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Euler-Poisson equations describe the temporal evolution of a rigid body’s orientation through
the rotation matrix and angular velocity components, governed by first-order differential equations.
According to the Cauchy-Kovalevskaya theorem, these equations can be solved by expressing their
solutions as power series in the evolution parameter. In this work, we derive the sum of these
series for the case of a free symmetric rigid body. By using the integrals of motion and directly
summing the terms of these series, we obtain the general solution to the Euler-Poisson equations
for a free symmetric body in terms of elementary functions. This method circumvents the need
for standard parametrizations like Euler angles, allowing for a direct, closed-form solution. The
results are consistent with previous studies, offering a new perspective on solving the Euler-Poisson
equations.

I. INTRODUCTION

According to Euler’s rotation theorem [1H6], the temporal evolution of a point y(¢) of the freely moving rigid body
can be presented as follows

y'(t) = ye +vit + R (t)a? (0). (1)

In this expression, the term y’ + v't describes the rectilinear motion of the center of mass, R;;(t) is an orthogonal
matrix, and 27 (0) are coordinates of the point relative to the center-of-mass at ¢t = 0. Euler’s theorem thereby reduces
the problem of describing the motion of a body to searching for the time dependence of the rotation matrix R;;(%).
The latter contains all information on the evolution of the body in the Laboratory (fixed in space) frame, in which
the body is observed.

Temporal evolution of the rotation matrix can be obtained from Euler-Poisson equations’

9= 19,9, 2)
Rij = —€jtm Q% Rim, (3)

where I is the inertia tensor, and the dynamical variables Q;(t) turn out to be components of angular velocity in
the body-fixed frame. The formula () implies [3], that the Euler-Poisson equations should be solved with universal
initial data for the rotation matrix: R;;(0) = d;;. Solutions with other initial conditions do not describe the rigid
body motions. The initial data for ;(¢) can be any three numbers: ©;(0) = Q; = const. They determine the initial
angular velocity of the body.

In several recent studies, the dynamics of rotating rigid bodies under the influence of both external and internal
forces are explored through various physical systems and conditions [29-35]. These systems include bodies subjected
to gyrostatic torques, electromagnetic fields, constant and time-varying external forces, resistive effects from viscous
media and with a cavity filled with viscous fluid. Analytical solutions for key parameters such as angular velocities,
Euler angles, and stability criteria are derived, with phase diagrams and numerical simulations used to assess the
motion and stability of these bodies. In addition, the impact of applied forces on the equilibrium and periodicity of
the body’s motion is addressed, with particular relevance for practical applications in mechanical systems, spacecraft,
and satellite technology. These investigations provide valuable insights into the behavior of rigid bodies in rotational
motion, contributing to advancements in fields like aerospace, mechanical engineering, and astrophysics.

In this work, we consider a symmetrical body with the principal inertia moments I; = I # I3. It is known that in
this case, the most general movement of the body is a regular precession: a symmetrical body rotates uniformly around
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I We use the notation from work [3]. In particular, by (a,b) = a;b; and [a,b]; = €ijka;by we denote the scalar and vector products of
the vectors a and b. €;;1 is Levi-Civita symbol in three dimensions, with €123 = 1. A detailed derivation of the equations @) and @)
from the Lagrangian action functional is also given in |3].
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the third axis of inertia while this axis precesses with uniform angular velocity around the axis of conserved angular
momentum. There are various possibilities to arrive at this result. The traditional way is to solve the equations (2]
and @) by rewriting them through the Euler angles, and in the Laboratory frame with a third axis directed along the
vector of conserved angular momentum [5]. Some specific features of rigid body dynamics, that must be taken into
account within this method, are discussed in recent works |7, I§].

Another possibility was presented in [9], where the explicit form of the rotation matrix through elementary functions
was obtained by resolution of equations (2) and (@) without assuming any kind of parametrization like Euler angles.
This was achieved by reducing the original problem to the problem of the motion of a one-dimensional harmonic
oscillator under the action of a constant external force. This method also allows one to find particular solutions in
elementary functions in several more complex problems, including the cases of dancing top [10], Lagrange top [7] and
free symmetric body in stationary and homogeneous electric and magnetic fields |11].

In the present work, we explore one more possibility based on a remarkable formula, which, in our opinion, is
unfairly forgotten and ignored in studies on rigid body dynamics. Euler-Poisson equations belong to the following
class of autonomous differential equations

F=hi(), i,j=12..p (4)
for determining integral lines z%(¢) of given vector field hi(z7). It is known [12-18] that the following family of
functions:

. . hE(2Iy—o_ . hk(zi)-2_ Ootn . "
) =" P where & _ 5 m(nk@a)%) , )

parameterized by n parameters 2§, represents their general solution. This is an immediate consequence of the following

: . . th*(=3) 3%
properties of the differential operator e 925

th¥ aak ; th¥ aak ; ; i
e 0 f(z0) = fle 20z) = f(z'(t, %)), (6)
) ) d pk_o pk_8_ D ) pk_o_ .
Zz(t,zé) = &(et aztlf Zé) = et az(’f {(hk(zé)a—z(/;)d)} — et az[’f hl(Zé), (7)

where f(2}) is an analytic function. Besides, the Cauchy-Kovalevskaya theorem [13-17] guarantees the convergence
of the series (Bl in some vicinity of ¢ = 0.

So, it is not necessary to directly solve the system (2) and (8] in one or another way. Instead, we can calculate the
explicit form of the series terms (Bl and then try to sum them. As we will show below, for the case of a free symmetric
body this turns out to be possible, leading to its rotation matrix in terms of elementary functions.

