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SOME FORMAL GLUING DIAGRAMS FOR CONTINUOUS K-THEORY

Hyungseop Kim

ABSTRACT. We study a construction of diagrams of dualizable presentable stable oco-categories
associated with certain fiber-cofiber sequences over rigid bases, which are sent by localizing invari-
ants, in particular continuous K-theory, to limit diagrams. We apply this to investigate two closely
related types of diagrams pertinent to the formal gluing situation; we recover Clausen—Scholze’s
gluing of continuous K-theory along punctured tubular neighborhoods via Efimov’s nuclear module
category, and we verify a continuous version of adelic descent statement for localizing invariants on
dualizable categories.
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1 Introduction

In this article, we study certain diagrams of dualizable presentable stable oco-categories related to the
formal gluing situation, and verify that they are motivic limit diagrams, i.e., any localizing invariants on
dualizable presentable stable co-categories, for instance continuous K-theory, map such diagrams to limit
diagrams.

By algebraic K-theory, we refer to the Thomason—Trobaugh nonconnective algebraic K-theory functor
K valued in the oo-category Sp of spectra; it is an instance of localizing invariants on small (idempotent
complete) stable co-categories and exact functors [BGT13], or equivalently on compactly generated stable
oo-categories and compact object preserving left adjoint functors. In the same vein as studying localizing
invariants on compactly generated stable co-categories is useful even when one is solely interested in values
of localizing invariants on rings or qcgs schemes, studying values of localizing invariants on non-compactly
generated oo-categories can be beneficial for understanding values on compactly generated oo-categories.
In fact, fibers of compact object preserving left adjoint localization functors between compactly generated
stable oco-categories computed in P]rgt need not be compactly generated; rather, they are only dualizable,
necessitating the consideration of values of localizing invariants on such categories. Through the insights
of Efimov [Efi24], it is now known that localizing invariants indeed have essentially unique extensions to
dualizable presentable stable oo-categories. Following ibid., we write K" to denote an extension of the
algebraic K-theory K to dualizable presentable stable co-categories, known as the continuous K-theory.

Categories of sheaves on spaces provide an important source of dualizable categories to which the



application of continuous K-theory is of interest. For adic spaces, Clausen and Scholze defined the category
of nuclear modules in the context of condensed mathematics as an appropriate notion of the category
of quasicoherent sheaves [Sch]. As an instance of the interaction between continuous K-theory of adic
spaces and algebraic K-theory of schemes, they proved the following statement about Beauville-Laszlo
type gluing along punctured tubular neighborhoods. Let R be a Noetherian commutative ring whose
corresponding affine scheme is denoted by X = Spec R and let I be its ideal whose closed locus in X is
denoted by Z = V(I). Also, write U = X\Z for the complement quasicompact open subscheme of X,
write X2 = Spf R for the I-adic formal scheme obtained as a formal completion of X along Z, and
write (X”2), for its adic generic fiber. Then, the natural diagram

K(X) K(U)

| | 1)

Keont (Nucyny ) — Keont (NHC(X/\Z)W)

is a pullback square of spectra [Clab]. Our aim is to study such type of pullback squares or cubical limit
diagrams from a different perspective.

1.1 Main results
First, let us specify the precise form of our construction:

Theorem 1.1 (Theorem 3.16, Proposition 3.6 when n = 1). Let X be a closed symmetric monoidal
presentable oo-category which is pointed and satisfies the condition that for any object e of X, the functor
e® — : X — X preserves fiber-cofiber sequences. Suppose that we are given a diagram of the following

form
T, . T I . I,
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~
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in X which satisfies the following two conditions:
(i) Each of the vertical sequences is an idempotent fiber-cofiber sequence, i.e., for each 1 < i < n, the
sequence I'; — 1 — L; is a fiber-cofiber sequence in X and satisfies the condition L; ® I'; ~ 0, cf.
Definition 3.1.
(11) L;i®l;11~0 for 1 <i<n.

Then, there is an n-cubical diagram o : NP([n]) — Fun(X, X),

D—id, 0<iz<---<ip<n)—¢,0--00,

which satisfies the following properties:
(1) For each 0 < i < n, the endofunctor ¢; of X appearing in the description of o takes the form

¢; = Map(T;, T; ® Liy1 ® —) € Fun(2X, X).

Here, Map stands for internal mapping objects of X, and we use the convention I'g =1 and L, = 1.
(2) For any functor E : X — 'V into a stable oco-category V which maps fiber-cofiber sequences of X to
fiber-cofiber sequences of V, the image

@HE(%), (0§21<<Z7«§n)l—>E<¢Zl¢ZT($))



of the diagram in X obtained by evaluating the diagram ¢ at any object z € X by the functor F is a limit
diagram in V. In short, there is an equivalence

E(x)~ _ lim. _ E(pi - ¢i(r))

0<i1 < <4r<n
in V, natural in £ and x € X.

We are primarily concerned about the case of the co-category X = 1\/[ong(Pr£t)dual of dualizable R-
modules in Prgt, where R is a rigid Sp-algebra, e.g., Modgr for an Ey-ring R, and £ coming from a
localizing invariant on dualizable presentable stable oo-categories which does not necessarily commute
with r-filtered colimits. When n = 1, i.e., when we are given a single idempotent fiber-cofiber sequence,

Theorem 1.1 gives the following:

Corollary 1.2 (Example 3.8 and Proposition 3.13). Let R € CAlg(PrL) be rigid and let T — 1 — L
be an idempotent fiber-cofiber sequence in Modg (Prk )" Then, for each € € Mody(Prk )", there is a
natural square

C L®gC

| |

Map2®/(D,T @3 €) ————— L ®x Mapd™!(I,T @5 €)

in Modgz(Prgt)dU‘al which is a motivic pullback-pushout square, i.e., any localizing invariants on dualizable
presentable stable co-categories map the square to a pullback-pushout square.

Moreover, if I" is in addition wi-compact in Modgg(Prgt)dual, then the motivic pullback-pushout square
above takes the form

¢ L®xC

| !

Mapiual(F, C) —— L®x Mapdeual(F, e).
Example 1.3 (Remark 3.10). Corollary 1.2 recovers the aforementioned gluing square for continuous K-
theory spectra of Clausen—Scholze. As above, let R be a Noetherian commutative ring and let I be its
ideal. In the case of the idempotent fiber-cofiber sequence Modgﬂu) — Modgr — Modlj%oc(l), the motivic
pullback-pushout square of Corollary 1.2 takes the following form

Modgp —— Modléoc(l)

| |

— —— Loc(I)
Nucgay —— Nucpa; 7,

where Nuc prr stands for Efimov’s modified nuclear module category associated with the adic ring R”\7; note
that the internal mapping object term in the diagram of Corollary 1.2 recovers the rigidification description
of the modified nuclear module category. Upon applying the continuous K-theory functor, above motivic
pullback-pushout square recovers the pullback square (1) of spectra through Efimov’s identification of two
versions of nuclear module categories as noncommutative motives. This form of motivic pullback-pushout
square exists without requiring R to be static or Noetherian, cf. Example 3.9.

Our construction allows us to handle a more complicated, yet closely related situation where all flags of
ideals of R are considered at once. More precisely, we have the following adelic descent result for localizing
invariants on dualizable presentable stable co-categories:



Theorem 1.4 (Corollary 3.32). Let R be an Ey-ring such that moR is Noetherian and of finite Krull
dimension n. Then, for any € € Mododp (Prk)dual and any localizing invariant F on dualizable presentable

stable co-categories valued in a stable co-category V, there is a natural equivalence

. dual dual A A
E(e) - 0§1'1<1¥~I~Ilir§n E <HP1€(Spec7roR)i1 ( . (HPTE(SPQCWOR)iT7 preVi(pr_1) Gpr> o .)P1>

in V.

Here, for each point p of SpecmoR and each dualizable Modg-module €, we write €, = Modg, ®g €
and € = Map%ual (Modgil
deduce the following;:

(p), Gp>, cf. Notation 3.21. When Spec myR has dimension 1, we in particular

Corollary 1.5 (Corollary 3.33 and Example 3.34). Let R be an Ey-ring such that 7R is Noetherian of
Krull dimension 1.
(1) For each € € Modwody, (Prift)dual, there is a natural pullback-pushout square of spectra

Kcont(e) Hne(spec roR) Kcont(en)

[ 1

cont (A cont dual A
HPE(SpeCTK‘oR)I K (ep ) HnE(Spec moR)0 K ((HpE(Spec moR)INV () ep n )
Moreover, the bottom right object is naturally equivalent to
. nt AL
LT e spec my y0 COMMSEDs((Spec mo Ry AV () (H,,E SR ((eplec®)

cont AN
% Hpe(SpecwoR)lﬂV(n),nsZSK (Gp))'

(2) In particular, there is a natural pullback-pushout square of spectra

K(R) HnE(Spec moR)0 K(Rn)

L |

cont A cont dual A
[T e specmomy K (Modn)y) 1L specrome K ((Hpas;»ecwomw(n) (Modz); )n> ’

whose bottom right object is naturally equivalent to
. t AL
Hne(spec oR)0 col1m5€gaﬁn((spec ToR)INV (1)) (Hpes Keon (((ModR)p ) oc(P))

cont A\
x Hpe(spec TmoR)INV (), pesS K ((MOdR)p> ) :

If R is furthermore an animated commutative ring with mgR being Noetherian of Krull dimension 1,
then for each p € (SpecmoR)!, we have Kcont ((ModR)Q) ~ lim, K(R, / p"R,), and the spectrum



Kcont (((Mod R)Q)LOC(")) fits into the pushout square

K(Ry) ———— K(Spec Ry\V (pRy))

| !

lim, K(R, / p"Ry) — Keont (((ModR)Q)Loc@))

of spectra.

Example 1.6. Suppose that R is a Dedekind ring which is not a field. Then, Corollary 1.5 implies that
we have a natural pullback square of spectra

K(R) K (Frac(R))

| !

) " con dual
, limy, K(Rp/p RP) — Koot <MOdFFaC(R) Or H

N
pe(Spec R)! <MOdR)p> ’

Hpe(Spec R)

whose bottom right object is naturally equivalent to

: cont A\Loc : n
colimsez, (Spec ) (HPGSK (((MOdR)P) (p)) X Hpe(SpecwoR)%pishﬁnK(RP/p RP))
Also, by Quillen’s devissage, there is a cofiber sequence of spectra of the form
K(r(p)) — Lm K (R, /p" Ry) — K<™ (((Modp);)-®))

for each closed point p of Spec R.

In [Kim23], we investigated a different form of adelic descent statement for localizing invariants; one
formulation of the main theorem is as follows:

Theorem 1.7. ([Kim23, Th. 3.2.1]) Let X be a Noetherian scheme of finite Krull dimension n. Then, for
any localizing invariant E on small stable co-categories valued in a stable oo-category V, there is a natural
equivalence F(Perfx) ~ limo<i, <...<i,<n F(Ax (ig, ..., 7)) in V. Here, Ax : NP([n])\0 — CAlgI?(ﬁX) is the
cubical diagram of Beilinson-Parshin adele rings associated with X.

While Theorem 1.4 provides, in a sense, a natural motivic resolution for all € in Modyfod, (Pr)dua!

Theorem loc. cit. provides a motivic resolution for the small stable co-category Perfx natural in X,
in a way compatible with Beilinson’s adelic resolution of quasicoherent sheaves. When the input is the
unit ¢ = Modg, the two become comparable. The difference between these two results already become
conspicuous in the case of curves. Let R be a Dedekind ring which is not a field. Then, [Kim23, Th. 3.2.1]
above tells us that there is a pullback-pushout square of algebraic K-theory spectra

)

K(R) ——— K(Frac(R))

i |

K (1_[;36(Specl'%)1 R;) — K(4),

where A = Frac(R) @r [Ipe(spec r)? ]/%; is the ring of finite adeles associated with R. Compared to Exam-
ple 1.6, we see that the bottom two terms are replaced by algebraic K-theory of integral and finite adele



rings. Note that the bottom horizontal maps of these two pullback squares are far from being equivalent to
each other; algebraic K-theory functor restricted to rings does not preserve infinite products and cofiltered
limits. Thus, our Theorem 1.4 can be understood as a continuous refinement of [Kim23, Th. 3.2.1] that
applies to all dualizable presentable stable co-categories over the given base.

Let us briefly summarize our approach to the main results. The construction of 'motivic’ limit dia-
grams in the given oo-category X out of sequences (I'; — 1 — L;) of idempotent fiber-cofiber sequences
illustrated in Theorem 1.1 admits the following geometric intermediate step; we consider the module cat-
egories - - < Mody, <+ Modp,,, < --- < X which stratify X, and construct a motivic limit diagram by
considering ’locally closed’ strata X; and localization functors to each of them. When the given sequence
consists of a single idempotent fiber-cofiber sequence, this amounts to the consideration of the sequence
Mody, < X — coModr; while this only acts as an analogue of unstable recollement, its associated gluing
square behaves as a motivic pullback-pushout square. Hence, Theorem 1.1 can be viewed as an adaptation
of [AMR24, Th. A (3)] to an unstable setting of our interest; while the microcosm reconstruction of loc.
cit. requires the presentable oco-category X to be stable, Theorem 1.1 works in the setting of possibly
non-stable presentable oo-category X, and such non-stability is indeed crucial due to our purpose, at the
expense of providing a motivic reconstruction. In fact, our proof of Theorem 1.1 and relevant statements
are independent of the results of [AMR24]. For the sake of expositional convenience, we first study the
case of a single idempotent fiber-cofiber sequence and the associated gluing square in 3.1 and proceed to
the general case in 3.2.

Our applications of Theorem 1.1 concern the case of X = Modgg(Prgt) , the oco-category of dual-
izable modules in Prgt over the rigid base R, and localizing invariants on such oo-categories. Although
Modgg(Plrl‘t)d“a1 is, as other typical oo-categories of stable oco-categories, not stable itself, it satisfies the
conditions required for X in the theorem, and in particular its fiber-cofiber sequences behave reasonably.
In 2.2, after discussing a few useful generalities on Plrg“t in 2.1, we recall and verify certain properties re-
lated to dualizable presentable stable co-categories over rigid bases that are used in the later part of this
article. We don’t intend to be exhaustive, and we refer readers to the references in the subsection for more
comprehensive treatments. In the second half of 3.1, we specialize to the case of X = Modgg(Priﬁt)dual and
explain how the pullback square (1) of Clausen—Scholze can be recovered in this setting.

We study the continuous version of adelic descent for localizing invariants on dualizable categories in
3.3. We deduce this as an application of Theorem 1.1 for X = 1\/Iod1\/IOdR(Prgt)Glual and an appropriate
sequence of adelic idempotent fiber-cofiber sequences associated with the given R. In fact, we define the
aforementioned idempotent fiber-cofiber sequences as filtered colimits of Modgﬂm — Modgr — Modlj%oc(])
over closed subsets V(I) of certain bounded codimensions in SpecmoR. Then, we proceed to describe the
terms appearing in the motivic limit diagram and verify that they are of the expected form, i.e., given by
successive localizations and completions at each point of Spec my R in the suitable sense. Our proof involves
the description of internal mapping objects in Modg(Pr5)d"@! and its consequences discussed in 2.2 as
essential ingredients. The appearance of these internal mapping objects between dualizable categories, as
dictated by our formulation of Theorem 1.1, is rather subtle. In fact, replacing them with corresponding
internal mapping objects in Modgq(Prgt) would incorrectly render many of the terms as zero. Our approach
to the adelic descent statement is in a sense dual to [BK24], where solid adele rings are constructed within
the stable setting. However, aside from the conceptual similarity, the results and proofs are incomparable
and independent of each other. Also, we do not expect that directly analyzing nuclear module categories
on analytic rings will yield the categories involved in our adelic descent statement. We intend to address
points relevant to this and further description of higher dimensional cases in future works.
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2 Categorical preliminaries

In this section, we collect and verify some useful properties concerning presentable stable oco-categories,
especially dualizable presentable stable oco-categories over rigid bases, which will be relevant in the later
part of this article.

2.1 Module objects in Pr};

Let us begin by fixing some relevant notations and conventions. The full subcategory Prgt of Pr", the oo-
category of presentable co-categories and left adjoint functors, spanned by presentable stable co-categories
admits a standard symmetric monoidal structure whose tensor product is given by the Lurie tensor product
and having the co-category of spectra Sp as a unit. For each T € CAlg(Prk), we denote Modg(Prk) for
the symmetric monoidal co-category of T-module objects in Pr;.

For the purpose of studying oco-categories of dualizable modules, the following convention of [HSSS21;
Ram] is useful. Note that Prl can be viewed as a symmetric monoidal (oo, 2)-category, which we tem-
porarily denote as Prgt, whose underlying symmetric monoidal co-category obtained by discarding non-
invertible 2-morphisms recovers Prgt. For each T € CAlg(Prgt), the symmetric monoidal (oo, 2)-category
Modg(PrL) admits Modg(Prk) as its underlying symmetric monoidal oo-category. Following [HSSS21],
for any symmetric monoidal (0o, 2)-category C, the co-category €4 stands for the (non-full-)subcategory
of the underlying oco-category of €, whose objects are 1-dualizable objects and whose morphisms are the
right adjointable morphisms, also known as internally left adjoint morphisms, of the (oo, 2)-category C.

