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SOBOLEV AND HOLDER ESTIMATES FOR THE 0 EQUATION ON
PSEUDOCONVEX DOMAINS OF FINITE TYPE IN C?

ZIMING SHI

ABSTRACT. We prove a homotopy formula which yields almost optimal estimates in all (positive-
indexed) Sobolev and Hélder-Zygmund spaces for the 9 equation on finite type domains in C?, ex-
tending the earlier results of Fefferman-Kohn (1988), Chang-Nagel-Stein (1992), and Range (1992).
The main novelty of our proof is the construction of holomorphic support functions that admit pre-
cise estimates when the parameter variable lies in a thin shell outside the domain, which generalizes
Range’s method.
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1. INTRODUCTION
The goal of the present paper is the following;:

Theorem 1.1. Let D be a smoothly bounded pseudoconver domain in C? of finite type m. For each
n > 0, there exist linear operators H,', i = 1,2 such that

srl_
(i) H] - H(S(;”’Z.)(D) — H((;’ri’jl)mp(D), for any 1 < p < oo and s > %.

_ PR
(ii) H] : Al Z.)(D) AT (D) for any s > 0.

(0,i—1) \* - _ -
(111) Suppose ¢ € H(sd’,’l)(D) and Op € Hféf’z)(D) (resp. ¢ € Afo,l)(D) and 0p € Ay ) (D)). Then
© = 0H]p+ Hidp
in the sense of distributions. In particular Hip is a solution to the equation ou = ¢ for any

p € Hi\ (D) (or A*(D)) with 9 = 0.

Here we use Hfépi) (D) (i = 1,2) to denote the space of (0,7) forms with H¥P(D) coefficients, and

simﬁarly for Afoﬂ.) (D). Further, H>P(D) is the fractional Sobolev space (see Definition 2.6), and
A*(D) is the Hélder-Zygmund space (see Definition 2.1).
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The study of global existence and regularity of the d-equation on pseudoconvex domains is a
fundamental problem in several complex variables. Since the early 1960s, two parallel schools of
research have developed to solve the @ equation. The first one is by solving the 9-Neumann problem.
On any pseudoconvex domain of €' boundary, one can define the L? canonical solution 8 N,
where A is the operator that solves the -Neumann subelliptic boundary value problem. The
solution &' N  is called the canonical solution since it is the unique solution which is orthogonal to
Ker(0) under the L? inner product. The first global regularity result was obtained by Kohn [[<oh64],
who showed that on a strongly pseudoconvex domain with C'°*° boundary, 8" N is a bounded operator

from H*2(Q) to H5+%’2(Q) for s > —3. Later on in their monograph [GS77], Greiner and Stein

proves the boundedness 8 N : Hféﬁ)(Q) — H* 2P(Q) for s > 0, and 9N : Alo 1y () — ATT2(Q)
for r > 0. Chang [Cha&9] extends the (Sobolev space) result of Greiner-Stein to any (p,q) forms.

The second approach for solving the 0 equation — the one which we will follow in this paper — is
to look for solutions operators in the form of integral formula, in a way that generalize the Cauchy-
Green operator that solves the one dimensional @ equation to higher dimensions. The method of
integral formula has several advantages. It is more geometric in nature; requires less boundary
regularity; and gives L™ estimate that is not accessible by the d-Neumann method. The theory was
pioneered by Grauert and Lieb, and independently, by Henkin, and has been developed extensively
on many classes of pseudoconvex domains. We mention a few notable works in this direction.

On a strictly pseudoconvex domain with C? boundary, Henkin and Ramirez [R171] constructed

a solution operator that is bounded from C°(Q2) to C%(ﬁ) Assuming the boundary is C*+2,
for positive integers k, Siu [Siu74] and Lieb-Range [LLR80] constructed solution operators that is

bounded from C*(Q) to Ck+%(ﬁ). More recently, Gong [Gonl9] showed that under the minimal

smoothness of C? boundary, there exists a solution operator that is bounded from A" (Q) to A2 (Q),
for any r > 1. In [SY24b], the authors constructed a solution operator which is bounded from

H?(Q) — Hs"'%’p(ﬁ) for any s € R and 1 < p < oo, under the assumption that bQ € C*°. For
convex domains of finite type, sharp estimates have been obtained by [DFFs99], [Ale06] and others.
See also the recent work by Yao [Yao24].

Pseudoconvex domains of finite type in C? was introduced by Kohn [Koh72], as a natural gen-
eralization of strict pseudoconvexity. Kohn showed that if the domain has type m, then the
O-Neumann problem is subelliptic of order 1/m, from which the boundedness of the operator

N : H2 = H w2 follows. Using microlocal analysis, Fefferman and Kohn [FIKX&8| proved
the boundedness 8 N : C5(Q) — C5T/™(Q) for any s > 0 such that s + 1/m is not an integer,
and they also proved the sup norm estimate & A : L®(Q) — L>(Q). Soon after, Chang-Nagel-
Stein [('NS92] used method similar to the ones in [GS77] to show that 8 A is bounded from A%(£2)

to At for any s > (0. They also proved for any smooth complex tangential vector fields L
the boundedness of the operator Lid N, T10 N : WhP(Q) — WkP(Q) for any 1 < p < oo and
non-negative integer k.

The method of integral formula has also played an important part in the study of 0 equation on
pseudoconvex domains of finite type in C2. As in the case of strictly pseudoconvex, the success of
this method depends largely on solving a holomorphic division problem

hl(z7 <)(z1 - Cl) + h2(z7C)(Z2 - 4'2) = @(Z,C),

where A is holomorphic in z € €2, and the function ® — known as the holomorphic support function
— is non-vanishing for z € Q and ¢ € bQ2. Kohn and Nirenberg [[KXN73] constructed an example
— a finite type pseudoconvex domain on which such function ® does not exist while vanishing at
z = ¢ € b§2. Thus in general one cannot expect to obtain hy, hy that are bounded uniformly
for (z,¢) € (2,b9). Nevertheless, on a class of domains in C? which include the Kohn-Nirenberg
example, Fornaess [Fs86] proved the existence of hy,hy with ® = 1 and h;, @ = 1,2 satisfying a
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certain weighted integral estimate, which then allows him to prove the sup-norm estimate for the 0
equation on such domains. Belanger [3¢193] then refined Fornaess’ method and obtained some (far
from optimal) Holder estimates for d on the same class of domains.

In [Ran90], Range constructed for each n > 0 an integral solution operator 7" that is bounded

from L>(Q) to C %_"(ﬁ) for any finite type domain 2 in C2. The estimate is not sharp as in the
work of [FK88] and [CNS92], but Range’s proof is much simpler and geometric; it is based on the
earlier work of Catlin [Cat89] that shows locally one can push out the domain near a boundary point
and still remain pseudoconvex. To construct the holomorphic functions h, Range uses Skoda’s L?
division theorem and obtained the following weighted L? estimate on the pushed out domain D,
(for fixed p € bD):

n 2
/ M dist(z, D,)21dV (2) < Cpy, 1> 0.
Dy |z = pl

The domain D, is pseudoconvex and touches bD only at p. In Range’s proof, the functions h;(z, p)
is defined only for p € bD. For our proof of Theorem 1.1, we construct the functions h;(z, q) which
are defined for ¢ in a thin shell outside the domain, i.e. there exists a small neighborhood U of D
such that for each ¢ € U\ D, there is a pseudoconvex domain D, (q) with D € D.(q), q ¢ D.(q), and
whose boundary is as far away from bD as possible, as measured by certain non-isotropic polydisks
with centers in D. The polydisks we use are from [Cat89] with some slight modification. Roughly
speaking, the size of these polydisks are determined by the distance of its center and that of ¢ to
bD. Using Cauchy integral estimates we can then estimate all z derivatives of the functions h; for
z€Dand gelU\ D.

There is an additional problem of how h;(-,q) depend on ¢. This problem arises since we need
to integrate in the second variable. Here as in Range, we replace h(z,q) with a smooth function
h(z, (), by restricting z in an interior domain D! € D away from the boundary bD, and restricting
¢ to a small ball centered at ¢ and whose radius shrinks to 0 as e. In our case we need to control
this radius, which can be estimated using the sup norm of h;(-,q) on D.. Consequently we can show
that the radius is small compared to r(q) 4+ €. This allows us to estimate the error arising from the
switching of ¢ to ¢, and in the end we obtain a modified h;(z,{) which is holomorphic in z € D!
and smooth in ¢ in U \ D.

We can now solve the d equation on each approximating domain D’, using the homotopy operator
constructed in [Gonl9] and [SY21]. The resulting estimate does not depend on € as € — 0, so we
obtain a solution on the original domain D by taking limits in suitable function spaces. We mention
two key auxiliary results which are used in the estimate: the Hardy-Littlewood lemma for Sobolev
and Holder-Zygmund space (Proposition 2.24) which reduces the problem to estimating a weighted
integral norm; and the commutator estimate Proposition 2.17 proved in [SY24b] which allows us to
harness of the power of the commutator term in the integral operator and essentially dispense with
the need for integration by parts.

As in Range [Ran90], the arbitrary small loss of regularity comes from the integrability condition
in Skoda’s theorem, and it seems unlikely that the current method is inadequate to remove this loss.
The following question remains open.

Question 1.2. Let D be a pseudoconvex domain of finite type m in C2. Does there exist an integral
— 1

solution operator to the d equation that is bounded from H*P(D) to H*"m?(D) for any 1 < p < 0o

and s > %, and A*(D) to As+%(ﬁ) for any s > 07

2. FUNCTION SPACES

In this section, we recall some basic results for the Sobolev space H*P(2) and the Holder-Zygmund

space A*(92).
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Definition 2.1 (Hélder-Zygmund space on RY). The Holder-Zygmund space on R, denoted by
A3(RY) for s € RT is defined as follows

e For 0 < s < 1, A*(RY) consists of all f € CO(RY) such that
[f(x) = f(y)]

[flas@y :==sup|f|+ sup “——F—=2 <oo
RN ryeRN oty [T =Yl

e AY(RYN) consists of all f € CO(RY) such that

+ fy) — 2f(Zty
[ fllar@yy =sup|f|+  sup (@) + fly) = 2f(557)]
R z,yERN, xty |z —yl

< 0.

e For s > 1 recursively, A*(R"Y) consists of all f € A*"1(RY) such that Vf € A*~1(RY). We

define | £]|psqryy = [l £l a1y + 0y 1D5F [l as—1my.
e We define C®(RY) := (,., A*(RY) to be the space of bounded smooth functions.

