arXiv:2410.03947v1 [math.AG] 4 Oct 2024

ON THE VARIATION OF THE MILNOR NUMBER OF FOLIATIONS UNDER
BLOW-UPS OF NON-ISOLATED SINGULARITIES

MAURICIO CORREA, GILCIONE NONATO COSTA

In memory of Celso dos Santos Viana

ABSTRACT. Let F be a one-dimensional holomorphic foliation on P" such that W C Sing(F), where
W is a smooth complete intersection variety. We determine and compute the variation of the Milnor
number p(F, W) under blowups, which depends on the vanishing order of the pullback foliation along
the exceptional divisor, as well as on numerical and topological invariants of W. This represents a
higher-dimensional version of Van den Essen’s formula for projective foliations. As an application, in
IP3, we provide a Seidenberg type theorem for non-isolated singularities, without assuming that they
are absolutely isolated. That is, the foliation has a birational model on a smooth manifold which is
generically log canonical.

1. INTRODUCTION

In his celebrated work [3], Bott provided a method to compute residues of global holomorphic vector
fields along non-degenerate and non-isolated singularities. In general, determining the residue for degen-
erate singularities in the case of meromorphic vector fields is challenging, except for isolated singularities,
as shown by Baum and Bott in [J.

F. Bracci and T. Suwa established in [4] that Baum-Bott indices continuously vary under smooth
deformations of holomorphic foliations, and in particular, such residues/indices can be computed via
deformation. Therefore, following Bracci and Suwa, we can, in particular, define and compute the Milnor
number of a one-dimensional foliation along a smooth subvariety of high codimension contained in the
singular set as follows. Consider a one-dimensional holomorphic foliation Fy on a complex manifold
M, induced by a global section of vy € H%(X,TMg ® L), for some fixed line bundle L, such that its
singular locus Sing(Fy) contains a smooth subvariety W of codimension d > 2. Now, let F; be a
generic holomorphic deformation of Fy, for ¢ € D(0, €), with e sufficiently small such that F; is induced
by a section of v; € HY(X,TM, ® L), lim v; = v and Sing(F:) = {pi,. .., Pk, }, Where each p’ is an

isolated closed point. Then Milnor number u(Fo, Wy) of Fy along Wy is given by

1(Fo, Wo) = > ulFuph),
: t
iy < Wo

where p(Fy, pz) is the usual Milnor number for isolated singularities. In [I0], we computed the Milnor
number for the case where Wy is a non-dicritical component. Here, we extend that result to the case
where Wy is a dicritical component of Sing(Fy).

It is natural to ask how the Milnor number varies under certain maps that modify the foliation. In
[11], the authors show that u(Fo, Wy) on a three-dimensional manifold My remains invariant under
topological equivalences C. In this work, our focus is on determining the Milnor number u(Fo, Wo)
and computing its variation under blow-ups for foliations on projective spaces.

In order to present our first results we need to fix the following notation: Wy := Z(f1,..., fq) will be
a smooth complete intersection variety on Mg = P™ where f; is a reduced polynomial with k; = deg(f;)
for j=1,...,d. Let Tw, and N := Ny, be tangent and normal bundles of Wq in My and with their
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total Chern classes ¢(7jw,) = S h and ¢(N) = 3 0'Phi, respectively, where h is the hyperplane
class of P". Consider

W =W ks k) = Y kL
i1+...Fig=05
the complete symmetric function of degree § in d variables at the multi-indices (k1, ..., kq). Now, let

m : My; — Mg be the blowup of My = P" along Wy, with the exceptional divisor E; = 7r1_1 (Wo).
The kernel v(Fy, W, p,) is defined as follows

n—d n—d—|a| (m) /
V(Fo. Wo,a) = —deg(Wo) S Y (- ﬁf“fkw4><@gwﬁv
la]=0 m=0 '
where k = de 0), a = (a1,a2) € 4*, =a; +az > :=n—d—|a] —m; an 18 given by
here k = deg(F; 7? 0, 5 lal d /¢ is gi b
(=1 ME (771‘}'0), if Wy is non-dicritical
| mE, (77 F0) — 1, if Wy is dicritical,

where mg, (ﬂ'*]-"o) denotes the vanishing order of the pullback foliation 7jFy at E; and the function

m
pale) = a1 + )= with @™ () = - pa(r).
Theorem 1.1. Let Fy be a holomorphic foliation by curves on P™, with n > 3, of degree k. Suppose that
the singular set of Fo is the disjoint union of a smooth scheme-theoretic complete intersection subvariety
Wy of pure codimension d > 2, and closed points p1,...,ps. Consider the blow-up m : M; — My
centered on Wy being Eqx = m 1(W0) the exceptional divisor and Fi the strict transform foliation
obtained fmm Fo via w1. Then

Z/L]:Ovpl Zki‘FV(J—"(),W(),(Pa)_N(]:O,AWO),

1=0
(b) (fo,Wo) = —v(Fo, Wo, ¢a) + N(Fo, Aw,) > —v(Fo, Wo, ¥a),
() p(Fr, Uy W) = u(Fo, Wo) + v(Fo, Wo, Ua)

where N (Fo, Aw,) is the number of embedding closed points associated to Wy, counted with multiplic-
ities, Wz(l) C E; is each connected component of Sing(F1) and

a(2) = pala) +a" 1 (L= (14 2) ),

This is a higher-dimensional version of Van den FEssen’s formula; see [25], Theorem 1.3] and [I7]
Appendix]. Moreover, Theorem [[T] provides a lower bound for the Milnor number u(Fo, Wy) and
calculates its variation under blow-up. Remarkably, Item (c¢) remains valid even when Wy is a closed
point.

In the next part of this paper, we explore a holomorphic foliation Fy defined on P3, where its singular
set contains a smooth regular curve Wy. We start with My = P? and consider a sequence of blow-
ups m; : M; — M;_; centered, for each j > 1, along a component W,_; C Sing(F;_1), where F;
is the strict transform obtained from F;_; under 7;, and E; is the exceptional divisor. In short, we
denote this sequence by {m;, M;, W;, F;,E;}. Generally, when we restrict the singular set of F; to the
exceptional divisor E;, it comprises new curves and potentially isolated closed points. However, these
new curves can be categorized into two main types: those that are homeomorphic to Wy and those that
are homeomorphic to P'. As a result, we present the following theorem, which efficiently determines
w(Fi, W;) under natural hypotheses for i > 0.

Theorem 1.2. Let Fy be a one-dimensional holomorphic foliation defined on P32 such that Wy C
Sing(Fo) where Wy is a smooth curve of degree deg(Wo) and Euler characteristic x(Wo).

If there is a blow-up sequence w;, M;, W ;, F;, E; where W is homeomorphic to W;_y and m;(W;) =
W;_1 forj > 1, then
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(a)

(2
s W5) = (L +1) ((em + DX(Wo) + (3641 + 1)(k — 1) deg(Wo) + A+

J
l;
+ (341 + DAY Z §> + N(Fj, Aw;)
=1

where A((33) = x(Wo) —4deg(Wy), l; = mg, (7] Fi—1) fori=1,...,5+1 and N(F;, Aw,) the
number of embedding closed points associated with W, counted with multiplicities.

(b)
M(]:j+1, UWEJH)) = M(]:j,wj) + (1 - £j+1 - €§+1)X(W0) + J—H(l - €§+1)A(()3)—

27

J
J4
— (303, + 20551 — 1) ((k — 1) deg(Wo) + A S 2—)
=1

where WEJH) C Ej11 is each connected component of Sing(Fj1).
B
Here we assume that Zai =0 for a < B.
i=o

The map 7; : M; \ E; — M,_; \ W,_; is a biholomorphism which implies that the sequence
N(Fj, Aw,) is non-increasing. Since u(F;, W) is a natural number, the order mw, (F;) (the order of
vanishing of the foliation F; along the curve W;) typically increases by one during a blow-up sequence.
This increase is expected to be mw,(Fo) + 1. By Theorem [[2, we conclude that the order of annul-
ment ¢; = mg, (7} F;—1) will be zero for sufficiently large 7. This implies that after a certain point in
the sequence of blow-ups, the foliation no longer increases in complexity, and the process stabilizes.
Consequently, this result offers a new approach to extending Seidenberg’s Theorem for foliations with
non-isolated singularities. A well-known fact is that for n = 2, the resolution Theorem of Seidenberg [22]
asserts that all the singularities of F; are elementary for ¢ large enough. This means that if p € Sing(F;)
then F; is locally generated by a vector field X having a linear part with eigenvalues A; and Ay where
A1/XA2 & Q4 or at least one eigenvalues is non-zero.

As defined in [6], the component W will be called an absolutely isolated singularity if all the compo-
nents W, which appear in this process, have the same dimension as Wy. In [6], the desingularization
theorem is proven when Wy is a non-dicritical absolutely isolated singularity. The non-dicritical con-
dition is removed in [2]. However, it is unfortunate that a general birational desingularization theorem
is not possible, as shown in [§], where F. Sanz and F. Sancho presented an example of a vector field
X that cannot be desingularized by any sequence of blowups. For further details, refer to Example
and Proposition B8l For complex 3-folds, Panazzolo [20] and McQuillan—Panazzolo [I8] provide a non-
birational desingularization (after performing smoothed weighted blow-ups) and Cano in [7] proposes
a desingularization approach that permits the use of formal, non-algebraic blow-up centers. Our next
result states that we can proceed with a birational desingularization such that, for generic points of the
curves in the desingularized model, the singularities are elementary. Furthermore, in the sense of [5]
Proposition 2.20], this birational model is generically log canonical.

Theorem 1.3. Let Fy be a one-dimensional holomorphic foliation defined on My = P3 such that
W C Sing(Fo) where Wy is a smooth curve.

If there is a blow-up sequence {m;, M;, W, F;, E;} such that W; is a homeomorphic curve to W;_4
and m;(W;) = W,_1, then there is a natural number k such that W, is an elementary component of
Fi fori >k, for almost all points of W;. In particular, F; is generically log canonical along W,. for
alli > k.

In [21], F. Sancho de Salas presented a similar theorem, but with a key difference: the case where
W has codimension two and is also a absolutely isolated component. Theorem 1.3 generalizes the
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Sancho de Salas’ result for foliations on P3, as different dimensional singularities may emerge during
the desingularization process; see example [£.7] Despite the challenges posed, we establish that if such
a sequence exists, then, starting from a certain index, the singular components become elementary,
regardless of whether they are absolutely isolated or not. An additional complication we encounter is
that determining whether a singularity is absolutely isolated is a highly challenging task. For further
details, see Examples [4.7] and Rebelo and Reis in [24] show the transcendental nature of foliations
that cannot be resolved by birational maps. They demonstrate that such foliations have a birational
model with a formal separatrix passing through one of their singular points. In the example of Sanz
and Sancho, the foliations have strictly formal separatrices. We also observe in Proposition that
a foliation which cannot be birationally desingularized does not admit any formal first integrals along
a curve of its singular set. From Theorem [[L3] we can conclude that after a finite number of blow-ups
along homeomorphic curves to Wy, the foliation Fj, in the open set Uy is described by the following
vector field.

9 (k) 9 9
6,’E1 + <$1T1($3) + .IQ/\Q + PQ(.I)) a{IJ2 + Pg(I) 6,’E3

= )\gk) (x3) for i = 1,2, the singular component Wy, is defined as 21 = z9 = 0 and X}, having

Xk =T <)\gk) + Pl(I)>
(k)
a linear part with eigenvalues )\gk) and )\gk) where )\gk)/ /\ék) ¢ Q, for almost all points of Wy, or at
least one of these eigenvalues is not identically zero.

where \
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2. PRELIMINARIES

2.1. Holomorphic foliations with non-isolated singularities. Let Fy be a one-dimensional holo-
morphic foliation on P™, with n > 3, such that its singular set contains a smooth subvariety W of pure
codimension d > 2. Given that Wy is smooth, for each closed point p € W there exists an open set
Up of p and a coordinate system z € C™ such that Wy N U can be defined as {21 = ... = zg = 0}.
Therefore, in Uy the foliation F is described by the following vector field

(1) XO:Pl(z)aiZl+...+Pn(z)%
which we can write the local sections as

(2) Pi(z)= Y 2" 23'Pia(2)

la|=m;
where a := (a1,...,aq) € Z* with |a| := a1 + ... + ag, a; > 0 and for each i at least one among the
P (%) does not vanish at {z; = ... = zg = 0}. The natural number m,; will be called the multiplicity

of P; along Wy and denoted by mw, (P;).
Definition 2.1. The multiplicity of Fo along Wy is defined as follows
mw, (Fo) = min{mq, ..., my}.

Lemma 2.2. Let Fy be a holomorphic foliation by curves, defined in the neighborhood of p by the vector
field

= 0
X, = E Pj(z)—az‘
j=1 J

as in () with m; = mw,(P;). Then, by a linear change of coordinates, Fo may be described by the
vector field
9

3wj

Y, = Qjw)
j=1
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with
N mig,(Fo), for j=1,....d
mWO(QJ)_{ mwo(]:o), for j=d+1,....n

where myy (Fo) = min{my, ..., ma}.

Proof. In fact, it is enough to consider the linear transformation w = Az where A = (a;5) € GL(n,C)
with a;; =0fori=1,...,dand j = d+1,...,n. In this way, B = (b;;) = A~! has the same properties,
that is, the subspace W given by {z; = ... = z4 = 0} is an invariant set under this transformation.
Adjusting the coefficients a;;, if necessary, we can admit that

d d
Zaijz'j = ZCLUPJ(BU}) = Qi(w), for i= 1, .. .,d
Jj=1 Jj=1

w; = n n
Zaijéj:Zaiij(Bw):Qi(w), for z:d—i—l,,n
j=1 j=1
having the required properties. O

Without loss of generality, we can assume that the vector field in () is such that

{ml, forj=1,...,d

m P;) =
wo (F5) my,, forj=d+1,...,n.

with my > m,, = mw, (F).
From now on, wee will consider the d x d complex matrix

oF;

82’3}19,3‘5(1

) ax, - |

Definition 2.3. The component W will be referred to as locally elementary of Fo if the matriz Ax, has
at least one nonzero eigenvalue for almost all points z € WoNU, where U is an open set. On the other
hand, if all the eigenvalues of Ax,|w, are identically zero, then W will be called a non-elementary
component of Sing(Fo).

