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1.

2. Fused Specht polynomials and the fused Hecke algebra with parameter ¢ = —1

AsstracT. We introduce a class of polynomials that we call fused Specht poly-
nomials and use them to characterize irreducible representations of the fused
Hecke algebra with parameter ¢ = —1 in the space of polynomials. We apply
the fused Specht polynomials to construct a basis for a space of holomorphic
(chiral) conformal blocks with central charge ¢ = 1 which are degenerate at
each point. In conformal field theory, this corresponds to all primary fields
having conformal weight in the Kac table. The associated correlation func-
tions are expected to give rise to conformally invariant boundary conditions
for the Gaussian free field, which has also been verified in special cases.
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1. INTRODUCTION

This article is essentially divided into two parts, each of which is of independent interest.
The first part is combinatorial and only assumes basic background in representation the-
ory. It concerns irreducible representations of the fused (or valenced) Hecke algebra, whose
building blocks are fused generalizations of the classical Specht polynomials. The second
part concerns degenerate conformal blocks in a ¢ = 1 conformal field theory (CFT), which
we explicitly build from the fused Specht polynomials. (For readers interested in CFT or
random geometry, the algebraic results from the first part can be taken as a black box.)

We begin with motivation for our results from topology/representation theory point of
view on the one hand, and from CFT/random geometry point of view on the other hand.

The representation theory of the symmetric group &,, is a very classical subject (ini-
tiated by Frobenius, Schur, Young, and Specht), with ubiquitous applications to various
areas in mathematics and physics. It was observed in the 1930s that the combinatorics of
Young tableaux plays a prominent role in the classification of irreducible representations of
S, [You30, FHO4]. A particular class of those, yielding a complete set of irreducible repre-
sentations, is termed Specht modules and spanned by Specht polynomials [Spe35, Pee75].

One of the basic questions in representation theory is the decomposition of a given
representation into irreducible components. A structurally beautiful result (termed Schur-
Weyl duality) relates the representation theory of the symmetric group to that of the
special linear group SL(2, C) and its Lie algebra s[(2, C) [Sch27, Wey39, FHO04]. It concerns
a tensor product of defining representations C? of s((2, C), and implies in particular that the
centralizer algebra of sl(2,C) on (C?)®" equals a quotient of the symmetric group algebra
C[6,,]. Inthe case of tensor products of higher-dimensional representations, one encounters
fused (or valenced) versions of the symmetric group algebra C[S,,]. More precisely, the
centralizer algebra of sl(2,C) on its tensor product representation C51 ! @ ... ® Cst1,
where ¢ = (s1,...,s4) encode the valences of the representation, is isomorphic to a specific
quotient of the fused Hecke algebra (viz. the algebra of “fused permutations”) [FP20, Cd23].
This quotient is also known as the valenced Temperley-Lieb algebra [TL71, FP18b, FP20].

In topology, the Temperley-Lieb algebra can be used to construct the Jones polynomial
of a link [Jon85], and its valenced version the “colored” Jones polynomial [Kas95a, Kas97,
MMO1]. Hecke algebras can be used to construct further generalizations, such as the
HOMEFLY-PT polynomial [FYH"85, PT87]. In applications to mathematical physics, one
can build solutions of the Yang-Baxter equation from the Hecke algebra, which is intimately
related to quantum groups (or quasitriangular Hopf algebras). We will not need to discuss
the Yang-Baxter equation in the present work. Let us briefly mention, however, that
“quantum” variants of the Schur-Weyl duality relate representations of quantum groups
U,(sl(2,C)) to representations of (quotients of) the Hecke algebra H,,(¢), where ¢ € C\ {0} is
a deformation parameter [Jim86, DJ89, Mar92] and n € Z+. In the present article, we shall
be concerned with the case of ¢ = —1 (analogous to the classical case of ¢ = 1)!. We will
build irreducible representations of the fused Hecke algebra H, := H.(—1) with ¢ = —1, by
introducing a class of polynomials that we call fused Specht polynomials (Theorem 2.14).

1The Hecke algebra H,(+1) is isomorphic to the group algebra C[&,]| of the symmetric group, and
Ux+1(sl(2, C)) is understood as just the classical universal enveloping algebra U (s((2, C)). The quantum groups
come up in the case where the deformation parameter is ¢ € C\ {0, £1}. Nevertheless, because (motivated by
CFT) we will speak of “fusion” in the present work, which also has a direct analogue in the g-deformed case,
we shall adopt the terminology of “(fused) Hecke algebra” (or “(valenced) Hecke algebra”) and the “(valenced)
Temperley-Lieb algebra” when we discuss the representation theory of the case of ¢ = —1 as well.
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Conformal field theory has become a rich and important field of study in the mathematical
physics community in the recent decades, both because of its relation with critical lattice
models in statistical physics and random geometry (see [DFMS97, Smi06, Pel19, GKR23]
and references therein), and for its intricate connections to algebraic geometry and super-
symmetric gauge theories (see [AGT10, NS10, Tes11] and references therein). In certain
CFTs, combinatorial methods and special functions play an important role (cf. [AFLT11,
BF14, ILT15]), as will also be the case in the present work. Indeed, we shall find new
expressions for conformal blocks in a CFT with central charge ¢ = 1 in terms of special
functions, building on the aforementioned (fused) Specht polynomials (cf. Theorem 3.24).

Conformal blocks provide fundamental building blocks of correlation functions of a CFT. In
two dimensions, the conformal symmetry imposes infinitely many constraints to the system
(encoded into representations of the Virasoro algebra) [BPZ84b, DFMS97] and thereby the
structure of the correlation functions is believed to be completely determined by the two-
and three-point functions together with the fusion rules (or “spectrum”), which describe the
asymptotics of the correlation functions, and with the central charge c, a parameter encoding
the “conformal anomaly.” In this approach, often termed “conformal bootstrap,” or BPZ’s
algebraic approach, it is in principle sufficient to understand the correlation functions of the
primary fields and the underlying Virasoro algebra representation — the former correspond
to highest-weight vectors in Virasoro highest-weight modules, and the latter then yields
the algebraic structure of the rest of the theory. Moreover, in applications one in fact most
frequently encounters precisely the correlation functions of primary fields. In this article,
we shall focus on correlation functions of primary fields in a certain ¢ = 1 CFT, comprising
so-called “degenerate fields,” relevant to random geometry applications.

Upon expanding the correlation functions in terms of a Frobenius type expansion (oper-
ator product expansion (OPE) determined by the fusion rules), choices of different interme-
diate Virasoro modules yield different correlation functions. Particular choices are expected
to give distinguished bases of correlation functions (thus singled out by their OPEs), and
all correlation functions then to be expanded in such bases. Certain distinguished bases
of correlation functions have been related to geometric observables in scaling limits of
critical lattice models: solving crossing probabilities (cf. [Car92, Smi01, FSKZ17, PW23]), or
describing boundary condition changing operators (cf. [Car84, FSKZ17, PW19, FPW24]), also
related to Schramm-Loewner evolution curves, SLE(x) (cf. [BBK05, Dub06, KP16, Pel20]. In
that context, the OPE structure also admits a probabilistic meaning in the corresponding
model, and is crucial in deriving rigorous scaling limit results (see [Pel19] for a survey).

The correlation functions of primary fields are expected to be conformally covariant func-
tions, and their behavior under conformal transformations is entirely characterized by their
conformal weights. Interestingly enough, a special class of primary fields called degenerate

fields often appear in applications to boundary effects in statistical physics models (as in the

aforementioned references). Their correlation functions should furthermore satisfy certain
linear homogeneous partial differential equations, BPZ PDEs, which emerge from the fact
that Virasoro Verma modules corresponding to degenerate fields contain singular vectors,
i.e., vectors which generate a nontrivial submodule [BPZ84a]. Feigin & Fuchs classified all
such modules [FF84, IK11], yielding a two-parameter family of relevant conformal weights.
It is conventional to parameterize them as h,+(¢) in terms of r,t € Z~o,and 6 € C \ {0}:

(-1, , -1, Q-

_1a_ -1
1 1 5 and c(f)=13-6(04+60"")

hyt(8) :=

(this is also called the “Kac table” [Kac80, Sch08]).



