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ON GIZATULLIN’S PROBLEM FOR QUARTIC SURFACES OF PICARD RANK 2

CAROLINA ARAUJO, DANIELA PAIVA, AND SOKRATIS ZIKAS

Abstract. In this paper we determine which automorphisms of general smooth quartic surfaces S ⊂ P3 of
Picard rank 2 are restrictions of Cremona transformations of P3.

1. Introduction

In this paper, we address the following question:

Problem 1 (Gizatullin). When is an automorphism of a smooth quartic surface S ⊂ P3 the restriction of a
Cremona transformation of P3?

This question has its origin in a classical theorem by Matsumura and Monsky describing automorphisms of
smooth hypersurfaces in projective spaces. Let Xd ⊂ Pn+1 be a smooth hypersurface of degree d. Except
for two special cases, namely (n, d) = (1, 3) and (n, d) = (2, 4), every automorphism of Xd is the restriction
of a linear automorphism of the ambient space Pn+1. For n ≥ 2 this was proved by Matsumura and Monsky
[MM64], and for n = 1 it is due to Chang [Cha78]. For (n, d) = (1, 3), that is, when C = X3 ⊂ P2 is an
elliptic curve,

Aut(C) = C ⋊ Zm, for some m ∈ {2, 4, 6},

where C acts on itself by translations. Automorphisms of C that are restrictions of linear automorphisms of
P2 form a finite subgroup of the infinite group Aut(C). However, one can still describe automorphisms of C
in terms of self-maps of P2. Indeed, every automorphism of C is the restriction of a Cremona transformation
of P2 [Ogu12, Theorem 2.2]. One may wonder if the same is true for the other exceptional case (n, d) = (2, 4),
that is, when S = X4 ⊂ P3 is a smooth quartic surface. This is the context of Problem 1.

For a smooth quartic surface S ⊂ P3 with Picard rank ρ(S) = 1, Problem 1 is not very interesting, as
in this case Aut(S) = {1} [Huy16, §15, Corollary 2.12]. For quartic surfaces with higher Picard rank, the
problem was first addressed by Oguiso in [Ogu12] and [Ogu13]. In [Ogu12], Oguiso provided a positive
example. He constructed a smooth quartic surface S ⊂ P3 with ρ(S) = 3 and Aut(S) ∼= Z2 ∗ Z2 ∗ Z2

such that every automorphism of S is the restriction of a Cremona transformation of P3. The involutions
generating Aut(S) in this example are shown to preserve special elliptic fibrations on S, a property that
is exploited to show that they are restrictions of Cremona transformations of P3. On the negative side,
Oguiso constructed in [Ogu13] a smooth quartic surface S ⊂ P3 with Picard rank ρ(S) = 2, Aut(S) ∼= Z,
and such that no nontrivial automorphism of S is induced by a Cremona transformation of P3. A key idea
utilized in this example is the following consequence of the Sarkisov program due to Takahashi [Tak98]: the
existence of a Cremona transformation stabilizing a quartic surface S ⊂ P3 forces the existence of a curve
C ⊂ S of degree d < 16 that is not a complete intersection of S with another surface in P3, a property not
satisfied in Oguiso’s example. This approach was pushed further by Paiva and Quedo in [PQ24] to investigate
Gizatullin’s Problem for smooth quartic surfaces S ⊂ P3 with ρ(S) = 2 more generally. In this case, for a
suitable basis of Pic(S) ∼= Z2, the intersection product in S is given by a matrix of the form

(

4 b
b 2c

)

,

with b, c ∈ Z. We denote by r = b2 − 8c the discriminant of S. By [PQ24], if r > 233, then there is no
curve C ⊂ S of degree d < 16 that is not a complete intersection of S with another surface in P3. Hence,
in those cases, the group Bir(P3;S) of Cremona transformation of P3 stabilizing S coincides with the group
Aut(P3;S) of automorphisms of P3 stabilizing S.

The aim of this paper is to complete this analysis and solve Problem 1 for general quartic surfaces with
Picard rank 2. Our main result is the following.
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Theorem 2. Let S ⊂ P3 be a smooth quartic surface over C with Picard rank 2 and discriminant r.

(1) If r > 57 or r = 52, then Bir(P3;S) = Aut(P3;S). If moreover S is Aut-general, then Aut(P3;S) =
{1}.

(2) If r ≤ 57, r 6= 52, and S is general (see Generality assumptions 4.7), then every nontrivial automor-
phism of S is the restriction of a nonregular Cremona transformation of P3. Moreover, one of the
following holds.

• r ∈ {9, 12, 16, 24, 25, 33, 36, 44, 49, 57} and Aut(S) = {1};
• r ∈ {17, 41} and Aut(S) ∼= Z2;
• r ∈ {28, 56} and Aut(S) ∼= Z2 ∗ Z2; or
• r ∈ {20, 32, 40, 48} and Aut(S) ∼= Z.

Let us briefly explain the strategy of the proof of Theorem 2. Our main tool is a special version of the
Sarkisov program for Calabi-Yau pairs, which is particularly convenient in the context of Gizatullin’s problem.
The classical Sarkisov program allows one to factorize any birational self-map of Pn as a composition of simple
birational maps between Mori fiber spaces, called Sarkisov links (see Section 3 for details). The special version
for Calabi-Yau pairs allows one to factorize any Cremona transformation of P3 stabilizing a quartic surface
S ⊂ P3 as a composition of volume preserving Sarkisov links. The volume preserving condition imposes
strong restrictions. In particular, it forces the first link in the decomposition to start with the blowup of a
curve C ⊂ S (Proposition 3.14). While curves in P3 whose blowups initiate Sarkisov links are not completely
classified yet, a key technical result that we prove is the following classification of space curves contained in
smooth quartic surfaces with Picard rank 2 whose blowups initiate Sarkisov links.

Proposition 3 (=Proposition 3.18). Let C ⊂ P3 be a (possibly singular) curve of arithmetic genus pa and
degree d lying on a smooth quartic surface with Picard rank 2, and denote by X → P3 the blowup of P3 along
C. If X → P3 initiates a Sarkisov link, then X is weak Fano (i.e. −KX is nef and big) and

(pa, d) ∈











(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7),

(2, 5), (2, 6), (2, 7), (2, 8), (3, 6), (3, 7), (3, 8), (4, 6), (4, 7), (4, 8), (5, 7), (5, 8),

(6, 8), (6, 9), (7, 8), (7, 9), (8, 9), (9, 9), (10, 9), (10, 10), (11, 10), (14, 11)











.

Let S be a quartic surface with Picard rank 2 and discriminant r, and suppose that Bir(P3;S)\Aut(P3;S) 6=
∅. Proposition 3 above implies that S contains a curve C with arithmetic genus and degree (pa, d) in the
above list. The discriminant of the sublattice of Pic(S) generated by the hyperplane class and the curve C
can be readily computed and must divide r. This implies that r ≤ 57 and r 6= 52 (Corollary 4.2). Combined
with Proposition 2.16, this gives the first part of Theorem 2.

In order to realize the automorphisms of S ⊂ P3 as Cremona transformations and prove the second part
of Theorem 2, we introduce a new approach, again exploiting Sarkisov links. We now explain the general
strategy. First of all, for each discriminant r ≤ 57, r 6= 52, we determine the automorphism group of a
general smooth quartic surface with Picard rank 2 and discriminant r. This can be done by verifying the
existence of certain numerical classes in Pic(S), using results of [GLP10] and [PQ24] (Proposition 2.17). The
possibilities are the following:

Aut(S) ∼=















{1}, if r ∈ {9, 12, 16, 24, 25, 33, 36, 44, 49, 57};
Z2, if r ∈ {17, 41};
Z2 ∗ Z2, if r ∈ {28, 56};
Z, if r ∈ {20, 32, 40, 48}.

After describing the action of the generators of Aut(S) on Pic(S), we proceed to construct Cremona transfor-
mations realizing them. We do so by considering the Sarkisov links initiated by blowing up curves C ⊂ S listed
in Proposition 3. These links have been well studied, and many of them are already Cremona transformations
P3

99K P3.

Example 4 (r = 41). Let S ⊂ P3 be a general smooth quartic surface with Picard rank 2 and discriminant
r = 41, denote by H ∈ Pic(S) the hyperplane class, and by ι = ϕ|H| : S → P3 the corresponding embedding.
We show in Proposition 2.17 that Aut(S) ∼= Z2. There are exactly 2 classes in Pic(S) corresponding to
curves in S with arithmetic genus and degree (pa, d) listed in Proposition 3, namely (pa, d) = (2, 7) and



ON GIZATULLIN’S PROBLEM FOR QUARTIC SURFACES OF PICARD RANK 2 3

(pa, d) = (6, 9). Indeed, in Proposition 4.3 we prove the existence of a curve C ⊂ S with (pa, d) = (6, 9). The
case (pa, d) = (2, 7) can be treated in the same way.

We focus on a general curve C ⊂ S with (pa, d) = (6, 9). We show in Proposition 4.3 that {H,C} is a
basis of Pic(S), and that the action of the generator g of Aut(S) on Pic(S) with respect to this basis is given
by the following matrix:

(

27 104
−7 −27

)

.

The Sarkisov link initiated by the blowup p : X → P3 of the curve C was described in detail in [Zik23a,
Proposition 3.1 and Remark 3.2]. It is a birational involution ϕ : P3

99K P3 that preserves the quartic surface
S (after composition with a suitable automorphism of P3). More precisely, ϕ fits into a commutative diagram:

X

p

��

&&◆◆
◆◆

◆◆
ϕ̃ // X

ww♦♦♦
♦♦
♦♦

p

��
Z

α

ZZ

P3
ϕ

//❴❴❴❴❴❴❴ P3 ,

where ϕ̃ : X // X is a flop, the anti-canonical model Z of X is a double cover of P3 ramified along a sextic
hypersurface, and α : Z → Z is the deck transformation of Z over P3. In order to check that the birational
involution ϕ of P3 restricts to the involution g of S, we verify that the linear systems on S corresponding to
the embeddings ϕ ◦ ι : S → P3 and ι ◦ g : S → P3 coincide:

P3 ϕ //❴❴❴❴ P3

S

ι

OO

g
// S .

ι

OO

For sake of completeness, we mention that the Sarkisov link initiated by the blowup of a general curve
with (pa, d) = (2, 7) was described in [BL12, Example 5.12]. It is a birational map P3

99K V4 ⊂ P5, where V4

denotes a complete intersection of two quadrics in P5.

When S ⊂ P3 is a general smooth quartic surface with Picard rank 2 and discriminant r ∈ {17, 28, 56},
Aut(S) is also generated by involutions, and we follow the same strategy described in Example 4 to realize
these generators as birational involutions of P3. On the other hand, when r ∈ {20, 32, 40, 48}, one has
Aut(S) ∼= Z. In these cases, the construction of a Cremona transformation of P3 restricting to a generator of
Aut(S) also uses Sarkisov links, but it is more involved. We explain it in a special case.