Lemma 2.1. For a symmetric monoidal (0o, 2)-category €, the co-category €1 of dualizable objects and
right adjointable morphisms admits a symmetric monoidal structure inherited from €.

Proof. For objects z,y € €l their tensor product z ® y remains in C4"2!; by symmetric monoidality,
tensor products of evaluation and coevaluation maps for  and y exhibit the tensor product 2V ®%y" of duals
as a dual of z ® y. Morphisms of €1 are also closed under tensor products. In fact, it suffices to check
that for a morphism f : z — y of €4 and an object z € €494l their tensor product id, ® f : 2@z — 2@y

is in €4ual, This follows from the fact that 2 ® — : € — € is an (0o, 2)-functor, and hence preserves data of
adjunctions; in particular, id, ® f& remains to be a right adjoint of id, ® f if f® was a right adjoint of f
in C. U

We will predominantly focus on the case of € = Modg(Prgt); there, rephrasing the definition, a mor-

phism € Iy D of Modq(Prlft) is in MOd{r(PI‘lﬁc)dual precisely when the source and the target objects are
dualizable objects of Modq(Prgt) and f admits a right adjoint f® which is a T-linear left adjoint functor.
In the rest of the article, for the sake of brevity, we do not distinguish between the symmetric monoidal
(00, 2)-category Modg(Prk) and its underlying symmetric monoidal co-category Modg(Prl;) notationally,
whenever the context is clear. In particular, 1\/[0d7(PrLt)d‘”‘1 stands for the symmetric monoidal co-category
Modg(Prk )4l When T = Sp, we also write Pry® = Modsg,, (Prk )dual,

We end this subsection with the following lemma and the subsequent remark, concerning certain filtered
colimits in Mody(PrL), which will be used in 3.3.

Lemma 2.2. Let T € CAIg(Prlﬁt). Let K be a filtered oo-category, and suppose that we are given a
morphism f = f_): C_) — D) in Fun(X, Modg(PrL)) such that all of the morphisms fi : €, — Dy,
Cr — Cp, and D — Dy of the diagrams are right adjointable in Modg(Pr;). (For instance, f can be taken
as a morphism in Fun (JC, Modq(Prth)d“al) )



Suppose that each fy is fully faithful as a functor for all £ € K. Then, the induced morphism colimg f :
colimyg G, — colimg Dy, is fully faithful as a functor.

Proof. As K is filtered, there is a cofinal (i.e., right cofinal) functor N(K) — X from the nerve of
a filtered partially ordered set K [Lur09, Prop. 5.3.1.18], and hence we can replace X by the nerve
of K. By right adjointability assumption on the morphisms in the diagram €(_), we have a natu-
ral equivalence colimg Cp =~ limgop Cf in Modq(Prlft), where the diagram for the right hand side limit
is given by taking right adjoints of the morphisms of the original diagram, and each of the canonical
maps C; — colimg G, is given by a left adjoint of the canonical projection map p; : limgor Cp — C; in
Modq(Prgt); let us write p{f for a left adjoint of p;, and retain the same notations for the case of D_). Also,
by right adjointability assumption on each of the component morphisms of f_), we have an adjunction
colimg fi 1 limfop f,? : colimg Dy — colimg Cp with both of the functors being morphisms in Modg(Prg“t).
To prove the fully faithfulness of the left adjoint colimg fi : colimg Cr — colimg Dy, we can equiva-
lently check that the unit map id — (lim gop f,f”)o(colim K fx) is an equivalence in Fun%(colim K Ck, colimg Cp).
From the coinitiality (i.e., left cofinality) of the diagonal NK°P — NK°P x NK°P and the aforementioned
identification of the colimit as a limit in Modg(Prk), we have equivalences Fun¥(colimg €y, colimz Cp) ~
Fun%(colimK Ck, limgop Cx) =~ limgop lim gop Fun%(@k,eg) ~ limop Fun%(@k,ek). Thus, the morphism
id — (limgop f{) o (colimg fi) is an equivalence in the left hand side co-category if and only if p; o pi* —
pio (limgop f¥) o (colimpg fx)opr is an equivalence in Fung(Cy, €;) for all i € K. The right hand side of the
latter morphism is equivalent to fiR op; o0 pzL o f;; from the fully faithfulness of the morphisms pzL (associated
with the diagrams C_) and D(_)) which we explain below, the morphism of question is identified with the
unit map id — f& o f;, which in turn is an equivalence due to the fully faithfulness of f; by assumption.
It remains to check that the functor p¥ : C; — colimy € is fully faithful. Equivalently, we check that
the right adjoint functor pi of p; : limgop € — C; is fully faithful, i.e., the counit map p; o pi* — id
is an equivalence. Let us describe pZR explicitly as follows. For each morphism & — ¢ of K, denote
e » Cp — Cp for the morphism comprising the diagram G(,), and write 15_yp Zige = 1555 for the
successive right adjoints of it. Then, the right adjoint pZR is equivalent to the functor C; — limgop Cg

HRR

determined by (C; =% C1)re Ks;» and the fully faithfulness follows from this description. More precisely,
we observe:

SRR
(i) (€; —= Ck)rek-, is a source for the diagram (G(,))R
R RR ~ ,RR m : : R ~ R
1, © i 2 1. The latter statement is equivalent to ;% 01— ~ 20,
faithfulness of 7;_.;; namely, ZZR_>k O Uy zf‘_% o z?_ﬂﬁ O Up_yp ZZR_%.

(ii) piR is a right adjoint functor of the functor p;. For x € limgopr G and ¢ € C;, we have natural equivalences

, i.e., for edges ¢ — ¢ and ¢/ — k of K, one has
and this follows from the fully

Mapiip cop ¢, (2 P14(¢)) = lim Mape, (pe(2). pi(pl*(¢))) = lim Mape, (pi(x). 755 (c))
>i
= lim Mape, (Zf;k(pk(w)), 0) ~ Mape, (ColimKZi U (Pr (), 0) ~ Mape, (pi(2), c)
>i

by construction, showing the claimed adjunction.

(iii) pjoplt ~ oRR = tde, by construction. Thus, the counit map piopt — id is automatically an equivalence.
This finishes the desired verification of the fully faithfulness of p}. O

Remark 2.3. Let T and €y : X — Modg(PrL) be as in Lemma 2.2 above. From this Lemma, we in
particular know:

(1) If all the functors C; — Cy for morphisms k& — ¢ in X are fully faithful, then the natural map
C; — colimg @y, is fully faithful as a functor for each ¢ € X.

(2) If D € Modg(Prk) is a sink for the diagram C(~) such that all the functors €; — D for i € X are fully
faithful, then the induced morphism colimg € — D is fully faithful as a functor.



2.2 Dualizable categories over rigid base

Recall that for any E-ring R, the symmetric monoidal co-category Modp is compactly generated, and its
compact objects are precisely dualizable objects. In connective spectral algebraic geometry, this property
is captured by perfect stacks, e.g., quasicompact quasiseparated spectral algebraic spaces [Lurs, Prop.
9.6.1.1], for each of which the oo-category of quasicoherent sheaves is compactly generated and its compact
objects agree with dualizable objects.

In practice, however, not all symmetric monoidal presentable co-categories which one might wish to
behave as oco-categories of quasicoherent sheaves on perfect stacks have enough compact objects. The
notion of rigidity for symmetric monoidal presentable stable co-categories, introduced in [Gail5; GR17],
specifies conditions which guarantee that module categories over rigid algebras in CAlg(Prg“t) automatically
enjoy certain desirable finiteness properties which are available for module categories over aforementioned
type of compactly generated categories. In fact, rigidity is designed to generalize such type of compactly
generated categories; an algebra T &€ CAlg(PrSIft) whose underlying oco-category is compactly generated is
rigid if and only if compact objects agree with dualizable objects in T. The relative notion of rigidity, i.e.,
that of rigid maps in CAlg(PrL), was introduced and studied in [HSSS21], and was subsequently elaborated
upon and explored extensively in [Ram]|; while we review and verify some properties related to rigidity that
are pertinent to this article in this subsection, we refer to these works for detailed accounts.

Following [HSSS21; Ram], we call a morphism T ERETR: CAlg(PrL) rigid if the multiplication map

U®r U 2 U is right adjointable in Modu@Iu(Pr;) and the morphism T ERETRS right adjointable in
Modg(Prk); in this case, U is called a rigid T-algebra. An object R € CAlg(Prl) is called rigid if the
natural morphism Sp — R in CAlg(Prl) is rigid, i.e., it is a rigid Sp-algebra. For each rigid map T — U,
the (00,2)-adjunction U ®5 — 4 Res : Mody(PrL) — Modg(Prk) is symmetric monoidal ambidexterous
[HSSS21, Prop. 2.21], which can be construed as an instance of the finiteness property.

Recall that for any T € CAlg(Prl), the main theorem of [Ram] guarantees that the co-category
Modg(Prk )4 is presentable [Ram, Th. 4.1]; in particular, Modg(Prk )4 is closed symmetric monoidal

[Ram, Cor. 4.2]. We write Maup%l“al to denote internal mapping objects of Modg(Prk)dual,

Lemma 2.4. Let T — U be a map in CAlg(PrL) which is rigid. Then, there is a symmetric monoidal
adjunction U @3 — 4 Res : Mody (Prk )" — Modg(Prl )9l induced from the adjunction U @5 — 4 Res :
Mody (PrL) — Modg(Prk). In particular, we have an equivalence

Mapgual(—, Res(x)) ~ Res (Mapﬁual(u ®g —, *))

of Fun((Modg(Prk)4ua!)oP x Mody(Prl ), Modg(Prk )dual).

Remark. While the original adjunction U @7 — 4 Res : Mody(Prk) — Modg(Prk) is ambidexterous,
the induced adjunction U ®3 — 4 Res : Mody(Prk)d 2 — Modg(Prk )l need not be ambidexter-

ous. This is analogous to the fact that the induced adjunction U ®5 — 4 Res : CAlg (Modu(Prg“t)) —
CAlg (Modq(Prgt)) need not be ambidexterous.

Proof. By [HSSS21, Prop. 2.21 and Prop. 2.12], we know the ambidexterous symmetric monoidal (oo, 2)-
adjunction U @7 — - Res : Mody(Prk) — Modg(Prk) restricts to the adjunction U ®7 — - Res :
Mody (Prk)du @l — Modg(Prk )@l Since the functor U @3 — on dualizable objects is symmetric monoidal,
the induced adjunction is symmetric monoidal. The formula for the internal mapping object follows from
direct computations relating Map(Z, @g“al(X ,Res(Y))) naturally to Map(Z, Res(@ﬁual(u ®7 X,Y)))
for X, Z € Modg(PrL )3 and Y € Mody (Prk )"l using that the adjunction is symmetric monoidal. [

Following [Ram], we denote CA]ggs for the full subcategory of CAlg(Prk) spanned by rigid Sp-algebras,

which we simply call as rigid categories. An important finiteness property of rigid categories is that the



notion of dualizable module categories over a rigid base is equivalent to that of modules over a rigid base
in dualizable categories [Ram, Cor 3.40]:

Remark 2.5. Let R € CAlg(Prk) be rigid, so the restriction of scalars functor Modg(Prk)dual —
Modsp(Prgt)dual = Pri}c’dual in particular is well-defined, cf., Lemma 2.4. From the lax-symmetric monoidal-
ity of this functor, we have an induced functor Modg(Prk)duel — Modgg(Pr;’dual) between the module

categories over the unit R of the source and over the image R of the former unit in the target Pri’t’du&ll

respectively. By [Ram, Cor. 3.40], this functor is an equivalence Modg(Prk )%l ~ Modg (Pry®™™). In fact,
[Ram, Cor. 3.39] shows that such an identification holds precisely when the base category in CAlg(Prk) is
rigid. In particular, for any morphism f: € — D of MOde(PI'gt)dual, the right adjoint f® of its underlying

functor is R-linear.

L,dual . S .
The oco-category PrSt’dua acts as a natural source category on which localizing invariants are defined

[Efi24; Hoy]; these are functors which map fiber-cofiber sequences of Pr;’dual to fiber-cofiber sequences
of the target. Let us briefly recall the following characterizations of fiber-cofiber sequences in Prl and

L,dual e . .
Prg™™, which in this context are also known as Verdier localization sequences.

Remark 2.6. Let T € CAlg(Prh), and let (x) = A LB ebea sequence in Modg(PrL).
(1) The sequence (*) is a fiber-cofiber sequence in Modg(PrL) if and only if the image of () in Prl is a
fiber-cofiber sequence. This is due to the fact that the forgetful functor Mody(Prl;) — Prk preserves small
limits and small colimits, and reflects equivalences.
(2) Also, the followings are equivalent:

(i) (%) is a fiber-cofiber sequence.

(ii) () is a cofiber sequence and the underlying functor of A 5 Bis fully faithful.
In fact, these conditions are equivalent to the condition that the underlying functor of B % A admits
a fully faithful right adjoint, and the underlying functor of f is equivalent to the fully faithful canonical
inclusion functor fib(g) < B, cf. [Ram, Prop. A.20].

Lemma 2.7. Let R € CAlggIg), and let (x) = A I, B % @ be a sequence in Modg (Prl)dual. Then,

(1) The followings are equivalent:
(i) (%) is a fiber-cofiber sequence.

(ii) () is a cofiber sequence and the underlying functor of A L Bis fully faithful.
(2) A sequence (*) in Modg (Prk )4l is a fiber-cofiber sequence if and only if the image of () in Modg(Prk)
is a fiber-cofiber sequence.

Proof. The case of R = Sp follows from Remark 2.6 and [Ram, Lem. 2.45], which asserts that the functor
Prl}’duaLl — Prgt preserves fiber of our given g, i.e., the underlying object of 0 x‘é“al B in Prgt is 0 x¢ B; see
also the paragraph below loc. cit.. The general case follows from the case of R = Sp; we have a natural
diagram

Modg (Prk)dusl —~ Modg(Prid™) —— Modg(Prk)

T~ | !

L,dual L
_
Tyt Prst )

where the uppermost bent arrow is the natural inclusion functor, the upper horizontal arrow is the one
as in Remark 2.5 which is an equivalence [Ram, Cor. 3.40], and the right-down diagonal arrow as well as
the vertical arrows are the restriction of scalars functors. As the vertical arrows preserve small limits and
small colimits [Lura, Cor. 4.2.3.3 and Cor. 4.2.3.5] and reflects equivalences [Lura, Cor. 4.2.3.2], we know
the sequence (%) in Modg (Prl)dual ~ ModR(Pr;’dual) is a fiber-cofiber sequence if and only if the image of
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(*) in Pr;dual is a fiber-cofiber sequence, which in turn holds if and only if the image of (x) in Pr (and
equivalently in Modg (PrL)) is a fiber-cofiber sequence due to the aforementioned case of R = Sp. O

The characterization of fiber-cofiber sequences of dualizable presentable stable categories from Lemma
2.7 has the following consequence, which asserts that fiber-cofiber sequences of dualizable presentable stable
categories over a rigid R are preserved under tensor products with arbitrary objects in MOde(PI' : )dual,

Lemma 2.8. The followings hold:

(1) Let T € CAlg(PrL), and let € € Modg(PrL). Suppose that f : A < B is a right adjointable functor in
Modq(Pr;) which is fully faithful. Then, ide ® f : € @3 A — € ®5 B is fully faithful.

(2) Let R € CAlggpg, and let & € Modg(PrL)d@. Then, for any fiber-cofiber sequence A — B — € in

Modgq(Prgt)d“al, the sequence € @ A — € ®3 B — € R4 C is a fiber-cofiber sequence in Modgq(Prgt)dual.

Proof. We first explain how (2) follows from (1). As in the case of closed symmetric monoidal categories in
general, the functor € ®¢ — is left adjoint and in particular preserves cofiber sequences. By Lemma 2.7, it
remains to check that the functor ide ® f : € @ A — € ®x B is fully faithful, where we denote f: A — B
for the first map of the original sequence; this reduces us to the verification of (1). The statement (1)
follows from the fact that the fully faithfulness amounts to the unit map being an equivalence, and that
€ @7 — : Modg(Prl) — Modg(Prk) is an (0o, 2)-functor for any & € Modg(Prk), and hence preserves data
of adjunctions. This finishes the proof of (1).

For convenience, let us spell out what the last statement entails. By assumption, f is right adjointable
in Modgy(Pr}), i.e., admits a 1-morphism f® and 2- morphisms n:id — fRf and € : ffR® — id such

that < J AN YN f) id and ( LA AN fR) ~ id. The condition that f is fully faithful
precisely amounts to 7 : id — fX f being an equivalence. Upon tensoring with &, we have 1-morphisms ide ®
f and ide ® f® and 2-morphisms (Z‘dg(g)g.‘/[ 285 (idg @ fR) o (ide ® f)) = (idg ®idy —— e n —— ide ® (fRf)>

and ((idg ® f) o (ide @ fR) % id(g@ﬂ;) = (idg ® (%) B, ide @ ’Ldg) which satisfy

and ' A . ‘ .
<id5 Q fR M ide @ fRfFR M ide ®fR> ~ id

from the triangle identity equivalences of the original adjunction. In particular, we know ide ® f is right
adjointable in Modg(PrL) with a right adjoint ide ® f®. Since the unit g = ide ® 1 witnessing the
adjunction is an equivalence, we know idg ® f remains to be fully faithful. O

Remark 2.9. The proof of Lemma 2.8 shows that the analogous statement of (2) holds for any T €
CAlg(Prk), & € Modg(Prk), and fiber-cofiber sequences in Modg(Prk), given that the first map A — B
of the sequence is right adjointable in Modg(Prk).

