)

The expressions for the derivative of 7,, P, (z;t) with respect to the ¢ can also be derived.

Lemma 7.6. Under the assumption of (7.7) and (7.8), we have
d

%(TZnPQn(Z; t))

=an(2n + 1) P{(0,1,...,2n,z2)
+a1(Pf(o,...,2n—1,2n+1,z)—sz(o,l,...,zn,z))

fa2(+Pf(0,1,...,2nf2,2n,2n+1,z)
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—Pf(0,1,...,2n —1,2n +2,2) + 22 PE(0,1,...,2n, z)) (7.16a)

d
% (7-27L+1P2n+1 (Zv t))

=a(n+1)(2n + 1) Pf(dy,0,1,...,2n+ 1, 2)
+ a1 (= zPf(do,0,...,2n + 1,2) + Pf(do,0,...,2n,2n + 2, 2))
—az(Pf(dO,O,...,Qn—172n+1,2n+2,z)
— Pf(do,0,...,2n,2n+ 3,z) + 2> Pf(do,0,...,2n + 1,2)). (7.16b)
Proof. See Appendix D for the proof. O

Now we are ready to present the time evolution equation of the partial-skew OPs {P,,(z;t)}.
By employing (7.11), (7.15), Lemma 7.6 and Corollary 7.2 as well as the Pfaffian identities, we
can derive the following theorem, whose detailed proof is placed in Appendix E.

Theorem 7.7. Under the assumption of (7.7) and (7.8), the monic partial-skew OPs { Py, (z;t) } nen
in (7.3) with the inner product (7.4) admit the time evolution

d
P (2

=naP, + a1(Poy1 + (=2 4+ bpt1 — bn) Pn — Uptny1Pn_1)
+ ag (Pn+2 4+ (bpy2 — bp) Prg1 — Un— 102U 11 Po—o 4 Unn i1 (by — bpyo) Py
+ (= 2+ (bng1 = bn)? = Unsg1tngs — Ung1(by — bpyo)
— UpUpt1 — Up(bpo1 — bn+1))Pn>. (7.17)

By utilizing the four-term recurrence relation (7.6), we can rewrite the derivative expressions
for P,(z;t). As a consequence, the Lax pair, consisting of the recurrence relation and the time
evolution, can be expressed in matrix form.

In fact, it follows from the four-term recurrence relation that

Pn+2 :Z(Pn-‘rl - un-l—an) - (bn+2 - bn+1 - un+1)Pn+1
+ un+1(_bn+2 + bn+1 + un+2)Pn - unu721+1pn—17
Pn+1 :Z(Pn - UnPn—l) - (bn+1 - bn - un)Pn

+ un(*bn+1 + bn + Un+1)Pn—1 - Un—luipn—%
1
Pn— :*71311 bn *bn* nPn
2 un_lu%( +1+ (bna Un)
- un(_bn-i-l + bn + un+1)Pn—1 - Z(Pn - unPn—l))7
1
Ppg=——s— (Pt (by —bp1 — tn_1)Pn_
3 uiflun72( + ( 1= Un—1)Pn1

- Un—l(*bn + bn—l + un)Pn—2 - Z(Pn—l - un—lpn—Z))a

employing which, we can derive the following evolution relations

d

%Pn(z;t)

=(na + oy + oty (—bp_1 + 2bpt1 — by + 2)) Py
+ (704111%(2 + bn+1 — bn)

+ QQUn(*ZQ + (bn+1 - bn)(*zz - bn+1 + bn) - un+1(bn+2 - bn)))Pn—l
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+ un—lu%(*al - aQ(Z + bn+1 - bn + 2un+l))Pn—2a

d

% n— 1(
:(al + 042(3 +by, — b1+ 2un))Pn

+((n—1)a+ai(by, —bp—1—2)

+ a2(_22 + (bn - bnfl)2 - unfl(bn72 - bn) + 2un(bn - bnfl — Up—-1 — Z)))Pnfl

z;t)

+ unflun<_a1 + a2(bn - bn+1 - 2un + Z))Pnf%

d
— P, _o(z;t
g 250
1
= (O[l - OéQ(bn_l — bn — Q’U,n_l + Z))Pn
Un—1
+ ( (o1 + aa(—=bp—1+ by — 2))(by, — br—1 — 2) + aa(by, — by—2)) Pt

Up—1
+((n—2)a+ ai(by, — bp—2 — uy)
+ g (by (b — 2bp—1 + 2up_1 + up) — 222 + by 1 (bp1 + Up) + Un (2 — 2up_1)
+ (bn-1 = bn-2)* — Un—2(bp—3 — bn—1) — 2up—1(bn—2 + tn—2))) Pr—2.

As a result, the recurrence relation (7.6) and the above time evolution equations of the partial-

skew OPs {P,,(z;t)}nen can yield the following matrix form

dn,
Ont1 = Unin, % = Vaon, (7.18)
where ¢(z;t) = (Po—2(2;t), Pa_1(2;t), Pa(2;t))" and
0 1 0
Un - 0 0 1 s

—U%un,1 Un, (_bn+1 + bn + un+1) — ZUn _bn+1 + bn + 2+ un

V11 Vi2 V13
V=1 var w22 w23 |,
V31 V32 V33
with
v11 =(n — 2)a+ a1 (by, — by — un) + ag(bp(by — 2bp—1 + 2up—1 — uy)
+ Z(un - 22) + bn—l(bn—l + Un) - 2un—1un + (bn—l - bn—2)2
- Un72(bn73 - bnfl) - 2un71(bn72 + un72))7

(Oq + Ozz(—bn71 + b, — Z))(bn —bp_1 — Z) + Oéz(bn — bnfg),

V12 =
Unp—1

(0[1 - a2(bn71 - bn - 2un71 + Z))7

V13 =
n—1

V91 =Up—1Un(—aq + ag(by — bpi1 — 2up + 2)),

voy =(n — a4 ay(by —by_1 — 2) + ag(—=22 + (by — by_1)? — Un_1(bp_o — by)
+ 2up (b — b1 — Up—1 — 2)),

Vog =1 + aa(z + by — b1 + 2uy,),

(
V31 =ty U2 (—ay — a2(z + bpy1 — by + 2uni1)),
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V32 = — Uy (2 + b1 — bp) + @ty (=22 + (b1 — by) (=22 = byg1 + b)) — Unt1 (g2 — b)),
V33 =NQ + A1y, + @ty (—bp—1 + 20,41 — by, + 2).

The compatibility condition of the overdetermined system (7.18) yields a matrix representation

of the nonisospectral integrable lattice
du,
dt

from which we can write down the explicit differential equations for {u,,b,} so that the fol-

- Vn+1Un - UnVn;

lowing theorem is derived.

Theorem 7.8. Under the assumption of (7.7) and (7.8), the variables {u,(t),bn(t)} in the
four-term recurrence relation (7.6) for the monic partial-skew OPs {Pp(z;t)}nen in (7.3) with
the inner product (7.4) satisfy the following integrable ODE system
d
ﬁun =auy, + a1t (bt — 2by, + bp—1)

+ O‘2un[brzt+1 - b?z—l - 2bn(bn+1 - bn—l)

—+ un_1(2un — bn —+ bn_g) — un+1(2un — bn+2 —+ bn)]7 (719&)

d
%bn =ab, + alun(bn—i-l - bn—l) + azun[(an - bn—1)2

+ Un+1(bn+2 — bn) + un_l(bn — bn_g)], (719b)
with the Lax pair (7.18).

Remark 7.9. When «a # 0, the above equation represents a nonisospectral generalized lattice
that incorporates the first and second flows of the B-Toda hierarchy. In the case of « = a3 = 0,
it corresponds to the first flow of the isospectral B-Toda hierarchy, while it gives the second flow
of the isospectral B-Toda hierarchy in the case of &« = a; = 0. The first flow was investigated
in [48] etc, while it seems that the explicit form of the second flow has not been reported
elsewhere. It is noted that the first and second flows of the B-Toda hierarchy given here
coincides with those obtained by Krichever and Zabrodin [111, eq. (1.3)], where a combination

was presented.

7.3. d-P related to nonisospectral B-Toda. In the previous subsection, we provided the

Lax pair for a nonisospectral B-Toda lattice. By implementing stationary reduction, we can

obtain
_p Ion _ (7.20)
Pn+1 = £nPn, 2 = InPn, .
where J )
z
Pn:U'ru n:Vn V] = ——~Vn-
@ / ( dt ) oz

The compatibility condition of the above overdetermined system results in a d-P-type equation.
In summary, we have the following theorem.

Theorem 7.10. Under the assumption of (7.7) and (7.8) as well as stationary reduction,
the variables {un(t),b,(t)} in the four-term recurrence relation (7.6) for the monic partial-
skew OPs {Pp(z;t)}nen in (7.3) with the inner product (7.4) satisfy the following integrable
difference system with the Laz pair (7.20)

(n—2)a+ ai(by, —by—1) + az(b, — bn_1)2 — Uy Up,
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+ un—l(bn — bn_Q) -+ un(bn+1 — bn—l)} — AO = 0, (721&)
a(b, — (2n — 3)uy,) + 200u, ((by, — bp—1) (b1 — byn)
+ un(un_l + Up41 — bn+1 + bn—l)) + 2A0u, =0, (721b)

where Ag = Oél(bg — b1) + Otg[(bQ — b1)2 — 2uqug + UQ(bg, — bl) =+ uq (bg — bo)]
Proof. By use of the compatibility condition

Pn,z + PnQn - QnJran =0,
we can obtain

o+ al(anrl - 2bn + bnfl) + a?[biJrl - bifl - 2bn<bn+l - bnfl)

+ Un—1(2un — by + bn—Z) - un+1(2un - bn+2 + bn)] =0, (7223)
ab, + alun(_bn—l + bn—l—l) + a2un[(bn+1 - bn—1)2
+ un+1(bn+2 - bn) + un,l(bn - bn,Q)] = 0. (722b)

It is not hard to see that summing (7.22a) for n yields (7.21a). In addition, it is readily known
from (7.21a) that

aoUp—1(bp, —bp_2) =— (n—2)a — ay (b, — by—1)

— a[(bn = by—1)? = 2un 1t + Un(bp1 — bu—1)] + Ao,
@2tn41(bny2 —bn) = = (n = L)a = a1 (bny1 — bn)

— a2[(bng1 — bn)? = 2unq1tn + Up(bpt1 — bu—1)] + Ao,

which can be used to simplify (7.22b) to arrive at (7.21b). O

Remark 7.11. It is evident that Eq.(7.22) corresponds to the stationary form of the non-
isospectral B-Toda lattice (7.19). It is worth noting that the d-P-type equation (7.21) is in-
tegrable with a 3x3 Lax pair and it is associated with the Toda hierarchy of BKP type. A
further simplification will be investigated in the future work. Furthermore, the argument also

implies that it exhibits solutions with a Pfaffian structure.

7.4. Realization of stationary reduction. In the previous subsections, we have derived
the nonisospectral B-Toda lattice and obtained the d-P-type equation by applying stationary
reduction. In this subsection, we shall construct concrete moments to demonstrate that both
the nonisospectral equation and its Lax pair can indeed allow the stationary reduction.

From (7.7), we obviously have

r=2z(0) e, y=y(0)e, z==z(0)e*. (7.23)

If we let 2(0), y(0) € Ry, then the moments can be rewritten as

u(t) — (0
a0 = [ 20 0wt s ida (o)

//Rz ) (0) ( )f( (0),t)f(y(0),t)d (O)dy(O),

xT

where f(;t) needs to be determined. Differentiating the moments leads to

%Mi,j (t) :(7; + j)a:ui,j (t)
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// (z+j)aty(0) 2(0) d(f (x(0); 1) f(y(0); 1))
]R2

z(0) +y(0) dt

dz(0)dy(0).

59

If one wants to the moments to satisfy the time evolution in (7.8a), it is required that f(x(0);?)

and f(y(0);t) adhere to the time evolution
ST (0):8) = (@ (0)e™ + azz(0)e*) (x(0): 1),
L F(0)51) = (ry(0)e™ + sy ()™ F(y(0): )

As a result, it is reasonable to set

F(@(0);1) = e 2O +3 00,

Qg 2

F(y(0);1) = VO RO,

which results in the exact expression of the moments

i / / 0)eli+at 10 = 2(0) 21 oy y@)ent+52 (2012 02 g
, o

z(0) +y(0)

/Bz(t) :/ xz(o)ezate—z( )e“t+;—2m2(0)egatdx(0)'
Ry

It is obvious that the single moments (§; given above satisfy the time evolution

d

$5i () = iaBi(t) + a1Bip1(t) + a2 Biya(t).