Example 5 (r = 48). Let S ⊂ P3 be a general smooth quartic surface with Picard rank 2 and discriminant
r = 48, and denote by H ∈ Pic(S) the hyperplane class. By Proposition 2.17, Aut(S) ∼= Z, and we want to
realize the generator g of Aut(S) as the restriction of a Cremona transformation of P3. There are exactly 2
classes in Pic(S) corresponding to curves C and C′ in S with arithmetic genus and degree (pa, d) = (3, 8),
and this is the only pair (pa, d) listed in Proposition 3 realized by curves in S (Proposition 4.3). Moreover,
the curves C and C′ satisfy C +C′ = 4H in Pic(S). The action of the generator g of Aut(S) on Pic(S), with
respect to the basis {H,C}, is given by the following matrix (see Proposition 4.3):

(

209 56
−56 −15

)

.

The Sarkisov link ϕ1 : P3
99K P3 initiated by the blowup p : X → P3 of a general curve C of genus and degree

(g, d) = (3, 8) is described in [BL12, Table 2]. It fits into a commutative diagram:

X
χ //

p
��

X1

p1��
P3 ϕ1 //❴❴❴❴ P3 ,

where χ is a flop and p1 : X1 → P3 is the blowup of P3 along another smooth curve C1 of genus and
degree (g, d) = (3, 8). One can check that ϕ1 maps S isomorphically onto its image S1 ⊂ P3 and C1 ⊂ S1

(see Proposition 4.12). However, S and S1 are not projectively equivalent, and so ϕ1 is not the Cremona
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transformation that we are looking for. We then choose a general (smooth) curve C2 ⊂ S1 in the linear
system |4H1 − C1|, where H1 ∈ Pic(S1) denotes the hyperplane class. The curve C2 also has genus and
degree (g, d) = (3, 8). The Sarkisov link ϕ2 : P3

99K P3 initiated by the blowup p2 : X2 → P3 of the curve C2

is described exactly as before. We consider the composition ϕ = ϕ2 ◦ ϕ1:

X //

p ��

X1
p1

$$■
■■

■■
■

X2
p2

zz✉✉
✉✉
✉✉

// X ′

p′

��
P3 ϕ1 //❴❴❴❴❴❴❴

ϕ

77❖
❘

❚
❱ ❳ ❬ ❪ ❴ ❛ ❝ ❢ ❤ ❥

❧
♦

P3 ϕ2 //❴❴❴❴❴❴❴ P3 .

We denote by S′ ⊂ P3 the image of S under ϕ. We can check that S and S′ are projectively equivalent. So,
after composition with a suitable automorphism of P3, we have ϕ ∈ Bir(P3;S). Moreover, as in the previous
example, we verify that ϕ restricts to the generator g of Aut(S) by comparing the linear systems that give
ϕ|S and g.

In conclusion, our results suggest that the answer to Problem 1 for smooth quartic surfaces with Picard rank
≥ 2 should be: almost never. Moreover, one may even hope for a complete classification of automorphisms
of smooth quartic surfaces that are restrictions of Cremona transformations of P3. It should be noted that in
all the cases for which we provide a positive answer to Problem 1, we only describe one way to realize each
automorphism in Aut(S). More specifically, we only exploit the Sarkisov links initiated by the blowups of
some classes of curves from the list in Proposition 3. We expect that many of these automorphisms can be
realized in more than one way, which raises the interesting problem of describing the structure of the group
Bir(P3;S), as well as the kernel of the restriction homomorphism Bir(P3;S) → Aut(S). These groups are
classically known as the decomposition and inertia groups of the quartic surface S ⊂ P3, respectively.

This paper is organized as follows: in Section 2, we review some of the basic theory of K3 surfaces and their
automorphisms, focusing on smooth quartic surfaces of Picard rank 2; in Section 3, we review the Sarkisov
Program, both its classical version and the volume preserving version for Calabi-Yau pairs; in particular, we
prove Proposition 3 classifying space curves contained in smooth quartic surfaces with Picard rank 2 whose
blowups initiate Sarkisov links; finally, we put these tools together in Section 4 to prove Theorem 2.

Notation & Conventions. In this paper we always work over C. All varieties are assumed to be projective
and irreducible. In particular, all K3 surfaces are assumed to be projective. By a curve we always mean an
irreducible and reduced curve. We often abuse notation and use the same symbol to denote a curve C on a
surface S and the corresponding class in Pic(S). While we write X 99K Y to denote an arbitrary birational
map between varieties X and Y , we write X // Y to denote a small birational map between X and Y , i.e.
a birational map that is an isomorphism in codimension one.

Acknowledgements. Gizatullin’s problem was the topic of the Working Group in Algebraic Geometry dur-
ing the BIRS’ “Latin American and Caribbean Workshop on Mathematics and Gender” at Casa Matemática
Oaxaca in 2022. We thank the participants of this working group for many rich discussions, especially
Michela Artebani, Paola Comparin, Alice Garbagnati, Ana Quedo and Cecilia Salgado. We also thank Fabio
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ported by CAPES. Sokratis Zikas acknowledges the support of the Swiss National Science Foundation Grant
“Cremona groups of higher rank via the Sarkisov program” P500PT_211018, and would like to thank the
Instituto de Matemática Pura e Aplicada for their hospitality.

2. K3 surfaces and their automorphisms

2.1. The lattices of a K3 surface and the global Torelli Theorem.

Definition 2.1. A lattice L is a free Z-module of finite rank equipped with a non-degenerate symmetric
bilinear form q. We denote by the same symbol the extensions of q to a bilinear form on L⊗Z Q or L⊗Z R.

(1) The discriminant of L is
disc(L) = − det(Q),

where Q is the matrix of q with respect to any basis of L.
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(2) The lattice L is said to be even if q(x, x) ∈ 2Z for any x ∈ L.
(3) The signature of L is the signature of the extended bilinear form q on L⊗Z R.
(4) The orthogonal group of L is the group O(L) of isometries of L, i.e. isomorphisms of L preserving

the bilinear form q.
(5) The dual lattice of L is

L∗ =
{

x ∈ L⊗Z Q
∣

∣∀y ∈ L , q(x, y) ∈ Z
}

⊃ L.

(6) The discriminant group of L is the quotient A(L) = L∗/L.
(7) An isometry ϕ of L induces an automorphism of the discriminant group A(L), which we denote by

ϕ.

Definition 2.2. A K3 surface is a smooth projective surface S such that H1(S,OS) = 0 and H0(S,Ω2
S) =

C · ωS for a nowhere vanishing 2-form ωS .

Let S be a K3 surface. There are two natural lattices associated to S: the Picard group Pic(S), endowed
with the intersection product, and the second cohomology group H2(S,Z), equipped with the cup product.
The exponential sequence identifies the Picard group Pic(S) ∼= H1(S,O∗

S) with a sublattice of H2(S,Z),
described as Pic(S) =

{

x ∈ H2(S,Z) | 〈x, ωS〉 = 0
}

, where the restriction of the cup product coincides with
the intersection product of S. The Picard group Pic(S) is an even lattice of signature (1, ρ(S) − 1), where
ρ(S) is the Picard rank of S. Conversely, we have the following.

Theorem 2.3 ([Mor84b, Corollary 2.9]). Let L be an even lattice of signature (1, ρ− 1), with ρ ≤ 10. Then
there exists a K3 surface S and a lattice isometry Pic(S) ∼= L.

The second cohomology group H2(S,Z) has a weight-two Hodge structure given by the decomposition

H2(S,C) = H2,0(S)⊕H1,1(S)⊕H0,2(S).

Here H2,0(S) ∼= H0(S,Ω2
S) and, after scalar extension of the bilinear form, H2,0(S)⊕H0,2(S) is orthogonal

to H1,1(S).

Definition 2.4. Let S be a K3 surface.

(1) The discriminant of S is the discriminant of its Picard lattice Pic(S).
(2) The ample cone Amp(S) ⊂ Pic(S) ⊗ R is the set of all finite sums

∑

aiDi with Di ∈ Pic(S) ample
and ai ∈ R>0.

(3) The transcendental lattice of S is the orthogonal complement T (S) := Pic(S)⊥ ⊂ H2(S,Z).
(4) A Hodge isometry of H2(S,Z) is an isometry ϕ ∈ O(H2(S,Z)) whose extension to H2(S,C) preserves

the Hodge decomposition.

For a K3 surface S, the discriminant groups of Pic(S) and T (S) are naturally isomorphic, A(Pic(S)) ∼=
A(T (S)). Any Hodge isometry ϕ of H2(S,Z) preserves the lattices Pic(S) and T (S), inducing isometries ϕ1

and ϕ2 on Pic(S) and T (S), respectively, such that ϕ1 = ϕ2 under the identification A(Pic(S)) ∼= A(T (S)).
The following result is a converse of this last fact. We refer to [Nik80, Corollary 1.5.2] for a more general
result.

Theorem 2.5 (Gluing isometries). Let S be a K3 surface. Let ϕ1 and ϕ2 be isometries of Pic(S) and T (S),
respectively. If ϕ1 = ϕ2 under the identification A(Pic(S)) ∼= A(T (S)), then there exists an isometry ϕ on
H2(S,Z) whose restrictions to Pic(S) and T (S) are ϕ1 and ϕ2, respectively.

We end this subsection with the global Torelli Theorem, which allows us to study automorphisms of S via
isometries of H2(S,Z). A reference for it is [Huy16, §7, Theorem 5.3].

Theorem 2.6 (Global Torelli Theorem). Let S be a K3 surface. Let ϕ : H2(S,Z) −→ H2(S,Z) be a Hodge
isometry sending an ample class to an ample class. Then there exists a unique automorphism f of S such
that f∗ = ϕ.
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2.2. Curves and Linear Systems on quartic surfaces. In this subsection we gather some results about
curves and linear systems on K3 surfaces that we will use in the following sections.

Theorem 2.7 ([Mor84a, Theorem 1], [Knu02, Theorem 1.1]). Let (g, d) be a pair of integers, with g ≥ 0 and
d > 0. Then there exists a smooth curve C of genus g and degree d contained in some smooth quartic surface

S if and only if g = d2

8 + 1, or g < d2

8 and (g, d) 6= (3, 5). Moreover, if (g, d) is not the degree and genus of

the complete intersection of S with another surface in P3, then g < d2

8 , and C and S can be chosen so that
Pic(S) = ZH ⊕ ZC, where H is the class of a hyperplane section.

Proposition 2.8 ([Mor84a, Theorem 5]). Let D be a nef divisor on a K3 surface S such that D2 ≥ 4. Then
D is very ample if and only if the following three conditions hold:

(1) There is no irreducible curve E ⊂ S such that E2 = 0 and D · E ∈ {1, 2}.
(2) There is no irreducible curve E ⊂ S such that E2 = 2, and D ∼ 2E.
(3) There is no irreducible curve E ⊂ S such that E2 = −2 and E ·D = 0.