For SLE(k) applications, one takes § = «/4, in which case ¢ = (3'{%),56_”) and hyp = 5%,
for example. Note that ¢ = 1 if and only if x = 4, and in this case, we have
t—r)?
hr,t = ( 4 ) = ht,r = hl,\t—r\—l—b ’l“,t c Z>0> (11)

so it then suffices to consider the collection (indexed by s = ¢ — 1 for convenience)
{h17s+1 ’ s € ZZO} = {% ‘ s € ZZO} = {0, i, 1, %,4, 2745,9, %179’ 16, %, e } (12)

In Sections 3-4, we construct a basis for a space of conformal blocks in a CFT with central
charge ¢ = 1 and conformal weights in the Kac table (1.2). We prove that the associated
correlation functions are linearly independent (Proposition 3.17) and span a solution space
of a special class of BPZ PDEs, also known as “Benoit & Saint-Aubin equations” [BSA88]
(Theorem 3.24). Such conformal blocks are expected to give rise to a family of conformally
invariant boundary conditions for the Gaussian free field (GFF)?, which can also be verified
in special cases [PW19, LW21]. We also plan to return to this in future work.

Interestingly (and surprisingly to us), the conformal block basis which we introduce in
the present work (and which plays an important role in applications to statistical physics
and random geometry) does not correspond to the so-called “comb basis,” which is often
used especially in the physics literature [DFMS97, KKP19]. (We provide a counterexample
in Remark 3.5 via asymptotics of a certain basis element.) The comb basis should arise
instead as a limit ¢ 1 of the conformal block basis defined in [KKP19] for irrational
central charges, and a valenced/fused generalization thereof (analogous to but different as
in [Pel20]). Alternatively, the comb basis can be constructed from our basis.

In [KLPR24], with A. Karrila we consider analogous functions for a CFT with cen-
tral charge ¢ = —2, describing the scaling limit of boundary-touching branches in a uni-
form spanning tree model. In particular, the explicit determinantal functions discussed
in [KLPR24, Theorem B.1] are the ¢ = —2 (and ~ = 2) analogues of the conformal block
basis functions considered in the present work (having ¢ = 1 and x = 4). A special case of
these are the so-called “Fomin determinants” (see [Fom01] and [KKP20, Sect. 3.4]) which
come up as partition functions for non-intersecting random walks (loop-erased walks).

Short description of our results. Throughout, we fix valences ¢ = (s1,...,sq), where
si € Zwo foralli € {1,...,d}, and such that s; + --- + sq4 = n. (These are called “integer
compositions” of n in combinatorics literature.) The symmetric group &,, acts naturally on
{1,2,...,n} by permutation, and roughly, the composition ¢ represents tuples of indices
that should be stable under this action, yielding variants of the symmetric group.

Let C[S,,] be the symmetric group algebra. The “colored symmetric group” &, x- - - xSy,
is a subgroup of &,, giving rise to the c-antisymmetrizer idempotent p; defined in (2.5),
obtained by antisymmetrizing groups of consecutive letters according to the valences <.
By the idempotent property p? = p, the following conjugated set is an associative algebra
with unit p,, termed the fused Hecke algebra [Cd23] (with deformation parameter ¢ = —1):

H; := pC[G,]pc = {pcap¢ | a € C[&,]}. (1.3)

2The GFF also describes the scaling limit of the height function of the double-dimer model [Ken01], and
certain correlation functions in the ¢ = 1 CFT considered in the present article give formulas for connection
probabilities in this model [KW11, PW19]. See also the recent [LR24, LL24] for the case of triple-dimers.
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In Section 2, we investigate irreducible representations of H. in the space of polynomials.
In fact, H; is a semisimple algebra and its simple modules® can be expressed in terms of
Young diagrams satisfying certain properties (see Theorem 2.11 and [Cd23, Thm. 6.5]).

Recall that irreducible representations of &,, in the space of polynomials can be described
in terms of Specht polynomials [Spe35, Pee75]. They are labeled by standard Young tableaux
and are essentially equal to a product of Vandermonde polynomials. One of our main
contributions of Section 2 is to introduce a class of polynomials labeled by semi-standard
Young tableaux that we call fused Specht polynomials, which we define as certain limits of
linear combinations of Specht polynomials (up to a normalization factor) motivated by
fusion in CFT for applications in both CFT and in statistical physics — see Definition 2.12.
We also present a new explicit formula for the fused Specht polynomials in Proposition 2.22.

The main result of Section 2 is Theorem 2.14, which characterizes the irreducible repre-
sentations of H¢ in terms of the fused Specht polynomials. Our proof of Theorem 2.14 is
valid only for Young diagrams with two columns (sufficient for our applications) — how-
ever, we believe that the claim extends to Young diagrams of any shape (Conjecture 2.15).

Sections 3 and 4 constitute the second part of this article. The central object of interest is
a certain space S; of functions. Any element in S; satisfies, in particular, a system of d BPZ
type (in this case, Benoit & Saint-Aubin, BSA) partial differential equations with ¢ = 1, and
a certain covariance property under Mobius transformations. In other words, functions in
the space S, can be regarded as correlation functions in a ¢ = 1 CFT with degenerate fields
of weights in the Kac table (1.1, 1.2) (h1 s,41, .., h1,s,+1), labeled by the valences .

The simplest nontrivial case occurs when ¢ = (1,...,1). In this case, d = 2N is even and
block basis was constructed in [PW19]. We revisit this result in Proposition 3.2 by rewriting
the basis elements in terms of Specht polynomials associated with standard Young tableaux

,,,,,

module (without defects) of the Temperley-Lieb algebra* TLoy = TLon(v) = TLan(2).

The main contribution of Section 3 is to generalize this to the case of arbitrary ¢: we
construct a basis of S¢ that we also call “conformal block basis.” We show that the basis
elements can be written in terms of fused Specht polynomials associated with semi-standard
Young tableaux with two columns (Proposition 3.17). We then show (Proposition 3.20) that
S, is isomorphic to a standard module of the valenced Temperley-Lieb algebra [FP18b,
FP18a]. We also verify the Mébius covariance property of the conformal block basis
elements (Proposition 3.21), state the BPZ equations (Theorem 3.24) and outline its proof°.

In Section 3, we also show that special cases of our conformal block basis functions indeed
equal the ones used in applications to the Gaussian free field (GFF). The special case where
¢ =(1,...,1)isthe content of [PW19, Sect. 5-6], where crossing probability formulas for the
GFF with alternating boundary data were proven, and the case of more general boundary
data was pointed out (and proven later in [LW21, Thm. 4.1]). The special case where
¢ =(2,...,2) was studied by Liu & Wu [LW21], who proved crossing probability formulas
for the GFF with generalized alternating boundary data. In particular, they introduced
three functions in [LW21, Eq. (5.15, 5.16, 5.17)]. We check in Remark 3.19 that these indeed
agree with the three elements of the conformal block basis of Sp3 22 2)-

3Recall that a simple module is a nonzero vector space V' carrying an irreducible representation, i.e., such that
V does not have any nontrivial submodules (subspaces other than {0} and V' carrying a subrepresentation).

4Here, the loop “fugacity” parameter v := —q — ¢~ ' € C equals 2 for ¢ = —1.

SHowever, the proof requires significantly more efforts and is the sole objective of Section 4.