(0)dy(0),

Theorem 7.12. Under the assumption of (7.7) together with %2 <0, define the moments as

i (¢ / / 0)etiet U0 = 2O0) 22 0401+ 32O O g 0)dy(0),
’ R2 2(0) +y(0)°
(7.24a)
Bi(t) = / 2t (0)eite & T 537 (00X g ) (7.24b)
Ry
Then the moments simultaneously satisfy the evolution relations (7.8) and
d
i (t) = —2ap,5(1), (7.25a)
d
Bi(t) = —aBi(t). (7.25D)

dt

Proof. 1t is sufficient to prove (7.25). By performing integration by parts with respect to z(0)

and observing the fact at the boundary

m(loi)rgow(o)f(w(o);t) = z(oyglmaf(o)f(x(o);t) =0,

we obtain

elrar W0 =20 ¢ 6. i
ot // el F@(0)5)F(u(0); )da(0)dy(0)
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- [ = O O G S 0100 OO

On the other hand, by applying integration by parts to the bimoments with respect to y(0), we
also have

st = [, 2O Ol G 00 w(0) ) 0)0)
-/ / i (0)y el HE I F(0(0):) (9(0)s ) 0}y 0
- [ o 0t e 0 D0 D 0))
-/ / O el M I VO 5010 140): ) 0)y 0,

By taking a summation on the above two equations, we see that the bimoments satisfy the
recurrence relationship

. a1 a2
(@ + 7+ 2)api g () + —=(Hir1,5 (8) + Higr(8) + = (iv2,g () + pije2(t) = 0. (7.26)

In a similar manner, we also get

Bi(t) = / zi(0)eite e 53 0 gy )
R+
:_/ iZL‘i(O)ezat S1g(0)e* + 5222 (0)e 2Mdl’(0)
Ry

_/ L it (Q)eli+Dat Fa(0)e' +52a%(0)e™ g )
Ry @

_/ 2 42 () (i 2)at a0 + 5202 (0)e* 4o )
Ry @

. Qaq (6%
=—1pi(t) — —PFit1(t) — —Biya(?),
iBi(t) = i1 (6) — 2Busa(t)
which leads to the recurrence relationship
. o e
(i +1)B:(t) + glﬁiﬂ(t) + fﬁwz(t) =0. (7.27)

Finally, it is straightforward to derive the desired result by utilizing the time evolution of the
moments (7.8) along with the recurrence relationships (7.26) and (7.27). O

Applying the time evolution (7.25) for the moments and the derivative formulae for Pfaffians
(A.10) and (A.11), we can conclude the following result.

Theorem 7.13. Given the moments in (7.24), we have

d d
%un&) = %bn(t) =0
and J
. In,g t) = )
dt’y J( ) 0

where {un} and {b,} are the variables in the four-term recurrence relation (7.6) for the monic
partial-skew OPs {P,,(z;t)tnen in (7.3) with the inner product (7.4) and {7, ;} are the coeffi-
cients of the monic partial-skew OPs with the expansion P, (z) = Z?:o Y20
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Proof. By use of (7.25) and the derivative formulae for Pfaffians (A.10) and (A.11), it is easy
to see that the Pfaffians 7,, satisfy

d
%Tn = —NAaTy.
Recall that we have
Tn+1Tn—1 On
Up = 2 5 bn = -
T2 Tn

By taking derivative with respect to t for u,, and b,, and applying the above evolution relation,
we conclude that {u,, b, }nen are independent of time t¢.
As for the coefficients 7, ; in the expansion of P,(z), it follows from the Pfaffian expression

of {P,(2)}52, that
Tn,
Tnj = .

where

Tonj = (—1)? PE(0,1,...,7,...,2n),

T27L+17j = (71)j+1 Pf(d()?()v 1a ey Ty 2n + 1)

Employing the derivative formulae for Pfaffians (A.10) and (A.11), one can see that
a
dt

based on which it is not hard to see %’yn,j =0.

Tn,j = —naly,j,

O

The above theorem implies that the nonisospectral B-Toda lattice (7.19) can indeed allow
stationary reduction so that a d-P-type equation (7.21) is obtained. Furthermore, since the
coefficients of the partial-skew OPs {P,(z;t)}nen are independent of ¢, it is valid that the Lax
pair (7.18) of the nonisospectral B-Toda lattice is transferred into a stationary form, resulting
in the Lax pair (7.20) of the d-P-type equation.

At the end of this section, we note that the d-P-type equation (7.21) admits a solution in
terms of Pfaffians. To the best of our knowledge, d-P-type equations with Pfaffian solutions

have never been reported before.

8. CONCLUTION AND DISCUSSIONS

We have developed a new approach called “stationary reduction method based on non-
isospectral deformation of OPs” for generating d-P-type equations and its effectiveness has
been demonstrated by considering different classes of bi-OPs. As a result, we are enabled to
obtain diverse families of d-P-type equations, along with their particular solutions and asso-
ciated Lax pairs. It seems that the derived d-P-type equations exhibit several new features.
In particular, the d-P-type equation related to partial-skew orthogonality admits a solution
expressed in terms of Pfaffians. We believe that these obtained d-P-type equations deserve
further investigations.
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APPENDIX A. ON THE PFAFFIANS

Consider a skew symmetric matrix A of order n

A = (ai;)ij=1-
It is obvious that the determinant of A is zero when n is odd. We remark that, when n is even,
specifically in the case of n = 2m, the determinant of A is equal to the square of a Pfaffian of
order m (see e.g. [45,95])
det(A) = (Pf(1,2,...,2m))?% (A.1)

where the Pfaffian entries Pf(¢, j) = a; j. In general, following e.g. [95], a Pfaffian of order m is

defined according to the following expansion based on Pfaffian entries

Pf(1,2,...,2m) = > (=1)" Pf(ir, is) PE(is, ia) PE(is,ig) - - - P(izm—1, b2m), (A.2)
P

where ) denotes the summation over all pairs satisfying the conditions
i1 <o, i3 <4, i5 <ig, -y 02m—1 < l2m,

11 <ty <5 < - <lom—1,
with 4; belongs to the set {1,2,...,2m}, and (—1)” takes the value of +1 (—1) respectively if
{41,142, ...,42m } represents an even (odd) permutation of {1,2,...,2m}. It can also be shown
that the Pfaffian admits the following expansion
Pf(1,2,...,2m)
— Pf(1,2) P£(3,4,...,2m) — P£(1,3) P£(2,4,5,...,2m)
+PE(1,4) PE(2,3,5,...,2m) — - + PE(1,2m) P£(2,3, ..., 2m — 1)

_Z 1)7 Pf(1,§) P£(2,3,...,7,...,2m), (A.3)

where, j represents the removal of the element j.

A.1. Formulae related to determinants and Pfaffians. There are a number of interesting
connections between certain determinants and Pfaffians (see e.g. [46, Appendix A.1]).
(1). For a skew-symmetric matrix As,_; of size 2n — 1 augmented with an arbitrary row

and column, there holds

T

dot Agpy 1 = Pf(Bay) P£(Cay), (A4)

Tan—1

! T —Y2n—1 z
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where
1 Y1
B, = Azp1 : Cop = Agp—1
b
Ton—1 Yon—1
-1 e —T2np_1 0 —Y1 —Yon—1 0

(2). For a skew-symmetric matrix As, of size 2n augmented with an arbitrary row and

column, there holds

X1
det Agn " | = Pf(Az,) PE(Banya), (A.5)
T2n
—y1 e —Yon | 2
where
T —Y
Aap

B2n+2: Toan —Yon
—x; -+ —xon | O z
" Yon —z 0

A.2. Derivative formulae for some special Pfaffians. For some special Pfaffians, there

hold some derivative formulae (see e.g. [95, Chapter 2]).
(1). If the t-derivative of a Pfaffian entry Pf(i,j) satisfy

D i, j) =ali + ) PEG, ) + a1 (PE(i + 1, 7) + PEGi, j + 1))

dt
+ as(Pf(i+2,7) + Pf(i,5 + 2)),
then
d . .
@Pf(11,-~-722N)
’igN 7;2N
= Z ka(’L'l,...,igN)—‘rOél Z Pf(il,ig,...,ik+1,...,i2N)
k=i, k=i,
Q2N
+a2ZPf(z'l,ig,...,ik+2,...,z’2N). (A.6)
k=i1
(2). If
d
o Pf(4,j) =a(i+ j) Pi(i,5) + a1 (Pf(i + 1,5) + Pf(i, 5 + 1))
+ ao(Pf(i+2,5) + Pi(i,5 + 2))
and
d
7 Pf(ag,?) = aiPf(aop,?) + a1 Pf(ag,i + 1) + as Pf(ag,i + 2),
then

d , .
% Pf(ao,ll, e ,ZQNfl)
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i2N—1 7:2N71
= Z ka(ao,il, c. ,Z'QNfl) + aq Z Pf(ao,ihig, R R i DI ,Z'QNfl)
k=1, k=11
12N
+on Y Pfag,it,ia,. .. ik +2,... i2n-1). (A.7)
k=1,
(3). Tt
d
T Pf(i,j) = a(i + j) Pi(i, j) + a1 Pf(ao, bo, 4, j) + caa(PE(i + 2, 5) + Pf(i, 7 + 2))
and Pf(ag,bp) = 0, then
d . .
apf(h,n-,lmv)
i2N
=Q Z ka(’L1, R ,iQN) + aq Pf(ao, bo, 1, ... 7i2N)
k=14
2N
+a2ZPf(il,i27...7ik+27...,’i2N). (AS)
k=1,
(4). Tt
d
T Pf(i,j) = a(i + j) Pf(i, j) + a1 Pf(ao, bo, i, j) + aa(Pf(i + 2, j) + Pf(4,5 + 2))
and
d
% Pf(a07j) =i Pf(a07j) + (€3] Pf(bOaj) + Q2 Pf(a077; + 2)7
then
o PHansis, iz 1)
dt ag, %1, %2N-1
laN—1
= Z ka(ao, i17 e ,iQN_l) —+ aq Pf(bo,il,ig, e ,iQN_l)
k=11
12N
+ Qo ZPf(ao,il,iz,...,ik+2,...,i2N_1). (A.9)
k=11
(5). Tt
L pt(i, j) = —2a PEG, )
dt ’] - 7.7 )
then
d ) . . .
%Pf(ll,"'lg}\[):72N06Pf(11,"'7,2]\/'). (A.10)
(6). If
d .. . d . )
— Pi(i,j) = —2aPf(i,j), and — Pf(ag,i) =—aPf(ao,1),
dt dt
then
d ) ) . .
— Pf(ao,ll, s Z2N+1) = —(2N + 1)0[ Pf(ao,ll, s 7/2N+1)- (All)

dt
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A.3. Bilinear identities on Pfaffians. Here we present two commonly used Pfaffian identi-
ties (see e.g. [95, Chapter 2]), that is,

Pf(al,ag,ag,cu, 1,27 . ,2N) Pf(172, .. 72N)

4
= (1) Pf(a1,a;,1,2,...,2N) Pf(az,4;,a4,1,2,...,2N), (A.12)
j=2

Pf(al,ag,ag,l,Q,...,QN—1)Pf(1,2,...,2N)

(-1)7*Pf(a;,1,2,...,2N — 1) Pf(ay, a;,a3,1,2,...,2N). (A.13)

<
I
—

APPENDIX B. PROOF OF LEMMA 6.1
Proof. As for the biorthogonal relation (6.4)
(Pp(z;t), Pp(y;t)) =0, m=0,1,...,n—1,
by differentiating it with respect to time ¢, we get

_ (%(Pn(%t))Pm(y;t) +Pn($;t)%Pm(y;t)) (x +y)
" _// (z+y)?

(x 4+ y) P (x;t) P (y; 1) sl £\
// x—|—y) w(z;t)w(y; t)dzdy

// P . + ) yit) <jtw(x;t)w(y;t) + w(x;t)%w(y;t) + 20w(x; t)w(y;t)) dxdy

w(w; t)w(y; t)dxdy

— (G0 <y,t>> + (1@ +9) + 0a(a? + 92) Palas ), P 1), (B.1)

where we used the orthogonality and (6.11) in the last step. In addition, it obviously follows
from (6.7) that

<($ + y)(Pn-H(x; t) + an-‘rlpn(x; t))a Pm(y; t)>
= [ [ (P wst) + ans Patas ) Poystytas (s oy
:/(Pn+1(x;t) + ant1 P (x;t)w(x; t)dx/Pm(y;t)w(y;t)dy = 0. (B.2)

Now we simplify (B.1) by use of the orthogonality (6.4) and (B.2). First, we deal with the
term —((z + y)Pn(x;t), Pn(y;t)). Since

(Po(z5t),yPe(y;t)) =0, k<n-—1,
we have
- <($L‘ + y)Pn(-T;t)va(y;t»

- <$Pn(.’137 t)7 P, (y7 t)>

(( +y — ) (Pot1(x;t) + ant1Pru(x; 1)), P (y; t))

= — {(xP,(x;t), Pp(y;t // i1 (T3 1) 4+ a1 Po(251)) P (y; t)w(; Hw(y; t)dady

an+1

L e(Par(58) + angs Pa(a: 1)), Poa(y: ).

anJrl

+
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By employing (B.2), we immediately get

—((x +y)Pu(x;t), Pr(y;t)) = (xPny1(z;t), Pr(y;t))

an+1

:an1+1 ((@Pry1(z;t) = Puyo(wst)), Pr(y;t)).

