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ON THE VARIATION OF THE MILNOR NUMBER OF FOLIATIONS UNDER

BLOW-UPS OF NON-ISOLATED SINGULARITIES

MAURÍCIO CORRÊA, GILCIONE NONATO COSTA

In memory of Celso dos Santos Viana

Abstract. Let F be a one-dimensional holomorphic foliation on Pn such that W ⊂ Sing(F), where
W is a smooth complete intersection variety. We determine and compute the variation of the Milnor
number µ(F ,W) under blowups, which depends on the vanishing order of the pullback foliation along
the exceptional divisor, as well as on numerical and topological invariants of W. This represents a
higher-dimensional version of Van den Essen’s formula for projective foliations. As an application, in
P3, we provide a Seidenberg type theorem for non-isolated singularities, without assuming that they
are absolutely isolated. That is, the foliation has a birational model on a smooth manifold which is
generically log canonical.

1. Introduction

In his celebrated work [3], Bott provided a method to compute residues of global holomorphic vector
fields along non-degenerate and non-isolated singularities. In general, determining the residue for degen-
erate singularities in the case of meromorphic vector fields is challenging, except for isolated singularities,
as shown by Baum and Bott in [1].

F. Bracci and T. Suwa established in [4] that Baum-Bott indices continuously vary under smooth
deformations of holomorphic foliations, and in particular, such residues/indices can be computed via
deformation. Therefore, following Bracci and Suwa, we can, in particular, define and compute the Milnor
number of a one-dimensional foliation along a smooth subvariety of high codimension contained in the
singular set as follows. Consider a one-dimensional holomorphic foliation F0 on a complex manifold
M0 induced by a global section of v0 ∈ H0(X,TM0 ⊗ L), for some fixed line bundle L, such that its
singular locus Sing(F0) contains a smooth subvariety W0 of codimension d ≥ 2. Now, let Ft be a
generic holomorphic deformation of F0, for t ∈ D(0, ǫ), with ǫ sufficiently small such that Ft is induced
by a section of vt ∈ H0(X,TM0 ⊗ L), lim

t→0
vt = v0 and Sing(Ft) = {pt1, . . . , ptmt

}, where each ptj is an

isolated closed point. Then Milnor number µ(F0,W0) of F0 along W0 is given by

µ(F0,W0) =
∑

lim
t→0

ptj ∈ W0

µ(Ft, p
t
j),

where µ(Ft, p
t
j) is the usual Milnor number for isolated singularities. In [10], we computed the Milnor

number for the case where W0 is a non-dicritical component. Here, we extend that result to the case
where W0 is a dicritical component of Sing(F0).

It is natural to ask how the Milnor number varies under certain maps that modify the foliation. In
[11], the authors show that µ(F0,W0) on a three-dimensional manifold M0 remains invariant under
topological equivalences C1. In this work, our focus is on determining the Milnor number µ(F0,W0)
and computing its variation under blow-ups for foliations on projective spaces.

In order to present our first results we need to fix the following notation: W0 := Z(f1, . . . , fd) will be
a smooth complete intersection variety on M0 = Pn where fj is a reduced polynomial with kj = deg(fj)
for j = 1, . . . , d. Let TW0 and N := NW0 be tangent and normal bundles of W0 in M0 and with their
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total Chern classes c(T|W0
) =

∑
τ
(d)
i hi and c(N ) =

∑
σ
(d)
i hi, respectively, where h is the hyperplane

class of Pn. Consider

W(d)
δ := W(d)

δ (k1, . . . , kd) =
∑

i1+...+id=δ

ki11 . . . kidd ,

the complete symmetric function of degree δ in d variables at the multi-indices (k1, . . . , kd). Now, let
π1 : M1 → M0 be the blowup of M0 = Pn along W0, with the exceptional divisor E1 = π−1

1

(
W0

)
.

The kernel ν(F0,W0, ϕa) is defined as follows

ν(F0,W0, ϕa) = − deg(W0)

n−d∑

|a|=0

n−d−|a|∑

m=0

(−1)δ
m
|a|
ϕ
(m)
a (ℓ)

m!
(k − 1)mσ(d)

a1
τ (d)a2

W(d)
δm
|a|
,

where k = deg(F0), a = (a1, a2) ∈ Z2, |a| = a1 + a2 ≥ 0, δm|a| := n− d− |a| −m; and ℓ is given by

ℓ =

{
mE1

(
π∗
1F0

)
, if W0 is non-dicritical

mE1

(
π∗
1F0

)
− 1, if W0 is dicritical,

where mE1

(
π∗
1F0

)
denotes the vanishing order of the pullback foliation π∗

1F0 at E1 and the function

ϕa(x) := xn−d−a2(1 + x)d−a1 with ϕ
(m)
a (x) =

dm

dxm
ϕa(x).

Theorem 1.1. Let F0 be a holomorphic foliation by curves on Pn, with n ≥ 3, of degree k. Suppose that
the singular set of F0 is the disjoint union of a smooth scheme-theoretic complete intersection subvariety
W0 of pure codimension d ≥ 2, and closed points p1, . . . , ps. Consider the blow-up π1 : M1 → M0

centered on W0 being E1 = π−1
1

(
W0

)
the exceptional divisor and F1 the strict transform foliation

obtained from F0 via π1. Then

(a)

s∑

i=1

µ(F0, pi) =

n∑

i=0

ki + ν(F0,W0, ϕa)−N(F0,AW0),

(b) µ(F0,W0) = −ν(F0,W0, ϕa) +N(F0,AW0) ≥ −ν(F0,W0, ϕa),

(c) µ(F1,
⋃

i W
(1)
i ) = µ(F0,W0) + ν(F0,W0, ϑa)

where N(F0,AW0) is the number of embedding closed points associated to W0, counted with multiplic-

ities, W
(1)
i ⊂ E1 is each connected component of Sing(F1) and

ϑa(x) = ϕa(x) + xn−d−a2−1
(
1− (1 + x)d−a1

)
.

This is a higher-dimensional version of Van den Essen’s formula; see [25, Theorem 1.3] and [17,
Appendix]. Moreover, Theorem 1.1 provides a lower bound for the Milnor number µ(F0,W0) and
calculates its variation under blow-up. Remarkably, Item (c) remains valid even when W0 is a closed
point.

In the next part of this paper, we explore a holomorphic foliation F0 defined on P3, where its singular
set contains a smooth regular curve W0. We start with M0 = P3 and consider a sequence of blow-
ups πj : Mj → Mj−1 centered, for each j ≥ 1, along a component Wj−1 ⊂ Sing(Fj−1), where Fj

is the strict transform obtained from Fj−1 under πj , and Ej is the exceptional divisor. In short, we
denote this sequence by {πj ,Mj ,Wj,Fj ,Ej}. Generally, when we restrict the singular set of Fj to the
exceptional divisor Ej , it comprises new curves and potentially isolated closed points. However, these
new curves can be categorized into two main types: those that are homeomorphic to W0 and those that
are homeomorphic to P1. As a result, we present the following theorem, which efficiently determines
µ(Fi,Wi) under natural hypotheses for i ≥ 0.

Theorem 1.2. Let F0 be a one-dimensional holomorphic foliation defined on P3 such that W0 ⊂
Sing(F0) where W0 is a smooth curve of degree deg(W0) and Euler characteristic χ(W0).

If there is a blow-up sequence πj ,Mj,Wj ,Fj,Ej where Wj is homeomorphic to Wj−1 and πj(Wj) =
Wj−1 for j ≥ 1, then
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(a)

µ(Fj,Wj) =
(
ℓj+1 + 1

)(
(ℓj+1 + 1)χ(W0) + (3ℓj+1 + 1)(k − 1) deg(W0) +

ℓ2j+1

2j
Λ
(3)
0 +

+ (3ℓj+1 + 1)Λ
(3)
0

j∑

i=1

ℓi
2i

)
+N(Fj ,AWj

)

where Λ
(3)
0 := χ(W0)− 4 deg(W0), ℓi = mEi

(
π∗
iFi−1

)
for i = 1, . . . , j + 1 and N(Fj ,AWj

) the
number of embedding closed points associated with Wj, counted with multiplicities.

(b)

µ(Fj+1,
⋃

i

W
(j+1)
i ) = µ(Fj ,Wj) +

(
1− ℓj+1 − ℓ2j+1

)
χ(W0) +

ℓj+1

2j
(
1− ℓ2j+1

)
Λ
(3)
0 −

− (3ℓ2j+1 + 2ℓj+1 − 1)

(
(k − 1) deg(W0) + Λ

(3)
0

j∑

i=1

ℓ1
2i

)

where W
(j+1)
i ⊂ Ej+1 is each connected component of Sing(Fj+1).

Here we assume that

β∑

i=α

ai = 0 for α < β.

The map πj : Mj \ Ej → Mj−1 \ Wj−1 is a biholomorphism which implies that the sequence
N(Fj ,AWj

) is non-increasing. Since µ(Fj ,Wj) is a natural number, the order mWi
(Fi) (the order of

vanishing of the foliation Fi along the curve Wi) typically increases by one during a blow-up sequence.
This increase is expected to be mW0(F0) + 1. By Theorem 1.2, we conclude that the order of annul-
ment ℓi = mEi

(π∗
i Fi−1) will be zero for sufficiently large i. This implies that after a certain point in

the sequence of blow-ups, the foliation no longer increases in complexity, and the process stabilizes.
Consequently, this result offers a new approach to extending Seidenberg’s Theorem for foliations with
non-isolated singularities. A well-known fact is that for n = 2, the resolution Theorem of Seidenberg [22]
asserts that all the singularities of Fi are elementary for i large enough. This means that if p ∈ Sing(Fi)
then Fi is locally generated by a vector field Xk having a linear part with eigenvalues λ1 and λ2 where
λ1/λ2 6∈ Q+ or at least one eigenvalues is non-zero.

As defined in [6], the component W0 will be called an absolutely isolated singularity if all the compo-
nents Wi, which appear in this process, have the same dimension as W0. In [6], the desingularization
theorem is proven when W0 is a non-dicritical absolutely isolated singularity. The non-dicritical con-
dition is removed in [2]. However, it is unfortunate that a general birational desingularization theorem
is not possible, as shown in [8], where F. Sanz and F. Sancho presented an example of a vector field
X that cannot be desingularized by any sequence of blowups. For further details, refer to Example 5.9
and Proposition 5.5. For complex 3-folds, Panazzolo [20] and McQuillan–Panazzolo [18] provide a non-
birational desingularization (after performing smoothed weighted blow-ups) and Cano in [7] proposes
a desingularization approach that permits the use of formal, non-algebraic blow-up centers. Our next
result states that we can proceed with a birational desingularization such that, for generic points of the
curves in the desingularized model, the singularities are elementary. Furthermore, in the sense of [5,
Proposition 2.20], this birational model is generically log canonical.

Theorem 1.3. Let F0 be a one-dimensional holomorphic foliation defined on M0 = P3 such that
W0 ⊂ Sing(F0) where W0 is a smooth curve.

If there is a blow-up sequence {πi,Mi,Wi,Fi,Ei} such that Wi is a homeomorphic curve to Wi−1

and πj(Wj) = Wi−1, then there is a natural number k such that Wi is an elementary component of
Fi for i ≥ k, for almost all points of Wi. In particular, Fi is generically log canonical along Wi. for
all i ≥ k.

In [21], F. Sancho de Salas presented a similar theorem, but with a key difference: the case where
W0 has codimension two and is also a absolutely isolated component. Theorem 1.3 generalizes the
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Sancho de Salas’ result for foliations on P3, as different dimensional singularities may emerge during
the desingularization process; see example 4.7. Despite the challenges posed, we establish that if such
a sequence exists, then, starting from a certain index, the singular components become elementary,
regardless of whether they are absolutely isolated or not. An additional complication we encounter is
that determining whether a singularity is absolutely isolated is a highly challenging task. For further
details, see Examples 4.7 and 4.5. Rebelo and Reis in [24] show the transcendental nature of foliations
that cannot be resolved by birational maps. They demonstrate that such foliations have a birational
model with a formal separatrix passing through one of their singular points. In the example of Sanz
and Sancho, the foliations have strictly formal separatrices. We also observe in Proposition 5.10 that
a foliation which cannot be birationally desingularized does not admit any formal first integrals along
a curve of its singular set. From Theorem 1.3, we can conclude that after a finite number of blow-ups
along homeomorphic curves to W0, the foliation Fk in the open set Uk is described by the following
vector field.

Xk = x1

(
λ
(k)
1 + P1(x)

)
∂

∂x1
+

(
x1r1(x3) + x2λ

(k)
2 + P2(x)

)
∂

∂x2
+ P3(x)

∂

∂x3

where λ
(k)
i = λ

(k)
i (x3) for i = 1, 2, the singular component Wk is defined as x1 = x2 = 0 and Xk having

a linear part with eigenvalues λ
(k)
1 and λ

(k)
2 where λ

(k)
1 /λ

(k)
2 6∈ Q+, for almost all points of Wk, or at

least one of these eigenvalues is not identically zero.

Acknowledgments. MC is partially supported by the Università degli Studi di Bari and by the
PRIN 2022MWPMAB- ”Interactions between Geometric Structures and Function Theories” and he
is a member of INdAM-GNSAGA; he was partially supported by CNPq grant numbers 202374/2018-1,
400821/2016-8 and Fapemig grant numbers APQ-02674-21, APQ-00798-18, APQ-00056-20.

2. Preliminaries

2.1. Holomorphic foliations with non-isolated singularities. Let F0 be a one-dimensional holo-
morphic foliation on Pn, with n ≥ 3, such that its singular set contains a smooth subvariety W0 of pure
codimension d ≥ 2. Given that W0 is smooth, for each closed point p ∈ W0 there exists an open set
U0 of p and a coordinate system z ∈ Cn such that W0 ∩ U can be defined as {z1 = . . . = zd = 0}.
Therefore, in U0 the foliation F0 is described by the following vector field

(1) X0 = P1(z)
∂

∂z1
+ . . .+ Pn(z)

∂

∂zn
which we can write the local sections as

(2) Pi(z) =
∑

|a|=mi

za1
1 · · · zad

d Pi,a(z)

where a := (a1, . . . , ad) ∈ Zd with |a| := a1 + . . . + ad, ai ≥ 0 and for each i at least one among the
Pi,a(z) does not vanish at {z1 = . . . = zd = 0}. The natural number mi will be called the multiplicity
of Pi along W0 and denoted by mW0(Pi).

Definition 2.1. The multiplicity of F0 along W0 is defined as follows

mW0(F0) = min{m1, . . . ,mn}.
Lemma 2.2. Let F0 be a holomorphic foliation by curves, defined in the neighborhood of p by the vector
field

Xp =

n∑

j=1

Pj(z)
∂

∂zj

as in (1) with mi = mW0(Pi). Then, by a linear change of coordinates, F0 may be described by the
vector field

Yp =

n∑

j=1

Qj(w)
∂

∂wj
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with

mW0(Qj) =

{
m′

W0
(F0), for j = 1, . . . , d

mW0(F0), for j = d+ 1, . . . , n

where m′
W0

(F0) = min{m1, . . . ,md}.

Proof. In fact, it is enough to consider the linear transformation w = Az where A = (aij) ∈ GL(n,C)
with aij = 0 for i = 1, . . . , d and j = d+1, . . . , n. In this way, B = (bij) = A−1 has the same properties,
that is, the subspace W given by {z1 = . . . = zd = 0} is an invariant set under this transformation.
Adjusting the coefficients aij , if necessary, we can admit that

ẇi =





d∑

j=1

aij żj =
d∑

j=1

aijPj(Bw) = Qi(w), for i = 1, . . . , d

n∑

j=1

aij żj =

n∑

j=1

aijPj(Bw) = Qi(w), for i = d+ 1, . . . , n

having the required properties. �

Without loss of generality, we can assume that the vector field in (1) is such that

mW0(Pj) =

{
m1, for j = 1, . . . , d

mn, for j = d+ 1, . . . , n.

with m1 ≥ mn = mW0(F).
From now on, wee will consider the d× d complex matrix

(3) AX0 =

[
∂Pi

∂zj

]

1≤i,j≤d

Definition 2.3. The component W0 will be referred to as locally elementary of F0 if the matrix AX0 has
at least one nonzero eigenvalue for almost all points z ∈ W0 ∩U , where U is an open set. On the other
hand, if all the eigenvalues of AX0 |W0 are identically zero, then W0 will be called a non-elementary
component of Sing(F0).