Lemma 2.10. Let R € CAlgrlg Suppose that €& € Modg(PrL)? ! and that A — B — € is a fiber-

cofiber sequence in Modgq(PrSt)dual. Then, the induced sequence Funk (&, A) — Funk (&, B) — Funk(&, C)
a fiber-cofiber sequence in Modg(Prk)dul,

Proof. From the assumption that the object € is dualizable in the closed symmetric monoidal co-category
Modg (PrL), we have an equivalence Funk(&, —) ~ &Y @3 — of endofunctors of MOde(Prst) here, &V ~
Fun%(&,iR), and &V is dualizable by dualizability of €. In particular, the functor Fungz(E, ) preserves
dualizability and right adjointability of morphisms, and hence induces a functor Fungz((‘l, —) ~ &Y ®q
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Mod;R(Pr dual Mod;R(Prgt)d“al. By Lemma 2.8, this functor preserves fiber-cofiber sequences of
Modgg(Pr )dual O

We also observe the following form of ’octahedron axiom’ in Modg(Prk )dua!:

Lemma 2.11. Let R € CAlgrlg Suppose that we are given morphisms f : A < B and g : B — C

of MOde(PI‘ +)dual which are fully faithful as functors. Denote A EI g B/A, B L € - €/B and

A ———> € — C/A for the associated fiber-cofiber sequences of Modg (PrL )dua!,

BJA L C/A — €/B is a fiber-cofiber sequence of Modg(Prk)dual,

Then, the natural sequence

Proof. First, the fact that the sequence B/A NG JA — C/B is a cofiber sequence follows immediately
from the diagram
f g e

iii

— 3 BJA L5 /A

| |

00— C/B;

since the upper left square and the upper outer rectangle are pushout squares, the upper right square is
a pushout square, and since the right hand side outer rectangle is a pushout square, the lower square is a
pushout square.

By Lemma 2.7, it remains to check that the functor B/A % e JA is fully faithful. For the sake of
convenience, let us write h = g o f. Consider the diagram

A—— - B —— BJA ~ fib(f})

| el e

A T8 € T ©/A = fib(hR).
h

Here, among the double arrows, left or upper arrows are left adjoints. By construction, a right adjoint of
g is equivalent to the morphism gR : fib(h) — fib(fR) of Modsg (Prk )4l induced from g® by restrictions.
We have to check that the counit for g - giR is an equivalence, i.e., equivalently, g o ng ~ ¢d. This follows
from analyzing the adjunctions involved in the diagram; namely, we compute

GogR = (go (B — BJA)) o ((fb(f*) = B) o gF)
~ (€~ €/B)og) o (g% o (fib(h*) = €))
~ (€ = €/B) o (fib(h}) — @) ~id,
verifying the desired fully faithfulness of g. O

We continue to explore how certain useful properties and constructions associated with dualizable
presentable stable categories remain valid over any rigid bases. First, we observe the following:

Lemma 2.12. Let R € CAlgrlg and let € € Modg(PrL). Let x and \ be regular cardinals. Suppose that
k > w and that both R and € are x-compactly generated.
(1) € is left-tensored over R", and the left module structure is obtained as a restriction of that of € over

R.
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(2) k-compact objects of € are precisely the objects € € such that the functor @e/,ﬂ(x, —-):C =R
preserves small k-filtered colimits.

(3) Ind»(C") is left-tensored over Indy (R*); the structure maps are compatible with the Yoneda embeddings
and preserve small M\-filtered colimits separately on each variables. Moreover, when A = w, the structure
maps preserve small colimits separately on each variables due to the fact that the structure maps for the
left R*-module C* structure preserve finite colimits.

Remark. Similarly, Ind(@) is left-tensored over Ind(R); the structure maps are compatible with the Yoneda
embeddings and preserve small filtered colimits separately on each variables. Here, Ind(C) = Ind,(C), as
usual, is the full subcategory of Fun(C°P, Ani) generated under small filtered colimits by images of the
Yoneda embedding.

Proof. (1) It suffices to check that the structure maps @ : R x R — R and ® : R x € — € send pairs
of k-compact objects to xk-compact objects; the case of the former can be viewed as a special case of the
latter, so let us check the latter claim. Denote m : R® R — R and s : R® € — C for the morphisms in
PrSIjt induced from the left R-module structure maps for C; by rigidity assumption, m is right adjointable in
Prgt, whose right adjoint is denoted by m®. The morphism s: R ® € — € is also right adjointable in Prgt,

mR®ide

where the right adjoint takes the form € ~Sp®C - RQXC ——— RQR®C 1r®s, g ® @, cf. [GR17,
Lem. 9.3.2]. Thus, s induces a functor (R ® €)* — C* upon restriction. On the other hand, the functor
REFXCF — RxC — R®C preserves k-small colimits separately on each variables, and hence factors through
R* ® €. The induced map R* ® C* - R® € is in Catgﬁx(ﬁ), so this map further induces a small colimit
preserving functor Ind,(R"” ® €*) — R ® €. Now, by k-compact generation assumption on R and C, we
can identify the inclusion functors R* — R and C® — € with the Yoneda embeddings R* — Ind, (R") and
C* — Ind,(C"), and from this we deduce that the functor Ind,(R" ® %) - R ® € ~ Ind,(R") ® Ind,(C*)
is an equivalence, from the symmetric monoidal equivalence Ind, : Catgtex('{) ~ Pr&t’,{, cf. [Lur09, Prop.
5.5.7.10] and [Lura, 4.8.1]. In particular, the functor R x € — R ® € induces R* x €* — (R ® €)" upon
restriction. Thus, we know the structure map induces R* x €* — (R ® €)" — € on k-compact objects as
desired.

(2) Fixxz € C. If Map, /:R(a:, —) preserves small k-filtered colimits, then from the equivalence Mape(z, —) ~
Mapy(ljg,me /R(x, —)) and k-compactness of the unit 1¢, we know the k-compactness of z. For the
reverse implication, we need to check that given = € €%, the natural map Mapg(a, colim; Map, /R(az, Yi)) —
Mapg(a, Map, /R(:c, colimy y;)) is an equivalence for all a € R and a small x-filtered diagram (y;); in C.
Due to the k-compact generation assumption on R, it suffices to check the case of a € R*. Then, one
has a ® x € C" from (1), and hence verifies Mapy(a,wem(x,colimj ¥i)) =~ Mape(a ® z,colimy y;) =~
colim; Mape(a ® x,y;) ~ colimy Mapy(a,wem(m, ¥i)) ~ Mapg(a, colim; @em(m, vi)).

(3) The first statement is a consequence of [Lura, Prop. 4.8.1.10]. The second statement can be proved
as in the proof of [Lura, Cor. 4.8.1.14]; for convenience, let us repeat the argument here. Let A = R”
and M = C®. We check that for A € Ind(A), the functor A ® — : Ind(M) — Ind(M) preserves all small
colimits; the other variable case is proved analogously. The full subcategory D of Ind(A) spanned by A
such that A ® — preserves small colimits is closed under filtered colimits. Thus, it suffices to check D
contains the essential image of the Yoneda embedding j4 for A to conclude D = Ind(A). We need to
check 74(a) ® — preserves small colimits for each a € A, and this statement is equivalent to checking that
Ja(a) ® — preserves filtered colimits and (j4(a) ® —)|maov))~ = (Ja(a) @ —) o j4 preserves finite colimits
[Lur09, Prop. 5.5.1.9]. These conditions follow from the compatibility of the Yoneda embeddings and the
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left module structure maps, which in particular gives the diagram

A—%% M

u| [

Ind(A) ——= Tnd(M).

O]

Proposition 2.13. Let R € CAlgglf and let C € Modgg(Prth). Suppose that x is a regular cardinal such
that £ > wy and that C is k-compactly generated. Also, write k - 7 : € — Ind(C") for the colimit-Yoneda
adjunction, cf. [KNP, Lem. 2.1.35]. Then, Ind(C*) admits a natural R-module structure rendering the
functors 7 : € — Ind(€C") and k : Ind(C") — € as R-linear.

Suppose moreover that € € Modg(Pr5)d@! so there is a further adjunction 74 k 4 7 : € — Ind(C*),
cf. [KNP, Proof of Lem. 2.3.18]. Then, 7: C — Ind(C") is also R-linear, and in particular is a morphism

in Modg (PrL)dual,

Remark. By arguing as the proof below, one similarly knows that Ind(€) admits a natural R-module
structure rendering the functors 7 : € — Ind(€) and k : Ind(C) — C, as well as 7: € — Ind(C) when € is
dualizable, as R-linear.

Proof. Let + : € — € be the inclusion functor, which can be identified with the Yoneda embedding
C* — Ind,(C"). Also, denote ¥ : € — Ind(C®) for the Yoneda embedding. By Lemma 2.12, Ind(C*)
admits a left Ind(R*)-module structure and 5 is compatible with the left tensor structures of the source
and the target. Also, note that the left R-module structure on € is equivalent to the left Ind, (R")-module
structure on Ind,(C") obtained via Lemma 2.12.

We check that Ind(C") admits a left R-module structure such that the functor j : € — Ind(C") is
R-linear. From the adjunction Ind(z) 42" = (=)[(er)or : Ind(€) — Ind(C") and the fully faithfulness of

Ind(z), we know id ~ 1* oInd(z). Also, j is equivalent to the composition € % Ind(€) N Ind(C*), where J is
the temporary notation for the Yoneda embedding for €; from this, we know j =~ (2 = Mape(—, )|(er)or)
preserves small k-filtered colimits. Now, from the diagram

ex L md(er)

l ) jlnd(M

€ — 5 Ind(€) —~— Ind(€r),
J

we know jo1 >~ j¥. Since j* extends uniquely along ¢ to a s-filtered colimit preserving functor compatible
with the left tensor structures of the source and the target [Lura, Prop. 4.8.1.10 (4)], we know 7 : € —
Ind(C") satisfies this compatibility condition. By restriction along the natural functor R — Ind(R"), i.e.,
the one equivalent to jy for the case of € = R, the left Ind(R*)-module structure of the target Ind(C*)
restricts to a left R-module structure such that j: € — Ind(C") is R-linear with respect to this left tensor
structure.

The remaining statements can be checked as follows. Since €" is essentially small by accessibility of
C [Lur09, Rem. 5.4.2.11], we know Ind(C®) € Modyjoq,, (Prk)d!. The oplax R-linear structure on the
functor £ : Ind(C®) — € left adjoint to j is R-linear by (local-)rigidity of R [Ram, Lem. 3.53]. Applying
the same argument once again to the functor 7: € — Ind(C") left adjoint to k, when € is dualizable, we
know 7 is also R-linear. O
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Corollary 2.14. Let R € CAlg(PrL) be rigid.
(1) Let € € Modg(Prk). Then, € is an object of Modg(PrL )@ if and only if there is a right adjointable

morphism € < € in Modgg(Prlft) into a compactly generated €', whose underlying functor is fully faithful.
(2) Let f : € = D be a morphism in Modg(Pr), and suppose €, D € Mody(Pr)®@!. Then, f is a

morphism of Modg (Prk)d"@! if and only if there is a diagram
C—— ¢
| |7
@ (—/> D/

in Modg(Prk) with € and D’ being compactly generated, f’ preserving compact objects, and 2 and o’ are
right adjointable and their underlying functors are fully faithful.

(3) The tensor product ®g of the symmetric monoidal structure on Modg (Prk )4l restricted from that of
Modg (Prk), satisfies the property that for any €, D, & € Modg(PrL)?! composition with € x D — C®@5 D
defines an equivalence Funi'(€ @g D, &) ~ Funp(C x D, €); here the right hand side is the full subcategory
of Fun(€ x D, €) spanned by functors which are separately R-linear and preserve small colimits on each
variables and send pairs of compact morphisms to compact morphisms.

Proof. For R = Sp, (1) and (2) are [KNP, Lem. 2.12.1], and (3) is [KNP, Prop. 2.12.2]; let us explain the
general case using these facts. By rigidity of R, dualizability of € € MOdg{(PI'gt) can be checked in Prgt, and
the if direction of (1) is immediate. The only if direction of (1) follows from Proposition 2.13. Similarly,
the if direction of (2) follows from the case of R = Sp and Remark 2.5, while the only if direction of (2)
follows from Proposition 2.13, by taking f’ to be the functor Ind(€“*) — Ind(D**) induced from f and the
horizontal arrows to be j¢ and 7p.

It remains to check (3). First, from the natural equivalence Modg(Prk)dual ~ Modgq(PrlJt’dual) [Ram,
Cor. 3.40] and the case of R = Sp, we know the symmetric monoidal structure on Modg (PrL), whose tensor
product is given by the relative tensor product in Prgt over R, restricts to the symmetric monoidal structure
on Modgg(Prgt)dual. In particular, the tensor product of this symmetric monoidal structure is the relative
tensor product in Prl}’dual over R. For the universal property of ®x, note that for any & € Modgz(Prgt)d“al,
composition with € x D — € ®% D induces a natural equivalence FunI;z(G ®p D, E) ~ Funlj’%L(G x D, &),
where the right hand side is the full subcategory of Fun(C x D, ) spanned by functors separately R-
linear and preserve small colimits on each variables. The latter equivalence induces a functor Fun%((i’ R
D, &) — Funk(C x D, &) on full subcategories; in fact, we have a natural equivalence Fun™(€ @ D, &) ~
Fung, (€ x D, €) induced from the composition with € x D — € ® D from the case of R = Sp which in
particular says that € x D — € ® D maps pairs of compact maps to compact maps, while we also know
the natural functor € ® D 5 € ®g D is right adjointable in Prk [GR17, Prop. 8.7.2] by rigidity of R, and
hence in particular sends compact maps to compact maps. It remains to check that the induced functor
Funiy’(C®x D, &) — Funk(€ x D, &), which by construction is fully faithful, is essentially surjective. Given
an object € x D — & of the target, we have a corresponding object € @3 D % & of FunIﬁ(G ®r D, &),
whose composition € ® D L5 & with €® D 5 € @3 D we know to be in Fun'™(€ @ D, &) from the
aforementioned equivalence for the case of R = Sp. As ¢ is epi in Pr, i.e., the essential image of the
morphism € ® D — € ®x D generates the target under colimits [GR17, Lem. 8.2.6], we equivalently know

R
its right adjoint € @3 D < C® D reflects equivalences. As c® in addition is a morphism in Prgt, we know
g™ is a morphism in Prgt from the fact that (g o c)® ~ c® o g® preserves small colimits. In particular, g is

an object of Fun'(€ @ D, &) from the equivalence Modg (Prk)dual ~ Modgg(Pr;’dual) as desired. O

Recall that, given a presentable stable co-category C and a class S of morphisms in € which satisfies
certain conditions guaranteeing that .S behaves as a class of compact morphisms, Clausen’s construction
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[Claa] provides a terminal dualizable presentable stable co-category (€, S)4! equipped with a map into

C in Prl which sends compact morphisms to S. See also [Ram, Th. 5.34] and [KNP, Th. 2.7.4]; here,
for convenience, we adopt the notion of precompact ideals [KNP, Def. 2.7.1] from the latter to specify the
aforementioned condition on S. Below, we observe that under a relatively mild assumption on S, Clausen’s
construction remains to have the same universal property over any rigid base in place of Sp:

Proposition 2.15. Let R € CAlg(Prstt) be rigid, and let T be a set of trace-class maps of R such that
sequential colimits along maps of T generate R under colimits, cf. [Ram, Cor. 3.50]. Let C € Modg(Prk)
and let S be a precompact ideal of the presentable stable co-category € which is closed under desuspensions
and satisfies the following condition:
(¥) For any 2 — y in T and any ¢ — ¢ in S, their tensor product z ® ¢ — y ® ¢’ through the left
R-module structure map for € is in S.
Then, the left adjoint functor (€,5)% — € is a morphism in Modg(PrL) with the source being in
Modg (Prk )4l and induces an equivalence Funix (D, (€, §)4ua!) ~ Funk((D, C), (€, S)) via composition for
any D € Modg (PrL )@l here, the left hand side is the oo-category of right adjointable (i.e., internally left
adjoint) functors in the (oo, 2)-category Modg(Prk), and the right hand side denotes the full subcategory
of Funk(D, C), the oco-category of R-linear left adjoint functors, spanned by functors sending compact
morphisms of D to S.

Proof. By assumption on S, there is a regular cardinal x > w; such that € is k-compactly generated, that
the collection of all S-exhaustible objects of Ind(€), i.e., those of the form colimg j(z4) where each of the
maps T, — 2g for a < B is in 9, is small and is in Ind(€%), and that (C,S)4u! is realized as the full
subcategory of Ind(C") generated under colimits by S-exhaustible objects equipped with the left adjoint
functor (€, S)4"4! — € which is the restriction of & : Ind(€") — €.