Lemma 2.9. Let D 6= 0 be an effective divisor on a K3 surface S such that D2 ≥ 0, and let H be an ample
class. Write D = M +F , where M and F are the mobile and fixed parts of D, respectively. If M and H are
not proportional and F 6= 0, then M 6∈ ZH ⊕ ZD ⊂ Pic(S).

In particular, if S is a smooth quartic surface with Pic(S) = ZH ⊕ ZD, where H is the class of the
hyperplane section and D is a divisor with D2 ≥ 0, then D has no fixed component, unless disc(S) = 9 and
D is not nef.

Proof. Set d = H ·D, dM = H ·M and α = H2. Suppose that M and H are not proportional, and that M
lies in the lattice spanned by H and D. Then H and M span a sublattice of ZH ⊕ ZD of rank 2 and so,

dM
2 − αM2 = disc (ZH ⊕ ZM) = k disc (ZH ⊕ ZD) = k(d2 − αD2)

for some integer k. By the Hodge index theorem, we have d2 − αD2 > 0 and k ≥ 1. Since D = M + F and
H is ample, we have dM ≤ d. Moreover, h0(S,D) = h0(S,M) and, since D 6= 0, we have

h0(S,M) = h0(S,D) ≥ χ(S,D) =
D2

2
+ 2.

Since M is effective with no fixed component, it is nef and big, and so, by the Kawamata-Viewheg vanishing
theorem we get

h0(S,M) =
M2

2
+ 2.

Combining the inequalities we get

k(d2 − αD2) = d2M − αM2 ≤ d2 − αD2,

which can only be satisfied when k = 1 and, more importantly, when d = dM , i.e. when D has no fixed part.
For the second part, write D = M +F , where M and F are the mobile and fixed parts of D, respectively.

If M and H are not proportional, we conclude that F = 0 by the first part. So we treat the case M = λH ,
λ ≥ 1. Suppose that F 6= 0. It follows from the discussion above that

4λ2 + F 2 + 2λH · F = (λH + F )2 = D2 ≤ M2 = (λH)2 = 4λ2,

and thus F 2 ≤ −2λH · F < 0. Since {H,D} span Pic(S), so does {H,F}. Let Γ be a curve in the support
of F . Developing the equality

disc (ZH ⊕ ZΓ) = k disc (ZH ⊕ ZF )

as above, we get that k = 1 and H · F = H · Γ, and so F = Γ, i.e. F is irreducible and reduced. Moreover,

−2 = F 2 ≤ −2λH · F =⇒ λ = H · F = 1

Computing the discriminant of S with respect to {H,F}, we get that disc(S) = 9. In that case, D · F =
(H + F ) · F = −1. �

Combining Lemma 2.9 with [SD74, Corollary 3.2], which says that a linear system on a K3 surface has no
base points outside its fixed components, we get the following:
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Corollary 2.10. Let S be a smooth quartic surface with Pic(S) = ZH ⊕ ZD, where H is the class of a
hyperplane section and D is an effective nef divisor with D2 ≥ 0. Then |D| is base point free, and thus a
general element in |D| is a smooth curve.

2.3. K3 surfaces of Picard rank 2. We end this section by discussing K3 surfaces of Picard rank 2 and
their automorphism groups, with a special attention to smooth quartic surfaces.

Definition 2.11. Let S be a K3 surface, and write H0(S,Ω2
S) = C ·ωS . We say that S is Aut-general if, for

every g ∈ Aut(S), one has g∗ωS = ±ωS.

Remark 2.12. As the name suggests, being Aut-general is a generality condition on the period domain of
K3 surfaces with a fixed embedding of a lattice L →֒ Pic(S) (see [Nik83, Theorem 10.1.2 c)]).

The automorphism group of an Aut-general K3 surface with ρ(S) = 2 can be read off from its Picard
lattice by verifying the existence of divisor classes with certain self-intersections. More precisely, by [GLP10,
Corollary 1], Aut(S) is isomorphic to one of the following groups: {1}, Z2, Z or Z2 ∗ Z2. Moreover, the
finiteness of Aut(S) is equivalent to the existence of a divisor class D ∈ Pic(S) with D2 ∈ {0,−2}. On the
other hand, [PQ24, Proposition 12] gives the following characterization of involutions in Aut(S).

Proposition 2.13 ([PQ24, Proposition 12]). Let S be an Aut-general K3 surface with ρ(S) = 2. There is a
one-to-one correspondence between involutions in Aut(S) and ample divisor classes A ∈ Pic(S) with A2 = 2.
Explicitly, given an involution g ∈ Aut(S), the associated ample class A ∈ Pic(S) is the generator of the
rank one invariant sublattice H2(S,Z)g :=

{

x ∈ H2(S,Z)
∣

∣g∗x = x
}

⊂ Pic(S). Conversely, given an ample

class A ∈ Pic(S) with A2 = 2, the linear system |A| defines a double cover A → P2, and the associated
involution g ∈ Aut(S) is the associated deck transformation. It acts on H2(S,Z) as the reflection along the
line generated by A:

g∗α = (A · α)A− α.

Putting the results of [GLP10, Corollary 1] and [PQ24, Proposition 12] together yields the following.

Proposition 2.14. Let S be an Aut-general K3 surface with ρ(S) = 2. Then we have the following four
possibilities for the automorphism group of S:

Aut(S) = {1} ⇐⇒ ∃D ∈ Pic(S) with D2 ∈ {0,−2} and 6 ∃A ∈ Pic(S) ample with A2 = 2;
Aut(S) = Z2 ⇐⇒ ∃D ∈ Pic(S) with D2 ∈ {0,−2} and ∃A ∈ Pic(S) ample with A2 = 2;
Aut(S) = Z2 ∗ Z2 ⇐⇒ 6 ∃D ∈ Pic(S) with D2 ∈ {0,−2} and ∃A ∈ Pic(S) ample with A2 = 2;
Aut(S) = Z ⇐⇒ 6 ∃D ∈ Pic(S) with D2 ∈ {0,−2} and 6 ∃A ∈ Pic(S) ample with A2 = 2.

We now focus on smooth quartic surfaces S ⊂ P3 with ρ(S) = 2. Let H be the class of a hyperplane
section of S. Since H is a primitive element of Pic(S), we can write the Picard lattice as Pic(S) = ZH ⊕ZW
for some divisor class W . In this basis, the intersection product is given by

(⋆) Q =

(

4 b
b 2c

)

.

Notice that the discriminant r = disc(S) = b2 − 8c is a positive integer since Pic(S) has signature (1, 1).
Moreover, r ≡ b2 ≡ 0, 1, 4 (mod 8).

Remark 2.15. Let S ⊂ P3 be a smooth quartic surface with ρ(S) = 2 and discriminant r, and write
Pic(S) = ZH⊕ZW as above. The discriminant r carries information about which curves exist on S. Indeed,
given a divisor class D = nH +mW on S, we have 4D2 = d2 − rm2, where d = D ·H . Hence, the existence
of a divisor D on S with D2 = k is equivalent to the existence of an integer solution of the generalized Pell
equation x2 − ry2 = 4k.

Proposition 2.16. Let S ⊂ P3 be an Aut-general smooth quartic surface with ρ(S) = 2. Then Aut(P3;S) =
{1}.

Proof. Let g ∈ Aut(P3;S), set f := g|S ∈ Aut(S) and suppose that f 6= idS . Then f has finite order by
[MM64, Theorem 1]. By Theorem 2.14, f is an involution. Since g is an automorphism of P3 stabilizing S,
it preserves the hyperplane class H . By Proposition 2.13, H must be a multiple of an ample divisor D with
D2 = 2, which is absurd. We conclude that f = idS , and thus g = idP3 . �
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In Section 4 we will investigate Gizatullin’s problem for smooth quartic surfaces S ⊂ P3 with Picard rank
2. We will reduce the problem to quartic surfaces with discriminant r ≤ 57 and r 6= 52 (Corollary 4.2). The
next proposition describes the automorphism group Aut(S) in these cases.

Proposition 2.17. The sets

R0 = {9, 12, 16, 24, 25, 33, 36, 44, 49, 57},
R1 = {17, 41},
R2 = {28, 56}, and
R3 = {20, 32, 40, 48}

give a partition of all integers r ≤ 57, r 6= 52, such that r is the discriminant of a smooth quartic surface
S ⊂ P3 with ρ(S) = 2.

If the quartic surface S is Aut-general, then its automorphism group is described as follows:

Aut(S) ∼=















{1}, if r ∈ R0;
Z2, if r ∈ R1;
Z2 ∗ Z2, if r ∈ R2;
Z, if r ∈ R3.

Proof. As before, we denote by H be the class of a hyperplane section of S and let {H,W} be a basis of Pic(S).
With respect to this basis, the intersection product in Pic(S) is given by the matrix (⋆), and r ≡ 0, 1, 4 (mod 8).
If r ∈ {1, 4, 8}, then we can find an irreducible curve E such that (E2, H ·E) ∈ {(−2, 0), (0, 1), (0, 2)}, which
contradicts the fact that H is very ample (Proposition 2.8). Conversely, by Theorem 2.3, [Mor84a, Theorem 5]
and [SD74, Theorem 6.1], every even lattice with bilinear form given by (⋆), signature (1, 1) and discriminant
8 < r ≤ 57 can be realized as the Picard lattice of a smooth quartic surface. This proves the first assertion.

Suppose now that S is Aut-general. By Proposition 2.14, the automorphism group of S is completely
determined by the existence of a divisor D with D2 ∈ {0,−2} and an ample divisor A with A2 = 2. By
Remark 2.15, the existence of a divisor D on S with D2 = k is equivalent to the existence of an integer
solution of the generalized Pell equation x2 − ry2 = 4k. The second assertion then follows from checking
the existence of integer solutions of the corresponding generalized Pell equations for each value of r ∈ Ri,
i ∈ {0, 1, 2, 3}.