Clearly, if mw,(Fo) > 2 then Ax, =0 for all z € Wy N Uy. Moreover, the linear part of the vector
field X restricted to Wy has at most d identically zero eigenvalues.
We have the following proposition

Proposition 2.4. The definitions (21]) and (Z3) are independent of the chosen coordinate system.

Proof. In fact, it is enough to consider the biholomorphism ® : U — C™ given by w = ®(z) =
(®1(2),...,Pn(z)) such that ®;(z) = 0 for all z € WoNU, for i = 1,...,d. Let us admit that Fj
is described in an other coordinate system by the following vector field

0 0
Y = — ... n
where each Q;(w) vanishing along {w; = ... =wy = 0}. Let By, be the d x d complex matrix given by
0Q;
By, — { Q ] .
ow; 1<i,j<d

Since ® is a local biholomorphism, we have that det(DU|w,) # 0 and by consequence w; =

d
Z zj¢ij(z) for i =1,...,d and the d x d complex matrix
j=1

C= [wa} 1<4,5<d
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is not singular for all z € Wy N U. In the same way, z = ¥(w) = &~ !(w) and z; = Zw]w” ) for

some functions 1; ; and also for ¢ = 1,...,d. Thus, Xy = ®*(¥) and By, = C - AXO C~!, which
concluded that the definition 23) is independent of the coordinate system chosen. But,

PioW(w Z 2zt 4P a(2) Z wit - za(w)

lal= la|=

with some ﬁiya(wﬂwo # 0 which results

Z(bz,] PO\I}( )7 1<i<d

"L 0D,
— 0z

Qi(w) =

oU(w)-Pjo¥(w), d<i<n.

Let ¢; := mw,(Q;) for alli = 1,...,n. Now, let us suppose by absurd that mw,(Fo) # min{qi, ..., qn}
Then, applying the same arguments for the vector field Yy with z = ¥ (w) we will get min{m, ..., m,} #
mw, (]:0)

Let 1 : Uy — Up be the blowup of an open set Uy along at WoNUjy , with E; is the exceptional divisor
and JF; is the strict transform of the foliation on U;. In order to simplify the notation, we will denote
I, ={1,2,...,n} and Jg = {2,...,d}. In the chart ((U1)1,01(u)), with coordinates v = (u;) € C" (in

the similar manner in the others charts ((Ul)j, aj(v)> such that

(4) z=01(u) = (U1, UrU, . ., UTUG, U1y -y Un) = (21, -y Zds Zdply - -« Zn)

and the pull-back foliation 7j Fy is described by the following vector field

(5) Daiz = 3w (@ilw) +uPi(w) g+ Y (Galu) + waPi(w) 5

'L’EITL\Jd i€Jg
with
Z us® Uy Pia(Udts -5 un),  Gi(u) = Qi(u) — uiQ1(u),

la|=m;

where p; o(tdgsi,-. - Un) = Pia(0,...,0,u441,...,uy) for certain functions ﬁl For more details, see
[10] or [14].

As usual, we will say that Wy is a non-dicritical component if the exceptional divisor E; is invariant
by Fi, otherwise Wy is a dicritical component.

After a division of (B by an adequate power of u, we obtain the expressions of the vector field X3
that generates the induced foliation Fj.

In the situation where Wy is a non-dicritical component of Sing(Fy), is described in the following
three cases.
Case (i) : my, +1 =my and G; # 0 for some j € I;.In this situation, equation (&) is divided by u]" !,

( ) + u1 Py (u )) a(zi.

(6) Xi= Y u’;“ml“(cg( )+ u1 Pi(u )

’iGIn\Jd ic€Jq

This case has been widely studied in [9], [I0], [12] and [13].



ON THE VARIATION OF THE MILNOR NUMBER OF FOLIATIONS UNDER BLOW-UPS 7

Case (ii) : my +1 < mq. As in the case before, dividing (@) by u]"" we get

X1 —u;nl Mn (Ql(u) +u1ﬁ;(u)) % m1 mp—1 Z ( +U1P( )) 8iu2

i€Jg
(7) + Z ( u) + uy P (u )) ai

i=d+1

In this case, the leaves of F; contained in E; can be locally described as follows

®) {w,p) — (o1t @all)s- - o (0),0(0.p) = p = (pi)irt € D<0,6>}

with ¢1(t) = 0 and ¢;(t) = p; are constant functions for all ¢ € Jy. In other words, these leaves are
generically transverse to fibers 7 ' (q), ¢ € W.

By other side, the singular set of F; when it is restricted to E; is given by the following n — d
equations

9) Qi(0,uz,...,uy) =0, for i=d+1,...,n

which can be generically solved for n — d unknown variables wgy1, ..., u, as follows

(10) W, = {u € Eq|ur, = i (uz,...,uq), k> d}.

Thus, each singular component W; has dimension equal to d — 1 and is homeomorphic to P4~ = {[ul :
Uy D nn ud]}. Note that W, can be given by the graph of the function W : Pi—! - E; locally defined
as

(11) U(ug, ug, ... ug) = (U1, U2,y .y Udy Vap1(U2, oy Ud)y oy Pn(ug, ... ug)).

with u; = 0 in this chart.
Case (iii) : m, = my and G;, # 0 for some ig € I;. We may divide (@) by uj" ™

we obtain
0
< ) +u1 Pi(u )> Ju

(12) X1 =w Z <Q1( )+u1P )
Unlike the previous case, the leaves of F; restricted to the exceptional divisor are described below

i€l \1q i€y
(13) {w,p) = (1(1) 2(0) - pul1)). (0.0) = p = (pi)irt € D<o,e}

such that ¢1(¢,0) = 0 and ¢;(t,p;) = p; are constant functions for ¢ > d. More precisely, the leaves
of F; in E; are tangent to the fibers 7, '(¢), ¢ € Wy. But in this situation, the singular set of F;
restricted to E; is given by the following d — 1 equations

! As a consequence,

(14) Qi(0,ua, ..., un) —u;Q1(0,ug,...,uy) =0, for i=2,...,d
which can be generically solved for d — 1 unknown variables us, ..., uq as follows
(15) le{u€E1|uk:1/)k(ud+1,,Un), k:2ad}

Thus, each singular component W; has dimension equal to d — n and is homeomorphic to W with
m1(W;) = Wy. Note that W, can be given by the graph of the function ¥ : Wy — E; locally defined
as

(16) \I](ud-i-lu e ,Un) = (07 1/’2(Ud+17 ceey ’Ltn), e ,¢d(Ud+1, e 7un)7ud+17 ceey un)

since Wy, is locally defined as z; = ... =z = 0 and u; = z; for ¢ > d.
In the case where Wy is a dicritical component, it is only described by the following condition.
Case (iv) : my, =my and G; = 0 for j € I5. Then, after the division of (IH) by ui"" we get

(17) Xl—Z(Q()+u1P )

i€l i€Jq
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In this situation, the exceptional divisor E; is not an invariant set of F;. With the notation given in

this section, the number ¢ := mg, (7] Fo) will be called the order of annulment of 7 Fy at E; is defined

as follows.

(18) /0 min{m; — 1,m,}, if Wy is non-dicritical
N my, if Wy is dicritical.

In particular, if my, = m,, then

. {leo (Fo) — 1, if Wy is non-dicritical

(19) . o
mw, (Fo), if Wy, is dicritical.

Definition 2.5. Let Wy be a non-dicritical component of Sing(Fo). We will say that Wy is of type I,
II and IIT if my, + 1 = mq, m,, + 1 < my and m, = mq, respectively.

Definition 2.6. The foliation Fo will be called special along Wy if the induced foliation Fi has the
exceptional divisor By = 77 1(Wp) as an invariant set, and Sing(F;) meets Ey at isolated singularities
at most.

Remark 2.7. If 7y is special along Wy then necessary Wy is of type I and G; # 0 for all j € Ij.

As in [10], we will denote by N (Fy, Z) the singularity number of Fj in Z, counted with multiplicities,
where Z is a smooth subvariety of P™ of arbitrary dimension which is an invvariant set of Fj.

2.2. Chern classes. Let us consder a blow-up sequence 7; : M; — M;_; along a smooth curve W,_y,
with exceptional divisor E; such that W; C E; for all j > 1. Furthermore, we will admit that W} is
homeomorphic to W;_; and 7;(W;) = W,_1. Set Nj := Ny, m, the normal bundle of W; in M;
and p; := 7j|g,. Since E; = P(N;_1), recall that A(E;) is generated as an A(W_1)-algebra by the
Chern class
G = a1(On; 4 (=1))

with the single relation

n—1
(20) S G e N) = 0.

i=0
The normal bundle Ng, /n, agrees with the tautological bundle Op;_, (—1), and hence

(21) G =caaWVg, ;) = [Ej].
If o; : E; — M, is the inclusion map, we also get

(22) 1, (G5) = (1) [Eg]
Given that

/ pre(NG)Cn it = (—1yni / (NG 1) = 0
E W

i i-1

for ¢ > 2, we have

(23) /| Eal / PG = /WO e (N5-1)

= (_1)"/ €1 (TMj—l ® Owj—l) - Cl(Tijl) = Ag_”)
A%

ji—1
In particular, for My = P™ we have that
(24) AGY = X(Wo) = (n + 1) deg(Wo),

where x(Wy) is the Euler characterist of Wy. By other side, from Porteous’ Theorem (see [23]), it
holds that

(25) Cl(TMj) = 7-‘-;’ccl(trl\/ljfl) - (n - 2)Ej'

In particular, for n = 3, from Whitney formula, we have that
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(26) a(Tw,) +aWN;)|  =ally)| = (ﬁcl (Tv, ) — Ej) ’
W; W; W;
which results for j =1 that
(27) C22=—/ 01(/\/1):—/ <7Tf01(7-M0)—01(7—W1)—E1>-
E> W, W1
Therefore, given that W1 is homeomorphic to Wy and m (W1) = Wy then it is not hard to see that

(28) /w1 B = -0

since x(P') = 2. Thus, the equations (27) and (28) make us to conclude that

(2 X(Wo) —4deg(Wo) _ Ay
2 .

(29) =
- 2 2

Now, we will consider a finite induction hypothesis as follows

A(3) A(3)
(30) / =20 / st
5, Y, W, Y

for j=1,... k. So, from (20]), we obtain that

i G = - /wkclwk))—
(c1(Tw,) = mier(Tan. -, ) + Ex)

. /:VV (T, - /W“cl(TM,HH /Wk E,

- /wk1 eWNe2)) + /wk e

Therefore,
A(3) A(3) A(3)
32) [ oda=[ a+] m-g-T -
Eri1 E Wy 2 2 2

From this fact, we get

AY)
(33) [ Bui-—gte
Wit 2k+1
Theorem 2.8. Let Fy be a holomorphic foliation by curves on My = P™ such that
Slng(]:o) = WO U {p17 cee 7pT}

where each p; is a closed point and Wo = Z(f1,..., fa) is a codimension-d smooth variety with k; =
deg(f;). Let m : My — My be the blow-up of P centered along Wy, E1 = wfl(Wo)and JF1 the induced
foliation by Fo via my.

(a) If Fo is special along W then

N(F1,Er) = —v(Fo, Wo, ¥a)
where

ba(@) = (1 +2)1=0 — 1)gn—d-az-1,
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(b) In addition, if all the singularities of F1 are isolated closed points then

N(F1,My) =Yk + v(Fo, Wo, 0 — a)-
=0

Proof. To proof the item (a) see the proof of theorem 3.2 in [I0]. More precisely, see equations (24),
(37), (40) and (41) in [I0]. To proof the item (b), it is enough to observe the equation (37) in [10] which

is written below

n n—d—|al

i 5 n—j—m m __(d d (d)
N (Fi, M) Zk + deg(Wy) Z Yoy (- ( )rﬂe Mk —1) agngz)W%

la|=0 j=[a| m=0

where

(34) Fa= <j il|_a|ai 1) - (j - |C;1|>

and ¢ given by ([8)). Here we are assuming that (p) =0if p < qor g <0. However,
q

z”: n=q\( d=ar im0
m j—la|—1 m!

J=la|+1
" /n—3j\[(d—a - {m) (0)
Z 1 meimm Pa
coum j—lal m!
ji=la

which yields

N(F1, M) = Zkl + v(Fo, Wo, 9o — Ya).
i=0

3. FUNDAMENTAL LEMMA OF DEFORMATION

In this section, we will present a generalization for the Fundamental Lemma of deformation given in
[10]. Essentially, we will treat the case in which the singular set of Fy contains a dicritical component.