We check that (€,5)%! is a R-linear stable subcategory of Ind(C*) and the functor (€,S)%"? — @
is R-linear. Here, we are using the R-module structure on Ind(C*) from Proposition 2.13. Since S is
closed under desuspensions, the set E of S-exhaustible objects is closed under desuspensions, and the
full subcategory (C,S) of Ind(C*) generated under colimits by FE is a stable subcategory. Condi-
tion () guarantees that (€, S)%! is in addition an R-linear subcategory of Ind(€*). Thus, the functor
(€,8)al — @ being a composition of the R-linear inclusion functor (€, S)4 — Ind(€*) with the func-
tor k : Ind(C®) — € which is R-linear by Proposition 2.13, is by construction R-linear. By rigidity of
R, we know the object (€,S)%u ¢ Pr;’dual together with the R-module structure on it is an object of
Modg (Prk )dual ~ Modg (Prirdua!).

It remains to check the universality statement. Fix D € Modgg(Prlft)d“al. We have an equivalence
Fun™™(D, (€, §)dual) ~ Fun™((D, C), (C,S)) induced by composition with (€, S)d — €. Here, the left
hand side is the co-category of right adjointable functors in Pl"l"t and the right hand side is the full sub-
category of FunL(D, C) spanned by functors sending compact morphisms of D, denoted by C, to S. As
noted in Remark 2.5, the full subcategory Fun%(@, (€, 8)dualy of Fun®™ (D, (€, )4l is spanned by R-

linear functors. Now, we observe that an object D ERN (€, 8)dal of Fun™(D, (€, S)4) is R-linear if and

only if the composition D EN (€,8)dal 5 @ in Fun®((D, C), (G, S)) is R-linear. Due to the R-linearity of
(€,5)al 5 @ the only if direction is immediate. Conversely, if the latter composition is R-linear, we can
consider the diagram

Ind(D*) ——— Ind(C")

J J

(g’ C)dual ! (e’ S)dual

NJ £

D———
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which realizes f as a functor induced via restrictions from the top horizontal R-linear functor Ind(D") —

Ind(€"), which is the one induced from the bottom horizontal R-linear composition functor D ER (€,8)dual
C; in particular, f is R-linear. Thus, from the equivalence Fun’™(D, (€, S)4ua!) ~ Funl((D, C), (€, S)), we
induce the claimed equivalence between the full subcategories of R-linear functors Funiy(D, (€, S)dual) ~
Funf((D, C), (€, 9)). m

Remark 2.16. When the base rigid category R takes a relatively simple form, e.g., Modp for an E.-ring
R, then the condition () of Proposition 2.15 is redundant; in fact, (€, )" is an R-linear subcategory of
Ind(€") for any choice of S. More precisely, we can observe the following:

Lemma 2.17. Suppose that T € CAIg(Pr&t) is generated under colimits by desuspensions of the unit 1.
Also, suppose that € and D are stable co-categories admitting small colimits and are left tensored over T,
and that the module structure maps ® : T x € = Cand ® : T x D — D preserve small colimits on the first
variable 7.

(1) Let € be a stable subcategory of € which is closed under all small colimits in €. Then, € inherits a
left T-module structure from C.

(2) Let g : D — C be either a lax J-linear or an oplax T-linear functor. If g preserves small colimits (and
hence finite limits, in particular desuspensions), then g is T-linear.

Proof. (1) It suffices to check that the T-module structure map T x € 2, @ restricts to €. Let 77 be the full
subcategory of T spanned by x € T such that x ® d € €’ for all d € €’. Then, we observe that 7’ contains
the unit 1, that 77 is closed under small colimits in T, and that J” is closed under desuspensions in J from
the fact that — ® d : T — € preserves small colimits and desuspensions for all d € €’. Thus, 7/ = T and
the claim follows.

(2) The case of oplax T-linear functors is proved exactly in the same way as the lax T-linear functors case,
so let us check the latter case. As above, let J7 be the full subcategory of T spanned by objects x such
that the natural map z ® g(d) — g(z ® d) is an equivalence for all d € D. To have J' = T, it again suffices
to check that 7’ contains 1 and is closed under small colimits and desuspensions. The first condition is
immediate; the closure under small colimits and desuspensions follows from the fact that the functors g,
—®c:T—=Cand —®d:T — D for each ¢ € C and d € D preserve small colimits and desuspensions. [

Remark 2.18. The followings, concerning Proposition 2.15, were pointed out to the author by Maxime
Ramzi. The condition (%) on S cannot be dropped in general for given rigid R and € € Modg(Prk)d"!, In
practice, however, this would not be much of a restriction. For example, the condition (x) is satisfied for

the S used in the description of internal mapping objects for any rigid R.

Below, we note that the description of internal mapping objects in the case of R = Sp [Ram, Th. 5.34],
see also [KNP, Lem. 2.12.6], remains the same over rigid bases.

Proposition 2.19. Let R € CAlggf) and let €, D € Modg(Prl)®. Denote Sen) for the class of
morphisms f = g of Funk(C, D) such that for any compact morphism 2 — y of C, the composition

dual
f(x) — fly) SEN g(y) is a compact morphism in D. Then, (Funlﬁ(e, D), S(@’D)) " is an internal mapping

object Map‘;{ual(e, D) of € and D in Modg(Prk )dual,

Proof. We first check that the precompact ideal Se p closed under desuspensions in addition satisfies the
condition (x) of Proposition 2.15. By definition, it suffices to check that for any trace-class morphism
x — y of R and any compact morphism ¢ — d of D, their tensor product x ® ¢ = y ® d remains to be a
compact morphism of D. By rigidity of R, for D € 1\/[odgg(P1rsLt)du3L1 we know R-atomic maps are precisely
compact morphisms [Ram, Cor 3.45 and Cor. 2.79]. Since tensor products of trace-class maps of R and

R-atomic maps of D are R-atomic [Ram, Lem. 2.100], we have the claimed statement. Alternatively, one
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can use the universal property of ® in Corollary 2.14 (3) and [GR17, Lem. 9.3.2] to explain this as well.
Now, let & € Modg(PrL)d@! and write C for the set of all compact morphisms of &. By Proposition
2.15, we have a natural equivalence

Fun% (8, (Fun%((‘?, D), S(GVD))dual) ~ Funlgg ((8, ), (Funljg((?, D), S(@’@))) ,

and the right hand side is, by definition, further naturally equivalent to the full subcategory Funf (€ x €, D)
of Funé’{L (€ x €, D) spanned by functors which send pairs of compact morphisms to compact morphisms,

via restriction of the equivalence Fun&® (€ x €, D) ~ Funk (E,Fun%(G,D)). By Corollary 2.14 (3), we

know the right hand side Funj (€ x €, D) is further naturally equivalent to Funv'(€ ®x C,D); thus, we
have established a natural equivalence

. dual .
FungzL (8, (FunIgi((‘f, D), S(QD)) ) ~ Fun%(é’ ®x C, D)

as desired. O

Corollary 2.20. Let R € CAlggg. Also, let € be an object of Modg(Prk)d ! and let h : D < € be a

morphism in Modg(Prk; )9l whose underlying functor is fully faithful.

(1) If Funk(C, D) ~ 0, then Map%“al(e, D) ~0.
(2) If the map ho — : Funk(€, D) — Funk(€, &) is an equivalence in Modg (Pr), then the h-induced map

Mapdmual(e, D) — Map%ual(& &) is an equivalence.

Proof. (1) By Proposition 2.19 and the description of the terminal dualizable category in Proposition 2.15,
the category M;g“al(e, D) embeds fully faithfully into the Ind-completion of Funk(C, D); since the latter
category is equivalent to 0, the former category is also equivalent to 0.

(2) The equivalence h o — : Fun(€, D) ~ Funk(€, &) induces a bijection between the classes of morphisms
S(e,py and hS(e p), with the latter being a subclass of S(¢ ¢) as h preserves compact morphisms. On the other

hand, any object of S(e ¢ takes the form of A7 : ho f — hog for an essentially unique morphism 7: f — g

h
in Funk(C, D) such that for any compact morphism z — y of €, the morphism hf(z) — hf(y) SN hg(y)
in & is compact. By fully faithfulness and right adjointability of k in Prl, morphisms of D are compact
if and only if their image by h in € are compact; in particular, we have hSe p) = S(e¢). By Proposition

2.19, this implies that h o — induces an equivalence Map%ual(e, D) ~ Map%ual((?, ). O

3 Formal gluing diagrams

In this section, we study certain cubical diagrams, which can be construed as motivic limit diagrams, con-
structed out of sequences of idempotent fiber-cofiber sequences; having applications to localizing invariants
in mind, our main interest would be in the case of diagrams of dualizable presentable stable co-categories
over rigid bases. In subsection 3.1, we separately treat the case of motivic pullback-pushout squares each of
which is associated with a single idempotent fiber-cofiber sequence; as an archetypal example, we recover
the formal gluing of continuous K-theory along punctured formal neighborhood using Efimov’s nuclear
modules categories. In subsection 3.2, we study the construction of a motivic cubical limit diagram out
of a stratification associated with a sequence of idempotent fiber-cofiber sequences, generalizing the con-
struction of 3.1. As an application of this, we verify an adelic descent statement for localizing invariants
on dualizable presentable stable co-categories in 3.3.
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3.1 Idempotent fiber-cofiber sequences and gluing squares

We start with the notion of idempotent fiber-cofiber sequences, which will serve as inputs for our construc-
tion of motivic pullback-pushout squares.

Definition 3.1. Let X be a symmetric monoidal co-category which admits finite limits and finite colimits,
is pointed (i.e., has zero objects), and satisfies the condition that for any object e of X, the functor
e® — : X — X preserves fiber-cofiber sequences (i.e., sequences x — y — z in X each of which is
simultaneously a fiber sequence and a cofiber sequence).

We call a fiber-cofiber sequence I' < 1 2 L in X satisfying the equivalent conditions of Lemma 3.2
below an idempotent fiber-cofiber sequence in X.

Lemma 3.2. Suppose that X is a symmetric monoidal co-category satisfying the conditions as in Definition
3.1, and that we are given a fiber-cofiber sequence of the form I' % 1 2% L in X. Then, the following
conditions are equivalent:

(1) e : T' — 1 is an open idempotent, i.e., ' @ " 19 T @1 ~Tisan equivalence.

(2) n:1— L is a closed idempotent, i.e., L~ L ® 1 Lo [ @ Lis an equivalence. !

(3)T®L ~0.

Proof. By assumption on X, the functors L ® — and I' ® — preserve fiber-cofiber sequences, and we in
particular have the following two fiber-cofiber sequences L ® I’ Loe p Len, ®Land T ®T 225T Ten,
I'® L. Hence, each of the stated conditions (1) and (2) are equivalent to the statement I'® L ~ 0, verifying

the claim. O

Remark 3.3. Let X = (X, ®,1) be a symmetric monoidal oco-category.

(1) Suppose that n : 1 — L is a closed idempotent of X. Then, the symmetric monoidal oco-category
Mody, = Modp(X) of L-module objects of X can be described as follows: its underlying co-category is a full
subcategory of X spanned by objects z € X such that n ® z : * — L ® x is an equivalence (or equivalently,
x~L®x in X), its tensor product ®p, is ®, and its unit object is L.

(2) Dually, suppose that € : I' — 1 is an open idempotent of X. Then, the symmetric monoidal co-category
coModr = coMody(X) of I'-comodule objects of X can be described as follows: its underlying oo-category
is a full subcategory of X spanned by objects z € X such that e @ x : T' ® x — x is an equivalence (or
equivalently, I' ® x ~ x in X), its (co)tensor product ®r is ®, and its unit object is I".

Proposition 3.4. Let X be a closed symmetric monoidal presentable co-category; let us write Map to
denote the internal mapping object. Suppose that n: 1 — L is a closed idempotent of X and that e : I' — 1
is an open idempotent of X. Then, the followings hold:

(1) There are adjunctions of the following form:

L®— inc

X e coModr.
v \/}

Map(L,~) Map(T"inc(—))

MOdL

Here, given a pair of adjacent horizontal arrows, the upper one is left adjoint to the lower one; also,
Mod;, = Mod(X) and coModr = coModr(X). We use the following standard notations for the above
adjunctions:

S X 1 =) coModpr,

Mody, (2)

!The terms open idempotent and closed idempotent are commandeered from [BDO06], cf. [Cam21, Def. 2.2.1]. See also the
notations in Proposition 3.4 (1).
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and 7. and € ,, where k is either 2 or 7 and x is either * or !, for the unit and the counit of the four
adjunctions.

(2) Mody, is closed symmetric monoidal presentable, and 1. Map, (z,y) ~ Map(u(z),:(y)) naturally for
z,y € Mody, (here, Map, denotes the internal mapping object of Modp).

(3) coModr is closed symmetric monoidal presentable, and j.Map(z,y) ~ Map(7.(z), 7«(y)) naturally for
x,y € coModr (here, @F denotes the internal mapping object of coModr).

Proof. First, the adjunction L ® — - inc : Mod; — X is the free-forgetful adjunction for the module
category Mody, and the presentability of Mod;, follows from the assumption that X is closed symmetric
monoidal presentable [Lura, Cor. 4.2.3.7]. Moreover, Mody, is closed symmetric monoidal presentable,
as ®r = ® : Modz x Mod;, — Mody, preserves small colimits separately in each variables [Lura, Prop.
4.4.2.14]; alternatively, one can deduce this from the facts that the forgetful functor ¢, : Mody — X
preserves small colimits [Lura, Cor. 4.2.3.5], and that ¢, is symmetric monoidal and fully faithful (or
just conservative, which holds in general) in our situation, together with the closed symmetric monoidal
presentability of X. At this point, we know ¢, is a left adjoint functor between presentable co-categories; to
describe its right adjoint 7' : X — Mody,, take x,y € X and use the natural equivalences Map(z, 1,2 (y)) ~
Map(2*(z),7' (y)) ~ Map(2,2*(x),y) ~ Map(L ® x,y) ~ Map(z, Map(L,y)) to conclude 2,1' ~ Map(L, —).

We describe the adjunctions associated with coModr on the right side of the diagram. The adjunction
inc4I'® — : X — coModr is the forgetful-cofree adjunction for the comodule category coModr; in other
words, it is the opposite (inc)°P - (I'® —)°P : (X°P)°P — (Modp(X°P))°P of the free-forgetful adjunction for
the module category Modp(X°P) over the closed idempotent 1yop — I' of X°P. For the second adjunction,
take z € X and y € coModr, and observe the natural equivalences Map(I'®x, y) ~ Map(inc(I'®x), inc(y)) ~
Map(I' ® z,inc(y)) ~ Map(z, Map(T',inc(y))). In particular, we know both 5 = inc and ' = T'® — are
left adjoint functors. The presentability of coModr now follows from Lemma 3.5, noting that coModr is a
retract of X € Pr“. Moreover, coModr is closed symmetric monoidal presentable; one has to check that for
any x € coModr the functor £ ® — : coModr — coModr preserves small colimits, and this follows from the
facts that the left adjoint functor 5 = inc : coMod}, < X preserves small colimits and that j is symmetric
monoidal and fully faithful (or just conservative, which again holds in general) in our situation, combined
with the fact that x ® — : X — X preserves small colimits.

The remaining proof of (2) concerning Map ;, and that of (3) concerning Map,, are analogous to each
other, so let us explain the case of (2) for convenience. For any z € X and x,y € Mody, symmetric
monoidality of +* and fully faithfulness of 7, enables us to have natural equivalences Map(z, 1.Map L(x, Y)) ~
Map(i*, Map,, (z, ) = Map((1*z) @, @,y) = Map((i*) &1, 1*1,,y) = Map(t*(: ® 1,2),y) ~ Map(z @
142, 14y) =~ Map(z, Map (1.2, 2.y)). O

Lemma 3.5. Let X be a presentable co-category and let € be its full subcategory, such that the canonical
fully faithful inclusion 2 : € — X is a left adjoint functor, whose right adjoint «® : X — € is again a left
adjoint functor. Then, C is presentable.

Proof. Consider the 2-simplex NA? — 6;500 determined by the unit of the adjunction 2 -}, i.e.,
¢
Pt
By [Lur09, Cor. 4.4.5.7], this determines a strong retraction diagram F € Fun(Idem™, (/Ja\too) in Cato.
Taking restriction along Idem — Idem™, one obtains an effective idempotent F|igem : Idem — Catyo in

Cateo. Since 2 01R is a left adjoint functor and X is presentable by assumption, F'|iger, i an image of an
idempotent F’ : Idem — Pr" in Pr" by the natural functor Fun(Idem, Pr") — Fun(Idem, Caty,). Since the
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natural functor Prt — 6\atoo preserves small limits [Lur09, Prop. 5.5.3.13], we know C ~ lim(F|1gem ) is an
underlying oco-category of lim F”, and hence is presentable. O

Our main interest is in the situation that the idempotents constitute an idempotent fiber-cofiber se-
quence I' = 1 — L, and the notation (2) for the associated adjunctions and their variants will mostly be
used in this situation. In this case, we have 7", = 7'u ~ 0, as I’ ® L ~ 0. Moreover, we have the following
‘motivic’ analogue of the gluing square associated with a recollement, as evinced by the choice of notation:

Proposition 3.6. Let X be a closed symmetric monoidal presentable oco-category which is pointed and
satisfies the condition that for any object e of X, the functor e® — : X — X preserves fiber-cofiber sequences.
Suppose that I' — 1 — L is an idempotent fiber-cofiber sequence of X. Then, the square

. Th,*
id ————— Z*Z*

TI;,*J{ J{Z*z*m,* (3)

* * *
—— 141
J=J Tde g xU Jx]

in Fun(X, X), which more concretely takes the form

id L®—

! |

Map(I'I'® ) ——— L ®@ Map(I',T'® —),

satisfies the following property:
For any functor £ : X — 'V into a stable oo-category V which maps fiber-cofiber sequences of X to
fiber-cofiber sequences of V, the image

(x) — E(n.,%) — E(1.%7)

E
E(ny.0) lE(l*%*m,*)

E(gsy ) E(ua" )0 )

—_—
E(10,%3+3%)

of the square in X obtained by evaluating the diagram (3) at any object z € X by the functor E is a
pullback-pushout square in V. In other words, for each x € X, the natural diagram

E(x) E(L® )

| !