The work is organized as follows. In Sect. 2, after presenting our notation and basic equations, we sum up the
power series for ;(t), thereby obtaining the general solution to Euler equations (2] in elementary functions. The
summation of the series for R;;(t) of Poisson equations (8] turns out to be a much more involved task. In Sect. 3 we
solve this task in a somewhat trick way, by making use of integrals of motion to represent the components R;; and R;o
through the previously found R;3. The direct summation of all components in an independent manner will be done
in Sect. 4. Both methods lead to the same final expression for the rotation matrix, coinciding with that obtained in
[9]. In the Appendix, for the convenience of the reader, we proved the formulas (5)- (7).

II. NOTATION AND BASIC EQUATIONS OF THE PROBLEM

Before discussing those solutions to the Euler-Poisson equations that describe the motions of a rigid body, we use
the formula (B]) to obtain their general solution with arbitrary initial data.

Using columns of the matrix RT: G;(t) = (Ri1, Ri2, Ri3)T, the Poisson equations () can be written in the vector-like
form: G; = [G;,€]. Let us consider the following Cauchy problem:

Q=119 9], Q,;(0) = Q, (8)

Gi=1[G;, ], R;;(0) = Ry, 9)

where the initial data Q) and jo are arbitrary numbers, and I is a diagonal matrix of the following form:
I = diagonal(Is,Is,I3). Solutions to this problem with the data jo = §;; will describe all possible motions of



a symmetrical body that at the initial instant ¢ = 0 had its inertia axes directed along the laboratory (fixed in space)
axes: R;(0) = e, see [3] for details.
Euler-Poisson equations admit several integrals of motion. They are

Q3(t) = Qf = const, (10)
13
3 ZLQ? = F = const, (11)
i=1
3
(RIQ)l = ZIjRiij =m; = const. (12)
j=1

For the case of rigid-body motions, F and m; represent the rotational energy and components of angular momentum,
respectively. Besides, taking the equality (I2) at ¢ = 0 and using R;;(0) = J;;, we get the relation between conserved
angular momentum and initial values of angular velocity: €;(0) = m;/I;. Using this in (), we conclude that energy
along any trajectory is fixed by the angular momentum: E = % > m?/1;.

Equations [8) and (@) form an autonomous system of 3 4+ 9 nonlinear first-order differential equations. Their right
sides are polynomials and hence represent analytical functions. According to the formula (&), the unique solution to
our initial value problem is given by the series

0 0 0
"N ’ ’ -1 I o r_ -1 I O /
1,) = exp |0 G Vg + (0 Qg )| @ = [0 R @D |2 a3)
0 _ 0
Gi(t, ), Ry) = exp H[G;, Vg + (I 1[19’,9/])66—9,6)] Q. (14)

Our goal is to sum these series and try to write them in elementary functions. We start with the analysis of Euler
equations.

General solution to the Euler equations. The first term of the power series ([3) is just ©’. The next term we
present as follows:

Q 0

2
Q=¢ |- | =¢TsQ, where ¢ =(L—I3)%/L, and Tz=|-1
0

0
—1 / !
(I I, Q)

(&

. (15)

OO =
o O O

0
Above we have three equations and the most interesting of them is the one in the third component. This means that the

component 25 belongs to the kernel of the linear differential operator (I 1[I€, Q’])caig,c. As a consequence of using the

formula (B]), functions of elements of the kernel of the vector field h* also belongs to its kernel, proposition 3 in the ap-
pendix. That is, since functions () belongs to the kernel, consequently we have [(I7*[1€',Q']). 6!82/ |¢/ = 0. Then,
the next terms become immediate: for n = 2 we have [(I~'[I€Y, Q’])ca%fﬂl = [(I7' I, ))e52 ] (¢ T58Y) =

(¢/ Tg)QQ’, and so on. Performing mathematical induction, the series (I3) is rewritten as?

Qt, Q) =T = (Z ;¢’"T§‘> Q' (16)
n=0

Moreover, the even and odd powers of the matrix T3 satisfies the relations T3" = (—1)"diag(1,1,0) (except by n = 0)
and T:,?""’1 = (—1)"T3, respectively. Then, considering this in the above sum, we obtain

cosd’t sing’t 0 Qf cos @'t + QY sin @'t
Qt, Q) = [ —sing’t cos¢'t 0] Q' = | - isinqﬁ’t—/}—ﬂécosqﬁ’t ) (17)
0 0 1 Q,

2 Previously it was mentioned: if the system were linear, the solution would be immediate. That is the solution. More specifically, with
the condition I = I3, the Euler equations () turn out to be an autonomous and linear system with constant coefficients. This class of
systems has an immediate general solution. The interesting thing is that we could arrive at this result from the formula (5.



the known general solution to the Euler equations for the case of I; = I5 in elementary functions. That also represents
the general solution to the Euler equations in the case of a free symmetric rigid body, since the unique condition that
separates the two situations (of all solutions to the system and the solutions that describes a rigid body) is the data
R;;(0) = d;;. Then, the angular velocity (¢, (2}) rotates around the third axis of the body-fixed frame clockwise with
frequency ¢’'.