Definition 2.2 (Hélder-Zygmund space on domains). Let Q@ C RY be a bounded Lipschitz domain.
The Holder-Zygmund space on {2, denoted by A3(Q) for s > 0, is defined as A*(Q2) = {f : I f €
AS(RN) s.t. fla = f} equipped with the norm:
[flaswy == _  inf _ |f|ps@n).
fEAs(RN), flo=f

Remark 2.3. There is an intrinsic equivalent definition — often called the (classical) Besov space —
for the space A®°(2), namely, one which requires only that f is defined in €2, rather than assuming
f is the restriction of a function defined on the whole space. We will not use this definition in this
paper. The interested reader can refer to [Tri06, Def. 1.120 and Thm 1.122] or [Gon24, Section 5].

Next we turn to the Sobolev spaces. We denote by .#(R") the space of Schwartz functions, and
by .#/(RV) the space of tempered distributions. For g € .7 (R"), we set the Fourier transform
9(&) = [pn g(x)e~?™@¢dx, and the definition extends naturally to tempered distributions.

Definition 2.4. We let ./(RY) denote the space' of all infinite order moment vanishing Schwartz
functions. That is, all f € .Z(RY) such that [z%f(z)dz = 0 for all @ € NV, or equivalently, all

f e . ZRN) such that (&) = O(|¢|*°) as € — 0.

Definition 2.5 (Sobolev space on RY). Let s € R, 1 < p < co. We define H*P(RY) to be the
fractional Sobolev space consisting of all (complex-valued) tempered distribution f € .#/(R) such
that (I — A)2f € LP(RYN), and equipped with norm

HfHHs»p(RN) = || - A)%f”Ll’(RN)'
Here (I — A)2 is the Bessel potential operator given by
(2.1) (I—A)2f = ((1+47°1E[*) f(€).

As in the case for the Holder-Zygmund space, we define Sobolev space on domains as restrictions
of the Sobolev space on RY.

Definition 2.6 (Sobolev space on domains). Let @ € R be an open set.
(i) Define .7/(Q) :={fla : f € &/ (RN)}. o
(i) For s € R and 1 < p < oo, define H*P(Q) := {flo : f € H*P(RY)} with norm

I fll s (qy := _inf HfHHS»P(RN)'
fla=f

1In some literature like [17i83, Section 5.1.2], the notation is Z(R™).
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(iii) For s € R and 1 < p < oo, define Hy?(Q2) to be the subspace of H*P(R™) which is the
completion of C§°(§2) under the norm || - || grs.p vy

Remark 2.7. When s = k is a non-negative integer, the space H*P(R") is the same as W*P(R"),
which consists of complex-valued functions whose derivatives up to order k is in LP(R"™).

For computation it is often convenient to use Littlewood-Paley characterizations of the above
spaces. This leads to the Triebel-Lizorkin space and the Besov space, which generalize Sobolev
space and Hélder-Zygmund space, respectively. decomposition.

Definition 2.8. A classical dyadic resolution is a sequence A = (\;)52, of Schwartz functions on
R™, denoted by A € €, such that the Fourier transforms Xj (&) = [an Aj()e 2™ dy satisfies

e \o € CZ{[¢] < 2}, Aolge<1y = 1-

o \i(€) = XN(277€) — Xg(27U7¢) for j > 1 and € € R™.

For any f € .#/(R™), we have the decomposition f = Z;‘;O(Xjf)v = E]O'io Aj * f and both sums
converge as tempered distribution. We can define the Besov and Triebel-Lizorkin spaces using such

A
A pair (p,q) is said to be admissible for the function class %, if 0 < p,q < oo, and admissible

for the function class 75, if 0 <p < 00,0 < g<ooorp=gqg=o00
Definition 2.9. Let ()‘j)j:O € €, s € R and let (p, ¢) be admissible. We define the following norms:
1£055,00 = 127 % DZollmen = 127 * 30y | 1 -

The Triebel-Lizorkin space #5, (R") is the set of all f € .#/(R") such that 11|75, (n) < o0 One can
show that the spaces do not depend on the choice of A € €. Therefore we Wlll henceforth use the
norm || - Hgs L (Rn) = II - ||9‘s ,( for an (implicitly chosen) A € €.

Let Q@ C R™ be an arbitrary open subset. We define 77 (Q2) := { flo:feZ Fpg(R™)} as subspaces
of distributions in €2, with norms

(2.2) 175, = inf{\\f“ygq(w) : flo = f}

Notice that the above definition is not intrinsic to the domain since it requires the distribution
to have an extension on the whole space. To define an intrinsic norm we need to impose certain
conditions on the domain so it admits extension operators bounded on the function classes. We will
use the Lipschitz boundary condition and Rychkov (universal) extension operator.

We now define the notion of special and bounded Lipschitz domains.

Definition 2.10. A special Lipschitz domain is an open set w C RY of the form w = {(2/,zn) :
xy > p(a’)} with ||[Vpllree < L. A bounded Lipschitz domain is a bounded open set © whose
boundary is locally the graph of some Lipschitz function. In other words, b2 = U,]/\/‘Izl U,, where
for each 1 < v < M, there exists an invertible linear transformation ®, : RY — R and a special
Lipschitz domain w, such that
U,NQ=U,N%,(w,).
Fix any such covering {U,}, we define the Lipschitz norm of Q with respect to U,, denoted as
Lipy;, (©2), to be sup,, [[D®, ||co.

Definition 2.11. Let w C R be a special Lipschitz domain of the form w = {(2/,zx) : zn > g(2)}
for some g : R¥=1 — R such that || Vpl||p=~ < L.
The Rychkov’s universal extension operator E = E,, for w is given as follows:

(2.3) €f—2% ¢;xf), fe€S(w).
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Here (¢;)52 and (¢;)32, are families of Schwartz functions that satisfy the following properties:

(2.4) Scaling condition: ¢j(z) = 20~VN ¢ (277 1z) and ¢;(x) = 20~V (277 12) for j > 2.

(2.5) Moment condition: [¢o = [1po =1, [a%¢o(z)dx = [ 2%¢o(z)dz = 0 for all multi-indices
lof >0, and [ 2%¢1(z)dx = [ 2%¢1(z)dz = 0 for all |a| > 0.

. pprozimate identity: —0®i =) i_qV;i*@; = 0g 1s the Direc delta measure.

2.6) A d ;’O(]qﬁ] 5001/1] ¢j = dp is the Direc del

(2.7) Support condition: ¢;,v; are all supported in the negative cone —KF := {(2/,zy) : zn <
—L|2'|}.

We call (¢,7) a KE-Littlewood-Paley pair.

Note that condition ((2.7)) implies that there exists some ¢y > 0 such that supp ¢o C {xn < —cf}.
By the Scaling condition ((2.4)), we have

(2.8) supp¢; C {zn < —c0277}, o = 2.

Since a bounded Lipschitz domain €2 is locally a special Lipschitz domain, we can apply a partition
of unity and patch together the extension operators for the special Lipschitz domains to obtain an
Rychkov extension operator g for 2. We omit the exact expression for £g (see for example [SY?21,
(3.3)]) and we simply note that £ have the same properties as &,.

Given a family ¢ = (¢;)32 satisfying properties (2.4) - (2.7), we can define the following intrinsic
norm:

1z = 122 % F)olloqeny = [ 12753 5 Nl

For a fixed ¢, we define 9757’3"(@ as the space of distributions f on w with finite norm || f|| ;s
7"pq

Lp(RM)

, (6)
By using partition of unity, we can similarly define the space %" (Q) for any bounded Lipschitz
domain §2.

Rychkov in the paper [Ryc99] proves the following remarkable extension theorem.

Proposition 2.12 (Rychkov). Let w be a special Lipschitz domain. For any s € R, the operator
Euw is Fpy ' (w) — ff;q(RN) bounded, provided that either p < oo or p = q = oo. Using partition of
unity, same properties hold for Eq for any bounded Lipschitz domain €.

Corollary 2.13. Let Q be a bounded Lipschitz domain in RY and let (p,q) be a pair such that

either p < oo or p = q = oo. Then the intrinsic norm || - Hys,m(ﬂ) is equivalent to the extrinsic
) Pq
norm || - || zs ) (see Definition (2.2)), and therefore Fpg" () = F5,(2).

Both the Sobolev space and the Holder-Zygmund space are special cases of the Triebel-Lizorkin
spaces, as shown by the following result.

Proposition 2.14. Let Q be either RY or a bounded Lipschitz domain. Let ¢ = (¢5)520 be any
Littlewood-Paley family satisfying properties (2.4) - (2.7).

(i) For all1 <p < oo and s € R, H%P(Q) = .Z5,(Q) = Z:5"(¢).

] p2 p2
(it) For all s >0, A*(Q) = .75 _(Q) = F22(9).

Proof. For the statement H*P(RY) = 9‘;72(}1%]\’) for s € R and 1 < p < oo, the proof is in [Tri83,
p. 88]. For A*(RY) = 75 (RY), s > 0, the proof can be found in [17i83, p. 90]. For bounded

Lipschitz domain 2, the spaces H*P(£2), A*(€2) .7, (2) are defined as the restrictions of the corre-

sponding spaces on R", so the statements follow from that of R™. The assertions 952(9) = F5n

. - I p2
and Z5 () = Foo(¢) follow immediately from Corollary 2.13. O

As a consequence to Proposition 2.12 and Proposition 2.14, we have the following extension result
for the Sobolev and Hélder-Zygmund space.
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Corollary 2.15. Let Q be a bounded Lipschitz domain in R . Then the Rychkov extension operator
Eq defined on Q) is bounded between the following spaces:

(i) Eq : HSP(Q) — H5P(RN), for any s €R and 1 < p < oc.
(i) Eq = A*(Q) — AS(RYN), for any s > 0.

Proposition 2.16 (Equivalence of norms). Let Q be a bounded Lipschitz domain in RY. Let
0<p<oo,0<qg< o0 orp=q=o00. Then for any non-negative integer k, the following norms
are equivalent.

Hf“ﬂ;q(fl) ~ Z ||Daf||y;;k(g)-

la| <k

Proof. This is [SY24a, Thm 1.1]. O
The following commutator estimate plays a crucial role in our proof.

Proposition 2.17. [SY21, Proposition 5.8] Let Q C RY be a bounded Lipschitz domain, and let
E = &g be the Rychkov extension operator on Q. Then for 1 < p < oo and s > 0, the following
estimates hold.

167D, E)fll oy < Copllflmsni), VF € HP(Q);
I6'=*[D, E]fHLoo ) S Csllfllas),  Vf e A ().