Lemma 3.1. Let Fy be a one-dimensional holomorphic foliation on My = P", n > 3, of degree k.
Suppose that

San(Fo) = WO U {pla v 7ps}a
where Wo = Z(f1,..., fa) is a smooth complete intersection of P and p; are isolated points disjoint
to Wy. As before, my : My — My is the blow-up of P along Wy, with an exceptional divisor E;.
Then, there exists a one-parameter family of one-dimensional holomorphic foliations on P™, denoted by
{Fi}tep where D = D(0,¢) = {t € C : |t| < €} such that
(i) lim F; = Fo;
t—0
(ii) deg(Fi) = deg(F) for allt € D;
(iii) If mw,(Fo) =1 then Wy is an invariant set of Fy for any t € D\ {0}.
(iv) If mw,(Fo) > 2 then Sing(Fy) = Wo U {p,...,pt,} and F; is special along Wy for any
t € D\{0};
(v) For any t € D\ {0}, the order of annulment of 7i(Fi) at Eq is

mg, (7] Fo) if Wy is non-dicritical
me, (17 F0) — 1 if Wy is dicritical.

me, (71 F) = {
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in some

8
Proof. Consider that foliation Fy is described by the polynomial vector field Xy = Z Pi(z 8
2
open affine set U; C P". Given that Wy is smooth variety, by a reordering of the Varlables if necessary,
we can admit that the d x d matrix
[3f i

<i,j<d
is not singular in some open set U such that WoNU # (). Therefore, F: U C U; — V C C™ defined as

w=Fz)=(f1(2),..., fa(2), zds1, - s 2n)

is a local biholomorphism. Furthermore, the image F(WyNU) = \/7{76 is defined as w1 = ... = wy = 0.
Let Gy = F.(Fo) be the push-forward foliation defined in V' which is described by the vector field
0 0
Go = Q1(w) 90, t + Qn(w) Dw,
where
(35) Qi(w) = > wi - w§iQia(w)
lal=m;

with at least one Q; (%) not vanishing at V/\To. Thus,

’ (Z)a 1=1, ad
Pi(z), i=d+1,...,n
Solving this system and applying the factor det(M) for normalizing, we can admit that
oy det(Ai(2)), i=1,...,d
(37) R(z)—{ det(M)-Q; 0 F(z), i=d+1,...,n

where A; is obtained replacing the i-th column of DF by the vector column (Qq 0 F(2),...,Qn 0 F(z)).
We consider the one-dimensional holomorphic foliation G; defined in V' described by the following
vector field

(38) Xg, = Xg, +t-Y(w)
where
Y(w)—Y(w)i—i- + Y, (w) 0
- ow, " ow,,
with
= > wit Via(w), @ =mg; (i)
lal=aq:
with at least one Y; 4(z) not vanishing at F(Wo N U) for all ¢ such that
(39) G=@=..=@=qn+1l=...=¢.+1=1+1L
where
¢ | me (71 Fo), if Wy, non-dicritical
mg, (77 Fo) — 1,  if Wy dicritical

The one-parameter family of one-dimensional holomorphic foliations F; is defined as pull-back of G,
Fi = F*G,. Therefore, F; is described by the vector field X; as follows

Z Pt Bzz

where P}(z) is obtained from (B7) chancing Q; o F(z)) by Q; 0 F(2)) +tY; o F(z). It is immediate that
%ir% Fit = Fo. The vector field X; is polynomial since each P; and F' they are also. Then, we can consider
—

F defined in the open affine set U; by Hartogs Extension Theorem. The proof of (i) is immediate. The
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functions Y; , are chosen so that deg(F;) be equal to deg(Fp). And for that, some functions Y; may
be constant, null or an affine linear in variables wqt1,...,wy, proving (ii). If mw,(Fp) = 1 then
in B9) ¢; = 0 for i > d which results that Wy is an invariant set of F; for ¢t # 0. Otherwise, if
mw, (Fo) > 2, Wy C Sing(F;) for all ¢ € D. Furthermore, shrinking e, if necessary, we can admit
that Sing(F;) contains isolated closed points disjoint from Wy, since F' is a local bibolomorphism.
By construction, for F;, with ¢ # 0, the curve Wy is of type I, which means that by changing some
coefficients of Y we can admit that F; is special along Wy for t € D\ {0}, proving (iv). Finally, for
t # 0, mg, (77 F) = ¢, = multw, (Fo) — 1. Thus, from [I9) we get (v). O

3.1. Embedded closed points. Lemma [3I] allows us to determine the embedded closed points asso-
ciated with Wy more effectively. In fact, let F; be a special deformation of Fy given by the Lemma [3.]
for t € D(0,¢€). Thus, or W C Sing(F;) or Wy is Fy-invariant for all ¢ # 0. Whatever, we can assume
that all the isolated singularities of F; are non-degenerate, so we set

(40) Aw, = {p} € Sing(F) : }iﬂrr(l)pz» € Wy, such that p} & Wo,Vt # 0}.

where each p§- is isolated point. We will indicate by N(Fp, Aw,) the number of elements p§- € Aw,,
counted with multiplicities, and such points are called embedding points associated to W,.

3.2. Proof of Theorem [I.7l Let F; be a foliation by curves defined on P™ of degree k such that

Sing(Fo) = Wo U {p1,...,ps},

which Wy = Z(f1,..., fm). By Lemma[31] there is a one-parameter family of holomorphic foliations by
curves on P, given by {F; }rep where D = D(0, €) satisfies (i) — (v) conditions. Thus, for mw,(Fo) > 2,
we have

Sing(F;) = Wo U {p,... ,pét}
where each p! is a closed point. Let m; : Mj — My be the blowup of My = P" along Wy, being E; and
Fi the exceptional divisor and the induced foliation in My, respectively. Thus,

Sing(F;) = {pt,...,pt,}.
Since 7 : My \ E; — Mg \ Wy is a biholomorphism, we have that

— | T ot
E lu(fo,pj) = lim NE (Ft,D5)-
J= . +
ey ¢ B

By other hand,

S

Zu(-}—mp]):-/\/‘(}::ulv—[l)_%l_% Z /J,(j‘:;,f?g)

J=1 limp! € B
t%OpJ !

Given that F; is special along Wy for t # 0, from Theorem 2.8 we get

N(Fi,My) — N(Fi, Ey) — N(F, Aw,)

> u(Fo.py)
=1

= Zki+V(f07W0a‘Pa—7/1a)+V(]'—07W071/)a)_N(]:aAWo)-
i=1

Then,

S

> uFo.pi) =Dk +v(Fo, Wo, 0a) — N(F, Aw,).

=1 i=1
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If ¢ = mg, (7] Fy) = 0, then Wy is Fy-invariant, resulting in

=1 "
! lim p; & Wo
Therefore,
_ n . t
j= -
o) < Wi
Thus,
> w(Fo.pj) = N(Fi, P") = N(Fi, Wo) — N(F, Aw,)-
j=1
By [10], we get

> uFo.pi) =YK+ v(Fo, Wo,0a)li=0 — N(F, Aw,).
j=1 i=1
It concludes the prove of Items (a) and (b) of Theorem [Tl Then,

,U(F(),WO) = _V(‘FOaWOv(Pa) + N(]:OvAWO)'

Note that N(Fo, Aw,) is a finite number since Fy is represented by a polynomial vector field and

N(Fo, Aw,) < N(Fe.My) = > k' + v(Fo, Wo, g0 — a).
1=0
By the same way,

w(FrL W) = N(FLLE1) + N(F1, A,) = —v(Fo, Wo, ) + N(Fi1, Ag, )

where each ng) is a connected component of Sing (1) contained in E;. But, since 71 |m\g, : M1\E1 —
My \ Wy is a biholomorphism, we get N(Fo, Aw,) = N(F1, Ag,), i.e.,

wFr, W) = 1(Fo, Wo) + v(Fo, Wo, 9a) — v(Fo, Wo, a)

But

3

v(Fo, Wo, pa) — v(Fo, Wo, ¥a) = v(Fo, Wo, pa — ¥a) = v(Fo, Wo, Ua)
which concluded the proof of Ttem (c) of Theorem [I.11

Remark 3.2. In theorem [Tl we have in mind that if Wz(l) N W;l) £ 0 then M(]:l,Wl(l) ¥ ng)) _
u(Fr, W) + u(FL WD) = N(FL W awi),

Remark 3.3. If Wy = Z(f1,..., fn) with deg(f;) =1 for j = 1,...,n then Wy is an isolated closed
point. Theorem [[.] assures that

w(Fi, UWEI)) = u(Fo, Wo) + 9o (¢)

where
Do(l) = (1 + 0" + ﬂ =(1+0"=> 1+,
j=0

Thus, if Wy is a non-dicritical component then ¢ = mw, (Fo) — 1 which results

n—1

p(Fr W) = p(Fo, Wo) + (mw, (Fo))" = Y (mw, (Fo))’
i j=0
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On the other hand, if Wy is a dicritical component, then ¢ = mw, (Fo) resulting in the following
result.

n—1
1 )
u(F WD) = 1(Fo. Wo) + (1 -+ mw, (Fo)" — S (1 + mw, (Fo))’.
i j=0
These results agree with [2] for the case which Wy is absolutely isolated singularity. However, these
expressions remain true even if the singular set of F; contains components of positive dimension.

Remark 3.4. If Wy = Z(f1,..., fn—1) with deg(f;) = k; then Wy is a smooth curve. Thus, Tl(nfl) =
(n+1- E;:ll k;) and agn_l) = E;:ll kj, resulting in x(Wy) = 7'1("_1) - deg(Wy). By Theorem [1]
we get

p(FL W) = u(Fo, Wo) + x(Wo) ( S0 -2t e>"-2)+

=0

(1+£)" 2deg(W)) ((n —nl —2)(k—1)+ (n+1)(* - e)) :

where
(= mE, (Wf]:o), if Wy is non-dicritical
| mE, (7 Fo) — 1, if Wy is dicritical

Example 3.5. Let us consider the one-dimensional holomorphic foliation Fy of degree 3 defined on
M, = P? described in the open affine set Us = {[¢;] € P3|¢3 # 0} by the vector field

0

X = (P2(2) + P3(z))i + (Q2(2) + Qg,(z))aiz2 + Rg(Z)a—Zg

821
where P;(z) = Z;:()pijziﬁz%, Qi(z) = Z;‘:O qijz ' 2}, Ro(z) = Z?:o T (2)2277 2] with pij» ¢ij € C,
ri(2) = ajz1 + Bjza + V23 + 05 2z = &i—1/&s. We will also assume 21 Q2(z) — 22P2(z) = 0 which results
that Wo = {[¢] € P3|& = &1 = 0} is a dicritical component of Sing(Fy). Thus, Pa(z) = paoz? + p112122
and Q2(z) = paoz122 + p1123. Let p;(\) = Pi(1,A) and ¢;(A\) = Q;(1,\) for i = 2,3. We admit that
both po and p3 have no roots in common. Beyond this curve, the singular set of Fy has 8 more isolated
points, counting the multiplicities. Let 71 : M; — My, E; and F; as before. It is not difficult to see
that mg, (77 Fo) = 2 and Sing(F;) has 12 isolated points, counting the multiplicities, 4 of them in E;.

Let F; be the one-parameter family of holomorphic foliation on P? described by the vector field

Xi=X+ t(2’3A2(Z)8i21 + 2’332(2)8iz2 +C (z)%)
where As(2) = aoz? + a12122 + a223, Ba(z) = boz? + biz122 + be23 and C1(2) = z1c0(2) + 22¢1(2)
being each ¢; an affine linear function. Varying the coefficients of Ao, By and C7 if necessary, we can
admit that F; is special along Wy, mg, (77F;) = 1 and deg(F;)=3 for each ¢ # 0. Let Fi be the
induced foliation on My by F; via . Therejore, for ¢t # 0 the singular set of F; has 20 isolated closed
points, counting the multiplicities since N (F;, E1) = 10 and N (F;, M;) = 30. See Theorem 28 As
consequence, N (Fo, Aw,) = 12 because the foliation F; has 8 isolated point outside the exceptional
divisor. Therefore, we get

(Fo, Wo) = — lim »(Fi, Wo, pa) + N(Fo, Aw,) = 20 +12 = 32.

This result is totally coherent and compatible, since a generic perturbation of Fy with the same
degree of Fy will produce 40 isolated singularities, which means that the curve Wy corresponds to 32
isolated singularities. However, if Wy is a dicritical component of Sing(Fp) with mg, (77Fo) = 2 and
deg(Fo) = 3, then u(Fo, Wo) > 20.
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4. HOLOMORPHIC FOLIATIONS ON [P3

In this section, we will only consider a holomorphic foliation by curves Fy of degree k defined in
M, = P3 such that its singular locus Sing(Fo) contains a smooth curve Wy of degree deg(Wy) and
Euler characteristic x(Wp).

For each point p € Wy there are an open set Uy C M, and two polynomials f;, fo such that p € Uy
and Wy N Uy is defined as f; = fo = 0 since Wy is a smooth curve which implies that W is a
locally intersection complete (Ici). Shrinking an open set Uy or reordering the variables, if necessary,
we can admit that ¢ : Uy — Vo C C? defined as 2z = po(w) = (f1(w), f2(w),ws) is a biholomorphism.
Therefore, in Vj the curve Wy is is given by z1 = 25 = 0 and Fy is described by the following vector
field

0 0 0

(41) Xo=Pi(z )6_1+P2( )8_22+P3(Z)6_23

where each
j .
= > Py2), Pyz)=>_ 2 "zpijr(zs), mi=mw,(P)
Jj=m; r=0
with mg < mj = mg. At first, At first, we assume that there is a blow-up sequence {m;, M;, W;, F;, E;}

where W,; C E; is a homeomorphic curve to W;_; and m;(W;) = W,_; for all ¢ > 1. In the chart
(U, 01(u)), the pull-back foliation 7] Fp is described by the following vector field

m 0 u 0 m 0

(42) X1 =u"Q1(u)5— Q2 (u) = u2Qi (u ) 5 St *Qs(u)5—

8 8’[1,3
where

= Z ujl;miQij(u)v Qz; Z'qulgr U3

J=m;
By hypothesis, there is a curve Wy C Sing(F;) which is locally deﬁned as up = ug — 1 (ug) = 0 for
certain function 1. To continue with this blow-up process, we need to rewrite each @;; as follows

Qij(u Zuzngr ug) = (uz — 1 (us))™ hij(u), 0 <ng < j,

J—nij

where h;;(u ): i (ug, us) E uhqijr (ug).