In Section 4, we turn to the BPZ equations. Systematic verification of these equations
does not seem amenable via a direct computation®. Therefore, we proceed by a recursive
approach bootstrapping from the already known case of 2nd order PDEs [PW19, Lem. 6.4]
via asymptotics and a combination of tools from algebra and complex geometry. We follow
Dubédat’s approach [Dub15b, Dub15a] (which unfortunately only applies with irrational
central charges), utilizing the underlying Virasoro algebra structure. The proof is rather
non-trivial, and we shall explain the strategy in more detail in the beginning of Section 4.
The key new input needed is representation-theoretic: we extend [Dub15a, Lem. 1] to the
case of ¢ = 1, where the Virasoro structure is slightly more intricate (see Lemma 4.1).
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2. FuseDp SPECHT POLYNOMIALS AND THE FUSED HECKE ALGEBRA WITH PARAMETER q = -1

Throughout, we let n € Z-( be an integer and A\ F n a partition of n, that is, A\ =
(A1, A2,..., ;) such that A\; > Ay > --- > X > 0and A\; + A2 + - - - + A\; = n. The length of
the partition X is denoted by |A\| = n. Let C[S,,] be the symmetric group algebra, generated
by the transpositions 7; = (4,1 + 1) € &,, fori € {1,...,n — 1} =: [1,n — 1] with relations

=1, fori e [1,n — 1],

3
TiTit1Ti = Ti41TiTi+1, fori € [1,n — 2],

TiTj = TjTi, for |j —i| > 1.

This section is devoted to investigating the irreducible representations of C[&,,] and its
special subalgebra, the fused Hecke algebra (1.3), in the space of polynomials. In the
key Theorem 2.14, we characterize the irreducible representations in terms of the fused
Specht polynomials, which we introduce as limiting expressions from the classical Specht
polynomials (Definition 2.12). One of the key ingredients to prove Theorem 2.14 is an
explicit combinatorial formula for the fused Specht polynomials, Proposition 2.22, which
is of independent interest. Theorem 2.14, in turn, shall be used in CFT applications later.

®An alternative approach could be provided by generalizing the elementary computation performed
in [KKP20, Sect. 5.2], but this seems very complicated in general.
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2.1. Specht polynomials and irreducible modules for the symmetric group. We begin by
fixing terminology. A Young diagram of shape A is a finite collection of boxes arranged in [
left-justified rows with row lengths being, from top to bottom, A1, ..., \;. A numbering of
a Young diagram is obtained by placing the numbers 1, ..., n in the n boxes of the Young
diagram. A standard Young tableau is a numbering which is strictly increasing across each
row and down each column. The sets of numberings and of standard Young tableaux of
shape A will be denoted NB* and SYT?, respectively. Observe that SYT* ¢ NB*.

The group &,, acts on NB* by letter permutations; the action of o € &,, on a numbering
N € NB* is denoted 0.N. For N € NB*, let 3*(N) (resp. €*(N)) be the subgroup of &,,
which preserves the set of entries of each of its rows (resp. columns). A tabloid {N} is an
equivalence class of numberings defined by {N'} = { N} if and only if N’ = 0. N for some
o € RA(N). The C-vector space spanned by tabloids of shape ),

M* = span{{N} | N € NB*},

carries anatural &,-action denoted by o.{ N} := {0.N}. Simple modules of &,, (i.e., nontrivial
modules for which the representation, is irreducible) are subspaces of M A and can be real-
ized in various ways. In what follows, we recall two different but equivalent (well known)
realizations — in terms of polytabloids (Section 2.1.1) and polynomials (Section 2.1.2).

2.1.1. Polytabloid basis. For each numbering N € NB*, the column antisymmetrizer
EN = Z sgn(o) o
o€CM(N)

defines the associated polytabloid vy = ey.{N} € M*. Note that {N} = {N’} does not
necessarily imply that vy and vy would be equal, since the actions of row and column
permutations (the subgroups %*(N) and ¢*(V)) do not commute in general.

Lemma 2.1. [Spe35] A complete set of pairwise non-isomorphic simple modules of the algebra
C[&,,] is given by {V* | X - n}, where V* C M? is the C-vector space spanned by the polytabloids,

V* :=spanc{un | N € NB*} = span.{vr | T € SYT*},
where the polytabloid basis {vy | T € SYT*} is a linearly independent collection.

Note that p)(0)(vy) = ooy = von, for o € &, and N € NB*, which implies that
(V*, p) has the structure of a (left) &,-module. Its linear extension then gives a represen-
tation py: C[&,,] — End(V?). The pair (V?, p,) is called a Specht module [Spe35]. See [Ful12,
Chap. 7] for a detailed account on Specht modules and the proof of Lemma 2.1.

2.1.2. Polynomial basis. Throughout, let{z; | i € Z(}bea collection of formal variables. We

write ;, ;. = (xi,,..., 2 ). The Vandermonde determinant is the antisymmetric function
A(wil,...,i?«) = H (':Uij - wlk) (21)
1<j<k<r

(with the convention that A(x) = A(x;,) = 1 forr = 1).

Definition 2.2. The Specht polynomial associated with N € NB” is the polynomial

Py =Pn(x1,. .., 70) = [ [ Alzn,), (22)
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where c runs through the columns of NV and N . is the ordered set of entries in the c-th
column of N listed from bottom to top. For instance, we have

Pz = Alxs 1) A(®a2) = (23 — 21) (24 — 22)
314

Prarsra) = Al®261)A(@35)A(w4) = (22 — 26) (22 — 21)(26 — 21) (23 — 25).
6[3
2]
The symmetric group &,, acts on the polynomial algebra C|zy, ..., z,] by permutation
of the variables. In fact, Peel showed in [Pee75, Thm. 1.1] that the space

P* :=span.{Py | N € NB*} = span.{Pr | T € SYT"} (2.3)
is a simple &,,-module with basis {Pr | T € SYT*} consisting of Specht polynomials.
Lemma 2.3. The following map is an isomorphism of simple C[S,,]-modules:

b: VA = P
uN = ¢(un) = Pn.

Proof summary. Consider first the homomorphism ¢: M* — Clz1,...,x,] of &,-modules
defined by the natural extension of ¢({N}) := my in terms of the monomials

n
_ o N (i) -1
my = my(21,...,2Tp) ._Hazi ,
=1

where 7V (i) denotes the row number of the entry “i” in N, counting row numbers from
top to bottom. For instance, we have

0,011
3[4

By [HLV20, Thm. 9], the Specht polynomial (2.2) equals the image of the polytabloid vy:

- N (i)—
Py = ¢(vn) = en.my = Z sgn(o) H:ca(ig) " N € NB™. (24)
o€ECA(N) =1

For instance, we have

Pt = (23 — 21) (x4 — 2) = 2324 — X124 — T3T2 + T1X2 = €T3 M T3]
3[4 374 [3[4

Hence, the restriction of ¢ to V* (cf. Lemma 2.1) yields the sought isomorphism. O

For any N € NB*, Equation (2.2) expresses the Specht polynomial Py as a factorized
polynomial, whereas Equation (2.4) expresses it as a linear combination of monomials.

2.2. Irreducible modules for the fused Hecke algebra. Fix an integer composition ¢ =
(81,.--,84) € Z¢, such that s1 + - - - + s4 = n (valences). The “colored symmetric group”
Gs, X -+ x G, is a subgroup of &,, giving rise to the ¢-antisymmetrizer idempotent

d
1
Brred i pee,,
which is used to define the fused Hecke algebra [Cd23] (with deformation parameter ¢ = —1),
Hs = Ho(—1) := psC[&u]pc = {ps apc | a € C[&,]}.