Clearly, if mW0(F0) ≥ 2 then AX0 ≡ 0 for all z ∈ W0 ∩ U0. Moreover, the linear part of the vector
field X0 restricted to W0 has at most d identically zero eigenvalues.

We have the following proposition

Proposition 2.4. The definitions (2.1) and (2.3) are independent of the chosen coordinate system.

Proof. In fact, it is enough to consider the biholomorphism Φ : U → Cn given by w = Φ(z) =
(Φ1(z), . . . ,Φn(z)) such that Φi(z) ≡ 0 for all z ∈ W0 ∩ U , for i = 1, . . . , d. Let us admit that F0

is described in an other coordinate system by the following vector field

Y0(w) = Q1(w)
∂

∂w1
+ . . .+Qn(w)

∂

∂wn

where each Qi(w) vanishing along {w1 = . . . = wd = 0}. Let BY0 be the d× d complex matrix given by

BY0 =

[
∂Qi

∂wj

]

1≤i,j≤d

.

Since Φ is a local biholomorphism, we have that det(DΨ|W0) 6= 0 and by consequence wi =
d∑

j=1

zjφi,j(z) for i = 1, . . . , d and the d× d complex matrix

C =
[
φi,j

]
1≤i,j≤d
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is not singular for all z ∈ W0 ∩ U . In the same way, z = Ψ(w) = Φ−1(w) and zi =
d∑

j=1

wjψi,j(w) for

some functions ψi,j and also for i = 1, . . . , d. Thus, X0 = Φ∗(Y0) and BY0 = C · AX0 · C−1, which
concluded that the definition (2.3) is independent of the coordinate system chosen. But,

Pi ◦Ψ(w) =
∑

|a|=mi

za1
1 · · · zad

d Pi,a(z)|z=Ψ(w) =
∑

|a|=mi

wa1
1 · · ·wad

d P̃i,a(w)

with some P̃i,a(w)|W0 6≡ 0 which results

Qi(w) =





d∑

j=1

φi,j ◦Ψ(w) · Pj ◦Ψ(w), 1 ≤ i ≤ d

n∑

j=1

∂Φi

∂zj
◦Ψ(w) · Pj ◦Ψ(w), d < i ≤ n.

Let qi := mW0(Qi) for all i = 1, . . . , n. Now, let us suppose by absurd that mW0(F0) 6= min{q1, . . . , qn}.
Then, applying the same arguments for the vector field Y0 with z = Ψ(w) we will get min{m1, . . . ,mn} 6=
mW0(F0). �

Let π1 : U1 → U0 be the blowup of an open set U0 along atW0∩U0 , with E1 is the exceptional divisor
and F1 is the strict transform of the foliation on U1. In order to simplify the notation, we will denote
In = {1, 2, . . . , n} and Jd = {2, . . . , d}. In the chart

(
(U1)1, σ1(u)

)
, with coordinates u = (ui) ∈ Cn (in

the similar manner in the others charts

((
U1

)
j
, σj(v)

)
such that

(4) z = σ1(u) = (u1, u1u2, . . . , u1ud, ud+1, . . . , un) = (z1, . . . , zd, zd+1, . . . , zn)

and the pull-back foliation π∗
1F0 is described by the following vector field

(5) Dπ∗
1F0 =

∑

i∈In\Jd

umi

1

(
Qi(u) + u1P̃i(u)

) ∂

∂ui
+ um1−1

1

∑

i∈Jd

(
Gi(u) + u1P̃i(u)

) ∂

∂ui

with

Qi(u) =
∑

|a|=mi

ua2
2 · · ·uad

d pi,a(ud+1, . . . , un), Gi(u) = Qi(u)− uiQ1(u),

where pi,a(ud+1, . . . , un) = Pi,a(0, . . . , 0, ud+1, . . . , un) for certain functions P̃i. For more details, see
[10] or [14].

As usual, we will say that W0 is a non-dicritical component if the exceptional divisor E1 is invariant
by F1, otherwise W0 is a dicritical component.

After a division of (5) by an adequate power of u1, we obtain the expressions of the vector field X1

that generates the induced foliation F1.
In the situation where W0 is a non-dicritical component of Sing(F0), is described in the following

three cases.
Case (i) : mn + 1 = m1 and Gj 6≡ 0 for some j ∈ Id.In this situation, equation (5) is divided by um1−1

1 ,

(6) X1 =
∑

i∈In\Jd

umi−m1+1
1

(
Qi(u) + u1P̃i(u)

)
∂

∂ui
+

d∑

i∈Jd

(
Gi(u) + u1P̃i(u)

)
∂

∂ui
.

This case has been widely studied in [9], [10], [12] and [13].
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Case (ii) : mn + 1 < m1. As in the case before, dividing (5) by umn

1 we get

X1 =um1−mn

1

(
Q1(u) + u1P̃1(u)

)
∂

∂u1
+ um1−mn−1

1

∑

i∈Jd

(
Gi(u) + u1P̃i(u)

)
∂

∂u2

+
n∑

i=d+1

(
Qi(u) + u1P̃i(u)

)
∂

∂ui
(7)

In this case, the leaves of F1 contained in E1 can be locally described as follows

(8)

{
ϕ(t, p) = (ϕ1(t), ϕ2(t), . . . , ϕn(t), ϕ(0, p) = p = (pi)i, t ∈ D(0, ǫ)

}

with ϕ1(t) ≡ 0 and ϕi(t) ≡ pi are constant functions for all i ∈ Jd. In other words, these leaves are
generically transverse to fibers π−1

1 (q), q ∈ W0.
By other side, the singular set of F1 when it is restricted to E1 is given by the following n − d

equations

(9) Qi(0, u2, . . . , un) = 0, for i = d+ 1, . . . , n

which can be generically solved for n− d unknown variables ud+1, . . . , un as follows

(10) Wi = {u ∈ E1|uk = ψk(u2, . . . , ud), k > d}.
Thus, each singular component Wi has dimension equal to d− 1 and is homeomorphic to Pd−1 =

{
[u1 :

u2 : . . . : ud]
}
. Note that Wi can be given by the graph of the function Ψ : Pd−1 → E1 locally defined

as

(11) Ψ(u1, u2, . . . , ud) = (u1, u2, . . . , ud, ψd+1(u2, . . . , ud), . . . , ψn(u2, . . . , ud)).

with u1 = 0 in this chart.
Case (iii) : mn = m1 and Gi0 6≡ 0 for some i0 ∈ Id. We may divide (5) by um1−1

1 . As a consequence,
we obtain

(12) X1 = u1
∑

i∈In\Id

(
Qi(u) + u1P̃i(u)

)
∂

∂ui
+

∑

i∈Jd

(
Gi(u) + u1P̃i(u)

)
∂

∂ui
.

Unlike the previous case, the leaves of F1 restricted to the exceptional divisor are described below

(13)

{
ϕ(t, p) = (ϕ1(t), ϕ2(t), . . . , ϕn(t)), ϕ(0, p) = p = (pi)i, t ∈ D(0, ǫ

}

such that ϕ1(t, 0) ≡ 0 and ϕi(t, pi) ≡ pi are constant functions for i > d. More precisely, the leaves
of F1 in E1 are tangent to the fibers π−1

1 (q), q ∈ W0. But in this situation, the singular set of F1

restricted to E1 is given by the following d− 1 equations

(14) Qi(0, u2, . . . , un)− uiQ1(0, u2, . . . , un) = 0, for i = 2, . . . , d

which can be generically solved for d− 1 unknown variables u2, . . . , ud as follows

(15) Wi = {u ∈ E1|uk = ψk(ud+1, . . . , un), k = 2, . . . d}.
Thus, each singular component Wi has dimension equal to d − n and is homeomorphic to W0 with
π1(Wi) = W0. Note that Wi can be given by the graph of the function Ψ : W0 → E1 locally defined
as

(16) Ψ(ud+1, . . . , un) = (0, ψ2(ud+1, . . . , un), . . . , ψd(ud+1, . . . , un), ud+1, . . . , un).

since W0 is locally defined as z1 = . . . = zd = 0 and ui = zi for i > d.
In the case where W0 is a dicritical component, it is only described by the following condition.

Case (iv) : mn = m1 and Gj ≡ 0 for j ∈ Id. Then, after the division of (5) by um1
1 we get

(17) X1 =
∑

i∈In

(
Qi(u) + u1P̃i(u)

)
∂

∂ui
+

∑

i∈Jd

P̃i(u)
∂

∂ui
.
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In this situation, the exceptional divisor E1 is not an invariant set of F1. With the notation given in
this section, the number ℓ := mE1(π

∗
1F0) will be called the order of annulment of π∗

1F0 at E1 is defined
as follows.

(18) ℓ =

{
min{m1 − 1,mn}, if W0 is non-dicritical

m1, if W0 is dicritical.

In particular, if m1 = mn then

(19) ℓ =

{
mW0(F0)− 1, if W0 is non-dicritical

mW0(F0), if W0 is dicritical.

Definition 2.5. Let W0 be a non-dicritical component of Sing(F0). We will say that W0 is of type I,
II and III if mn + 1 = m1, mn + 1 < m1 and mn = m1, respectively.

Definition 2.6. The foliation F0 will be called special along W0 if the induced foliation F1 has the
exceptional divisor E1 = π−1

1 (W0) as an invariant set, and Sing(F1) meets E1 at isolated singularities
at most.

Remark 2.7. If F0 is special along W0 then necessary W0 is of type I and Gj 6≡ 0 for all j ∈ Id.

As in [10], we will denote by N (F0, Z) the singularity number of F0 in Z, counted with multiplicities,
where Z is a smooth subvariety of Pn of arbitrary dimension which is an invvariant set of F1.

2.2. Chern classes. Let us consder a blow-up sequence πj : Mj → Mj−1 along a smooth curve Wj−1,
with exceptional divisor Ej such that Wj ⊂ Ej for all j ≥ 1. Furthermore, we will admit that Wj is
homeomorphic to Wj−1 and πj(Wj) = Wj−1. Set Nj := NWj/Mj

the normal bundle of Wj in Mj

and ρj := πj |Ej
. Since Ej

∼= P(Nj−1), recall that A(Ej) is generated as an A(Wj−1)-algebra by the
Chern class

ζj := c1(ONj−1 (−1))

with the single relation

(20)

n−1∑

i=0

(−1)iζn−1−i
j · ρ∗jci(Nj−1) = 0.

The normal bundle NEj/Mj
agrees with the tautological bundle ONj−1 (−1), and hence

(21) ζj = c1(NEj/Mj
) = [Ej ].

If ιj : Ej →֒ Mj is the inclusion map, we also get

(22) ιj∗(ζ
i
j) = (−1)i[Ej ]

i+1.

Given that ∫

Ej

ρ∗ci(Nj−1)ζ
n−i−1
j = (−1)n−i−1

∫

Wj−1

ci(Nj−1) = 0

for i ≥ 2, we have ∫

Ej

ζn−1
j =

∫

Ej

ρ∗c1(Nj−1)ζ
n−2
j = (−1)n

∫

W0

c1(Nj−1)(23)

= (−1)n
∫

Wj−1

c1(TMj−1 ⊗OWj−1)− c1(TWj−1 ) := Λ
(n)
j

In particular, for M0 = Pn we have that

(24) Λ
(n)
0 = χ(W0)− (n+ 1) deg(W0),

where χ(W0) is the Euler characterist of W0. By other side, from Porteous’ Theorem (see [23]), it
holds that

(25) c1(TMj
) = π∗

j c1(TMj−1 )− (n− 2)Ej .

In particular, for n = 3, from Whitney formula, we have that



ON THE VARIATION OF THE MILNOR NUMBER OF FOLIATIONS UNDER BLOW-UPS 9

(26) c1(TWj
) + c1(Nj)

∣∣∣∣
Wj

= c1(TMj
)

∣∣∣∣
Wj

=

(
π∗
j c1(TMj−1)−Ej

)∣∣∣∣
Wj

which results for j = 1 that

(27)

∫

E2

ζ22 = −
∫

W1

c1(N1) = −
∫

W1

(
π∗
1c1(TM0)− c1(TW1)−E1

)
.

Therefore, given that W1 is homeomorphic to W0 and π1(W1) = W0 then it is not hard to see that

(28)

∫

W1

E1 = −Λ
(3)
0

2

since χ(P1) = 2. Thus, the equations (27) and (28) make us to conclude that

(29)

∫

E2

ζ22 =
χ(W0)− 4 deg(W0)

2
=

Λ
(3)
0

2
.

Now, we will consider a finite induction hypothesis as follows

(30)

∫

Ej

ζ2j =
Λ
(3)
0

2j−1
,

∫

Wj

Ej = −Λ
(3)
0

2j

for j = 1, . . . , k. So, from (26), we obtain that

(31)

∫

Ek+1

ζ2k+1 = −
∫

Wk

c1(Nk)) =

=

∫

Wk

(
c1(TWk

)− π∗
kc1(TMk−1

) +Ek

)

=

∫

Wk−1

c1(TWk
)−

∫

Wk−1

c1(TMk−1
) +

∫

Wk

Ek

= −
∫

Wk−1

c1(Nk−1)) +

∫

Wk

Ek.

Therefore,

(32)

∫

Ek+1

ζ2k+1 =

∫

Ek

ζ2k +

∫

Wk

Ek =
Λ
(3)
0

2k−1
− Λ

(3)
0

2k
=

Λ
(3)
0

2k
.

From this fact, we get

(33)

∫

Wk+1

Ek+1 = − Λ
(3)
0

2k+1
.

Theorem 2.8. Let F0 be a holomorphic foliation by curves on M0 = Pn such that

Sing(F0) = W0 ∪ {p1, . . . , pr}
where each pi is a closed point and W0 = Z(f1, . . . , fd) is a codimension-d smooth variety with kj =

deg(fj). Let π1 : M1 → M0 be the blow-up of Pn centered along W0, E1 = π−1
1 (W0)and F1 the induced

foliation by F0 via π1.

(a) If F0 is special along W0 then

N (F1,E1) = −ν(F0,W0, ψa)

where

ψa(x) =
(
(1 + x)d−a1 − 1

)
xn−d−a2−1.
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(b) In addition, if all the singularities of F1 are isolated closed points then

N (F1,M1) =
n∑

i=0

ki + ν(F0,W0, ϕa − ψa).

Proof. To proof the item (a) see the proof of theorem 3.2 in [10]. More precisely, see equations (24),
(37), (40) and (41) in [10]. To proof the item (b), it is enough to observe the equation (37) in [10] which
is written below

N (F1,M1) =
n∑

i=0

ki + deg(W0)
n−d∑

|a|=0

n∑

j=|a|

n−d−|a|∑

m=0

(−1)δ
m
|a|

(
n− j

m

)
Γj
aℓ

n−j−m(k − 1)mσ(d)
a1
τ (d)a2

W(d)
δm
|a|

where

(34) Γj
a =

(
d− a1

j − |a| − 1

)
−
(
d− a1
j − |a|

)
.

and ℓ given by (18). Here we are assuming that

(
p

q

)
= 0 if p < q or q < 0. However,

n∑

j=|a|+1

(
n− j

m

)(
d− a1

j − |a| − 1

)
ℓn−j−m =

ψ
(m)
a (ℓ)

m!
,

n∑

j=|a|

(
n− j

m

)(
d− a1
j − |a|

)
ℓn−j−m =

ϕ
(m)
a (ℓ)

m!

which yields

N (F1,M1) =

n∑

i=0

ki + ν(F0,W0, ϕa − ψa).

�

3. Fundamental Lemma of deformation

In this section, we will present a generalization for the Fundamental Lemma of deformation given in
[10]. Essentially, we will treat the case in which the singular set of F0 contains a dicritical component.