We collect a few more useful facts about the spaces:

Definition 2.18. Let Xy, X; be two Banach spaces that belong to a larger ambient space. For
0 < 6 < 1. The complex interpolation space [X07X1]9 is defined to be the space consisting of all
f(0) € Xo+ X1, where f: {z€C:0<Rez <1} - Xy + X; is a continuous map that is analytic
in the interior, such that f(it) € X and f(1 +it) € X; for all ¢ € R. The norm is given by

l[ullxo,x100 = il}f{sup(llf(it)HXo HIfA+t)x,) : u=F(0)}
teR

Proposition 2.19. Let Q) be a bounded Lipschitz domain in R™. Let 1 < p < oo and sg,s1 € R.
Set s = (1 —6)sg + Os1, for 0 < 0 < 1. Then
[107(©), T ()], = H7(©);
[A 0(€), Asl(Q)] = A*°(Q).
The reader can find the proof for the first statement in [Tri06, p. 70, Corollary 1.111], and the

proof of the second statement in [BL76, p. 152, Theorem 6.4.5.]. Notice that in the reference By,
denotes the Besov space and we use the identification A%(Q2) = F3, (Q) = B3, ().

Proposition 2.20 (Complex interpolation theorem). Let Xy, X1, Yy, Y1 be Banach spaces that be-
long to some larger ambient spaces. Suppose T : Xog + X1 — Yy + Y1 is a linear operator such that
for each i = 0,1, || Tully, < Collullx, for all w € X;. Then T : [Xo,X1]g — [Yo,Y1]g is bounded
linear with || Tul|[vy,v,), < 06_0019||u||[X07X1]9 for all u € [Xo, X1]p.

Proof. See 11195, Theorem 1.9.3(a)] O

Lemma 2.21. Let Ry € Z1 and letw = {xny < g(z’)} be a special Lipschitz domain with ||Vg| e <
L —27Fo_ Then for every j € N and a € R,

KN {ay < =279} + {zn —g(2') <a} C {z e RY tay — g(2') < a—bL 27 R0 7},
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Proof. Let u € {xny — g(2') < a} and v € ~K¥ N {zy < —b277}, for a € R and b > 0. Then
un — g(u') < a and vy < —max(L|v'|,b277). Using sup |Vp| < L — 2710 | we get

uy +on — g(u' +v') <un —g(u') + oy + [g(u') — g’ + )]
<uy —g') + vy + (L —2750) ||
<a-+bL 27 oyy <q—bL 2o O
Lemma 2.22. Let 1 <p < oo and s > 0. Then for any f € .Z, (]RN) with f =0 on Q,
I fllzr,5-1) < Cﬂ,t”f”ﬁ?gm(RN)'
The constant Cq; depends only on t and the Lipschitz norm of €.

Proof. The reader can find a proof in [Yao24, Prop. 5.3]. We include a slightly modified version
here for the reader’s convenience. We will prove for the case €2 is a special Lipschitz domain and

the general case follows by standard partition of unity argument. Let w = {zny < g(z’)}, where

2’ = (z1,...,2N-1). Assume that |g[poc@n-1y < L. Then

w+ {zn > L|2'|} Cw.

We partition €2 into dyadic strips.

w= U Sy = U { 2 TN) —23 % < gy —g(2') < —2_%_’“}

keZ kEZ

Since K, C w, we can show that

(2")| < dist(z,bw) < |zn — g(z)].

1
V1+ L2 = =g
Denote ¢y, := (1 + Lz)_%. Then
(2.9) 27Tk < dist(z, bw) < 2%_'“, for z € Sk.

Let f satisfy the hypothesis of lemma, and in particular supp f € w. By (2.7) and (2.8), supp ¢; C
~KEN{xy < —p277}. In view of Lemma 2.21, there exists Ry > 0 such that

supp ¢; +w C [—]KL N{zy < —co277} +{zy —g(2') <0} C {z € RN : xy < —coL~ 127 o7},
By (2.6) we have f = E]O'io ¢ * f. Observe that
supp(¢; * f) = supp¢; +supp f C 277 +w C {z e RN 1oy < —¢gL™127F077}

which is disjoint from S, if —coL~127Fo—J < —2%_]“, or j < k— Ry — % + logy(coL™1). Let
Ry = [Ro — 3 +logy(coL™1)]. Then Sy Nsupp(¢; * f) = 0 if j < k — Ry. Consequently we have
flz)= Zj:k_Rl ¢j * f for x € Si. Using (2.9), we have

o0
tpo(k
by = 2 M5ty <ZcL”2 D fIE
k=0

- CztpiQ(H;)tpH f: f,‘
k=0 j

J=k—Ry

_ cztpi H i 2(k+%—j)t2jt’¢j N

k=0 j=k—Ri

LP(Sy)




Let | = j — k, and the above expression is bounded by

S0 DRI ML 99 SE T [ETI TR 9N

k=01=—R;

< e, kz H sy 29t % f’”ip(w) = Cutl fllz:_(9)-
=0

Here we use the convention ¢; * f = 0 for j < —1. Notice that the constant C,; blows up as

L,t — oo. O
Let szq(RN ) be the norm closure of C°(RY) in %5 (RY) and let j‘pq(ﬁ) be the subspace of
,/pq(}RN) defined by ,/pq {f € Jpq(]RN) flge = 0}_

Propositiono2.23. Let Q be a bounded Lipschitz domain or RN. Then for s € R and 1 < p < oo,
T Q) = [Z5..(Q)] .

pl p'oo

Proof. By [1Tri20, Remark 1.5], we have f_s(RN) = 7 RYY for all s € R, 1 < p < oo, and

p = . Using the same argument as in [T1195, Theorem 4.3.2/1], we have ,/pq(ﬁ) is the norm
Closure of C’é’o(Q) in 7, (RY ) It follows that
[Foe@)]' = Z ®Y)/{ S (£,0) =0, ¥ 6 € Foe(RY), g = 0}
= SRN AT (1. 6) =0, weC“(Q)}
:mpl(RN)/{f:f|Q:0}: pl( )- O

Proposition 2.24. Let 1 <p < oo, k € N and s € R with s < k. Let Q) be a bounded Lipschitz
domain and denote by §(x) the distance from x to the boundary bSQ.

(i) There exists a constant C' such that for all u € Wfllf)’f(Q) with |68~ D*u|| o) < oo, the
following inequality holds

(2.10) [ullfer() < C > 167 DPul 1ogqy
|B|<k

(ii) There exists a constant C' such that for all u € VVIIZ’f(Q) with Hék_SDkuHLp(Q) < 00, the
following inequality holds

(2.11) [ullasiy < C Y 167" DPul| 1o gy
1BI<k
Proof. (i) See [SY24b, Prop. A.2].
ii) By Proposition 2.16 we have the following equivalence of norms:
y g
lulo,s ~ Z |D%|qs—k, VseR, kel
la|<k
It is clear that (2.11) is an immediate consequence of the following statement: for all u € L2 (£2),
lulo,—¢ < Cll6"ul| (), > 0.
By Proposition 2.23, we have A7/(Q) = Z' (Q) = [jf’l(ﬁ)],, where ﬂf’l(Q) denotes the norm

00,00

closure of C2°(2) in ﬂf’l(RN). By definition we see that

/sz * f(@)de =Y 2"\ fllo) = I1f 70

LY(Q) jeN jEN

1fll5: (@ = |sup27|x; = ]
’ jEN
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Thus 7 ,(Q) € Z{ (Q) and F{,(Q) € FL (Q). It is clear that F] (Q) C {f € F{ (R"):
f=0on ﬁc}. Now, by Lemma 2.22, we have

{feZl RY): f=0mQ} cL'(Q,67"), t>0.

In summary we have 9{71(9) C LY(9Q,67"), and | f|p1(,5-1) < C’|f|371t'1(9) for any f € 3-5{71(&'2) It
follows that

L=(Q,6) = [LY(Q,67Y)]) ¢ [F11(Q)] = A7{(Q).
and [ulg,—¢ < Clu|pe(q,et) for all u. The proof is complete. O

3. CONSTRUCTION OF THE HOLOMORPHIC SUPPORT FUNCTION

We modify Range’s construction. Let D be a bounded pseudoconvex domain with C'*° boundary
in C? of finite type m. Let r be the defining function of D such that D = {z € U : r(z) < 0}. Fix
po € bD and a small neighborhood Uy of py. For each p € Uy, we introduce a special holomorphic
coordinate system ¢, : C? — C? as in Catlin. The map ¢p is constructed as follows. Assume

g—;(p) # 0. We define ol - C(l) — z by
Cl == Zl _pl
or or
G =25 )(z1 — 1) + 25 (0)(2 — 1)

Denote p()(¢) =0 ®1(¢). Then pM(0) = r(p), and
P (C) = r(p) + Re o+ O(I¢).
In general, suppose that for 2 <[ < m, we have p(l_l) =rod®Wo...o0-1) where
P =r() +Rews + Y aju(p)wiw) + Re(2bi(p)w}) + O(lwi | + |wal|w]).
j+k<i—1
g k=1

We then define ® : ¢ — w by

G=wi, G=w+ 2bz(p)wl1
So then p(¢) = ro®W ... 0 WV (¢) takes the form

pQ) =r(p) + ReGa+ 3 azu(p)CITh + 00 +1¢IIC)).

k<l
Jk2>1
Let ¢, = ®1) ... 0 &™), Then p, :=r o ¢, — r(p) takes the form
(3.1) pp(Q) =ReGa+ Y ajr(®)CICh +O(IG™ " + |GIIC)).
Jk>1
j+k<m

pp is the defining function of the domain Q, = ¢, (D). The coefficients a;(p) are linear combina-
tions of products of derivatives of r at p up to order m and depend smoothly on p € Up.
Forl=2,...,mand § > 0, set

Ai(q) = max{|a;k(q)| : j +k =1},

T<q,a>=mm{<%@>% :2gz§m}.

and
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By the assumption that py € bD is of finite type m, we know that at least one of the functions
a;x(po) is non-zero (otherwise the curve t — (¢, (t),0) has order of tangency with bD greater than
m at pg.) Hence by continuity and shrinking Up, we can assume that the same function a;x(q) # 0
for all ¢ € Uy, and in particular A;(q) > 0 for some 2 < < m. It follows that

(3.2) 62 $7(4,8) S 9%, g€l
The definition of 7(g, d) also implies that if & < §”, then
(3.3) (6/6")27(q,8") < 7(q,8") < (5/8")m (¢, 8").

For 6 > 0 we define

(3.4) Js(p,¢) = |07 + Gl + ZAk ’Cl\zk

k=2

For ¢ > 0 and v > 0, we define the generalized “nonisotropic” polydisk P(S((,ly)(C’ ) centered at ¢’ by

P ={¢ceC® ]G — Gl <alJs(p.C') +7), [ = Cil < T(p.ads(p,¢)) +av}.

Lemma 3.1. Let ¢ € {|¢| < a} \ Q, be such that dist(C,Q,) ~ |C|. Suppose that there exists § > 0
such that ¢ € S5 = {p€ = 0}, where e < C(p,m). Then § ~|C|.