EMap(I','® z)) ——— E(L ® Map(I',T ® x))

is a pullback-pushout square in V.

Proof. We check the followings.

(i) ns RN RN 1,0 is a fiber-cofiber sequence, i.e., for each z € X, the sequence nj'z — = — 1,0*x
is a fiber-cofiber sequence. The sequence is nothing but the sequence I' ® x+ — x — L ® x obtained by
applying — ® z to the fiber-cofiber sequence I' — 1 — L, and such sequence is a fiber-cofiber sequence by
our assumption on X.
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(ii) Consider the diagram

€3,! . T,

g : id (N

J!]!m,*i WJ,*\L lz*z*nj,*

! *
17 _—> E— 2*
NINEY T g T A

where the right hand side square is the square (3). The two horizontal sequences are fiber-cofiber sequences,
as checked in (i) above. To verify the claimed property, it suffices to check that the leftmost vertical arrow

of the diagram is an equivalence. For that, it suffices to check that, before taking 7, the map 7' ERLTLN 7947
is already an equivalence. Considering the composition
! ] My,*
)y — ] 9xJ" —> 7
and noting that the second map is an equivalence, as €, . is an equivalence, and that the composition is

equivalent to id,_ . from j* - 5., we conclude that the first map of the composition is also an equivalence
as desired. O

Remark 3.7. In general, the diagram (2) associated with an idempotent fiber-cofiber sequence I' — 1 — L
in X need not be an unstable recollement in the sense of [Lura, Def. A.8.1], and the associated gluing square
(3) need not be a pullback diagram.

Example 3.8. Let R € CAlgglg be rigid, and take X = Modg(Prk ) = (Modgy(Prk)d! @, R) with
Map = Map%ual. The assumptions on X in Proposition 3.6 are satisfied by Modgq(Prst)d“&‘1 due to Lemma

2.8 and the presentability theorem [Ram, Th. 4.1 and Cor. 4.2]. Since the map Sp — R of CAlg(Prk)

is rigid, the restriction of scalars functor Mody(Prl) — Modg,(Prk) restricts to Modg(Prl)du! Res,

1\/Iodsp(Pr§t)dual by Lemma 2.4, and the latter functor preserves fiber-cofiber sequences, cf. Lemma 2.7.
Now, Proposition 3.6 applied to X = Modg(Prk; )4l says that for any € € Modg(Prk )4 and a localizing
invariant F : PrL dual v into a stable oo-category V, the square

B@E) — 2™ paare)

B, | B
EGar€) g5 Bet7¢)
obtained by applying F to the diagram (3) evaluated at € is a pullback-pushout square in V; note that

the composition Modg (Prl )dual ==, Hes 1\/[0dsp(Plrst)dual — V preserves fiber-cofiber sequences, as each of the
component functors does so. Even more concretely, this pullback-pushout square takes the form

E(©) E(L ®x C)

| !

E(Mapg™!(I',I" ®g €)) ————— E(L ®3 Map3™ (I',T' ®4 C)).

Thus, we can say that the square (3) of Proposition 3.6 acts as a 'motivic’ pullback-pushout square in the
context of dualizable presentable stable co-categories.
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Example 3.9. Let R be an E.-ring and let I be a finitely generated ideal of mgR. Consider the fiber-

cofiber sequence Modgﬂm — Modgr — ModI;zOC(I) in Modyfody (Prk )4l here, following [Lurs, Chapter 7],
Modgﬂm stands for the full subcategory of I-nilpotent objects in Modg and ModI;{OC(I) = (Modl;;?l(l))L

stands for the full subcategory of I-local objects in Modg. It is moreover idempotent, since Modgﬂm ®R
Modgﬂ(l) ~ (Modgﬂ(l))Nﬂ(I) = Modgﬂu) [Lurs, Cor. 7.1.2.11 and its proof]. Applying Proposition 3.6 to
the idempotent fiber-cofiber sequence Modgﬂ(l) — Modgr — Modléoc(l) and the object € = 1 = Modg in
Modwiods, (Prk)dual ' we have a motivic pullback-pushout square

Modp Mod!e(h)
| | (4)
Map®® (Mody""), Modg) —— Mod ") @5 Map®™! (Mod}y""), Mod)

in Modyoq,, (Prk )@l Here, we used Corollary 3.15 below to further compute the lower two terms for the
case of € being the unit object.

Remark 3.10. Let R be a Noetherian commutative ring and let I be an ideal of R. Write Spf(R"1) to
denote the I-adic formal scheme associated with the adic ring R, and let Spf(R"), = Spa(R", R"),
be the adic generic fiber of Spf(R"!). Also, write Nucga; for the nuclear solid module category associ-

ated with the analytic ring (R, Solidgn, ), cf. [Sch]; there are equivalences Nucgpe(rrry = Nucga, and

Nucgpe(rrry, = NucIéoA(}(I), interpreting the right hand side objects in Modnod, (Prl})dual as categories of

nuclear solid modules on adic spaces. By directly analyzing these nuclear solid module categories, Clausen
and Scholze proved that the natural diagram of spectra

K(R) ———————— K(Spec(R)\V(I))

| | )

K cont (NHCSpf(R/\I)> — Kcont (NuCSpf(R/\I)n)

is a pullback-pushout square [Clab].

Here, we explain how the motivic pullback-pushout square (4) of Example 3.9 recovers the afore-
mentioned result of Clausen—Scholze through Efimov’s theorems relating modified nuclear module cat-
egories to nuclear solid module categories. First, note that through Efimov’s description mR/\I ~
Map%“al(Modgﬂ(D, Modpg), where the left hand side denotes lim"®! Modp /1 [EEfib], the motivic pullback-

pushout square (4) of Example 3.9 takes the form

Modg ——— Mod ")

J i

N/Tl/CR/\I E— MOd%OC(I) RR mRA].

Let us write [—]{on : l—-’rlft’dua1 — Mo to denote the universal finitary localizing invariant over Sp. Efi-

mov’s theorems [Efib; Efic], cf. [Cér23, Cor. 3.24.1], assert that the natural morphism Nucga, —
Nucpa; in 1\/[0d1\/[OdR(Prgt)dual from the nuclear solid module category to the modified nuclear module

cont ~ [mRAI]Cont and

category induces equivalences of noncommutative localizing motives [Nucga; i -

t — t g
MOdIﬁLOC(I) @R NUCRM]COH s [Mod%%oc(l) ®pr Nucga Iron . In particular, the morphism Nucga; — Nucpga;

loc loc
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induces an equivalence of spectra K« (N UCspi(RAT)) = K<t (Nucpn, ); the target is further naturally equiv-
alent to lim, K(R/I") by Efimov’s theorem [Efib]. Thus, we know the pullback-pushout square of spectra
obtained by applying the continuous K-theory functor K" on the motivic pullback-pushout diagram (6)
via Example 3.8 is equivalent to the square (5), which in particular implies that the latter square is a
pullback-pushout square.

In Example 3.9, we gave a further description of the bottom objects of the motivic pullback-pushout
square in Modyod (Pr;)dm’“1 through Corollary 3.15. Below, we observe how this, or more generally Propo-
sition 3.13, follows from a specific property of the open idempotent object I' constituting the idempotent
fiber-cofiber sequence.

Lemma 3.11. Let R € CAlggg ,and let I' — 1 — L be an idempotent fiber-cofiber sequence in
Modg(Prk)dual Then, for any € € coModr(Modg(Prk)d@!) and D € Mody(Modg(Prk)@!), one has
Funk (€, D) ~ 0.

Proof. Since I' — 1 is an open idempotent and I is dualizable in Modgg(Prgt), we know I is self-dual in
Modg(PrL), cf. [Cam21, Prop. 2.3.1 (2)]. In particular, the endofunctor I' ®g — of Modg(Prk) is right
adjoint to itself. Thus, we have Funk(€, D) ~ Funk(I' ®x C, L ®x D) ~ Funk(€,T @3 L ®x D) ~ 0. Note
that Lemma 3.2 applies to Modg(Prk )4 and gives I' ®% L ~ 0 by Lemma 2.8. O

For the sake of convenience, let us separately state the following special case of Lemma 3.11:

Lemma 3.12. Let R be an Eo-ring and let I be a finitely generated ideal of mgR. For any € €
Modwmodp (Prk) which is I-local, i.e., € = €M) we have FunIé (Modgﬂ(l), G) ~ 0.

Proof. This is just a particular case of Lemma 3.11 for R = Modg and the idempotent fiber-cofiber sequence
Modgﬂ(l) — Modgr — Mod%oc(l). Alternatively, any Modg-linear functors between stable Modg-linear
categories preserve I-nilpotent objects, and hence the claim follows. More precisely, f : Modgilu) — C
maps an I-nilpotent module N to f(N) = f(I't/(N) @ '1(R)) ~ N ®r f(I'1(R)) which is an I-nilpotent

object of €, and by assumption CNI) ~ (. O

Proposition 3.13. Let R € CAlgg}‘;g and let I' =& 1 — L be an idempotent fiber-cofiber sequence of

Modg (Prk)dua! such that I is wy-compact. Also, let € € Modg (PrL )@, Then, upon taking Map%ual(f‘, =),

the canonical map I' ®¢ € — € in Modg(Prk )"l induces an equivalence

Map§**(I',I' ®¢ €) ~ Map3™!(T", €).
Proof. Consider the fiber-cofiber sequence I' @ € — € — L ®3 € in Modg(Prk ). Note that I' €
Modgg(Prgt)d“a1 is proper. In fact, as I' — 1 is an open idempotent and I" is dualizable in Modgz(Prgt), the
object is self-dual in ModR(Pr;). The evaluation map, under the self-duality identification, is given by
I'®p I' ¥ I' — 1, and hence it is right adjointable in MOde(Pl"gt). Thus, as I' is proper and wj-compact
by assumption, we know the functor Map3®(I", —) preserves fiber-cofiber sequences of Modg (Prk )4l cf.

R
[Efia, Th. 5.1]. In particular, we have a fiber-cofiber sequence

Map3™ (I, T ®@x €) — Map$™ (T, €) — Map3™/(T', L ®x €).

To check that the first map of the sequence is an equivalence, it suffices to check that the third term
Madeual(F, L ®4 C) is equivalent to 0. In fact, we have Funlgi(l“, L ®5 C) ~ 0 by Lemma 3.11. By Corollary

2.20, we conclude that Map%ual(F, L ®4 @) is equivalent to 0. O
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Lemma 3.14. Let R be an E,-ring and let I be a finitely generated ideal of mgR. Then, Modgﬂ( )

is proper and wi-compact in Modyedy, (Prst)d“al. In particular, the endofunctor Mapdual (M dgﬂm, )

preserves fiber-cofiber sequences in Modyyod,, (Prl; ) U@,

Proof. First, the properness is checked as in the Proof of Proposition 3.13; let us repeat the arguments
here. As Modgﬂ( ) Modpg is an open idempotent and Modgﬂm is dualizable in Modwmody (Pr;), the

object is self-dual in Modyedp (Prgt). The evaluation map, under the self-duality identification, is given by

Mo dgll( ) ®gr Mo lel([) Modgﬂ([) — Modg, and hence it is right adjointable in Modniodp, (Prgt).
For the wi-compactness, we have to check that viewing Modgﬂ(l) as a dualizable object of Modaodp, (Prgt),

its coevaluation map sends the unit to an wi-compact object. The coevaluation map, again under the self-
duality, takes the form Modg 1 Mo lel(I) Mo lel(I) ®r Mo lel( ), Thus, we are reduced to check
that the object I'7(R) is in (ModNﬂ( )> 1. It suffices to consider the case of I = (z), so assume that is

the case. Considering the fiber sequences fib(z") — R "y R in Mod r associated with z"™-multiplication
map on R and taking the filtered colimit, where the middle term is the constant ind-object and the third
term is given by R = R = R % ---, one obtains the fiber sequence colim,, fib(z") — R — R[z~!] in
Modpg. In particular, I';(R) ~ colim,(fib(z")); since each fib(2™) is in Mod$ and also in Modgﬂm (i.e.,

fib(z")[z~!] ~ 0), one knows the object is compact in Molel( )
Nil(I )

, and hence taking wi-small colimit of

such remains to be an wi-compact object of Mod, Finally, the last statement follows from [Efia, Th.
5.1]. O

Corollary 3.15. Let R be an E-ring and let I be a finitely generated ideal of mgR. Also, let C €
Modyod, (Pl )@@l Then, upon taking Mapdual (M dNﬂ( ) ) the map NI < € in Modyoq,, (Prl)dua!

induces an equivalence Mapdual (Molel(I) eNil( )) ~ Mapdual (M dNﬂ( ) G).

Proof. This is a particular case of Proposition 3.13 for the idempotent fiber-cofiber sequence Molel(I)

Modgr — ModLOC(I) in Modjoq,, (Prk )3 the required w;-compactness of ModNﬂ( ) follows from Lemma
3.14. O

_>

3.2 Motivic limit diagram associated with idempotent fiber-cofiber sequences

In this subsection, we study a generalization of Proposition 3.6 which can be applied to the situation when
a finite sequence of idempotent fiber-cofiber sequences satisfying certain compatibility condition is given.
This embraces the case of a single idempotent fiber-cofiber sequence discussed in the previous subsection,
and will be useful in our later application to the adelic descent statement in the next subsection.

Theorem 3.16. Let X be a closed symmetric monoidal presentable co-category which is pointed and
satisfies the condition that for any object e of X, the functor e ® — : X — X preserves fiber-cofiber
sequences. Suppose that we are given a sequence --- — (I's 1 — Lg) = (I'1 =1 —=L;) - (I'p = 1 —
Ly) = (1 — 1 — 0) of maps of idempotent fiber-cofiber sequences in X, i.e., a diagram

-—— i L o I

i i

;
S

- —— Lip L e Ly

€1

Ct+— R+
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in X such that each of the vertical sequences is an idempotent fiber-cofiber sequence. Suppose furthermore
that the involved idempotent objects satisfy the following condition

L;i®T11~0 forall 1>0 (7)

(note that the case of i = 0, i.e., Ly ® I'1 ~ 0, is automatic due to Ly = 0 by assumption). Then, the
followings hold:
(1) The condition (7) is equivalent to each of the following conditions:
(i) For each ¢ > 0, we have I';y; € coModr,, i.e., ¢ induces an equivalence I';41 ® I'; >~ I'j4q.
(ii) For each ¢ > 0, we have L; € Mody, i.e., n;11 induces an equivalence L; ~ L; ® L;11.
In particular, we have canonical inclusions

i1

0 =Modp, = Modp, < -+ = Modg, = Mod, , = -+ —= X
and maps
X = coModr, Lo, coModr, Lo, | Li®- coModr, Lin®-, coModr, Liro®7, . ,
where each of the maps I';;1 ® — : coModr, — coModr, 41 18 right adjoint to the canonical inclusion

coModr, , < coModr,.
(2) For each ¢ > 0, we have canonical fiber-cofiber sequences

Fiji =1 = 1®Liyr and Ligg @Iy — Ly — L.
(3) For each i > 0, denote the adjunctions

L;,®— inc

Mody, < X L coModr,
\—/ \/) T

Map(Li,—) Map(I's inc(—))

associated with I'; — 1 — L; from Proposition 3.4 as

Zi—1 X

Wt (9:)

Also, let us write X; for the full subcategory coMody,, or,(Mody, ;) = Modr; s,
we have adjunctions

(coModr,) of X. Then,

41

v, ,=L;®— (3¢)1=inc
(2i-1,i)»=(1i—1,s)1=inc 7" =3i'=Li+1®T;®—

Z'i—l = MOdLi Zi = N[OdLH_1 I)CZ = COMOdLi+1®Fi(MOdLi+1)

) \_/’

%1, =Map(Li,—) (70)«=Map(Li+1®T';,inc(—))

and
2" =I'®L;11®— (94,441 1=inc
1
(Ti)*:(ﬁ)!:inc ]z,i+1:]{,i+1:1—‘i+1®_
X; = Modr,gr,,, (coModr, ) U; = coModr, U;+1 = coModr,_, .
@!:Mapri (Ti®Lis1,—) (9i.i+1)+=Map. (T'it1,inc(-))
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(4) For each i > 0, denote
¢i = (93)«(20)« (%) ~ Map(I';, I's ® Liy1 ® —) € Fun(X, X).
These functors naturally define a cubical diagram o : NP(N) — Fun(X, X),
D—id, (0<ip<---<ip €EZL)+> pj;0-- 00, (8)

through unit maps for adjunctions, i.e., through maps id LN (93)J7 M
their horizontal compositions with ¢;’s.