For each r ∈ R0 ∪ R1, either the equation x2 − ry2 = 0 or the equation x2 − ry2 = −8 has an integer
solution, as illustrated in the following table. This implies that Aut(S) = {1} or Aut(S) ∼= Z2.

r 9 12 16 17 24 25 33 36 41 44 49 57

(x, y) (1, 1) (2, 1) (4, 1) (3, 1) (4, 1) (5, 1) (5, 1) (6, 1) (19, 3) (6, 1) (7, 1) (7, 1)

x2 − ry2 −8 −8 0 −8 −8 0 −8 0 −8 −8 0 −8

Suppose that r ∈ R0 = {9, 12, 16, 24, 25, 33, 36, 44, 49, 57}. In order to show that Aut(S) = {1}, we
will show that x2 − ry2 = 8 does not have integer solutions. If r ∈ {9, 12, 24, 33, 36, 44, 57}, then either
r ≡ 0 (mod 3) or r ≡ 0 (mod 11). So the equation x2 − ry2 = 8 reduces to either x2 ≡ 2 (mod 3) or
x2 ≡ 8 (mod 11), and one checks easily that these have no integer solution. If r ∈ {16, 25, 49}, then r = t2

for an appropriate integer t > 1. We set z = ty, and rewrite the equation x2 − ry2 = 8 as x2 − z2 = 8. An
integer solution (x, z) must satisfy x2 > z2 > 1. Then, from

8 = x2 − z2 = |x|2 − |z|2 ≥ |x|2 − (|x| − 1)2 = 2|x| − 1,

we conclude that 2 ≤ |z| < |x| ≤ 4, and one checks easily that there are no integer solutions.
Suppose that r ∈ R1 = {17, 41}. If r = b2 − 8c = 17, then (x, y) = (5, 1) and (5,−1) are solutions of

x2 − 17y2 = 8 and one of them satisfies that z := x−yb
4 ∈ Z. For such pair (x, y), A = zH + yW ∈ Pic(S) is

the corresponding divisor on S with A2 = 2. Note that A ·H = 5, Pic(S) = 〈H,A〉, and A is effective. By
Corollary 2.10, A is nef (and big). To show that A is ample, it is enough to check that there is no rational
curve Γ such that A · Γ = 0. Indeed, if there is such a curve Γ, then E = A + Γ ∈ Pic(S) satisfies E2 = 0,
and so 0 = 4E2 = (H ·E)2 − 17m2, where m ∈ Z is such that E = nH +mW in Pic(S). This is not possible
since r = 17 is not a square number. When r = 41, we argue in the same way, with (x, y) = (7, 1), (7,−1)
being solutions of x2 − 41y2 = 8.
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If r ∈ R2 = {28, 56}, then r ≡ 0 (mod 7). So the equation x2− ry2 = −8 reduces to x2 ≡ 6 (mod 7), which
does not have solutions. Together with the fact that r is not a square number, this implies the non-existence
of divisors on S with self-intersection 0 or −2. In order to show that Aut(S) ∼= Z2 ∗ Z2, we must verify the
existence of A ∈ Pic(S) ample with A2 = 2. Indeed, the pair (x, y) = (6, 1) (respectively (x, y) = (8, 1)) is
a solution of the equation x2 − ry2 = 8 for r = 28 (respectively r = 56), and the corresponding divisor A is
automatically ample since S has no rational curves.

Finally, suppose that r ∈ R3 = {20, 32, 40, 48}. Since r is not a square number, x2 − ry2 = 0 does not
have integer solutions. If r ∈ {20, 40}, then r ≡ 0 (mod 5). So the equations x2 − ry2 = −8 and x2 − ry2 = 8
reduce to x2 ≡ 3 and x2 ≡ 2 (mod 5), none of which has solutions. If r ∈ {32, 48}, then write r = 16s for the
appropriate integer s ∈ {2, 3}. If (x, y) is a solution of x2 − 16sy2 = −8 or x2 − 16sy2 = 8, then x = 2z is an
even integer. So these equations can be simplified to z2 − 4sy2 = −2 and z2 − 4sy2 = 2, and then reduced
to z2 ≡ 2 (mod 4), which does not have solutions. �

In Section 4, in order to realize the automorphisms of a general quartic surface S ⊂ P3 with ρ(S) = 2
and discriminant r ∈ R1 ∪ R2 ∪ R3 as restrictions of Cremona transformations, we will need to write down
explicit generators for Aut(S). To do so, we will use the following results from [Lee23]. In what follows, we
denote by H the class of a hyperplane section of S, extend it to a basis {H,W} of Pic(S), and write the
intersection matrix Q in this basis as in (⋆).

Proposition 2.18 ([Lee23, Theorem 1.1, Theorem 1.2 and Lemma 2.7]). Let S be an Aut-general smooth
quartic surface with ρ(S) = 2, and let H and Q be as above.

An isometry φ ∈ O(Pic(S)) is induced by an automorphism g ∈ Aut(S) if and only if

(φ + Id) ∗Q−1 ∈ M2×2(Z) or (φ − Id) ∗Q−1 ∈ M2×2(Z), and φ(H) is ample.

(These are exactly the Gluing and Torelli conditions.)
Furthermore, we have the following characterizations of involutions and automorphisms of infinite order.

(1) The automorphism g ∈ Aut(S) is an involution if and only if the corresponding isometry φ = g∗ is
of the form

φ =

(

α β
− b

c
α+ 2

c
β −α

)

,

where (α, β) is an integer solution of the equation:

(∗) α2 −
b

c
αβ +

2

c
β2 = 1.

(2) The automorphism g ∈ Aut(S) has infinite order if and only if the corresponding isometry φ = g∗ is
of the form

φ =

(

α β
− 2

c
β α− b

c
β

)

,

where (α, β) is an integer solution of the equation (∗). In this case, φ is a power of

h =

(

α1 β1

− 2
c
β1 α1 −

b
c
β1

)

,

where (α1, β1) is a minimal positive integer solution of (∗).

3. Ingredients from Birational Geometry

3.1. The Sarkisov Program. Given a uniruled variety, the MMP produces a Mori fiber space that is
birationally equivalent to it. In general, there are several different Mori fiber spaces in the same birational
equivalence class. The Sarkisov program provides a factorization theorem for birational maps between Mori
fiber spaces in terms of simpler birational maps, called Sarkisov links. It was established in dimension 3
in [Cor95], and in higher dimensions in [HM13]. We start this section by recalling some basic notions of the
MMP and the Sarkisov Program.

Definition/Notation 3.1.



10 CAROLINA ARAUJO, DANIELA PAIVA, AND SOKRATIS ZIKAS

(1) A divisorial contraction is a birational contraction f : Z → X of relative Picard rank 1 between
Q-factorial terminal varieties associated to an extremal ray R ⊂ NE(Z) such that KZ · R < 0. It
contracts a divisor of Z onto a subvariety of codimension ≥ 2 in X , which is called the center of the
divisorial contraction.

(2) Let ϕ : Z // Z ′ be a small birational map between Q-factorial terminal varieties fitting into a com-
mutative diagram

Z
ϕ //

s   ❅
❅❅

❅❅
Z ′,

s′}}④④④
④④

W

where s : Z → W and s′ : Z ′ → W are small contractions of relative Picard rank 1 associated to
extremal rays R ⊂ NE(Z) and R′ ⊂ NE(Z ′). We say that ϕ is a flip if KZ ·R < 0 and KZ′ ·R′ > 0. We
say that ϕ is an antiflip if KZ ·R > 0 and KZ′ ·R′ < 0. We say that ϕ is a flop if KZ ·R = 0 = KZ′ ·R′.

(3) A Mori fiber space is a morphism X → B with connected fibers and relative Picard rank 1 from a
Q-factorial terminal variety X onto a lower dimensional normal variety B associated to an extremal
ray R ⊂ NE(X) such that KX · R < 0.

Remark 3.2. Let ϕ : Z // Z ′ be a small birational map as in (2) above, and suppose that dim(Z) =
dim(Z ′) = 3. Then every irreducible component of Exc(s) is a smooth rational curve. If ϕ is a flip or a flop,
this is well known. To see this when ϕ is an antiflip, note that, for a sufficiently ample divisor ∆′ on Z ′ and
r < 1, the pair (Z ′, r∆′) is klt and KZ′ + r∆′ is s′-trivial. So (W, r∆W ) is also klt, where ∆W = s′(∆′).
Thus, by [KM98, Theorem 5.22], both Z and W have rational singularities. Choose a common resolution of

singularities X
f
→ Z

s
→ W . Then the Grothendieck spectral sequence for f∗ and s∗ degenerates on the 2nd

page, thus for any i > 0 we get

Ris∗(OZ) = (Ris∗ ◦ f∗)(OX) = Ei,0
2 (OX) = Ei,0

∞ (OX) = Ri(s ◦ f)(OX) = 0.

We conclude by [Kaw88, Lemma 3.4].

Next we recall the definition of the four types of Sarkisov links between Mori fiber spaces.

Definition 3.3 (Sarkisov links). In the following diagrams, X → B and X ′ → B′ denote Mori fiber spaces.

(I) A Sarkisov diagram of type (I) is a commutative diagram

Z X ′

X B′

B

where Z → X is a divisorial contraction and Z // X ′ is a sequence of flips, flops and antiflips. The
map X 99K X ′ is called a Sarkisov link of type (I).

(II) A Sarkisov diagram of type (II) is a commutative diagram

Z Z ′

X X ′

B B

where Z → X and Z ′ → X ′ are divisorial contractions and Z // Z ′ is a sequence of flips, flops and
antiflips. In order to avoid trivial diagrams, we also require that the common relative effective cone of
Z and Z ′ over B be generated by the exceptional divisors of Z → X and Z ′ → X ′. The map X 99K X ′

is called a Sarkisov link of type (II).
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(III) A Sarkisov link of type (III) is the inverse of a Sarkisov link of type (I).
(IV) A Sarkisov diagram of type (IV) is a commutative diagram

X X ′

B B′

T

where X // X ′ is a sequence of flips, flops and antiflips, and B → T and B′ → T are Mori contractions.
In order to avoid trivial diagrams, we also require that the common relative effective cone of X and
X ′ over T be generated by the pullbacks to X and X ′ of ample divisors on B and B′, respectively.
The map X // X ′ is called a Sarkisov link of type (IV).

In the context of a Sarkisov diagram of type (I) or (II) above, we say that the divisorial contraction Z → X
initiates the Sarkisov link.

Theorem 3.4 (The Sarkisov Program - [Cor95], [HM13]). Every birational map between Mori fiber spaces
can be factorized as a composition of Sarkisov links.

It will be useful to adopt the point of view of [BLZ21], in which Sarkisov links correspond to rank 2
fibrations. We refer to [BLZ21, Definition 2.2.] for the definition of relative Mori Dream Space.

Definition 3.5 ([BLZ21, Definition 3.1]). Let r be an integer. A morphism η : X → B is a rank r fibration
if the following conditions hold:

(1) X/B is a relative Mori Dream Space.
(2) dim(X) > dim(B) and ρ(X/B) = r.
(3) X is Q-factorial and terminal, and for any divisor D on X , the output of any D-MMP from X over

B is still Q-factorial and terminal.
(4) There exists an effective Q-divisor ∆B on B such that (B,∆B) is klt.
(5) −KX is η-big.

The notion of rank r fibrations encompasses the notions of Mori fiber spaces and Sarkisov links. In
particular, a rank 1 fibration is a Mori fiber space ([BLZ21, Lemma 3.3]), while rank 2 fibrations correspond
to Sarkisov links ([BLZ21, Lemma 3.7]). In our approach to Gizatullin’s problem, we will need to know when
the blowup of a curve, contained in a quartic surface in P3, initiates a Sarkisov link. In order to classify these
curves when the quartic surface has Picard rank 2, we will use the following criterion, which is a special case
of [BLZ21, Lemma 3.7].