III. GENERAL SOLUTION TO POISSON EQUATIONS BY MAKING USE OF INTEGRALS OF
MOTION

The energy (1)) and angular momentum ([I2)) are integrals of motion of the system (&), (@), even though now we
are not considering a physical system or even the condition R;;(0) = d;;. These integrals are found by physical laws
however, they continue being constant relative to ¢ considering the equations (&), (@), without thinking about any
physical interpretation. These equations at ¢ = 0 are read as

28 = (0} + %) + L7, m; = L(Q R}y + Q4Rly) + LRy = (19, G). (18)

By direct computation, we obtain® VE = 0 and Vm; = 0, which endorses a relation between integrals of motion and
the kernel of V. This relationship also is exploited by proposition 3 in the appendix. Besides, recall that functions
of the elements in the kernel as f(E,m;) or g(2%) satisfies Vf(E, m;) = 0 = Vg(Q}). These facts about integrals of
motion will be important to explain the following lemma;:

Lemma 1. Given a numerical matriz A = diag(Aa, A, As), then the linear differential operator V obeys the relations:

/ !
in(AQ/7 G;) _ <A3 _ %142) |:_ (_1)77,]{/2"%}7 fofr’ nZ 17 (19)
2
! i/ !
VLAY, G)) = (Ag— %Az) {(—1)%’2"“793[6;;,’9]3} for n >0, (20)
2
where:
M = diag( a2 B2 _? + 0,2 d K =]+ 1329’2 21
—1@91—2371_23a—(1+2)afm = 1+2+?3- (21)

The above lemma will be used to obtain the coefficients of the series ([[4]). It is a consequence of the integrals of
motion of the EP equations. Firstly, consider the useful facts:
1. The function f(E,Q}) = (2F — IsQ4%) /1, = % + Q4> also belongs to the kernel of V. With this, we see that the
components of the matrix M satisfies VM; = 0. Evidently, since k' = /M3 — IsM>/I5, we also have V&' = 0.
2. The application of V in the third component in G} provide us with VR/; = [G}, Q']3. Substituting this in
Vm; = LV(Q) R, + Q5 R.y) + [3Q5 VR, = 0, we get the relation V(Q) R, + Q4 R)y) = —I3Q5V R.4/I5. Then, we are

able to write a linear combination of V(Q] R}, + Q5R},) and V(Q5R;;) as follows

I
VAR, Gl) = AyV(QURY + QRly) + AsV(%RL) = (Ag—l—jAQ)ﬂg[Gz,n%. (22)

Next, applying V in ([22), by direct computation, we get VZ(AQ',G)) = (A3 — [3A2/5)(MQ',G}). Since the
components in M belong to the kernel of V, the matrix M is treated in the same way as A in relative to that
operator. Then, we can change A into M in the latter equation and write V2(M€', G}) = (M3—I3M>/1,)(M$Y, G}) =
—K 2(M Q' G}). This relation can be understood as a geometric progression. Indeed, considering the sequence a,, =
V2 (MY, G)), we have any1 = V' [VE(MQ, G))] = —k*V2"(MQ',G}) = —k"*a,,. Furthermore, its general term

3 In sections [Tl and [[V] we fixed the notation V = [G/,, Ql]b#o’ab + (71, Q). ag,c to simplify our equations.



has a well-known form given by V2"(MQ', G}) = (—k')>"(MQ', G/). Then, substituting this result in V2" (A, G}) =
(A3 — I3A2/ L)V 2(MQ',G)), we get the expression ([J) and, after this, applying V in both sides we get (20).
In contrast, this lemma also could be obtained by direct computation of terms V"(A€Q',G;) and then made a
mathematical induction. That means that, despite this result being a consequence of the integrals of motion, we
see that the direct computation of the series (I4]) already knows this information.

Now, we will use this result sum the series (I4]). The simplest coefficients to obtain are those of the components

Ris. Just put Ay =0 and A3 = 1/9Qf in the lemma and the result will be the equations below:

1 n(MQ, G
v2ani3 _ __(_1)nk12 ( ’ 1)

ar o for n>1, (23)
i1 [Gh QY
V2R g = (—1)"k *1%7,]?’, for n > 0. (24)

Substituting them in (I4]), we get the general solution to the third component of the Poisson equations in elementary
functions:

1 00 t2n 9 (MQ/ G/) 00 t2n+1 o1 [G/ Q/]B
Ri3(t, Q. R, :R’i——E —(=1)"E"" Lt —1)nET 2
3(t 8y, Rag) A TR P +n:0 (2n+1)!( ) K
(Mﬂla G;) . [G;a QI]3
= R/ig —+ (1 — COS k%)w + sin k/tT (25)

The functions R;1(t,Q, R, 5) and Ri2(t,Q7, Rf,5) we present through R;3(t, {2, R[,5) as follows. Using (24) with
n = 0 and the component m; of the conserved angular moment ([I8) we get the linear system

QR — U R'ip = VR'i3, LY Ry + Q4R i2) = m; — 3O3R i3, (26)
for determining the initial data R’;; and R';3 through R’;3. Resolving, we get

1 1

;o / /- L ! Dl ’ o . / /- o I Dl /

R = m[b oVR i3 + (m; — 3Q3R'i3)Q], R'ip = 712(9/12 n 9,22)[ LY VR i3+ (m; — I3Q3Ri3)Q5].

(27)

These relations hold for the initial data €% + Q4% # 0. The case €, = Q) = 0 should be considered separately, see
below.

Let us apply the operator eV to both sides of these relations among the initial data. With the use of (6) and (),

we turn out them into the relations among the solutions

1 .
= m[lﬂb(ta QL) Ris(t, U, Ryg) + (my — L Ris (¢, ), Ry ) (L, )], (28)

1 .