Note that the algebra H, has unit p, so inparticular, it is not a unital subalgebra of C[G,,].
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2.2.1. Fused Hecke algebras for ¢ = 1. The fused Hecke algebra at ¢ = 1, also-called the
algebra of fused permutations in [Cd23], is defined as H(1) := s.C[S,,]s; with unit s, where

d
1
R — o X oo X B, C[6, 2.6
Sc Sl!_”Sd!gU;aemelx x G,,] C C[&,] (2.6)
Z1oeoy,

is the ¢-symmetrizer idempotent. The two fused Hecke algebras H. = H.(—1) for ¢ = —1 and
H.(1) for ¢ = 1 are related in the following manner — in particular, they are isomorphic.
There exists an involutive automorphism w of C[&,,] defined via

w: o+ sgn(o)o, o€ Gy, (2.7)

extending linearly to C[&,,]. Since w(p;) = s¢, we see that H. = s.C[S,,|s; = H(1), where
the isomorphism and its inverse are given by

Pc @ P — Sc w(a) S, Sc asc — pew(a) pe, a € C[&,)].

Remark 2.4. Let X denote the transpose of the partition A\, whose columns are given by the
rows of A, and let (V*, py) be a Specht module. Then, (V*, py o w) yields a C[&,,]-module
isomorphic to V*, see [Ful12, Chap. 7]. In particular, this implies that, as vector spaces,

pe(V) 2 s (V7). 2.8)

Let us emphasize that, under this isomorphism the basis of polytabloids in V* is ot mapped
to the basis of polytabloids in V%, but instead, to the basis of so-called “dual polytabloids”.

Remark 2.5. The space of dual tabloids is defined as equivalence classes of numberings,
M* := spang{[N] | N € NB*}, modulo [N'] = sgn(c)[N] if and only if N’ = sgn(c)o.N
for some o € €*(N). The symmetric group &,, acts on M* by o.[N] = [0.N]. Alternatively
to Lemma 2.1, simple modules of &,, can be characterized as subspaces of M? and are
constructed as follows. For each numbering N € NB?, the row symmetrizer

EN = Z g
gERN(N)
defines the associated dual polytabloid o := éx.[N]. Then, we have
V* ~ span.{in | N € NB*}.
The following lemma is proven, e.g., in [Cd23, App. A.1].

Lemma 2.6. Let A be a finite-dimensional semisimple associative algebra and p € A an idempotent
element (i.e., p?> = p). Then, the algebra pAp with unit p is finite-dimensional and semisimple.
Moreover, if {R* | X € I} is a complete set of pairwise non-isomorphic simple A-modules, then

{(p(R*) | X € I, p(R") # {0}}

is a complete set of pairwise non-isomorphic simple p Ap-modules.

Lemma 2.6 implies in particular that both the subspaces
pe(V?) :=spanc{p;.or | T € SYT}, (29)
pe(P*) := spang{p..Pr | T € SYT*} (2.10)

are either {0} or irreducible modules for the algebra H,. The remainder of this subsection
is devoted to the study of the subspaces p (V). (We will return to p.(P?) in Section 2.3).
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2.2.2. Row-strict Young tableaux. Fix valences ¢ = (s1,...,54). For A F n, a (Young) filling
assigns a positive integer to each box of . Let Fill* be the set of fillings of Young diagrams
of shape A F n where each number k appears s; times, for k € [1,d]. We say that ¢ is the

,,,,,

A row-strict Young tableau is a filling whose entries are weakly increasing down each
column and strictly increasing along each row. Similarly, a column-strict Young tableau
is a filling whose numbers are weakly increasing along each row and strictly increasing
down each column. Let RSYT? and CSYT? be the set of row-strict and column-strict Young
tableaux of shape A and content ¢, respectively. The column-strict ones are often called
semistandard. Observe that [RSYT?| = |CSYT?|, where ) is the transpose of the partition .

There is a condition that A and < need to satisfy in order for [RSYT?| to be non-zero.
Namely, let ¢<°™d be the composition  rearranged in decreasing order, i.e., a partition. We
say that two partitions A and p satisfy the dominance ordering relation A > p if and only if

ALt N > s for all 7,
where we possibly extend the sequences by zeros.

Lemma 2.7. We have |CSYT2\| #0 < X\ > and similarly, |RSYT? | £0 <= A >,

Proof. The first statement follows immediately from [Cd23, Lem. 6.3] and the second state-
ment follows immediately from the first one, since [RSYT2| = |CSYT?.|. O

2.2.3. The subspaces p.(V?). We now return to the characterization of p. (V).

Definition 2.8. Let F' ¢ Fill;\ be a filling of shape A with content ¢. We associate to F" a
numbering F € NB injectively as follows. First, we relabel each entry “k” of F' by

k—1
Q=1+ s,  ke[ld]
7=1

This gives a new filling F’. Second, we construct a word w by reading the entries of F’
from top to bottom, column by column from left to right; we call this column reading. Third,
we construct a new numbering F by relabeling the entry “I” of F' by [ + u, where u is the
number of times the letter [ has previously appeared in w. This defines F' € NB*.

For example, with A = (3,3,1) and ¢ = (2,1,3,1), for F' € Fﬂl;\ and T € RSYT?, we have

F:134 . F’:147 — F:157,
3131 41411 41612
2 3 3
and
1 1 2
3 4 4

Lemma 2.9. If T € RSYT,, then T € SYT™.

Proof. It is a simple combinatorial exercise to verify from Definition 2.8 that 7" being row-
strict implies that 7' is strictly increasing across each row and down each column. 0
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ForT € RSYT?, we define the following vector in V*:
Wt 1= PV € 7% (2.11)

It is, a priori, a linear combination containing polytabloids of tableaux which are not
necessarily standard. Nevertheless, wr can always be expressed as a linear combination of
the basis elements {vs | S € SYT"} (Lemma 2.1); see also Equation (2.12). For example,

_ _ 1
1] Wrirs] = aV[afa)— 29

1
1 2[5
3]

N[

wrirs] = 2 V14| — 3]
1[4 25 5
12] 13]

N[ =

1 _

2V = V1

5 215
13]

[eo] =]

[eo] o] =

[»&m»a

Proposition 2.10. The set {wr | T € RSYT}} defined by Equation (2.11) is a basis for pc (V).

Proof. Denote by < the total order on the set NB* of tableaux given by the lexicographic
order on the words obtained by column reading. Note that for each o € &, x --- x &,
and T ¢ RSYT?, wehave 0.7 = T (for the tableau as in Lemma 2.9), with strict inequality
when ¢ is not the identity. Moreover, it follows from Definition 2.8 that either o.T € SYT?,
or it becomes standard by permuting numbers within its columns only, in which case there
exists 7 € (&g, X -+ x &,) N €(0.T) such that v, 7 = sgn(T)v__ 5, Where ro.T € SYT is
standard. Hence, we see from the definitions (2.11) and (2.5) that

wr = ¢ Vf + Z cs Vg, cics €ER, cq #0, (2.12)
SesyT?
S=T

and in particular, wy # 0 since {vs | S € SYT*} is linearly independent (Lemma 2.1).
Moreover, since each element in {wz | T € RSYT,} is thus obtained by an upper-triangular

transformation from {vg | S € SYT*}, the former collection is also linearly independent.
Lastly, using the isomorphism (2.8) and the fact (e.g., from [Cd23, Thm. 6.5]) that
dim(s. (V) = |CSYT?|, we have dim p,(V?*) = dims (V) = |[CSYT?| = |RSYT?. O

The next result identifies the complete set of irreducible representations of H.. It essen-
tially follows from the proof of [Cd23, Thm. 6.5]".

Theorem 2.11. The collection {p.(V}) | A € I.}, where I. := {\ F n | A > ¢°"4}, is a complete
set of pairwise non-isomorphic simple He-modules.