Lemma 3.1. Let F0 be a one-dimensional holomorphic foliation on M0 = Pn, n ≥ 3, of degree k.
Suppose that

Sing(F0) = W0 ∪ {p1, . . . , ps},
where W0 = Z(f1, . . . , fd) is a smooth complete intersection of Pn and pj are isolated points disjoint
to W0. As before, π1 : M1 → M0 is the blow-up of Pn along W0, with an exceptional divisor E1.
Then, there exists a one-parameter family of one-dimensional holomorphic foliations on Pn, denoted by
{Ft}t∈D where D = D(0, ǫ) = {t ∈ C : |t| < ǫ} such that

(i) lim
t→0

Ft = F0;

(ii) deg(Ft) = deg(F) for all t ∈ D;
(iii) If mW0(F0) = 1 then W0 is an invariant set of Ft for any t ∈ D \ {0}.
(iv) If mW0(F0) ≥ 2 then Sing(Ft) = W0 ∪ {pt1, . . . , ptst} and Ft is special along W0 for any

t ∈ D \ {0};
(v) For any t ∈ D \ {0}, the order of annulment of π∗

1(Ft) at E1 is

mE1(π
∗
1Ft) =

{
mE1(π

∗
1F0) if W0 is non-dicritical

mE1(π
∗
1F0)− 1 if W0 is dicritical.
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Proof. Consider that foliation F0 is described by the polynomial vector field X0 =

n∑

i=1

Pi(z)
∂

∂zi
in some

open affine set Uj ⊂ Pn. Given that W0 is smooth variety, by a reordering of the variables, if necessary,
we can admit that the d× d matrix

M =

[
∂fi
∂zj

]

1≤i,j≤d

is not singular in some open set U such that W0 ∩U 6= ∅. Therefore, F : U ⊆ Uj → V ⊆ Cn defined as

w = F (z) = (f1(z), . . . , fd(z), zd+1, . . . , zn)

is a local biholomorphism. Furthermore, the image F (W0 ∩ U) = W̃0 is defined as w1 = . . . = wd = 0.
Let G0 = F∗(F0) be the push-forward foliation defined in V which is described by the vector field

XG0 = Q1(w)
∂

∂w1
+ . . .+Qn(w)

∂

∂wn

where

(35) Qi(w) =
∑

|a|=mi

wa1
1 · · ·wad

d Qi,a(w)

with at least one Qi,a(z) not vanishing at W̃0. Thus,

(36) Qi ◦ F (z) =





n∑

j=1

∂fi
∂zj

· Pj(z), i = 1, . . . , d

Pi(z), i = d+ 1, . . . , n

Solving this system and applying the factor det(M) for normalizing, we can admit that

(37) Pi(z) =

{
det(Ai(z)), i = 1, . . . , d
det(M) ·Qi ◦ F (z), i = d+ 1, . . . , n

where Ai is obtained replacing the i-th column of DF by the vector column (Q1 ◦F (z), . . . , Qn ◦F (z)).
We consider the one-dimensional holomorphic foliation Gt defined in V described by the following

vector field

(38) XGt
= XG0 + t · Y (w)

where

Y (w) = Y1(w)
∂

∂w1
+ . . .+ Yn(w)

∂

∂wn

with
Yi(w) =

∑

|a|=qi

wa1
1 · · ·wad

d Yi,a(w), qi = m
W̃0

(Yi)

with at least one Yi,a(z) not vanishing at F (W0 ∩ U) for all i such that

(39) q1 = q2 = . . . = qd = qd+1 + 1 = . . . = qn + 1 = 1 + ℓ.

where

ℓ =

{
mE1(π

∗
1F0), if W0 non-dicritical

mE1(π
∗
1F0)− 1, if W0 dicritical

The one-parameter family of one-dimensional holomorphic foliations Ft is defined as pull-back of Gt,
Ft = F ∗Gt. Therefore, Ft is described by the vector field Xt as follows

Xt =
n∑

i=1

P t
i (z)

∂

∂zi

where P t
i (z) is obtained from (37) chancing Qi ◦ F (z)) by Qi ◦ F (z)) + tYi ◦ F (z). It is immediate that

lim
t→0

Ft = F0. The vector field Xt is polynomial since each Pi and F they are also. Then, we can consider

Ft defined in the open affine set Uj by Hartogs Extension Theorem. The proof of (i) is immediate. The
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functions Yi,a are chosen so that deg(Ft) be equal to deg(F0). And for that, some functions Yi may
be constant, null or an affine linear in variables wd+1, . . . , wn, proving (ii). If mW0(F0) = 1 then
in (39) qi = 0 for i > d which results that W0 is an invariant set of Ft for t 6= 0. Otherwise, if
mW0(F0) ≥ 2, W0 ⊂ Sing(Ft) for all t ∈ D. Furthermore, shrinking ǫ, if necessary, we can admit
that Sing(Ft) contains isolated closed points disjoint from W0, since F is a local bibolomorphism.
By construction, for Ft, with t 6= 0, the curve W0 is of type I, which means that by changing some
coefficients of Y we can admit that Ft is special along W0 for t ∈ D \ {0}, proving (iv). Finally, for
t 6= 0, mE1(π

∗
1Ft) = qn = multW0(F0)− 1. Thus, from (19) we get (v). �

3.1. Embedded closed points. Lemma 3.1 allows us to determine the embedded closed points asso-
ciated with W0 more effectively. In fact, let Ft be a special deformation of F0 given by the Lemma 3.1
for t ∈ D(0, ǫ). Thus, or W0 ⊂ Sing(Ft) or W0 is Ft-invariant for all t 6= 0. Whatever, we can assume
that all the isolated singularities of Ft are non-degenerate, so we set

(40) AW0 := {ptj ∈ Sing(Ft) : lim
t→0

ptj ∈ W0, such that ptj 6∈ W0, ∀t 6= 0}.

where each ptj is isolated point. We will indicate by N(F0, AW0) the number of elements ptj ∈ AW0 ,
counted with multiplicities, and such points are called embedding points associated to W0.

3.2. Proof of Theorem 1.1. Let F0 be a foliation by curves defined on Pn of degree k such that

Sing(F0) = W0 ∪ {p1, . . . , ps},
which W0 = Z(f1, . . . , fm). By Lemma 3.1, there is a one-parameter family of holomorphic foliations by
curves on Pn, given by {Ft}t∈D where D = D(0, ǫ) satisfies (i)−(v) conditions. Thus, for mW0(F0) ≥ 2,
we have

Sing(Ft) = W0 ∪ {pt1, . . . , ptst}
where each pti is a closed point. Let π1 : M1 → M0 be the blowup of M0 = Pn along W0 being E1 and

F̃t the exceptional divisor and the induced foliation in M1, respectively. Thus,

Sing(F̃t) = {p̃t1, . . . , p̃trt}.
Since π1 : M1 \E1 → M0 \W0 is a biholomorphism, we have that

s∑

j=1

µ(F0, pj) = lim
t→0

∑

lim
t→0

p̃tj /∈ E1

µ(F̃t, p̃
t
j).

By other hand,

s∑

j=1

µ(F0, pj) = N (F̃t,M1)− lim
t→0

∑

lim
t→0

p̃tj ∈ E1

µ(F̃t, p̃
t
j).

Given that Ft is special along W0 for t 6= 0, from Theorem 2.8, we get

s∑

j=1

µ(F0, pj) = N (F̃t,M1)−N (F̃t,E1)−N(F , AW0)

=

n∑

i=1

ki + ν(F0,W0, ϕa − ψa) + ν(F0,W0, ψa)−N(F , AW0).

Then,

s∑

j=1

µ(F0, pj) =

n∑

i=1

ki + ν(F0,W0, ϕa)−N(F , AW0).
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If ℓ = mE1(π
∗
1F0) = 0, then W0 is Ft-invariant, resulting in

s∑

j=1

µ(F0, pj) = lim
t→0

∑

lim
t→0

ptj /∈ W0

µ(F̃t, p
t
j).

Therefore,
s∑

j=1

µ(F0, pj) = N (Ft,P
n)− lim

t→0

∑

lim
t→0

ptj ∈ W0

µ(Ft, p
t
j).

Thus,
s∑

j=1

µ(F0, pj) = N (Ft,P
n)−N (Ft,W0)−N(F , AW0).

By [10], we get
s∑

j=1

µ(F0, pj) =

n∑

i=1

ki + ν(F0,W0, ϕa)|ℓ=0 −N(F , AW0).

It concludes the prove of Items (a) and (b) of Theorem 1.1. Then,

µ(F0,W0) = −ν(F0,W0, ϕa) +N(F0, AW0).

Note that N(F0, AW0) is a finite number since F0 is represented by a polynomial vector field and

N(F0, AW0) ≤ N (F̃t,M1) =

n∑

i=0

ki + ν(F0,W0, ϕa − ψa).

By the same way,

µ(F1,
⋃

i

W
(1)
i ) = N (F1,E1) +N(F1, AE1) = −ν(F0,W0, ψa) +N(F1, AE1)

where eachW
(1)
i is a connected component of Sing(F1) contained in E1. But, since π1|M1\E1

: M1\E1 →
M0 \W0 is a biholomorphism, we get N(F0, AW0) = N(F1, AE1), i.e.,

µ(F1,
⋃

i

W
(1)
i ) = µ(F0,W0) + ν(F0,W0, ϕa)− ν(F0,W0, ψa)

But,

ν(F0,W0, ϕa)− ν(F0,W0, ψa) = ν(F0,W0, ϕa − ψa) = ν(F0,W0, ϑa)

which concluded the proof of Item (c) of Theorem 1.1.

Remark 3.2. In theorem 1.1, we have in mind that if W
(1)
i ∩W

(1)
j 6= ∅ then µ(F1,W

(1)
i ∪W

(1)
j ) =

µ(F1,W
(1)
i ) + µ(F1,W

(1)
j )−N(F1,W

(1)
i ∩W

(1)
j ).

Remark 3.3. If W0 = Z(f1, . . . , fn) with deg(fj) = 1 for j = 1, . . . , n then W0 is an isolated closed
point. Theorem 1.1 assures that

µ(F1,
⋃

i

W
(1)
i ) = µ(F0,W0) + ϑ0(ℓ)

where

ϑ0(ℓ) = (1 + ℓ)n +
1− (1 + ℓ)n

ℓ
= (1 + ℓ)n −

n−1∑

j=0

(1 + ℓ)j.

Thus, if W0 is a non-dicritical component then ℓ = mW0(F0)− 1 which results

µ(F1,
⋃

i

W
(1)
i ) = µ(F0,W0) + (mW0(F0))

n −
n−1∑

j=0

(mW0(F0))
j .
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On the other hand, if W0 is a dicritical component, then ℓ = mW0(F0) resulting in the following
result.

µ(F1,
⋃

i

W
(1)
i ) = µ(F0,W0) + (1 + mW0(F0))

n −
n−1∑

j=0

(1 + mW0(F0))
j .

These results agree with [2] for the case which W0 is absolutely isolated singularity. However, these
expressions remain true even if the singular set of F1 contains components of positive dimension.

Remark 3.4. If W0 = Z(f1, . . . , fn−1) with deg(fj) = kj then W0 is a smooth curve. Thus, τ
(n−1)
1 =(

n + 1 − ∑n−1
j=1 kj

)
and σ

(n−1)
1 =

∑n−1
j=1 kj , resulting in χ(W0) = τ

(n−1)
1 · deg(W0). By Theorem 1.1,

we get

µ(F1,
⋃

i

W
(1)
i ) = µ(F0,W0) + χ(W0)

( n−3∑

j=0

(1 + ℓ)j − ℓ2(1 + ℓ)n−2

)
+

(1 + ℓ)n−2deg(W0)

(
(n− nℓ− 2)(k − 1) + (n+ 1)(ℓ2 − ℓ)

)
,

where

ℓ =

{
mE1

(
π∗
1F0

)
, if W0 is non-dicritical

mE1

(
π∗
1F0

)
− 1, if W0 is dicritical

Example 3.5. Let us consider the one-dimensional holomorphic foliation F0 of degree 3 defined on
M0 = P3 described in the open affine set U3 = {[ξi] ∈ P3|ξ3 6= 0} by the vector field

X =
(
P2(z) + P3(z)

) ∂

∂z1
+
(
Q2(z) +Q3(z)

) ∂

∂z2
+R2(z)

∂

∂z3

where Pi(z) =
∑i

j=0 pijz
i−j
1 zj2, Qi(z) =

∑i
j=0 qijz

i−j
1 zj2, R2(z) =

∑2
j=0 rj(z)z

2−j
1 zj2 with pij , qij ∈ C,

rj(z) = αjz1 + βjz2 + γjz3 + δj zi = ξi−1/ξ3. We will also assume z1Q2(z)− z2P2(z) ≡ 0 which results
that W0 = {[ξ] ∈ P3|ξ0 = ξ1 = 0} is a dicritical component of Sing(F0). Thus, P2(z) = p20z

2 + p11z1z2
and Q2(z) = p20z1z2 + p11z

2
2 . Let pi(λ) = Pi(1, λ) and qi(λ) = Qi(1, λ) for i = 2, 3. We admit that

both p2 and p3 have no roots in common. Beyond this curve, the singular set of F0 has 8 more isolated
points, counting the multiplicities. Let π1 : M1 → M0, E1 and F1 as before. It is not difficult to see
that mE1(π

∗
1F0) = 2 and Sing(F1) has 12 isolated points, counting the multiplicities, 4 of them in E1.

Let Ft be the one-parameter family of holomorphic foliation on P3 described by the vector field

Xt = X + t

(
z3A2(z)

∂

∂z1
+ z3B2(z)

∂

∂z2
+ C1(z)

∂

∂z3

)

where A2(z) = a0z
2
1 + a1z1z2 + a2z

2
2 , B2(z) = b0z

2
1 + b1z1z2 + b2z

2
2 and C1(z) = z1c0(z) + z2c1(z)

being each ci an affine linear function. Varying the coefficients of A2, B2 and C1 if necessary, we can

admit that Ft is special along W0, mE1(π
∗
1Ft) = 1 and deg(Ft)=3 for each t 6= 0. Let F̃t be the

induced foliation on M1 by Ft via π1. Therefore, for t 6= 0 the singular set of Ft has 20 isolated closed

points, counting the multiplicities since N (F̃t,E1) = 10 and N (F̃t,M1) = 30. See Theorem 2.8. As
consequence, N(F0, AW0) = 12 because the foliation F1 has 8 isolated point outside the exceptional
divisor. Therefore, we get

µ(F0,W0) = − lim
t→0

ν(Ft,W0, ϕa) +N(F0, AW0) = 20 + 12 = 32.

This result is totally coherent and compatible, since a generic perturbation of F0 with the same
degree of F0 will produce 40 isolated singularities, which means that the curve W0 corresponds to 32
isolated singularities. However, if W0 is a dicritical component of Sing(F0) with mE1(π

∗
1F0) = 2 and

deg(F0) = 3, then µ(F0,W0) ≥ 20.
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4. Holomorphic foliations on P3

In this section, we will only consider a holomorphic foliation by curves F0 of degree k defined in
M0 = P3 such that its singular locus Sing(F0) contains a smooth curve W0 of degree deg(W0) and
Euler characteristic χ(W0).

For each point p ∈ W0 there are an open set U0 ⊂ M0 and two polynomials f1, f2 such that p ∈ U0

and W0 ∩ U0 is defined as f1 = f2 = 0 since W0 is a smooth curve which implies that W0 is a
locally intersection complete (lci). Shrinking an open set U0 or reordering the variables, if necessary,
we can admit that ϕ0 : U0 → V0 ⊂ C3 defined as z = ϕ0(w) = (f1(w), f2(w), w3) is a biholomorphism.
Therefore, in V0 the curve W0 is is given by z1 = z2 = 0 and F0 is described by the following vector
field

(41) X0 = P1(z)
∂

∂z1
+ P2(z)

∂

∂z2
+ P3(z)

∂

∂z3

where each

Pi(z) =
∑

j=mi

Pij(z), Pij(z) =

j∑

r=0

zj−r
1 zr2pijr(z3), mi = mW0(Pi)

with m3 ≤ m1 = m2. At first, At first, we assume that there is a blow-up sequence {πi,Mi,Wi,Fi,Ei}
where Wi ⊂ Ei is a homeomorphic curve to Wi−1 and πi(Wi) = Wi−1 for all i ≥ 1. In the chart(
U1, σ1(u)

)
, the pull-back foliation π∗

1F0 is described by the following vector field

(42) X1 = um1
1 Q1(u)

∂

∂u1
+ um1−1

1

(
Q2(u)− u2Q1(u)

) ∂

∂u2
+ um3

1 Q3(u)
∂

∂u3

where

Qi(u) =
∑

j=mi

uj−mi

1 Qij(u), Qij(u) =

j∑

r=0

ur2pijr(u3).

By hypothesis, there is a curve W1 ⊂ Sing(F1) which is locally defined as u1 = u2 − ψ1(u3) = 0 for
certain function ψ1. To continue with this blow-up process, we need to rewrite each Qij as follows

Qij(u) =

j∑

r=0

ur2pijr(u3) = (u2 − ψ1(u3))
nij h̃ij(u), 0 ≤ nij ≤ j,

where h̃ij(u) = h̃ij(u2, u3) =

j−nij∑

r=0

ur2qijr(u3).