Rii(t, 9, Ry,5)
R»L'Q(t, Q;, R:lﬁ) -

In obtaining this result were used that the quantities Q}, (2])? + (25)? and m; are in the kernel of V. Substituting
([I@) and (23) in the above equations, we get them through the elementary functions:

in k't 1 — cosk't in k't 1 — cosk't
Ra(t, 9, R) = { KIQQ;S;;—]{, - Iggg%) cos ¢/t — (IQQ;S;;—M + 139’2%> sin ¢’t] (MY, G
3 3
, sink't , sin k't

+ |:<_[2 5 cos k't — I3 T) cos @'t — (Ig | cosk't + I3Q’2(23T> sin ¢'t] Q' Gl]3

+ (m; — I35 R i3) (] cos ¢'t 4 Q2 sin qS’t)}/[Ig(Q’12 + 9'22)], (30)



in k't 1-— k't ink't 1-— k't
Roolt, 2, R) = { [(wasﬁ—k, + Isﬁg%) cos ¢/t + (Izﬂgsg“,—k, - ma%) sin ¢’t] (MY, G))
3 3

, sin k't
T

in k't
+ |:(IQQI1 cos k't + I3025Q ) cos @'t + (IQQIQ cosk't — I3QQQ§%> sin ¢'t] [, Gl]3

— (my — 3R i3)(—) sin ¢/t + Q) cos ¢>’t)} / [— L (% + Q4%)], (31)

where % + Q4% £ 0.

The case (2] = Q5 = 0. For the initial data with Q] = Q5 =0, Eq. (17) implies Q(¢, Q) = (0,0,95)T. Then the
Poisson equations (11) state that the vectors G; precess around this constant vector. With this, the Poisson equations
are rewritten as

Riy = Q4 Ry, Rio = —QRi1, Riz = 0. (32)

That is a linear differential also written in the form G; = Q4T3G;. That is the same as (I3, then the general solution
to Poisson equations (B2)) is given by

R'11 cos Qét 4+ R/ sin Qét — R sin Qét + R4 cos Q/3t R'i3
R(t, 5, jo) = | R'a1cosQ4t + R'oasin 4t —R'51 sin Q4t + R'agcos it Rlag | . (33)

R/31 cos Qét 4+ R/39sin Qét —R'3; sin Qét 4+ R/35 cos Qgt R'33

The equations (I7), @3), B0), BGI) and @B3) configure the general solution to the Euler-Poisson equations for the
case I = I.
General solution to Poisson equations describing a free symmetric rigid body. As we saw previously, the
motion of the rigid body corresponds to the solutions (28], (B0) and (3I]) at the point (¢,m./I,,dsp). Besides, the final
expression for the rotation matrix acquires a more transparent form if we adjust the orientations of the Laboratory
axes and the vector of conserved angular momentum. Since R;(0) are the eigenvectors of the inertia tensor I, we
can arbitrarily set TR4(0) = IbR1(0) and IR2(0) = I2R2(0). Then any linear combination of the vectors R;(0) and
R (0) is an eigenvector of I with eigenvalue I5. Furthermore, since we have R;(0) = e;, we can freely rotate the
vectors er, ey (generating a new orthonormal basis {e}, e}, es}) from the Laboratory basis until the fixed vector m
(written in the old basis e;) belongs to the plane generated by e}, es without breaking the diagonal character of the
inertia tensor I. Then, from the beginning, we can choose this configuration, maintaining I as diagonal and having
m1 = 0. Ultimately, the initial conditions to the Euler-Poisson equations are translated into the constants of the
general solution to the EP equations as R}; = d;;, Q) = 0, Q5 = ma/I> and Q3 = m3/I3. Substituting these constants
in (I7), @0), 31, 2T), we get the equations of motion of a free symmetric rigid body given by the angular velocity

Ql = % sin ¢t, QQ = % COS ¢t, Qg = %, where ¢ = (IQ — Ig)mg/IQIg, (34)
I I I3
and the rotational matrix R(t)
cos kt cos ¢t — Mg sin kt sin ¢t — cos kt sin ¢t — 3 sin kt cos ¢t Mo sin kt

s sin kt cos ¢t + (M3 + 3 coskt)sin ¢t —rhg sin kt sin ¢t + (13 + M3 cos kt) cos ¢t 1hamnz(1 — coskt) |, (35)

—1g sin kt cos ¢t + Mo (1 — cos kt) sin ¢t 1 sin kt sin ¢t + mgrng(1 — coskt) cospt M3 + 13 cos kt

that describes the rotation rotation of the points in the body about the center of mass after replacing this in ().
Above we have the frequencies ¢ = (I — I3)ms/I215, k = \/m3 + m3 /I = |m|/I5 and, assuming |m| # 0, we denoted
m; = m;/|m|. The case Q) = Q) = 0 turns out to be

cos’?—;t —sin’}l—;t 0
R(t)= [sin 72t cos2t 0. (36)

0 0 1



Motion of the body. With the purpose of an illustrative point of view, suppose R3(t) = (masinkt, marng(l —
coskt), 3 + m3coskt)T being the position vector of a particle. Then, the velocity of this particle is given by
R (t) = k(g cos kt, mgngsinkt, —m3sinkt)T. These two vectors are orthogonal to each other and, besides, realize
that the velocity of the particle is orthogonal to the conserved angular momentum m = (0, mg, m3)7: (m, Rs(t)) =
krng sin kt(msme — mams) = 0. So, the particle moves in the plane with normal vector in the same direction as m.
Moreover, it has a closed trajectory since the position vector is periodic, that is Rg(t) = Ra(t + 27/k). If 0 is the
angle between the vector R3(¢) and the normal vector from the plane, then

(m, Ry(1))

cosf =
|m|

= m3m3(1 — coskt) + 13 + M3 cos kt = . (37)
This angle does not vary with time, then we can conclude that the particles have a circular trajectory in the plane.
The radius will be given by sin 6 = 7, since the position vector has unitary length. Besides the rotation has uniform
angular frequency |Rs(t)|/me = k.