Proof. On the one hand, combining Lemmas 2.1 & 2.6, we see that a complete set of pairwise
non-isomorphic simple H.-modules is given by M := {p.(V}) | A  n, po(V}) # {0}}.
On the other hand, we have p.(V*) = span.{wr | T € RSYT;\} by Proposition 2.10, and
Lemma 2.7 shows that \RSYT?\ # Oifand only if A € I.. Hence, M = {p.(V*) | A€ I.}. O

The sum-of-squares formula now yields the dimension of the semisimple® algebra H.:

dim(H;) = D [RSYT}* = ) [RSYT}[. (2.13)
AFn el

"The result [Cd23, Thm. 6.5] states in particular that a complete set of pairwise non-isomorphic simple
modules of the algebra H. (1) := s,C[&,]s. of fused permutations is given by s, (V*) for A > ¢°™.
8The fused Hecke algebra H is semisimple by Lemma 2.6.
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2.3. Fused Specht polynomials. Next, we will show how the H.-modules p.(P?) in (2.10)
can be characterized in terms of fused Specht polynomials (Definition 2.12 & Theorem 2.14).
Observe that, by definition, any element of p.(P*) is a totally antisymmetric polynomial
with respect to its variables z,, . .., zq, 1 forall k € [1,d]. Hence, any element of p;(P*)
is divisible by a product of Vandermonde determinants. This observation leads us to the
definition of the fused Specht polynomials. To facilitate notation, we denote

D¢ :={(z1,...,2n) € C" | 3g, = Tg41 =+ = Tq,,,—1 forallk € [1,d]} c C",

and for a function f: U — C defined on a domain U C C" which can be continuously
extended to a subset of ©, we shall write

[fleval: C* — C (2.14)

for the function obtained from f(x1,...,x,) by the evaluations of variables (projection)
Tq, = Tg1 = -+ = Tq,,, 1 forall k € [1,d]. We abuse notation and denote the variables
of both f and [f]eva by (1, ...,7,) € C"and (21, ...,z4) € C?, respectively. We define

V: pe.Clxy, ..., zn] — Clzy, ..., 24
pe.f | 2.15)

d
szl qu§i<j<qk+1 (951' - 552)

pe.f =

eval

Definition 2.12. For each F' € Fill;\, we define the fused Specht polynomial Fr: C¢ — C as

pe. P

Fr = a
Hk:l qu§i<j<qk+1 (xj B xi)

= ¥(pe-Pp), (2.16)

eval

where F' € NB” is obtained from F as in Definition 2.8.

The simplest class of fused Specht polynomials arises when the tableau has one column:

Proposition 2.13. Fix \ = (1") and valences ¢ = (s1, . . .,84) € Zy such that sy + -+ sq = n.
Let T € RSYT!"). Then, we have
Fr=TFr(y,...,xg) = [ (zj—w:)*. (2.17)
1<i<j<d

Proof. By Definition 2.12 and using the fact that the Specht polynomial for a standard Young
tableau with one column is the Vandermonde determinant, we have

i—1g,—
H1§i<j§n($j — ;) g !
- “ | I IT I oaem)
eval

d
szl qu§i<j<qk+1(xj B .’Ez) 1<i<j<d 1=0 m=0 eval

The evaluation of this leads to (2.17). O

We now state the main theorem of this section, which gives an isomorphism of the two
Hc-modules p¢(P*) := spang{p..Ps | S € SYT*} in (2.10) and span.{Fr | F € Fill?}
defined via (2.16). The latter space carries the H.-action induced by the linear map 1.

Theorem 2.14. Let X be a Young diagram with two columns. The map ) in (2.15) defines a linear
isomorphism from p¢(P) to span{Fp | F € Fillg‘} = spanc{Fr | T € RSYT}}.

Moreover, either collection {ps(P*) | A € I} and {span.{Fr | T € RSYT} | A € L.}, where
I = {\Fn| X >}, is a complete set of pairwise non-isomorphic simple H.-modules.
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Proof. The key will be to prove that the set {Fr | T € RSYT?} is linearly independent, when
A has exactly two columns (Proposition 2.30). Given this, we can finish the proof as follows.

On the one hand, because the map 1% is a surjection onto span.{Fr | F € Fﬂlg‘} from
the linear span of p..P;, where F € NB” is obtained from F € Fﬂlg‘ as in Definition 2.8,

and the space p.(P?) defined by (2.3, 2.10) is either {0} or an irreducible H.-module (by
Lemma 2.6), we obtain from the sum-of-squares formula (SOS) (2.13) that

> (dim(spanc{Fr | F € Fll}}))* < > (dim(ps(P*)))* = dim(H,).
AFn AFn
On the other hand, since the linearly independent collection {Fr | T € RSYT?} spans a
subset of span{FF | F € Fill;\} of dimension [RSYT?|, the SOS (2.13) also gives
dim(H;) = ) |RSYT}* < ) (dim(spang{Fp | F € Fill}})).
AFn AFn
Combining these facts together, we conclude that

dim(p¢(P*)) = dim(spans{Fr | F € Fill}}) = [RSYT|,
so in particular, we have span {Fr | F € Fill;\} = span.{Fr | T € RSYT,} and ¢ defines
a linear isomorphism from p.(P?) onto this space, as claimed.

Moreover, combining Lemmas 2.1, 2.3 & 2.6, we see that a complete set of pairwise non-
isomorphic simple H.-modules is given by N := {p.(P") | A I n, pc(P*) # {0}}. Since
dim pc(P}) = [RSYT?| # 0 if and only if A € I, by Lemma 2.7, we conclude that either
asserted collection is a complete set of pairwise non-isomorphic simple H.-modules. [

It thus remains to prove that the set {Fr | T € RSYT?} is linearly independent (Proposi-
tion 2.30). One of the key ingredients for the proof will be to find a combinatorial formula
for the fused Specht polynomials (Proposition 2.22). Unfortunately, the arguments leading
to the linear independence of {Fr | T € RSYT?} and thus to Theorem 2.14 are valid only
for Young diagrams with two columns. However the combinatorial formula will hold for
any shape. Thus, we believe that Theorem 2.14 also holds more generally:

Conjecture 2.15. Theorem 2.14 holds for Young diagrams of any shape.
2.3.1. Combinatorial formula for the fused Specht polynomials. Consider the group
0y = 6X1 XGXQ X X6Xl c 6,

where A = (A1, ..., \;) (in particular, 3, \; = n). Note that 9, acts on Fill} by permuting
entries of a filling such that each factor &, permutes entries in the ith column.

Example 2.16. For instance, consider

1
1
2

In this case, we have Q) = &3 x &3. For instance, the permutation ¢ = (13) x Id € Q)
exchanges the two entries lying in the first row, first column and third row, first column:

oT = 213
3
112

Similarly, Id x (12) leaves T" unchanged because it permutes two identical entries “3”.
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We denote by 9Q,.F the orbit of F' € Fillg‘ under the action of Q). We also denote by
Stabg, (F) = {0 € Q) | 0.F = F'} C Q) the stabilizer of F in Q.

Remark 2.17. For a numbering N € NB”, the orbit Q,.N corresponds to €*(N).N, where
€*(N) is the column-stabilizer subgroup defined in Section 2.1.

Before proceeding, we fix some notation to be used throughout the rest of this section.

Notation 2.18. Let Wy C Q,.F be the subset of fillings in the orbit of /' which have at least
two boxes containing the same entry in the same row. For U € (Q,.F)\WF, let 0.7 be the
shortest permutation in ) such that or.;;.F = U. We denote by (r¥(k));*, the sequence
of row numbers of boxes of U containing the entry “k”, ordered by column-reading U.

Let (r Uord( k));k, be the ordering of (r{(k));t, in decreasing order, and let 7 be
permutations such that ( () (k))2E, = (P70 (k)% . Finally, let AU (k) be the partition

AU(k:) = (1 (k) — s+ - 1)7¢ (2.18)

Remark 2.19. Let us mention that if s, = 1 for some k, that is, the entry “k” appears exactly
once in the filling, then A\f'(k) is simply the row number where k lies minus 1. Also, if the
entry “k” appears in the rows 1,2, ..., s; exactly once, then A¥'(k) = 0.