If W0 is of type I then in (U1, σ1(u)), the foliation F1 is described by the following vector field

(43) X1 = u1Q1(u)
∂

∂u1
+
(
Q2(u)− u2Q1(u)

) ∂

∂u2
+Q3(u)

∂

∂u3

In this situation, the singular set of F1 restricted to E1 is defined by the equations

u1 = Q2,m1(u)− u2Q1,m1(u) = Q3,m3(u) = 0

which may be composed of curves and points. But, in the coordinate system v = F (u) = (u1, u2 −
ψ1(u3), u3), the vector field (43) is given by

(44) X1 = v1R1
∂

∂v1
+

(
R2 −

(
v2 + ψ1(v3)

)
R1 − ψ′

1(v3)R3

)
∂

∂v2
+R3

∂

∂v3

where

Ri(v) =

∞∑

j=mi

vj−mi

1 v
nij

2 hij(v), hij(v) = h̃ij(v2 + ψ1(v3), v3).

Now, if W0 of type II then in the chart
(
(U1)1, σ1(u)

)
the foliation F1 is described by the following

vector field as in (7), i.e.,
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(45) X1 = um1−m3
1 Q1(u)

∂

∂u1
+ um1−m3−1

1

(
Q2(u)− u2Q1(u)

) ∂

∂u2
+Q3(u)

∂

∂u3
.

On the exceptional divisor E1, the leaves of F1 are generically defined as u1 = u2 − α = 0, where
α is a scalar, while its singular set as u1 = Q3,m3(u) = 0. Thus, in this coordinate system v =
(u1, u2 − ψ1(u3), u3), the vector field in (45) is given by

X1 = vm1−m3
1 R1

∂

∂v1
+

(
vm1−m3−1
1

(
R2 −

(
v2 + ψ1(v3)

)
R1

)
− ψ′

1(v3)R3

)
∂

∂v2

+R3
∂

∂v3
(46)

with Ri as in (44). By other side, for generically fixed u2, there are singular points given by u1 = 0 and
u3 = ψ(u2) for some function ψ. Therefore, by continuity, in the singular set of F1 there is at least one
curve homeomorphic to P1.

If W0 is of type III then the foliation F1 is described by the following vector field as in (12),

(47) X1 = u1Q1(u)
∂

∂u1
+

(
Q2(u)− u2Q1(u)

) ∂

∂u2
+ u1Q3(u)

∂

∂u3

In this situation, the leaves of F1 on E1 are generically given by u1 = u3 − α = 0, where α is a
scalar. Its singular set is defined by u1 = Q2,m1(u)− u2Q1,m1(u) = 0. Moreover, when u3 is generically
fixed, singular points are defined by u1 = u2 − ψi(u3) = 0, for some function ψi. Consequently, within
the singular set of F1, there exist curves that are homeomorphic to W0. In the coordinate system
v = (u1, u2 − ψ1(u3), u3), the vector field in Equation (47) can be expressed as follows:

(48) X1 = v1R1
∂

∂v1
+

(
R2 −

(
v2 + ψ1(v3)

)
R1 − v1ψ

′
1(v3)R3

)
∂

∂v2
+ v1R3

∂

∂v3

where Ri is as defined in Equation (44). However, unlike the previous case, homeomorphic curves to P1

may not appear unless Q2(0, u2, α)− u2Q1(0, u2, α) ≡ 0 for some α.
Finally, if W0 is a dicritical component of Sing(F0) then in the chart (U1, σ1(u)), the foliaion F1 is

described by the following vector field

(49) X1 = Q1(u)
∂

∂u1
+G2

∂

∂u2
+Q3(u)

∂

∂u3

where

G2 =

∞∑

j=m1+1

uj−m1−1
1

(
Q2j(u)− u2Q1j(u)

)
.

Thus, E1 is not invariant set by F1 and the singular set Sing(F1) restricted to E1 is given by equations

u1 = Q1,m1(u) = Q2,m1+1(u)− u2Q1,m1+1(u) = Q3,m3(u) = 0.

Therefore, in the coordinate system v = (u1, u2 − ψ1(u3), u3), the vector field (49) can be rewritten as
follows

(50) X1 = R1
∂

∂v1
+

( ∑

j=m1+1

vj−m1−1
1 G2j(v)− ψ′

1(v3)R3

)
∂

∂v2
+R3

∂

∂v3

where G2j(v) = v
n2j

2 h2j(v)− (v2 + ψ1(v3))v
n1j

2 h1j(v) and each Ri is as defined in Equation (44).

Proposition 4.1. Let {πj ,Mj,Wj ,Fj,Ej} be a blow-up sequence such that Wj is homeomorphic to
Wj−1 with πj(Wj) = Wj−1, where W0 is a smooth curve and M0 = P3. Then

mWj
(Fj) ≤ 1 +mW0(F0), ∀j ≥ 1.
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Proof. In fact, let us consider Fi is described by the following vector field

Xi =

3∑

j=1

P
(i)
j (v)

∂

∂vj

where X0 is as in (41) and X1 as in (44), (46),(48) or (50), depending on the type of W1. But, whatever

the case, P
(1)
3 (v) = R3(v) or P

(1)
3 (v) = v1R3(v). Since

R3(0, v2, v3) = v
n3,m3
2 h3,m3(v2, v3)

with n3,m3 ≤ m3 we have that mW1(R3) ≤ m3 = mW0(F0) which results

(51) mW1(F1) ≤ mW1(v1R3(v)) = 1 +mW1(R3) ≤ 1 +mW0(F0).

Now, in the chart
(
(U2)1, v = σ1(t)), the foliation F2 is described by the following vector field

(52) X2 = P
(2)
1 (t)

∂

∂t1
+ P

(2)
2 (t)

∂

∂t2
+ P

(2)
3 (t)

∂

∂t3

where P
(2)
3 (t) = R

(2)
3 (t) or P

(2)
3 (t) = t1R

(2)
3 (t) depending of the type that W1 is with

R
(2)
3 (t) =

∑

j=mi

t
j−m3+n3,j−β1

1 t
n3,j

2 h
(2)
3,j(t), β1 = mW1(R3), h

(2)
3,j(t) = h

(1)
3,j(t1t2, t3).

Let M = {j ≥ m3|j −m3 + n3,j − β1 = 0} i.e.; if j ∈ M then n3,j = β1 − (j −m3) ≤ β1. Again by
hypothesis, there is the curve W2 defined as t1 = t2 − ψ2(t3) = 0 contained in the singular set of F2.
But,

R
(2)
3 (0, t2, t3) =

∑

j∈M

t
n3,j

2 h
(2)
3,j(0, t3) = (t2 − ψ2(t3))

n3h3(t2, t3).

which results

mW2(R
(2)
3 ) ≤ n3 ≤ mW1(R3).

Therefore,

(53) mW2(F2) ≤ mW2(P
(2)
3 ) ≤ 1 +mW1(R3) ≤ 1 +mW0(F0).

Note that if mW1(P
(2)
3 ) > mW1(P

(2)
1 ) we can use the same arguments for P

(2)
1 = t1R

(2)
1 instead of P

(2)
3 .

Continuing in this manner, we obtain:

(54) mWi
(Fi) ≤ 1 +mW0(F0), ∀i ≥ 1.

�

Theorem 4.2. Let F0 be a holomorphic foliation by curves of degree k defined on M0 = P3 such that

W0 ⊂ Sing
(
F0

)

where W0 is a smooth curve with Euler characteristic χ(W0), degree deg(W0) and non-dicritical com-
ponent of Sing(F0). Let π1 : M1 → M0 be the blow-up of M0 along W0, with E1 = π−1

1 (W0) the
exceptional divisor, F1 the strict transform of F0 under π1 and ℓ = mE1(π

∗
1F0).

(a) If W0 is of type II then the singular set of F1 contains

χ(W0) + (k − 1) deg(W0) + ℓ

(
χ(W0)− 4 deg(W0)

)
/2

homeomorphic curves to P1, counting the multiplicities.
(b) If W0 is of type III then the singular set of Sing(F1) contains

2 + ℓ = 1 +mW0(F0)

homeomorphic curves to W0, counting the multiplicities.

Proof. The proof of Theorem 4.2 is identical to the proof of Theorem 4.7 in [12]. �
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Remark 4.3. If W0 is of type II, then there will necessarily be at least one homeomorphic curve to
P1. Indeed, since W0 is a smooth curve, it is also a local complete intersection (l.c.i.), which implies
that W0 can be locally defined by two polynomials f1 = f2 = 0, where dj = deg(fj) with d1 ≤ d2. Let
us assume, for the sake of contradiction, that W0 is of type II, and there is no homeomorphic curve to
P1 contained in Sing(F1). Therefore, F1 can extend to a foliation on E1 without singularities on it, and
its leaves are homeomorphic to W0. According to [15], Proposition 2.3, and [12], Theorem 4.6, we have
χ(W0) = 0, which leads to k = deg(F0) = 2ℓ+ 1, where ℓ = mE1(π

∗
1F0). However, this is impossible if

d1 ≥ 2. In fact, if d1 ≥ 2, then according to [12], page 315, F0 is described by the following vector field:

X0 =

(
∂f2
∂z2

Q1(z)−
∂f1
∂z2

Q2(z) + ∆23Q3

)
∂

∂z1
+

(
− ∂f2
∂z1

Q1(z) +
∂f1
∂z1

Q2(z)−

−∆13Q3

)
∂

∂z2
+∆12Q3(z)

∂

∂z3

where

∆ij =
∂f1
∂zi

∂f2
∂zj

− ∂f1
∂zj

∂f2
∂zi

, Qi(z) =

mi∑

j=0

aij(z)
(
f1(z)

)mi−j(
f2(z)

)j
.

Since W0 is of type II then m3 + 2 ≤ m1 = m2. Therefore,

deg

(
∂f2
∂zi

Q1(z)

)
≥ d2 − 1 + (ℓ + 2)d1 + j(d2 − d1)

for j = 0, . . . ,m1 since a1j(z) 6≡ 0. Given that at least one a1j 6≡ 0, we can conclude that

deg(F0) ≥ 2ℓ+ 5.

On the other hand, if d1 = 1 then W0 is a complete intersection and since F1 extends to E1 without
singularities we can consider F0 to be special along W0. In order to have deg(F0) = 2ℓ+ 1, the unique
possibility is d2 ≤ 2. See [12] for more details. But it implies χ(W0) = 2, which is absurd.

Example 4.4. Let F0 be a holomorphic foliation by curves of degree k on M0 = P3, induced on the
affine open set U3 = {[ξ] ∈ P3 | ξ3 6= 0} by the polynomial vector field

X0 =

m1∑

j=0

zj1z
m1−j
2 P1j(z)

∂

∂z1
+

m2∑

j=0

zj1z
m2−j
2 P2j(z)

∂

∂z2
+

m3∑

j=0

zj1z
m3−j
2 P3j(z)

∂

∂z3

where zi = ξi−1/ξ3 with with pij(z3) = Pij(0, 0, z3) 6≡ 0 for some j for each i. Thus, W0 = {[ξ] ∈
P3|ξ0 = ξ1 = 0} ⊂ Sing(F0) and χ(W0) = 2 and deg(W0) = 1. Since deg(F0) = k then there are some
i, j such that deg(Pij) = k −mi. Let π1 : M1 → M0 be the blowup of P3 along W0, E1 = π−1

1 (W0)
and F1 be the strict transform foliation on M1. In the chart

(
(U1)1, z = σ1(u)

)
, we have the relations

σ1(u) = (u1, u1u2, u3) = z ∈ C3. Thus, if W0 is type II then F1 is generated by the vector field as
in (45). For generically fixed u2 the singular set of F1 restricted to E1 is determined by the equation

Q3(u) =
∑m3

j=0 u
j
2p3j(u3). Let m = max{deg(p3j), j = 0, . . . ,m3}. In this way, for generically fixed u2

the equation Q3 has m roots, counted the multiplicities. By continuity, in the singular set of Sing(F1)
there are m curves of singularities. But, the fiber π−1

1 ([0 : 0 : 1 : 0]) is a curve of singularities with
multiplicity exactly equal to k−m3−m+1. Consequently, if W0 is of type II then there are k−m3+1
homeomorphic curves to P1 contained in Sing(F1), counting the multiplicities. Now, if W0 is of type III
then the singular set of F1, restricted to E1 is determined by the equations u1 = Q2(u)− u2Q1(u) = 0.
It is not difficult to see there are m1+1 roots for generically fixed u3 , counting the multiplicities( in the
other chart

(
(U1)2, σ2(v)

)
if necessary). Again, by continuity, there are m1 + 1 homeomorphic curves

to W0 at E1.

Example 4.5. Let F0 be a one-dimensional holomorphic foliation in M0 = P3, such that W0 ⊂
Sing(F0), where W0 is a smooth curve.

In this example, we will assume that the desingularization process for W0 does not involve any
dicritical curves. Thus, in some affine set, F0 can be described by a vector field X0 as in (41). Let
π1 : M1 → M0 be the blow-up of M0 along W0.
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If W0 is of type III, then there is at least one curve W1 ⊂ Sing(F1) such that W1 is homeomorphic
to W0 wth π1(W1) = W0. See Theorem 4.2. Thus, W1 can be locally defined as u1 = u2−ψ1(u3) = 0,
which results in F1 is described by a vector field X1 as in Equation (48). Let π2 : M2 → M1 be the
blowup of M1 along W1, which is, by hypothesis, a non-dicritical curve of singularities. Given that
the first and third sections of X1 have v1 as a factor, it is necessary for the curve W2, defined as
y1 = y2 = 0, where σ2(y) = v, will be contained in Sing(F2). Continuing in this manner, there exists
a blow-up sequence {πi,Mi,Wi,Fi,Ei} such that Wi is homeomorphic to Wi−1 and πi(Wi) = Wi−1

for all i ≥ 1.
If W0 is of type II, then F1 is described by a vector field X1 as in Equation (45). In this situation,

there is at least one curve W1 ⊂ Sing(F1) that is homeomorphic to P1, which can be locally defined as
u1 = u3 − ψ1(u2) = 0. Consequently, from (45) the third section of X1 can be written as follows:

Q3(u) =
∞∑

j=m3

vj−m3

1 v
n3,j

2 h3,j(v), (v1, v2, v3) = (u1, u3 − ψ1(u2), u2).

Hence, in this coordinate system (v1, v2, v3), the first and third sections of the vector field X1 also have
v1 as a factor. Similarly to the previous case, there exists a blow-up sequence {πi,Mi,Wi,Fi,Ei} where
Wi is homeomorphic to P1 and πi(Wi) = Wi−1, but this time for all i ≥ 2.

Theorem 4.6. Let F0 be a one-dimensional holomorphic foliation defined on M0 = P3 of degree k,
and its singular locus contains a smooth curve W0 of degree deg(W0) and Euler characteristic χ(W0).

We will assume the existence of a finite blow-up sequence {πi,Mi,Wi,Fi,Ei}j−1
i=1 such that Wi ⊂ Ei

is homeomorphic to Wi−1 with πi(Wi) = Wi−1 and ℓi = mEi
(π∗

i Fi−1) for i = 1, . . . , j.
(a) If Fj−1 is special along Wj−1 then

N (Fj ,Ej) = (ℓj + 2)χ(W0) + 2(ℓj + 1)(k − 1) deg(W0) + (ℓj + 1)Λ
(3)
0

(
ℓj

2j−1
+ 2

j−1∑

i=1

ℓi
2i

)

(b) If Sing(Fj) contains only isolated closed points on Mj, then

N (Fj ,Mj) =

3∑

i=0

ki + χ(W0)

j∑

i=1

(
1− ℓi − ℓ2i

)
+ (k − 1) deg(W0)

j∑

i=1

(
1− 2ℓi − 3ℓ2i

)

+ Λ
(3)
0

j∑

i=1

ℓi(1− ℓ2i )

2i−1
+ Λ

(3)
0

j∑

r=2

r−1∑

i=1

(
1− 2ℓr − 3ℓ2r

) ℓi
2i
.

Here we are also assuming that

β∑

i=α

ai = 0 if α > β.