Furthermore, since the inertia axes are always in the same direction as the vectors R;(¢), the third inertia axis
precesses with uniform angular velocity k& around the axis in the direction as the conserved angular momentum m
while the others inertia axes are rotating about the variable axis in direction as Rs(t) for each instant of time. The
difference between this most general motion and the motion described by B8] (case my = mg = 0) is that the third
inertia axis is fixed in the same direction as the third axis of Laboratory frame. Then the others will rotates about
the third fixed axis with uniform angular velocity mg/I5.

IV. GENERAL SOLUTION TO POISSON EQUATIONS BY DIRECT SUMMATION OF SERIES FOR
ALL R,

In the previous section the rotational matrix R(t) was obtained by making use of proprieties caused by the integrals
of motion. This path masked the calculation so much that it was not clear to see where we were summing series. So,
to show even more the capacity of the formula (@), in this section we will directly sum the series (I4). To this aim,
we will show explicitly how are given the terms V" R};. When n = 0, we have the first term R};. When n = 1, the
therm VR;;’ identifies itself with the Poisson equations:

VRj; = —€xmQ R, =[G, Q. (38)

When n = 2, we get the formula:

V2R'j = —QPRij + (B;); Y, (39)
where B; are three 3 x 3 diagonal matrices given by
I3 I

I
B; = diag((B28Y', G}), (B2, G), (B3, G})), where By = diag (1, 1, 2—1—3) and Bz = diag(l—, T 1). (40)
2 2 Ip

This equation is obtained by direct computation®:

VzR/ij = V(EjaﬁR/iaQ,/@) = €jap [G;; Q/]QQI/Q + ejaﬁR/ia(Iil[IQ/v Q/])ﬁ = [[G;a Q/]a Q/]j + d)/[G;v Tnl]j
= (G}, )Y — QR + (I — I)/ L][diag(R 130, R 3%, —(R'a ) + R 2Q5))];9
= —QI2Rlij + (BZ)JQ; (41)

With this result, we do not need to directly compute the next terms anymore. Indeed, previously, we saw that €

and ;% + Q4 belongs to the kernel of V. This implies that Q7 = Q.Q; also belongs to that set. Furthermore, we
can define recursively the even orders of the terms V" R’;; as follows:

4 In this derivation the vector product [G/, T€Q’] was computed explicitly.

IRl



VOR/ _ RI

'LJ’

and  V2OHURL = PV Rl 4+ VP [(B;);Q],  for n>0. (42)

The terms of odd orders are given by applying V to both sides of the above equations:

VR, = —€¢;mm R,

@ m>

and V2 EDHIRL — V2R L PHL(B);Q,  for n > 0. (43)

J

The terms V"[(B;);€;] are computed according to the general Leibniz rule (&0). For the convenience of the reader,
below we have explicitly these expressions:

n 2 n—
V(B:); ) =) (;;)wa( 1); V22 + Z (2b+ 1>v2b+1( i) VA CENQL forall m> 1, (44)

a=0
v2n+1[(Bi)jQ;] _ Z (27112: 1) V2a( ) v2n+1 QaQI + Z (22::::;) v2b+1 (Bi)jv2n_2bﬂg-, for all n 2 0, (45)
a=0

where we have V"'Q' = (¢/T3)"Q = ¢/" T3, that is V2*Q), = ¢ *F[diag(QY,, 2, 0)]; (except by n = 0) and V2FH1Q; =
@"**+1(T39);; and the terms V" (B;); are given by the lemma 1.

Furthermore the equations ([@2), [@3)) completely determine the coefficients of the series (I4]). Next, we will show
how to use them to obtain the component Ri; in the matrix ([B5). We chose this component because its calculation
has relatively the same difficulty as the others R;1, R;2 and the calculation to the R;3 is more simple and does not
show too much the applicability of our computations. To carry out this, firstly we will replace the initial conditions
of a symmetric rigid body in the equations [@3)-[H]). To facilitate the computation, we considered them in the form:

=0, Q)="2—rwk Q= 7—; = ¢+rmsk, Ry =0, (46)
where (b = ( 2 — Ig)mg/IQIg, k = \/mg + ms3 /IQ = |m|/IQ and T?LZ = 7’)’LZ/|IT1|7 with |m| 7§ 0. When the initial
conditions are substituted, the constants ¢’ and k' become ¢ and k from the matrix (B3]), respectively. Then, after
being replaced the conditions (6) in the equations @) and ([@H), we get

0, for n=0
VA [(BoY, G =14 . . e " . 47
( U= Samg2 -y Tk e, for > 1, )
V(B , G} =0, for n>0. (48)

So, substituting this and the initial conditions ({#6) in the functions [@2), @3], we obtain the recursive functions

VOR,, =1, V2R, =—(K+4*+ 2fn3k¢),
n—1 |
VIR = — (K + ¢* + 2m3ke) V' R); — 2mig (—=1)" Y

; 2b+2¢2n72b, for n > 1, (49)
b:O

(20 +1)! 2n—(2b+1)]

and

VR, =0, VXTUHRE — (k% + ¢% + 2msk¢) V" TR, for n >0, (50)

759

that determines all the coefficients of the series of Ri;. Then, we will obtain that series by applying the above
formulas: firstly, it is immediate that all the terms in (B0) are null. So, the coefficients of the series to Ry1(t) are
given only by the function ([@2). Then, the even terms described by ([@3) are given as follows: the two first terms are
given VOR}; =0 and

2 2 !
V2Rt = (K + ¢* + 2iisk) = ('; - % - m3k¢) = 2! {Z (mk%¢2‘2’“> + mskcﬁ]- (51)
! 2\ 25! !