Suppose that the given sequence of idempotent fiber-cofiber sequences is finite of level n, i.e., for some
n >1,one has -+ — (Iyyo = 1 — Lyyo) — (Tpyy — 1 — Lyyq) = (0 — 1 = 1). Then, the n-cubical
diagram o : NP([n]) — Fun(X, X),

(93)+ (@)« (w)* g = ¢ and

D—id, (0<i3<---<ip<n)r>¢yo0---0¢, 9)

restricted from the previous diagram o on NP(N) satisfies the following property:
For any functor £ : X — 'V into a stable oo-category V which maps fiber-cofiber sequences of X to
fiber-cofiber sequences of V, the image

O E(@), (0<i < <ip<n) B¢y ¢ (2)) (10)

of the diagram in X obtained by evaluating the diagram (9) at any object x € X by the functor E is a limit
diagram in V. In other words, there is an equivalence

E(r)~ _ lim B - i (2))

T 0<i<<ip<n
in V, natural in £ and x € X.

Proof. (1) As L; ® — and I';;1 ® — preserve fiber-cofiber sequences, we have fiber-cofiber sequences L; ®
Iiy1 > Li 5 Li®Lipg and iy @ I — Tiyp — Tipq ® L. Thus, we know that the three conditions (i)
I';41 € coModr,, the condition (7): L; ® I'iy1 ~ 0, and (ii) L; € Mody,,, are equivalent to each other.
Combining this with the upper right adjunction from Proposition 3.4, the remaining statements follow
immediately.
(2) Using the conditions (i) and (ii) from (1), as well as the preservation of fiber-cofiber sequences under
I'; ® — and L;+1 ® —, we obtain the stated fiber-cofiber sequences from the fiber-cofiber sequences I';1 —
1— Li+1 and Fz —-1— Lz
(3) Note that coMody,, er;(Modr, ;) = Modr,sz,,, (coModr,); an object z of X satisfies the condition
that * ~ L1 ® ¢ and L;41 ® ', ® x ~ L;11 ® x canonically if and only if [, @  ~ x and I'; ® x ~
I'; ® Liy1 ® = canonically. Now, the first set of adjunctions is obtained by applying Proposition 3.4 to
the closed symmetric monoidal presentable co-category Mody,,, and its idempotent fiber-cofiber sequence
Liy1®T; — Lit1 — L; from (2), while the second set of adjunctions is analogously obtained by applying
Proposition 3.4 to the closed symmetric monoidal presentable oco-category coModr, and its idempotent
fiber-cofiber sequence I';11 — I'; = I'; ® L;y; from (2).
(4) First, observe the following:

) T (987 w35, o
Lemma 3.17. For each 0 < k € Z, write hy, for the map id —— (9x)+J5 —— k)« ()« (%) * 75 = ¢k
constituting the cubical diagram o. We have a fiber-cofiber sequence in Fun(X, X) of the form

| 1 Ok he |
(k1)1 — R ———— (k)17 Pk
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where the first map of the sequence (]k+1)!]}€+1 ~ (jk)g(jk7k+1)g]}€7k+1]}§ — (]k)ljic is induced from the counit
map for the adjunction (g k1) - j;a k+1- More concretely, this fiber-cofiber sequence takes the form

I'6011 @ — =Tt ® — =Tty ® L1 ® —,
which is induced from the first fiber-cofiber sequence of Theorem 3.16 (2).

Proof. We check that the second map of the sequence (7x)17}.hy is equivalent to (Jx)1(nm )7k = (Jr)igy —
(261 (%) «7% " 5 It suffices to check that there is a diagram

o GO0 )37)0 (3 () (€3p0%) @) TR I

(%,*)J}c

as applying (Jx)1 o — to the diagram finds the stated equivalence. Note that €, . is an equivalence due to
the fully faithfulness of (jx)«, or equivalently that of (j;);. Let us use the notation * for the horizontal
compositions of 2-morphisms, while using o for the vertical compositions of 2-morphisms as usual. Thus,
we can write the maps involved in the horizontal arrows of the diagram above as (€, ) (7))« 75 = (€5,,) *

(id gy ) * (idyy)s 3o () ()35, = (idyy ().) * () * (idy), and g () = idyy 1y, Using the
exchange law for vertical and horizontal compositions, we can compute the upper horizontal composition
of the diagram above as follows. First,

() @)t 1) © (3 08)« )7k ) = () * (i) i) % (i) ) o ((idy ,9.) * (mi ) = (i) )
~ (e iy (. ) * (i) i *iddyg) o (e iy ) )
~ (egy ) * (1) * (idye).

The upper horizontal composition is the composition of above with ]}g(%k,*)§ this takes the form

((gee) * (o) % (i) ) o (il xpe) = () (i) ¢ (i) % () = (Eg) (i) % G-

To further compute this, recall that for 2-morphisms o : G — G’ and 7 : F — F’, the horizontal composition
takes the form o x 7 = G'T o 0F ~ oF’ o Gr. Thus, one has

(6.]/67*) * (%7*) = Zduk: (%7*) 0 (Ejka*)Zduk = %)* © 6]k:7*’

and hence the composition becomes the horizontal composition of 7« 0 €, « : ]}6(]]@)* — (1)« and
T 2 05 — 75 (k)«J%. Again, by the construction of the horizontal composition, we compute

|
(M © €05) * (i) = (M © €54) 25 (0 T8) © Tk (T )2 75 (Mg )
> (Mg © €90 78) © Tk (Mg )
(M) 9% © (€0,5) 7% © Tk (Mgpe,%)
(

where the second equivalence is induced via the equivalence ¢,, ., and the fourth equivalence is induced
from (€,,4)7% © 75 (M) = idy: associated with the adjunction ji - (s5)«. This finishes the verification of

the equivalence between (7x)17%hy and (3x)1 (N )5
Now, from the fiber-cofiber sequence (jkvk_f_l)[];g?k_i_l — idy, — ()«2 " of Fun(Uy, Uy), which is precisely
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the sequence I'y1 1 ® — =5 'y ® — = 'y, ® L1 ® — induced from the idempotent fiber-cofiber sequence
Ipy1 = T = T'y ® L4 of U = coModr, , we have a fiber-cofiber sequence

| | (Jk)!(W,*)JZ .

Ik )Wier1 = e —————> (1) 7% 75

in Fun(X, X), whose first map is the one (]k+1)[]}€+1 ~ (jk);(jk,k+1)g]!,€7k+1]!,€ — (]k)g]}C induced from the

counit map for the adjunction (Jx 1)1 ]}Q,kﬂ. Through our identification of (jk)[.]}ghk and (7x)1(7+) 75

from the previous paragraph, we have the fiber-cofiber sequence as stated. By construction, this sequence

is precisely the sequence I'y11 ® — = I'y ® — — 'y, ® Lgi1 ® — induced from the fiber-cofiber sequence

I'ey1 2T =2 Tk ® Lpy of X. ]

Let us finish the proof of (4). For each 0 < k < n, denote [n|>; = {k,k+1,--- ,n} and consider the
(n — k)-cubical diagram oy, := (]k)gj!ka|Ng>([n]2k) : NP([n]>r) — Fun(X, X), i.e., the diagram obtained by
pointwisely applying ()17, € Fun(X,X) to O|NP(fn)s,)- In particular, o9 = 0. Being an (n — k)-cubical
diagram, o, = (%) j}CU]pr([n]Zk) can be identified with a morphism of (n — k — 1)-cubical diagrams

()12 P
(7k)17k (U\N?( lsket) — OINE@ [n]>k+1)u{k})> = OO NP (n) i) > DEIRPRT NP (0] 1)

where P([n]>x4+1) U {k} stands for the set of subsets of [n]>; each of which contains k as an element. By
Lemma 3.17, this morphism fits into the following fiber-cofiber sequence

()17 b

Gkt )T 110IND ()5 00) = GRURTIND () 2s0) (I BROIND (] 11) (11)

=O0k+1
in Fun(NP([n|>g+1), Fun(X,X)); in fact, for each (k < i3 < -+ < i, < n) € P([n|>k+1), we have a
fiber-cofiber sequence

(e hie

(D) Tk 1P+ Do — ()100Pir +*+ Biy () I rbiy -+ b

in Fun(X, X).
Now, evaluating an element x of X and applying the functor E on (11), we have a fiber-cofiber sequence
E(((gx)15, 1))
E(opt1(x)) = E ((]k)!JLUIN?([n]ZM)(iﬂ)) ————— E ((]k)!]}g¢ka|NﬁP([n]Zk+1)(x)) (12)
in Fun(NP([n]>x+1),V); note that the second morphism is nothing but the (n—k)-cubical diagram E(oy(x))
in V. By (12), the (n — k)-cubical diagram FE(oj(z)) is a limit diagram in 'V if and only if the (n — k — 1)-
cubical diagram F(ojy1(x)) is a limit diagram in V [Lura, Lemma 1.2.4.15]. Thus, we know that the
n-cubical diagram E(o(x)) of question is a limit diagram if and only if the 0-cubical diagram E(on(z)) is a
limit diagram, i.e., an equivalence as a morphism in V. The latter statement follows from the fact that o,
as a morphism in Fun(X, X) is an equivalence. In fact, from (7). >~ idyx,—u, ~ 7, ", the 0-cubical diagram

oy, takes the form (7,)17, M (900175 (9n) 5755 let us repeat the arguments at the end of the proof of

Proposition 3.6 for convenience. To check this morphism is an equivalence, it suffices to check that, before

taking (7, )1, the map 7, % 70 (n)«25 is already an equivalence. Consider the composition

]' ]:nnjnx* 6]71, *J:L *

| s

which is equivalent to id, _ . from the adJunctlon 7" 1 75. Moreover, the second map induced from ¢, .
is an equivalence due to the fully faithfulness of (j,,);. From this, we conclude that the first map of the
composition is also an equivalence as desired. ]

Remark 3.18. Proposition 3.6 is a special case of Theorem 3.16. In fact, given an idempotent fiber-cofiber
sequence I' - 1 — L in X, one considers the finite sequence (0 -1 —1) - (I' 1 —-L) - (1 -1 —0)
of level 1, to which Theorem 3.16 is applicable.
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3.3 Adelic descent for localizing invariants on dualizable categories

As an application of Theorem 3.16, we verify an adelic descent statement for localizing invariants on
dualizable presentable stable co-categories (Corollary 3.32 and Corollary 3.33). We consider the following
form of idempotent fiber-cofiber sequences as input:

Construction 3.19 (Adelic idempotent fiber-cofiber sequences). Let R be an E-ring such that moR is
Noetherian, and denote X = Spec myR.

(1) We consider the following idempotent fiber-cofiber sequence I'; — 1 — L;. For each nonnegative integer
i, consider the filtered partially ordered set S; = {Z C SpecnoR | Z closed with codimyx Z > i}, where
the partial order is given by the inclusion of closed subsets of X. In particular, Sy 2 S; D --- and Sy
consists of all closed subsets of X. For each i, we have a diagram of idempotent fiber-cofiber sequences in
Modyod , (PrL )@ over S;; V(I) (ModNﬂ( ) — Modpr — ModLOC( )) More precisely, given V(1) D V(J)

(ie., I € +/J), the morphisms Molel( )y Molel(I) and Modlj;ioc( ) ModI}“ZOC([) in Modwodp, (Prl )dual
whose underlying functors are the canomcal fully faithful embedding and the localization respectively
constitute the diagram. Taking the filtered colimit, we obtain the fiber-cofiber sequence

(1)

Nil(T) _, Modpg — colimy (1yes; MOd?C ’

colimy(r)es, Modp

which we denote as I'; = 1 5 L;. Note that it remains to be an idempotent fiber-cofiber sequence; one
has (colimy (p)eg, Modgﬂm) ® R (colimy (g, Mod;OC(I)) =~ colim v (1),v(.7))es; xS Modgilu) ®R Modléoc(‘]) ~
colimy ()cs, Modyy " @ Mody ") ~ 0.

(2) By definition, we have a sequence --- — (I's 1 — Lo) > (I'1 =1 —L;) > (To—>1— Ly = (1 —
1 — 0) of maps of fiber-cofiber sequences in Modygeq,, (Prk )" note that Ty = Mo lel(O) Modpg. This
sequence satisfies the condition (7) of Theorem 3.16. By (1)-(i) of loc. cit., we can equlvalently check that
I'; = Modp induces an equivalence I';11 ®p I'; ~ I';41. We have

Nil(I) Nil(J)

i il
Fi—‘rl QT ~ CO]IHI(V(I)7 V(J))ESi+1%5S; MOdR ®Rr MOdR Nil(I+J)

= colimy (1),v (J))eSis1 xs; Modg ;

Nil(I+J)

and since Modp only depends on the closed subset V(I) NV (J) of X, the right hand side is further

equivalent to colimy (1) v (7))es;s xSy, MO dgll(pﬁ]) ~ colimy (r)es, ., Modzﬂu“) ~T";11 as desired.

(3) If moR has finite Krull dimension dim X, then S;~qim x = 0, and hence the sequence (0 -1 — 1) —
(Tgimx =& 1 = Lgimx) -~ ('t =1 — L1) —» (1 - 1 — 0) above becomes finite of level dim X.

Remark 3.20. Let R be a Noetherian E-ring such that mgR is Noetherian. For each nonnegative integer
i, we have the idempotent fiber-cofiber sequence I'; = 1 — L; in Modnod, (Prlﬁt)dual from Construction
3.19. Note that the first term of the sequence is wi-compact by Lemma 3.14. Applying Proposition 3.6 to
the unit object Modg and using Proposition 3.13, one obtains the motivic pullback-pushout square

Modpg colimy (7)es, Modléoc(l)

| |

lim{el g Mapde! (Modﬁﬂ(”,ModR) - (cohmv(f)es Mode! )) R <hmv() s, Mapt! (Modﬁﬂ(”,ModR))

in Modyfod , (Prk )dual,

Instead of studying this form of square in Remark 3.20 above individually for each ¢, we investigate
the motivic limit diagram of Theorem 3.16 for the sequence of adelic idempotent fiber-cofiber sequences
of Construction 3.19 by describing each of the objects of 1\/[od1\/[0dR(Prst)dual appearing as vertices of the
diagram. The following notations will be useful for that purpose:
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Notation 3.21. Let R be an E-ring and let p € Spec moR. We denote:

(1) (SpecmoR)® for the set of codimension 7 points in Spec TR for each 0 < i € Z,

(2) Ry for the stalk Ospecryp of the structure sheaf of the nonconnective spectral scheme Spec R at the
point p € | Spec R| = SpecmyR, and

(3) (=)p for the endofunctor

1\/Iap‘]j%ual (Modgﬂ(p), Modg, ®r —)
of MOdModR (Pr;“t)dual.
Remark 3.22. Let R and p be as in Notation 3.21.

(1) The functor (—); of Notation 3.21 can also be written as follows; by letting Res : Modnodp, (Prk )dual
Modwmod (P]rgt)d“éll stand for the right adjoint of Modg, ®r —, we can write

Nil

(— ) Mapdual (M od Nil(pRp)

(p )7 Modg, ®g —) ~ Res (Mapdual (Mod ,Modg, ®r —)) )

using Lemma 2.4 and that Modg, ®r ModNﬂ( P~ (ModRP)Nil(p) Mo lel(pR") here, we are writing
Mo lel(PRP) = Mo lel(PWO(Rp)) —_ Modgf(Pﬂ'O( e )

P
(2) The functor (—); is lax symmetric monoidal. In fact, the right hand side expression of the equiv-
alences in (1) above expresses the functor as compositions of lax symmetric monoidal functors. Note

that the lax symmetric monoidality of Mapdu&l (M lel(pRp ) ) follows from the symmetric monoidal-

ity of Molel(pR*’ ) ®R, —, which is due to the map Molel(pR")
MOdModR (Prst)dual

— Modg, being an open idempotent of

Proposition 3.23. Let R be an E-ring whose underlying commutative ring mo R is Noetherian. For each

1 > 0, there is an equivalence
' ) ' N~ dual Y. dual dual Nil(p) _
7Map(rl’ Li® Lipy1 ® —) = HpG(SpecwoR)i( )p o HpG(SpeCTroR) MapR (MOdR ’MOdR" OR )

of endofunctors of Modpfod , (Prk ).

Notation 3.24. Let R be an E-ring such that mgR is Noetherian. For each ¢ > 0, write ¢; for the
endofunctor Mapdual(I’z, T; ®p Liy1 ®p —) of Modyged, (Prk )@ from Proposition 3.23. Note that this is
consistent with the notation in Theorem 3.16 (4).

Example 3.25. Let R be an E,.-ring with m9R being Noetherian. By Proposition 3.23, one has

. N dual A B
%0 ="Li®r == H"]G(SpeCWoR)O( )77 B Hne(SpecwoR)O MOdR" ®r—-
Nil(nRy)

Note that the set (SpecmR)? is finite, and that Modp, = Modg, for any n € (SpecmoR)" as R, has
the unique prime ideal nR,; the latter implies that (—)77 ~ Res (MapduaLl (M dNﬂ(nR”) Modg, ®r —)) ~
Res (Modg, ®r —).

We observe the following Zariski co-excision property, which will be useful in the proof of the Proposition
3.23 below.