Proof. Since dist(C,2,) = ||, we can assume that for some Ao, A1 > 0, p(¢) € (Mo|¢], Ai[¢]). Since
¢ € S5, we have p(¢) + eH  ; <(¢) = 0. By [Cat89, Prop. 4.1.] there exist constants ¢, Co > 0 such

that coJ5(p, () < —Hp;(é) < CoJs(p, ¢). Hence p(C) € (coeJ5(p, 5),00&]5(]?, ¢)). This implies that

coeJ5(p, ) < MICl,  Mol¢| < CoeJ;(p, ().

Since 6 < J5(p, ¢), the first inequality above shows that 6 < (cpe)"*A1|¢]. On the other hand, by
the definition of Js, there exists C),, such that J5(p, ) < 3+C,,|Cl, so the second inequality shows
that \o|C| < Coe(d + CpplC)). I e < , then |¢| < C, 10 O

2CC

Lemma 3.2. There exist a sequence of points {(;} — 0, and constant ¢y, Cy such that dist((;, b€p) ~
1¢51, 0277 < |p(¢)] < Co27U™Y | and p(¢;) + eH 5,(¢j) =0, with §; = 279, The constant co, Co
depend only on p, p and €.

Proof. Denote p5(¢) = p(¢) +eHy 5(¢). Take ¢ to be of the form (x1, y1,z2,y2) = (0,0, 22,0). Since

Vp(0) = g—x’;(O) =1, we have dist((, ) & 2 if z9 sufficiently small. There exist some Ao, Ay > 0

such that p(¢) € (Aox2, A\1x2). By [Cat89, Prop. 4.1.], there exist 0 < ¢ < C such that —CJs(p, () <

H, 5(¢) < —cJs5(p,¢). We seek ¢’ in the form ¢’ = (0,0, 5, 0) such that p({") +eHp 5(¢") > 0. Since
Hy5(¢') > —CJs(p,¢) = —C(62 + (#h)})7 > —C(0 + ap),

it suffices to find ¢’ with p({') —eC'(6 + a%) = 2z, — eC(d + x,) > 0, or equivalently,

, eC
0.
T2 > 1—¢eC

On the other hand, we seek ¢” in the form (0,0, 27%,0) such that p(¢") + eH, 5(¢") < 0. Since

Hy5(C") < —cds(p,¢") = —c(0® + (15))F < —C(6 +25), ¢ =¢/V?2,
it suffices to find ¢” with p(¢") —ec/ (6 + 2f) = 2l — e (0 + ;) < 0, or equivalently,

ec

0.
1—ed

Ty <
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To summarize, we choose ¢ = (0,0, z5,0) and ¢ = (0,0, 2%,0) such that

4 C
¢"] = af < T=—6 < T—==3 <ab = (']

For example, we can choose xf = % -0 and x5 = 275 505 Since p5(¢) is a continuous function

in ¢, there exists a, € (% 1€Cec 9,27 505) such that ,05((0,0,& ,0)) = 0. We now set § = §; =277,

and let ¢; = (0,0,a},0) be such that P35, ((0, O,a],O)) = 0. In other words p((;) + eHp5,(¢j) = 0

Setting ¢y = ;1“66, and Cp = %, we then have |(j| = a} € (c0277,Cp27U=D). Since p(¢j) ~

dist(¢j, Q) = |¢;], by adjusting the constants co, Co we get p(¢;) € (co277,Cp2~0~D). O

Lemma 3.3. There exists a constant a > 0 (independent of p,(’,0), such for (' € Q, N{|¢| < a}
and ¢ € Pg?((’), the following estimates hold

J5(p,¢) < Cinp(J5(p, () + av);
J6(p7 C/) < Om,p(J(S(p, C) + (1’7).

Proof. For simplicity we write Js5(¢") = Js(p, (') and 7/ = 7(p, aJs(p,¢’)). The condition ¢ € P(;(Z)(C’)
implies that

(3.5) 1G] = 1G]] < a(Js(¢) +7)s |G = ¢l <77 +ay
Thus for ¢ € P(S(:fy)(g’ ), we have
J5Q) = 8" + el + - [Anp)]

k=2

(3.6) m
< [0 416 + (ad5())* + (@) + D Ak (I + ()% + (a9)*)]
k=2

By definition

(3.7) ™ =71(p,ats(") < (ajigf);)

Plugging the above into (3.6) and using the fact that (av)%* < (a7)? (a,y<1), we get

1
®
) for2 <k <m.

J3C) < G |8 + 1G5 + (aT5(¢)* + (a7) +Z A1t

< O o ([J5() + (a7)?).

For the other direction, we have

[Js(¢)])? = 6%+ |¢h? +ZA )¢

k=2

<Ch [52 Gl + (ads(C)? + (an)? + ZAk ( G+ () + (a’Y)%)]

= Conp ([55(Q] + (ad5(¢)* + (a9)?)
Taking a < %, we get [J5(C/)]2 < C,%,p([Jg(C)F + (a’y)2>. Taking square root we are done. O

Proposition 3.4. There are positive constants ag and ¢, and for each p € UyNbD, there is a family

of pseudoconver domains {Qp}0<5<5 with the following properties:
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(i) 0 € bSdy, where Qy := int [ﬂ0<5<5OQg]
(i) {C €Qp:0<[¢] <} CQyC
(iii) For ¢’ € Q, with |¢'| < ¢ one has
P () € 9,
The constant ag depends only on p not is independent of 6 and ¢'.
Proof. For simplicity we will write Js5(p, () as Js(¢). Part (i) and (ii) are the same as in [Ran90,

Prop. 2.4, (i),(ii)], and we shall include the details here for the reader’s convenience. For small s
and 6 > 0, define

Wis(p) = {¢ € C*: [¢| < cand |p(¢)] < sJ5(¢)}

Catlin (see the proof of [Cat89, Prop. 4.2]) shows that ¢, s, g9 and dy can be chosen so that for all
0<e<eg, 0<d <0y, the set

S5 ={¢ € Wis(p) : p5(¢) =0}, p5(¢) := p(C) + eHp,s(C)

is a smooth pseudoconvex hypersurface (from the side p§ < 0), and that the constants can be chosen
independently of p € Uy NbD. We now fix g9 = g¢(p) which is independent of 4. It follows that

9 = {I¢| <e:p(¢) <0}U{C € Wis(p) : p5°(¢) < 0}

is a pseudoconvex domain which satisfies
QN {l¢l < e} ) C (2N {IC] < ) UWes(p).

Define
Qr=int [] @
0<6<dg
Then € is pseudoconvex. Since p§°(0) = p(0) + eoHp5(0) ~ —J5(p,0) = —0d, it follows that

dist(0, Ss) < ¢ and thus 0 € bS2y;, which proves (i).
Next we prove (ii). Suppose ¢ € €, and 0 < || < ¢. Then p(¢) < 0.

(NI

p3(Q) = p() + 20 Hys(C) < —20ed5(€) < —eso(IGi + D [ARB)IC*) 7.
k=2

For fixed ¢ # 0, the expression on the right-hand side is a negative constant independent of §. Also
it is clear that ¢ € W 5(p) since p(¢) < 0 < ¢¢ < sJ5(¢) uniformly for all . Hence ¢ € €27, This
proves (ii).

We now prove (iii). First, we show that for ¢’ € Q, N {|¢] < ¢}, we have

(3.8) 10(0) — p(C)] < Cpay ™ J5(C"), V¢ € PE(C),
where ag > 0 is some number to be determined. Denote
Ry(p) = {C €C?: |G1] < 7(p,b), |¢o| < b},
We observe that ¢ € Rj () (p). Indeed, we have (2| < J5(¢) and for some 2 < ki < m,

1

o ki \ B
- (25)" - (4255

By [Cat&9, Prop. 1.2], we have

-1
[Dip()] S b[(C )], m € Ru(C).
Apply the above estimate with [ = 1 and b = Js(n) to get

(3.9) ID1p(n)| S Js(m)[7(p, Js()] 1, 0 € 6L (Uo).
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In particular the above holds for n € Pg‘?)(g’). We now compare CJs(n) and CJs(¢') for n €
Pé(‘gO)(g’). By Lemma 3.3 we have

Js(1) < Cnp(J5(¢') 4+ a0d) < Gy, ,J5(C);
Js(n) = (CrLJs5(¢) = aod) > empds(C),

where we chose ag < (2Cy,,)"!. Hence

-1 -1 a
DL < Connp s () [7(p, T ()] ™ < Crnp5(C) [7(0, T5(C)] ™ m€ P,
By the mean value theorem and (3.9), we have for ¢ € PJ(C(;O)(C),

1p(¢) = p(¢)] < Cpds(C)T(p, Js(C)) et — Gl + Cpléa — G

< Cpds()(p, Js() M (P, a0 Js(¢)) + aod] + Cpag[J5(¢') + 6]
By (3.3), we have 7(p, agJs(¢’)) < ao "r(p, J5(¢"). Also J5(¢)1(p, J5(¢")™ < 1 by (3.2) (assume
that J5(¢") < 1). Thus (3.10) implies |p(¢) — p(¢)] < Cy[a, 1/m " J5(¢") + agd] < Ca 1/mJ5(C’) for all

Ce P(S(;O)(g ). This proves (3.8).
To finish the proof we consider two different cases.

Case 1. ¢' € Q, N{[¢] < ¢} \ Wi.s(p).
By definition of Wj 5(p) we have p({') < —sJ5(¢’). Together with (3.8) this implies that

p(O) < p(¢) + 1p(€) = p(C)] < =sJ5(C) + Coaf () <0, € P,
where we choose ag < [s/C,]™. Hence ¢ € 2, C Qg.

(3.10)

Case 2. (' € Q, N{[¢] < ¢} N W;s(p). It suffices to consider ¢ € P(S(‘;O)(C’) \ ©,, in which case
p(¢) > 0. By (3.8), we have

0= p(€) < (¢ +1p(C) = P(S)] < Cpag/ ™ T5(C).
By our choice of ag < [s/C,|™, the last quantity is bounded by s.Js5(¢’), which means ¢ € W 5(p).
On the other hand, Lemma 3.3 shows that p(¢) < Cpa(l]/m,] (") < Cla 1/mJ(;(g). Hence

L a
p(Q) 1= p(Q) + 2oy 5(0) < Cpag J5(C) — c0els(€), € € PP,
The last expression is negative if we choose ag < [g9c(C,)~1]™. This shows that P(g(‘go)((’) C Qg. O

Proposition 3.5. Let p € Uy NbD and let §¥; be the domain from Proposition 3.4. There are
positive constants ¢ and v which are independent of p such that

r(z) 2z —p™ for |z—pl<y and =g 6p(Q).