Then, for n = 1, we have

VAR 1y = —(k + ¢ + 2msko) V2R 11 + 4mig® k247 = (K + ¢° + 21make)” + 4nmis k¢
4 k2 2 3
Wl OB (S )|

4! 2! 2!
2 1 1 1 ( )
_ 2k 1 4—2k S 2k+1 14— (2k+1
_4![];)(%!(4—%)!'“ ¢ >+m3]§<(2k+1)![4—(2k+1)]!k ¢ )] (52)
For n = 2:
3 2

ro_ 1 k 6—2k . 1 k —(2k+1)
ViR = G!LZ_O (2k!(6—2k)!k2 . ) +m3kzzo ((2k+1)![6— (2k+1)]!k2 Tt )} (53)

and so on. So, the even terms obey the following pattern:

2npl - _ (_1\n = 1 2k 42n—2k A = 1 2k+1 1 2n—(2k 1)>:|
VIR = (=) 2”!{];)(%!(271—%)!'“ ¢ )+m3]§<(2k+1)![2n—(2k+1)]!k e |- 6

The above statement is confirmed by induction when substituting it in (49). Replacing that and G0) in (I4), we
obtain the series

o n 1yne2 > nl 1)n 2" -
Ru(t) = ;Z (m o2k g 2k> n mgnz:l ];) ( o 1)( [2n)_ T 2h+L gn (2k+1)) (55)

This series can be represented in elementary functions as follows: consider the sequences

(_1)mk2mt2m (_1)m¢2mt2m

am(t) = 2m/! ’ bm(t) = 2m/! ’ (56)
-1 mk2m+1t2m+l —_1)ym 2m+1tmk+1
en(t) = 1 (= 22 , 57)
(2m + 1)! (2m + 1)!
and the equation (B3l) written as a function of them

oo n—1
Ry (t Z Z a2kban—21 — 3 Z Z Cok+1d2n— (2k41)- (58)

n=0 k=0 n=1 k=0

Since they represent the coefficients in the series of sines and cosines, they converge for any ¢ € R. Besides, by the
assertion of the Cauchy-Kovalevskaya theorem, the series (B5]) is locally convergent around ¢ = 0. Then, there exists
a result [19, 120] about the product of convergent power series that we are able to use. That says: if the power series

o g anx™, D7 bya™ converges (pointwise), then Y07 (S (a;2")(by—iz™ ) = (Yor g an®™) (X oe bna™) also
converges. Furthermore, applying this result in (58]), we can write the function Ryq(t) as:

= (E)(ER) (E)(E)
- (X ) (3 ) (X S ) (2 o)

n=0 m=0 n=0 =0
= cos kt cos ¢t — g sin kt sin ¢t. (59)
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The same procedure can be done for the other components in ([I4)). Naturally, after doing this, we get the (35).
Comment: About the functions [@2), @3): we could also get the even and odd general terms V2" R’;;, V2" 1R/ ..

For instance, this could be done for the even orders as follows: since VZR';; = —Q/2R/ij + (Bi)jQ;-, then
VAR = —9'2(—QI2R'U + (Bi);Q)) + V?[(B;);9], and so on. Performing mathematical induction, appear
VR, = (—Q)"R[; + Zz;é(—Q’)"‘l_kv%[(Bi)jQ;-], where n > 1. Applying V in both sides in the latter equa-
tions, 1s obtained as the general term for the odd-order terms. The problem with this approach is the difficulty of
writing the series R;; (¢, ', R') and R;2(t,Q’, R') through elementary equations. Even if we simplify the series by
substituting the initial conditions, it still not does help much. This same problem happens when trying to use (@2))
and (3) to obtain the general solution to the Poisson equations.

V. CONCLUSION

In this article, we explore the dynamics of a free symmetric rigid body by solving the Euler-Poisson equations
using an alternative method, distinct from the conventional use of Euler angles. The main goal was to obtain explicit
solutions for the time evolution of the rotation matrix R;;(t) and the angular velocity components ;(¢) in terms of
elementary functions. By leveraging the concept of integral lines for autonomous differential equations, we provide a
general framework for solving the equations governing the body’s motion. This approach allows us to calculate the
rotation matrix R;;(t) in a closed form, bypassing the need for parametrization or solving the system of differential
equations. For the case of a free symmetric body, the solution to the Euler-Poisson equations can be derived through
summing power series. The representation through elementary function was possible with the use of the integrals of
motion. The resulting rotation matrix is found to be consistent with previous work, confirming the validity of our
approach.