It is noted that, by rewriting the recurrence relation (6.8) as
TPoy1(25t) = Poya(231) = bny1 Pogr (2) + cnp1 Pu(e) + dny1 Py (258) — angaz Py (a3 1),

and using the orthogonality, we have

! ((@Ppq1(xst) — Prya(x3t)), Pr(y;t))
an+1
:an1+1 (dnt1Pn-1(z3t) — anp12Po(31)), P (y;t))
An+41

= <z"+1 Po_1(z;t) — xPp(x;t) + Por1(x;t) — (an — by) Po(x;t), P (y; t)> .
n+1

Therefore we conclude

- <(£U + y)Pn(w;t)va(gﬁt»

_ <Z:i Py_(w3t) — aPp(5t) + P (238) — (an — ba) Pa(@31), P (y; t)> : (B-3)

Next, we proceed to simplify the expression —aq((2? + y?) P, (z;t), Py (y;t)). On one hand,
we utilize the orthogonality condition and the recurrence relation (6.8) as well as Eq. (B.2) to
get

- O[2<Pn($; t)a yQPm(yat»

07
= — 2 (P (%;1) + ans1 Pu(@; ), y* P (33 1)) + ——(Pi1 (258), 4> P (y3 1))
Ap41 An41

One can easily observe that

o
2 <Pn+1(x§t) + an+1pn(x;t)7y2pm(y; t)>

Ap+1

Qa2
= — Uit <(y($ + y) - xy)Pn_A,_l(x,t) + an-l,-lpn(xat)vp’m(yvt)>

«
== 2 [ (Paiawit) + a1 Palos )Py sty )y
n+ R

2

P (@(Prp1(2;0) + ang1 Po(231)), y P (y3 1))

based on which and using the recurrence relation (6.8) and (B.2), we can get

— ag(Pp(a;t), y* P (5 1))

= (ens1Pu(@it) + dps1 Pacy (238)), y P (3 1)) + ——(Prsr (25), y* P (y3 1)
an+1 an+1

«
2 <Cn+1Pn<x;t) + dn+1Pn71(-T7t>)7me(y7t)>

an+1

(0%
+— (Poia(@3t) 4 anio P (z:1), y* P (y; 1))
Ap4+10n42
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(0%
:a72<0n+lpn(x; t) + dny1Po1(z31), y P (y3 1))
n+1

— LCU(PnJFQ(!T; t) + an+2Pn+1(='E; t)), me(y; t)>

Ap+10n+2

(0]
T / / (Prsa(i:) + o P (2:.8) )y Py s )y 0)drdy
Ap410n+42 Ri

dndy,
= - 200 (P (@it), Paly:t))
ApQn+1
d d d
_ 0dng (Cn+1 G E ) (P (2:1), Po(y:1)) (B.4)
an+1 anJrl (079 an+1an+2 ananJrl

On the other hand, we can simplify —ao(x? P, (z;t), Py (y;t)) in the same way. In fact, we have
— az (2 Pa(;t), P(y;))

= — az(2?(Pa(@;t) + anPao1(231)), Pra(y3)) + 25 (2 Pao1 (238), P (y31))

= — ag(x(Puy1(x;t) + bp Po(x;t) + enPro1(;t) + dpPr—2(z;t)), P (y; 1))
+ aan(@?(Poo1(23t) + an—1Pp2(w3t)), Pu(yst)) — a2an-1an(2® P2 (2;t), Pu(ys 1))

= — a(@(Poy1(258) + bn Po(58) + cn Po1(2t) + dn P —2(3;1)), P (y3 1))
+ agan (@(Pp(x;t) + bp—1Po—1(x;t) + cno1 Po—2(2;t) + dp—1 Pa—s(x; 1)), P (y; t))
— Q2100 (¥° Py _o(%;1), P(y; ),

where we used the recurrence relation (6.8) in the last two steps. By means of orthogonality

and the recurrence relation, we can derive
— ag(@(Poy1(25t) 4 bp Po(2;8) + cn Py (058) + dn Po—2(731)), P (y31))
+ agan (x(Pp(z;t) + bn—1 Po1(25t) + cno1Po2(x5t) + dy1P—3(x31)), Pru(y; 1))
— Q2an 100 (@ Py_o(x;t), P (y; 1))
= — ag(@Ppp1(w;t) — Paya(@st), Pu(yit)) — aa(bn — an)(@Pa(2;t) — Paga(w5t), Pm(yst))
— ag(@(cnPooi(23) + dp Pz (@3t)), Pu(yst)) — azan—1an(® Pz (23 t), P(ys )
+ azan (T(bn—1Pp—1(2;t) + cpo1Pn—2(x5t) + dp—1 Pn—3(x5t)), Pn(ys5 1))

= (@41 (2P (25 8) = Pryr(251) + (an — bn) Pu(23 1)), Po(ys t)) — ao(dnt1 Poo1(2:1), Pr(y; t))
— a2(bn — an){cn Pu—1(2;t) + dp P2(x51), P (y3 1))
+ asay (by, — an){xPy_1(x;t) — Pp(x;t), Prn(y;t))
— ag(x(cn Pro1(z;t) + dpPr—a(x;t)) — cnPr(x;t), Pr(y;t))
+ 2 (2 (bn—1 Pr—1(58) + Cn1 P2 (258) + dn—1Po—s(@3t)) — bn_1Pa (1), Pa(y3 1))
— Q20— 1an (T(Pn—1(;t) + bn—2Pp2(73t) + cn2Pp—3(x5t) + dy—2Pp—a(x5t)) — Po(x3t), P (Y3 1))
+ Qo2 100 (T2 Py_3(2;t), P (y;1)).
Consequently, we have
— ag(2® Py (a31), P (1))
=ag(an+1(xPn(2;t) — Pagr(2it) + (an — by) Pa(2;1)), P (y3t))
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—az(dnt1Pn1(z3t), P (y; 1)) — a2(bn — an)(cnPo1(x;t) + dp Pr—2(x;t), P (y; 1))

+ azan(by — an)(@Pr-1(2;t) — Pp(z3t), Pn(ys t))

— aa(@(cnPr1(25t) + dp Pra(a;t)) — cnPo(a;t), P (y;t))

+ 2an (T(bp—1Pn—1(2:t) + cpo1 Pra(23t) + dn1 Pa—z(23t)) — b1 Pu(251), Pn(y3 1))

— 2y 10 (T (Py1(25t) + by o Py o(x5t) + cnoPp_3(x;t) + dpn2Pp_a(x;t)) — Po(5t), Pr(y;t))
+ @2an2n 10, (2 Py _3(25t), P (y3 1)). (B.5)

Finally, by inserting Eq. (B.3), (B.4) and (B.5) into (B.1), we eventually obtain

<jt (25 t) — naPn(x;t),Pm(y;t)>

dn
=(—(a1 — agapy1)(@Py(x;t) — Ppyr(z;t) + (an — by) Po(x;t)) + (oq " L adny
n+1

d d d
—ag(by, — an)cn, — 22Cntl (CnH + nt2 il >)Pn_1(ac;t)
Ap41 Ap+1 [07% Ap+10n42 ApQp41
+ asg(ap(an —by) — ¢ + apbp_1 — an—_1an)(xPr_1(x) — Py(x; 1))

+ a2< - M + dn(an - bn) - x(dn — ApCp—1 + an—lanbn—2)>Pn—2(m; t)

anan+1

+ a2 (Tan—2an-1 + dn—1 — Gn_1Cn—2)Pr_3(x;t) — a2an_1a0ndn_2xPn_a(x;t), Pp(y;t)),

where we used the fact that (naP,(z;t), Pn(y;t)) = 0 for m = 0,1,...,n — 1. Observe that
the & P, (2;t) — naPy(x;t), Py (2;t) — Poy1(2) + (an — bp) Po (25 t) and Py (5t) — Py (25t)
are all polynomials of degree n — 1 in z, the expression (6.12) for %Pn(x; t) follows from the
orthogonality. Therefore, we complete the proof. O

APPENDIX C. PROOF OF COROLLARY 7.2

Proof. Since (7.12a) and (7.12b) are straightforward consequence of applying the derivative
formulae (7.10) to (7.11a) and (7.11b), we are remaining to prove (7.12c¢) and (7.12d). Based
n (7.11c), by use of the derivative formulae (7.10), we get
2

8t2
0
8t1

2n—1
:53( Z(—z)ij(O,...,j7...,2n—1,2n+1)
1

(T2nP2n(Z t))

—(Pf(0,...,2n —1,2n 4+ 1,2) — 2 P{(0,1,...,2n, 2))

j=0
2n—1
+ > (1) PE(0, 1 ]2?’7,))
j=0
2n—2
=Y (=2)P0,...,j,...,2n — 2,2n,2n + 1)
7=0
2n—1
+Z 2V PEO,...,j, ..., 2n—1,2n+2)
2n—2

—2zZ 2 PEO,...,7,...,2n—1,2n+1)
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2n—2

+z22 2)PEO, ..., 7, ..., 2n) 4+ (=1)2"22" P£(0,...,2n — 2,2n + 1), (C.1)

Observe that the expansion of the Pfaffian gives

2n—2
Pf(0,...,2n —1,2n+1,2) = Y (=2)' PF(0,...,j,...,2n = 1,2n + 1)
j=0
— 2L P(0,. .., 20 — 2,20 4 1) + 22T PR(0, ..., 20 — 1),
2n—2 )
Pf(0,...,2n —2,2n,2n+1,2) = Y (—2) P£(0,...,j,...,2n — 2,2n,2n + 1)
j=0
— 22" P£(0,...,2n — 2,2n + 1) + 22" T PF(0,. .., 2n — 2,2n),
2n—1
Pf(0,...,2n — 1,2n42,2) = Y _(=2)' PE(0,...,j,...,2n —1,2n +2)
§=0

+ 22" T2 Pf(0,...,2n — 1),
2n—2 )
P£(0,...,2n,2) = > (=2)' P£(0,...,],...,2n) — 2" "' P£(0,...,2n — 2,2n)
j=0

+ 22" P£(0,...,2n — 1),
from which it is not hard to see that (C.1) can be equivalently written as
2
o8
=—2zP{(0,...,2n—1,2n+1,2) + P£(0,...,2n — 2,2n,2n + 1, 2)
+Pf(0,...,2n — 1,2n + 2,2) + 22 P£(0, ..., 2n, 2).

(TonPan(z; 1))

This confirms the validity of (7.12c¢).
Similarly, we can demonstrate the formula (7.12d). In fact, based on the expression (7.11d)
and the derivative formula (7.10), we have

82
775%(7'271+1Pzn+1(2;t))
68 (Pf(dp,0,...,2n,2n 4+ 2,2) — zPf(dp,0,...,2n+ 1, 2))
1
9 /& L X
:atl(Z(—1)7+1zﬂPf(do,0,...,j,...,2n,2n+2)
§=0
2n
ZZ(1)J’+1szf(d0,o,...,j,...,2n+1)>
§=0
2n
= (=1)"127 Pf(do,0,...,j,...,2n,2n + 3)
=0
2n—1

+ > (=171 PE(do,0,..., 5, .., 20— 1,20+ 1,2n + 2)
7=0

2n—1

+ 22 Z 2) Pt(do,0,...,7,...,2n,2n +2)
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2n—1

— 22 Z 2)? Pf(do,0,...,7,....2n + 1) + 22" Pf(do,0,...,2n — 1,2n + 2).

Recall that Pfaffian’s expansion gives

2n—1
Pf(do,0,...,2n,2n+2,2) = Y (=1)7'27 Pf(do,0,...,j,...,2n,2n +2)
=0
— 22" Pf(do,0,...,2n — 1,2n + 2) + 22" T2 Pf(dy,0,...,2n),
2n
Pf(do,0,...,2n,2n+3,2) = Y (~1)’T'27 P(do,0,....,],...,2n,2n + 3)
§=0

+ 223 Pf(dy, 0, ..., 2n),
Pf(dp,0,...,2n—1,2n+1,2n+ 2, 2)

Z 17129 PE(do,0,...,7,...,2n—1,2n+1,2n + 2)

7=0
— 22" PE(dy,0,...,2n — 1,2n 4 2) + 22" T2 Pf(dy,0,...,2n — 1,2n + 1),
2n—1 ) )
Pf(do,0,....2n+1,2) = Y _ (=1)""29 Pf(do,0,....j,...,2n+ 1)
§=0
— 22" Pf(do,0,...,2n — 1,2n + 1) + 22" Pf(dy, 0, ..., 2n),
based on which, we are led to (7.12d) from (7.12d). O

APPENDIX D. PROOF OF LEMMA 7.6

Proof. We first proceed the proof of (7.16a). Based on the expansion formulae of the Pfaffian,
we have

d
% (T2nP2n(Z; t))

2n

d o .
== ST (-1 PE0, 1, G, 20) 2
7=0

:i_n: ((—z)j;ltPf(O,l,...,j,...,2n)>

+Z( 1) a;j P£(0 ...,j’,...,?n)zj). (D.1)
As for the first expression at the right hand side above, applying the derivative formula (A.6),
we have
2n
Z (( z)! dtPf( ...,j,...,?n))
j*O
—az n(2n+1) — j)P£(0,1,...,7,...,2n)

+a1<Pf(1,...,2n—1,2n+1)+z2”Pf(0,1,...,2n—2,2n)
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+ 3 (~zy (Pf(o, ,...,j/—\l,...,Qn)+Pf(o,1,...,j,...,2n—1,2n+1)))
2n—2 )
—|—a2<Z(—z)JPf(O,...j,‘..,Qn—2,2n+1,2n)
+ ) (=2) PEO,.. . G, 20— 1,20 4 2)
+ ) (=2 PHO,.. 5= 3,5, = 1,5 +1,...,2n) + 2 PE(2,1,3,...,2n)
ZQ”(Pf(O,...,Qn—S,Qn,Zn—1)—|—Pf(0,...,2n—2,2n+1))>
—az n(2n+1) — j)P£(0,1,...,7,...,2n)
2n—1 )
+a1<Z(—z)ﬂPf(o,...,j,...,m—1,2n+1)
=0
+Z 2) P£(0 j—/\12n)>

2n—2
+a2< > (=2 PEO,..., ..., 20— 2,204 1,2n)

§=0
2n—1 2n—1

+Z 2 PEO,... 5, 20— 1,204 2) = > (=2)/ PE(0,...,5—2,...,2n)
j=3

—zsz(l,...,Qn)—22"(Pf(0,...,2n/—\2,2n—1,2n)—Pf(o,...,zn—2,2n+1))>.