Proof. For j = 1, both formulas (a) and (b) align with Theorems 3.1 and 3.3 in [12], respectively. From
Porteuos theorem ( see [14], page 609) , we obtain

(55)





c1(TMi
) = π∗

j c1(TMi−1)−Ej

c2(TMi
) = π∗

j c2(TMi−1) + π∗
i ι

∗
i−1[Wi−1]− π∗

j c1(TMi−1) ·Ei

c3(TMi
) = π∗

j c3(TMi−1)− π∗
i c2(Ni−1) · Ei − π∗

i c1(TMi−1) ·E2
i +E3

i

where ιi : Wi → Mi is the inclusion map and [Wi] ∈ H4(Mi) is the fundamental class of Wi for
i = 1, . . . , j. From [1], it follows that

TFi
∼= π∗

i

(
TFi−1

)
⊗ [Ei]

ℓi

which make us conclude

(56) c1(T ∗
Fi
) = π∗

j c1(T ∗
Fi−1

)− ℓi ·Ei, for i = 1, . . . , j.

From (30) and (55), we can show by finite induction that

(57)

∫

Wj

c1(TMj
) =

∫

W0

c1(TM0)−
j∑

i=1

∫

Wi

Ei = 4deg(W0) +

(
1− 1

2j

)
Λ
(3)
0 , j ≥ 0.
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Similarly, we obtain

(58)

∫

Wj

c1(T ∗
Fj
) = (k − 1) deg(W0) + Λ

(3)
0

j∑

i=1

ℓi
2i
, j ≥ 0.

Using the Baum-Bott’s formula, we get that

N (Fj ,Ej) =

∫

Ej

c2(TEj
⊗ T ∗

Fj
)

with

c2(TEj
⊗ T ∗

Fj
) = c2(TEj

) + c1(TEj
)c1(T ∗

Fj
) + c21(T ∗

Fj
).

By hypothesis, we easily get

(59)

∫

Ej

c2(TEj
) = 2χ(W0)

From Whitney formula,

c1(TEj
) = c1(TMj

)−Ej = π∗
j c1(TMj−1 )− 2Ej

which results

(60)

∫

Ej

c1(TEj
)c1(T ∗

Fj
) = ℓj

∫

Wj−1

c1(TMj−1 ) + 2

∫

Wj−1

c1(T ∗
Fj−1

) + 2ℓj

∫

Ej

E2
j .

And finally,
∫

Ej

c21(T ∗
Fj
) =

∫

Ej

(
π∗
j c

2
1(T ∗

Fj−1
)− 2ℓjc1(T ∗

Fj−1
)Ej + ℓ2jE

2
j

)

= 2ℓj

∫

Wj−1

c1(T ∗
Fj−1

) + ℓ2j

∫

Ej

E2
j(61)

From equations (57), (58), we can add the equations (59), (60) and (61) that after a simple reorganiza-
tion, we obtain statement (a) of the Theorem. Now, again by Baum-Bott’s formula,

N (Fj ,Mj) =

∫

Mj

c3(TMj
⊗ T ∗

Fj
)

with

c3(TMj
⊗ T ∗

Fj
) = c3(TMj

) + c2(TMj
)c1(T ∗

Fj
) + c1(TMj

)c21(T ∗
Fj
) + c31(T ∗

Fj
).

In order to simplify all these long calculations, we will do four finite inductions as follows. Given that
∫

Mj+1

π∗
j+1c2(Nj) · Ej+1 =

∫

Ej+1

π∗
j+1c2(Nj) = −

∫

Wj

c2(Nj) = 0,

we get
∫

Mj+1

c3(TMj+1) =

∫

Mj+1

(
π∗
j+1c3(TMj

)− π∗
j+1c1(TMj

) ·E2
j+1 +E3

j+1

)
=

=

∫

Mj

c3(TMj
) +

∫

Wj

c1(TMj
) +

∫

Ej+1

E2
j+1 =

=

∫

Mj

c3(TMj
) + 4 deg(W0) + Λ

(3)
0 =

=

∫

Mj

c3(TMj
) + χ(W0).(62)
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Now, the second term,
∫

Mj+1

c2(TMj+1)c1(T ∗
Fj+1

) =

∫

Mj

c2(TMj
)c1(T ∗

Fj
) +

∫

Wj

c1(T ∗
Fj
)−

ℓj+1

∫

Wj

c1(TMj
)(63)

The third term is given by
∫

Mj+1

c1(TMj+1 )c
2
1(T ∗

Fj+1
) =

∫

Mj

c1(TMj
)c21(T ∗

Fj
)− ℓ2j+1

∫

Wj

c1(TMj
)−

2ℓj+1

∫

Wj

c1(T ∗
Fj

)− ℓ2j+1

∫

Ej

E2
j+1(64)

And the last term

(65)

∫

Mj+1

c31(T ∗
Fj+1

) =

∫

Mj

c31(T ∗
Fj
)− 3ℓ2j+1

∫

Mj

c1(T ∗
Fj
)− ℓ3j+1

∫

Ej

E2
j+1.

Thus, we will add equations (62), (63), (64) and (65) and so we conclude that

N (Fj+1,Mj+1) = N (Fj ,Mj) + χ(W0) + (1 − 2ℓj+1 − 3ℓ2j+1)

∫

Wj

c1(T ∗
Fj
)−

ℓj+1(1 + ℓj+1)

∫

Wj

c1(TMj
)− ℓ2j+1(1 + ℓj+1)

∫

Ej+1

E2
j+1(66)

From (57), (58), and admiting that N (Fj ,Mj) is given by the statement (b), we directly conclude this
theorem. �

4.1. Proof of Theorem 1.2. From Lemma (3.1), for each j, there exists a special holomorphic deforma-
tion Fjt of Fj for 0 < |t| < ǫj , where ǫj is sufficiently small. Thus, for t 6= 0, the deformation Fjt is special
along Wj , and mEj

(Fjt) = mEj
(Fj) = ℓj . Furthermore, we can assume deg(π∗

j · · ·π∗
1Fjt) = deg(F0).

To achieve this, it suffices to consider that Wj is defined as u1 = u2 − ψj(u3) = 0, and Fj is described
by the following vector field:

(67) Xj = P
(j)
1 (v)

∂

∂v1
+ P

(j)
2 (v)

∂

∂v2
+ P

(j)
3 (v)

∂

∂v3

where (v1, v2, v3) = Fj(u) = (u1, u2 − ψj(u3), u3). Therefore, in this coordinate system, the foliation
Fjt is described by the following vector field

(68) Xjt = Xj + tYj

with the vector field Yj given as in Lemma (3.1), that is

(69) Yj =

3∑

i=1

Yi
∂

∂vi
, Yi =

qi∑

r=0

vqi−r
1 vr2air(v), qi = mWj

(Yi)

where

q1 = q2 = q3 + 1 = ℓj + 1.

By Hartog’s theorem, the foliation Fjt that is generated by the vector F ∗
j Xjt can be extend for

whole Mj . Furthermore, the coeficients air are chosen in order to have deg(π∗
j · · · π∗

1Fjt) = deg(F0), ∀t.
Varying the coefficients air, if necessary, we can admit that Sing(Fjt) is composed of a curve Wj and

some more isolated closed points p
(j)
s . Let F̃jt be the strict transform of Fjt under πj+1. Therefore, we

can determine the Milnor number µ(Fj ,Wj) as follows. Since

Sing(Fjt) = Wj ∪ {p(j)s , s = 1, . . . , st}, Sing(F̃jt) = {p̃(j)r , r = 1, . . . , rt}
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we get

µ(Fj ,Wj) = lim
t→0

(
µ(Fjt,Wj)

)
= lim

t→0

(
N (Fjt,Mj)−

∑

p
(j)
s /∈AWj

µ(Fjt, p
(j)
s )

)

= N (Fj ,Mj)− lim
t→0

∑

p
(j)
s /∈AWj

µ(Fjt, p
(j)
s )(70)

On the other hand, since πj+1 : Mj+1 \Ej+1 → Mj \Wj is an isomorphism, we get that

lim
t→0

∑

p
(j)
s /∈AWj

µ(Fjtp
(j)
s ) = lim

t→0

∑

p̃
(j)
r /∈AEj+1

µ(F̃jt, p̃
(j)
r )

= N (Fj+1,Mj+1)−N (Fj+1,Ej+1)−N(Fj ,AWj
)(71)

which results

(72) µ(Fj ,Wj) = N (Fj ,Mj)−N (Fj+1,Mj+1) +N (Fj+1,Ej+1) +N(Fj,AWj
)

where necessarily N(Fj ,AWj
) ≤ N(Fj−1,AEj

) = N(Fj−1,AWj−1 ). From (66), we obtain the following

µ(Fj,Wj) =N (Fj+1,Ej+1)− χ(W0) + (3ℓ2j+1 + 2ℓj+1 − 1)

∫

Wj

c1(T ∗
Fj
)+

ℓj+1(1 + ℓj+1)

∫

Wj

c1(TMj
) + ℓ2j+1(1 + ℓj+1)

∫

Ej+1

E2
j+1 +N(Fj ,AWj

)

=(ℓj+1 + 1)

(
χ(W0) + (3ℓj+1 + 1)(k − 1) deg(W0) + 4ℓj+1 deg(W0)

)
+

+ (ℓj+1 + 1)Λ
(3)
0

(
ℓj+1 +

ℓ2j+1

2j
+
(
3ℓj+1 + 1

) j∑

i=1

ℓi
2i

)
+N(Fj ,AWj

)

=
(
ℓj+1 + 1

)(
(ℓj+1 + 1)χ(W0) + (3ℓj+1 + 1)(k − 1) deg(W0) +

ℓ2j+1

2j
Λ
(3)
0 +

(3ℓj+1 + 1)Λ
(3)
0

j∑

i=1

ℓi
2i

)
+N(Fj,AWj

).

Notice that for j = 0, µ(F0,W0) agrees with [13]. Now, given that πj+1|Mj+1\Ej+1
: Mj+1 \ Ej+1 →

Mj \Wj is a biholomorphism, we get N(Fj , AWj
) = N(Fj+1, AEj+1) which results

µ(Fj+1,
⋃

i

W
(j+1)
i ) = N (Fj+1,Ej+1) +N(Fj+1, AEj+1 )

= µ(Fj ,Wj) +N (Fj+1,Mj+1)−N (Fj ,Mj).

Again, from From (66), we conclude the Item (b) of Theorem.

Example 4.7. Let F0 be the one-dimensional holomorphic foliation of degree 4 defined on M0 = P3.
This foliation is described in the open affine set U3 = {[ξi] ∈ P3|ξ3 6= 0} by the following vector field

(73) X0 =
(
P3(z) + P4(z)

) ∂

∂z1
+
(
Q3(z) +Q4(z)

) ∂

∂z2
+

( 4∑

i=1

Ri(z)

)
∂

∂z3
,

where zi = ξi−1/ξ3 and

Pi(z) =

i∑

j=0

zi−j
1 zj2pij(z3), Qi(z) =

i∑

j=0

zi−j
1 zj2qij(z3), Ri(z) =

i∑

j=0

zi−j
1 zj2rij(z3)

with pij , qij , rij ∈ C[z3] are generic polynomials of degree 4 − i. Except for q30 and r10, which are
identically null.
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Thus, W0 = {[ξ] ∈ P3|ξ0 = ξ1 = 0} ⊂ Sing(F0) and is of type II. The singular set of F0 contains
another 36 closed points disjunct of W0. Thus, µ(F0,W0) = 46, which results in N(F0,AW0) = 21.
See Theorem (1.1). Let π1 : M1 → M0 be the blowup of M0 along W0 and F1 be the strict transform
of F0 under π1. In the chart

(
(U3)1, σ1(u)

)
, the foliation F1 is described by the following vector field

X1 =
(
u21p30 + P̃1

) ∂

∂u1
+
(
u1u2(q31 − p30) + u21q40 + Q̃1

) ∂

∂u2

+

(
u2r11 + u1r20 + R̃1

)
∂

∂u3
(74)

which W1 = {u ∈ (U3)1|u1 = u2 = 0} ⊂ Sing(F1) and mW1(P̃1),mW1(Q̃1) ≥ 3 and mW1(R̃1) ≥ 2.
In addition to W1, there are 4 other homeomorphic curves to P1 contained in E1 of which 3 are

given by the roots of r11 = r11(u3) and the fourth is defined as π
(−1)
1

(
[0 : 0 : 1 : 0]

)
. Furthermore,

mE1(π
∗
1F0) = ℓ1 = 1.

Thus, W1 is of type I and is homemorphic to W0 with π1(W1) = W0. Let π1 : M2 → M1 be the
blow-up of M1 along W1 and F2 be the strict transform of F1 under π2 with mE2(π

∗
2F1) = ℓ2 = 1.

But, this time, in E2 there is no homeomorphic curve to W1. It is not difficult to see that F̃2 = F2|E2

contains 12 closed points in its singular set. In order to verify Theorem (4.6), we need to make a
small perturbation on F1 because Sing(F1) contains four curves on E1. Let F1t be the one-dimensional
holomorphic foliation on M1 which is described in (U3)1 by following vector field

(75) X1t = X1 + tY1,

where

Y1 =

2∑

j=0

aju
2−j
1 uj2

∂

∂u1
+

2∑

j=0

bju
2−j
1 uj2

∂

∂u2
+
(
c0u1 + c1u2

) ∂

∂u3

with X1 given in (74) and ai, bi, ci ∈ C[u3] are generic polynomials of degre 1+i, i and 2+i, respectively.
Therefore, F1t is a small perturbation of F1, but now W1 is a special component of Sing(F1t), t 6= 0.

However, in order for there to be another holomorphic family F0t such that F1t is the strict transform
of F0t under π1 then we must need to have a2 ≡ 0 in (75). In fact, let F0t be the holomorphic family
which is described on the affine open set U3 by the following vector field

(76) X0t = X0 + tY0,

where X0 as in (73) and

Y0 = (a0z
3
1 + a1z1z2)

∂

∂z1
+

(
b0z

4
1 + (b1 + a0)z

2
1z2 + (b2 + a1)z

2
2

)
∂

∂z2
+ (c0z

2
1 + c1z2)

∂

∂z3
.

The foliation F0t also has degree 4 and W0 is a type I component for F0t, with t 6= 0. Furthermore,
mE1(π

∗
1F0t) = ℓ1 = 1 and F1t is the strict transform of F0t from π1.

Changing the coefficients of ai, bi, ci if necessary, we can admit that W1 is the unique curve of
Sing(F1t) which is also a special component of Sing(F1t), t 6= 0. In addition to W1, F1t has four more

singularities denoted by p
(1t)
i in E1 and mE2(π

∗
2F1t) = ℓ2 = 1 for all t 6= 0. Therefore, from Theorems

1.1 and 1.2, we get

(77) µ(F1t,W1) +

4∑

i=1

µ(F1t, p
(1t)
i ) = µ(F0t,W0)− 14 = 14 +N(F0t, AW0)

for t 6= 0. See also the Remark 3.4. Given µ(F1t,W1) = 22 since F1t is special along W1, we conclude

(78) N(F0t, AW0) = 8 +

4∑

i=1

µ(F1t, p
(1t)
i ) = 12.

Therefore, for t 6= 0, the singular set of F0t contains 36 + 9 =45 isolated closed points disjunct to W0.
Keeping this notation, let F2t the strict transform of F1t from π2. Thus, it is not difficult to see that
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F2t contains 12 isolated singularities on E2, counting the multiplicities. Consequently, the singular set
of F2t contains 45 + 4 + 12 = 61 isolated closed points, counted the muiltiplicities. These facts agree
with Theorem 4.6.

5. An application: Seidenberg’s Theorem for non-isolated singularities

Lemma 5.1. Let F0 be a one-dimensional holomorphic foliation on M0 = P3 of degree k, and its
singular locus contains a smooth curve W0 of degree deg(W0) and Euler characteristic χ(W0). We
will assume the existence of a blow-up sequence {πj ,Mj ,Wj,Fj ,Ej}.

If each Wj is homeomorphic to Wj−1 with πj(Wj) = Wj−1 for all j ≥ 1, then there exists a natural
number r such that mWr

(Fr) = 1 and Wr is of type III.

Proof. By way of contradiction, let us assume that this theorem is false, i.e., either mWj
(Fj) ≥ 2 or

Wj is not of type III for all j ≥ 1. From Equation (54), we can make the assumption:

(79) 1 ≤ ℓj = mEj

(
π∗
jFj−1

)
≤ mW0(F0) + 1, ∀j ≥ 1.

However, as µ(Fj ,Wj) given in Theorem 1.2 is a natural number for all j ≥ 0, we can infer that the
sequence:

(80) aj = (ℓj+1 + 1)Λ
(3)
0

(
ℓ2j+1

2j
+
(
3ℓj+1 + 1

) j∑

i=1

ℓi
2i

)
∈ N, ∀j.