Lemma 3.6. Let C ⊂ P3 be a curve, and let X denote the blowup of P3 along C. Then X → P3 initiates a
Sarkisov link if and only if X → P3 → Spec(C) is a rank 2 fibration.

In [BL12, Theorem 1.1], Blanc and Lamy classified smooth curves C ⊂ P3 whose blowups X are weak
Fano, i.e. −KX is nef and big. The following observation allows one to check which of these blowups give
rank 2 fibrations.

Lemma 3.7. Let C ⊂ P3 be a curve, and suppose that the blowup X of P3 along C is terminal and weak
Fano. Then X → P3 → Spec(C) is a rank 2 fibration if and only if the morphism to the anti-canonical model
of X is a small contraction.

Proof. Since X is weak Fano, it is a Mori Dream Space and −KX is semi-ample. So conditions (1), (2), (4)
and (5) in Definition 3.5 are all satisfied. If X is Fano, then any D-MMP is also a (KX)-MMP. Thus, the
output of any D-MMP is terminal, and so X → P3 → Spec(C) is a rank 2 fibration. From now on, suppose
that X is strictly weak Fano. The morphism X → X̌ to the anti-canonical model of X is either a divisorial
contraction or a small contraction. When X → X̌ is divisorial, X̌ has worse than terminal singularities, and
therefore X → P3 → Spec(C) is not a rank 2 fibration, as it violates condition (3) in Definition 3.5. Suppose
that X → X̌ is a small contraction, and consider its flop X+ → X̌. Note that for a general curve Γ ⊂ X and
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its strict transform Γ+ ⊂ X+, (−KX+) · Γ+ = (−KX) · Γ < 0, and so X+ is again a terminal weak Fano.
Write R+

1 and R+
2 for the two extremal rays of NE(X+), where R+

1 corresponds to X+ → X̌ and R+
2 is

KX+-negative. Let D be any divisor on X . Then any D-MMP either ends with P3, or it factors through X+.
In the latter case, any further step is associated to the contraction of R+

2 , and is therefore a (KX+)-MMP
too. In any case, the output of any D-MMP is terminal, and so X → P3 → Spec(C) is a rank 2 fibration. �

The possibilities for the genus and degree of smooth curves C ⊂ P3 whose blowups X are weak Fano are
listed in [BL12, Table 1], as well as whether or not the morphism X → X̌ to the anti-canonical model is
divisorial for a general curve in the corresponding Hilbert scheme. So, by putting together [BL12, Theorem
1.1 and Table 1] and Lemma 3.7, we get the following classification.

Theorem 3.8. Let C ⊂ P3 be a smooth curve of genus g and degree d, and let X denote the blowup of P3

along C.
Suppose that X is weak Fano and X → P3 → Spec(C) is a rank 2 fibration. Then

(†) (g, d) ∈











(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7),

(2, 5), (2, 6), (2, 7), (2,8), (3,6), (3, 7), (3,8), (4, 6), (4, 7), (4,8), (5, 7), (5,8),

(6, 8), (6,9), (7, 8), (7, 9), (8, 9), (9, 9), (10, 9), (10,10), (11,10), (14,11)











.

Conversely, suppose that (g, d) ∈ (†) and the smooth curve C satisfies the following conditions, which
define an open subset of the Hilbert scheme Hg,d of curve of arithmetic genus g and degree d:

(1) C does not admit 5-secant lines, 9-secant conics, nor 13-secant twisted cubics;
(2) there are finitely many irreducible curves in X intersecting −KX trivially.

Then X is weak Fano and X → Spec(C) is a rank 2 fibration.

The pairs (g,d) in bold are the ones that will be relevant to our approach to Gizatullin’s problem in
section 4.

3.2. Calabi-Yau pairs and volume preserving birational maps. We now introduce some basic notions
in log Calabi-Yau geometry, and explain how to use the framework developed in [CK16] and [ACM23] to
investigate Gizatullin’s problem.

Definition 3.9. (1) A Calabi-Yau pair is a pair (X,D) consisting of a terminal projective Q-factorial
variety X and an effective Weil divisor D on X such that KX +D ∼ 0 and (X,D) has log canonical
singularities. We say that a Calabi-Yau pair (X,D) is canonical if it has canonical singularities.

(2) A Mori fibered Calabi-Yau pair is a Calabi-Yau pair (X,D), together with a Mori fiber space structure
X → B.

(3) Let (X,DX) and (Y,DY ) be Calabi-Yau pairs, and f : X 99K Y a birational map, inducing an
identification of the function fields C(X) ∼=C C(Y ). We say that f is volume preserving with respect
to (X,DX) and (Y,DY ) if, for every divisorial valuation E of C(X) ∼=C C(Y ), the discrepancies of E
with respect to the pairs (X,DX) and (Y,DY ) are equal: a(E,X,DX) = a(E, Y,DY ). We refer to
[KM98, Definition 2.25] for the notion of discrepancy.

(4) Given a Calabi-Yau pair (X,D), we denote by Birv.p.(X,D) the group of birational self-maps of X
which are volume preserving with respect to (X,D).

Remark 3.10. The volume preserving terminology is explained by the following characterization (see [CK16,
Remark 1.7]). Given Calabi-Yau pairs (X,DX) and (Y,DY ), there are rational volume forms ωX on X and
ωY on Y , unique up to scaling, such that DX + div(ωX) = 0 and DY + div(ωY ) = 0. A birational map
f : X 99K Y induces an identification of the spaces of rational volume forms on X and Y . It is volume
preserving with respect to (X,DX) and (Y,DY ) if and only if it identifies the rational volume forms ωX and
ωY , up to scaling.

Remark 3.11. For canonical Calabi-Yau pairs, the volume preserving condition has the following simple
interpretation (see [ACM23, Proposition 2.6]). Let (X,DX) and (Y,DY ) be canonical Calabi-Yau pairs, and
f : X 99K Y a birational map. Then f : X 99K Y is volume preserving with respect to (X,DX) and (Y,DY )
if and only if it restricts to a birational map between DX and DY . In particular, when S ⊂ P3 is a smooth
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quartic surface, the pair (P3, S) is canonical and so the group of Cremona transformations stabilizing S
coincides with the group of volume preserving Cremona transformations with respect to (P3, S):

Bir
(

P3;S
)

= Birv.p.
(

P3, S
)

.

An important tool to study volume preserving birational maps between Calabi-Yau pairs is the volume
preserving variant of the Sarkisov program established in [CK16]. Before we state it, we introduce the volume
preserving version of Sarkisov links.

Definition 3.12 ([CK16, Definition 1.12 and Remark 1.13]). A volume preserving Sarkisov link is a Sarkisov
link as in Definition 3.3, with the following additional data and property.

• There are effective Weil divisors DX on X , DX′ on X ′, DZ on Z, and DZ′ on Z ′, making the pairs
(X,DX), (X ′, DX′), (Z,DZ) and (Z ′, DZ′) Calabi-Yau pairs.

• All the divisorial contractions, flips, flops and antiflips that constitute the Sarkisov link are volume
preserving for these Calabi-Yau pairs.

Theorem 3.13 (Volume preserving Sarkisov Program - [CK16]). Every volume preserving birational map
between Mori fibered Calabi-Yau pairs can be factorized as a composition of volume preserving Sarkisov links.

The volume preserving condition imposes strong restrictions on the links appearing in a Sarkisov decom-
position. For example, in the context of Gizatullin’s problem, we have the following.

Proposition 3.14. Let S ⊂ P3 be a smooth quartic surface, and f : (X,DX) → (P3, S) a volume preserving
divisorial contraction. Then f : X → P3 is the blowup of a curve contained in S.

Proof. By [ACM23, Proposition 3.1], the center of the divisorial contraction f : X → P3 is a curve C ⊂ S.
By [Tzi03, Proposition 1.2], f : X → P3 is the blowup of P3 along C. �

3.3. Sarkisov links centered on curves on quartic surfaces. In this subsection, we give some constraints
on curves C ⊂ P3 whose blowups initiate Sarkisov links. While these curves are not completely classified in
general, our main result is a classification of curves contained in smooth quartic surfaces with Picard rank 2
whose blowups initiate Sarkisov links (Proposition 3.18). Recall from Lemma 3.6 that the blowup X → P3

of a curve C ⊂ P3 initiates a Sarkisov link if and only if X → Spec(C) is a rank 2 fibration. We begin with
a degree bound:

Lemma 3.15. Let C ⊂ P3 be a curve, and X → P3 the blowup of P3 along C. If X → Spec(C) is a rank 2
fibration, then deg(C) < 16.

Proof. We denote by E the exceptional divisor of the blowup X → P3, and by H the pullback of the
hyperplane class of P3. By definition of a rank 2 fibration, −KX = 4H − E is big. We take n sufficiently
large so that |−nKX | has no base components, and −nKX ∼ A+F , with A very ample and F effective. For
any T ∈ |−nKX |, we denote by Ť its pushforward to P3. Note that Ť is a surface of degree 4n containing C
with multiplicity at least n. Let T1, T2 ∈ |− nKX | be general members. We claim that T1 ∩ T2 6⊂ E. Indeed,
if T1 ∈ | − nKX | and D ∈ |A| are general members, then E ∩ T1 ∩D consists of finitely many points, and so
T1 ∩D 6⊂ E. If we take T ′

2 = D + F ∈ | − nKX |, then T1 ∩ T ′
2 6⊂ E. This proves the claim. Therefore, as a

1-cycle,

Ť1 · Ť2 = n2C + C′,

with C′ a nonzero effective cycle. By Bézout’s Theorem, deg
(

Ť1 · Ť2

)

= 16n2, and thus

16n2 = deg
(

Ť1 · Ť2

)

= deg(C)n2 + deg(C′) > deg(C)n2.

Hence, deg(C) < 16. �

The remaining of this section is devoted to classifying curves that are contained in smooth quartic surfaces
with Picard rank 2 and initiate Sarkisov links. We first exclude curves that are complete intersections.

Lemma 3.16. Let S ⊂ P3 be a quartic surface, C = S ∩ T the complete intersection of S with another
surface T ⊂ P3, and X → P3 the blowup of P3 along C. Then X → Spec(C) is not a rank 2 fibration.
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Proof. Let Γ ⊂ T be any curve distinct from C, and denote by Γ̃ ⊂ X its strict transform. We have

(C · Γ)T = S · Γ = 4 deg(Γ),

and thus −KX · Γ̃ = 0. It follows from [Zik23b, Proposition 3.15] that X → Spec(C) is not a rank 2
fibration. �

When we consider an arbitrary curve C contained in a surface S ⊂ P3, it is useful to be able to replace
C with a better curve C′ ⊂ S that is linearly equivalent to C in S. For instance, we may want to take C′

smooth. The next results allow us to compare the blowup of P3 along C with the blowup of P3 along C′.