By use of the Pfaffian expansion, we easily see

2n—1
2)7 P£(0 Iy 2n—1.2n+41)

“M

Pf(O, 2n —1,2n+1,2) — 22" PF(0,...,2n — 1),

2n
Z( )J Pf( L J—1 2”)
j=1
= — 2Pf(0,1,...,2n,2) + 22" PF(0,...,2n — 1),
2n
S (=) PO, ..., j—2,...,2n)
j=2
2n—1
= (—2) PEO,...,j — 2,...,2n) + 22 PE(1,...,2n) + 22" PE(0, ..., 2n — 2,20 — 1,2n).
Jj=3

Consequently, we obtain

2n d R
Z( z)? dtPf( J1,..0,7,...,2n)

=0
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:ozZ(— Y(n(2n+1) — j)PE0,1,...,7,...,2n)

al(Pf(O,...,Qn—1,2n—|—172)—sz(O,l,...,2n,z))

2n—2
—|—a2( > (=2 PEO,...,j,. .., 2n— 2,2n,2n + 1)
7=0
2n—
Z 2 PE0,...,7,...,2n—1,2n+2)

Mw

2)I P£(0 ...,j/\2,...,2n)+22"Pf(0,...,2n2,2n+1)>.

Furthermore, it is noted that
2n—2 ‘
Pf(0,1,...,2n = 2,2n,2n+ 1,2) = Y _ (=2) P£(0,...,j,...,2n — 2,2n,2n + 1)
7=0
— 22" P£(0,...,2n —2,2n + 1)

+ 22" PR(0, ..., 2n — 2,2n),

Pf(0,1,...,2n = 1,2n4+2,2) = > _(=2)/ P(0,...,j,...,2n — 1,2n + 2)
§=0
+ 22" T2 PF(0,...,2n — 1),

2n

2PE0,1,...,2n,2) = > (=2) PE(0,..., ]~ 2,...,2n)

=2

- 22n+1 Pf(07 ey 2n — 27 2”) + 2:2”“1’2 Pf(o’ Tt 2n — 1)’

from which we derive for the second expression in (D.1) that

> (- )jtPf(O s Jseeos2n)
j=0
—az n(2n+1) — j)Pf(0,1,...,7,...,2n)

+a1(Pf(o,...,2n—1,2n+1,z)—sz(o,l,...,Qn,z))
+a2(—Pf(o,1,...,2n—2,2n,2n+1,z)
+Pf(0,1,...,2n—1,2n+2,z)—zsz(O,l,...,Qn,z)).

Inserting (D.2) into (D.1) immediately leads to (7.16a).
Similarly, we can establish the validity of (7.16b). In fact, we have

d
%(72n+1p2n+1 (Z; t))

d 2n+1
dt( > (=1)7* Pf(do,0,1,. 20+ 1)z )
j=0
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2n+1 d R
:Z( 1)7H1 29 o Pf(do,0,...,7,...,2n+1)
j=0
2n+1
+ Y (-1)MajPt(do,0,..., ..., 2n 4+ 1) (D.3)

By employing the derivative formula (A.7), we obtain
2n+1

. . d o
> (—l)ﬁ'lzj% Pf(dy,0,...,7,...,2n+1)
§=0
2n+1

= D ((n+1)(2n+1) — §)27 Pf(do,0,...,7,...,2n+1
Z .7 0, Y, s s )

2n+1
+a1( > (=12 P(do,0,....5—1,...,2n+ 1)

j=1

+Z 1)7 129 Pf(dy, 0 ,...,j,...,zn,2n+2))

2n—1
+a2( > (=1)712 Pi(do,0,. .., G, ., 20— 1,20 4 2,20 + 1)
j*O

+Z 174129 Pf(dy,0,...,],...,2n,2n+ 3) — 22 Pf(do, 2,1,3,...,2n+ 1)

+Z 17129 PE(do,0,...,5—3,4,i—1,j+1,...,2n+1)

+ 22" (Pf(dy,0,...,2n — 2,2n + 1, 2n) + Pf(dy,0,...,2n —1,2n + 2))) .
According to the expansion formulae for Pfaffians, we have

zPf(do,0,...,2n+ 1, 2),
2n+1
—_ Z 129 Pf(d,0,...,5 —1,...,2n+ 1) + 2°" 2 Pf(dy,0, ..., 2n),

Pf(do,O, o 2n,2n+ 2 2),
2n

=> (1)1 Pf(do,0,..., ], .., 2n,2n +2) + 2> 2 Pf(dy, 0, . .., 2n),
§=0

using which, we obtain

2n+1

. . d o
> (fl)JHzJ%Pf(dO,O,...,j,...,2n+ 1)
§=0
2n+1
=« Z j+1 n+1)(2n+1) _])ZJPf(dO; aaj7a2n+1>

+a1(—sz(do,O,...,QnJrl,z)+Pf(d0,0,...,2n,2n+2,z))

2n—1
<Z 2) P(do,0,...,7,....2n—1,2n+ 1,2n + 2)
7=0
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—Z z)? Pf(do,0,...,7,...,2n,2n+ 3)
2n+1 o
+ Z )7 Pf(dy, 0 7...,j—2,...72n+1)+22”+1Pf(do,0,...,2n—1,2n+2)>.

Recall that we also have the following expansions

Pf(dp,0,...,2n —1,2n+1,2n + 2, 2)

2n—1
:_Z 2)? Pf(do,0,...,7,...,2n—1,2n+1,2n + 2)
—z2”+1 Pf(do,1,...,2n —1,2n + 2) + 22" T2 Pf(dy,0,...,2n — 1,2n + 1),

Pf(do,0,...,2n,2n + 3, 2)

:—Z 2)7 Pf(dy,0,...,7,...,2n,2n + 3) + 22" 3 Pf(do, 0, ..., 2n),
z Pf(do7 yoe2n—1,2n,2n+ 1, 2)

:—%il 2Y PE(do,0,..., 7 —2,....2n+ 1) + 22"t Pf(dy, 0, ..., 2n)
—z2”+2Pf(d0, 0,...,2n—1,2n+1).

Consequently, we are led to

2n+1 d
Z(—1)j+1zj$Pf(d0,O,...,j’,...,2n+1)
§=0
2n+1

—az D ((n+1)(2n +1) — §)27 Pf(do,0,...,7,...,2n+1)
+a1(—sz(dO, 0,...,2n+1,2) + Pf(do,0,...,2n,2n + 2, 2))
+a2(fPf(dO,O,...,2nf1,2n+1,2n+2,z)

+ Pf(do,0,...,2n,2n + 3,2) — 2> Pf(do,0,...,2n +1,2)). (D.4)

Plugging (D.4) into Egs. (D.3), we immediately get the desired formula (7.16b). Therefore, we
complete the proof. O

APPENDIX E. PROOF OF THEOREM 7.7

Proof. We proceed the proof based on the parity.
(I). Let’s first consider the even case. It follows from (7.15) and (7.16a) that

d

Ta, — 7 Py (z;t)

= —P1(0, .. .,2n,z)(n(2n — 1Damo, + a1 P£(0,...,2n — 2,2n)
+as(PF(0,...,2n — 3,2n,2n — 1) + PE(0, ..., 2n — 2,2n + 1)))

+T2n(n(2n—|— 1)aPf(0,...,2n,z) + a1 (Pf(0,...,2n — 1,2n+ 1, 2)
—sz(O,...,Zn,z))+a2(fPf(O,...,an2,2n,2n+1,z)
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L PEO,...,2n— 1,20+ 2, 2) —z2Pf(0,...,2n,z))).
Regarding the terms with a;, we have
—P£(0,...,2n,2)Pf(0,...,2n — 2,2n)
+ 720 (P£(0,...,2n — 1,2n+ 1,2) — 2 P£(0,...,2n, 2))

0

— Py,
ot *

— _ 2
- = TQTLPQTL Ton + Ton (T2nP2n) = Top

ot1 ot1

(E.2)

from (7.11a) and (7.11c). In the following, we deal with the terms with as. We begin with
collecting some useful formulae. By employing the Pfaffian identities in (A.12) and (A.13), it

is easy to see that the following equalities hold
Pf(do,d1,0,...,2n,2)Te,
=Pf(dp,d;,0,...,2n — 1) P£(0,...,2n, 2)
— Pf(dy,0,...,2n) Pf(dy,0,...,2n —1,2)
+ Pf(dy,0,...,2n —1,2) Pf(d;,0,...,2n),
—Pf(0,...,2n —2,2n + 1) P£(0,...,2n, 2)
=Pf(2n —1,2n,2,0,...,2n — 2) Pf(0,...,2n — 2,2n + 1)
—Pf(0,...,2n —2,2n) Pf(0,...,2n — 2,2n — 1,2n+ 1, 2)
—P£(0,...,2n— 2,2) P£(0,...,2n — 2,2n — 1,2n,2n + 1),
—Pf(0,...,2n —2,2n,2n+ 1, 2) P£(0,...,2n — 1)
=P{(0,...,2n —2,2n — 1) P{(0,...,2n — 2,2n,2n + 1, 2)
—Pf(0,...,2n—2,2n)Pf(0,...,2n —2,2n — 1,2n + 1, 2)
—Pf(0,...,2n — 2,2)PE(0,...,2n — 2,2n — 1,2n,2n + 1).
With the help of (E.4), (E.5), (7.14b) and (7.12a), we obtain
—P£(0,...,2n,2)(P{(0,...,2n — 3,2n,2n — 1) + P£(0,...,2n — 2,2n + 1))

+ 7on (= PF(0,...,2n — 2,2n,2n 4+ 1,2) + P£(0,...,2n — 1,2n + 2, z) — 22 P£(0,

92
:Pf((),...,2n,z)87§72n

+ 7o, (PF(0,...,2n — 1,2n + 2,2) — 22 P£(0,...,2n, 2))
L 2PF(0,...,2n — 1) PE(0,...,2n — 2,2n,2n + 1, 2)
+ Pf(0,...,2n — 2,2n 4+ 1) P£(0,...,2n, 2)
—3Pf(0,...,2n —2,2n) P1(0,...,2n — 1,2n + 1, 2)
—3Pf(0,...,2n — 2,2) P£(0,...,2n + 1).

We can also get from (7.14b) and the Pfaffian identity (E.3)

— 22 P£(0,...,2n,2)Ton

=z(—Pf(dy,d1,0,...,2n,z) —P£(0,...,2n — 1,2n + 1, 2)) 72y,

(E.4)

(E.5)

sy 2n, 2))

=—2zPf{(0,...,2n—1,2n+ 1, 2)7, — 2(Pf(dy, d1,0,...,2n — 1) P£(0,...,2n, 2)

— Pf(dy,0,...,2n)Pf(dy,0,...,2n — 1, 2) + Pf(do,0,...,2n — 1, 2) Pf(dy,0,...