Proof. 1t suffices to show that if [¢o| < 7 for some 7' > 0 and (o ¢ €27, then p(o) > c[¢|™. By
definition of 27, there exists dp > 0 such that (o ¢ ng, where

Q%0 = {|¢] < c:p(¢) <0} U{C € Wi (p) : p52(¢) < O}

Hence 0 < p5)(Co) == p(Co) + €0Hp6,(C0), or p(Co) > —€0H}.6,(Co) = €050 (P, Co)- By (3.4), we have
Jso (P, C0) 2 G| + [G1|™ 2 [¢I™, and the proof is done. O

Since a pseudoconvex domain D C C? of finite type is regular in the sense of Diederich and
Fornaess [DF77], it follows that there is a pseudoconvex domain D with

DcDe{z:r(z) <y}
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Let p = sup{r(z) : z € blA?}; then 0 < p < ¢y™, and we can choose v/ > 0, such that 0 < u <
c(y/)™ < ey™. For each 0 < § < dp, we define the domain Dgs by

(3.11) Ds := [13 N{z:|z—p|<v}nN qu(Qf,)] U{DN{z:|z—p| >~}
We also define the domain D, by
(3.12) D, = [ﬁ N{z:|z—p|<~v}n qu(Q;)] u{DnN{z:|z—p| >~}

Proposition 3.6. For each 0 < § < &g, the domain Dy is pseudoconvex. The same holds for D,.
Proof. The proof is a slight modification of [Ran90, Lem. 3.15]. Denote
Di=Dn{z:|z—p|<7}N¢p(), Di={Dn{z:]z—p >~}

We show that Dj is pseudoconvex at any boundary point w € bDg. If lw—p| < 4/ (resp. |[w—p| > 7),
then w € bD? (resp. bD}). Assume now that 4/ < |w — p| <. Suppose that w ¢ ¢,(Q 5) then in
particular w ¢ ¢,(€2;) and Proposition 3.5 shows that r(w) > clw — p[™ > ¢(7')™. On the other

hand, we know that w € lA?, so that 7(w) < u, which is a contradiction as we had chosen p < ¢(7/)™
Hence we must have w € qbp(Qg). This forces w € bD, and thus Ds is pseudoconvex at w. The

proof for D, is similar and we leave the details to the reader. O
We denote by P1:02(¢’) the polydisk
PP2(¢) = {C € C 1 |G = il < b, [G2 — GB] < b2}

Proposition 3.7. Let h € (’)( ) and ¢’ € Q be such that PU1P2)(¢") € Q. Then the following
estimate holds

a Ca
(3.13) IDh(E)] < syt 1l peren ¢)-
1 2

Proof. Let 0 < r; < by and 0 < ro < by. Denote P®1:02) .= {¢ € C? : |¢1| < 71,|C2| < r2}. By the
Cauchy integral formula,

1 ho)
"2 = iy L ) (@ = ) (g — ) o1

Taking derivatives and writing in polar coordinates (; = z; + Tjewf with 60; € [0, 2], we get

Dah( ) a'i / h(C)(Tlewl)(r2ei€2) d91 d92
[0,27]2 (

(2mi)? G — 21) 1 (G — 29)2 2
Multiply 175271 on both sides:

o o al
DREIE g < o [ IOl dos o

Now integrate 7; from 0 to b; and apply Holder’s inequality to get

ba1+2 ba1+2 2
@ dry dro dfy db
a1+2a2+2‘ = (271')2 r1=0 Jro ‘T1T2 A e e
al 2 2 i
< (277)2< / |h(C)|" (r172)” dry dry dby d92> (b1b2)2 (27)
0<r;<b;
0<0;<2r

[NIES

IN

al 9
“ i ( [N dv<<>) ,

which proves (3.13). O
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Let ¢ ¢ Qg and |¢| < C§. Denote ds(z) := dist(z, ng). Suppose h € (’)(Qg) satisfies

_ [ 1O (ds)*"(<)
[Mgé(h)ﬁ—/ﬂg !C—E!Q AV (¢) < oo.

Denote
Ba2(¢") = (ao/2)(J5(p, ) + 6) = aoJs(p. ¢'),
Bi(¢") = 7(p, (a0/2)Js5(p,¢)) + (a0/2)8 = 7(p, aoJs(p, (')).

We now apply Proposition 3.7 to P(#1.82)(¢’) = Pég(%o/z)((') C Qg for ¢ € @, N {|¢| < ¢}, and we
obtain the following:

(3.14)

1/2
1 1 /

- D) € Comy MOP d
(3.15) D) < Cogere zarm [/P ey HOP AV

We estimate

> _ P(O)2(d5)*"(¢) I¢ ¢
/P(/J‘Lﬁz)(gf) IRQ)FdV(©) = /p(ﬁl,ﬁz)(gr) I — §~|2 (ds)?n(¢) v (Q)

MT] h 2 ‘C_ 5‘2 )
< e ) CeP(z?Ez)(g/) (ds)*7(¢)

To proceed, we need to estimate |¢ — ¢| from above and ds(¢) from below, for ¢ € PB1:52)(¢7).
We have

(3.16)

IC=¢I <=+ + (¢
(3.17) < Bi() + B(C) + ¢+ C6
< Cyor(p, J5(p,¢")) + <],

where we used the assumption |C~ | < C6. Note that that the constant C, depends on ag. By
Proposition 3.4, we have

Pg(%o {< € (C2 |C2 - <2| < (10(:]5(]9, ) ) |<1 <1| < T(p7 aOJ(S(pv C,)) + (105} - Qg

Thus for w € ng, we must either have
(1) Jwz — 3| = ao (Js(p, ¢') +8) = 2823

or
(11) |’lU1 - C“ > T(p7 ang(p, C,)) + agd.
If |wy — (5| > 209, then

(3.18) lwy — Go| > |wa — G| — [C5 — Co| = 282 — Ba = B2 = agJ5(p, ().
If |wy — (1| = 7(p,aoJ5(p, (")) + aod, then by using (3.3),

lwy — 1] > Jwi — ¢ = ¢ — Gl
> T(p7 CL0J5(p, C/)) +CLO(5 - [T(p7 %
L @ B ) + 2
> G, Is(p.C >]1/2>0’ (p,<>

Js(p.¢")) + %5]
(3.19)

Together, (3.18) and (3.19) imply that |w — {| > C,Js5(p,¢’), which means
(3.20) ds(¢) > Cpls(p,¢') for ¢ e P,
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Using (3.17) and (3.20) in (3.16), we get
2 [T, Js(p, ¢) + <]

5 .

[J(S(pv C,)] !
Using the above estimate and (3.14) in (3.15), and denoting 7 = 7(p, J5(p,(’)), we get
1 1 T+1¢
[D*h(C)] < Cpa— = M (h)

PRt s(p, ¢ s(p, ¢ 00

1 ¢!
Sqm(ﬂﬂk@£%”“”+T““M@£%”“”>M&M)

[y HOF V0 < G220

(3.21)

By the Taylor expansion of p ((3.1)), we have
(3.22) T5(p,¢") 2 ¢p (6 + 1p(C) + (2l +1CT7),

which then implies
1/2
T = T(pv J(S(p7 (l)) > Cp [J5(p7 C/)] / > CpJ5(p7 C/) > Clp(5 + |p(C/)| + |(C/)2|)
On the other hand, by definition we have for some 2 < Iy < m,

N 1/ . 1lo\ /o
(0.5 )) = (B2 T (AuHENEN Ty g

Hence
(3.23) 7(p:a0J5(p, (') = [0+ [p(C)] 4 (1 4 (C)2] 2 (0 + ()] +IC])-
Combining (3.21) with (3.22), we obtain the following

Lemma 3.8. Let ¢ Q) and I{] < C6. Suppose h € O() and Mg(;(h) < oo for some n > 0.
Then for (' € Q, with |'| < ¢ the following estimate holds:
M ()

(3.24) D h(C)| < Cpa VTR e
@+ O+ )™ (3 + (] + 1G] + It m)

We now pull back the estimates onto the original domain via the biholomorphic map ¢,. For
q ¢ Ds, we denote

hOI? . 3 b ‘
I(Z(S[h] = |:/D(5 ||C (_g)q||2 dlStz$q (C)dV(C):| ) Lz = d(bp <8_CZ> , 1= 1,2

The following result is an immediate consequence of the lemma above. Recall that Ds given by
(3.11).

Lemma 3.9. Let q ¢ Ds and suppose that |q — p| < Co. Let h € O(Dg) with [;7,5[}1] < oo for some
n > 0. Then for z € D with |z — p| < ¢ the following estimate holds:

Igs(h)
[0+ [r(2)] + 1z = pl] ™ [§ + [r(2)] + lg(p, 2)| + |2 = p|™]

|LT*L3*h(z)| < Cr o o

The following result is known as the Skoda’s division theorem, which we shall use to construct
holomoprhic support functions.
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Proposition 3.10. [Sko72, Thm 1] Let Q be an pseudoconver domain in C", and 1) be a plurisub-
harmonic function in Q. Let g1, 92, ..., 9m be a system of m functions holomorphic in Q. Let o > 1
and p = min{n,m — 1}. Let f be a holomorphic function in Q such that

[ 1Pl ave) < .
Q
Then there exist hy, ha, ..., hy holomorphic in Q such that f =>"7", g;h; and

/ B2 lg| 2k e av (z) < — 2 / FPlgl 22 dV ().
Q a—1Jq

For ¢ € Uy \ D with |¢ — p| < Cr(q), we want to apply Skoda’s theorem to obtain holomorphic
functions on a domain D, (q) associated with ¢, and satisfying

h i\ 2
/ M [dist(z, D.(q))]*"dV (2) < C,
Do) 12 —d
for some constant C' independent of q.
We now describe how to construct such domain D, (q). Fix p € bD, and let {(;} ¢ Q,,{d;} > 0 be

the sequence given by Lemma 3.2, such that ¢; € ngj and |p(¢j)| = §; = 277. Denote g; := ¢,((5),
so then |r(g;)| = d;, for all j. For each ¢ € Uy \ D with |¢ — p| < Cr(q), let j. = j.(q) = max{j :
r(gj) < r(q) < r(gj—1)}, so that r(g) > 7(gj,). Since r(g;) € (co277,Cp270~Y) for all j, we have

r(q) < r(gj.—1) < Co27 U = 4Cycy 277" < Cir(gs.), C1=A4Cocy "

Hence 7(q) ~ r(gj, ), which implies that |¢ — p| < Cr(q) = Cr(q;,)
Let D.(q) := Ds, be given by (3.11). By Proposition 3.6, Dx
apply Proposition 3.10 to D, (q).