Lemma 3.17. Let S be a smooth quartic surface, and C,C′ ⊂ S curves that are linearly equivalent in S.
Denote by X → P3 and X ′ → P3 the blowups of P3 along C and C′, and by S̃ and S̃′ the strict transforms
of S on X and X ′, respectively. For any curve Γ̌ ⊂ S, denote by Γ and Γ′ its image in S̃ and S̃′ under the
identifications S ∼= S̃ and S ∼= S̃′ respectively. Assume that X and X ′ are Q-Gorenstein. Then the following
hold:

(1) (−KX) · Γ = (−KX′) · Γ′.
(2) X is weak Fano if and only if so is X ′.
(3) Suppose that X is weak Fano and X → Spec(C) is a rank 2 fibration. If C′ is general in |C|, then

X ′ is weak Fano and X ′ → Spec(C) is a rank 2 fibration.

Proof. We denote by E and E′ the exceptional divisors of X → P3 and X ′ → P3, respectively. We abuse
notation and use the same symbol H to denote the hyperplane class in P3 and its pullbacks to X and X ′.
We shall see that, for any a, b ∈ Z, (aH − bE) · Γ = (aH − bE′) · Γ′. This yields (1) as a special case.

(aH − bE) · Γ = (aH − bE)|S̃ · Γ = (aH |S − bC) · Γ̌

= (aH |S − bC′) · Γ̌ = (aH − bE′)|S̃′ · Γ′ = (aH − bE′) · Γ′.

If Γ ⊂ X is any curve with (−KX) ·Γ < 0, then Γ ⊂ S̃. By (1) (−KX′) ·Γ′ < 0. By the symmetric nature
of the argument, we get that −KX is nef if and only if so is −KX′ . Similarly, for bigness, we have

(−KX)3 = (−KX |S̃)
2 = (−KX) · (4H |S̃ − C) = (−KX′) · (4H |S̃′ − C′) = (−KX′ |S̃′)

2 = (−KX′)3

In particular (−KX)3 > 0 if and only if (−KX′)3 > 0. This gives (2).
For (3), assume that X is weak Fano and X → Spec(C) is a rank 2 fibration. Choosing C′ ∈ |C| smooth

and using (2) and Lemma 3.7, it suffices to prove that, for general C′, the morphism to the anti-canonical
model of X ′ is small. For that, we perform a blowup in a family over the base |C|: set P := |C| × P3,
Z :=

{

(D, p) ∈ |C| × P3 | p ∈ D
}

, and denote by X the blowup of P along Z. For a general element b ∈ |C|,
the fiber Xb is weak Fano, and so −KXb

is semiample. Therefore, the relative anti-canonical map over |C| is
a morphism on the preimage U of an open subset of |C|. Denote by E the closure of the exceptional locus
of the morphism to the relative anti-canonical model on U . By assumption, the fiber of E over C ∈ |C| is
at most one dimensional. So, by upper-semicontinuity of the dimension of the fiber, the fiber of E over a
general point C′ ∈ |C| is also at most one dimensional, i.e. the morphism to the anti-canonical model of X ′

is small. �

We end this section with a classification of curves contained in smooth quartic surfaces with Picard rank
2 whose blowups initiate Sarkisov links.

Proposition 3.18. Let C ⊂ P3 be a (possibly singular) curve of arithmetic genus pa and degree d lying on
a general smooth quartic surface S with Picard rank 2. Let X be the blowup of P3 along C, and suppose that
X → Spec(C) is a rank 2 fibration. Then X is weak Fano and (pa, d) is one of the pairs in the list (†) of
Theorem 3.8.

Proof. We denote by S a smooth quartic surface with Picard rank 2 containing C, and by S̃ its strict transform
on X . Suppose that X → Spec(C) is a rank 2 fibration. We will show that X is weak Fano. Suppose that X
is not weak Fano. Then the Sarkisov link initiated by X → P3 proceeds with an anti-flip. By Remark 3.2,
the extremal ray corresponding to the associated small contraction of X is generated by a smooth rational
curve Γ ⊂ X such that S̃ · Γ = −KX · Γ < 0. In particular, Γ ⊂ S̃. By [ACM23, Lemma 4.4], we must have
−KX · Γ = −1. Denote by Γ̌ the image of Γ in P3. Since X → Spec(C) is a rank 2 fibration, Lemma 3.16
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implies that C is not a complete intersection. As in Section 2.3, we assume that Pic(S) = ZH ⊕ ZW , where
H is a hyperplane section of S, the intersection product is given by the matrix (⋆) and S has discriminant
r = b2 − 8c > 0. By changing W if necessary, we may assume that 0 < b < 16. Write Γ̌ = αH + βW and
C = δH + γW in Pic(S) with α, β, δ, γ ∈ Z. The conditions that Γ̌ is a rational curve and −KX · Γ = −1
give the following system:

(1)











0 < H · Γ̌ = 4α+ bβ
−2 = Γ̌2 = 4α2 + 2bαβ + 2cβ2

−1 = (4H − C) · Γ̌ = (16− d)α+
(

4b− δb+ d2−8(pa−1)−γ2b2

4γ

)

β.

By Lemma 3.15 and Theorem 2.7, d < 16 and pa ≤ d2

8 . Moreover, from d2 − 8(pa − 1) = rγ2 and the fact

that d < 16 and pa ≥ 0, it follows that r, γ2 ≤ 233. Therefore, there are finitely many possibilities for the
pair (pa, d), and hence for the integers b, c, δ and γ. One may verify that, subject to these conditions, the
system (1) admits an integer solution (α, β) if and only if (pa, d) = (15, 11). In this case, the discriminant
of S is r = 9 and γ = ±1. So Pic(S) = ZH ⊕ ZC, and the integer solution of the system (1) gives a line
ℓ = Γ̌ ∼ 3H − C contained in S. We will show that the rational contraction X 99K Y to the anti-canonical
model of X is divisorial, and thus Y has worse than terminal singularities. This will contradict the assumption
that X → Spec(C) is a rank 2 fibration, as it violates condition (3) in Definition 3.5.

First note that the structure sequence of C ⊂ P3 induces the following inequality:

(2) h0(P3, IC(3)) ≥ h0(P3,OP3(3))− h0(C,OC(3H)) ≥ 10− h0(Ĉ,O
Ĉ
(3H)),

where ν : Ĉ → C is the normalization of C and the second inequality stems from the injectivity of ν∗ on global
sections. Using the Riemann-Roch theorem on Ĉ, we conclude that h0(P3, IC(3)) ≥ 1, i.e. C is contained
in a cubic surface T . Moreover, S ∩ T = C ∪ ℓ and this cubic surface is unique for degree reasons. By
analyzing the divisor 5H − C = 2H + ℓ on S, we see that there is a quintic surface containing C whose
strict transform on X does not meet Γ ⊂ X . Hence, the ideal of C in P3 is IC = (f3, f4, f5), where fi are
homogeneous polynomials of degree i, with f3 and f4 cutting out T and S, respectively. The anti-canonical
rational contraction of X is given by the global sections of IC(4), and so we may choose coordinates and a
basis of H0(P3, IC(4)) so that the map P3

99K Y ⊂ P4 given by (x0f3 : x1f3 : x2f3 : x3f3 : f4), where Y ⊂ P4

is the singular hypersurface of P4 cut out by the equation

f4(y0, y1, y2, y3)− y4f3(y0, y1, y2, y3) = 0.

This map is divisorial, contracting the strict transform of T in X to the singular point (0 : 0 : 0 : 0 : 1) ∈
Y . Furthermore, since the map is anti-canonical, Y has strictly canonical singularities, contradicting the
assumption that X → Spec(C) is a rank 2 fibration. From this contradiction we conclude that X is weak
Fano.

Finally, by Lemma 3.17, for a general C′ ∈ |C| the blowup X ′ → P3 of P3 along C′ is weak Fano and
X ′ → Spec(C) is a rank 2 fibration. Furthermore, by Corollary 2.10, we may choose C′ to be smooth.
Theorem 3.8 then implies that (g(C′), deg(C′)) = (pa, d) appears in (†). �

4. Gizatullin’s problem for quartics with Picard rank 2

Let S ⊂ P3 be a smooth quartic surface with Picard rank 2, and ϕ : P3
99K P3 a birational map. Recall

from Remark 3.11 that ϕ(S) = S if and only if ϕ is volume preserving with respect to the Calabi-Yau pair
(P3, S). Therefore, in order to investigate Problem 1, we may use the volume preserving Sarkisov program
introduced in the previous section.

Proposition 4.1. Let S ⊂ P3 be a smooth quartic surface with Picard rank 2. Suppose that Bir(P3;S) 6=
Aut(P3;S). Then there is a smooth curve C ⊂ S of genus g and degree d such that the pair (g, d) belongs to
the list (†) of Theorem 3.8.

Proof. Suppose that there exists a birational map ϕ ∈ Bir(P3;S)\Aut(P3;S). By Theorem 3.13, there exists
a factorization of ϕ as a composition of volume preserving Sarkisov links. Since ρ(P3) = 1, the first Sarkisov
link in the decomposition necessarily starts with a volume preserving divisorial contraction X → P3. By
Proposition 3.14, X → P3 is the blowup of P3 along a curve C′ ⊂ S. By Lemma 3.6, X → Spec(C) is a rank
2 fibration, and so Proposition 3.18 implies that (pa(C

′), deg(C′)) belongs to the list (†). A general member
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C in the linear system |C′| of S is a smooth curve of genus g and degree d with (g, d) = (pa(C
′), deg(C′)),

and the result follows. �

In what follows, we adopt the notation introduced in Section 2.3. In particular, we denote by H the class
of a hyperplane section of S ⊂ P3. Given a curve C ⊂ S, the arithmetic genus pa and degree d of C are given

by (pa, d) =
(

C2

2 + 1, C ·H
)

.

Corollary 4.2. Let S be a smooth quartic surface with Picard rank 2 and discriminant r. If r > 57 or
r = 52, then

Bir(P3;S) = Aut(P3;S).

Proof. Let S be a smooth quartic surface with Picard rank 2 and discriminant r. Recall from (⋆) in Sec-
tion 2.3 that r ≡ 0, 1, 4 (mod 8). Suppose that there exists a birational map ϕ ∈ Bir(P3;S) \ Aut(P3;S).
By Proposition 4.1, there is a curve C ⊂ S with arithmetic genus pa and degree d satisfying (pa, d) =
(

C2

2 + 1, C ·H
)

∈ (†). Consider the sublattice L of Pic(S) spanned by H and C. Its discriminant is

r′ = (C ·H)2 − 4C2 = d2 − 8(pa − 1). We compute r′ for each pair (pa, d) ∈ (†), and list the possible values
of r′ in the same order as the corresponding pair in (†):

r′ ∈











9, 12, 17, 24, 33, 44, 57, 9, 16, 25, 36, 49,

17, 28, 41, 56, 20, 33, 48, 12, 25, 40, 17, 32,

24, 41, 16, 33, 25, 17, 9, 28, 20, 17











.