,2n)),
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by substituting which into (E.6), we have
—P£(0,...,2n,2)(P{(0,...,2n — 3,2n,2n — 1) + P£(0,...,2n — 2,2n + 1))
+ Ton (= PF(0,...,2n — 2,2n,2n + 1,2) + P£(0,...,2n — 1,2n + 2, 2) — 22 P£(0,...,2n, 2))
92
6725%@"
+ 7o, (P£(0,...,2n — 1,2n 4+ 2,2) — 2 PL(0,...,2n — 1,2n + 1, 2))
+2P1{(0,...,2n — 1) Pf(0,...,2n — 2,2n,2n+ 1, 2)
+ P£(0,...,2n —2,2n + 1) P{(0, ..., 2n, z)
—3P(0,...,2n—2,2n) PE(0,...,2n — 1,2n + 1, 2)
—3PH0,...,2n —2,2) PE0, ..., 2n + 1)
— z(Pf(do,d1,0,...,2n — 1) PL(0,...,2n, z)
+ Pf(dy,0,...,2n)Pf(d1,0,...,2n — 1,2) — Pf(do,0,...,2n — 1,2) Pf(d1,0,...,2n))

=Pf(0,...,2n,z)

92
:Pf(O,...,Zn,z)aT%Tgn
+ (P£(0,...,2n—1,2n+2,2) — 2 P£(0,...,2n — 1,2n + 1,2)) Pf(0,...,2n — 1)
L 2PF(0,...,2n — 1) P£(0,...,2n — 2,2n,2n + 1, 2)
+ Pf(0,...,2n — 2,2n 4+ 1) P£(0,...,2n, 2)
—2Pf(0,...,2n —2,2n) Pf(0,...,2n — 1,2n + 1, %)
—3Pf(0,...,2n —2,2)P1(0,...,2n + 1) + 2 Pf(do,0,...,2n) Pf(d1,0,...,2n — 1, 2)
— Pf(do,d1,0,...,2n — 1) Pf(dy,ds,0,...,2n, 2)
— Pf(dy,0,...,2n)(Pf(do,0,...,2n — 2,2n, z) — Pf(d1,0,...,2n — 1, 2)),
where (7.14b) and (7.14d) are used. If we make use of the Pfaffian identity
Pf(0,...,2n —2,2n) Pf(0,...,2n — 1,2n + 1, 2)
=Pf(0,...,2n — 1) P£(0,...,2n — 2,2n,2n + 1, 2)
+ Pf(0,...,2n — 2,2n 4+ 1) P£(0,...,2n, 2)
—P£(0,...,2n —2,2) P{(0,...,2n + 1),
then we can arrive at
— P£(0,...,2n, 2)(Pf(0,...,2n — 3,2n,2n — 1) + Pf(0,...,2n — 2,2n 4+ 1))

+ Ton (= P£(0,...,2n — 2,2n,2n 4+ 1, 2) + PF(0,...,2n — 1,2n + 2, 2) — 22 P£(0,...,2n, 2))
2

22"

+ (P£(0,...,2n—1,2n+2,2) — zP£(0,...,2n — 1,2n + 1, 2)) P£(0,...,2n — 1)
—Pf(0,...,2n—2,2n + 1) P£(0,...,2n,2) — Pf(0,...,2n — 2, 2) Pf(0,...,2n + 1)
+ zPf(do,0,...,2n) Pf(d1,0,...,2n — 1, 2)

—Pt(dy, dr,0, ..., 2n — 1) Pf(dy, dr,0, ..., 2n, 2)

— Pf(dy,0,...,2n)(Pf(dy,0,...,2n —2,2n, z) — Pf(d;,0,...,2n —1,2))

=Pf(0,...,2n,2)
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62
:TgnPgna—t%Tgn +Pf(0,...,2n —1,2n 4+ 2,2) Pf(0,...,2n — 1)

— 2Ton (= (T2nPan) + 2720 Pan) — P£(0,...,2n — 2,2n + 1) P£(0,...,2n, 2)

ot1

0
— Ton—2Pon_2Tont2 + ZT2n+1aT(72n71P2n71)
1

0 0
ar 2no, nPn_ n—Pn—in- E.7
+8t1T2 8t1(T2 on) — 2Ton—1P2 16t1T2 +1 (E.7)
Recall that (7.12¢) gives
(P{(0,...,2n —1,2n+2,2) + P£(0,...,2n — 2,2n,2n+ 1, 2)) 7o,
02 0 9
= W(T27zp2n)+227(7'2np2n)+2 TonPon | Tan. (E.8)
2 ot
If we plug the Pfaffian identities
—P£(0,...,2n—2,2n + 1) P£(0,...,2n, 2)
=Pf(0,...,2n — 1) PL(0,...,2n — 2,2n,2n + 1, 2)
—P£(0,...,2n — 2,20) PE(0,...,2n — 1,2n + 1, 2)
—Pf(0,...,2n —2,2) P£(0,...,2n + 1)
P£f(0 2n —2,2n,2n + 1, 2) 0 (8(7 Py,)
=Ton RN — 2, y , — a7 Ten\ 5 \T2ni2n
2 o, 2 gy, (Tent2
+ 2720 Pon) — Ton—2Pon—_2Tont2
and (E.8) to the right hand side of (E.7), we get
—Pf(0,...,2n,2)(Pf(0,...,2n — 3,2n,2n — 1) + P{(0,...,2n — 2,2n + 1))
+ 7on (= PF(0,...,2n — 2,2n,2n 4+ 1,2) + P£(0,...,2n — 1,2n + 2, 2) — 22 P£(0,...,2n, 2))
2 0
:TZnP2n87t%7—2n + ZTQnaTl(Tznpzn) — 272n2Tony2Pon 2
0 0 0
n as n,Pn, - nfpnfin —2— na, nPn
+ 272 “8751(72 1Pan—1) — 2T2n-1P2 1, Tl T 2572 atl(Tz on)
a 2
- ZTQnPQnaitlTQn + 7'2n87t%(7'2np2n)
2 9 o
:27—2np2n87t%7—2n + ZTznanlPZ" — 27on2Tony2Pon—2 + 2T2n 172011 871}32”71
2 s O
Pn— o, '2n—1 7 n— Pn— a. '2n _2Pn ar '2n nipn E.9
+ 2Ton41L£2 1815172 1 — RTan—1172 18t1T2 +1 2 (8t1T2) + 75 o2 2 (E.9)

According to the formula in [48, eq.(3.38)], it can be inferred that

0 0 0
Ti,,a—thzn = - <7'2n—18t172n+1 - 7—2n+18t17—2n—1) Po,—1 + Ton—1T2n4+1 8Tlpzn—17

by plugging which into (E.9), we can arrive at
—P1(0,...,2n,2)(Pf(0,...,2n — 3,2n,2n — 1) + P£(0,...,2n — 2,2n + 1))
+ 7on (= PF(0,...,2n —2,2n,2n 4+ 1,2) + P£(0,...,2n — 1,2n + 2, 2) — 22 P£(0,...,2n, 2))

2
=2Ton Pon55Ton — 2Ton—2Tont2Pon—2 + 22720 1Ton+1 5 Pon—1 + 22T2nr1Pon—1 5 Ton—1
o ot ot
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0 0 02
— 22Top—1FPopn—1 a7172n+1 — 2P2n(87t17—2n)2 + 7'2271@1327“ (E.10)
1

Finally, based on (E.1), (E.2) and (E.10), we deduce that

d
7'22n %Pgn (z;t)

2

0
=2nats, Pop + a17'22naT1P2n + g (27—2np2nat272n — 2Ton—2Tont+2Pon—2
1

0
+ 2272 _1T2n41 671}32”71 + 227—2n+1P2n7187t17—2n71

2 Pon 1 2y, (2 ’ +72 ” p (E.11)
— 4ZTop— n—1=—"T: — n| =T n A9 . .
2n—1472 1 3151 2n+1 2 3151 2n 2 (“)t% 2n

(IT). Now we focus on some formulae on 73, +1%P2n+1(z;t). We first collect some useful
formulae. Combining equations (7.15) and (7.16b), we obtain

7—22n+1%P2ﬂ+1(Z;t)
—(2n+1)ard,,  Poans1 + on ( ~ Pf(do,0,...,2n — 1,2n + 1) Pf(do,0,...,2n + 1,2)
+ (= 2Pt(do,0,..., 20+ 1,2) + Pf(do,0,..., 2n,2n + 2,2))72n+1)
+a2((Pf(d0,O7...,2n—2,2n,2n+1)—Pf(dO,O,...,2n—1,2n+2)) Pf(do,0,...,2n+1,2)
+ (= Pf(do,0,...,2n — 1,2n + 1,2n + 2, 2) + Pf(do,0, ..., 2n,2n + 3, 2)
— 22 Pf(do,0,...,2n+ 1, 2)) Pf(do,O,...,2n)). (E.12)
By employing equations (7.11b) and (7.11d), we have
— Pf(dy,0,...,2n —1,2n + 1) Pf(dy,0,...,2n+ 1, 2)
+ (—2Pf(do,0,...,2n+1,2) + Pf(do,0,...,2n,2n + 2, 2))Tont1

0
= — Tont1Pong1 5 Tont1 + Tont1 5 (Tong 1 Pont1)
oty Oty

0
Sl 6Tlpzn+1- (E.13)

Furthermore, it easily follows from the Pfaffian identity (A.12) and (A.13) that

— Pf(dy,0,...,2n —1,2n + 2) Pf(do,0,...,2n+ 1, 2)
=Pf(dy,0,...,2n)Pf(dp,0,...,2n —1,2n+1,2n + 2, 2)

— Pf(dy,0,...,2n —1,2n + 1) Pf(dy,0,...,2n,2n + 2, 2)

— Pf(dy,0,...,2n — 1,2)Pt(do, 0, ..., 2n +2), (E.14)

—Pf(do,0,...,2n — 1,2n 4+ 1,2n + 2, z) Pf(dy, 0, ..., 2n)
=Pf(do,0,...,2n+1,2)P(do,0,...,2n — 1,2n + 2)
— Pf(dy,0,...,2n+ 1,2n + 1) Pf(dy,0,...,2n,2n + 2, 2)
— Pf(dy,0,...,2n —1,2) Pf(do,0,...,2n + 2), (E.15)
and

Pf(dy,0,...,2n+ 1, 2) Pf(do,0,...,2n)
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—Pf(dy,0,...,2n) PE(do,0,...,2n+1,2)
— Pf(0,...,2n+ 1) Pf(dy, dy,0,...,2n,2)
+PE0,...,2n,2) Pi(dg, d1,0, ..., 2n + 1). (E.16)
By virtue of (E.14) and (E.15), we can derive

(Pf(do,0,...,2n —2,2n,2n+ 1) — Pf(dy,0,...,2n — 1,2n + 2)) Pf(dp,0,...,2n+ 1, 2)

+ (= Pf(do,0,...,2n — 1,2n+ 1,2n + 2, z) + P{(dy,0, ..., 2n,2n + 3, 2)

— 22 Pf(dy,0,...,2n + 1,2)) Pf(do,0,...,2n)

=Pf(dp,0,...,2n+ 1,2)885%72”“ + 2Pf(do,0,...,2n)Pf(dp,0,...,2n — 1,2n + 1,2n 4 2, 2)

4 Pf(do,0,...,2n+1,2) Pf(do,0,...,2n —1,2n +2)

—3P1(do,0,...,2n —1,2n + 1) Pf(do,0,...,2n,2n + 2, 2)

— 3Pf(do,0,...,2n —1,2) Pf(do,0,...,2n +2)

+ Pf(do,0,...,2n,2n + 3, 2) Pf(dp,0,...,2n)

+ z(Pf(dy,0,...,2n+1,2) — Pf(do,0,...,2n,2n + 2, 2)) Pf(do, 0, ..., 2n). (E.17)

where (7.14d) is also employed. Substituing (E.16) into the right-hand side of (E.17), we obtain

(Pf(do,0,...,2n —2,2n,2n + 1) — Pf(dy,0,...,2n — 1,2n + 2)) Pf(dp,0,...,2n+ 1, 2)
+ (= Pf(do,0,...,2n — 1,2n+ 1,2n + 2, z) + Pf(d,, 0, ...,2n,2n + 3, 2)

— 22 Pf(dy,0,...,2n +1,2)) Pf(do,0,...,2n)
82

:Pf(do, O, ce ,27’l + 1, 2)727'27714_1

o3

+ 2P1f(dy,0,...,2n) Pi(dp,0,...,2n — 1,2n + 1,2n + 2, 2)

+ Pf(dy,0,...,2n+ 1,2) Pf(dy,0,...,2n — 1,2n + 2)

— 2Pf(do,0,...,2n — 1,2n + 1) PE(do, 0, . .., 2n,2n + 2, 2)

— 3Pf(do,0,...,2n — 1,2) Pf(do,0,...,2n + 2)

+ Pf(dy,0,...,2n,2n + 3, 2) Pf(dy,0,...,2n)

— 2Pf(do,0,...,2n,2n+ 2, 2) Pf(dy, 0, ...,2n)
—2zP1(0,...,2n+ 1) Pf(dy, ds,0,...,2n, 2)

~PHd,0,...,20) PE(d1,0,...,2n + 1, 2)

+ Pf(do,d1,0,...,2n+ 1)(PL(0,...,2n — 1,2n + 1, 2) 4+ Pf(doy, d1,0,...,2n, 2)),

from which we have

(P£(do,0,...,2n — 2,2n,2n + 1) — Pf(dp,0,...,2n — 1,2n + 2)) PE(do,0,. .., 2n + 1, 2)
+ (= Pf(do,0,...,2n — 1,2n 4+ 1,2n + 2, 2) + Pf(do,0,...,2n,2n + 3, 2)