On the other hand, the sequence of natural numbers ℓj is bounded, implying the existence of a subse-
quence ℓji where each ℓji = ℓ is a constant for all ji. Consequently,

(81) aji = (ℓ+ 1)Λ
(3)
0

(
ℓ2

2ji
+
(
3ℓ+ 1

) ji∑

i=1

ℓi
2i

)
∈ N, ∀ji.

Therefore,

0 < |aji2 − aji1 | = (ℓ+ 1)

∣∣∣∣Λ
(3)
0

∣∣∣∣
(
ℓ2

2ji1
+

ℓ2

2ji2
+
(
3ℓ+ 1

) ji2∑

r=ji1

ℓi
2i

)
.

For sufficiently large ji1 and ji2 , we obtain 0 < |aji2 − aji1 | < 1. However, this is absurd, considering
that aj is a natural number for all j. �

5.1. Maximum number of blowups for the desingularization. Now, we calculate the maximum
number of blowups needed until we reach ℓi = mEi

(
π∗
i Fi−1

)
= 0. In fact, we will suppose ℓj = ℓ1 for

j = 1, . . . , N1 + 1. Then, from (80), we get

aj = (ℓj+1 + 1)Λ
(3)
0

(
ℓ2j+1

2j
+
(
3ℓj+1 + 1

) j∑

i=1

ℓi
2i

)

is a natural number for j = 1, . . . , N1. Thus,

aj = (ℓ1 + 1)Λ
(3)
0

(
ℓ2

2j
+
(
3ℓ1 + 1

) j∑

i=1

ℓ1
2i

)
= (ℓ1 + 1)Λ

(3)
0

(
ℓ21
2j

+ ℓ1
(
3ℓ1 + 1

)(
1− 1

2j
))
.

Therefore,

bj =
ℓ1(1 + ℓ1)(1 + 2ℓ1)Λ

(3)
0

2j
∈ N, for j = 1, . . . , N1.

But, we can consider Λ
(3)
0 = 2α0(2β0+1) and ℓ1 or ℓ1+1 is an even number with 2α1−1 ≤ ℓ1, ℓ1+1 ≤

2α1 which imply that N1 ≤ α0 + α1.
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In the worth situation, with N1 = α0 +α1 blowups, we get ℓj+1 or ℓj+1 +1 equal to 2α1−1 and so we
need more N2 = α0 +α1 − 1 blowups to get ℓ or ℓj+1 +1 equal to 2α1−2, and so on. Therefore, at most

(82) α0 + α1 + α0 + α1 − 1 + · · ·+ α0 + 1 + α0 =
(2α0 + α1)(α1 + 1)

2

will be necessary for we get ℓj = mEj

(
π∗
jFj−1

)
= 0.

Example 5.2. Let F0 be the one-dimensional holomorphic foliation of degree m defined on M0 = P3

which is described in the open affine set U3 = {[ξi] ∈ P3|ξ3 6= 0} by the following vector field

X0 =
(
zm1 − z1z

2
2z

m−2
3

) ∂

∂z1
+
(
zm1 − z32z

m−2
3

) ∂

∂z2
− z22z

m−1
3

∂

∂z3

where zi = ξi−1/ξ3. We also assume that m is large enough. The singular set of F0 contains two

curves W0 = {[ξ] ∈ P3|ξ0 = ξ1 = 0} and W
(1)
0 = {[ξ] ∈ P3|ξ0 = ξ2 = 0. We will consider the blow-up

sequence {πj ,Mj ,Wj,Fj ,Ej} where Wj is defined in the chart
(
(U3)j , σ1(x) = z(j−1)

)
, with z(0) = z,

by equations x1 = x2 = 0. In this chart, the strict transform Fj from Fj−1 via πj is described by the
following vector field

Xj = x1
(
xm−2j−
1 − x22x

m−2
3

) ∂

∂x1
+
(
xm−3j
1 (1− jxj−1

1 x2) + (j − 1)x32x
m−2
3

) ∂

∂x2
− x22x

m−1
3

∂

∂x3

for j such that m − 3j ≥ 0. Thus, the singular set of Fj always contains two curves x1 = x2 = 0 and
x1 = x3 = 0 if m − 3j ≥ 1. We will determine the Milnor numbers µ(Fj ,Wj) for some j. Firstly, for
j = 0, we can make the holomorphic perturbation F0t of F0 which is described the following vector field

X0t = X + t

( 3∑

i=0

ai(z3)z
3−i
1 zi2

∂

∂z1
+

3∑

i=0

bi(z3)z
3−i
1 zi2

∂

∂z2
+

2∑

i=0

ci(z3)z
2−i
1 zi2

∂

∂z3

)

where ai, bi, ci are generic polynomials of degree m − 3,m − 3 and m − 2, respectively. Thus, the
singular set of F0t is composed by the curve W0 and some isolated closed points. It is not difficult to
show Theorem 4.6(a) agrees with number of isolated singularities of F1t on E1, where F1t is the strict
transform of F0t from π1 for t 6= 0. From Theorems 1.1 and 1.2, we can determine µ(F0,W0). Now, we
will determine µ(F1,W1). Initially, we will consider the holomorphic perturbations of F1 as follows

(83) X1t = X1 + t

( 3∑

i=0

ai(x3)x
3−i
1 xi2

∂

∂x1
+

3∑

i=0

bi(x3)x
3−i
1 xi2

∂

∂x2
+

2∑

i=0

ci(x3)x
2−i
1 xi2

∂

∂x3

)

where ai, bi, ci ∈ C[z3] of degree m − 5 + i,m − 6 + i and m − 4 + i. Thus, mE2(π
∗
1F1t) = 2 for all t.

Again, Theorem 4.6(a) agrees with number of isolated singularities of F2t on E1, where F2t is the strict
transform of F1t from π2 for t 6= 0. However, the main problem of these perturbations is that there is
no holomorphic foliation F0t such that F1t is the strict transform from F0t via π1 because a3 can be not
identically null. But, if a3 ≡ 0 then F1t is not special along W1. In fact, from (83), there are imbedding
closed points associated to W1, given by At

i(0, 0, x
t
3i) where x

t
3i is a root of t(b3(x3)−xm−2

3 = 0. Thus, in
order to make a holomorphic deformations F1t such that W1 is special component we need to consider
mE2(π

∗
2F1t) = 1. More precisely, we will consider the following deformation F1t described by vector

field

(84) X1t = X1 + t

(( 2∑

i=0

bi(x3)x
2−i
1 xi2 + b3(x3)x

3
2

) ∂

∂x2
+
(
x1c0(x3) + x2c1(x3)

) ∂

∂x3

)

where bi and ci are generic polynomials of degree m − 5 + i and m − 3 + i, respectively, except for b3
which also have degree equal to m−3. Now, F1t is special along W1 and there exists a one-dimensional
holomorphic foliation F0t on M0 such that F1t is the strict transform of F0t from π1. In fact, F0t is
described by the following vector field

(85) X0t = X0 + t

(( 2∑

i=0

bi(z3)z
5−2i
1 zi2 + b3(z3)z

3
2

) ∂

∂z2
+
(
z31c0(x3) + z1z2c1(z3)

) ∂

∂z3

)
.
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Let F2t be strict transform from F1t via π2. From Theorem 4.6(a) we have that N (F2t,E2) = 4m− 8
for t 6= 0, since ℓ1 = 2 and ℓ1 = 1. The same idea can be used to calculate µ(Fj ,Wj for j > 1.

5.2. Normal forms for non-isolated singularities. We will focus on the germs of holomorphic
foliations F0 defined in an open set U0 ⊂ C3 such that their singular set contains a smooth curve
W0 of type III with mW0(F0) = 1. Without loss of generality, we can assume that W0 is defined as
z0 = z1 = 0. Keeping the notation, we consider the blow-up sequence {πi,Mi,Wi,Fi,Ei}.

According to Theorem (4.2), there exist two curves in E1 that are homeomorphic to W0, counting
multiplicities, since mE1(π

∗
1F0) = 0. We will start by considering that F0 is described by the following

vector field:

(86) X0 =

3∑

i=1

(z1pi0(z3) + z2pi1(z3) + Pi(z))
∂

∂zi
, mW0(Pi) ≥ 2.

By the way, from Equation (3) we have

(87) AX0 |W0 =

(
p10 p11
p20 p21

)
.

Let λ1 = λ1(z3) and λ2 = λ2(z3) be the eigenvalues of the matrix (87).Thus, we have the following
three cases to consider

(i) λ1 · λ2 6≡ 0, λ1 6≡ nλ2 and λ2 6≡ nλ1, n ∈ N;
(ii) λ1 6≡ 0 and λ2 ≡ 0;
(iii) λ1 ≡ λ2 ≡ 0;

Proposition 5.3. If the eigenvalues λ1 and λ2 of the matrix AX0 |W0 given in (87) are non-identically
null with λ1 6≡ nλ2 and λ2 6≡ nλ1, ∀n ∈ N then these conditions are invariant by blowups along curves
Wi homeomorphic to W0 with πi(Wi) = W0.

Proof. The eigenvalues λ1 and λ2 of the matrix (87) are given by

(88) λi =
p10 + p21

2
+ (−1)i

√
∆

2

where

∆ = ∆(z3) = (p10 − p21)
2 + 4p11p20.

Thus, in the chart ((U1)1, σ1(u)), F1 is described by the vector field X1 as follows

(89) X1 = u1Q1(u)
∂

∂u1
+ (Q2(u)− u2Q1(u))

∂

∂u2
+ u1Q3(u)

∂

∂u3

where

Qi(u) = pi0 + u2pi1 + u1Q̃i(u), pij = pij(u3), ∀i
for some functions Q̃i. However, since W0 is of type III, meaning it is a non-dicritical component, we
have:

Q2(0, u2, u3)− u2Q1(0, u2, u3) = p20 + u2(p21 − p10)− u22p11 6≡ 0.

This implies that there are two curves W
(1)
i that are homeomorphic to W0, defined as follows: W

(1)
i =

{u ∈ (U1)1|u1 = u2 − ψi(u3) = 0} where

(90) ψi(u3) =
p21 − p10 + (−1)i

√
∆

2p11

for p11 6≡ 0. ( If lim
u3→α

ψi(u3) = ∞ then in the other chart
(
(U1)2, σ2(v)

)
, the curve W

(1)
i is defined

as v1 − ψ̃i(v3) = v2 = 0 with ψ̃i(α) = 0). Let Fi(u) = (u1, u2 − ψi(u3), u3) = v ∈ C3 be a local
biholomorphism. Now, the push-forward foliation Fi∗(F1) = Gi defined in Vi is described by the following
vector field

Y1 =
(
v1r10 +R1

) ∂

∂v1
+
(
v1r20 + v2r21 +R2

) ∂

∂v2
+
(
v1r30 +R3

) ∂

∂v3
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where rij = rij(v3) and m
W

(1)
1
(Ri) ≥ 2. But, r10 = p10 +ψ1p11 = λ1 and r21 = p11(ψ2 −ψ1) = λ2 −λ1.

Consequently, the matrix

(91) AY1 |W(1)
1

=

(
r10 0
r20 r21

)

has λ
(1)
11 = λ1 and λ

(1)
12 = λ2 − λ1 as eigenvalues which are distinct and non-identically null. Similarly

for the other curve W
(1)
2 whose matrix AY2 |W(1)

2
has λ

(1)
12 = λ2 and λ

(1)
22 = λ1 − λ2 as eigenvalues.

If p11 ≡ 0 then the eigenvalues of (87) are λ1 = p10 and λ2 = p21. In this way, W
(1)
1 = {u ∈

(U1)1|u1 = u2 +
p20

p21 − p10
= 0} is a curve of singularities with eigenvalues λ

(1)
11 = λ1 and λ

(1)
12 = λ2 −λ1

while W
(1)
2 = {v ∈ (U1)2|v1 = v2 = 0} is the other curve with eigenvalues λ

(1)
21 = λ1 −λ2 and λ

(1)
22 = λ2.

Note that it is impossible p11 ≡ p21 − p10 ≡ 0 since λ1 and λ2 are distinct. �

Now, let us consider the second case where λ1 6≡ 0 and λ2 ≡ 0. This leads to tr(AX0|W0
) = p10+p21 =

λ1 and det(AX0|W0
) = p10p21 − p11p20 = 0. Therefore,

p10(z3)

p11(z3)
=
p20(z3)

p21(z3)
= ϕ(z3) =⇒ pi0(z3) = ϕ(z3)pi1(z3).

In the chart ((U1)1, σ1(u)), F1 is described by the vector field X1 as in (89). But this time, we have

Qi(u) = pi1(z3)
(
u2 + ϕ(u3)

)
+ u1Q̃i(u) for i = 1, 2, and Q3(u) = p30 + u2p31 + u1Q̃3(u). Since

Q2(0, u2, u3)− u2Q1(0, u2, u3) =

(
p21 − u2p11

)(
u2 + ϕ(u3)

)

there are two homeomorphic curves to W0 defined when p11 6= 0 as follows W
(1)
1 =

{
u ∈ (U1)1|u1 =

u2 + ϕ(u3) = 0
}
and W

(1)
2 =

{
u ∈ (U1)1|u1 = u2 − p21/p11 = 0

}
.

Proposition 5.4. If the matrix (87) has only one eigenvalue that is not identically zero, denoted by

λ1, then curves W
(1)
i that are homeomorphic to W0 with π1(W

(1)
i ) = W0 are elementary components

of F1. The eigenvalues of F1 at W
(1)
1 are λ

(1)
11 = λ1 and λ

(1)
21 ≡ 0 while the eigenvalues of F1 at W

(1)
2

are λ
(1)
12 = λ1 and λ

(1)
22 = −λ1.

Proof. In fact, let F1(u) = (u2 + ϕ(u3), u1, u3) = (v1, v2, v3) be a local biholomorphism. Therefore, the
vector field Y1 =

(
F1

)
∗
X1 can be expressed as follows

(92) Y1 = v1(v2r10 +R1)
∂

∂v1
+ (v1r20 + v2r21 +R2)

∂

∂v2
+ v1(r30 + v2r31 +R3)

∂

∂v3

where rij = rij(v3) and m
W

(1)
1
(Ri) ≥ 2. But, r10 = p11 and r21 = p21 + p11ϕ(v3) = p21 + p10 = λ1.

Consequently, we have

AY1 |W(1)
1

=

(
0 0
r20 λ1

)
.

Therefore, the matrix AY1 |W(1)
1

has only one eigenvalue not identically zero λ1. In order to analyze

the other curve W
(1)
2 it is sufficient to consider the local biholomorphism F2(u) = (u1, u2 − p21

p11
, u3) =

(v1, v2, v3) defined for p11 6= 0. As before, let Z1 =
(
F2

)
∗
X1, i.e.,

(93) Z1 = v1(s10 + v2s21 + S1)
∂

∂v1
+ (v1s20 + v2s21 + S2)

∂

∂v2
+ v1(s30 + v2s31 + S3)

∂

∂v3

where sij = sij(v3) and m
W

(2)
1
(Si) ≥ 2. But, s10 = −s21 = λ1(v3). Therefore, we get

AZ1 |W(1)
2

=

(
λ1 0
s20 −λ1

)
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i.e.; the matrix AZ1 |W(1)
2

has two distinct eigenvalues denoted by λ
(1)
12 = λ1(v3) and λ

(1)
22 = −λ1(v3)

with λ
(1)
12 /λ

(1)
22 = −1 6∈ Q+ for almost all points of W

(1)
2 . �

Finally, we will consider the third case where λ1 and λ2 are identically null, i.e., tr(AX0 |W0) =
det((AX0 |W0) = 0. Again, we have two distinct situations to consider p10 = 0 or not. If p10 = 0 then
p21 = 0 and p11p20 = 0. Let us only consider the case where p11 = 0 because the other case is analogous.
Therefore, in (86), the multiplicity mW0(P1) = m1 ≥ 2 and

(94) AX0 |W0 =

(
0 0
p20 0

)

In E1, there are two types of curves. The first type is given by the roots of p20, which are homeo-
morphic to P1. The second type is homeomorphic to W0.

To simplify our analysis, we will address the first type of curves in the chart ((U1)1, σ1(u)), while the
second type of curves will be handled in the chart ((U1)2, σ2(v)). This allows us to have the following:
proposition

Proposition 5.5. If in the matrix (87) the coefiecients p10, p11 and p21 are identically null and p20 is an
affine function with no common root with p31 then there exists a blow-up sequence {πi,Mi,Wi,Fi,Ei}
such that Wi = (πi)

−1(q), q ∈ Wi−1 and Wi is a non-elementary component of Sing(Fi) for all i ≥ 1.