If Wy is of type I then in (Ul, o1(u)), the foliation F; is described by the following vector field
0 0 0
(43) 1=mQi(u)g -+ (Q2(u) Ule(U))3u2 +Qslw) 5

In this situation, the singular set of F; restricted to E; is defined by the equations

up = Q2,m1 (u) - UQQl,ml (’U,) = Q3,m3 (u) =0

which may be composed of curves and points. But, in the coordinate system v = F(u) = (ug,us —
1 (ug), us), the vector field [@3J) is given by

0

P , P
(44) Xy =viRi5—+ ( R2 — (va +1(v3)) Ry — ¢ (v3) Rz | 5— + Ra5—
6’1)2 6’1)3

(9’()1
where
=3 o T i (v), R () = hij(va + 1 (vs), vs).
j=m;
Now, if Wy of type II then in the chart ((Ul)l, o1 (u)) the foliation F7 is described by the following
vector field as in (@), i.e.,
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(45) Xy =u" 3Ql(u)a—ul +u Qo (u) — uaQi (u )) + Qs(u )—-
On the exceptional divisor Ei, the leaves of F; are generically deﬁned as u; = ug — «a = 0, where
« is a scalar, while its singular set as w1 = Q3,m,(u) = 0. Thus, in this coordinate system v =

(u1,u2 — 1 (us), us), the vector field in (@3] is given by

X, = ’Uml m3Rlai + < my—msz— 1(R2 — (’Ug -+ wl(’v3))R1) — 2/11(U3)R3> ai
V2
0
(%3
with R; as in (#4)). By other side, for generically fixed ug, there are singular points given by u; = 0 and
us = ¥ (uz) for some function ¢. Therefore, by continuity, in the singular set of F; there is at least one
curve homeomorphic to P'.
If Wy is of type III then the foliation F; is described by the following vector field as in (I2)),

0 0

(47) Xi = Q) g+ (Qa(w) — 131 (1)) + 11 Q)

In this situation, the leaves of /7 on E; are generically given by w3 = ug — a = 0, where «a is a
scalar. Its singular set is defined by u; = Q2 m, (u) — u2Q1,m, (u) = 0. Moreover, when ug is generically
fixed, singular points are defined by u; = us — 1¥;(uz) = 0, for some function ;. Consequently, within
the singular set of F1, there exist curves that are homeomorphic to Wy. In the coordinate system
v = (uy,uz — 1 (us), us), the vector field in Equation [@T) can be expressed as follows:

0 0 0
(48) X1 = 7111‘318—01 + <R2 — (v2 + 1 (vs)) Ry — v1ty (U3)R3) 90, + UlRSa s

(46) TRy—

where R; is as defined in Equation ([@4]). However, unlike the previous case, homeomorphic curves to P!
may not appear unless Q2(0, uz, a) — u2Q1(0, uz, &) = 0 for some a.

Finally, if Wy is a dicritical component of Sing(Fy) then in the chart (Uy,01(u)), the foliaion Fi is
described by the following vector field

(49) = Qui(u)5— 0 ~+Gag - i 0 @) 83
where
Ga= u{mll(sz(u)—ulej(u))-
Jj=mi+1

Thus, E; is not invariant set by F; and the singular set Sing(F;) restricted to E; is given by equations
U1 = Q1,m, () = Q2,m, +1(1) — u2Q1,my+1 (1) = Q3,m5(u) = 0.

Therefore, in the coordinate system v = (uy,us — 11 (u3), us), the vector field [@9) can be rewritten as
follows

(50) Y= Rt (O G0 e ) o+ R

j=mi+1
where Ga;(v) = vy haj(v) — (v2 + b1 (v3))vy 7 hy;(v) and each R; is as defined in Equation ().
Proposition 4.1. Let {m;,M;, W;, F;,E;} be a blow-up sequence such that W is homeomorphic to
W, _1 with 7;(W;) = W,_1, where Wy is a smooth curve and Mg = P3. Then

mw, (Fj) <1+mw,(Fo), Vj>1
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Proof. In fact, let us consider F; is described by the following vector field

3 P
Xi= ZPJ@ (V)5
j=1
where X is as in (@) and X as in (@), {@4),[ 8)) or (B0), depending on the type of W;. But, whatever
the case, Pél)(v) = R3(v) or Pél)(v) = v1 R3(v). Since
R3(0,v2,v3) = vy """ h m, (v2,v3)

with 13 m, < ms we have that mw, (R3) < ms = mw,(Fo) which results

(51) mw, (]:1) < mw, (1)1R3(1))) =1+ mw, (Rg) < 1+ mw, (]:0)
Now, in the chart ((Uz)1,v = o1(t)), the foliation F is described by the following vector field
_p@ipn 2 L p@dp 2 L p@ 9

where P( )( t) = R(2)( t) or P?S2) (t) = th:gZ)(t) depending of the type that W is with

RY(t) = S 7met e g @) B = mw, (Rs), RS )(1) = hi ) (tata, ts).
j=m;
Let M = {j > ms|j —m3 +n3,; — 1 =0} ie;if j € M then ng; = 1 — (j — m3) < f1. Again by
hypothesis, there is the curve Wy defined as t; = to — ¥2(t3) = 0 contained in the singular set of Fo.
But,

RP(0,ta,t5) = > 5% h(0,t3) = (t — a(t3)) " hs(t2, t3).
JjeM
which results
mw, (RS”) < ng < mw, (Rs).
Therefore,
(53) mw, (F2) < mw, (P < 1+ mw, (Rs) < 14 mw, (Fo).

Note that if mw, (P3(2)) > mw, (P1(2)) we can use the same arguments for P(2) = th(2) instead of P(2)
Continuing in this manner, we obtain:

(54) mw, (Fi) <1+ mw,(Fo), Vi>1.
O
Theorem 4.2. Let Fy be a holomorphic foliation by curves of degree k defined on My = P? such that
W, C Sing(]:o)

where W is a smooth curve with Euler characteristic x(Wy), degree deg(Wy) and non-dicritical com-
ponent of Sing(Fy). Let mp : My — My be the blow-up of My along Wy, with E; = wfl(Wo) the
exceptional divisor, F1 the strict transform of Fo under mp and ¢ = mg, (77 Fo).

(a) If Wy is of type II then the singular set of Fi contains

X(Wo) + (1~ 1) dog(Wo) + ¢ x(Wa) — 1deg(Wo) ) /2
homeomorphic curves to P', counting the multiplicities.
(b) If Wy is of type III then the singular set of Sing(F1) contains
2+0=1+mw,(Fo)
homeomorphic curves to Wy, counting the multiplicities.

Proof. The proof of Theorem is identical to the proof of Theorem 4.7 in [12]. O
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Remark 4.3. If Wy is of type II, then there will necessarily be at least one homeomorphic curve to
PL. Indeed, since Wy is a smooth curve, it is also a local complete intersection (l.c.i.), which implies
that Wy can be locally defined by two polynomials fi = fo = 0, where d; = deg(f;) with d; < da. Let
us assume, for the sake of contradiction, that Wy is of type II, and there is no homeomorphic curve to
P! contained in Sing(Fi). Therefore, F; can extend to a foliation on E; without singularities on it, and
its leaves are homeomorphic to Wy. According to [15], Proposition 2.3, and [12], Theorem 4.6, we have
X(Wy) = 0, which leads to k = deg(Fo) = 2¢ + 1, where { = mg, (7] Fy). However, this is impossible if
dy > 2. In fact, if d; > 2, then according to [12], page 315, Fy is described by the following vector field:

0 0 0 0 0
Xo < fQQl( )—8—2 2(Z)+A23Q3>a—21+<—8—£2 1(Z)+6_£ 2(2)—

- A13Q3> 9 + A12Q3(2) 5— 0

823

where

0f10f, 0f10f ) —j

Az - T a. 4. > 1 ! .
J 821 82] 0z; 0z; Za g (f2( >)
Since Wy is of type II then ms + 2 < my = mo. Therefore,
< fQQl( )> >dy — 14 (€ +2)dy + j(d2 — dy)

for 7 =0,...,my since aq,(z) # 0. Given that at least one aq; # 0, we can conclude that

deg(Fo) > 20+ 5.

On the other hand, if d; = 1 then Wy is a complete intersection and since F; extends to E; without
singularities we can consider Fy to be special along Wy. In order to have deg(Fp) = 2¢ + 1, the unique
possibility is do < 2. See [12] for more details. But it implies x(Wy) = 2, which is absurd.

Example 4.4. Let F; be a holomorphic foliation by curves of degree k on My = IP3, induced on the
affine open set Us = {[{] € P3| &3 # 0} by the polynomial vector field

) B A e B . )
Xo—zzl 7 Pyy(2 8—Z1+ZZ{ZQZ I Pyj(2) 37+221223 TPy (2 )8,2
=0

where z; = fi_l/fg with with p;;(z3) = P;;(0,0,23) £ 0 for some j for each i. Thus, Wy = {[¢] €
P3|¢&y = & = 0} C Sing(Fo) and x(Wy) = 2 and deg(Wy) = 1. Since deg(Fo) = k then there are some
i,j such that deg(P;;) = k —m;. Let m : M — M be the blowup of P? along Wy, E; = 7T1_1(W0)
and F; be the strict transform foliation on M;. In the chart ((Ul)l, z =0 (u)), we have the relations
o1(u) = (ur,uiuz,uz) = z € C3. Thus, if Wy is type II then F; is generated by the vector field as
in {@H). For generically fixed ug the singular set of Fj restricted to E; is determined by the equation
Q3(u) = 3205, w)ps;i(us). Let m = max{deg(ps;),j = 0,...,ms}. In this way, for generically fixed uy
the equation @3 has m roots, counted the multiplicities. By continuity, in the singular set of Sing(F;)
there are m curves of singularities. But, the fiber 77 ([0 : 0 : 1 : 0]) is a curve of singularities with
multiplicity exactly equal to k —mg —m+ 1. Consequently, if W is of type II then there are k —ms3+1
homeomorphic curves to P! contained in Sing(F;), counting the multiplicities. Now, if Wy is of type IIT
then the singular set of F7, restricted to E; is determined by the equations u; = Q2(u) — u2Q1(u) =

It is not difficult to see there are mq + 1 roots for generically fixed us , counting the multiplicities( in the
other chart ((U1)2,02(v)) if necessary). Again, by continuity, there are m; 4+ 1 homeomorphic curves
to WO at El.

Example 4.5. Let F; be a one-dimensional holomorphic foliation in My = P3, such that Wy C
Sing(Fo), where Wy is a smooth curve.

In this example, we will assume that the desingularization process for W does not involve any
dicritical curves. Thus, in some affine set, Fy can be described by a vector field Xy as in [{@I]). Let
m : M1 — My be the blow-up of My along W,.
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If Wy is of type III, then there is at least one curve Wy C Sing(F;) such that W is homeomorphic
to Wy wth m (W1) = Wy. See Theorem @2l Thus, W7 can be locally defined as u1 = us — 41 (us) =0,
which results in F; is described by a vector field X7 as in Equation (48]). Let mo : Mo — M be the
blowup of M along W1, which is, by hypothesis, a non-dicritical curve of singularities. Given that
the first and third sections of X; have v; as a factor, it is necessary for the curve Ws, defined as
y1 = y2 = 0, where 02(y) = v, will be contained in Sing(F2). Continuing in this manner, there exists
a blow-up sequence {m;, M;, W;, F;, E;} such that W, is homeomorphic to W;_; and 7;(W;) = W;_;
for all ¢ > 1.

If Wy is of type II, then Fj is described by a vector field X; as in Equation @T]). In this situation,
there is at least one curve W1 C Sing(F;) that is homeomorphic to P!, which can be locally defined as
up = uz — ¥1(u2) = 0. Consequently, from [@H]) the third section of X; can be written as follows:

o0
= Z ’U{_m?”ugg’j h37j (’U), (’Ul , V2, ’1)3) = (’U,l, us — ’lﬂl (UQ), U2).
J=ms3
Hence, in this coordinate system (v1, ve, v3), the first and third sections of the vector field X; also have
v1 as a factor. Similarly to the previous case, there exists a blow-up sequence {m;, M;, W,, F;, E;} where
W,; is homeomorphic to P! and 7;(W;) = W,_1, but this time for all i > 2.

Theorem 4.6. Let Fy be a one-dimensional holomorphic foliation defined on My = P2 of degree k,
and its singular locus contains a smooth curve Wq of degree deg(Wq) and Euler characteristic x(Wp).
We will assume the existence of a finite blow-up sequence {m;, M;, W, F; . E; }J ! such that W; C E;
is homeomorphic to W,;_1 with m;(W;) = W,_1 and {; = mg, (7 F;i_1) fori=1,...,7.
(a) If Fj_1 is special along W ;_1 then

Jj—1
N(F5,Bj) = (6 + 2)x(Wo) + 2(0; + 1)(k — 1) deg(Wo) + (4 + 1)AG” (; Tt 22 21)

(b) If Sing(F;) contains only isolated closed points on M;, then

J

N (F;, M;) kaxwo D (1=t —€7) + (k= 1) deg(Wo) Z (126 —3¢3)

<.

i=0 i=1 i=1
(3) 5? 3y, 2y b
+ A Z + A ZZ (126 —367) 5
r=2i=1
B
Here we are also assuming that Zai =0ifa>p.

Proof. For j =1, both formulas (a) and (b) align with Theorems 3.1 and 3.3 in [I2], respectively. From
Porteuos theorem ( see [14], page 609) , we obtain

c1(Tm,) = W;Cl (Tnviy) — E;
(55) c2(Tm,) = mica(Tm, ) + 71 [Wisa] = mjer(Tm, ) - Ei
e3(Tn,) = 7jes(Ta, ) — mica(Nio1) - By — wfer(Tm,_, ) - B + E?

where ¢; : W; — M, is the inclusion map and [W;] € H*(M;) is the fundamental class of W; for
i=1,...,7. From [I], it follows that

Tr, 27 (Tr_,) ® [Ei]"
which make us conclude
(56) c(T#) =7iei(T7_ ) —4i- By, for i=1,....5.
From (B0) and (BH), we can show by finite induction that

(57) /w cl(erj):/ \(Tns) Z/ E; — 4deg(Wo) + (1—2—J>A83), i>0.

J
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Similarly, we obtain

i
l; .
(58) / (TE) = (k— 1) deg(Wo) + A0 S5 >,
W, ! —~ 2

Using the Baum-Bott’s formula, we get that
NFE) = [ el o T3)
E;
with
Co (TE] & T]?]) = C2 (7}3]) + C1 (TE] )Cl (T;]) + C% (T]tj)

By hypothesis, we easily get
(59) [ ealT) = 26(Wo)

E;
From Whitney formula,
C1 (7}1}) =C (TMJ) — Ej = W;Cl(TMj,l) — 2Ej

which results

(60) /E cl(f@j)cl(T;j):ej/ cl(TMj,1)+2/ cl(fr;jfl)wej/ E.

W; 1 W1 E;
And finally,
L C%(T]iﬁ]) = / (W;C%(T;jl) - 2€j01 (T]?j,l)Ej + f?E?)
(61) v / (T3, )+ / E?
Wj71 Ej

From equations (57), (B8], we can add the equations (B9), (60) and (GI)) that after a simple reorganiza-
tion, we obtain statement (a) of the Theorem. Now, again by Baum-Bott’s formula,

N(F;,M,) = / es(Tat, © T
M;
with
c3(Tv,; @ TE,) = cs(Tm,) + c2(Tw,)er (T%,) + e (T, ) (TE) + (T

In order to simplify all these long calculations, we will do four finite inductions as follows. Given that

/M T1e2WG) - By :/ 7T3‘+102(Nj)=—/ c2(Nj) =0,
i+1

Eji1 W;
we get
[ atnn= [ (saaln) - maalh) B + B ) -
M1 M1
:/ 03('TMj)+/ Cl(TMj>+/ E7,, =
M, W Ejt1
- / ¢s(Taa,) + 4 deg(Wo) + ALY =
M;
(62) - / es(Taa,) + X (W),
M.