Lemma 3.26. Let R be an Eo-ring, and let J and K be finitely generated ideals of mgR. Then, the
diagram

Mo dgll(J—i-K) Mo dll\;il(K)

l I

Mo dl}\;ﬂu) Mo dNﬂ(JK)
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is a pushout diagram in Modpjody, (Prk). In particular, it is a pushout diagram in Modyged , (Prl )42

Remark. Note that in the diagram above, the top left object and the bottom right object depend only on
the closed subsets V(J) NV (K) and V(J) UV (K) of Spec moR respectively.

Proof. From the fiber-cofiber sequence Modgﬂm — Modg — Modléoc(l) for ideals I involved in the diagram
above, the claim of the given diagram being a pushout diagram in Modwmodp (Pri‘t) is equivalent to the
diagram

Modgoc(J—l-K) MOdIéOC(K)

| !

Modzoc(J) MOdIéOC(JK)

being a pushout diagram in Modyioa, (Prgt), or equivalently a pushout diagram in Prl; here, the arrows
in the diagram above are all given by localizations to local objects. This statement is equivalent to the

diagram

MOd%OC(JK) MOd;OC(J)

| |

Mod;oc(K) Modzoc(J—&-K)

in Pr® obtained by taking right adjoints, i.e., natural inclusions, of arrows in the previous diagram being
a pullback square. Since the full subcategories of local objects are closed under equivalences, the right
vertical and bottom horizontal arrows are isofibrations, and in particular are categorical fibrations; thus,

the pullback is computed as simplicial sets, i.e., as the intersection of the full subcategories ModI;%OC(J) and

Mode%oc(K) in ModIéoc(‘]JrK), or equivalently in Modg.

We have reduced the problem to verifying ModI}_inC(J) N ModI;%OC(K) = Modl;-ioc(JK) in Modpg; the DO-
inclusion is immediate by definition of the local objects. For the reverse C-inclusion, we observe that for

Nil(

any N € Modp JK), the natural diagram

FJ+K(N> —_— FK(N)

|

FJ(N) —_—

in Modg induced from the counit maps associated with full subcategories of nilpotent objects is a pushout
diagram in Modg. In fact, from Ty x(N) ~ T';(T'x(N)), cofiber of the upper horizontal arrow is
Lj(Tg(N)), while cofiber of the bottom horizontal arrow is L;(N). Thus, the total cofiber of the diagram
is Ly(Lg(N)), the cofiber of the induced map L;(I'x(N)) — Lj(N) between these objects. Our claim
Lj(Lg(N)) ~ 0 follows from Ly (N) € Modgﬂ(“’); for any = € J, finite generation of K ensures Ly as an
endofunctor of Modpg preserves small colimits [Lurs, Prop. 7.2.4.9], and hence L (N)[z™!] ~ L (N[z™1]).

Then, as N[z~ € Modgﬂ(K) from the assumption NV € Modgil(‘]m, we conclude Ly (N[z~!]) ~ 0. Finally,
the promised C-inclusion follows from the direct computation, that for any M € Modgr which is J-local

and K-local and for any N € Modgﬂ(‘]K), one has Map R(N , M) ~ 0 from the pushout diagram of nilpotent

objects associated with N and analogous vanishings replacing N by I';(N) for I being J, K and J+ K. O

Proof of Proposition 3.23. Let S—; (resp. S™) be the subset of S; consisting of closed subsets of codimen-
sion ¢ (resp. irreducible closed subsets of codimension i) in X. By definition, S; = S—; [ Si+1; also, note

32



that S—; is cofinal in S;. Thus, the functor of question takes the form
Map(I';,I'; ® Liy; ® —) ~ lim¢ (%esop MapCluaLl (M dNﬂ(I), I'i ®r Lit1 ®r —) .

To compute the functor term inside the limit, fix € € Modyod, (Prh)d! for evaluation for the sake of
convenience. Note that

: Nil(K)\ Loc
I'; @R Lit1 ~ colimy (g)es_, (cohmV(J)eSﬂH’ Ve (Modg ( ))L (J)) 7

from the fact that {(V(K),V(J)) € S=i x S=iy1 | V(J) C V(K)} is cofinal in S—; x S—;+1. Thus, the term
inside the limit, after evaluation of C, takes the form

Nil(1)

Map@™! (Modyy ", T @ Liy1 @r €) (13)

Nil(I)

u . Nil
o~ Mapd al (ModR ,colimy (xyes_, (cohlrnv(J)eSﬂ+1 V(J)CV(K) (Mod (K ))L0c(J)) ®R G) .

The remaining further computation of (13) and verification of the formula takes several steps. Below, we

use the abbreviated notation Funk := Fun{(/[odR.

Lemma 3.27. The object (13) is naturally equivalent to
Nil(T . L
Map®™ (Modyy "™, colimy(es_.,, vincv(n Mody ™ @ €). (14)
Proof. First, we note that the object (14) is naturally equivalent to

Mapd“al (Modgﬂ( ) COhIIlv(J)es_H_17 V(J)CV(I) (MOdNﬂ(I))LOC(J) ® G) (15)

In fact, from the natural fiber-cofiber sequence (Modgﬂm)mc(‘] ) — Mo dLOC(J) (ModIéOC(I))LOC(J ), we
have a fiber-cofiber sequence

Loc(J)

colimy (jycv (1), codim= 1(M0lel( ool @p e — colimy (5)cv (1), codim=1 Modg """ @R €

— colimy (yycv (1), codimzl(MOdIéoc(I))Loc(‘]) ®@rC

of Mododp (Prl})dual cf. Lemma 2.8. Note that the third term of this sequence is I-local. By Lemma 3.14,

Nil(1)

the sequence obtained by applying Maupd“a“1 (ModR ,—) to this sequence remains to be a fiber-cofiber

sequence in Modwmodp, (Prk)dual: since the third term is equivalent to 0 by Lemma 3.12 and Corollary 2.20
(1), we have a natural equivalence between (14) and (15).

Thus, we are reduced to verify that the natural map between the objects (13) and (15) is an equivalence.
We first observe that the natural map

colimy ey (1), cotimot (Modj )1 @z €
. Nil
— colimy (xyes_, (COhmV(J)CV(K) codim=1(Modp " ))LOC(‘]) ®R @)
in Modyoq, (Prk )@ is fully faithful. Tt suffices to check that for each V(I) C V(K) € S—;, the functor

colimy (1)cv(1), codimet (Modyy )2 @ € — colimy () (i), codimer (Modjy ")) @ p €

is fully faithful. By Lemma 2.8, one is reduced to the case of € = Modg. Now, Lemma 2.2 implies the
fully faithfulness of the functor; more precisely, Remark 2.3 (1) shows each functor (Modgﬂu))Loc(J ) <
(Modgﬂ(K))Loc(‘]) — colimy(jycv(k), COdim:l(Modgﬂ(K))Loc(J) is fully faithful, and (2) shows the functor of
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question is fully faithful.
Thus, to prove the claimed natural equivalence between (13) and (15), it suffices by Corollary 2.20 to
check that the induced map

Funlé (Modgﬂ(n, COlimV(J)gV( I), codim= 1(MOlel( ))LOC(J) KRR G)

— F\U.H% (MOdgil(I), COhmv(K)ESZi (COHI’II‘/(J)QV([()7 COdim:l(MOdgﬂ(K))Loc(l}) ®R @))

is an equivalence in Modyiodp, (Prgt). By writing

®V(K) = COhmV(J)QV(K) codim= 1(M0dlj\£ﬂ( ))LOC(J) ®r C,

the second variable object of the lower functor category can be written as

colimy (gyes_, Dy (k) = colimy (xyes_,, vincvx) Dvir)s

where S_; 5y (p) is the cofinal subset of S—; consisting of closed subsets containing V(). Note that since

ModNﬂ( ) is a dualizable object in Modod, (Prl), the internal mapping object functor Funk (Modgﬂ( ), —

of Modwodp (Prl) preserves small colimits. Thus, to check the induced map from Funk (Modgllm, Dy 1))
to

Nil(7 . . il(I
Fun (Mod D scolimy (g)es_, QV(K)> ~ colimy (r)es FunR (ModR D s Dy ))

=i, DV (I)

is an equivalence, it suffices to check that for all V/(K) € S_; Sv(1), the natural map

Fuan;t (MOdgﬂ(I), Dv([)) — FuangL (1\/.[Odgﬂ(1)7 DV(K)) (16)

is an equivalence. To verify (16), consider the natural fiber-cofiber sequence Modgﬂu) — Modp —

(Modgﬂ(K))Loc(I) in Modpjody, (Prk )3l here, we are using that ModNﬂ( ) = Mo lel(HK) from V(I) C
V(K). From this, we obtain a fiber-cofiber sequence

Nil(K)

. Nil . Nil
COhmV(J)QV( K), codim= 1(M0d i ))LOC(J) QRrC — COhmV(J)gV( K), codim= 1(M0d (K ))LOC(J) ®pC
. Nil
— colimy (jycv(K), codim=1((Modp ) Loc(T)yLoe()) @ 1 @
in Modwiodp (Pr )d“al. Note that the third term of the sequence is I-local. Thus, the sequence induced
by taking Funk B (ModNﬂ( )

Lemma 2.10, has the third term being equivalent to 0 by Lemma 3.12. In particular, we have a natural
equivalence between

—) to this sequence, which is a fiber-cofiber sequence in Modyioq R(Prgt)dual by

Fung; (Modj", colimy (1) cv(#), codim=1(Modjy )2 @ €) (17)
and

Fuanz (Modgﬂ( ) s colimy (1) cv(K), codim= 1(Molel( ))LOC(J) ®R G) FunR (Molel( )79\/(}())
in MOdModR (PI‘;).
It remains to check that the natural map

Nil(1 ))Loc(J) 95 €
(18)

il(I)\Loc .
Dy (1) = colimy (jycv (1), codim= 1 (Mody ILoelD) g @ — colimy (;)cv (K), codim=1(Mod
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is an equivalence, hence identifying (17) with Fun} (Modgﬂm ,DV(I)>. It suffices to check the case
of € = Modpg, so let us assume so. Also, by cofinality of the subset S—;;; in S;+1, one can replace
codim = 1 conditions in the index categories for the colimits by codim > 1. For any V(J) € S;11 with
V(J) C V(K), one has (MOlel(I))Loc(J) — (Modgﬂ( ))LOC(I+J) from (MOlel(I))N11(1+J) (M lel( ))Nil(J)
for instance, hence can replace V(J) with V(I) N V(J) which is a closed subset of V(I) of codimen-
sion > 1. Thus, we have a partial order preserving retract V(J) — V(I 4+ J) of the inclusion {V(J) €
Siy1 | V(J) C V(I)} — {V(J) € Siy1 | V(J) € V(K)} such that the value of the diagram is in-
variant under the retract, i.e., (ModI}\;ﬂ(I))LOC(‘] ) = (Mo lel( ))LOC(”J ); this implies that the natural map

Nil(1 ))LOC(J)

colimy (y)cv (1), codim=1(Mo dNﬂ(I))LOC(‘]) — colimy (7)cv(k), codim=1(Modp between colimits is an

equivalence. More precisely, we have a sink

Nil(I)\Loc(J) __ Nil(I)\Loc(I+J) ; Nil(1)\Loc(J")
((MOdR ) (M d ) - COhmV(J’)gV( 1), cod1m>1(1vlod ) ){V(J)€S¢+1 | V)TV (K)} >

and hence a map colimy (j)cy(k), COdlm>1(1\/[0d1\m(]))L°C( ) — colimy (v (n), COdlm>1(ModNﬂ( ))LOC(‘]’) from
the colimit, which by construction is an inverse equivalence to the map of question. ]

Lemma 3.28. For V(I) = V(p) € S, i.e., V(I) being irreducible, the object (14) is naturally equivalent
to
e) = Mapti! (ModNﬂ(p) Modg, ®r e) .

Proof. The second variable object of the internal mapping object (14) is, by irreducibility assumption,

equivalent to colimy(s)es,,,, pas Modllfzoc(‘]) ®pr C. Since each V(J) is a codimension 1 subset of V(p) =
Spec(moRR)/p, the latter object is equivalent to colim fer)r\p Modléoc((f ) o r € by Krull principal ideal

theorem.

To further compute the internal mapping object, consider the three fiber-cofiber sequences Mod
Mod ¥ —5 (ModN"yLee) Mod NP — Mod g — Modi?*P | and ModN'*7) — Mody — Mo dlg’c(”‘”,
Where I and J are any ﬁnltely generated ideals of mgR. By Lemma 2.11, we know the natural sequence
(Mo lel(I))LOC( ) — Mo dLOC(I+J) — Mo dLOC( ) is a fiber-cofiber sequence in Modpjod, (Prl)9". By taking
I=(f)and J =p and takmg filtered cohmlts and tensoring with €, we have a fiber-cofiber sequence

Nil(I4J) N

Loc((f)+p)

colim pe.ry o (Mod ) E0eP) @ 1 € — colim ey pyp Mod ©r € = colim sy, Mod ) @ €

in ModMOdR(PrSt)dual, cf. Lemma 2.8. Since the first object of the sequence is p-local, upon taking
Mapdual (Molel(p) —) we obtain an equivalence

Map dual (Modgll(p) colim feroR\p ModLOC((pr) ®R @) o~ Mapdual (Modgﬂ(p), colim feroR\p Mod%oc(f) R C)

by Lemma 3.14, Lemma 3.12 and Corollary 2.20 (1).
Finally, we further compute the second variable of the right hand side internal mapping object of the
equivalence. We have equivalences

(/)

colim ey r\p ModIIf-i0 ~ colim perr\p Modpg(p-1) = Mod 11 = Modp,

colimfe,rOR\p R[f~
in Modwmodg (Prift)dual, where the second equivalence follows from [Lura, Cor. 4.8.5.13]. ]

Lemma 3.29. In general, for V(I) = V(p;) U--- UV (p,), where V(p;) € S for i = 1,...,r, the object
(14) is naturally equivalent to

dual dual
T e =TI o (o™ Mo, ). )
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Proof. We proceed by induction on the number r of irreducible components of V' (I). The case of r =1 is
Lemma 3.28, so let > 1. Write V/(I) = V(p1) UV (I"), with I’ = pg---p,. Also, write L to denote either
of the ideals p; or I’ in the computations below; in particular, V(L) C V(I). Observe that:

(1) We have natural equivalences

[(14) for V/(L)] = Map! (Mody" ™), colimy(pyes_,,. vincvm (Mody )t @ @)
~ Maupdual (ModR L )7C0hmV(J)eS:i+17 V(J)g\/([)(MOdgﬂ(L))LOC(J) ®n (‘3)
o~ Maupdual (Modgﬂ(L), colimy (jyes_, 1, V(J)Cv (D) ModI;ZOC(‘]) QR (-3) )

This was proved in the course of the proof of Lemma 3.27. The first equivalence amounts to the equivalence
between (14) and (15), while the second equivalence follows from the fact that the natural map (18) is
an equivalence. The third equivalence follows exactly as in the proof of the equivalence between (14) and
(15); one considers the fiber-cofiber sequence obtained by taking filtered colimits and tensoring € to the
natural fiber-cofiber sequence (Molel( ))LOC( ) — Mo dLOC(‘]) (Mod%OC(L))LOC(J ) and applies Lemma 3.12
and Corollary 2.20 (1).

(2) We have

Mapdual (M lel(le ) seolimy (7yes_, 1, v()CV (D) ModL oc(J) QR G) ~ 0.

It suffices to check Funk (M lel(p1+I )

(1). By dualizability of Mod

of Modwmodp (Prst) preserves small colimits, and hence the left hand side object is equivalent to

COlimV(J)es_,+1, V(J)CTV (D) MOdLOC(J) ®R G) ~ (0 by Corollary 2.20

Nil(7) . Nil(I) _)

in Modwiod (PrL), the internal mapping object functor Funk (Mod

colimy (yyes_,.1, V()CV(I) Fuan? (Modgﬂ(pﬁ” Mo dLOC( ) ®R (‘3) .

Thus, we are reduced to check that the colimit above is equivalent to 0. Note that we can replace the index
partially ordered set by its cofinal subset consisting of V' (J) € S;;1 such that V(p1)NV(I') CV(J) C V().
For such V(.J), we know ModLOC( )@ g € ~ €Locl) is contained in CLo°®1+1) and in particular is (p; + I')-
local. Thus, by Lemma 3.12, we have Funlé (Modgﬂ(pﬁp), ModI;zOC(J) R (‘3) ~ 0, and conclude that the
colimit is equivalent to 0.

Using (1) and (2) above, we can proceed with the proof. For notational convenience, denote Dy (p) :=
colimy (nes_, 1, v(ncv( Mod oc(J) ®r €. We have to compute the object Mapdual (Molel( ) DV(I)) by
Lemma 3.26, we know the obJect is equivalent to

MapduaLl (Mole (p1) CDV([)) X MapduaLl (Modzﬂ(l ), DV(I)> .

Mjl%ual <M0d;il(pl+ﬂ),gv(1)>
By (1) and (2) above, we can rewrite the pullback as a product, and have an equivalence
Mapdual (MOdel(I) ®V(I)) ~ Mapdual (Modgil(pl), DV(pl)) % Mapdual (M dgll( " ®V(I’)) )

By induction hypothesis, we can describe each of the two components in the right hand side product.
Together, they give the desired expression of the left hand side object, finishing the proof. O

Finally, our formula follows from Lemma 3.27 and Lemma 3.29, and the identification of S—; with the
partially ordered set of finite subsets of S = (Spec moR)®:

Nil

Map(I';,I'; @ Liy1 ® €) >~ hmv( T)eser Map Map dual (ModR (D , [ ®pr Liv1 ®Rr G)

dual dual
~ 1indual N~ A
~ iy e gon HpeV(I),ht(p):i Cp ™ Hpe(spemoR)i Cy
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We would like to describe certain compositions of the endofunctors from Proposition 3.23, which will
describe terms in the motivic limit diagram.