As a matter of convenience for the reader, we record two examples below. We focus on
Young diagrams with two columns only, since only diagrams of this shape are considered
in the subsequent sections (and in Theorem 2.14).

Example 2.20. Let A = (2,2), so that A = (2,2) and Q) = &2 x &,. Consider

1
213

F = € Fill

with ¢ = (s1, s2,s3) = (1,2,1). The orbit Q,.F reads

I EIREIEIREEIREIENRS
23] [1]3] [2]2] [1]2

Note that the stabilizer Stabg, (F) consists only of the identity element, since there is no
repeated entry within the same column. Therefore, we have |Q,.F| = |Q,|. Moreover, for
fillings containing repeated entries in the same row, we have

W :{ 2[2] |1]3 }

113 212
Finally, we have r'(1) = (1), rF(2) = (2,
that A (1) = 0, AF(2) = 0, and AF'(3) = (1

1), and rf'(3) = (2). Hence we infer from (2.18)
)-
Example 2.21. Let A = (2,2,2), so that A = (3,3) and Q) = &3 x &3. Consider

F=2

€ Fill

2

with ¢ = (s1, s2,53) = (1, 3,2). In this case, we have Stabq, (F) = &3 x &3, since the entries
“2” and “3” appear twice on the left and right column, respectively. Therefore, the orbit
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0,.F contains 62/4 = 9 elements (and W consists of the last 6 elements in Q. F):

213 213 112 2|2 213 212 213 113 113
2 213 213 113 113 213 212 22 213
213 112 213 213 2|2 1(3 113 213 2

Finally, we have (1) = (2), r'(2) = (1,3,2), and ' (3) = (1,3). Thus r>°*d(1) = rF(1) =
(2), rord(2) = (3,2,1), and rf>°'4(3) = (3,1). We then have the permutations 7r.» = (132)
and 73 = (13), and we infer from (2.18) that A’ (1) = (1), Af'(2) = 0, and AF'(3) = (1).

We now give a combinatorial formula for the fused Specht polynomials, equivalent to
Equation (2.16) in Definition 2.12. This formula is key to obtain the linear independence in
the proof of Theorem 2.14, and it is also of independent interest.

Proposition 2.22. Fix F' € Fillg‘. Toeach U € (Qx.F)\Wr, we associate the following monomial®:

(1) Hsgn(ryr)
Sk!

d
U
my = mU(xl, PN ,xd) = H S)\U(k)(lsk) x‘k)‘ (k)‘, (2.19)

k=1

where Syu ()(1°%) is the Schur polynomial associated with the partition A\V(k) and evaluated at 1
for each of its s, variables (see Appendix A for the definition of Schur polynomials).

Then, the fused Specht polynomial defined in (2.12) admits the following combinatorial formula:

Fp=|Staba, (F)] > sgu(opy) my. (2.20)
Ue(Qx.F)\Wg

Remark 2.23. The evaluation at (1°*) of the Schur polynomial S\v ),

NV (k) = NV (k j — 1
S\u ey (1°%) = H e Kl

1] j—i
1<i<y<sy,

9

equals the number of column-strict (semistandard) Young tableaux of shape AU (k) and
entries in {1, ..., s;} (and any content). In particular, Sy(1°%) =1 = Syys)(1%) for s5, > 1.

Example 2.24. Consider again

F=112%]crmn
23

with A = (2,2) and ¢ = (s1, $2,53) = (1,2,1). As explained in Example 2.20, the set Q,.F
has four elements, two of them lying in W, and |Stabg, (F')| = 1. Hence, the fused Specht
polynomial Fr = Fp(z1, 22, z3) in (2.20) is a linear combination of two monomials:

2[3 213 1]2 12

The permutation op.; is a product of two transpositions, so sgn(op,;y) = 1. The monomial
mp is then calculated from Equation (2.19) as follows:

21)+(522)+(523)Sgn TF.lTF.QTF.g) )\F]_ /\F 2 )\F 3
- 51!52!33!( S Sy (1) e (1°2) Syr gy (190) Pl O

“Here, we use the convention that (§) = 0if a < b.
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~1)D+E)+G)
- 1)1!2!1! So(1) Sa(1, 1) Sy (1) 2y by = —

The computation of

x3

mpmE = — 5
12
is quite similar, with the difference that 7V (2) = (1,2), so r¥°™4(2) = (2, 1), which yield the
transposition 77, = (12) with sgn(7y7.2) = —1. We finally conclude that

T — T3
2

Fria) =

Example 2.25. Consider then

€ Fill

2
1
2

with A = (2,2,2) and ¢ = (s1,52,53) = (1,3,2). As explained in Example 2.21, the sets
Q).F and Wr contain 9 and 6 elements, respectively. Hence, the fused Specht polynomial
Fr is a linear combination of three monomials. Each monomial is weighted by a factor
|Stabgq, (F')| = 4 and by the sign of the shortest permutation sending U to F'. More precisely,
straightforward computations show that

Fram = dmem) + dmgs + 4mare-
12 12 203 2[3
2[3 2(3 1]2 2(3

The monomial mp is then calculated from Equation (2.19) as follows:

mrars
112
2[3

(

(—1) 521)+(522)+(523)Sgn(7—F;lTF;27-F;3) s s s >\F 1 AF 2 )\F 3
- s1lsalss! Sxr () (1) Sar()(172) Syr(s (1) - Vlah” Pl )

(1) BHEHE)

0
= = 113121 S(l)(l) S®(1>171) S(l)(l?l) x‘l(l)lxg‘xg(l)l

_ 1 _ T1r3
=1 1122123 = 5
Note that the new subtlety in this example is that the Schur polynomial S;y(1, 1) equals 2.

The other monomials are computed in a similar way. Altogether, we find that

2x123 x% 2 (x1 — 563)2

FEm= 3 taty T g
112
2(3

With the notation explained, we now proceed with the proof of Proposition 2.22.

Proof of Proposition 2.22. The proof consists of an explicit computation of the formula (2.16)
in Definition 2.12 utilizing the expression (2.4) for the Specht polynomial as a sum over
monomials. First of all, we write the Specht polynomial Pz = Pz(x1,...,z,) as follows:

d qr+1—1

Pe— Y slor [T 11 o5 22

NEQ)\F k=1 1=gqy
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where (IN (k)75 = (r™M(gr), r™ (g + 1), ..., 7™ (gr+1 — 1)) is the sequence of row numbers
of the entries g, ..., qr+1 — 1. Recall that p.. Pz in (2.12) is the antisymmetrization of Py
with respect to the groups of variables z,, , ...,z , 1 forall k € [1,d]. The formula (2.12)
can readily be brought to the following form:

d Za ( )H;]k+1 1 l (k)—1
Fr = Z sgn(o H 5 S L o ()

g <icicqn, (@i = ‘TJ)

(2.22)

eval

(Note that we introduced a factor (—1) (%) to replace z; — x; by x; — x; in the denominator.)
Now, denote W}, := {N € Q).F | IN(k) = ljv(k:) for some (i,5) € [1,s£]? i # j}, and
set W := J¢_, Wi. Any numbering N € W leads to a vanishing term in the sum (2.22)
because the product g’;*}zk_l ZL’l M1 s a symmetric function of at least two variables,
which therefore vanishes upon antisymmetrization. Thus, we obtain

d | Toes,, san(o) [15 a0
FF - Z Sgn(UF7N> H (‘Sk) o< - z_qkA U(z)
Ne(Qy.F)\W jm1 se!(—1)\2 H%Si<ﬂ'<f1k+1(% — %)

eval

Let llN ©rd (L) be the ordering of IV (k) in decreasing order, and let 7yx be a permutation
such that (li\]’V @) (k) = (lzN ’Ord(k))fi 1- We reorganize the sum in the numerator as

qrt1—1 lN Ord(k)—l

n(7, Z e ( )