To demonstrate the method, in Sect. 2, we obtain the known general solution for the angular velocity components
Q;(t) by summing the corresponding power series, which results in elementary function expressions. With this result,
in Sect. 3 we obtain the general solution to the Poisson equations (even for initial conditions that do not represent
a rigid body) in elementary functions by summing the terms for R;;(t), leveraging the conserved quantities in the
system. Then, we finish this section by obtaining the general solution to EP equations describing the most general
motion of a free symmetric body (a regular precession). Finally, in Sect. 4, we made an alternative method to obtain
this result by summing all components independently.
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k
9z(y Zé

Appendix 1. Properties of the series ¢

In this appendix, we exhibit and discuss some properties of the formula (Gl). In this part of the text we were
widely supported by the literature |14, [16, 19-25]. Firstly, let V' be an open subset of R?. Then, consider p real
)

analytic functions h¥ : V' — R. We define a linear differential operator h* (zg)ﬁ acting in sets of analytic functions
0

f:V — R. Hence, the outcome (h* (23)8_25) f(28) will also be a real analytic function. Since analytic functions are
of class C'*°, for any natural number n, we can recursively define the operator (h“(zé) a‘za
0

sets of analytic functions. Besides, performing mathematical induction, we see that it obeys the general Leibniz rule
[24, 126-128]:

n . . .
) with source and image in

) n n , P [ . P n—i
(hk(zg)a—zg) (f(zg)g(zg)) = ; (:L) (h’C (ZO)W];’) f(z8) (hk (ZO)W) 9(28)7 for all n natural numbers,
(60)
where (7;) = ﬁ is the binomial coefficient.
The next proposition clarifies how to appear the formula (Bl):
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Proposition 1. Suppose V. C RP is an open subset and let h' : V — RP analytic functions, where i = 1,...,p. Then,
the initial value problem

3= hi(27), 2H0) = 20,  where (2,25, 25) €V, (61)

has a unique solution given by the series

. . 8 .
2'(t,2)) =e 926 2b, (62)
which converges in some neighborhood of 0 € R.

Proof. By the Cauchy-Kovalevskaya theorem [14], the system (61I]) has a unique solution z(t) analytic in some open
interval J C R containing 0. Furthermore, there exists r > 0 such that, for all ¢t € (—r,r), the Taylor series

; 2t dP 2 (t)
2(t) = Zﬁ T \_ (63)

converges absolutely and uniformly. Without loss of generality, we can consider that same interval for each i =
1,2, ...,p. We will show that the above series can be written in the form (62)). Consider the following statement:

= (g

This holds by induction: when n = 0, this is reduced to the identity 2%(t) = zi|z:z(t). So, for the base case, the
statement is true. We assume, by hypothesis, that this is true for a natural n. Then the induction step follows

dntizi(t)  d b 0 " - Y 'n,+1i
—am —a[(" W@H z_z@)‘K" <”@> Z]

where h/'(27) = (B (zj)a—zk)”zi. Then, since both the base case and induction step are true, by weak induction, the
statement (64) holds true. At ¢ =0, it gets the form

, for all n natural numbers. (64)
z=2z(t)

_ Ao oy On'" (27)

z=2z(t)
(65)

0] (oL od)
— = RP(2)— ] 2* =[(h*()=— ) 2* =(h"(Z)=— | 2. (66)

dt t=0 97" z=z(t) /) 1t=0 02" z=z0 0 (925 0

Substituting this latter equation in the Taylor series (G3]), we obtain:
; =t N, D2
#(t) - ZH(hk(Zé)a—zé“) P ) (67)
n=0

O

Since in (62) we have a p-parametric family of curves solving each differential equation (G1l), then that formula also
represents the general solution to the system 2" = h*(z7). Even more, it is known that the existence and uniqueness of
the solution for autonomous systems can be generalized to non-autonomous systems. So, if we had a non-autonomous
system

3= hi(t, %), 2(to) = 25,  where (2g,25,...,25) €V, (68)
the Cauchy-Kovalevskaya theorem also would guarantee the existence and uniqueness of an analytic solution to the
above non-autonomous system. In this case, its solution would be written as

a k j a
t(g55+h “Ovzﬁ)q)zi
0

2t to, 2)) = e (69)
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In some fields of mathematics and physics, the function [ is quite used. It typically has two main properties. The
first: 2(0,2)) = 2} is immediately identified in the equation (B). The second, also named ”group law”, is translated
in this work by the proposition 2] where we prove the equation [@). To carry out that, we will need the following
results:

th* (2 )af

Lemma 2. The operator e has the property:

th*(z]) -2

L. a( ay_a . be By_0_
e 6z§ (zézé) _ (eth (20)328 Zé) (eth (Zo)

02§ zé) = 2'(t, 28) 2 (¢, 25)7 where 1 <14,j <p. (70)

Proof. Consider the sequences a,(t) = & L (hF (2§ )62 ) z& and by, (t) = & L (hF (2 )%) ). The series Yooy an(t) and

ZZOZO by (t) converges according to the proposition IIl Then, a result about the product of convergent series provides
us with the relationship (Y07 an(£)) (Y oegbn(t)) = D oor g D po @k (t)ba_k(t), see the final of section IVl Writing
explicitly, we have

oo . bz oo 00 oo n
(eth (Zo)%zé)(eth (z0) b _ (Zﬂm )<Zb (t)> _ Zzak
n=0 n=0 n=0 k=0
oo n m 9 k . . ) n—k
- = Zk'n— ( 82 ) 20<h ZO 28> &

e 8 o thF o .
-0 (mG ) et =<V g, ()
where in the last equality was used the general Leibniz rule (60).