Since r = disc
(

Pic(S)
)

must divide r′ = disc(L) ≤ 57, we conclude that r ≤ 57. Among the integers r
with r ≡ 0, 1, 4 (mod 8) and r ≤ 57, the only one that does not divide any r′ in the above list is r = 52. �

For quartic surfaces with Picard rank 2, Corollary 4.2 reduces Problem 1 to surfaces S with discriminant
r ≤ 57 and r 6= 52. Recall from Proposition 2.17 the possible values of r in this case:

R0 = {9, 12, 16, 24, 25, 33, 36, 44, 49, 57},
R1 = {17, 41},
R2 = {28, 56}, and
R3 = {20, 32, 40, 48},

and the corresponding automorphism group when the surface S is Aut-general:

Aut(S) ∼=















{1}, if r ∈ R0,
Z2, if r ∈ R1,
Z2 ∗ Z2, if r ∈ R2,
Z, if r ∈ R3.

Next we show that whenever r ∈ R1 ∪R2 ∪R3 we can find a curve C ⊂ S as in Proposition 4.1 such that
Pic(S) = ZH ⊕ ZC, where H denotes the class of a hyperplane section. This allows us to decribe explicit
generators of Aut(S) in each case.

Proposition 4.3. Let S be an Aut-general smooth quartic surface with ρ(S) = 2 and discriminant r ∈
R1 ∪R2 ∪R3.

(1) There is a smooth curve C ⊂ S of genus g and degree d such that Pic(S) = ZH ⊕ ZC, where (g, d)
depends on r as described in the following table:

(C)

r 17 41 28 56 20 32 40 48

(g, d) (14, 11) (6, 9) (10, 10) (2, 8) (11, 10) (5, 8) (4, 8) (3, 8)

Aut(S) Z2 Z2 ∗ Z2 Z
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(2) With respect to the basis {H,C}, the action of Aut(S) on Pic(S) is described as follows:

(M)

r 17 28 20 40

Aut(S)
〈(

19 72
−5 −19

)〉 〈(

23 88
−6 −23

)

,
(

−7 −8
6 7

)〉 〈(

29 40
−8 −11

)〉 〈(

43 18
−12 −5

)〉

r 41 56 32 48

Aut(S)
〈(

27 104
−7 −27

)〉 〈(

31 120
−8 −31

)

,
(

−1 0
8 1

)〉 〈(

41 24
−12 −7

)〉 〈(

209 56
−56 −15

)〉

Proof. To prove (1), write Pic(S) = ZH ⊕ ZW . As in (⋆), the intersection matrix of S with respect to the
basis {H,W} can be written as

Q =

(

4 b
b 2c

)

,

so that r = b2 − 8c. Notice that for each r ∈ R1 ∪R2 ∪R3, the corresponding pair (g, d) listed on table (C)
satisfies r = d2 − 8(g − 1). Combining the two equalities we get

(b+ d)(b − d) = b2 − d2 = 8
(

b− (g − 1)
)

,

from which we deduce that 4 divides one of the two factors on the left. Then one may check that the divisor

D = αH + βW, with (α, β) =

(

b+ d

4
,−1

)

or

(

b− d

4
, 1

)

satisfies H ·D = d and D2 = 2g−2. By Corollary 2.10, there is a smooth curve C ∈ |D|. Since disc
(

Pic(S)
)

=

r = d2 − 8(g − 1) = disc(ZH ⊕ ZC), we conclude that Pic(S) = ZH ⊕ ZC.
To prove (2), we first notice that each matrix in the table represents an isometry φ ∈ O(Pic(S)) since

φTQφ = Q. Moreover, in each case, either (φ − Id)Q−1 ∈ M2×2(Z) or (φ + Id)Q−1 ∈ M2×2(Z). Therefore,
by Proposition 2.18, the isometry φ ∈ O(Pic(S)) is induced by an automorphism g ∈ Aut(S) if and only if
φH is ample. We now consider separately each case r ∈ Ri for i ∈ {1, 2, 3}.

Suppose that r ∈ R3. Then Aut(S) ∼= Z and S does not contain rational curves (see Proposition 2.14). We
can check that φH ·H > 0 and (φH)2 > 0, and so φH is ample by [Huy16, §8, Corollary 1.6]. Therefore, the
isometry φ ∈ O(Pic(S)) is induced by an automorphism g ∈ Aut(S). For r = 20, 32, 40, 48, the corresponding
minimal integer solutions of (∗) are (α1, β1) = (4, 5), (7, 4), (43, 18) and (4, 1), respectively. Moreover, φ = hk,
where h is the matrix of Proposition 2.18(2) and k = 3, 2, 1, 4, respectively. In each case, φ is the minimal
power of h satisfying the Gluing and Torelli conditions stated in Proposition 2.18, and so g is the generator
of Aut(S).

Suppose that r ∈ R2. Then Aut(S) ∼= Z2 ∗ Z2
∼= Z ⋊ Z2 and S does not contain rational curves (see

Proposition 2.14). For a fixed r ∈ R2, we denote by φ1 and φ2 the two isometries displayed in the table.
Exactly as in the previous case, we check that φiH is ample, i ∈ {1, 2}, and so φ1 and φ2 are induced by
automorphisms g1, g2 ∈ Aut(S) respectively. Notice that φ1 and φ2 have the form described in Proposition
2.18(1), and so g1 and g2 are involutions of S. To see that they are the generators of Aut(S), we check that
g1g2 generates the maximal copy of Z in Aut(S). Indeed, for r = 28, 56, the minimal solutions of (∗) are
(α1, β1) = (23, 27) and (31, 4), respectively. In both cases φ1φ2 = h2, and h2 is the minimal power of h
satisfying the Gluing and Torelli conditions stated in Proposition 2.18.

Suppose that r ∈ R1. Then Aut(S) = 〈g〉 ∼= Z2. By Proposition 2.13, g∗ is the reflection along the line
generated by the unique ample class A such that A2 = 2. Taking W = C in the proof of Proposition 2.17,
our argument there shows that the divisor A = 4H −C is ample and A2 = 2. So g∗ : N1(S) → N1(S) is the
reflection given by:

α 7→ (A · α)A− α.

One checks directly that, for each value of r ∈ R1, the isometry φ represented by the matrix in table (M)
coincides with this reflection. �

Remark 4.4. In all cases of Proposition 4.3, the divisor D = 4H − C is ample. This appeared in the proof
for r ∈ R1. For r ∈ R2 or R3, D is nef and big, and S contains no rational curves, so D is automatically
ample.
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Now that we have explicitly described the action of the generators of Aut(S) on Pic(S) when r ∈ R1∪R2∪
R3, we proceed to construct Cremona transformations realizing them. We will use the following criterion to
determine when S ⊂ P3 is projectively equivalent to its image under a Cremona transformation of P3.

Lemma 4.5. Let ι : S →֒ Pn be a subvariety embedded by a complete linear system |H |. Let ϕ ∈ Bir(Pn) be
a Cremona transformation whose restriction to S is an isomorphism onto its image S′ = ϕ(S) ⊂ Pn, and
assume that S′ is embedded by a complete linear system in Pn. Then S and S′ are projectively equivalent in
Pn if and only if there is an automorphism g ∈ Aut(S) fitting into a commutative diagram:

Pn ϕ //❴❴❴❴ Pn

S

ι

OO 77♦♦♦♦♦♦♦♦♦
g

// S .

ι

OO

Proof. Denote by H ′ ∈ Pic(S) the pullback of the hyperplane class of Pn under the embedding ϕ|S ◦ ι.
By assumption, ϕ|S ◦ ι : S →֒ Pn is given by the complete linear system |H ′|. Hence, the condition that
g ∈ Aut(S) fits into the commutative diagram above is equivalent to the condition H ′ = g∗H . �

In order to construct Cremona transformations realizing the generators of Aut(S) described in Proposi-
tion 4.3, we will consider the Sarkisov links initiated by blowing up the curves C ⊂ S listed in Proposition 4.3.
In the case r = 20, we will also need a curve C′ ∈ |4H − C|, which has genus and degree (g, d) = (3, 6).
We recall some numerics of these Sarkisov links, which can be recovered from [CM13, Table 1] and [BL12,
Example 4.7(ii)].

Remark 4.6 ([CM13, Table 1], [BL12, Example 4.7(ii)]). Let C ⊂ P3 be curve of genus g and degree d,
where (g, d) is one of the pairs in (C) above or (g, d) = (3, 6). Suppose that C is general in the Hilbert scheme
Hg,d, so that it satisfies conditions (1) and (2) of Theorem 3.8. By Theorem 3.8, the blowup p : X → P3 of
C initiates a Sarkisov link χ : P3

99K Y link fitting into a diagram:

X
φ //

p

��

X+

p+

��
P3 χ //❴❴❴❴❴❴ Y,

where φ is a flop or an isomorphism, Y is a smooth Fano 3-fold with ρ(Y ) = 1, and p+ : X+ → Y is the
blowup of Y along a smooth curve of genus g+ and degree d+. Here, the degree is measured with respect to
the ample generator of Pic(Y ).

Denote by H ∈ Pic(X) the pullback of the hyperplane class of P3, by H+ ∈ Pic(X+) the pullback of the
ample generator of Pic(Y ), and by E and E+ the exceptional divisors of p and p+, respectively. With respect
to the bases {H+, E+} of Pic(X+) and {H,E} of Pic(X), the isomorphism φ∗ takes the form

φ∗ =

(

a ac−1
b

−b −c

)

for suitable integers a, b and c.
For each pair (g, d) in (C) above or (g, d) = (3, 6), the Fano 3-fold Y , as well as the values of g+, d+, a, b

and c, are displayed in the following table:

(g, d) (14, 11) (6, 9) (10, 10) (2, 8) (11, 10) (3, 6) (5, 8) (4, 8) (3, 8)

Y P3 P3 P3 P3 P3 P3 P3 X5 P3

(g+, d+) (14, 11) (6, 9) (10, 10) (2, 8) (11, 10) (3, 6) (5, 8) (4, 10) (3, 8)

(a, b, c) (19, 5, 19) (27, 7, 27) (23, 6, 23) (31, 8, 31) (11, 3, 11) (3, 1, 3) (7, 2, 7) (11, 3, 5) (15, 4, 15)

We are now ready to realize automorphisms of general smooth quartic surfaces with Picard rank 2 and
discriminant r ∈ R1 ∪ R2 ∪ R3 as restrictions of Cremona transformations of P3 constructed from Sarkisov
links. In what follows we make this generality condition on smooth quartic surfaces precise.
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Generality assumptions 4.7. Let S be a smooth quartic surface with Picard rank 2. Our first generality
assumption is the one introduced in Definition 2.11 and Remark 2.12, which allows us to fully describe the
automorphism group of S (see Proposition 2.14):

(1) S is Aut-general.