J
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Now, the second term,

/ e2(Tmy i )en(Tx, ) =/ 02(7'Mj)01(7ﬁ5j)+/ a(Tz,)—
Mj+1 M W

(63) lita / c1(Tm;)
W;

The third term is given by

[ i, = [ alu)dm) - 2, | al)-
Mj+1 M A%

j i
(64) 2 [ elT) -6 [ B2,
And the last term

(65) [odma= [ amy-st, [ a6 [ B
M1 M; M; E;

J J J

Thus, we will add equations (62)), (63), [©4) and (65) and so we conclude that

N(Fja1, M) = N(F;, M) + x(Wo) + (1 = 20541 — 3fj+1)/ alTF)-
(66) i (1+ fj+1)/
W;

From (57), (58), and admiting that N (F;,M;) is given by the statement (b), we directly conclude this
theorem. O

4.1. Proof of Theorem[I.2l From Lemma (B]), for each j, there exists a special holomorphic deforma-
tion Fj; of F; for 0 < [t| < €;, where ¢; is sufficiently small. Thus, for ¢ # 0, the deformation Fj; is special
along W, and mg, (Fj:) = mg,(F;) = ¢;. Furthermore, we can assume deg(7} - - 77 F;;) = deg(Fo).
To achieve this, it suffices to consider that W is defined as u; = us — ¥;(u3) = 0, and F; is described
by the following vector field:

0 0 0
81 82 81)3

where (v1,v2,v3) = Fj(u) = (u1,u2 — ¥j(us), us). Therefore, in this coordinate system, the foliation
Fji is described by the following vector field

(67) X; = PP (0) 52— + Py (v) 5~ + Py (v) 2~

(68) X = X; +tY;

with the vector field Y; given as in Lemma (B.I]), that is
SN

(69) Y, =)V 5y Y= qul "v3air(v), @i =mw, (V)
i=1 '

where

LI1:QQ:L]3+1:€J-+1.

By Hartog’s theorem, the foliation Fj; that is generated by the vector FfXj;; can be extend for
whole M. Furthermore, the coeficients a;, are chosen in order to have deg(r - - 77 F;¢) = deg(Fo), V¢
Varying the coefficients a;,, if necessary, we can admit that Sing(Fj;) is composed of a curve W and
some more isolated closed points pgj ). Let j';t be the strict transform of F;; under m; ;. Therefore, we
can determine the Milnor number p(F;, W) as follows. Since

Sing(Fjt) = W, U {pgj), s=1,...,8}, Sing(j—';t) = {ﬁr]),r =1,...,m4}
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we get
u(Fj, W) = lim ((Fje, Wj)) = lim (N(]:jtan) - Z M(]:]tupgj))>
ng)Qij
(70) = N(F;, M) - lim > wFiep)

pgj) QAWJ-

On the other hand, since 741 : Mj11 \ Ej41 — M, \ W, is an isomorphism, we get that

lim Z u(]:jtpgj)) = }gr(l) Z u(‘}—]tamj))

t—0 )
p§J)¢ij ;B{T])gAEj+1
(71) = N(Fj+1,Mj1) = N(Fj11, Ej1) — N(Fj, Aw,)
which results
(72) /L(]:jij) :N(‘Fjan) _N(‘FjJrlaMJJrl) +N( J+17EJ+1) + N(]:JaAW )

where necessarily N (F;, Aw,) < N(F;_1, Ag,) = N(F;_1, Aw,_, ). From (GG)), we obtain the following

1(Fj W;) =N (Fj1,Ejp1) — x(Wo) + (3671 + 2041 — 1)/ al(T#,)+
W;

Cip(1+ fj+1)/ e (Tay) + 0541 (1 + €j+1)/ E?, | + N(Fj, Aw;)

W; Ejt
=(lj+1+1) (X(WO) + (3041 + 1)(k — 1) deg(Wo) + 4441 deg(WO)) +

J

0 0
05+ DA (601 + 2+ (3500 +1) 22—) + N, Aw,)

/2
:(€j+1 + 1) <(€j+1 +1)x(Wo) + (341 + 1)(k — 1) deg(Wy) + 12451 A(()3)+

(30j41 + 1)A 3’2 >+N Fjy Aw,)-

Notice that for j = 0, u(Fo, Wo) agrees with [I3]. Now, given that 7116, \E;., * Mjr1 \ Ejp1 —

M; \ W; is a biholomorphism, we get N(F;, Aw;) = N(Fj41, Ag,,,) which results
W Fi, | W) = N(Fj1, Bjpr) + N(Fji1, Ag,,)

= W(F5, Wj) + N (Fjg1, M) = N(F;, M).
Again, from From (GGl), we conclude the Item (b) of Theorem.

Example 4.7. Let Fy be the one-dimensional holomorphic foliation of degree 4 defined on My = P3.
This foliation is described in the open affine set Us = {[&;] € P3|&5 # 0} by the following vector field

(73) Xo = (Pa(z) + Pi(2)) g + (Qa(2) + Qu() 5 + (ZR o

where z; = &_1/&3 and

E zl zQpU 23), Qi(z E zl zzqw 23), E zl z2n] 23)

7=0

with pij,qij,ri; € Clzs] are generic polynomlals of degree 4 — i. Except for g3p and 719, which are
identically null.
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Thus, Wy = {[¢] € P3| = & = 0} C Sing(Fp) and is of type II. The singular set of Fy contains
another 36 closed points disjunct of Wy. Thus, u(Fo, Wo) = 46, which results in N(Fy, Aw,) = 21.
See Theorem (LII). Let 71 : M1 — M be the blowup of My along W and F; be the strict transform
of Fp under m;. In the chart ((U3)1, o1 (u)), the foliation F; is described by the following vector field

~. 0 ~. 0
X1 = (U%pso + P1)6—u1 + (u1u2(gs1 — p3o) + uiquo + Q1)6—u2
0

duy

which W1 = {u € (Us)1]us = ug = 0} C Sing(F1) and mw, (P1), mw, (Q1) > 3 and mw, (R1) > 2.
In addition to W1, there are 4 other homeomorphic curves to P! contained in E; of which 3 are
given by the roots of r11 = 711(u3) and the fourth is defined as 77%71)([0 : 0 :1:0]). Furthermore,
mEl(WT]:()) = fl =1.

Thus, W7 is of type I and is homemorphic to W with 7 (W7) = Wy. Let 71 : My — M, be the
blow-up of M; along W; and F3 be the strict transform of F; under mo with mg, (75F1) = {3 = 1.

(74) + (u27°11 + u1reo + va)

But, this time, in Es there is no homeomorphic curve to Wy. It is not difficult to see that Fy = Fag,
contains 12 closed points in its singular set. In order to verify Theorem (6], we need to make a
small perturbation on F; because Sing(F7) contains four curves on E;. Let F7; be the one-dimensional
holomorphic foliation on M; which is described in (Us); by following vector field

(75) Xy = X1 +tY,

where
N0 ey 2y D 9
Y1 = Zajul u28—u1 + ijul u28—u2 + (cour + 01U2)8—u3
=0 =0

with X7 given in (T4) and a;, b;, ¢; € Clug] are generic polynomials of degre 14,7 and 24, respectively.

Therefore, Fi; is a small perturbation of Fi, but now W7 is a special component of Sing(Fi¢), t # 0.
However, in order for there to be another holomorphic family Fy; such that Fi; is the strict transform
of For under m; then we must need to have as = 0 in ([73). In fact, let Fo; be the holomorphic family
which is described on the affine open set Us by the following vector field

(76) Xot = Xo + tYo,
where X as in (73] and
0 0 0
Yy = (aozf +a1z129)— + bozi1 + (b1 + a0)21222 + (b2 + al)zg — + (cozf +c129)—.
821 822 823

The foliation Fy; also has degree 4 and Wy is a type I component for Fo;, with ¢ # 0. Furthermore,
mg, (77 For) = €1 = 1 and Fy, is the strict transform of Fy; from 7.

Changing the coefficients of a;, b;, ¢; if necessary, we can admit that Wy is the unique curve of
Sing(F1;) which is also a special component of Sing(Fi¢), t # 0. In addition to Wy, Fi; has four more
singularities denoted by pglt) in E; and mg, (75F1;) = €2 = 1 for all ¢ # 0. Therefore, from Theorems
[T and 2] we get

4
(77) W(Fie, W)+ ) 1(Fre,pM) = p(For, Wo) — 14 = 14 + N (For, Aw, )
i=1
for t # 0. See also the Remark 3.4. Given p(Fi:, W1) = 22 since Fi is special along W1, we conclude

4
(78) N(For, Aw,) = 8+ Y u(Fup™) = 12.
i=1
Therefore, for t # 0, the singular set of Fy; contains 36 + 9 =45 isolated closed points disjunct to Wy.
Keeping this notation, let Fo; the strict transform of Fi; from 5. Thus, it is not difficult to see that
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Fou contains 12 isolated singularities on Es, counting the multiplicities. Consequently, the singular set
of Fo; contains 45 + 4 + 12 = 61 isolated closed points, counted the muiltiplicities. These facts agree
with Theorem

5. AN APPLICATION: SEIDENBERG’S THEOREM FOR NON-ISOLATED SINGULARITIES

Lemma 5.1. Let Fy be a one-dimensional holomorphic foliation on My = P3 of degree k, and its
singular locus contains a smooth curve Wq of degree deg(Wy) and Euler characteristic x(Wq). We
will assume the existence of a blow-up sequence {m;, M;, W;, F;, E;}.

If each W ; is homeomorphic to W j_y with m;(W ;) = W;_q for all j > 1, then there exists a natural
number r such that mw, (F,) = 1 and W, is of type IIL.

Proof. By way of contradiction, let us assume that this theorem is false, i.e., either mw, (F;) > 2 or
W ; is not of type III for all j > 1. From Equation (54]), we can make the assumption:

(79) 1< éj = ME, (W;]:jfl) < mw, (]'—0) + 1, Vj > 1.

However, as u(F;, W;) given in Theorem is a natural number for all j > 0, we can infer that the
sequence:

02 J 2
3) +1 i .
(80) a; = (Lj41 + DAY (Q—J + (3041 + 1) ;1 ?) €N, Vi

On the other hand, the sequence of natural numbers ¢; is bounded, implying the existence of a subse-
quence £;, where each £;, = £ is a constant for all j;. Consequently,
@ (! Sy .
(81) = (L +1)Ag <—+ (3£+1);§) eN, Vj.
Therefore,

72 22 &
(2J—+2J—+(3f+1) Z E)

r=Jji,

3
0 < |aj,, — aj, | = (£+1)|AY

For sufficiently large j;, and ji,, we obtain 0 < |a;, —aj;, | < 1. However, this is absurd, considering
that a; is a natural number for all j. il

5.1. Maximum number of blowups for the desingularization. Now, we calculate the maximum
number of blowups needed until we reach ¢; = mg, (ﬂ'f}},l) = 0. In fact, we will suppose ¢; = ¢, for
j=1,...,N;+ 1. Then, from (8Q), we get

0, Iy,
a; = (€J+1 + 1)A(3)< 2 (3€J+1 + 1 Z 5)
=1

is a natural number for j = 1,..., N;. Thus,

62 J ¢ é 1
= (& +1)A(3’(2 + (30 +1) Z_l) (0, +1)A(3)< +el(3e1+1)(1_27)>

Therefore,
0(1+ £1)(1 4 260,)AP
27
But, we can consider Aég) =2%(285+1) and £ or £1+1 is an even number with 22171 < ¢, 1 +1 <
291 which imply that N1 < ag + a;.

bj: EN, fOI‘j:L...,Nl.
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In the worth situation, with N; = ag 4 ay blowups, we get £;41 or £;41 +1 equal to 221~1 and so we
need more Ny = ag + a1 — 1 blowups to get £ or ;11 + 1 equal to 2272 and so on. Therefore, at most
(20&0 + 041)(041 + 1)

2

(82) awtotagtar—14+---+ag+1+ay=
will be necessary for we get £; = mg; (w;-‘}'j,l) =0.