~ Co;
(q)

IS pSEUdOCOIlVGX SO we can

Proposition 3.11. For each n > 0 there is a constant Cp, such that for g € Uy \ D there are
functions hy;(q,-) € O(Dy(q)), i = 1,2 such that

(3.25) hipi(q,2)(z1 — q1) + hy2(q,2)(22 —q2) =1, 2 € Dy(q).
Furthermore, we have
, 2
(3.26) / M [dist(z,D*(q))]% dV(z) < Cpy.
D.(g) |#—d

Similarly, there are holomorphic functions hy;(p,-) € O(D.), i = 1,2 which satisfy (3.25) and
(3.26). The domain D, is given by (5.12)

Proof. Since D, (q) is pseudoconvex, the function — log dist(z, D« (q)) is a plurisubharmonic function

in D,(q). We show that ¢ ¢ D.(¢q) = Ds, , or 7(q) +eH,s, (q) > 0. Denote (o = ¢,"(q) and
G, = gb;l(qj*) Since (j, € bQ , we have ps, (¢j.) = 0. Note that Js; (p,¢o) 2 Js; (p,¢j), since
Cj = (0707$%70)7 CO = ($17y17$27y2)7 and Tg ~ T(q) ~ T(qj) ~ $% > 0. USiIlg _COJ(p7 CJ) <
H, 5,(¢) < —cods; (p, ¢j), we obtain
Hys,. (Co) = —ColJs,, (p,C0) 2 —CoJs,, (,¢5) = (Cocy ) [—cods,, (p,¢5)] = erHps,, ()
It follows that
p(Co) +eHys,, (Co) > c1p((j.) +eciHys;, (Ci.) = cips,, (i) =0

which shows that ¢ ¢ D,(q). We wish to apply Proposition 3.10 to D,(q) with « = 1+1n/2, p =1,
f=1,g=z—qand yp = —2nlogdist(-, D.(q)). Notice that since ¢ ¢ D.(q), dist(z, D«(q)) < |z—¢|
for all z € D,(q). It follows that

[ Asfaretevan= [ g s @)@ S [ el < Coy
D.(q) D.(q)

D.(q)
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where the constant Cp , is independent of ¢ and ¢;,. Hence there exist functions h,;(g,-) that are
holomorphic in D.(q), 2?21 hyi(q,2)(zi — ;) = 1, and hy;(q, -) satisfies the estimate:

/ " %[dist(z,l)*(q))]%(z) dV(z) < Cp . =

The proof for the case p € bD is similar we will leave the details to the reader.
Combining Proposition 3.11 with Lemma 3.9, we get

Proposition 3.12. Let ¢ € Uy \ D and suppose that |q — p| < Cr(q). There exist functions
hyi(q,-) € O(Dy(q)), i = 1,2 such that

hipi(q,2)(z1 —q1) + hy2(q,2)(22 —q2) =1, 2 € Dy(q).

Furthermore, for z € D with |z — p| < ¢ the following estimate holds:
(3.27)

a1 o I(h
|L11L22h17,i(Q7 Z)| < OD,a q( )

[r(a) + Ir(2)| + 1z = pl]™ [r(a) + Ir(2)] + 1g(p, 2)| + |2 = p

|m] az+1+n"°

In particular,
14 (h)
m 1+ )
[r(@) + Ir(2)| + lg(p, 2)| + |z — p™] "

Proof. We take hy,; to be the ones constructed in Proposition 3.11. In view of (3.26), and since
q ¢ Di(q), lg — p| < Cr(q) < C'0;,, we can apply Lemma 3.9 with Ds replaced by D.(q) = Ds;,_,
and ¢ replaced by d;,. The estimate then follows by the fact that §;, ~ r(g;,) = r(q). O

(3.28) h(g;2)] < Cp

Note that the functions h,; come from Skoda’s theorem applied to the domain D,(q), and it
is not known how the functions h, ;(q,-) depend on ¢. To address this issue we apply the trick
of Range to show that if z is restricted to a compact subset of D, then h,; can be replaced by
functions which are smooth in ¢ € Uy \ D, while essentially preserving all the relevant properties.
In our case, since g does not need to be the boundary, we need to impose the additional condition
that |¢ — p| < Cr(q), for some fixed C' > 1.

For 0 < € < ¢q, let

Dg = {5ng (Z) < O}, 5ng (Z) = T(Z) + €.
To simplify notation we will fix > 0 and drop the subscript 7 in h, ;. For ¢ € Uy \ D, define

2
= hilg,2)(z — G).
i=1

Then &, € C®(C? x D.(q)) € C*(C? x D), hi(q,-) € O(Ds(q)) C O(D), and ®4(¢q,2z) =1 on
D.(q) and in particular on D. Since h;(q,-) is continuous on D,(q) and D. € D.(q), we have
|hi(g,2)| < Cye(h) for all z € D, where C,(h) is an upper bound of |h;(g,-)| on D.. This implies

that
2

Zq, Gi)

=

Hence if we take [ — q| < g4 = [4Cq(h ] , then |®4((, z) — ®4(q, 2)| < 1/2. In other words,

|(I)q(C7Z)_ <2qu( )¢ —ql.

for (C,2) € B(g,2q.0) x DL.

l\’)l}—t

|©4(¢, 2)| =
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We now set

2
hi(Q7z)

3.29 hei((,2) = , D,((, 2):= hi(q, 2)(z; — ).
(329) R ¥ HRCR I ST
Then hy; € C° (B(q,z—:q@) X ﬁé), holomorphic in z € Fé, and

2

D heil¢,2)(Gi—z) =1 on B(g,eqc) x DL.

i=1

By Proposition 3.12 and (3.29), we have for ¢ € B(q,&,.¢) and z € D with |z — p| < c,
Cp.y
(@) + e+ [r(2)] — e+ |g(p, 2)| + |2 — pI™]

We need to change ¢ to ¢ on the above right-hand side. For this we need to estimate ¢, :=
cx[Cqe(h)] 7, where C, ((h) is any upper bound of h;(g,-) on D! (as defined right below), and ¢, is
some small constant to be determined. By (3.28), we have

(3.30) |hqi (¢, 2)| S Thilg, 2)] <

14+n°

Cpy Cpy — Il
(3.31) e, ) < =y € P = Calh), =€ DL
Hence if we set ¢, < (8|]7‘H1)_1, then
1
8l

where we assume that Cp, > 1. This implies that |r(¢) — r(q)| < [|7]1[¢ — q| < £(r(q) + €) for
¢ € B(q,€q,), and consequently

g = [Cqe(B)] ™t = c*C'l_)},7 [7(q) + €] DS (r(q) +¢),

r@) + e 2 7(0) — Ir(Q) — (@) + € = r(0) — Lr(g) + ve.

8 8
or (9/8)r(q) + € > r(¢) + (7/8)e. This further implies that (9/8)(r(q) +¢€) > (7/8)(r(¢) + €) and
(332) S@)+9 2 3(r(0) +9

- L 1 -1
By similar reasoning, if we set eg.¢ := ¢, [Coe(h)] ™ with ¢, < [8[lglli] , [lgll == SUP|;—p|<a; 190 2)[l1
we get

(333) 90, 2)] 2 19(6,2)| — 5 (r(@) +6), €€ Blarege),

We would like to bound g(p, z) below by g(q, z) — %(r(q) + e). However this would require that

lp—q| to be less than (8|g||1) - (7(q) +¢€) which is clearly impossible since [p—q| =~ r(q) (r(p) = 0).
To fix this issue, we replace |g(p, z)| by the smaller quantity | Im g(p, )|, which in view of Lemma 3.14
below can be used as local coordinate on bD. As a result, if we choose [p” —¢”'| < (8Hg|]1)_1 (r(q)+e),
where p” denotes the projection of p on bD, then

| =

IIm g(p, z) — Img(q,2)| < ||gll1lp” — ¢ < =(r(q) +¢),

~— OO0

which implies | Im g(p, z)| > [Im (g, 2)| — & (r(g) + €). Now (3.33
Im g. Thus

clearly holds with g replaced by

(33) [Tmg(p,2) > [Tng(¢2) = 1 (@) +), ¢ € Blasego)
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Now, |z —p| < a1, |p —q] < Cr(q) < ¢1 and |¢ — | < g4, so there exists C; > 0 such that
Il - —z|™]|1 < Cy, on some fixed ball centered at p and contains z, ¢, ¢ in the given range. Hence if
we set g4 = c[Cye(h)]™F with ¢, < (8Cy,) 71, and argue the same way as for (3.33), we get

1
(3.35) B = P e L 3@ +e), C€B(geqe)
Likewise, by choosing |¢7 — pT| < (8Cy,) " (r(q) + €), we get
_ 1
127 = pT|™ = 127 = T[] < C(8Cm) ™ (r(9) +€) < g (r(a) + ).
Thus we have
1
(3.36) |27 —pT|™ > 27 — g7 — g(r(q) +€), lg—pl <Cr(q).

Together, (3.35) and (3.36) imply that

1@ +0, CEBlaegd, 1a" —pTI < (50w (rla) +).

For each p € Uy NbD, we define the set

1
Upe = {q cUp\D:|p—q|<Cr(g) and [p" —q"| < Tl (r(q) + 6)} 7

(3.37) [z =p"[" 2 2 = T -

where C), = max{Chp,, [|g|1}. Here the important fact is that for all € — 0, the set U] . contains
the “cone™

{acUy: " =" <er(a)}
Without loss of generality we assume that C! > 1 so that |p? — ¢7| < %(r(q) + e) for q € Uzli,e‘
Using estimates (3.32), (3.37), (3.34) and (3.38) in (3.30), we conclude that if g, = c.[Cye(h)] 7! <
Cx (r(q)—l—e), where ¢, is a sufficiently small constant depending only on r and p, then for each ¢ € U/,

P&
Cry

[(Q) + e Ir(2)] = e+ lg(¢2)| + = = ¢

If € is sufficiently small, §,p:(2) := r(2) + € is a defining function for the domain D/, and

(3.38) Ir(z)] —e=—r(z) —e=—bp/(2), ze€ D

Thus we have

‘hq,i(C7 Z)‘ S

|hqi(¢, 2)| <

Cry
[PE(C72)]1+?7’
Next we estimate the z-derivatives of hq;. By (3.29) and (3.27) we have

Cayp
r(g) +Ir(2)] + 1z = pl] " [Ce(¢, 2]
Can
[re(@) = 8oz (2) + |z = pl] ™ [Te(c. 2)] 7"
where we used that 7(q) + |r(2)] = r(q) + €+ |[r(2)| — € = re(q) — dppr(2). By (3.32) we get
1(r(g)+€) > 2(r(¢)+e¢), and similar estimate as in (3.35) shows that |7 —¢T| > |7 —(T|—1(r(q)+e)

=3
for ¢ € B(q,eq,). Since

Le(C, 2) = dppr (C) — dopr (2) + [Img(¢, 2)| + |2 — (™.

|L7' L5 hei(C, 2)| S |LT Lo hi(g, 2)| < i
(3.39)

1
|7 =" = |7 = d"|| < " — "] < g(T(Q) +e), qeU),,

we get
1
2 =P = = d = g +e), q €U,
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Consequently
1
]zT —pT\ > ‘ZT _ CT‘ _ Z(r(q) + e), ge U}'LE and (¢ € B(q,eq.)-

It follows from (3.39) that for z, ¢, in the chosen ranges,
COM? < COM?
« ag+1 ~ ag+1 :
(602 (¢) = By (=) + |27 = (T[] [Le(¢, 2)] T ™ o = gJen [Lel(¢, 2)]

By compactness, finitely many sets B(q1,&q,,¢),-- -, B(qn,€qy,e) Will cover m. By our choice
of ¢, the value Cy. given by (3.31) and the fact that all the ¢;-s are in Uy \ D, the constants
€q;.c = C+|Cqy.e(h)] ™! are bounded uniformly below by a constant depending only on p and e.