S . SR 1= a

J F = g Sgll(c F~;N) g ( N{:Z) Hk >
NE(DA.F)\W k=1 Sk'( 1) 2 Qk<_i<j<‘1k+l(xl 1']>

eval

Introducing the partition

(AN (k))E = 1V (k) — s +i— 1),

(2

we recognize the Schur polynomial (A.1) discussed in Appendix A:

1 A (k)+sp—i
e, senlo) [Tl

Hg<ici<gn (@i = xj) = S (a2 Tara)
Therefore, we infer that
d
Fr= Z sgn(aF;N)HWS;\N(k)(:ch,...,quH_l)
Ne(@ PO\ k1 Sk!(—=1)\ 2

eval
We now investigate the sum over the numberings N in more detail. We have
QN = ] (Staba, (U)).0,
Ue(Qx.F)\Wg

where U is the numbering associated with the filling U, and Stabg, (U).U is the orbit of U
in Stabg, (U). The right-hand side is clearly a disjoint union of sets, so Fr equals

d
Z Z sgn(0 . ) H SgIl(T]V(k))S)\N(k)(:qu,...,quﬂ_l) . (2.23)

. I(—
UE(Qx-F)\Wr NeStabg , (U).0 k=1 sk (=1)2
eval

The last step of the proof consists of showing that all of the terms in the sum over
N € Stabg, (U).U are equal. To this end, let us consider some filling U € (Q).F)\Wr
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and two numberings Ni, No € Stabg, (U ).U with N; # N,. The key observation is that,
although the sequences IV (k) and 1"V2(k) are different for at least one index k € [1,d], we
have [N1ord () = [N2:01d(k) and therefore AN (k) = AN2(k) for all k € [1, d]. Hence, we have
AN (k) = AU (k) for all N € Stabg, (U).U. It remains to prove that

d d

sgn(o .y, ) H sgn(7Ty;k) = sgn(op.y,) H SgN(TNy:k)- (2.24)
k=1 k=1

Because there exists a permutation w € Stabg, (U) such that w.N1 = Ny, we have
sgn(o .y, ) = sgn(o ., n,) = sgn(w) sgn(o sy, )- (2.25)

Moreover, on the one hand, w takes the form w = szl wi, where each wy, acts on the boxes
containing the entries gy, . .., gx+1 — 1, while on the other hand, we have

N2 (k) = 19w N1(k),  forall k e [1,d],
which implies that
SEN(TNy:k) = SN (Tw, Np:k) = SEN(Wr) SE(TN, k) - (2.26)

Therefore (2.24) follows from (2.25,2.26). We thereby conclude that the second sum in (2.23)
contains [Stabg, (U)| times the same term, and we in fact have [Stabg, (U)| = |Stabg, (F)|.
Taking U for the representative of the orbit Stabg, (U).U, we finally obtain

d
sg0(7g.4,)
Fr = |Stabg, (F)| Z sgn(aﬁ;ﬁ) H ﬁ S\ () (T s Ty —1)
Ue(@r.F)\Wr jm1 se!(—1)1 2 wval
It finally remains to perform the evaluations of variables z,, = x4, 11 =+ = x4, ,-1 for

all k € [1,d]. First of all, note that sgn(7.,) = sgn(7y ;). Permutations between F and U
may differ by products of transpositions exchanging boxes in the same column and having
the same entry. However, the permutation sending F to U does not contain any such
transposition in its decomposition. Thus, the permutation sending F' to U is the shortest
permutation sending F' to U. Hence, we have sgn (o z.7) = sgn(op;v). Lastly, the evaluation
of the Schur polynomial is obtained from the identity (A.3) from Appendix A. O

Remark 2.26. 1f s, = 1 for all k, then the filling F' becomes a numbering and the fused
Specht polynomial F in (2.20) becomes a Specht polynomial Pr. To see this, let us choose
N € NB” in the formula (2.20). In this case Wy is the empty set, the group Q) = ¢*(N) and
Stabq, (N) is the trivial group. Moreover, since s = 1 for all k, the sequences (¥ (k)):%,
contain one element only, which is the row number 7V (k) where the entry “k” lies. Thus,
Tu .k is the identity permutation, and the partition in (2.18) becomes (rV(k) — 1). This
implies that s\v ;) (1°*) = 1. Altogether, the formula (2.20) reduces to (2.4), as expected:

d
Fn = Z sgn(on,u H Yk)-1

UEC>(N).N

2.3.2. Linear independence of the fused Specht polynomials. We will next show that the set
{Fr | T € RSYT?} is a collection of non-zero vectors (Lemma 2.27). In the case where ) is
a Young diagram with two columns, we show in addition that {Fr | T € RSYT.} is a set of
linearly independent vectors (Proposition 2.30). This implies Theorem 2.14.
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Lemma 2.27. Let T € RSYT? and consider the set {(‘)\U(k’)’)ke[[l,d]] | U € (Qx.T)\Wr}, where
(QA.T)\Wr indexes the sum in (2.20); recall also Notation 2.18. Then, (|)\T(k')|)ke[[17d]] is the
unique minimum for the lexicographic order in this set. Hence, the coefficient of the monomial

H ) (2.27)

in Fr equals (and implies in particular that ]-"T is non-zero)

sgn T s
|Stabg, (T |H Tik Sy (1), (2.28)
k=1 sk’

where Syr ;) (1°%) is the Schur polynomial assoczated with the partition NI (k) and evaluated at 1
for each of its s, variables (see Appendix A for the definition of Schur polynomials).

Proof. FixU € (Q).T)\Wr such that U # T Leti € [1, d] be the smallest index such that U
and T differ at the positions of i. Consider two “skew” Young tableaux 7" and U’ obtained
from T and U by removing boxes containing a number in [1,7—1]. Since 7" is column-strict
(semistandard), we see that

> rf@) > > i)
j=1 j=1
which, using the definition (2.18) leads to
(IAY (&) Dkepra > (AT (B)Drepr,ap-

We then infer that (|\”(k)|) ke[1,d] 1 indeed a minimum for the lexicographic order in the
set {(|)\U(k:)\)ke[[1’d]] | U € (Qx.T)\Wr}. Consequently, the only monomial in

Fr = |Staba,(T)| > sen(orw) mu
Ue(Q\.T)\Wr

proportional to (2.27) is obtained at U = T'. This gives the coefficient (2.28). O

Lemma 2.28. Let \bea Young diagram with two columns. Themap T € RSYT + (|AT (k)|) ke[l,d]
is injective.

Proof. Let T, T € RSYT? such that (INT(R)kepr,a = ( )\T/(k:)|)ke[[17d]]. Suppose T' # T". Let
i be the smallest index such that 7" and 7" differ at the positions of 7. Consider two “skew”
Young diagrams obtained by keeping only boxes containing i in 7" (resp. 7”): both consist
of either one single column diagram, or two disconnected column diagrams. Because these
skew diagrams are different for 7" and 7", and both 7" and 7" have two columns, we have

si 50
Sl ) # 30T )
j=1 J=1
However, this implies A" ()| # |A\”(i)|, a contradiction. Hence, we deduce that T = T". [J
Remark 2.29. Lemma 2.28 does not hold when X is a Young diagram with more than two
columns. As a counterexample, let us consider the two row-strict Young tableaux
1[2]3] 124

1|4 113

1|4 113

3 4

T = and T, =
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In this case, we have

2 2 2
D)= rPB)=5=> rit(4) =) ri*(4),
Jj=1 Jj=1 j=1 j=1
which implies in particular that
AL (@) = [AT2 (i),  foralli=1,2,3,4.

Hence, the map 7 € RSYT? ~ (|\T(k)|) ke[1,4] is not injective in this case.

Proposition 2.30. Let \ be a Young diagram with two columns. The set {Fr | T € RSYT}} is
linearly independent.

Proof. Suppose that there is a linear relation with coefficients () not identically zero:

Y arFr =0, ar €R, and ar # 0 for some T € RSYT?. (2.29)
TERSYT?