Example 5.2. Let Fy be the one-dimensional holomorphic foliation of degree m defined on My = P3
which is described in the open affine set Us = {[§;] € P3|&5 # 0} by the following vector field
o o — Ao

(921 62’2 62’3
where z; = &_1/¢3. We also assume that m is large enough. The singular set of Fy contains two
curves Wo = {[¢] € P?|¢) = & = 0} and WS = {[¢] € P3|¢y = & = 0. We will consider the blow-up
sequence {r;, M;, W;, 7;, E;} where W} is defined in the chart ((Us);, o1 (z) = 207D, with 2(®) =
by equations 21 = xp = 0. In this chart, the strict transform F; from F;_; via 7; is described by the
following vector field

_ 2_m—2 m 3, m—2 2 m—
Xo = (21" — 212323 + (21" — 232 273

xa 10 g O
8$1 8$2 8:173
for j such that m — 35 > 0. Thus, the singular set of F; always contains two curves z; = 2 = 0 and

x1 =x3 =0if m— 35 > 1. We will determine the Milnor numbers p(F;, W;) for some j. Firstly, for
j = 0, we can make the holomorphic perturbation Fy; of Fy which is described the following vector field

o m—2j— 2 m—2 2 2
Xj = Il(CCl — T3 Loy

+ (@Y (L= jag ) + (- Daday

3 3
XOt_X_Ft(Za’L(ZS)Zf Zzéaa Zb(ZS Z? i ’L +Zcz 23 % 12'588 >
=0 =0
where a;,b;,c; are generic polynomials of degree m — 3, m — 3 and m — 2, respectively. Thus, the
singular set of Fy; is composed by the curve W and some isolated closed points. It is not difficult to
show Theorem [6|(a) agrees with number of isolated singularities of Fi; on E1, where Fy; is the strict
transform of Fy; from mp for ¢ # 0. From Theorems [Tl and [[.2] we can determine u(Fo, Wo). Now, we
will determine p(F1, W1). Initially, we will consider the holomorphic perturbations of F; as follows

3

(83) X =X, —|—t<;al(x3)x? 117126 —I—Zb x3)as” 117128 —I—Zq x3)a2” 1171288 )

where a;, b;,¢; € Clzs] of degree m — 5 +i,m — 6 + i and m — 4 + i. Thus, mg, (77 F1;) = 2 for all ¢.
Again, Theorem [L6)a) agrees with number of isolated singularities of Fo; on E1, where Fy; is the strict
transform of Fi; from 7y for ¢ # 0. However, the main problem of these perturbations is that there is
no holomorphic foliation Fy; such that Fi; is the strict transform from Fy; via m; because az can be not
identically null. But, if ag = 0 then F7; is not special along Wy. In fact, from (83]), there are imbedding
closed points associated to W1, given by A%(0, 0, 2%;) where x; is a root of ¢(b3(3) —2%~* = 0. Thus, in
order to make a holomorphic deformations F7; such that Wy is special component we need to consider

mg, (m5F1:) = 1. More precisely, we will consider the following deformation F7; described by vector
field

2
(84) X=X+ t(( Z bi($3)$%_l$12 + b3($3)$g) —

2+ (i) + o) 2

(91:3

where b; and ¢; are generic polynomials of degree m — 5+ i and m — 3 + i, respectively, except for b3
which also have degree equal to m — 3. Now, Fj; is special along W and there exists a one-dimensional
holomorphic foliation Fo; on My such that Fi; is the strict transform of Fy; from 7. In fact, Fo; is
described by the following vector field

0

+ (2P co(xs) + z122¢1(23)) —> .

X3 ’L 8
(85) XOt_X0+t< Zb 23)27 %2 + by(23)28) =— 97

(922
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Let Fo; be strict transform from Fj; via me. From Theorem [L8|a) we have that N (Fa;, Eo) = 4m — 8
for ¢ # 0, since ¢; = 2 and ¢; = 1. The same idea can be used to calculate p(F;, W for j > 1.

5.2. Normal forms for non-isolated singularities. We will focus on the germs of holomorphic
foliations Fy defined in an open set Uy C C? such that their singular set contains a smooth curve
Wy of type IIT with mw,(Fp) = 1. Without loss of generality, we can assume that Wy is defined as
zo = 21 = 0. Keeping the notation, we consider the blow-up sequence {m;, M;, W;, F;, E; }.

According to Theorem (.2, there exist two curves in E; that are homeomorphic to Wy, counting
multiplicities, since mg, (77 Fp) = 0. We will start by considering that Fy is described by the following
vector field:

3

(86) Xo = Z(Zﬂ?io(zs) + zopi1(23) + Pz(z))i

P > 2.
e 821'7 mWo( )—

By the way, from Equation (B]) we have

Pio P11
87 Ax |w, = .
(87) Xolw (pzo p21>

Let A1 = Ai(z3) and A2 = Aa(z3) be the eigenvalues of the matrix (87)).Thus, we have the following
three cases to consider
(1) A1 Ao 7_é 0, \q 5_'571)\2 and Ao ;‘én)\l, n €N;
(ii) A1 Z0 and Ay = 0;
(iii) A1 = A2 =0;

Proposition 5.3. If the eigenvalues A1 and Ay of the matriz Ax,|w, given in (87) are non-identically
null with Ay Z nXe and Ay Z nAi, Vn € N then these conditions are invariant by blowups along curves
W, homeomorphic to Wo with m;(W;) = Wy.

Proof. The eigenvalues A\; and A2 of the matrix (§7) are given by

VA
:M+(_1)1\/_

(83) Ai > E3

where
A = A(z3) = (pro — p21)® + 4p11p20.
Thus, in the chart ((U1)1,01(w)), Fi1 is described by the vector field X7 as follows

0 o 0
(89) X1 = U1Q1(U)a—ul + (Q2(u) — U2Q1(U))6—u2 + UlQB(u)a—ug

where

Qi(u) = pio + uapin +u1Qi(u), pij = pij(us), Vi
for some functions @7 However, since Wy is of type III, meaning it is a non-dicritical component, we
have:

Q2(0,uz2, uz) — u2Q1 (0, u2, u3) = p2o + ua (P21 — p1o) — usp11 # 0.
(1)

%

) =

This implies that there are two curves W’ that are homeomorphic to Wy, defined as follows: ng

{u € (U1)1|ur = uz — i(u3) = 0} where
_ P21 — P+ (-1)'VA
2pn
for p1 £ 0. (If ulgigl ¥i(ug) = oo then in the other chart ((Uy)2,02(v)), the curve ng) is defined
as vi — i(vs) = v2 = 0 with ¢;(a) = 0). Let Fj(u) = (u1,u2 — ¢¥i(us),u3) = v € C° be a local

biholomorphism. Now, the push-forward foliation F;, (F1) = G; defined in V; is described by the following
vector field

(90) i(us)

0 0 0
Y1 = (vir10 + Rl)(?_vl + (virgo + vora1 + R2)8_1;2 + (vir30 + R3)8_v3
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where Tij = Tij (’Ug) and legl) (RZ) Z 2. But, 10 = P10 + 1/}1])11 = /\1 and T21 = pll(l/)z — 1/)1) = /\2 — )\1.
Consequently, the matrix

(91) Avilwo = (Tlo 0 )

20 T21

has )\gll) = A1 and )\(2) = A2 — A1 as eigenvalues which are distinct and non-identically null. Similarly

for the other curve Wé ) whose matrix Ay, ) has )\12 = Ao and /\22 = A1 — A2 as eigenvalues.

|W;1
If p11 = 0 then the eigenvalues of [87) are A\ = pio and A2 = por. In this way, ng) ={u €

(Uy)1|ur = uz + P 0} is a curve of singularities with eigenvalues )\§11) = )\; and )\%) =X — )\
P21 — P1o

while ng) = {v € (U1)z2|v1 = v = 0} is the other curve with eigenvalues )\éll) =\ — g and )\%) = \g.

Note that it is impossible p11 = pa1 — p1g = 0 since A\; and A are distinct. ]

Now, let us consider the second case where \; % 0 and Ay = 0. This leads to tr(AX0|WO) = piro+po1 =
A1 and det(A x|y, ) = P1op21 — p11p2o = 0. Therefore,

pio(z3) _ p2o(23)

pii(z3)  pai(z3)
In the chart ((U1)1,01(u)), Fi is described by the vector field X5 as in (89). But this time, we have
Qi) = pir (23) (12 + ¢(us)) + u1Qi(u) for i = 1,2, and Q3(u) = pso + uzps1 + u1Q3(w). Since

Q2(0, uz, uz) — u2Q1(0,uz,uz) = (pzl - u2p11> <u2 + <P(U3)>

= p(23) = pio(z3) = (23)pi1(23).

there are two homeomorphic curves to Wy defined when pi; # 0 as follows ng) = {u € (U)i|ur =
uz + p(ug) = O} and Wzl) {u € (Ur)1|ur = ug — pa1/p11 = O}

Proposition 5.4. If the matriz (87) has only one eigenvalue that is not identically zero, denoted by
A1, then curves ng) that are homeomorphic to Wq with m (ng)) = Wy are elementary components
of Fi. The eigenvalues of Fi at ng) are )\gll) =\ and )\511) = 0 while the eigenvalues of Fi at ng)
are Ay = A\ and Ay = —x

12 = A1 ARG Ay = — AL

Proof. In fact, let Fy(u) = (u2 + ¢(us), u1,u3) = (v1,v2,v3) be a local biholomorphism. Therefore, the
vector field Y7 = (Fl)*Xl can be expressed as follows

0 0
(92) Y1 = vi(vario + Rl)a— + (vir20 + vora1 + R2)8— + v1(r30 + vors1 + R3)8U3

where r;; = r;j(vs) and mw§1>(Ri) > 2. But, rio = p11 and ro1 = pa1 + p11@(v3) = p21 + pro = A1

Consequently, we have
0 0
AYI|W§1) - <7‘20 )\1> '

Therefore, the matrix Ay, |W<1) has only one eigenvalue not identically zero ;. In order to analyze
1

the other curve ng) it is sufficient to consider the local biholomorphism F(u) = (uq,us — 22 uz) =

p11’
(v1,va,v3) defined for p11 # 0. As before, let Z; = (Fg)*Xl, ie.,
0 0 0
(93) Zy = vi(s10 + v2521 + S1) 75— + (v1520 + v2521 + S2) 5— + v1 (830 + V2531 + S3)
(9’()1 ov (%) 6’1)3
where s;; = s;;(v3) and My, (2) (Si) > 2. But, s19 = —s21 = A1(v3). Therefore, we get
1

A 0
AZ1|W§U B (5210 —)\1)
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i.e.; the matrix AZ1|W<1> has two distinct eigenvalues denoted by )\512) = A1 (vs) and )\glz) = —Ai(v3)
2
with MY /AL = —1 ¢ @, for almost all points of W, O

Finally, we will consider the third case where A\; and Ay are identically null, i.e., tr(Ax,|w,) =
det((Ax,|w,) = 0. Again, we have two distinct situations to consider p;g = 0 or not. If p;g = 0 then
p21 = 0 and p11p2p = 0. Let us only consider the case where p;; = 0 because the other case is analogous.
Therefore, in (86l), the multiplicity mw,(P1) = m; > 2 and

0 O
( ) Xo |W0 <p20 O)

In E;, there are two types of curves. The first type is given by the roots of psy, which are homeo-
morphic to P'. The second type is homeomorphic to Wi.

To simplify our analysis, we will address the first type of curves in the chart ((U1)1,01(u)), while the
second type of curves will be handled in the chart ((Uy)z2,02(v)). This allows us to have the following:
proposition

Proposition 5.5. If in the matriz (87) the coefiecients p1o, p11 and pa1 are identically null and pag is an
affine function with no common root with psy then there exists a blow-up sequence {m;, M;, W, F;, E;}
such that W; = (m;)"1(q), ¢ € W;_1 and W, is a non-elementary component of Sing(F;) for all i > 1.

Proof. In the chart ((Uy)1,01(u)), the foliation F; is described by the following vector field

m 9 0 )
(95) X1 = lQl(U)a—ul + (p20 + U1Q2)8—u2 + u1 (pso + uzps1 + 111@3)8—u3

where p;; = p;j(us) and for certain functions @;. Let W1 be the curve defined by u; = uz — 8 =0
where 3 is the oot of pag. Therefore, Wy = (m1)~1(0,0, 3). Without loss of generality, we can assume
that poo(us) = aus with « # 0, that is, 8 = 0. In these coordinates (wy,ws,ws) = (u1,us,uz) the
vector field X5 in (@5) is rewritten as follows

0 0
Y1 :w;’“ R4 (w)a—wl + w1 (pg()(’LUQ) + wgpgl(wz) + ’LU1R2) a—w2

(96) + (qwz + w1 Rs) Jwn
But, the second section of Y7 in (@6l is

wi (pso(ws) + waps1 (ws) + w1 Ra) = w1 (p30(0) + waps1(0)) + Ry

(97) = wirag(ws) + Ro

where 750 (ws) = p3o(0) + wsps1 (0) and myy, (Ry) > 2. Furthermore, pa; (0) # 0 by hypothesis. So,
0 0

(99) avtw. = (2 1)

where 19 is also an affine function. In this way, the third section of Y7 is
aws + w1 Rz = w1R3(0, 0,w3) + aws + Rv3
(99) = wiT3p + Wwar31 + R;,

where r39(w3) = R3(0,0,ws), rs1(ws) = o # 0 and mw, (R3) > 2. Consequently, the vector field
Y1 possesses the same properties as X7 because rop is an affine function without any common root
with r31(w3) = @ # 0. Hence, we can continue the blow-up process indefinitely, leading to Wy =
(m2)71(0,0, 31), where 31 = —r30(0)/r31(0), and so forth. O

Corollary 5.6. Let us assume in the matriz (87) that pio, p11 and p21 and identically null and pao(23) =
z39(z3). If g(0) and p31(0) are nonzero then there exists a blow-up sequence {m;, M;, W;, F;, E;} such
that W; = (m;)"1(q), ¢ € Wi_1 and W, is a non-elementary component of Sing(F;) for all i > 1.
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Proof. In the chart ((Uy)1,01(u)), the foliation F; is described by the following vector field
0 0 0
=u" Q1(u )— + (usg(us) + u1Q2(w)) =— + u1 (pso + uzps1 + w1Qs(u)) =—
8u2 8u2
where p;; = p;j(us) and Qi(O, ug,uz) = 0 for ¢ = 2,3. But, in these coordinates (wi,ws,w3) =
(u1,us,us) the foliation Fi is described by vector field Y7 as follows

0 0
Y1 =wi" Ry 5— Em + wy (pso(w2) + wsps1 (w2) + wiRy) =— i0g +

0
+ (wgg(wg) + w1R3)8—w3

But, the second section of Y7 is
w1 (pso(wz) + wsps1 (w2) + w1 R2) = w1 (ps30(0) + wsps1(0) + Ry(w)
(100) = w1790 (ws3) + Ra(w)
while its third section is
wag(ws) + w1 Rs(w) = w1 R3(0,0,ws) + w2g(0) + Rs(w)
(101) = wyr30(ws) + wars: (ws) + Ra(w).

Therefore, ro0(ws) = ps3o(0) + wsps1(0) is an affine function with no commom root with r31(ws3) =
g(0) # 0. Therefore, we can aplly Proposition [5.5] again.
O

Proposition 5.7. If in the matriz (87) the coefiecients p1o, p11 and pa1 are identically null and pay #
0. Then, for any blow-up sequence {m;, M;, W, F;, E;) such that W; is homeomorphic to W;_1 and
m: (W) = W,_1 there is a natural number k € N such that W is an elementary component of Sing(W;)
fori>k.