Choose a partition of unity x, € CX(B(qy,&q,,e)) With 0 < x, < 1, for v = 1,...,N and

Z[jjvzl Xy =1on Uo \ D. Set

[DZhei(C,2) S

hS(C,2) ZXV hg,i(C,2), for (€U}, and z € D, .

We now summarize the properties of hj§.

Proposition 3.13. For each sufficiently small € > 0 there are functions h§ € C‘X’((UI’,,G) x D),
i = 1,2 with the following properties:

(1) hi(C,2)(z1 — C1) + h5(C, 2) (22 — G2) = 1
(ZZ) h;(<7 ) S O(Dé)i fOT C evy, p €
C an

(iii) (D“h ©, )(

T

Fe(C)'Z) = 5bDé(C) - 5bD2(Z) + |Img(C7Z)| + |Z - C|m

For fixed €, and z € D/, the functions h( )( z) are defined in a neighborhood U}, . of an arbitrary
point p € bD. By compactness of bD, we can use a partition of unity in ¢ to patch together the
functions hl(-e) to obtain smooth functions wgg) on (U\ D) x D., where U is some fixed neighborhood
of D that does not shrink with e. Furthermore, wl@ 9 in
Proposition 3.13.

satisfies the same properties (i)-(iii) as hl(.

Lemma 3.14. Let pyg € bD, one can find a neighborhood V of py such that for all z € V, there exists
a coordinate map ¢, : V — C" given by ¢. : ( € V — (s,t) = (s1,52,t1,t2), where s; = dpr ().
Moreover, for z € VN D. and ( € V' \ ﬁ;, the function T'c(C, z) satisfies

(3.40) ITe(2, Q)| = e (10, (2)] + 51+ Is2| +[t[™), by (2) = dist(z, bD,),

(3.41) ¢ =2 = e(s1 + |sa| + [2]),
for some constant ¢ depending on the domain.

Proof. 1t suffices to show that for fixed z sufficiently close to a boundary point pg € bD, the function
¢ — Img((, z) can be introduced as a (real) local coordinate on bD. Let Uy be the neighborhood
of po such that corresponding to each p € Uy, there exists a biholomorphic map ¢, given in the
beginning of Section 3. We are done if we can show that

dr(po) A d¢ Im g(po, po) # 0.
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Recall that g(p,z) = ((b;l)(z)(z). Since (b;l(p) = 0, we have g(p,p) = 0 for all p € Uy. Thus
Veg(p,p) = —V.g(p,p). Hence it suffices to show that

(3.42) dr(po) A dsTm g(po, po) # 0.

Without loss of generality, we can assume that dr(pyg) = dzy. Denote 2/ = QS;Ol(z). Then r(z) =
p(='), and

p(2') =Rezy + O(1%), 25 = (¢, )P (2) = g(po, 2)-

we have
1 or dp , 0z, 102 or dp , 0z, 10z
2 - az (p ) 822(0)822 (p ) 28 (p()) and 0=—-— 8 (p()) 822(0)821 (p ) 282 ( )

Thus 8_( o) =1 and (po) = 0. This 1mphes that

1
d. Tm g(po, po) = d. Im 25(po) = % [dzzé(po) — d;75(po)] = 5; (dz2 + dz2) = dya.

Hence dr(pg) A d,Img(po,po) = dxa A dya # 0. This shows that if Uy is a sufficiently small
neighborhood of py, then for each z € Uy, ( — Im g((, z) can be used as a coordinate on Uy N bD.
In fact, by proving (3.42) we have also shown that for fixed ¢ € Uy, the function z — Im g((, z) can
be introduced as a (real) local coordinate on Uy N bD. O

4. ESTIMATES FOR THE 0 HOMOTOPY OPERATOR

The Leray maps w{ defined on (C , 2) €U x DL allow us to construct a d homotopy formula on

the domain D’. Let W) (z,¢) = wl (C, 2)d(; —I—w2 (C, 2)d(s.
Let © be a pseudoconvex domain of finite type m in C2. Suppose ¢ is a (0, 1)-form such that ¢
and Jp are in C°(Q2). We will show that the following d homotopy formula

¥ = qu‘P + Hq—i—lg@

holds in the sense of distributions. Our homotopy operator H has the form

(4.1) Ho =Hp +Hy,
where
(4.2) U/KO )nge, Mol = [ KV () APl

Here £ is an extension operator satisfying the boundedness properties in Corollary 2.15, and
suppEp C U for all . To achieve this we simply multiply the Rychkov extension operator with a
smooth cut-off function x and denote this new operator by &.

(43) KO(ng) = ! <C dC> (aC 2%) ) 5{@ = 5( +52§

@mi)m |C— 2[? z|?

1L ((-%,dQ) ~ (Wdg) _ 1 ((—% dG)
@2mi)? |C—z2 (W, ¢(—z)  (2mi)? [¢—z[?
We set K017_1 =0 and K(())il =0.

(4.4) E%(z,¢) =

A (W, d¢)

Proposition 4.1. For any s > 0 and 1 < p < oo, the operator Ho is H*P(D.) — H*TLP(D!)
bounded and A*(D.) — A*T1(D.) bounded. More precisely, there exists a constant C depending only
on s, the dimension n, and dist(D,U) such that

(4.5) 1900l o100y < Cllellizsnys  1Hllers 1y < Cllelaeioy
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Proof. Let f be a coefficient function of £p. In view of (4.3), H'p can be written as a finite linear
combination of

S - L — 2|72 =c * f)(z
/M|<_Z|4f<<>dv >—n_1/uazi (IC = 27%) F(Q V() = cod=, (N = £)(2),

where N denotes the Newtonian potential. The estimates are now standard. We first show that for
any non-negative integer k and 0 < o < 1,

(4.6) [N fllwnsszranry < Crkpl Fllwsrarqs (1N * Fllakszraqy < Cull fllgrran -

For k = 0, the reader can refer to [GT01, Thm 4.6] for the case of Holder space, and [GT01, Thm
9.9, p. 230] for the case of Sobolev space. For k > 1, one can apply integration by parts and use the
fact that f is compactly supported in U to move derivatives from the kernel to f (see for example
[Shi21, Prop. 3.2]), we leave the details to the reader. Once (4.6) is established, the general case
follows from interpolation (Proposition 2.20). O

Lemma 4.2. Let >0, a> —1, and let 0 < 6 < % If <ﬁ—%, then

1 p1 pl 50
Ytdsy dsg dt
/ / / 21 2 < Cypb®” B+f
o Jo Jo 5+31+32+tm) 6+ s1+sa+1t) —
Proof. Partition the domain of integration into seven regions:
Ry:t>t"™ >4, s1,5. We have

1 tm tm 1
t ,
1< . — aq dso | dt < tmla=B) gy < C§@Ftm .
= /ana {2mmBy </0 & 31) </0 32) =L =¢

Ro:t>§>1t", 5s1,89. We have
[ t é 9 1
I1<§ 248 / - dt </ s§ d31> </ d32> < C§ Pt
s t 0 0
Ry :t>s1 >6,t",s9. We have
1 « s t S1 o
Ig/ S /1 ~dt </ d32> d31<C'/ P dsy < 08O P,
5 8] o 1t 0
Ry :t>s9>6,t"™, 5. We have
1 sl/m s 1
1 2t 2 il
IS/ =15 (/ Zdt> </ s‘fd31> dso SC/ S ot 1d32 < OB+
5 Sy 0 0 s
Rs:0 > t,t"™, s1,89. We have
é 4 é
I1<§ 28571 </ tdt) (/ s d31> </ d32> < 0§t
0 0 0
Rg :s1 > 6,t,t™, s9. We have
1 Sa S1 51
[S/ W(/ tdt) </ d82> d81<C/ Bdsl
5 8] 0 0

Ry :s9 >6,t,t™,s1. We have

1 1 S92 S92 1
I S/ 213 </ tdt) </ s¢ dsl> dsy < C/ s;‘_ﬁ dss.
5 85 "sg \Jo 0 s

3
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Here the constants depend only on « and 8. For Rg and R7, we have

1 C, a—p>-—1,
/ reBdr < C(1+|logdl|), a—p=-1,
b C5a—B+1, a—fB<—1,
which is bounded by C'§*~# +3 in all cases. O

Lemma 4.3. Let >0, a > -1, a < — %, and let 0 < 6 < % Denote 0yp: (z) := dist(z, bDY).
Then for any z, € U:

[902(¢)]" AV (¢) il [0y0: ()] AV (2) R
/u\D' ITe(2, OPFAIC — 2] — = Ol (2)] ’ /D, (2, OPFBIC — 2] = < Cldbpr Q)] :

where the constants depends only on o, B, D and U, and is independent of €.

Proof. By Lemma 3.14, near each (p € bS2 there exists a neighborhood V,, of (s and a coordinate
system ¢ — (s = (s1,52),t) € R? x R? such that

(4.7) Tz, Q)| 2 dist(z,0D7) + [s1] + [sa] + [t 1€ = 2] 2 [(s1, 52, )]

for z € Ve, N and ¢ € V¢, \ Q, with [s1(¢)| = dpp: (¢). By switching the roles of z and ¢, we can
also find a coordinate system z — (5 = (51, 32),%) € R? x R? such that

(4.8) ITe(z, Q)| Z dist(¢, bD) + [31] + (82| + |7, |¢ — 2| 2 |(51, 32, 1)

for z € V¢, N D, and ¢ € Vg, \ Df, with |51(2)| = dyp:(2). By partition of unity in both z and ¢
variables and (4.7), we have

/ [60:(0)]" d <ch / / / st dsy dsy dt
w\p: [Te(2, )’2+B’C - 2\ - (0bpr (2) + 51+ s2 +2)240(ppr (2) + 51 + 52+ 1)

By Lemma 4.2, the integral is bounded by C;, 4 g [51)[)2(,2)] Q_B—FE, which proves the first inequality.
The second inequality follows by the same way. O

Proposition 4.4. Let D. C C? be the sequence of domains given by D. = {z € U : r(z) < —€} =
{z €U :r(z) <0}. Let H o be given by (4.2). Then the following statements are true.
. 1 . . 1 .
(i) For any 1 < p < o0, s > > and non-negative integer k > s + = =M there exists a constant
S
C =C(D,k,s,p) such that for all p € H((fl)(Dé),

k—(s—i—%— )
(4.9) 1052 ! D*H' ¢l 1o (py < Cllellen(pr)s

where dppy (2) := dist(z,bD,).
(ii) For any s > 0 and any non-negative integer k > s + 1 + % —n, there exists a constant
C = C(D,k,s) such that for all ¢ € Af 1)(Dé),

k—(s—l—%— )
(4.10) 1057 " DEH 0| oo (1) < Cllpllas(pr)-

In particular, all the constants C are independent of €.