Lemma 3.30. Let R be an E.-ring such that moR is Noetherian. For each i > 0 and q € (SpecmR),

the natural map
dual e/\ A dual (‘3/\ A
HpE(SpeCWOR)“Fl P g - Hpe(SpecwoR)i“7 V(p)SV(a) P q

for € € 1\/[odModR(Prgt)dual is an equivalence, i.e., the natural map of endofunctors of Modwodj (Prljt)du3L1
from

dual il(q) dual dual Nll(p)
Map (M odjy" Modp, ®r | [ e mo it Map'h (Mody ))
to
dual Nil(q) dual dual Nil(p)
Map (Mod Modg, ®r [] Specmiy . v ey (o AP (ModR : )>

is an equivalence.

Proof. Let € € Modyoq,, (Prk )@ From

Hdual e/\ - Hdual e/\ y Hdual e/\
pe(SpecmoR)i+t “P T Llpe(SpecmoRr)i+1, V(p)CV(q) P pe(SpecmoR)IH1, V(p)ZV(q) P

and from the fact that MapduaLl (Modgﬂ(q), Modg, ®r —) preserves finite products, we know that to verify
the natural map of question is an equivalence, it suffices to check

dual A dual Nil(q) dual ANY ~
<Hpe(spm03y+1,v< )ZV(q) Gp) = Mapy, (MOd »Modg, @r Hpe Spec roR) 1, V) ZV(a) > =~ 0.

In order to check the vanishing above, it suffices to check the case of € = Modg, i.e.,

dual

dual Nil(q)
Mapp (M odp™ " Modr, ®r || ¢ gpecmmyn, vigvia

ModR){J\> ~ 0. (20)
dual A

In fact, as each (— ) is lax symmetric monoidal by Remark 3.22, the object Hpe (SpecToR) L, V(R)ZV () ¢
0

dual (
pE(SpecmoR)* 1, V(p)ZV (q)
dual e/\
pE(SpecmoR) 1, V(p)ZV (q) P

Modg);', and as (—); is again lax symmetric
A

is a module over the algebra
q

is a module over the algebra H

monoidal, we know in turn the object (H

dual A A
(HpaSpecmR)iH, vmgv( Modr >q '

Now, the vanishing (20) follows from Corollary 2.20 combined with the observation that the object in
c(q)

the second argument of the internal mapping object is a module over Mode%O , and hence gives

dual

Nil(q)
FUHR (MOdR s Modg, ®r Hpe (SpecmoR)+1, V(p)ZV (q)

(ModR)Q> ~ 0.

dual
pE(Spec mo R)* 1, V(p)ZV (1)
, it suffices to check that the object H

To check this observation that Modg, ®g H (Mod R)/\ is a module over the closed

Loc(q) dual

p€(SpecmoR)* 1, V(p )ZV(CI)(
a module over Mod™° R oc(a ); for the latter, it again suffices to check that each (ModR)]J is a module over
Mod" @ cf. [Lura, Cor. 4.2.3.3].

From the idempotent fiber-cofiber sequence ModX R 1@ Mod r — Modp, Loc(q) , we can equivalently check

idempotent algebra Mod Modg); is
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Modgﬂ(q) ®r (Modg)) =~ 0. Note that (Modg); =~ Res (Map%;al (Modgil(MORp), ModRp>> is a module over

the closed idempotent algebra Modg, of Modpoq R(Pr;)dual; thus, in order to check the stated vanishing,
we are reduced to check Modg11

Nil . . ;
has Modp @ ®r Modg, = colimye p(p)(Modps—1 9 ~ cohmpeD(f)g(SpecFOR)\V(q)(ModR[ffl})Nll(q) by
the assumption V(p) € V(q), and any f € moR giving D(f) of the index category of the latter colimit, i.e.,

f € q\p, by definition satisfies (ModR[fq])Nﬂ(q) ~ 0. O

(@ ®@r Modpg, ~ 0. This vanishing can be directly verified as follows. One
)Nil(

Finally, we can describe the objects of Modpod;, (Prl)dual appearing as individual terms in the motivic

limit diagram associated with the adelic idempotent fiber-cofiber sequences:

Proposition 3.31. Let R be an E,,-ring such that mgR is Noetherian. Then, foreach0 < i1 < --- < i, € Z,
we have a natural equivalence

$iy 00 ¢, (C)

A
N Hdual o Hdual . Hdual e/\ A o
~ Apue(SpecmoR) pr—1€(SpecmoR)" "1, pr_1€V (pr—2) pre(SpecmoR)ir, preV(pr—1) P )

for € € Modyjoq,, (Prl)dual.

Proof. The case of r = 1 is Proposition 3.23. In general, successive applications of Proposition 3.23 provides
an expression without restrictions p; € V(p;41) on the indexes for the products, and Lemma 3.30 further
reduces the expression to the claimed formula above. ]

Now, we have the following adelic descent statement for localizing invariants on dualizable presentable
stable co-categories:

Corollary 3.32. Let R be an E,-ring such that myR is Noetherian and of finite Krull dimension n. Then,
for any localizing invariant F : Prl“t’dual — V into a stable co-category V and any € € Modoq R(Prgt)dual

there is a natural equivalence

i dual dual A A
E(e) - O§11<hniz,«§nE <le€(SPeCﬂ-OR)il < B (HPTE(SPGC ﬂOR)irv pTEV(Pv*—l) epr) o )P1>

)

inV.

Proof. By Example 3.8, we can apply Theorem 3.16 to X = Modwod, (Prl)dual " its sequence of adelic
idempotent fiber-cofiber sequences of Construction 3.19, and the restriction of E to ModMOdR(Prgt)d“al.
By Proposition 3.31, each of the terms E(¢;, - - - ¢;,.(C)) takes the form as stated above on the right hand
side of the equivalence. O

When the underlying commutative ring of R has Krull dimension 1, we can compute the terms in the
limit diagram in a more precise way in the case of continuous K-theory:

Corollary 3.33. Let R be an E,-ring such that mgR is Noetherian of Krull dimension 1. Then, for each
C € Modwod, (Pr;)dual, there is a natural pullback-pushout square of spectra

Kcont(e) Hne(spec TR Kcont (MOan QR e)

| o

cont (A cont A
HpE(Spec moR)! K (ep) HT]E(Spec moR)0 K (MOdR” ©R HpE(Spec moR)INV (n) ¢ ) )
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Moreover, the bottom right object is naturally equivalent to

. con Loc
HnE(Spec moR)0 COthG?ﬁn((SpeCWoR)lﬂV(W)) (HpES K ’ ((e;/a\) (p))
cont A
X Hpe(SpecwoR)lﬂV(n),pésK (Gp)).

Example 3.34. Let R be an Ey-ring such that mpR is Noetherian of Krull dimension 1. By taking
€ =1 = Modg, Corollary 3.33 says that there is a natural pullback-pushout square of spectra

K(R) Hne(Spec moR)0 K(Rn)

| |

cont A cont dual A
HpG(Spec moR)! K <(MOdR)p ) Hne(Spec moR)0 K (MOdR” ©r HpE(Spec moR)INV () (MOdR)p) ’

and the bottom right object is furthermore naturally equivalent to
. t AyLoc(p)
HnE(SpeCWOR)O colimgepy, ((SpecwoR)1NV (n)) <Hp€S K" (((MOdR)p) . )

cont A
% HpE(SpecwoR)lﬂV(n)7 péSs K ((MOdR)p> >

If R is an underlying E-ring of an animated commutative ring with moR being Noetherian of Krull
dimension 1, then for each p € (SpecmR)" we have (Modg), =~ Nucz- and hence a natural equivalence
P

Kcont ((ModR)Q) ~ lim, K(R, / p"R,) by Efimov’s result [Efib]; here, the quotient is taken as animated

—— Loc(p)

commutative rings. On the other hand, the spectrum Kn* (((Mod R)Q)Loc(p)> = Keont (Nuc 7 ), which

in the case of static R recovers Ko (Nuc ), cf. Remark 3.10, fits into the pushout square

Spf(Rp)y

K(Ry) ————— K(Spec Ry\V (pRy))

| !

lim,, K(Ry J/ p"Rp) — Keont (1\7&%‘?(" ))

of spectra via Example 3.9 and the equivalence K1t (Modg‘;c(lﬂ)) ~ K (Spec Ry\V (pRy)).

Proof of Corollary 3.33. By Corollary 3.32, we have a square

e HT76 (Specm )’ Modg, ®p €

J |

dual dual
e —— Mod cn
]~_[p€(Spec7roR)1 P Hne(SpecwoR)O B R HpE(SpecwoR)lﬁV(n) P

which maps to a pullback-pushout square through any localizing invariants; here, we used Example 3.25
for the right side objects. Since K¢ : Prod"®l _ §p preserves small products [Efi24, Th. 4.29], we in
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particular have the following pullback-pushout square

Keont(e) 1L c spec mgryo K" (Modi, @5 €)

J |

Kcont(e/\) H 0 cont (MOan Or Hdual

e/\
]~—LJE(Spec7roR)1 ne(SpecmoR pe(SpecmoR)1NV (1)

of spectra. To further compute the bottom right spectrum, note that for each n € (SpecmoR)?, one has

Loc( V(S)ulJ,, cennmyOry V()
Modpg, =~ colim,¢cpy )ModLOC( )~ colimgepy ((SpecmoR)! NV (n) Modg ( mEpecmo Ty . For

each finite subset S of (SpecmoR) NV (n), us write Zg := V(S) U Uyye(specmoryory V(') for convenience.
Now, observe that we have:

(1) Mo dLOC(ZS) ®r €y ~ C) for p ¢ S, p € (SpecmoR)! NV (n). In particular, each € is a ModLOC(ZS)
module object in Modyjody, (Prst)dual and so is their product. Since Modg, ®r C, =~ €} over Modg, i.e., C;
is a Modg,-module object, it suffices to check the equivalence after replacing G/\ by Mod R,- Since Modg,
is equivalent to a filtered colimit in Modl\/[odR(Prst)dual of ModLOC(Spe”OR\U) over open neighborhoods
Loc(Zs) Loc(Spec moR\U) Loc(Spec moR\U)

U of the point p in (SpecmoR)\Zs, and since Modp ®r Modp ~ Modp as
Zg C (SpecmoR)\U, we have ModLOC(ZS) ®g Modpg, ~ Modg, as desired.

(2) Mo dIéOC(ZS) @R Cp =~ (GQ)LOC@) for p € S. For convenience, write Z' = U, c(specror)o\y V (1), 80
Zs =V(S)U Z' for instance. From the pushout square of Lemma 3.26, we have a pushout square

Loc

Mo dR (@ )®R e/\ Mo dLOC( (S\{pHuz’) Qg e;\

| |

Mody" ™™ @p € ———— Modp ™) g €)

in Modoq R(Prst)dual From (1), the upper right object is equivalent to G/\ and the upper horizontal arrow

Loc(Z
is an equivalence. Thus, the lower horizontal arrow is an equivalence, and we have Modp oc(Zs) QR GA o~

(C))Lecl®) as claimed.

dual
From the above (1) and (2), we know Modg, ®r H -

pE(SpecmoR) NV (1)
over S € Pgu((SpecmoR)' NV (n)) of the objects of the form H () Loc(p) x

(‘BA is equivalent to a filtered colimit
Hdual e/\

pe(SpecmoR)INV (1), pgS P
in Modwmod, (Prh)dual Since Modpiody, (Prl)dual Pr;dua preserves small filtered colimits and K" is
finitary, we obtain the stated expression of the bottom right spectrum of the diagram. O

References

[AMR24] David Ayala, Aaron Mazel-Gee, and Nick Rozenblyum, Stratified noncommutative geometry,
Mem. Amer. Math. Soc. 297 (2024), no. 1485, iii4260.

[BGT13] Andrew J. Blumberg, David Gepner, and Gongalo Tabuada, A universal characterization of
higher algebraic K -theory, Geom. Topol. 17 (2013), no. 2, 733-838.

[BDO6] Mitya Boyarchenko and Vladimir Drinfeld, Idempotents in monoidal categories, preprint pre-
viously available on the second author’s website, 2006.

[BK24] Christopher Brav and Grigorii Konovalov, Beilinson—Parshin adeles via solid algebraic geome-
try, arXiv preprint (2024), ArXiv:2403.08472.

40



[Cam21]

[Claal

[Clab]
[Cor23|

[Efi24]
[Efia]
[Efib]

[Efic]
[Gailb]

[GR17]

[Hoy]

[HSSS21]

[Kim?23]
[KNP]

[Lur09)]

[Lura]
[Lurs|
[Ram|]

[Sch]

Timothy F. Campion, Free Duals and a New Universal Property for Stable Equivariant Homo-
topy Theory, Thesis (Ph.D.)-University of Notre Dame, ProQuest LLC, Ann Arbor, MI, 2021,
p- 94.

Dustin Clausen, Efimov K-theory, 3/3, 2023 THES Summer School - Recent Advances in
Algebraic K-theory, IHES, Available on Youtube.

Dustin Clausen, The K-theory of adic spaces, eAKT talk, Available on Youtube.

Adriano Cérdova Fedeli, Topological Hochschild homology of adic rings, Thesis (Ph.D.)—
University of Copenhagen, 2023.

Alexander Efimov, K-theory and localizing invariants of large categories, arXiv preprint (2024),
ArXiv:2405.12169.

Alexander Efimov, Dualizable categories and localizing motives, Masterclass: Continuous K-
theory, dualizable and rigid categories, University of Copenhagen, Available at Masterclass
webpage.

Alexander Efimov, Localizing invariants of inverse limits, in preparation.

Alexander Efimov, Rigidity of the category of localizing motives, in preparation.

Dennis Gaitsgory, Sheaves of categories and the notion of 1-affineness, in: Stacks and categories
in geometry, topology, and algebra, vol. 643, Contemp. Math. Amer. Math. Soc., Providence,
RI, 2015, pp. 127-225.

Dennis Gaitsgory and Nick Rozenblyum, A study in derived algebraic geometry. Vol. I. Corre-
spondences and duality, vol. 221, Mathematical Surveys and Monographs, American Mathe-
matical Society, Providence, RI, 2017, x14+-533pp.

Marc Hoyois, K-theory of dualizable categories (after A. Efimov), Available at author’s webpage.

Marc Hoyois, Pavel Safronov, Sarah Scherotzke, and Nicolo Sibilla, The categorified Grothendieck-
Riemann-Roch theorem, Compos. Math. 157 (2021), no. 1, 154-214.

Hyungseop Kim, Adelic descent for K-theory, New York J. Math. 29 (2023), 1-28.

Achim Krause, Thomas Nikolaus, and Phil Piitzstiick, Sheaves on Manifolds, Available at
author’s webpage.

Jacob Lurie, Higher topos theory, vol. 170, Annals of Mathematics Studies, Princeton University
Press, Princeton, NJ, 2009, pp. xviii4+925.

Jacob Lurie, Higher algebra, Available at author’s webpage.
Jacob Lurie, Spectral algebraic geometry, Available at author’s webpage.

Maxime Ramzi, The formal theory of dualizable presentable co-categories, Available at author’s

webpage.

Peter Scholze, Lectures on Analytic Geometry, Available at author’s webpage.

E-mail address: hyungseop.kim@universite-paris-saclay.fr
CNRS, LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIVERSITE PARIS-SACLAY, BATIMENT 307, RUE MICHEL
MAGAT, F-91405 OrsAy CEDEX, FRANCE

41


https://youtu.be/2xNG4rHUC6U?si=WKKW6UVtDy1ycUnL
https://youtu.be/e_0PTVzViRQ?si=meBZD3ooiQkYjHIZ
https://www.math.ku.dk/english/calendar/events/masterclass-continuous-k-theory/Efimov1.pdf
https://www.math.ku.dk/english/calendar/events/masterclass-continuous-k-theory/Efimov1.pdf
https://hoyois.app.uni-regensburg.de/papers/efimov.pdf
https://www.uni-muenster.de/IVV5WS/WebHop/user/nikolaus/Papers/sheaves-on-manifolds.pdf
https://www.uni-muenster.de/IVV5WS/WebHop/user/nikolaus/Papers/sheaves-on-manifolds.pdf
http://www.math.ias.edu/~lurie/papers/HA.pdf
http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://sites.google.com/view/maxime-ramzi-en/publicationspreprints/prldbl?authuser=0
https://sites.google.com/view/maxime-ramzi-en/publicationspreprints/prldbl?authuser=0
https://www.math.uni-bonn.de/people/scholze/Analytic.pdf

	Introduction
	Main results

	Categorical preliminaries
	Module objects in PrLst
	Dualizable categories over rigid base

	Formal gluing diagrams
	Idempotent fiber-cofiber sequences and gluing squares
	Motivic limit diagram associated with idempotent fiber-cofiber sequences
	Adelic descent for localizing invariants on dualizable categories

	References