The above lemma is generalized as follows:

Lemma 3 (Generalization of the LemmaIZI) Consider a product of the variables z}: Zo . .zé", where 1 < iy, ...,y < p.
k 6
h*(z0) 525

So, the application of the operator e 0 in this product obeys

th* (23) -2 th* (zhm) -2

SoF i i th* () 3% ook i i i j
e (2t 20") = (e %6 2 ). (e 06 25 ) = 2" (t, 2 )2 (1t 2. (72)

Proof. We will prove this statement by induction. The base case (for n = 1) is true by the equation (Bl). The case
n = 2 was proven by the previous lemma. Furthermore, suppose, by hypothesis, that it is true for some natural n,

ie.:
20,22 (1 ) (1) = AR (g2l ). (73)
o . ; th* () 52 . )
Multiplying both sides by z'»+1 = ¢ 926 2o, with 1 <41 < p, we get
) . ) ) ) th*(z3y_2_ . th* Jnd1y_8 .
2 (t, 201 )2 (¢, 20)... 2" (¢, 20) 2" 41 (8, 20) = € R (25- 202 .-20" )€ =" )5g zg (74)

Next, consider the sequences a,(t) = %(h“(zg)a‘z V(2 2 2yr) and by (t) = L (RF(2 J"“)afk)nzé"“. The series

with these general terms are convergent by the hypothesis of induction®, then we can use the same theorem as before
and get

5 Since statement (T3) is true by hypothesis and all 2%(t, z(J)) are convergent series, we know from the theory of power series that
th* (22 . . .
a finite product of convergent power series is also a convergent power series. Then e o f’?(zél 252..zp") = ool gan(t) =

0
a8 (he () ‘28 )"(zé1 zéz .zg™) is convergent.

nOn'
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th* (=) 52 th* (20" ) S

21 (t, zgl )22 (t, zéz)z“‘ (t, zg”)zi"+1 (¢, zg"“) =

— (imw) (;bn(t)> = i iak(t)bn*k(t)

k( 11 12

in sz in41
20 207 20" )e )

n=0 n=0 k=0
o n m ( 9 k 9 n—k ;
— ha(zj)_a> (211212 )(hb( Jn+1)_> Slntl
;kz:o kl(n — k)! 07928 00 028 0
t N " i1 % in tn
= Zo E< k(zé)azk> (202" 20" 29" ")
hE(27)_2
= VR Gl A, (75)

where the general Leibniz rule ([60) was used. By the above relationship, we can conclude that the statement (73)) is
true for n + 1. Then, by weak induction, it is true for every natural.
O

Now, we can move on to the proof of the propriety (@):
Proposition 2. Consider an analytic function f:V — R. Then we have:
th* (z 9 thF(23)=2. . . .
VT plaf) = ple™ VI ) = 1)) (76)

Proof. Without loss of generality, consider 0 € V. Since function f is analytic in V, then there is r > 0 such that for
all (2§,22,...,25) € B.(0) (open ball with radius r centered in 0 € R?), the Taylor series of f about 0 is given by®

f(z0) = co + chzo + Z Cij2o7d + Z CijraaRE 4+, (77)
i,j=1 i,5,k=1
converges absolutely and uniformly. The numbers cg, ¢;, ¢;; ... are the coeflicients of the Taylor series. Applying
hk
the operator e =8 620 in both sides and using the previous lemma, we get
thk (ZO) 68k p ; ) p ; ) N
e o) = ot Y (ta) + 3 enpsiltzn) T (6z0) + D cognat (b0 (1 )M e 20) + o = F(a(t,20)
=1 =1 i,5,k=1
(78)

The last equality in the above equation needs some explanation. The series z°(t, 28) are analytics functions (thus
continuous) defined in a neighborhood of 0 € R represented by an interval (—r’,7'), with r* > 0. Then, the image
of z(t, 20) by (—=r',7"): 2((=r',1"),2})) is a convex subset of RP. As (24,22, ... 0) is an interior point in B,(0), then
the intersection z((—r,7'),2))) N B,(0) is a non-empty subset of R?. Furthermore, the last equality is valid and it
happens for any ¢ such that z(t, z}) € z((—r,’, z3)) N B,.(0).

[l
The latter result has an interesting application. By definition, the function hi(zg) (R* (2 ‘)ai)zo is analytic in
thk Jiy_o
V. The operator e (ZO)‘”{? acting in that function results in:
th* . . .
VS (e = W (et 2) = 5(1.4), (79)

6 In this formula and the next we denote f(z%) = f(z0).
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since z(t, z)) is the general solution to the differential equation 2% = h'(z7).

We recall that the function F(z1,22,...,2P) is an integral of motion of the system (@), if for any solution z%(t) we
have
CRE)) =0 (50)
—F(z =0.
dt
There is a relationship among the integrals of motion and the kernel of the operator hk(zg)aik.
%0

Proposition 3. The following two conditions turn out to be equivalent:
1. F(z") is an integral of motion. _ _
2. F(2}) lies in the kernel of the operator h*(23)=2, that is h*(2}) -2 F(2}) = 0.

8_,257 0z
Proof. The condition 1 implies the condition 2. Indeed, being F(2*) an integral of motion, then

= (hk(zj)ag(Zi)>

ok

0= P (L) = (1) o)

: (81)

z=2z(t,20)

z=2z(t,z0)

for any t. So, we have h¥(27) agiii) =0, concluding that F'(27) belongs to the kernel of h*(27) 2.

The condition 2 implies the condition 1. Indeed, consider a function F(z}) such that h*(2]) -2 F(z5) = 0. By direct

Bz(’f
application and with the proposition Bl we have

(o) 22

70 F(29) = F(2). (82)

The derivative relative to ¢ of the above equation provides us with F/(z*(¢, z])) = L F(z) = 0. So, it is an integral of
motion. |

In particular, if F(z?) is an integral motion, given a differentiable function G : R — R and a solution z%(¢), we have
dG(a) dF(z4(t))

d i _ _
SGFE ) = =2 2 . (83)

2 G(F(z)) = 0.

So, the above lemma results in h* (Zg)azg
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