— 22 Pf(do,0,...,2n + 1,2)) Pf(dy,0,...,2n)
82

:Pf(do, 0, ey 2n + ]., 2)727_2’)14*1

ot

— Pf(do,0,...,2n+ 1,2)Pf(do,0,...,2n — 1,2n 4 2)
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— Pf(do,0,...,2n — 1,2) Pi(do,0,...,2n +2)
+ PE(do, 0, ..., 2n,2n + 3, 2) Pf(do, 0, . . ., 2n)
— zPf(do,0,...,2n,2n + 2, 2) Pf(dy,0,...,2n)
—2P1(0,...,2n+ 1) Pf(dy, ds,0,...,2n, 2)
— Pf(dy,0,...,20) PE(d1,0,...,2n+ 1, 2)
+ Pf(dy,d1,0,...,2n+ 1)(P{(0,...,2n —1,2n+ 1, 2)
+ Pf(do, d1,0,...,2n,2))
with the help of the Pfaffian identity
Pf(do,0,...,2n — 1,2n + 1) Pf(do, 0, ..., 2n,2n + 2, 2)
=Pf(dy,0,...,2n)Pf(dp,0,...,2n —1,2n+1,2n + 2, 2)
+ Pf(dy,0,...,2n+ 1,2) Pf(dy,0,...,2n — 1,2n + 2)
—Pf(do,0,...,2n —1,2)Pf(do,0,...,2n + 2).
Moreover, by observing that
— Pf(do,0,...,2n + 1,2) Pf(do,0,...,2n — 1,2n + 2)
=Pf(do,0,...,2n) Pf(do,0,...,2n —1,2n+ 1,2n + 2, 2)
— Pf(dy,0,...,2n — 1,2n + 1) Pf(dy,0,...,2n,2n + 2, 2)
— Pf(do,0,...,2n — 1,2) Pf(do,0,...,2n + 2)
= — Ton—1Pon—1T2n+3 — (atl(T2n+1P2n+l) + ZT2n+1P2n+1> a1, 2
+ Pf(dp,0,...,2n — 1,2n 4+ 1,2n + 2, 2)Top+1,

and

(Pf(do,0,...,2n,2n+ 3,2) + Pf(do,0,...,2n — 1,2n 4+ 1,2n + 2, 2) ) Tont1
2 0
= ((,92(7271+1P2n+1) + 22— (Tont1Pont1) + 2’272n+1p2n+1) Ton+1,
2 oty
we can arrive at
(Pf(do,0,...,2n —2,2n,2n + 1) — Pf(dy,0,...,2n — 1,2n + 2)) Pf(dy,0,...,2n+ 1, 2)
+ (= Pf(do,0,...,2n —1,2n+ 1,2n + 2, z) + Pf(d,,0, ..., 2n,2n + 3, 2)
— 22 Pf(dy,0,...,2n +1,2)) Pf(do,0,...,2n)
2

0
=Tont1P2n41 2 T2t 2Ton—1T2n4+3P2n—1 + ZT2n+28T<T2nP2n)
1 1

- 2%72n+187251(72n+lp2n+1) - ZTQnPQnaTlTQnH - ZT2n+1P2n+1 (‘37?17—2”"_1
& P. 0 P.
+ Ton+1 (at%(Tan ont1) + 28751(727&1 2n+1))
2 0
=2Ton4+1Pon+1 P2 Tent1 2Ton_1Ton43Pon—1 + ZTQn+2%(TZnP2n)
1 1

0 0? 1o}
- 2P2n+1(37172n+1)2 - ZTznP2naTszn+2 + Tani1 ﬁPMH + 27341 8Tlpzn+1~
1
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Consequently, we have
(Pf(do,0,...,2n —2,2n,2n + 1) — Pf(dy,0,...,2n — 1,2n 4 2)) Pf(dy,0,...,2n+ 1, 2)
+ (= Pf(do,0,...,2n — 1,2n+ 1,2n + 2, z) + Pf(d,,0, ..., 2n,2n + 3, 2)

— 22 Pf(dy,0,...,2n +1,2)) Pf(do,0,...,2n)
2 0
=2Ton 41 Pont1 25 Tont1 — 2Ton—1Ton3Pon—1 + 2272n 422 (T2n Pon)
Rl ot

0 9 0 9 0?
— 2P2"+1(87t1T2n+1) - QZTznPQnaTszn-s-z + T2"+137t%P2n+1’ (E-18)
by applying the similar relationship in [48, eq.(3.38)]
0 9] 0 0
7’22n+1 aTlPQnH = - (Tznatlﬁwrz - 72n+2at172n> Py, + 7’2n7'2n+2671P2n~

Finally, we combine (E.12), (E.13) and (E.18) to get

d
Tyt g Panr1()
9 9 0 02
=2n+ 1)ats, 1 Pony1 + 17,4 aTlpan + as| 272n41 Pant1 72 Tt
1

0 0
— 2Ton—1Ton4+3Pon—1 + 227’2n+2§(7'2npzn) - 2P2n+1(§7—2n+1)2
1 1

0 0?
— 22T2np2n87tl7—2n+2 + T22n+1at2pgn+1) . (Elg)
1

(III). The odd case (E.19) and the even case (E.11) can be written together as

d
2
—P,(zt
22 Pal51)
] 2
:TLO[T,ZP»,L + anga—thn + oo <2TnPn8t%Tn — 2Tp—oTpt2Pp—2
0

0
+2ZTn+17(Tn—1Pn—1) — 2Pn(87
tq

oty

Consequently, we have

2 9 5 O
Tn) _ZZTn—IPn—laTTn-i-l +Tnﬁpn .
1 1

d
%Pn(z; t)
82
0 a2 Tn Tn—2Tn+2 Tn41Tn—1 O
=nalP, —P, 2P, —* -2 P,_ 22——+——P,_
no +a18t1 + ao . P 2+ 2z P> ot 1

) ) 2 3 9

Tp41Tn—1 2, Tn—1 26, Tn Trn41Tn—1 oi; 41 | 0
+2, o p, 2 —2P, [ 22— ) —2-rep, O + 5P,

Tn Tn—1 Tn T Tn+1 3t1

0 0 0
=nalP, + ao1—P,, + as (2ann — 2un_1uiun+1Pn_2 + 22Uy, —P_1

8t1 8t1 8t1
82
+22Upbp—1 Pr—1 — 22Unbpi1 Pt + 8t2Pn> , (E.20)
1
where
Uy, = M’ by = — log T,

oty

2
Tn
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bn = un(bn—i-l - bn—1)~

oty
Furthermore, observe that P, satisfies the time evolution (following [48, eq.(3.42)])
0
aitlpn = 7ZPn + Pn+1 + (bn+1 — bn)Pn — Unun+1Pn_1, (E21)
from which we can get
9? 0 0 0 0
S P=—2—P,+—P, = byt — ——by)P
g tn =" gt gy P ¥ (g be — o)
0 0
bn _bn 7Pn_7 ntn Pnf
G = ba) 3y Pa = (1 Poc)

—In+2 + (_2Z - bn + bn+2)Pn+1 + ((_Z + bn—i—l - bn)2 — Un+1Un42
- un+1(bn - bn+2) + un(bn—l - bn+1) - unun+1)Pn

+ unun+1(22 -+ bn — bn+2)Pn_1 + un_luiunHPn_z. (E22)

The formula (7.17) is eventually confirmed by substituting (E.21) and (E.22) into (E.20) and

therefore we complete the proof. O

(1]
2]
(3]
(4]
(5]
[6]
[7]

(8]

(9]
(10]
(11]

(12]
(13]

(14]
(15]

(16]

REFERENCES

M. Ablowitz and P. Clarkson. Solitons, Nonlinear Evolution Equation and Inverse Scattering. Cambridge
University Press, Cambridge, 1991.

M. Ablowitz, A. Ramani, and H. Segur. Nonlinear evolution equations and ordinary differential equations
of Painlevé type. Lettere al Nuovo Cimento, 23(9):333-338, 1978.

M. Adler and P. van Moerbeke. Matrix integrals, Toda symmetries, Virasoro constraints and orthogonal
polynomials. Duke Math. J., 80(3):863-911, 1995.

M. Adler and P. van Moerbeke. String-orthogonal polynomials, string equations, and 2-Toda symmetries.
Commun. Pure Appl. Math., 50:241-290, 1997.

M. Adler and P. van Moerbeke. Generalized orthogonal polynomials, discrete KP and Riemann—Hilbert
problems. Commun. Math. Phys., 207(3):589-620, 1999.

C. Alvarez Fernandez and M. Maiias. Orthogonal Laurent polynomials on the unit circle, extended CMV
ordering and 2D Toda type integrable hierarchies. Adv. Math., 240:132-193, 2013.

C. Alvarez Ferndndez, U. F. Prieto, and M. Mafias. Multiple orthogonal polynomials of mixed type: Gauss—
Borel factorization and the multi-component 2D Toda hierarchy. Adv. Math., 227:1451-1525, 2011.

A. Aptekarev, A. Branquinho, and F. Marcelldn. Toda-type differential equations for the recurrence co-
efficients of orthogonal polynomials and Freud transformation. J. Comput. Appl. Math., 78(1):139-160,
1997.

A. Aptekarev, M. Derevyagin, H. Miki, and W. Van Assche. Multidimensional Toda lattices: continuous
and discrete time. SIGMA, 12:054, 2016.

A. Aptekarev, M. Derevyagin, and W. Van Assche. Discrete integrable systems generated by Hermite-Padé
approximants. Nonlinearity, 29(5):1487-1506, 2016.

G. Ariznabarreta and M. Maifias. Multivariate orthogonal polynomials and integrable systems. Adv. Math.,
302:628-739, 2016.

R. Askey. Orthogonal polynomials and special functions. STAM, Philadelphi, Pa., 1975.

R. Askey and J. Wilson. Some basic hypergeometric orthogonal polynomials that generalize Jacobi poly-
nomials. Mem. Amer. Math. Soc., 54(319):iv+55, 1985.

J. Baik, P. Deift, and K. Johansson. On the distribution of the length of the longest increasing subsequence
of random permutations. J. Amer. Math. Soc., 12(4):1119-1178, 1999.

J. Baik, T. Kriecherbauer, K. T.-R. McLaughlin, and P. Miller. Discrete Orthogonal Polynomials.(AM-
164): Asymptotics and Applications (AM-164), volume 164. Princeton University Press, 2007.

F. Balogh, M. Bertola, S. Lee, and K. Mclaughlin. Strong asymptotics of the orthogonal polynomials with
respect to a measure supported on the plane. Commun. Pure Appl. Math., 68(1):112-172, 2015.



[17
[18]
[19]
[20]
[21]
[22]
[23]
[24
[25]
[26]
[27]
28]

29]

(30]

[31]
[32]
(33
[34]
[35]

(36]

(37]

(38]
(39]
[40]

[41]

[42]

NONISOSPECTRAL DEFORMATION OF OPS AND PAINLEVE 83

L. Barnes and A. Hone. Similarity reductions of peakon equations: the b-family. Theor. Math. Phys.,
212(2):1149-1167, 2022.

R. Beals, D. H. Sattinger, and J. Szmigielski. Multipeakons and the classical moment problem. Adv. Math.,
154(2):229-257, 2000.

R. Beals, D. H. Sattinger, and J. Szmigielski. Peakons, strings, and the finite Toda lattice. Commun. Pure
Appl. Math., 54(1):91-106, 2001.

R. Beals and R. Wong. Special functions and orthogonal polynomials, volume 153. Cambridge University
Press, 2016.

Y. Berezansky and M. Shmoish. Nonisospectral flows on semi-infinite Jacobi matrices. Nonlinear Math.
Phys., 1(2):116-145, 1994.

M. Bertola and T. Bothner. Universality conjecture and results for a model of several coupled positive-
definite matrices. Commun. Math. Phys., 337(3):1077-1141, 2015.

M. Bertola, E. Chavez-Heredia, and T. Grava. Exactly solvable anharmonic oscillator, degenerate orthog-
onal polynomials and Painlevé II. Commun. Math. Phys., 405(2):1-62, 2024.

M. Bertola, M. Gekhtman, and J. Szmigielski. The Cauchy two-matrix model. Commun. Math. Phys.,
287(3):983-1014, 2009.

M. Bertola, M. Gekhtman, and J. Szmigielski. Cubic string boundary value problems and Cauchy biorthog-
onal polynomials. J. Phys. A: Math. Theor., 42(45):454006, 2009.

M. Bertola, M. Gekhtman, and J. Szmigielski. Cauchy biorthogonal polynomials. J. Approz. Theory,
162(4):832-867, 2010.

M. Bertola, M. Gekhtman, and J. Szmigielski. Strong asymptotics for Cauchy biorthogonal polynomials
with application to the Cauchy two-matrix model. J. Math. Phys., 54(4):043517, 2013.

M. Bertola, M. Gekhtman, and J. Szmigielski. Cauchy-Laguerre two-matrix model and the Meijer-G
random point field. Commun. Math. Phys., 326(1):111-144, 2014.

M. Bertola and A. Tovbis. Universality for the focusing nonlinear Schrodinger equation at the gradient
catastrophe point: rational breathers and poles of the tritronquée solution to Painlevé I. Commun. Pure
Appl. Math., 66(5):678-752, 2013.