Proof. In the chart ((U1)1, σ1(u)), the foliation F1 is described by the following vector field

(95) X1 = um1
1 Q1(u)

∂

∂u1
+
(
p20 + u1Q2

) ∂

∂u2
+ u1

(
p30 + u2p31 + u1Q3

) ∂

∂u3

where pij = pij(u3) and for certain functions Qi. Let W1 be the curve defined by u1 = u3 − β = 0
where β is the root of p20. Therefore, W1 = (π1)

−1(0, 0, β). Without loss of generality, we can assume
that p20(u3) = αu3 with α 6= 0, that is, β = 0. In these coordinates (w1, w2, w3) = (u1, u3, u2) the
vector field X1 in (95) is rewritten as follows

Y1 =wm1
1 R1(w)

∂

∂w1
+ w1

(
p30(w2) + w3p31(w2) + w1R2

) ∂

∂w2

+
(
αw2 + w1R3

) ∂

∂w3
(96)

But, the second section of Y1 in (96) is

w1

(
p30(w2) + w3p31(w2) + w1R2

)
= w1

(
p30(0) + w3p31(0)

)
+ R̃2

= w1r20(w3) + R̃2(97)

where r20(w3) = p30(0) + w3p31(0) and mW1(R̃2) ≥ 2. Furthermore, p31(0) 6= 0 by hypothesis. So,

(98) AY1 |W1 =

(
0 0
r20 0

)

where r20 is also an affine function. In this way, the third section of Y1 is

αw2 + w1R3 = w1R3(0, 0, w3) + αw2 + R̃3

= w1r30 + w2r31 + R̃3(99)

where r30(w3) = R3(0, 0, w3), r31(w3) ≡ α 6= 0 and mW1(R̃3) ≥ 2. Consequently, the vector field
Y1 possesses the same properties as X1 because r20 is an affine function without any common root
with r31(w3) = α 6= 0. Hence, we can continue the blow-up process indefinitely, leading to W2 =
(π2)

−1(0, 0, β1), where β1 = −r30(0)/r31(0), and so forth. �

Corollary 5.6. Let us assume in the matrix (87) that p10, p11 and p21 and identically null and p20(z3) =
z3g(z3). If g(0) and p31(0) are nonzero then there exists a blow-up sequence {πi,Mi,Wi,Fi,Ei} such
that Wi = (πi)

−1(q), q ∈ Wi−1 and Wi is a non-elementary component of Sing(Fi) for all i ≥ 1.
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Proof. In the chart ((U1)1, σ1(u)), the foliation F1 is described by the following vector field

X1 = um1
1 Q1(u)

∂

∂u1
+
(
u3g(u3) + u1Q2(u)

) ∂

∂u2
+ u1

(
p30 + u2p31 + u1Q3(u)

) ∂

∂u2

where pij = pij(u3) and Qi(0, u2, u3) = 0 for i = 2, 3. But, in these coordinates (w1, w2, w3) =
(u1, u3, u2) the foliation F1 is described by vector field Y1 as follows

Y1 =wm1
1 R1

∂

∂w1
+ w1

(
p30(w2) + w3p31(w2) + w1R2

) ∂

∂w2
+

+
(
w2g(w2) + w1R3

) ∂

∂w3
.

But, the second section of Y1 is

w1

(
p30(w2) + w3p31(w2) + w1R2

)
= w1(p30(0) + w3p31(0) + R̃2(w)

= w1r20(w3) + R̃2(w)(100)

while its third section is

w2g(w2) + w1R3(w) = w1R3(0, 0, w3) + w2g(0) + R̃3(w)

= w1r30(w3) + w2r31(w3) + R̃2(w).(101)

Therefore, r20(w3) = p30(0) + w3p31(0) is an affine function with no commom root with r31(w3) =
g(0) 6= 0. Therefore, we can aplly Proposition 5.5 again.

�

Proposition 5.7. If in the matrix (87) the coefiecients p10, p11 and p21 are identically null and p20 6≡
0. Then, for any blow-up sequence {πi,Mi,Wi,Fi,Ei) such that Wi is homeomorphic to Wi−1 and
πi(Wi) = Wi−1 there is a natural number k ∈ N such that Wi is an elementary component of Sing(Wi)
for i ≥ k.

Proof. The vector field (86) can be rewritten as follows

(102) X0 = P1(z)
∂

∂z1
+
(
z1p20 + P2(z)

) ∂

∂z2
+
(
z1p30 + z2p31 + P3(z)

) ∂

∂z3

where pij = pij(z3) and

Pi(z) =

mi∑

j=0

zmi−j
1 zj2Pij(z) = zni

2 gi(z) + z1Li(z), mi = mW0(Pi) ≥ 2

with ni ≥ mi, either gi(0, 0, z3) := pi(z3) 6≡ 0 or gi ≡ 0, mW0(Li) ≥ mi − 1 with Li(0, 1, z3) := qi(z3)
for all i. In addition, if mW0(Li) ≥ mi then ni = mi and pi 6≡ 0.

From (102), in the chart ((U1)2, σ2(v)) the foliation F1 is described by the following vector field

(103) Y1 =
(
− v21p20 +R1 − v1R2

) ∂

∂v1
+ v2

(
v1p20 +R2

) ∂

∂v2
+ v2

(
v1p30 + p31 +R3

) ∂

∂v3

where pij = pij(v3), Ri = vni−1
2 g

(1)
i (v) + v1v

mi−1
2 L

(1)
i (v) with g

(1)
i (0, 0, v3) = pi(v3) and L

(1)
i (0, 0, v3) =

qi(v3).
In this chart, the exceptional divisor E1 is defined by the equation {v2 = 0} and the non-elementary

curve W1 = {v ∈ (U1)2|v1 = v2 = 0} ⊂ Sing(F1) has multiplicity equal to 2. Besides that mE1(π
∗
1F0) =

0. From this point onward, let us focus solely on the fibers π−1
1 (0, 0, z3) for which p20(z3) 6= 0. This is

because the curves associated with these fibers have already been taken into account in Proposition 5.5.
To continue with our analysis, we need to make some considerations about the possible values of p31.

Specifically, if p31 ≡ 0, then in (102), there must be a function gi that is not identically zero for some
i. Otherwise, the hypersurface v1 = 0 would be entirely contained in the singular set of X1.

Hence, let us consider the case where mW1(F1) = 1 which results in p31 6≡ 0 or mW1(R1) = 1.
Therefore, if p31 6≡ 0 and mW1(R1) ≥ 2 then W1 is of type I. In this situation, the singular set of F2

restricted to the exceptional divisor consists of the elementary curve W2 = {x ∈ (U2)1|x1 = x2 = 0},
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with σ1(x) = v, and some closed points. The eigenvalues of F2 at W2 are λ
(2)
11 = −p20(x3) and λ(2)21 =

2p20(x3), i.e. λ
(2)
11 /λ

(2)
21 = −1/2 6∈ Q+ for almost all x ∈ W2. More precisely, λ

(2)
11 /λ

(2)
21 = −1/2 6∈ Q+

for all x3 such that p20(x3) 6= 0.
Now, if mW1(R1) = 1, then it must be the case that m1 = n1 = 2 and p1 6≡ 0, resulting in W1

being of type III. Consequently, the singular set of F2, when restricted to E2, contains a curve that is
homeomorphic to W1, but with multiplicity equal to 2. In fact, in the chart

(
(U2)1, σ1(t)

)
, F2 can be

described by the following vector field:

X2 =t1

(
− t1p20 +R

(2)
1 − t1R

(2)
2

)
∂

∂t1
+ t2

(
2t1p20 +R

(2)
1 + 2t1R

(2)
2

)
∂

∂t2
+

+ t1t2

(
t1p30 + p31 +R

(2)
3

)
∂

∂t3
(104)

where

R
(2)
i (t) = (t1t2)

mi−1L
(2)
i (t) + tni−2

1 tni−1
2 g

(2)
i (t), g

(2)
i (0, 0, t3) = pi(t3).

Thus, W2 = {t ∈ (U2)1|t1 = t2 = 0} ⊂ Sing(F2). But, in this situation, the singular set of F3

contains three elementary curves homemorphic to W2. In fact, on the chart
(
(U3)1, σ1(x) = t

)
, there

are two curves W
(3)
1 = {t ∈ (U3)1|x1 = x2 = 0} and W

(3)
2 = {t ∈ (U3)1|x1 = x2 − 3p20

2p1
= 0} while

on the other chart
(
(U3)1, σ2(y) = t

)
, there is the third curve W

(3)
3 = {y ∈ (U3)2|y1 = y2 = 0}. The

eigenvalues of F3 along W
(3)
1 are λ

(3)
11 = −p20(x3) and λ

(3)
12 = 3p20(x3), along W

(3)
2 are λ

(3)
21 = p20(x3)

2

and λ
(3)
22 = −3p20(x3), at W

(3)
3 are λ

(3)
31 = 2p1(x3)− 2p20(x3) and λ

(3)
32 = 2p20(x3)− p1(x3). It is worth

noting that the case λ
(3)
31 ≡ λ

(3)
32 ≡ 0 is not possible.

Henceforth, we will exclusively examine the situation where mW1(F1) ≥ 2, which implies that p31 ≡ 0
and mW1(R1) ≥ 2, leading to W1 being of type III. Furthermore, if mW1(R1) = 2 then m1 = 2 or
n1 = 3 while if mW1(R2) = 1 then m2 = n2 = 2 and p2 6≡ 0. Thus, in the chart

(
(U2)1, v = σ1(x)

)
, the

foliation F2 is described by the following vector field

X2 =x1
(
− p20 +R

(2)
1 −R

(2)
2

) ∂

∂x1
+ x2

(
2p20 −R

(2)
1 + 2R

(2)
2

) ∂

∂x2

+ x1x2
(
p30 +R

(2)
3

) ∂

∂x3
(105)

where

R
(2)
1 (t) =xm1−2

1 xm1−1
2 L

(2)
1 (x) + xn1−3

1 xn1−1
2 g

(2)
1 (x),

R
(2)
i (x) =xmi−1

1 xmi−1
2 L

(2)
i (x) + xni−2

1 xni−1
2 g

(2)
i (x), for i = 2, 3

with L
(2)
i (0, 0, x3) = qi(x3) and g

(2)
i (0, 0, x3) = pi(x3).

Here, we assume that p1 ≡ 0 when n3 ≥ 4, and similarly p2 ≡ q2 ≡ 0 when mW1(R2) ≥ 2. Thus, the
singular set of F2 is defined as follows

x1 = x2

(
2p20 + (2p2 − q1)x2 − p1x

2
2

)
= 0.

Thus, if p1 6≡ 0 and ∆1 = (2p2 − q1)
2 + 8p20p1 6≡ 0 then we have 3 curves to consider: W

(2)
1 =

{x ∈ (U2)1|x1 = x2 = 0}, W(2)
2 = {x ∈ (U2)1|x1 = x2 − ψ1(x3) = 0} and W

(2)
3 = {x ∈ (U2)1|x1 =

x2 − ψ2(x3) = 0} where

ψi(x3) =
2p2(x3)− q1(x3) + (−1)i

√
∆1

2p1(x3)
.

The eigenvalues of F2 at W
(2)
1 are λ

(2)
11 = −p20 and λ

(2)
12 = 2p20, at W

(2)
2 are λ

(2)
21 = p20 + ψ1p2 and

λ
(2)
22 = ψ1

√
∆1, at W

(2)
3 are λ

(2)
31 = p20 + ψ2p2 and λ

(2)
32 = −ψ2

√
∆1.
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If ∆1 ≡ 0 and p1 6≡ 0 then there are 2 homeomorphic curves to W1 in the singular set of F2, namely

W
(2)
1 = {x ∈ (U2)1|x1 = x2 = 0} and W

(2)
2 = {x ∈ (U2)1|x1 = x2 − ψ1(x3) = 0}, but this last one has

multiplicity equal to 2. The eigenvalues of F2 are λ
(2)
21 = p20 + ψ1p2 and λ

(2)
22 ≡ 0.

If p1 ≡ 0 and 2q2 − q1 6≡ 0 then there are 3 elementary curves contained in E2, that is, W
(2)
1 = {x ∈

(U2)1|x1 = x2 = 0}, W(2)
2 = {x ∈ (U2)1|x1 = x2 − 2p20

q1−2p2
= 0} and W

(2)
3 = {y ∈ (U2)1|y1 = y2 =}

where σ2(y) = v. The eigenvalues of F2 along W
(2)
2 are λ

(2)
21 = q1p20

q1−2p2
and λ

(2)
22 = −2p20, along W

(2)
3

are λ
(2)
31 = q1 − 2p2 and λ

(2)
32 = p2.

Now, if p1 ≡ 0 and 2q2 − q1 ≡ 0 then there are 2 elementary curves contained in E2, the elementary

curve W
(2)
1 = {x ∈ (U2)1|x1 = x2 = 0} and W

(2)
2 = {y ∈ (U2)1|y1 = y2 = 0}, with multiplicity equal to

2. The eigenvalues of F2 along W
(2)
2 are λ

(2)
21 ≡ 0 and λ

(2)
22 = q2. Notice if q2 ≡ 0 then q1 ≡ 0 resulting

in mW1(R1) > 3 and mW1(R2) > 2 which is absurd.
Now, we will consider mW1(R1) = 3, mW1(R2) = 2, and mW1(R3) = 1. Hence, m3 = n3 = 2 and

p3 6≡ 0. Therefore, the singular set of F2 has 2 curves homemorphic to W1, namely, W
(2)
1 = {x ∈

(U2)1|x1 = x2 = 0} as before and W
(2)
2 = {y ∈ (U2)2|y1 = y2 = 0} with multilplicity equal to 2. But

this curve W
(2)
2 is non-elementary and of type I. Thus, let W2 = W

(2)
2 . The singular set of F3 contains

the elementary curve W
(3)
1 = {t ∈ (U3)1|t1 = t2 = 0} and some isolated closed points. The eigenvalues

of F3 along W
(3)
1 are λ

(3)
11 = −2p20 and λ

(3)
12 = 3p20.

Finally, if a blow-up sequence {πi,Mi,Wi,Fi,Ei} exists such that Wi is homeomorphic to Wi−1

and πi(Wi) = Wi−1, with Wi ⊂ Ei being a non-elementary curve of Sing(Fi) for all i, then, based
on our previous observations, the only possibility is mW1(R1) ≥ 3, mW1(R2) ≥ 2, and mW1(R3) ≥ 2,
and these conditions must remain invariant under subsequent blow-ups. More precisely, foliation F2, in
chart

(
(U2)2, σ2(y)

)
, is described by the following vector field.

Y2 =
(
− 2y21p20 +R

(2)
1 − 2y1R

(2)
2

) ∂

∂y1
+ y2

(
y1p20 +R

(2)
2

) ∂

∂y2
+

+ y2
(
y1p30 + R

(2)
3

) ∂

∂y3
(106)

where

R
(2)
1 = y1y

m1−2
2 L

(2)
1 (y) + yn1−3

2 g
(2)
1 (y), R

(2)
i = y1y

mi−1
2 L

(2)
i (y) + yni−2

2 g
(2)
i (y)

for i = 2, 3, with L
(2)
i (y) = L

(1)
i ◦ σ2(y) and g(2)i (y) = g

(1)
i ◦ σ2(y).

Thus, W2 = {y ∈ (U2)2|y1 = y2 = 0} is a non-elementary and mW2(F2) = 2. In order for such

a sequence to exist we must have mW2(R
(2)
1 ) ≥ 3, mW2(R

(2)
2 ) ≥ 2 and mW2(R

(2)
3 ) ≥ 2 and so on.