Proof. (i) We estimate the integral

(4.11) / (631 ()] F~CFm =P

Let f be a coefficient function of [0, ]y so that f € H*~LP(U \ Q).

P

/  DEK(z) A B, Elg| dV(2).
U\D?
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We now estimate the inner integral in (4.11) which we shall denote by Kf. In view of (4.4), we
can write Kf(z) as a linear combination of
G —Zi

FO[DIWC, 2 D’ﬁ(
fopy OO D (=
In view of (3.13) (iil), and I'¢(¢, 2) < |z — (]| for (¢, z) € U x DL, the worst term is when v = vo = k.

Thus
Dk W (2,
/ 502250 ).
U\D? (]

To simplify notation we will denote the kernel of the above integral by B(z,(). By (3.13) (iii), we
have

> av(¢), 0<u<k.

(4.12) IKF2) <

Cp,y
[PE(C,Z)] k+1+17‘<_ B Z’ .

Let p be some number to be chosen. We have

K5 (2)] S/M\ 1B(=,Q)[71B(=,Q)[7 | £(O)] AV (<)

(4.13) |B(z, Q)] <

!

= [ [ (@) B O [ () B O 11OV C)
U\D?

By Hélder’s inequality we get
(4.14)

IKF(2)IP < [/u [Bop (OB QI QP dV(Q)

\D¢

e

By (4.13),

(s (660, (€)]"
/M\D_;[ébpe(g)} |B(2,¢)|dV(¢) S Cpy /u\D_; [FG(C,Z)]HIM\C—Z!

To estimate the integral we apply Lemma 4.3 with a = pand 8=k — 1+ 7.

(4.15) /M - [030: (O] 1B(2, )| AV (C) < Cp [y (2)] "~ ET1 D5,

av(¢).

The hypothesis of Lemma 4.3 requires that we choose
1
(4.16) —l<p<k+n—-1-—.
m

Using (4.15) in (4.14) and applying Fubini’s theorem, we get
(4.17)

[ o] s avee) s [

D
R

where we set

[0bp:(2)]” (/M\ﬁ[éwg(C)]_“p”!B(z,C)Hf(C)!p dV(C)) dv(z)

/ ’
€ €

[&Dé(z)]U’B(ZrC)’dV(Z)) [F (O aV (<),

/
€

w1 a:<k—s—%+n>p+§<u—n—k+l+%>
:(p—l)u—l—(l—s)p—i-<k+n—1—%).
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By (4.13),

(4.19) Lé

We would like to apply a = o and = k—1+4n. For this we need to choose —1 < ¢ < k:—l—n—l—%.
In view of (4.18), p needs to satisfy

[90; (2)]7|B(2, Q)1 dV (2) S Cp,y /D [Te(¢ [j;]l)’fiﬂ]”\c — 2]

!
€

(4.20) ;%T@@—1)—n—k+%]<y<

We need to check that the intersection of (4.16) and (4.20) is non-empty. There are two inequalities
to check:

P 1(8—1).

p
p—1

(s—1)>—1;

1 1 1
—[p(s—l) —n—k‘—l——] <k+n—-1——.
p—1 m m
An easy computation shows that the first inequality gives s > %, while the second inequality reduces
tos <k+n+ % — % By letting k be arbitrarily large integers, the admissible range of s is (1—1), oo).
Assuming these conditions hold, we can apply Lemma 4.3 to (4.19) and get

/D (660 (2)]°1B(2,¢)|dV(¢) S Cpy [5ng(C)]o_(k_1+n)+% = Cpy [5bD;(C)]U_(k_1+m+%-

€

Substituting the above estimate into (4.17) we obtain
k—s—L1
| @) F s epare s [
D U\D?
By Proposition 2.17, the last expression is bounded by

/u - 600, (O] 710, ()P AV (2) < Cilol o)

(650, (O)] "1 FOP V().

!
€

(ii) We follow the same notation as in (i). By (4.12) and (4.13), we get

£(0)
KGNS o [ e Tt —

where f is a cofficient function of [0, £]¢. Now by Proposition 2.17 we know that ||&, D (€ Y £l Leo@\BT) <
Clelas(pr)- Hence the above integral is bounded by

Seryr s—1
KF(2)| S Coulelas o / (660, (¢)]

av(q).
A R

Let a =s—1and 8=k —1+n. The condition —1 <a<ﬁ—% becomes
1
(4.21) O<s<k+4+n—1-——.
m
Assuming (4.21) holds, we can apply Lemma 4.3 to the above integral to get
—k—pt L
Kf(2)] S Cplelason [0, ()] "Tm, 2 € DL

In other words, Sup, 757 [5bD2(z)]k_ (8+%_n) "ngp(zﬂ < CD777|90|AS(D_;)' O
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We now combine Proposition 4.1 and Proposition 4.4 and Lemma 2.24 to obtain the following
estimate for H(©p on D’.

Theorem 4.5. Let D C C" be a smoothly bounded pseudoconvex domain in C? of finite type m,
with a defining function r. Let H(©) defined by (4.1)-(4.2) with Q replaced by D.. Then H(©) is
bounded on the following spaces:
(i) H') H(so’pl)(Dg) — H* (D), for any 1 < p < 0o and s > %.
(ii) H : AYy 1 (DL) = AFw=(DL) for any s > 0.

More specifically, there exists a constant C = C(D,n, s) which is independent of € such that
A2 Yl gy < Clliows 6l oy < Clelupy

Proof. The first statement in (4.22) follows from (2.10), (4.9) and (4.5); the second statement follows
from (2.11), (4.10) and (4.5). O

Corollary 4.6 (Homotopy formula). Under the assumptions of Theorem /.5, suppose either

1) pe Hféf’l)(D) and O € Hfé*g)(D), for s > %, or

2)pe A‘(qo’l)(D) and Do € A?o,z) (D), for s> 0.

Then the following homotopy formula holds in the sense of distributions:

(4.23) o =010 +1Ydp, on D.

In particular if ¢ € Hféﬁ)(D) (resp. ¢ € Afo’l)(ﬁg)) is -closed, then we have OH Do = ¢ on D
and H'9p € Hs"'%_”’p(Dé) (resp. Hp € As+%_’7(ﬁé)), with H'€) satisfying estimates (4.22).

Proof. By [Gonl9, Prop. 2.1, Formula (4.23) is valid for ¢ € C'(o(j’l)(Q). For general ¢ € H(so’pl)(Q)

such that dp € H fépz)(Q), we use approximation. By [SY24h, Prop. A.3], there exists a sequence

e € C*(Q) such that
e =9 ¢ in H*P(Q) ,
e =9 Jp in H®P(Q).
By Theorem 4.5 we have for any s > %,
||5H(E)((705 - (10)||Hs+%71771,p(9) é ||H(E) ((105 - (10)||Hs+%7n,p(ﬂ)
< llpe = @l ase,
and also B B
11900 = ) yos 1 -nvy < 1002 = D)2
Letting € — 0 we get (4.23). O
We can now use Corollary 4.6 to prove Theorem 1.1.

Proof of Theorem 1.1. Let {¢;} be a sequence of small positive numbers tending to 0. Consider

the sequence of functions {Ej’HgEj )4,0}, and {Ej’H;Ej )gcp}, &; being the Rychkov extension operator

on Déj. Then by Corollary 2.15 and (4.22), we have
|gj/H§6j)(10|Hs+%fn,p(Cn) é 05777|H§Ej)(70|Hs+%7n,p(D/ ) é 05777|(70|H5’p(D);
<

‘5jH§€j)5¢‘H5+%*"’P(cn) < Cs,nmgq)&pyHH%%p(Dé‘) < 05777’5@’]_[8,13([)).
J
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(

By the Banach-Alaouglu theorem, there exists a subsequence {5ja7-l16j“)cp} which converges weakly
to some limit function Hip in H st =P (C™). Similarly, by extracting another subsequence from
{Sjangj“)ggo}, and denoting this subsequence still by {@-Héﬁf )54,0}, we get Ej’H;Ej )gcp converges
weakly to a limit function Ho0¢p.

Now, by Corollary 4.6, we have ¢ = 5H§5j)<,0+7-[§j)5g0 on Déj. Let ¢ = gblgE\l—l— @23_5 be a (2,1)
form with coefficients in C2°(D). Then there exists a large J such that supp ¢ C Déj, for all j > J.
It follows that

(. 0)p = (9. 0)p, = (FEH o+ EHTBp,0) = (BEH 0,0) -+ (EHTDp,6)
€j Dej Dej €5

= — (170, 00)  +(EH5Dp.0)p, = — (1 0.08) +(EH;Dp, ),
J

D/
€
Taking limit as 7 — oo, and using that

lim — <5JH§9‘)¢,5¢>D = — (H19,00) , ,

Jj—o0

<5jH;j5907 ¢>D = <’H25<,0, ¢>D )

lim
j—00
We get from above

(0, 0)p = — (Hi9,00) ;) + (H20p,0) ;, = (FH1p + H20p, b)) 1, -

Next we prove the statement for the Hélder-Zygmund space. Let €¢; and &; be as above. The
sequence (S'jH(Ej ) satisfies the estimate

(e5) (e5)
’5]7'[1 ’ QO’AS+%,,7((C7L) S CS‘Hl ! @‘As+%771(fj) S 05777’@’1\‘5(5)7

|5jHé€J)5(’D|AS+ ) S CS|HgEj)5(p|AS+%*"(7 é 05777|5(70|AS(3)

(e D)

In particular, {&’ngj )w},{nggEj )590} are families of equicontinuous functions on D. By the
Ascoli-Arzela theorem and by taking two subsequence successively, we may assume that 5j7-[§5j )gp
and Ej’ngj )gcp converge uniformly to some limit functions H;p, HoOp respectively, which are in

As+%_"(ﬁ). Furthermore, we have ¢ = 0H1p + Ho0p in the sense of distributions on D. The
proof is now complete.
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