M. Bertola and A. Tovbis. Asymptotics of orthogonal polynomials with complex varying quartic weight:
global structure, critical point behavior and the first Painlevé equation. Constr. Approz., 41:529-587,
2015.

M. Blaszak and K. Marciniak. R-matrix approach to lattice integrable systems. J. Math. Phys., 35(9):4661—
4682, 1994.

L. Boelen, G. Filipuk, C. Smet, W. Van Assche, and L. Zhang. The generalized Krawtchouk polynomials
and the fifth Painlevé equation. J. Differ. Equations. Appl., 19(9):1437-1451, 2013.

L. Boelen and W. Van Assche. Discrete Painlevé equations for recurrence coefficients of semiclassical
Laguerre polynomials. Proc. Amer. Math. Soc., 138(4):1317-1331, 2010.

A. Borodin. Biorthogonal ensembles. Nuclear Phys. B, 536(3):704-732, 1998.

A. Borodin. Discrete gap probabilities and discrete Painlevé equations. Duke Math. J., 117:489-542, 2003.
A. Borodin and D. Boyarchenko. Distribution of the first particle in discrete orthogonal polynomial en-
sembles. Commun. Math. Phys., 234:287-338, 2003.

A. Borodin and V. Gorin. Lectures on integrable probability. In Probability and Statistical Physics in St.
Petersburg, Proceedings of Symposia in Pure Mathematics, volume 91, pages 162-221. Amer. Math. Soc.,
2016.

S. Boscolo, S. K. Turitsyn, V. Y. Novokshenov, and J. Nijhof. Self-similar parabolic optical solitary waves.
Theoretical and mathematical physics, 133:1647-1656, 2002.

C. Brezinski. Padé-type Approxzimation and General Orthogonal Polynomials. Birkhduser Verlag, Basel,
1980.

C. Brezinski. Biorthogonality and its applications to numerical analysis. Marcel Dekker, Inc., New York,
1992.

A. Bultheel, E. Gonzédlez-Vera, P.and Hendriksen, and O. Njastad. Orthogonal Rational Functions. volume
5 of Cambridge Monographs on Applied and Computational Mathematics, Cambridge University Press,
Cambridge, 1999.

G. Cassatella-Contra and M. Manas. Riemann-Hilbert problems, matrix orthogonal polynomials and
discrete matrix equations with singularity confinement. Stud. Appl. Math., 128(3):252-274, 2012.



84
[43]
44]

[45]
[46]

[47]
48]
[49]
[50)
[51]
(52
(53
[54]
(53]
[56]
[57]
(58]
[59]
[60]
[61]
[62]
(63
(64
[65]
[66]
(67
[68]
[69]

[70]

XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU

G. Cassatella-Contra, M. Manas, and P. Tempesta. Singularity confinement for matrix discrete Painlevé
equations. Nonlinearity, 27(9):2321, 2014.

G. Cassatella-Contra and M. Manas. Riemann-Hilbert problem and matrix discrete Painlevé II systems.
Stud. Appl. Math., 143(3):272-314, 2019.

A. Cayley. Sur les déterminants gauches. J. Reine Angew. Math., 38:93-96, 1849.

X. Chang. Hermite-Padé approximations with Pfaffian structures: Novikov peakon equation and integrable
lattices. Adv. Math., 402:108338, 2022.

X. Chang, X. Chen, X. Hu, and H. Tam. About several classes of bi-orthogonal polynomials and discrete
integrable systems. J. Phys. A: Math. Theor., 48:015204, 2015.

X. Chang, Y. He, X. Hu, and S. Li. Partial-skew-orthogonal polynomials and related integrable lattices
with Pfaffian tau-functions. Commun. Math. Phys., 364(3):1069-1119, 2018.

X. Chang, X. Hu, and S. Li. Degasperis-Procesi peakon dynamical system and finite Toda lattice of CKP
type. Nonlinearity, 31:4746-4775, 2018.

X.K. Chang, X.B. Hu, and S.H. Li. Moment modification, multipeakons, and nonisospectral generaliza-
tions. J. Differ. Equations, 265:3858—-3887, 2018.

X. Chang, X. Hu, S. Li, and J. Zhao. An application of Pfaffians to multipeakons of the Novikov equation
and the finite Toda lattice of BKP type. Adv. Math., 338:1077-1118, 2018.

X. Chang, X. Hu, and J. Szmigielski. Multipeakons of a two-component modified Camassa-Holm equation
and the relation with the finite Kac-van Moerbeke lattice. Adv. Math., 299:1-35, 2016.

X. Chang, X. Hu, J. Szmigielski, and A. Zhedanov. Isospectral flows related to Frobenius-Stickelberger-
Thiele polynomials. Commun. Math. Phys., 377:387-419, 2020.

X. Chang, S. Li, S. Tsujimoto, and G. Yu. Two-parameter generalizations of Cauchy bi-orthogonal poly-
nomials and integrable lattices. J. Nonlinear Sci., 31:Paper No. 30, 23 pp., 2021.

Y. Chen and D. Dai. Painlevé V and a Pollaczek—Jacobi type orthogonal polynomials. J. Approz. Theory,
162(12):2149-2167, 2010.

Y. Chen and M. E. H. Ismail. Ladder operators and differential equations for orthogonal polynomials. J
Phys A: Math. Gen., 30(22):7817, 1997.

Y. Chen and M. E. H. Ismail. Ladder operators for g-orthogonal polynomials. J. Math. Anal. Appl.,
345:1-10, 2008.

T. S. Chihara. An introduction to orthogonal polynomials. Gordon and Breach, New York, 1978.

T. Claeys and T. Grava. Painlevé II asymptotics near the leading edge of the oscillatory zone for the
Korteweg-de Vries equation in the small-dispersion limit. Commun. Pure Appl. Math., 63(2):203-232,
2010.

P. Clarkson. Painlevé equations—nonlinear special functions. J. Comp. Appl. Math., 153(1-2):127-140,
2003.

P. Clarkson. Painlevé equations—nonlinear special functions. In Orthogonal Polynomials and Special Func-
tions: Computation and Applications, pages 331-411. Springer, 2006.

P. Clarkson. Recurrence coefficients for discrete orthonormal polynomials and the Painlevé equations. J.
Phys. A: Math. Theor., 46(18):185205, 2013.

P. Clarkson and K. Jordaan. The relationship between semiclassical Laguerre polynomials and the fourth
Painlevé equation. Constr. Approx., 39(1):223-254, 2014.

R. Conte. The Painlevé property: one century later. Springer Science & Business Media, 2012.

R. Conte and M. Musette. The Painlevé Handbook. Springer, Dordrecht, 2008.

D. Dai and L. Zhang. Painlevé VI and Hankel determinants for the generalized Jacobi weight. J. Phys.
A: Math. Theor., 43(5):055207, 2010.

A. de Monvel, A. Its, and D. Shepelsky. Painlevé-type asymptotics for the Camassa—Holm equation. STAM
J. Math. Anal., 42(4):1854-1873, 2010.

P. Deift. Orthogonal polynomials and random matrices: a Riemann-Hilbert approach, volume 3. Courant
Lecture Notes, Vol. 3, New York University, 2000.

P. Deift and X. Zhou. A steepest descent method for oscillatory Riemann—Hilbert problems. Asymptotics
for the MKdV equation. Ann. Math., 137(2):295-368, 1993.

C. Dunkl and Y. Xu. Orthogonal polynomials of several variables. Number 155. Cambridge University
Press, New York, 2014.



[71]
(72
[73]
[74]
[75]
[76]
[77]
[78]

[79]
(80]

(81]
(82]

(83]

[84]
[85]
[86]
[87]
/8]
[89]
[90]
[91]
[92]
[93]
[94]
93]

[96]
[97]

(98]

NONISOSPECTRAL DEFORMATION OF OPS AND PAINLEVE 85

A. Dzhamay, G. Filipuk, and A. Stokes. Recurrence coefficients for discrete orthogonal polynomials with
hypergeometric weight and discrete Painlevé equations. J. Phys. A: Math. Theor., 53(49):495201, 2020.
A. Dzhamay and T. Takenawa. On some applications of Sakai’s geometric theory of discrete Painlevé
equations. SIGMA, 14:075, 2018.

U. Fidalgo, G. Lépez-Lagomasino, and S. Medina Peralta. Asymptotic of Cauchy biorthogonal polynomi-
als. Mediterranean J. Math., 17:1-30, 2020.

A. Fokas, B. Grammaticos, and A. Ramani. From continuous to discrete Painlevé equations. Journal of
Mathematical Analysis and Applications, 180(2):342-360, 1993.

A. Fokas, A. Its, A. Kapaev, and V. Novokshenov. Painlevé transcendents: the Riemann-Hilbert approach.
Amer. Math. Soc., Providence, RI, 2006.

A. Fokas, A. Its, and A. Kitaev. Discrete Painlevé equations and their appearance in quantum gravity.
Commun. Math. Phys., 142:313-344, 1991.

A. Fokas, A. Its, and A. Kitaev. The isomonodromy approach to matric models in 2D quantum gravity.
Commaun. Math. Phys., 147(2):395-430, 1992.

A. S. Fokas and M. Ablowitz. Linearization of the Korteweg-de Vries and Painlevé 11 Equations. Phys.
Rev. Lett., 47(16):1096-1100, 1981.

P. Forrester. Log-gases and random matrices. Princeton University Press, Princeton, 2010.

P. Forrester and M. Kieburg. Relating the Bures measure to the Cauchy two-matrix model. Commun.
Math. Phys., 342(1):151-187, 2016.

P. Forrester and S. Li. Fox H-kernel and 6-deformation of the Cauchy two-matrix model and Bures en-
semble. Int. Math. Res. Not., 2021(8):5791-5824, 2021.

P. Forrester and N. Witte. Application of the T-function theory of Painlevé equations to random matrices:
Pv, P11, the LUE, JUE, and CUE. Comm. Pure Appl. Math., 55(6):679-727, 2002.

P. Forrester and N. Witte. Discrete Painlevé equations, orthogonal polynomials on the unit circle, and
N-recurrences for averages over U(N)-P;;; and Py 7-functions. Int. Math. Res. Not., 2004(4):159-183,
2004.

P. Forrester and N. Witte. Bi-orthogonal polynomials on the unit circle, regular semi-classical weights and
integrable systems. Constr. Approz., 24(2):201-237, 2006.

G. Freud. On the coefficients in the recursion formulae of orthogonal polynomials. Proc. R. Ir. Acad. A,
76:1-6, 1976.

R. Gharakhloo and N. Witte. Modulated bi-orthogonal polynomials on the unit circle: The 2 j-k and j-2
k systems. Constr. Approz., 58(1):1-74, 2023.

L. Gonzéilez-Ricardo and G. Lépez-Lagomasino. Strong asymptotic of Cauchy biorthogonal polynomials
and orthogonal polynomials with varying measure. Const. Approz., 56(3):577-618, 2022.

P. Gordoa, A. Pickering, and Z. Zhu. New 241 dimensional nonisospectral Toda lattice hierarchy. J. Math.
Phys., 48(2):023515, 2007.

P. Gordoa, A. Pickering, and Z. Zhu. Matrix semidiscrete Ablowitz—Ladik equation hierarchy and a matrix
discrete second Painlevé equation. J. Math. Phys., 51(5), 2010.

B. Grammaticos, F. Nijhoff, and A. Ramani. Discrete Painlevé equations. In The Painlevé Property: One
Century Later, pages 413-516. Springer, 1999.

B. Grammaticos and A. Ramani. Discrete Painlevé equations: a review. In Lect. Notes Phys. Vol. 644:
Discrete Integrable Systems.

B. Grammaticos and A. Ramani. From continuous Painlevé IV to the asymmetric discrete Painlevé 1. J.
Phys. A: Math. Theor., 31(27):5787, 1998.

B. Grammaticos, A. Ramani, and V. Papageorgiou. Do integrable mappings have the Painlevé property?
Phys. Rev. Lett., 67(14):1825-1828, 1991.

J. Hietarinta, N. Joshi, and F. Nijhoff. Discrete Systems and Integrability, volume 54. Cambridge Univer-
sity Press, Cambridge, 2016.

R. Hirota. The direct method in soliton theory. Cambridge University Press, Cambridge, 2004. Translated
by Nagai, A., Nimmo, J. and Gilson, C.

A. Hone. Lattice equations and 7-functions for a coupled Painlevé system. Nonlinearity, 15(3):735, 2002.
A. Hone and R. Inoue. Discrete Painlevé equations from Y-systems. J. Phys. A: Math. Theor.,
47(47):474007, 2014.

E. L. Ince. Ordinary differential equations. Dover, New York, 1956.



86
[99]
[100]
[101]
[102]
[103]
[104]

[105]
[106]

[107]
[108]
[109]
[110]

[111]
[112]

[113]
[114]
[115]
[116]
[117]
[118]
[119]
[120]
[121]

[122]
[123]

[124]
[125]

[126]

XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU

M. Ismail. Classical and quantum orthogonal polynomials in one variable, volume 98. Cambridge university
press, 2009.

M. Ito. Generalized Schroder paths arising from a combinatorial interpretation of generalized Laurent
bi-orthogonal polynomials. arXiv:2310.09906.