Therefore, let Wk be the curve defined in the chart
(
(U)k, σ2(y

(k))
)
as follows {y(k) ∈ (Uk)2|y(k)1 =

y
(k)
2 = 0}, with σ2(y

(k)) = y(k−1) for k ≥ 1. By finite induction, the foliation Fk, in the chart(
(Uk)1, σ1(x) = y(k−1)), is described by the vector field

Xk = x1

(
− (k − 1)(p20 + S

(k)
2 ) + S

(k)
1

)
∂

∂x1
+ x2

(
k(p20 + S

(k)
2 )− S

(k)
1

)
∂

∂x
(k)
2

+

+ x1x2

(
p30 + S

(k)
3

)
∂

∂x
(k)
3

(107)

where

S
(k)
1 (x) = xαk

1 x
αk−1

2 g̃
(k)
1 (x) + xm1−k

1 (x2)
m1−k+1L̃

(k)
1 (x), αk = n1 − (2k − 1)

S
(k)
i (x) = xni−k

1 xni−k+1
2 g̃

(k)
i (x) + (x1x2)

mi−1L̃
(k)
i (x), for i = 2, 3
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with L̃
(k)
i (y) = L

(k−1)
i (σ1(x)) and g̃

(k)
i (y) = g

(k−1)
i (σ1(x)), while in the chart

(
(Uk)2, σ2(y) = y(k−1))

)
,

by the vector field

Yk =

(
− ky21p20 +R

(k)
1 − ky1R

(k)
2

)
∂

∂y1
+ y2

(
y1p20 +R

(k)
2

)
∂

∂y2
+

+ y2

(
y1p30 +R

(k)
3

)
∂

∂y3
(108)

where

R
(k)
1 (y) = yαk

2 g
(k)
1 (y) + y1y

m1−k
2 L

(k)
1 (y),

R
(k)
i (y) = yni−k

2 g
(k)
2 (y) + y1y

mi−1
2 L

(k)
2 (y), for i = 2, 3

with L
(k)
i (y) = L

(k−1)
i ◦ σ2(y) and g

(k)
i (y) = g

(k−1)
i ◦ σ2(y). Furthermore, g

(k)
i (0, 0, x3) = pi(x3) and

L
(k)
i (0, 0, x3) = qi(x3) for all i.

Since mWk−1
(R

(k−1)
1 ) ≥ 3, mWk−1

(R
(k−1)
2 ) ≥ 2 and mWk−1

(R
(k−1)
3 ) ≥ 2, Fk is well defined as well

as αk, n2 − k, n3 − k,m1 − k ≥ 0 with mEi
(π∗

i Fi−1) = 1 for i = 1, . . . , k. By Theorem 4.2 there are

three curves W
(k)
j ⊂ Sing(Fk), counting the multiplicities, since mWk

(Fk) = 2. It is not difficult to see

that the curve W
(k)
1 = {x(k) ∈ (Uk)1|x(k)1 = x

(k)
2 = 0} is an elementary component of Sing(Fk) since

λ
(k)
11 = −(k − 1)p20(x3) and λ

(k)
21 = kp20(x3), i.e.; λ

(k)
11 /λ

(k)
21 = −(k − 1)/k 6∈ Q+, k ≥ 2 for almost all

x(k) ∈ W
(k)
1 . Notice that S

(k)
i |Ek

≡ 0 for all i resulting in W
(k)
1 is the unique homeomorphic curve to

Wk−1 contained in this chart.
However, considering that at least one of pi 6≡ 0, it follows that at least one of the three inequalities

mWk
(R

(k)
1 ) ≤ min{m1 − k + 1, αk}, mWk(R

(k)
2 ) ≤ n2 − k, or m{Wk

(R
(k)
3 ) ≤ n3 − k holds true for all

k > 0. Consequently, it is impossible for such a sequence to continue indefinitely. This assumption is
consistent since it would contradict Lemma 5.1 otherwise. Therefore, for some k > 0, the analysis of
Equation (108) follows a pattern similar to that of Equation (103), with the substitution of p20 and p2
by kp20 and kp2 in R1, respectively. It is enough to compare Equations (103) and (108). Thus, the
study is reduced to one of the cases that had previously been examined. �

Proposition 5.8. Let us consider the foliation F0 described by the vector field (86) with p10 6≡ 0 and
the all eigenvalues of (87) are identically null. Then, for any blow-up sequence Let {πi,Mi,Wi,Fi,Ei}
be such that Wi is homeomorphic to Wi−1 and πi(Wi) = Wi−1 there is a natural k ∈ N such that Wi

are elementary components of Fi for i ≥ k.

.

Proof. From (86), we get

(109) X0 =
3∑

i=1

(
z1pi0 + z2pi1 + Pi(z)

)
∂

∂zi
,

where

Pi(z) =

mi∑

j=0

zmi−j
1 zj2Pij(z), mi ≥ 2.

Under these conditions, since tr(AX0 |W0) ≡ det(AX0 |W0)equiv0 there exists a holomorphic function
ϕ(z3) such that pi0(z3) = ϕ(z3)pi1(z3) for i = 1, 2, which results

(110) AX0 |W0 =

(
ϕ(z3)p11(z3) p11(z3)

−ϕ2(z3)p11(z3) −ϕ(z3)p11(z3)

)
.
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In the chart ((U1)1, σ1(u)), the foliation F1 is described by the following vector field

X1 = u1

(
(u2 + ϕ(z3))p11 + u1Q1

)
∂

∂u1
−
(
(u2 + ϕ(z3))

2p11 − u1(Q2 − u2Q1)

)
∂

∂u2
+

+ u1(p30 + u2p31 + u1Q3)
∂

∂u3
(111)

where

Qi(u) = umi−2
1

mi∑

j=0

uj2Pij(u1, u1u2, u3).

In this chart, there is the only non-elementary curve W1 which is defined by Equations u1 = u2 +
ϕ(u3) = 0 and has multiplicity equal to 2. Just as it was done in the Proposition 5.7, from now on
we only consider the fibers π−1

1 (0, 0, z3) such that p11(z3) 6= 0. In this coordinate system (v1, v2, v3) =
F (u) = (u1, u2 + ϕ(u3), u3), the foliation F1 is described by the vector field

Y1 = v1
(
v2p11 + v1R1

) ∂

∂v1
−
(
p11v

2
2 − v1

(
G2 − v2R1 + ϕ′(v3)(r30 + v2r31)

)) ∂

∂v2
+

+ v1
(
r30 + v2r31 + v1R3

) ∂

∂v3
,(112)

where Ri(v) = Qi ◦ F−1(v) and G2(v) = R2(v) + ϕ(v3)R1(v) + v1ϕ
′(v3)R3(v).

Initially, we will consider the case where ϕ is not a constant function and and mW1(F1) = 1. Hence,
under these conditions, r30 6≡ 0 or a0(v3) := G2(0, 0, v3) + ϕ′(v3)r30(v3) 6≡ 0.

Let us consider a0 6≡ 0 which results W1 is of type III. So, in the chart
(
(U2)2, v = σ2(t)

)
, the

singular set of F2 contains the only curve W2 = {t ∈ (U2)2|t1 = t2 = 0} that is homeomorphic to
W1. The curve W2 has multiplicity equal to 2 and mW2(F2) = 2. The singular set of F3 contains
three elementary homeomorphic curves to W2. In other words, in the chart (U3)1, t = σ1(x)), there

are curves W
(3)
1 = {x ∈ (U3)1|x1 = x2 = 0}, with eingevalues of F3 at W

(3)
1 are λ

(3)
11 = −a0(x3) and

λ
(3)
11 = a0(x3); and

W
(3)
2 =

{
x ∈ (U3)1|x1 = x2 −

2a0(x3)

3p11(x3)
= 0

}

with eingevalues of F3 at W
(3)
2 are λ

(3)
21 = a0(x3)/3 and λ

(3)
22 = −2a0(x3). In the chart (U3)2, t = σ2(y)),

there is the curve W
(3)
3 = {y ∈ (U3)2|y1 = y2 = 0}, with eingevalues of F3 at W

(3)
3 are λ

(3)
31 = 3p11(y3)

and λ
(3)
32 = −p11(y3).

Now, we will consider a0 ≡ 0 and r30 6≡ 0 which result W1 is of type I. Therefore, the singular set of
F2 contains the only curve W2 = {y ∈ (U2)2|y1 = y2 = 0}, σ2(y) = v, which is homeomorphic to W1.

The eigenvalues of F2 at W2 are λ
(2)
21 = 2p11(y3) and λ

(2)
21 = −p11(y3) whose ratio is a negative rational

number for almost every point of W2.
Thus, we will consider mW1(F1) = 2 which results r30 ≡ 0 and a0 ≡ 0 in (112). Consequently, the

singular set of F2 contains three elementary homeomorphic curves to W1. In the chart
(
(U2)1, v =

σ1(x)
)
, the singular set of F2 is defined by the following Equations

(113) x1 = −2x22p11(x3) + x2b1(x3) + a1(x3) = 0

where

a1(x3) =
∂G2

∂v1
(0, 0, x3) and b1(x3) =

∂G2

∂v2
(0, 0, x3)− 2R1(0, 0, v3) + ϕ′(x3)r31(x3).

Hence, if ∆ = b21(x3) + 8p11(x3)a1(x3) 6≡ 0 then in this chart there are two curves which are defined

as follows W
(2)
1 = {x ∈ (U2)1|x1 = x2 − ψ1(x3) = 0} and W

(2)
2 = {x ∈ (U2)1|x1 = x2 − ψ2(x3) = 0}

where

φi(x3) =
b1(x3)− (−1)i

√
∆

4p11(x3)
.
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The third curve is W
(2)
3 = {y ∈ (U2)2|y1 = y2 = 0}, with σ2(y) = v. The eigenvalues of F2 along W

(2)
1

are λ
(2)
11 = φ1(x3)p11(x3) + R1(0, 0, x3) and λ

(2)
12 =

√
∆. The eigenvalues of F2 along W

(2)
2 are λ

(2)
21 =

φ2(x3)p11(x3)R1(0, 0, x3) and λ
(2)
22 =

√
∆. And the eigenvalues of F2 along W

(2)
3 are λ

(2)
31 = 2p11(x3)

and λ
(2)
12 = −p11(x3).

If ∆ ≡ 0 and b1 6≡ 0 in Equation (113) then the curve W
(2)
1 has multiplicity equal to 2. Hence, W

(2)
1

is an elementar component if λ
(2)
11 = φ1(x3)p11(x3) + R1(0, 0, x3) 6≡ 0. Otherwise, it is enough to make

this change of variables (t1, t2, t3) = (x2 − ψ1(x3), x1, x3 which results in the vector field (112) being
transformed into the vector field (106). The proof then proceeds similarly to that of Proposition (5.7).

In an exact similar way, if ϕ is not a constant function or ∆ ≡ b1 ≡ 0, the vector field (112) can
also be transformed into the vector field (102) by changing the variables (v1, v2, v3) to (t2, t1, t3). So,
we finish the proof of the Proposition.

�

5.3. Proof of Theorem 1.3.

Proof. Let {πi,Mi,Wi,Fi,Ei} be a blow-up sequence such that M0 = P3 and Wi is homeomorphic
to Wi−1 with πi(Wi) = Wi−1 for all i ≥ 1. From Theorem 1.2, there exists k0 ∈ N such that
mEi

(π∗
i Fi−1) = 0 for i ≥ k0. Hence, mWi

(Fi) = 1 and Wi is of type III for some index i. From
Propostions 5.3, 5.4, 5.7 and 5.8, we conclude the proof of Theorem 1.3. Thus, Wi is an elementary
component for i ≥ k, for some natural number k, and for almost all points of Wi. If follows from [5,
Proposition 2.20] that (Fi) = 1 is generically log canonical along Wi. �

Example 5.9. (F. Sanz and F. Sancho’s example) Let us consider the holomorphic foliation F0

defined on M0 = P3 described in the affine open set U3 = {[ξ] ∈ P3, ξ3 6= 0} by the following vector field

X0 = z21
∂

∂z1
+ (−αz1z2 + z1z3)

∂

∂z2
+ (−λz1 + z2 − βz1z3)

∂

∂z3
,

where zi =
ξi−1

ξ3
, α, β ∈ R≥0 and λ ∈ R>0. Thus, we have that

Sing(F0) = W0 ∪W1 ∪ {p1}

where W0 := {ξ0 = ξ1 = 0}, W1 : {ξ0 = ξ3 = 0} and p1 = [1 : 0 : 0 : 0]. Let π1 : M1 → M0 be
the blowup of P3 along W0 being E1 and F1 as in the previous example. Thus, the curve W0 is type
III. The singular set of F1 contains only one curve which is homeomorphic to W0 but with multiplicity
equal to 2. See Theorem 4.2.

In fact, in the chart ((U1)2, z = σ2(v)), with relations z = σ2(v) = (v1v2, v2, v3), the foliation F1 is
described by the following vector field

Y1 =
(
v2v

2
1 − v21(−αv2 + v3)

) ∂

∂v1
+ v2(−αv1v2 + v1v3)

∂

∂v2
+ v2

(
− v1(λ + βv3) + 1

) ∂

∂v3
.

It is not difficult to see that the curve defined as W
(1)
2 = {v ∈ (U1)2|v1 = v2 = 0} is such a curve. In

the chart ((U1)1, σ1(u)), the foliation F1 is described by the vector field

X1 = u21
∂

∂u1
+ (u3 − u1u2(1 + α))

∂

∂u2
+ u1

(
− λ− βv3 + u2)

∂

∂u3
.

However, the singular set of F1 contains the curve W
(1)
1 = {u ∈ (U1)2|u1 = u3 = 0} which is

homeomorphic to P1. F. Sanz and F. Sancho showed that the vector field X1 is invariant by a blow-up

centered at W
(1)
1 which results that X0 cannot be desingularized by blow-ups along such curves. See

[8] for more details.

Let π2 : M2 → M1 be the blowup of M1 along W
(1)
2 being E2 and F2 the exceptional divisor and

the strict transform foliation, respectively. Thus, the curve W
(1)
2 is of type I and mE2(π

∗
2F1) = 1. In
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the chart ((U2)1, σ1(w) = v), the foliation F2 is described by the vector field

X2 =w1

(
− w3 + (1 + α)w1w2

) ∂

∂w1
+ w2

(
2w3 − (1 + 2α)w1w2

) ∂

∂w2
+

w2

(
1− w1(λ + β)

) ∂

∂w3
.

Except for w3 = 0, the curve W
(2)
1 = {w ∈ (U2)1|w1 = w2 = 0} is an elementary curve of Sing(F2) as

the eigenvalues of AX2 |W(2)
1

are λ
(2)
11 (w3) = −w3 and λ

(2)
21 (w3) = 2w3. Furthermore, λ

(2)
11 /λ

(2)
21 = −1/2 6∈

Q+ for almost all w ∈ W
(1)
1 . The exception occurs precisely at the intersection point with the curve

π−1
2

(
W

(1)
1

)
.

5.4. On the formal first integrals. The following proposition tells us that a foliation on (C3, 0) which
cannot be birationally desingularized can admit formal first integrals along a curve of its singular set.

Proposition 5.10. Let F be a germ of holomorphic foliation by curves on (Cn, 0) whose singular set is
a pure codimension 2 scheme passing through 0. If F has a formal integral first f : (Cn, 0) → (Cn−1, 0),
then f is convergent. In particular, if F is a foliation on (C3, 0) that cannot be birationally resolved,
then F has no formal first integral along a curve in its singular set.

Proof. Since the statement is local, consider a point p ∈ Z = Sing(F), a neighborhood U of p and a
germ of the vector field v inducing F in (U, p). Dualizing the sequence

0 −→ O v−→ TU −→ NF −→ 0,

we obtain

0 → N∗
F → Ω1

U
v∨

→ O → Ext1(NF ,O) ≃ OZ → 0.

Cutting this sequence, we obtain the following short exact sequences

0 → N∗
F → Ω1

U
v∨

→ IZ → 0.

and
0 → IZ → O→Ext1(NF ,O) ≃ OZ → 0.

Dualizing the first sequence, we obtain one of the isomorphisms

Extp(N∗
F ,O) ≃ Extp+1(IZ ,O)

for all p ≥ 1. Since Z has pure codimension 2, we have that Extp+1(IZ ,O) = 0, for all p ≥ 1. This
shows that N∗

F is locally free, which is equivalent to saying that the foliation is induced by (n − 1)
holomorphic 1-forms. Therefore, the foliation is given by a decomposable (n − 1)-form for all p ∈ Z.
In fact, it is enough to consider the morphism N∗

F ≃ O⊕(n−1) → Ω1
U and take the maximal exterior

power of the morphism N∗
F ≃ O⊕(n−1) → Ω1

U . Now, the result follows from the Malgrange Theorem
[16]. Now, suppose that F is a foliation on (C3, 0) with a formal integral first f : (C3, 0) → (C2, 0)
around a point p ∈ Z. Then the convergence of f : (C3, 0) → (C2, 0) implies, in particular, that F is
the intersection of two codimension-one holomorphic foliations. This contradicts [8, Theorem 1]. �
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Mauŕıcio Corrêa, Università degli Studi di Bari, Via E. Orabona 4, I-70125, Bari, Italy
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