When S has discriminant r ∈ R1 ∪ R2 ∪ R3, we will also need to assume that S contains general curves
with prescribed genus and degree. More precisely, by Proposition 4.3, S contains a smooth curve C of genus
and degree (g, d) listed in table (C). In order for the blowup of C to initiate a Sarkisov link, we need that C
satisfies conditions (1) and (2) of Theorem 3.8. Condition (1) of Theorem 3.8 is automatic, as it is equivalent
to a purely numerical condition that can be checked on the Picard lattice of S. Condition (2) of Theorem 3.8
defines an open subset of the Hilbert scheme Hg,d. So our second generality assumption is the following:

(2) If r ∈ R1∪R2∪R3, then S contains a curve C of genus and degree (g, d) in table (C) of Proposition 4.3
satisfying condition (2) of Theorem 3.8.

Remark 4.8. We do not know of any example of smooth quartic surface S with Picard rank 2 that is not Aut-
general. One can show that if Aut(S) is finite, then S is automatically Aut-general. When r ∈ R1∪R2 ∪R3,
we do not know of any curve C ⊂ S of genus and degree (g, d) in table (C) of Proposition 4.3 that does not
satisfy condition (2) of Theorem 3.8.

Proposition 4.9 (Z2-case). Let S be a smooth quartic surface with ρ(S) = 2 and discriminant r ∈ {17, 41}
satisfying generality assumptions 4.7. Then the restriction homomorphism Bir(P3;S) → Aut(S) ∼= Z2 is
surjective.

Proof. We first treat the case r = 17. By Proposition 4.3, Pic(S) = ZH ⊕ ZC, where C is a general smooth

curve of genus and degree (14, 11). Denote by X → P3 the blowup of P3 along C, and by S̃ ⊂ X the
strict transform of S. By Remark 4.6, after replacing C with a general member of |C| if needed, X → P3

initiates a Sarkisov link χ : P3
99K P3. Using the notation of Remark 4.6, we first prove that χ restricts to

an isomorphism on S. Indeed, the restriction of p to S̃ is clearly an isomorphism onto S. Moreover, for any
curve γ ⊂ X flopped by φ, we have S̃ · γ = −KX · γ = 0. Since −KX |S̃ = 4H −C is ample on S̃ by Remark

4.4, γ must be disjoint from S̃. Since φ preserves anti-canonical sections, the class of S+ = φ(S̃) on X+ is
4H+−E+. So, for any curve e+ ⊂ X+ contracted by p+, S+ · e+ = 1, and so p+ restricts to an isomorphism
on S+. We thus conclude that χ|S : S 99K χ(S) is an isomorphism.

By Remark 4.6, in terms of the bases {H+, E+} and {H,E} for N1(X+) and N1(X), respectively, the
isomorphism φ∗ : N1(X+) → N1(X) is given by the matrix

φ∗ =

(

19 72
−5 −19

)

.

Notice that this is the same matrix as the one corresponding to the generator τ of Aut(S) in Table (M). In
particular, τ∗H+ = H and thus, by Lemma 4.5, χ(S) is projectively equivalent to S. Up to composing it with
an automorphism of P3, we may assume that χ ∈ Bir(P3;S) and χ|S = τ . This proves that the restriction
homomorphism Bir(P3;S) → Aut(S) = 〈τ〉 is surjective.

For r = 41, we pick C ⊂ S a general smooth curve of genus and degree (6, 9), and follow the exact same
argument. The numerics for the corresponding link are given again in Remark 4.6. �

Proposition 4.10 (Z2 ∗ Z2-case). Let S be a smooth quartic surface with ρ(S) = 2 and discriminant r ∈
{28, 56} satisfying generality assumptions 4.7. Then the restriction homomorphism Bir(P3;S) → Aut(S) ∼=
Z2 ∗ Z2 is surjective.

Proof. We first treat the case r = 28. By Proposition 4.3, Pic(S) = ZH ⊕ ZC1, where C1 is a smooth curve
of genus and degree (10, 10). Moreover, Aut(S) ∼= Z2 ∗Z2 is generated by two involutions τ1 and τ2 that act
on Pic(S) as

τ∗1 =

(

23 88
−6 −23

)

and τ∗2 =

(

−7 −8
6 7

)

with respect to the basis {H,C1}.
Denote by X1 the blowup of P3 along C1. By Remark 4.6, after replacing C1 with a general member of |C1|

if needed, X1 → P3 initiates a Sarkisov link χ1 : P
3
99K P3. Arguing exactly as in the proof of Proposition
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4.9, we see that χ1 restricts to an isomorphism on S and, after composing it with an automorphism of P3,
we may assume that χ1(S) = S and χ1|S = τ1.

As for the second generator τ2 of Aut(S), let C2 be a general smooth element of |5H − C1|. Then C2

is also of genus and degree (10, 10), and so the blowup X2 → P3 along C2 again initiates a Sarkisov link
χ2 : P

3
99K P3. As before, after composing it with an automorphism of P3, we may assume that χ2(S) = S,

and the induced automorphism on S acts on Pic(S) as
(

23 88
−6 −23

)

with respect to the basis {H,C2}. Changing the basis to {H,C1}, we get

χ2|
∗
S =

(

1 5
0 −1

)(

23 88
−6 −23

)(

1 5
0 −1

)−1

=

(

−7 −8
6 7

)

.

So χi|S = τi for i = 1, 2, and we get a surjection Bir(P3;S) → Aut(S) = 〈τ1, τ2〉.
The case r = 56 is analogous: we choose C1 to be a general smooth curve of genus and degree (2, 8) and

C2 a general smooth element of |4H − C1|. Then C2 is also a curve of genus and degree (2, 8), and the
construction above works verbatim. �

Remark 4.11. The four links described in the proofs of Propositions 4.9 and 4.10, initiated by the blowup
of P3 along general smooth curves of genus and degree (14, 11), (6, 9), (10, 10) and (2, 8), were described in
detail in [Zik23a, Proposition 3.1 and Remark 3.2]. Each one is a birational involution χ : P3

99K P3 fitting
into a commutative diagram:

X

p

��

&&◆◆
◆◆

◆◆
φ // X

ww♦♦♦
♦♦
♦♦

p

��
Z

α

ZZ

P3
χ

//❴❴❴❴❴❴❴ P3 ,

where φ : X // X is a flop, the anti-canonical model Z of X is a double cover of P3 ramified along a sextic
hypersurface, and α : Z → Z is the the deck transformation of Z over P3.

Proposition 4.12 (Z-case). Let S be a smooth quartic surface with ρ(S) = 2 and discriminant r ∈
{20, 32, 40, 48} satisfying generality assumptions 4.7. Then the restriction Bir(P3;S) → Aut(S) ∼= Z is
surjective.

Proof. We first treat the case r = 20. By Proposition 4.3, there is a smooth curve C1 ⊂ S of genus and
degree (11, 10) such that Pic(S) = ZH ⊕ ZC1. By Remark 4.6, after replacing C1 with a general member
of |C1| if needed, the blowup X1 → P3 along C1 initiates a Sarkisov link χ1 : P

3
99K P3. Following the

notation introduced in Remark 4.6, we denote by C+
1 ⊂ P3 the center of the blowup p+1 : X+

1 → P3, and set
S1 := χ1(S) ⊂ P3. Arguing as in the proof of Proposition 4.9, we see that χ1|S : S → S1 is an isomorphism.
Set σ1 := χ1|S : S → S1. By Remark 4.6, with respect to the bases {H+, C+

1 } of Pic(S1) and {H,C1} of
Pic(S), σ∗

1 takes the form

σ∗
1 =

(

11 40
−3 −11

)

.

Using Lemma 4.5, one can check that S and S1 are not projectively equivalent.
We will now perform a second link. Let C2 ⊂ S1 be a general smooth element of the linear system

|4H+ −C+
1 |. Then C2 is a curve of genus and degree (3, 6). Denote by p2 : X2 → P3 the blowup of P3 along

C2. By Remark 4.6, it initiates a Sarkisov link χ2 : P
3
99K P3. Once again, we follow the notation introduced

there. We denote by E+
2 ⊂ X+

2 the exceptional divisor of the blowup p+2 : X+
2 → P3, by C+

2 := p+2 (E
+
2 ) ⊂ P3

its center, and set S2 := χ2(S1) ⊂ P3. Arguing as in the proof of Proposition 4.9, we see that the restriction
χ2|S1

: S1 → S2 is an isomorphism. Set σ2 := χ2|S1
: S1 → S2, and write A and A+ for the hyperplane classes

of S1 and S2, respectively. By Remark 4.6, with respect to the bases {A+, C+
2 } of Pic(S2) and {A,C2} of

Pic(S1), σ
∗
2 takes the form

σ∗
2 =

(

3 8
−1 −3

)

.
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A smooth element C′ ⊂ S2 in the linear system |4A+−C+
2 | is a curve of genus and degree (11, 10). Computing

the matrix of the composition (σ2 ◦ σ1)
∗ : Pic(S2) → Pic(S) with respect to the bases {A+, C′} of Pic(S2)

and {H,C1} of Pic(S), we get:

(σ2 ◦ σ1)
∗ =

(

11 40
−3 −11

)(

1 4
0 −1

)(

3 8
−1 −3

)(

1 4
0 −1

)−1

=

(

29 40
−8 −11

)

.

Notice that this is the same matrix as the one corresponding to the generator of Aut(S) in Table (M). By
Lemma 4.5, after composing it with an automorphism of P3, we may assume that (χ2 ◦ χ1)(S) = S and the
restriction (χ2 ◦ χ1)|S generates Aut(S).

The cases r = 32, 40, 48 are analogous: the birational map χ : P3
99K P3 that stabilizes S and generates

Aut(S) ∼= Z is always the composition of two Sarkisov links χ1 and χ2. The first Sarkisov link χ1 : P
3
99K Y

is initiated by the blowup of P3 along a general curve C1 ⊂ S of genus and degree (g, d) indicated in the table
below, while the second Sarkisov link χ2 : Y 99K P3 is initiated by the blowup of Y along a general smooth
curve C2 ⊂ χ1(S) such that C2 ∼ αH+ + βC+

1 for suitable integers α and β listed in the table below.

r C1 χ1 (α, β) C2 χ2

32 (5, 8) P3
99K P3 (4,−1) (5, 8) P3

99K P3

40 (4, 8) P3
99K X5 (2,−1) (4, 10) X5 99K P3

48 (3, 8) P3
99K P3 (4,−1) (3, 8) P3

99K P3

�

We are now ready to prove our main theorem:

Proof of Theorem 2. First suppose that r > 57 or r = 52. By Corollary 4.2, Bir(P3;S) = Aut(P3;S). By
Proposition 2.16, if S is Aut-general, then Aut(P3;S) = {1}.

If r ≤ 57, r 6= 52 and Aut(S) 6= {1}, then r ∈ {17, 41}∪{28, 56}∪{20, 32, 40, 48} by Proposition 2.17. For
r in each one of these three sets, we conclude by Propositions 4.9, 4.10 and 4.12, respectively. �
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