Proof. The vector field B8 can be rewritten as follows

0 0 0
(102) Xy = Pl(z)(?_zl + (21]?20 + Pg(z)) B + (21]930 + zop31 + Pg(z)) 92

where p;; = pi;(z3) and
ZZY“ TPy (2) = 2 gi(2) + 21Li(2),  mi = mw, (P;) > 2

with n; > m;, either gi(0,0,23) :=pi(z3) Z0or g; =0, mw,(L;) > m; — 1 with L;(0,1, z3) := ¢;(z3)
for all 4. In addition, if mw,(L;) > m; then n; = m; and p; Z 0.
From (I02), in the chart ((Uy)s2,02(v)) the foliation F; is described by the following vector field

(103) Y1 = (= vip2o + R1 — v1Ry) 8i + vo (vip20 + R2) 2 + va (vipso + ps1 + R3) 9
(%1 81)2 81)3

where pi; = pij(v3), Ry = vyi ™" 51)(0) + Ulv;”"'*lLl(-l)(v) with ggl)(O,O,v3) = pi(vs3) and LE”(0,0”U?,) =

qi(v3)-

In this chart, the exceptional divisor E; is defined by the equation {vo = 0} and the non-elementary
curve Wy = {v € (Uy)2]v; = v2 = 0} C Sing(F1) has multiplicity equal to 2. Besides that mg, (7] Fo) =
0. From this point onward, let us focus solely on the fibers 7; (0,0, z3) for which pag(23) # 0. This is
because the curves associated with these fibers have already been taken into account in Proposition B.51

To continue with our analysis, we need to make some considerations about the possible values of ps;.
Specifically, if p3; = 0, then in ([I02)), there must be a function g; that is not identically zero for some
1. Otherwise, the hypersurface v; = 0 would be entirely contained in the singular set of Xj.

Hence, let us consider the case where mwy, (F1) = 1 which results in p3; # 0 or mw, (R1) = 1.

Therefore, if p3; #Z 0 and mw, (R1) > 2 then W is of type I. In this situation, the singular set of F
restricted to the exceptional divisor consists of the elementary curve Wy = {z € (Us2)1|x1 = 22 = 0},
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with o1(z) = v, and some closed points. The eigenvalues of 5 at Wy are )\11 = —pgo(Ig) and )\g) =
2pao(x3), i.e. )\521 /)\21 = —1/2 ¢ Q4 for almost all z € W5. More precisely, )\gl /)\21 =-1/2& Q4+
for all 23 such that pag(x3) # 0.

Now, if mw, (R1) = 1, then it must be the case that m; = ny = 2 and p; # 0, resulting in W
being of type III. Consequently, the singular set of F5, when restricted to Es, contains a curve that is
homeomorphic to W1, but with multiplicity equal to 2. In fact, in the chart ((Ug)l, o1 (t)), Fo can be

described by the following vector field:

B o
Xy =t, ( — tipoo + RIP — t1R§2>> — oty (2t1p20 +RP + 2th§2>) +

8t1 ot 2
B
(104) T tito <t1p30 + pa1 + R§2)) =
Ots
where

RO (1) = (tato)™ L2 (1) + 62592 (1), 92(0,0,t3) = palts).

Thus, Wo = {t € (U2)1]t1 = t2 = 0} C Sing(F2). But, in this situation, the singular set of F3
contains three elementary curves homemorphic to Wy. In fact on the chart ((U3)1, o1(x) = t), there

are two curves ng) = {t € (Us)1|z1 = z2 = 0} and W ={t € (Us)|z1 = z2 — ?’2”% = 0} while

on the other chart ((Us)1,02(y) = t), there is the third curve W( ) = ={y € (Us)z2ly1 = y2 = 0}. The

eigenvalues of F3 along WgB) 3) _ )\S) _ pzoém)

and /\§32) = —3pao(x3), at Wg ) are /\31) = 2p1(x3) — 2pap(x3) and /\32 = 2poo(x3) — p1(x3). It is worth
noting that the case )\g‘? = )\g‘? = 0 is not possible.

Henceforth, we will exclusively examine the situation where myy, (F1) > 2, which implies that p3; =0
and mw, (R1) > 2, leading to W being of type III. Furthermore, if mw, (R1) = 2 then m; = 2 or
n1 = 3 while if myw, (R2) = 1 then mg = no = 2 and py # 0. Thus, in the chart ((Ug)l,’U =0 (a:)), the
foliation F» is described by the following vector field

are AY = —pog(z3) and AY = 3p20(:173) along W5 are

9 B
Xy =21 (= pao + R — R§2>)8_I1 + 2o (2pa0 — R + 2R§2))3_x2
@y 9
(105) +$1(E2(p30 + R )8 s
where

R?)() xll mel 1L( )(:C)-i-x"l 3 7211 1 (2)(x),
R (z) =7 i LD () 4 a2 9P (@), fori=2,3

Z

with LEQ)(O, 0,23) = ¢;(x3) and 9(2)(0, 0,23) = pi(x3).

K2

Here, we assume that py = 0 when ng > 4, and similarly ps = ¢2 = 0 when mw, (R2) > 2. Thus, the
singular set of F» is defined as follows

T1 = T2 (2]920 + (2p2 — q1)x2 — pw%) =0.

Thus, if p1 Z 0 and A1 = (2p2 — q1)% + 8p2op1 Z 0 then we have 3 curves to consider: Wf) =
{,T S (U2)1|:101 = T2 = 0}, Wéz) = {,T S (U2)1|:101 = T2 — ¢1($3) = 0} and Wgz) = {LL‘ S (U2)1|$1 =
a9 — a(x3) = 0} where

2pa(a3) — q1(w3) + (—1)'V/Aq

2p1(173)

Vi(x3) =

The eigenvalues of F5 at W(2) are /\ - —poo and /\ 2 = 2pog, at Wg) are /\g) = p2o + Y12 and
22 = Y1VAy, at Wg ) are )‘gl) = p20 + Y2p2 and )\32 = —a/AL.
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If Ay =0 and p; # 0 then there are 2 homeomorphic curves to W7y in the singular set of 3, namely
Wgz) = {z € (U2)1|r1 = 22 = 0} and W§2) = {z € (U2)1|z1 = x2 — ¢¥1(x3) = 0}, but this last one has
multiplicity equal to 2. The eigenvalues of F» are )\é21) = pog + Y1p2 and /\522) =0.

If p; =0 and 2¢2 — ¢1 #Z 0 then there are 3 elementary curves contained in Es, that is, W§2) ={z e
(Ua)iler = w3 = 0}, WS = {& € (Ua)i|21 = 22 — 22 = 0} and WS = {y € (V) |y = v2 =}

q1—2p2
where o2(y) = v. The eigenvalues of F» along Wéz) are )\g) = N80 and )\g? = —2poo, along W§2)

) N q1—2p2
are )\gl) = q1 — 2p2 and Aé; = po.

Now, if p; = 0 and 2¢g2 — g1 = 0 then there are 2 elementary curves contained in Es, the elementary
curve W§2) ={x € (U2)1]z1 = 22 =0} and W§2) = {y € (Us2)1|y1 = y2 = 0}, with multiplicity equal to
2. The eigenvalues of F5 along Wé2) are /\521) =0 and )\éé) = ¢2. Notice if g2 = 0 then ¢; = 0 resulting
in mw, (R1) > 3 and mw, (R2) > 2 which is absurd.

Now, we will consider mw, (R1) = 3, mw, (R2) = 2, and mw, (R3) = 1. Hence, mg = ng = 2 and
ps #Z 0. Therefore, the singular set of F5 has 2 curves homemorphic to Wy, namely, Wgz) ={z €
(U2)1|x1 = x2 = 0} as before and Wéz) = {y € (Uz)2|y1 = y2 = 0} with multilplicity equal to 2. But
this curve W§2) is non-elementary and of type I. Thus, let Wq = Wf). The singular set of F3 contains
the elementary curve ng) = {t € (Us)1]t1 = t2 = 0} and some isolated closed points. The eigenvalues
of F3 along Wgs) are /\gi) = —2pyo and /\532) = 3pa2o.

Finally, if a blow-up sequence {m;, M;, W;, F;, E;} exists such that W; is homeomorphic to W;_;
and m;(W;) = W,_1, with W; C E; being a non-elementary curve of Sing(F;) for all 4, then, based
on our previous observations, the only possibility is mw, (R1) > 3, mw, (R2) > 2, and mw, (R3) > 2,
and these conditions must remain invariant under subsequent blow-ups. More precisely, foliation Fa, in
chart ((Uz)2,02(y)), is described by the following vector field.

0 0
Ya = (= 2yipao + RYY — 251 RYY) Em +12(y1p20 + RYY) 6_y2+

0
(106) + 2 (y1pao + Ry”) 5
Y3

where
BY =y LY )+ o) R =l LY ) + 0y 0 ()

for i = 2,3, with Ll(-2) (y) = Lgl) o oa(y) and 952)(y) = ggl) o oa(y).

Thus, Wa = {y € (Uz)2|y1 = y2 = 0} is a non-elementary and mw,(F2) = 2. In order for such
a sequence to exist we must have mwy, (Rf)) > 3, mw, (Rg)) > 2 and mw, (R§2)) > 2 and so on.
Therefore, let Wy, be the curve defined in the chart ((U),o2(y™*))) as follows {y¥) € (Uk)2|y§k) =
yék) = 0}, with oo(y™) = y*=Y for k > 1. By finite induction, the foliation Fj, in the chart
((Ur)1,01(z) = yk=1)), is described by the vector field

0
Xk =m ( — (k= 1)(pao + S57) + Sgk)) o + @2 (k(mo + 55 - SW) PO
Lo

0
(107) + z122 (Pso + Sg(,k)> —H
ox
3

where

S (@) = aftay* " i (@) + a2 L (@), o= - (2k - 1)
Sk (x) = x?"ka;“*kﬂgfk) (x) + (xlzvg)mi_lil(-k)(x), fori=2,3
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with L (y) = LV (01(2)) and 37 (y) = 9"V (01 (2)), while in the chart ((Uy)2, o2(y) = y*=1)),
by the vector field
0

0
Y, = —k 2 R(k) —k R(k) R(k)
k ( yip20 + 1y y1 Ry Em + y2| y1p20 + Ry —8y2+
0

(108) + Y2 <y1p30 + ng)) 303

where

k o k
RM(y) = 45+ g™ () + yryz T LP (),
R™ (y) = 2% g (y) + yay 'L (y), for i = 2,3

with Ll(-k)(y) = Lgkfl) o o2(y) and g( )( ) = gl(k*l) o 02(y). Furthermore, ggk)(0,0,x;g) = p;(x3) and
Ll(-k)(O, 0,23) = ¢;(x3) for all .

Since mwkfl(ngfl)) > 3, mwkfl(Rékfl)) > 2 and mwkfl(ngfl)) > 2, F, is well defined as well
as ag,ng — k,ny — k,m; —k > 0 with mg, (7 F;—1) = 1 for i = 1,..., k. By Theorem 2 there are
three curves ng) C Sing(Fy), counting the multiplicities, since mw, (Fi) = 2. It is not difficult to see
that the curve ng) = {2 ¢ (U;C)1|x§k) = xék) = 0} is an elementary component of Sing(F}) since
AR = (k= Dpao(as) and A = kpao(as), 1e; M /AY = —(k — 1)/k ¢ Q4. k > 2 for almost all
) € ng). Notice that S’Z-(k)|Ek = 0 for all ¢ resulting in ng) is the unique homeomorphic curve to
‘W ._1 contained in this chart.

However, considering that at least one of p; Z 0, it follows that at least one of the three inequalities
mwy,, (ng)) < min{my; — k+ 1, ax}, ka(Rék)) < ng — k, or myyy, (ng)) < n3 — k holds true for all
k > 0. Consequently, it is impossible for such a sequence to continue indefinitely. This assumption is
consistent since it would contradict Lemma [5.] otherwise. Therefore, for some k& > 0, the analysis of
Equation (I08) follows a pattern similar to that of Equation (I03)), with the substitution of pay and py
by kpeo and kpe in Ry, respectively. It is enough to compare Equations (I03) and (I08). Thus, the
study is reduced to one of the cases that had previously been examined. O

Proposition 5.8. Let us consider the foliation Fo described by the vector field (88) with pig £ 0 and
the all eigenvalues of (87) are identically null. Then, for any blow-up sequence Let {m;, M;, W;, F;, E;}
be such that W; is homeomorphic to W,_1 and m;(W;) = W,;_1 there is a natural k € N such that W
are elementary components of F; for i > k.

Proof. From (B0]), we get

3
0
109 Xo = i i1+ P -,
(109) 0 ;<21p0+22p1+ (Z)>8zi
where
szl J ]P ), m; > 2.

Under these conditions, since tr(A x,|w,) = det(Ax,|w,)equiv0 there exists a holomorphic function
©(z3) such that p;o(z3) = @(z3)pi1(z3) for i = 1,2, which results

(110) Ax,|w, = ( ©(23)p11(23) p11(23) ) _

©*(23)p11(z3)  —@(z3)p11(23)
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In the chart ((Uy)1,01(u)), the foliation F; is described by the following vector field

X1 =wm ((U2 + ¢(23))p11 + U1Q1> ({%1 - ((u2 +¢(23))°p11 — w1 (Q2 — U2Q1)) %—i—

0
(111) + ui(pso + u2psi +U1Q3)8—
U3
where
Qi(u) = ui™ ™Y uh Pyj(ur, uruz, us).
j=0

In this chart, there is the only non-elementary curve Wy which is defined by Equations u; = us +
©(uz) = 0 and has multiplicity equal to 2. Just as it was done in the Proposition 51 from now on
we only consider the fibers 7r1_1(0, 0, z3) such that p11(z3) # 0. In this coordinate system (vq,va,v3) =
F(u) = (u1,u2 + ¢(ug), us), the foliation Fj is described by the vector field

0 0
Y1 = v1(vap11 + UlRl)a—vl - (pnv% —v1(Ga — 2Ry + ¢ (v3)(r30 + U27“31))) 90s

(112) + v1(r30 + vars1 +U1R3)8i7
U3
where R;(v) = Q; o F~1(v) and G2(v) = Ra(v) + p(v3)R1(v) + v1¢ (v3)R3(v).

Initially, we will consider the case where ¢ is not a constant function and and mw, (F1) = 1. Hence,
under these conditions, r3g Z 0 or ag(vs) := G2(0,0,v3) + ¢’ (v3)rso(vs) Z 0.