K. Iwasaki, H. Kimura, S. Shimemura, and M. Yoshida. From Gauss to Painlevé: a modern theory of
spectal functions. Friedr. Vieweg & Sohn, Braunschweig, 1991.

M. Jimbo, T. Miwa, Y. Méri, and M. Sato. Density matrix of an impenetrable Bose gas and the fifth
Painlevé transcendent. Phys. D, 1(1):80-158, 1980.

M. Jimbo, T. Miwa, and K. Ueno. Monodromy preserving deformation of linear ordinary differential
equations with rational coefficients: I. General theory and 7-function. Phys. D, 2(2):306-352, 1981.

W. B. Jones and W. Thron. Survey of continued fraction methods of solving moment problems and related
topics. In Analytic Theory of Continued Fractions, pages 4-37. Springer, Berlin, 1982.

N. Joshi. Discrete Painlevé Equations. Amer. Math. Soc., Providence, RI, 2019.

N. Joshi and P. Roffelsen. On the Riemann-Hilbert problem for a g-difference Painlevé equation. Commun.
Math. Phys., 384:549-585, 2021.

N. Joshi and P. Roffelsen. On the monodromy manifold of g-Painlevé VI and its Riemann—Hilbert problem.
Commun. Math. Phys., 404(1):97-149, 2023.

K. Kajiwara, M. Noumi, and Y. Yamada. Geometric aspects of Painlevé equations. J. Phys. A: Math.
Theor., 50(7):073001, 2017.

S. Kharchev, A. Mironov, and A. Zhedanov. Faces of relativistic Toda chain. Int. J. Mod. Phys. A,
12(15):2675-2724, 1997.

I. Krichever and A. Zabrodin. Constrained Toda hierarchy and turning points of the Ruijsenaars—Schneider
model. Lett. Math. Phys., 112(2):23, 2022.

I. Krichever and A. Zabrodin. Toda lattice with constraint of type B. Phys. D, 453:133827, 2023.

D. Levi, O. Ragnisco, and M. A. Rodriguez. On non-isospectral flows, painlevé equations, and symmetries
of differential and difference equations. Theor. Math. Phys., 93(3):473-480, 1992.

D. Levi and P. Winternitz. Painlevé transcendents: their asymptotics and physical applications, volume
278. Springer Science & Business Media, 2013.

C. Li and S.-H. Li. The Cauchy two-matrix model, C-Toda lattice and CKP hierarchy. J. Nonlinear Sci.,
29(1):3-27, 2019.

G. Lépez-Lagomasino, S. Medina Peralta, and J. Szmigielski. Mixed type Hermite-Padé approximation
inspired by the Degasperis-Procesi equation. Adv. Math., 349:813-838, 2019.

H. Lundmark and J. Szmigielski. Multi-peakon solutions of the Degasperis-Procesi equation. Inverse Prob-
lems, 19(6):1241-1245, 2003.

H. Lundmark and J. Szmigielski. Degasperis-Procesi peakons and the discrete cubic string. Int. Math.
Res. Pap., 2005(2):53-116, 2005.

H. Lundmark and J. Szmigielski. An inverse spectral problem related to the Geng-Xue two-component
peakon equation. Mem. Amer. Math. Soc., 244(1155), 2016.

H. Lundmark and J. Szmigielski. A view of the peakon world through the lens of approximation theory.
Phys. D, page 133446, 2022.

K. Maeda, H. Miki, and S. Tsujimoto. From orthogonal polynomials to integrable systems. Trans. Japan
Soc. Indust. Appl. Math.), 23(2):341-380, 2013 (In Japanese).

A. Magnus. Painlevé-type differential equations for the recurrence coefficients of semi-classical orthogonal
polynomials. J. Comp. Appl. Math., 57(1-2):215-237, 1995.

F. Marcellan and E. Huertas. Orthogonal Polynomials: Current Trends and Applications. Springer, 2021.
M. Mehta. Random matrices, volume Third edition. Pure and Applied Mathematics (Amsterdam), 142.
Amsterdam: Elsevier/Academic Press, 2004.

H. Miki, H. Goda, and S. Tsujimoto. Discrete spectral transformations of skew orthogonal polynomials
and associated discrete integrable systems. SIGMA, 8:008, 2012.

A. Mukaihira and Y. Nakamura. Schur flow for orthogonal polynomials on the unit circle and its integrable
discretization. J. Comput. Appl. Math., 139(1):75-94, 2002.

K. Muttalib. Random matrix models with additional interactions. J. Phys. A: Math. Gen., 28(5):159-164,
1995.



[127]
[128]

[129]
[130]

[131]
[132]
[133]
[134]
[135]
[136]
[137]
[138]
[139]
[140]
[141]
[142]
[143]
[144]

[145]

[146]

[147]
[148]

[149]
[150]

[151]
[152]
[153]
[154]

[155]

NONISOSPECTRAL DEFORMATION OF OPS AND PAINLEVE 87

I. Nenciu. Lax pairs for the Ablowitz-Ladik system via orthogonal polynomials on the unit circle. Int.
Math. Res. Not., no. 11:647-686, 2005.

F. Nijhoff, J. Satsuma, K. Kajiwara, B. Grammaticos, and A. Ramani. A study of the alternate discrete
Painlevé II equation. Inverse Problems, 12(5):697, 1996.

M. Noumi. Painlevé equations through symmetry. Amer. Math. Soc., Providence, RI, 2004.

M. Noumi and Y. Yamada. Affine Weyl groups, discrete dynamical systems and Painlevé equations.
Commun. Math. Phys., 199:281-295, 1998.

V. Papageorgiou, B. Grammaticos, and A. Ramani. Orthogonal polynomial approach to discrete Lax pairs
for initial boundary-value problems of the QD algorithm. Lett. Math. Phys., 34(2):91-101, 1995.

F. Peherstorfer, V. P. Spiridonov, and A. S. Zhedanov. Toda chain, Stieltjes function, and orthogonal
polynomials. Theor. Math. Phys., 151(1):505-528, 2007.

A. Ramani, B. Grammaticos, and J. Hietarinta. Discrete versions of the Painlevé equations. Phys. Rev.
Lett., 67(14):1829-1832, 1991.

A. Ramani, B. Grammaticos, and T. Tamizhmani. Quadratic relations in continuous and discrete Painlevé
equations. J. Phys. A: Math. Gen., 33(15):3033, 2000.

H. Sakai. Rational surfaces associated with affine root systemsq and geometry of the painlevé equations.
Commun. Math. Phys., 220:165-229, 2001.

H. Segur and M. Ablowitz. Asymptotic solutions of nonlinear evolution equations and a Painlevé transce-
dent. Phys. D, 3(1-2):165-184, 1981.

J. Shohat. A differential equation for orthogonal polynomials. Duke Math. J., 5:40-17, 1939.

B. Simon. Orthogonal Polynomials On The Unit Circle. Amer. Math. Soc., Providence, RI, 2005.

V. Spiridonov, S. Tsujimoto, and A. Zhedanov. Integrable discrete time chains for the Frobenius-
Stickelberger-Thiele polynomials. Commun. Math. Phys., 272(1):139-165, 2007.

V. Spiridonov and A. Zhedanov. Discrete Darboux transformations, the discrete-time Toda lattice, and
the Askey-Wilson polynomials. Methods Appl. Anal., 2(4):369-398, 1995.

V. Spiridonov and A. Zhedanov. Discrete-time Volterra chain and classical orthogonal polynomials. J.
Phys. A: Math. Theor., 30(24):8727-8737, 1997.

H. Stahl and V. Totik. General orthogonal polynomials. Cambridge University Press, Cambridge, 1992.
G. Szeg6. Orthogonal polynomials, volume 23. Amer. Math. Soc., Providence, RI, 1939.

C. Tracy and H. Widom. Level-spacing distributions and the Airy kernel. Commun. Math. Phys., 159:151—
174, 1994.

S. Tsujimoto and K. Kondo. The molecule solutions of discrete equations and orthogonal polynomials.
RIMS Kokyiroku Bessatsu, 1170:1-8, 2000 (In Japanese).

S. Tsujimoto, A. Zhedanov, et al. Elliptic hypergeometric Laurent biorthogonal polynomials with a dense
point spectrum on the unit circle. SIGMA. Symmetry, Integrability and Geometry: Methods and Appli-
cations, 5:033, 2009.

W. Van Assche. Discrete Painlevé equations for recurrence coefficients of orthogonal polynomials. In
Difference equations, special functions and orthogonal polynomials, pages 687-725. World Scientific, 2007.
W. Van Assche. Orthogonal Polynomials and Painlevé equations. Cambridge University Press, Cambridge,
2018.

W. Van Assche. Orthogonal polynomials, Toda lattices and Painlevé equations. Phys. D, 434:133214, 2022.
L. Vinet and A. Zhedanov. An integrable chain and bi-orthogonal polynomials. Lett. Math. Phys.,
46(3):233-245, 1998.

L. Vinet and A. Zhedanov. Spectral transformations of the Laurent biorthogonal polynomials. I. g-Appel
polynomials. J. Comput. Appl. Math., 131(1-2):253—-266, 2001.

B. Wang, X. Chang, and X. Yue. A generalization of Laurent biorthogonal polynomials and related
integrable lattices. J. Phys. A: Math. Theor., 55(21):214002, 2022.

Z. Wang and E. Fan. The defocusing nonlinear Schrédinger equation with a nonzero background: Painlevé
asymptotics in two transition regions. Commun. Math. Phys., 402(3):2879-2930, 2023.

S. Xu, D. Dai, and Y. Zhao. Painlevé III asymptotics of Hankel determinants for a singularly perturbed
Laguerre weight. J. Approxz. Theory, 192:1-18, 2015.

X. Yue, X. Chang, X. Hu, and Y. Liu. On Laurent biorthogonal polynomials and Painlevé-type equations.
Proc. Amer.Math. Soc., 150(10):4369-4381, 2022.



88 XIAO-LU YUE, XIANG-KE CHANG*, AND XING-BIAO HU

[156] A. Zhedanov. The “classical” Laurent biorthogonal polynomials. Journal of Computational and Applied
Mathematics, 98(1):121-147, 1998.

LSEC, ICMSEC, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES,
P.0.Box 2719, BEUING 100190, PR CHINA; AND SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BEIJING 100049, PR CHINA.

Email address: yuexiaolu@lsec.cc.ac.cn

LSEC, ICMSEC, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES,
P.0O.Box 2719, BEuING 100190, PR CHINA; AND SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BEUJING 100049, PR CHINA.

Email address: changxk@lsec.cc.ac.cn

LSEC, ICMSEC, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES,
P.0O.Box 2719, BEuING 100190, PR CHINA; AND SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BEJING 100049, PR CHINA.

Email address: hxb@lsec.cc.ac.cn



	1. Introduction
	1.1. On OPs and their analogues
	1.2. On Painlevé equations
	1.3. Connection between Painlevé equations and OPs

	2. Stationary reduction method based on nonisospectral deformation of OPs
	3. Nonisospectral deformation of ordinary OPs and d-P
	3.1. Ordinary OPs
	3.2. Nonisospectral Toda lattice
	3.3. Asymmetric d-PI related to nonisospectral Toda
	3.4. Realization of stationary reduction
	3.5. Nonisospectral Lotka-Volterra lattice
	3.6. d-PI related to nonisospectral Lotka-Volterra
	3.7. Realization of stationary reduction

	4. Nonisospectral deformation of (1,m)-type bi-OPs and d-P
	4.1. (1,m)-type bi-OPs
	4.2. Nonisospectral Blaszak-Marciniak lattice
	4.3. d-P related to nonisospectral BM
	4.4. Realization of stationary reduction

	5. Nonisospectral deformation of generalized Laurent bi-OPs and d-P
	5.1. Generalized Laurent bi-OPs
	5.2. Nonisospectral generalized mixed relativistic Toda lattice 
	5.3. d-P related to nonisospectral generalized mixed rToda
	5.4. Realization of stationary reduction

	6. Nonisospectral deformation of Cauchy bi-OPs and d-P
	6.1. Cauchy bi-OPs
	6.2. Nonisospectral C-Toda lattice 
	6.3. d-P related to nonisospectral C-Toda
	6.4. Realization of stationary reduction

	7. Nonisospectral deformation of partial-skew OPs and d-P
	7.1. Partial-skew OPs
	7.2. Nonisospectral B-Toda lattice 
	7.3. d-P related to nonisospectral B-Toda
	7.4. Realization of stationary reduction

	8. Conclution and discussions
	9. Acknowledgement
	Appendix A. On the Pfaffians
	A.1. Formulae related to determinants and Pfaffians
	A.2. Derivative formulae for some special Pfaffians
	A.3. Bilinear identities on Pfaffians

	Appendix B. Proof of Lemma 6.1
	Appendix C. Proof of Corollary 7.2
	Appendix D. Proof of Lemma 7.6
	Appendix E. Proof of Theorem 7.7
	References