Let us consider ag # 0 which results Wy is of type IIL So, in the chart ((Usz)2,v = 02(t)), the
singular set of F5 contains the only curve Wo = {t € (Uz)2|t; = t2 = 0} that is homeomorphic to
W;. The curve Wy has multiplicity equal to 2 and mw,(F2) = 2. The singular set of F3 contains
three elementary homeomorphic curves to Wa. In other words, in the chart (Us)y,t = o1(x)), there

are Curves ng) = {z € (Us)1]|z1 = 2 = 0}, with eingevalues of F3 at ng) ggl) =
/\ﬁ) = ap(z3); and

are A —ap(x3) and

~ 3pui(as)
with eingevalues of F3 at Wég) are )\é‘? = ap(x3)/3 and )\é‘? = —2ag(x3). In the chart (Us)a,t = 02(y)),
there is the curve W§3) = {y € (Us)2]yr = y2 = 0}, with eingevalues of F3 at W§3) are /\g) = 3p11(y3)

and )\g‘? = —p11(y3)-
Now, we will consider ag = 0 and r3yp # 0 which result W3 is of type I. Therefore, the singular set of
F» contains the only curve Wy = {y € (Usa)2|y1 = y2 = 0}, o2(y) = v, which is homeomorphic to W7.

2
Wé?’) _ {x € (Us)i|z1 = ao(z3) _ 0}

The eigenvalues of F» at Wy are /\g) = 2p11(y3) and /\221 = —p11(y3) whose ratio is a negative rational
number for almost every point of W.

Thus, we will consider mw, (F1) = 2 which results 730 = 0 and a¢p = 0 in ([[I12)). Consequently, the
singular set of F» contains three elementary homeomorphic curves to W7. In the chart ((Ug)l,v =
o1 (x)), the singular set of F3 is defined by the following Equations

(113) w1 = —2a5p11 (23) + x2bi (3) + a1 (3) = 0
where 50 e
ay (,Tg) = 8712(0, 0,1:3) and b1($3) = 8722(07 0, ,Tg) — 2R1 (O, 0, ’U3) + 90/($3)T31 (1'3)

Hence, if A = b3(z3) + 8p11(x3)ai(z3) # 0 then in this chart there are two curves which are defined
as follows Wgz) = {x € (U2)1]z1 = 22 — 1(x3) = 0} and Wéz) = {x € (U2)1]|z1 = 22 — 2(x3) = 0}
where

bi(xs) — (=1)'VA
4P11(£C3) '

di(xs) =
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The third curve is W§2) = {y € (U2)z2|ly1 = y2 = 0}, with o2(y) = v. The eigenvalues of F» along W§2)
are /\gzl) = ¢1(x3)p11(z3) + R1(0,0,23) and )\%) = +/A. The eigenvalues of F, along Wéz) are )\é21) =
¢2(x3)p11(23)R1(0,0,23) and /\§2) = V/A. And the eigenvalues of F along W§2) are /\g) = 2p11(x3)
and )\%) = —p11(x3).

If A =0 and b; # 0 in Equation (II3)) then the curve W§2) has multiplicity equal to 2. Hence, W§2)
is an elementar component if /\521) = ¢1(z3)p11(x3) + R1(0,0,23) # 0. Otherwise, it is enough to make
this change of variables (t1,t2,t3) = (22 — 91(x3), 21,23 which results in the vector field (I12]) being
transformed into the vector field (I06). The proof then proceeds similarly to that of Proposition (&.71).

In an exact similar way, if ¢ is not a constant function or A = b = 0, the vector field (I12)) can
also be transformed into the vector field (I02)) by changing the variables (vy,va, v3) to (t2,t1,%3). So,

we finish the proof of the Proposition.
O

5.3. Proof of Theorem

Proof. Let {m;, M;, W;, F;, E;} be a blow-up sequence such that My = P3 and W; is homeomorphic
to W, with m;(W;) = W,_; for all ¢ > 1. From Theorem [[.2 there exists kg € N such that
mg, (7fFi—1) = 0 for i > ko. Hence, mw,(F;) = 1 and W; is of type III for some index i. From
Propostions £.3] B4, 5.7 and 5.8, we conclude the proof of Theorem Thus, W; is an elementary
component for i > k, for some natural number k, and for almost all points of W;. If follows from [5]
Proposition 2.20] that (F;) = 1 is generically log canonical along W. 0

Example 5.9. (F. Sanz and F. Sancho’s example) Let us consider the holomorphic foliation Fy
defined on Mg = P? described in the affine open set Us = {[¢] € P3, &3 # 0} by the following vector field

0
Xo = 2%8_z1 + (—aziz2 + 2123)8—22 + (=Az1 + 22 — ﬁ2123)8—23,
where z; = ggl , o, € R>g and A € Rsg. Thus, we have that

Sing(Fo) = WoU W U {p1}

WhereW02={§0=§1=0},W11{50253:0}811(1]?12[1202020]. Let m : My — Mg be
the blowup of P along Wy being E; and F; as in the previous example. Thus, the curve Wy is type
ITI. The singular set of F; contains only one curve which is homeomorphic to W but with multiplicity
equal to 2. See Theorem [£.2]

In fact, in the chart ((Uy)z2,2z = 02(v)), with relations z = o2(v) = (v1v2, v2,v3), the foliation Fj is
described by the following vector field

0 0 0

Y, = (’1}2’1)% — v} (—avy + ’Ug))a—vl + vo(—avivy + U1U3)8—v2 +vo(— v1(A + Bug) + 1)8—1)3

It is not difficult to see that the curve defined as Wél) = {v € (U1)z2|v1 = v2 =0} is such a curve. In
the chart ((U1)1,01(u)), the foliation F; is described by the vector field

0
Xl +(U3—ul’lLQ(l—l—O[))—+U1(—)\—ﬂ’03—|—’UJ2)

2
- duy Ous s’

However, the singular set of F; contains the curve ng) = {u € (Up)z2lu1 = usz = 0} which is
homeomorphic to P!. F. Sanz and F. Sancho showed that the vector field X is invariant by a blow-up
centered at ng) which results that Xy cannot be desingularized by blow-ups along such curves. See
[8] for more details.

Let w3 : My — M; be the blowup of M; along Wél) being E5 and F5 the exceptional divisor and

the strict transform foliation, respectively. Thus, the curve Wél) is of type I and mg, (7571) = 1. In
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the chart ((Uz)1,01(w) = v), the foliation F» is described by the vector field

0 0
X2 :wl( — W3 —+ (1 —+ Oé)wlw2)a—w1 + wag (211)3 — (1 + 20[)11)1’(02)6—11}24-
0

w2(1 — wl()\ + ﬁ))ﬁ—wg
Except for ws = 0, the curve Wgz) = {w € (Us2)1|w1 = wy = 0} is an elementary curve of Sing(F2) as

the eigenvalues of A x, are )\521) (w3) = —ws and )\g) (w3) = 2ws. Furthermore, )\521)/)\&21) =-1/2¢

lw

Q4 for almost all w € ng). The exception occurs precisely at the intersection point with the curve
—1 W(l)

T (Wi).

5.4. On the formal first integrals. The following proposition tells us that a foliation on (C2,0) which
cannot be birationally desingularized can admit formal first integrals along a curve of its singular set.

Proposition 5.10. Let F be a germ of holomorphic foliation by curves on (C™,0) whose singular set is
a pure codimension 2 scheme passing through 0. If F has a formal integral first f : (C,0) — (C"~1,0),
then f is convergent. In particular, if F is a foliation on (C3,0) that cannot be birationally resolved,
then F has no formal first integral along a curve in its singular set.

Proof. Since the statement is local, consider a point p € Z = Sing(F), a neighborhood U of p and a
germ of the vector field v inducing F in (U, p). Dualizing the sequence

0— O -5 TU — Nr — 0,

we obtain ,
0— Ny — QL5 0= Ext'(NF,0) ~ Oz — 0.
Cutting this sequence, we obtain the following short exact sequences

0= Nr— QL5 T, —0.

and
0Tz — O=Ext' (Nr,O) ~ Oz — 0.
Dualizing the first sequence, we obtain one of the isomorphisms

ExtP (N5, 0) ~ ExtPT (T, 0)

for all p > 1. Since Z has pure codimension 2, we have that ExtPT1(Z5,0) = 0, for all p > 1. This
shows that N} is locally free, which is equivalent to saying that the foliation is induced by (n — 1)
holomorphic 1-forms. Therefore, the foliation is given by a decomposable (n — 1)-form for all p € Z.
In fact, it is enough to consider the morphism N% ~ Q%=1 — Ol and take the maximal exterior
power of the morphism Nz ~ o8=1) _ Q},. Now, the result follows from the Malgrange Theorem
[16]. Now, suppose that F is a foliation on (C?,0) with a formal integral first f : (C*,0) — (C2,0)
around a point p € Z. Then the convergence of f : (C3,0) — (C2,0) implies, in particular, that F is
the intersection of two codimension-one holomorphic foliations. This contradicts [8, Theorem 1]. g

REFERENCES

[1] P. Baum, R. Bott. On the zeros of meromorphic vector-fields. Essay on Topology and Related Topics, Mémoires
dédiés & Georges de Rham, Springer-Verlag, Berlin, pp. 29-47 (1970).

[2] R. M. Benazic Tome. A resolution theorem for absolutely isolated singularities of holomorphic vector fields. Bol. Soc.

Bras. Mat. (1997) 28: 211.

R. Bott. A residue formula for holomorphic vector fields. J. Differential Geom. 1 (1967), 311-330. MR 38:730.

F. Bracci, T. Suwa. Perturbation of Baum-Bott residues. Asian J. Math., 19(5):871-885, 2015.

P. Cascini and C. Spicer, On the MMP for rank one foliations on threefolds, 2020, larXiv:2012.11433.

C. Camacho, F. Cano, P. Sad. Absolutely isolated singularities of holomorphic vector fields. Invent. Math., 98, 351-369

(1989).

[7] F. Cano. Desingularization Strategies for Three Dimensional Vector Fields. Lecture Notes in Mathematics, vol. 1259.
Springer, Berlin (1987).

[8] F. Cano, C. Roche. Vector fields tangent to foliations and blow-ups. Journal of Singularities, Vol. 9 (2014), 43-49.

[3
4
[5
6


http://arxiv.org/abs/2012.11433

36

(9]
[10]
[11]

[12]

MAURICIO CORREA, GILCIONE NONATO COSTA

M. Corréa Jr, A. Fernandez-Pérez, G. N. Costa, R. Vidal Martins. Foliations by curves with curves as singularities.
Annales de I'Institut Fourier, 2014; 64(4): 1781-1805.

A. Fernandez-Pérez, G. N. Costa. On Foliations by Curves with Singularities of Positive Dimension. J. Dyn. Control
Syst. (2019). https://doi.org/10.1007/s10883-019-09466-1.

A. Fernandez-Pérez, G. N. Costa, R. R. Bazdn. On the Milnor number of non-isolated singularities of holomorphic
foliations and its topological invariance. J. Topol., 16: 176-191 (2023). https://doi.org/10.1112/topo.12281.

G. N. Costa. Holomorphic foliations by curves on P3 with non-isolated singularities. Ann. Fac. Sci. Toulouse, Math.
(6), 15, no. 2 (2006), 297-321.

G. N. Costa. Indices Baum-Bott for curves of singularities. Bull. Braz. Math. Soc., 47(3):883-910, 2016.

P. Griffiths, J. Harris. Principles of Algebraic Geometry. John Wiley & Sons, Inc., 1994.

X. Gomez-Mont. Holomorphic Foliations in Ruled Surfaces. Trans. Amer. Math. Soc.312(1), 179-201.
https://doi.org/10.2307/2001213.

B. Malgrange, Frobenius avec singularites - Le cas general, Inventiones Math. 39 (1977), 67-89

J.-F. Mattei, R. Moussu, Holonomie et intégrales premiéres. Ann. Sci. ENS 13, 469-523 (1980)

M. L. McQuillan, D. Panazzolo. Almost étale resolution of foliations. J. Differential Geom., 95 (2013), no. 2, 279-319.
J. Milnor. Singular points of complex hypersurfaces. Annals of Mathematics Studies, Vol. 61 (Princeton Univ. Press,
Princeton, N.J., 1968).

D. Panazzolo. Resolution of singularities of real-analytic vector fields in dimension three. Acta Math., 197 (2006),
167-289.

F. Sancho de Salas. Milnor number of a vector field along a subscheme: Application in desingularization. Adv. Math.,
153, 299-324 (2000).

A. Seindeberg. Reduction of singularities of the differential equation Ady = Bdx. Amer. J. Math., 248-269, 1968.

1. Porteous. Blowing up Chern Class. Proc. Cambridge Phil. Soc., 56, pp. 118-124 (1960).

] J.C. Rebelo , H. Reis, On resolution of 1-dimensional foliations on 3-manifolds, Russian Mathematical Surveys, 76,

2, (2021), 291-355.
A. Van den Essen, Reduction of singularities of the differential equations Ady = Bdz, Springer Lecture Notes 712,
p-44-59 (1979).

MAURIcIO CORREA, UNIVERSITA DEGLI STUDI DI BARI, VIA E. ORABONA 4, 1-70125, BARI, ITALY
Email address, M. Corréa: mauricio.barros@uniba.it,mauriciomatufmg@gmail.com

GILCIONE NONATO CoSTA, ICEX - UFMG, DEPARTAMENTO DE MATEMATICA, AV. ANTONIO CARLOS 6627, 30123-970

BELO HORIZONTE MG, BRAZIL

Email address: gilcione@mat.ufmg.br



	1. Introduction
	Acknowledgments

	2. Preliminaries
	2.1. Holomorphic foliations with non-isolated singularities
	2.2. Chern classes

	3. Fundamental Lemma of deformation
	3.1. Embedded closed points
	3.2. Proof of Theorem 1.1

	4. Holomorphic foliations on ¶3
	4.1.  Proof of Theorem 1.2

	5.  An application: Seidenberg's Theorem for non-isolated singularities
	5.1. Maximum number of blowups for the desingularization
	5.2. Normal forms for non-isolated singularities
	5.3. Proof of Theorem 1.3 
	5.4. On the formal first integrals 

	References