Take T € {U € RSYT} | ay # 0} such that (AT (k) kef1,q) 18 the minimum for the
lexicographic order (unique by Lemma 2.28). By Lemma 2.27, the coefficient of the mono-
mial (2.27) in the linear relation (2.29) is nonzero, which is a contradiction. g

This concludes the proof of Theorem 2.14. To prove Conjecture 2.15, one should find an
argument replacing Lemma 2.28. We only use Theorem 2.14 in the sequel.

3. THE SPACE OF ¢ = 1 DEGENERATE CONFORMAL BLOCKS

Next, we apply the fused Specht polynomials from Section 2 to construct a basis for a
space of conformal blocks in a CFT with central charge ¢ = 1 and conformal weights in the
Kac table (1.2). Their correlation functions form a basis for a solution space S, of a special
class of BPZ PDEs, known as “Benoit & Saint-Aubin equations” [BSAS88] (that we will
call “conformal block basis functions”), see Theorem 3.24. We also gather some algebraic
structure related to the conformal block basis: in particular, we show that S is isomorphic
to a standard module of the valenced Temperley-Lieb algebra (Proposition 3.20).

The key importance of these conformal block basis functions is that they are expected
(and in some cases known) to give rise to a family of conformally invariant boundary
conditions for Gaussian free field (GFF) [MS16, PW19, LW21]. Concrete formulas for them
will thus be needed in applications for problems in random geometry (which we plan to
return to in future work). With this in mind, we briefly discuss the relationship of our
construction with the prior literature and show that special cases of our conformal block
basis functions indeed equal the ones used in GFF applications — see Section 3.1.

Throughout the rest of this section, we assume that n = 2N is a given positive even
integer, and all (fused) Specht polynomials will be associated with two-column rectangular
Young tableaux of n boxes. In particular, Theorem 2.14 is applicable in this setup.

3.1. Conformal blocks for unit valences ¢ = (1) with n = 2N. Recall that SYT™") is the
set of standard Young tableaux of shape A = (N, N). For each T € SYT™'"), we associate
its transpose T* € SYT®") which is obtained by exchanging the rows and columns of T

Definition 3.1. For each T € SYTW"), we define the conformal block basis function as

Z/{T(:El, .. ,LUQN) = A(wl, - 7372N)71/2 Prt ((El, .. ,aZQN), (3.1)

where P+ is the Specht polynomial (2.2) and A is the Vandermonde determinant (2.1).
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Note that the conformal block functions are positive functions Uz : Xony — R on
Xon = {(561, ce ,QZQN) S RV | r << IQN}.

Because they are also Mobius covariant and satisfy a system of second order BPZ PDEs
(see (3.2, 3.3)), they give rise to “partition functions” for interacting Schramm-Loewner
evolution, SLE, curves. This fact is important for their probabilistic interpretation [PW19].

Generally speaking, in this section we consider positive smooth functions F': Xan — Rsq
satisfying the below three properties. The first one is the following system of BPZ PDEs:

<§;+Z< 1 o 14 )2>>F(931,...,:L‘2N):0, je[1,2N]. (3.2)

[y xp —xj 0z (2 —

Second, for all Mobius transformations ¢: H — H of the upper half-plane H := {z €
C | Im(z) > 0} such that ¢(z1) < --- < ¢(x2n), we require the covariance

2N

Fp(z1),...,p(an)) = [ [ ¢/ (z:)* x Flan, ..., z2n). (3.3)
=1

Finally, we insist that there exist constants C' > 0 and p > 0 such that for all N > 1 and
(x1,...22n) € Xon the following power-law bound holds:

—p, | — )| <1,
F(Il, “on ,:EQN) < C H |:L‘j — xi]“”(p) with Nij(p) = p ‘xl $]|
1<i<j<2N

(3.4)
+p, ‘1‘1 — $j| > 1.

The first space of interest to us describes correlation functions with Kac type conformal
weights hy 2 = 1/4 as in (1.2) for a conformal field theory of central charge ¢ = 1:

Sawevy = Sq,..p) = {F: Xan — R | F satisfies (3.2), (3.3), and (3.4)}. (3.5)

It follows from the results [FK15a, FK15b] of Flores & Kleban that dim Sz~ equals the N-th
Catalan number. We will see that the conformal block basis functions {Ur | T € SYTWV-V}
of Definition 3.1 indeed span S;2v) and are linearly independent. Indeed, to establish this
we only need to show that they coincide with the conformal blocks in [PW19, Eq. (6.1)],
which was proven to be a basis for S;2~) by Peltola & Wu [PW19].

Lemma 3.2. The collection {Ur | T € SYT"'"™} is a basis for Sen).

Proof. Observe that the set SYT™") of standard Young tableaux of shape A = (N, N) is
in bijection with the set LPy of planar N-link patterns, that is, planar pair partitions
a = {{a1,b1},{az,b2},...,{an,bn}} of the set {1,2,...,2N}. (The latter can be used to
label connectivities of planar curves as in [PW19].) Indeed, without loss of generality, we
may assume thata; < as < --- < ayand a; < b; for all j. Then, itis not hard to check thata
bijection is obtained by sending the element of the first (resp. second) row and i-th column
of a tableau 7' € SYT™ to the i-th element of {aj,as,...,ay} (resp. {b1,ba,...,by})
associated with o € LPy — from the fact that 7 is strictly increasing across each row and
down each column one obtains that « is a planar pairing. Using this bijection, we obtain

MT("El, ey :L‘QN) = H ('1"] — xi)%ga(T)(i,j)’
1<i<j<2N

where a(T) € LPy is the link pattern corresponding to 7' € SYTV") and

+1, i,jE{al,ag,...,a]\[}ori,jE{bl,bg,...,b]\[},

0,(i,7) ==
al6:) —1, otherwise.
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This is exactly [PW19, Eq. (6.1)], which is known to form a basis for S;2v). d

Remark 3.3. Both SYT™") and LPy are in bijection with the set DPy of Dyck paths: walks
@ on Zxq of 2N steps with steps of length one, starting and ending at zero. The conformal
block functions U7 can then be related to piecewise constant Dirichlet boundary conditions
for the GFF (see [PW19, Sect. 6.4] for details) as follows. For fixed z1 < - -+ < zopy, consider
the GFF I'; on the upper-half plane H := {z € C | Im(z) > 0} with boundary data'

T 2w(k)—1), ifxe (g, zp41), for all £ € [0,2N],
Then, the level lines of I, started at the points (z1, ..., z2x) are SLE4 curves with partition
function Uy () (x1,...,22n), where T'(w) € SYT™MY) is the Young tableau corresponding

to the Dyck path w (this is a special case of [MS16, Thm. 1.1]; see [PW19, Prop. 6.8] for
details). This model was further investigated by Liu & Wu in [LW21].

Remark 3.4. Note that since each Dyck path w has steps of length one (cf. Remark 3.3),
the height gaps in the GFF I';; have absolute value 7. This is also the most common
height gap when considering level lines of the GFF [SS13]. Liu & Wu defined in [LW21,
Eq. (6.15,5.16, 5.17)] three functions generalizing the conformal block functions and related
them to height gaps of absolute value 27. It is not hard to check that these functions are
the three elements of our conformal block basis S, 5 » 2), which we define in the next section
using the fused Specht polynomials. We shall detail this connection in Remark 3.19.

3.2. Temperley-Lieb action and braiding. Next, we make explicit the action on the space
Sq2vy of the Temperley-Lieb algebra TLyy = Tlon(v) = TLan(2), with loop fugacity
v:i=—q—q ! € Cequaling 2 for ¢ = —1. It arises from braiding of the conformal block
basis functions Uy, when viewed as functions on {(z1, ..., z2n) € C?V | 2; # z; fori # j}.

The braid group B, on n strands is generated by b; € B, for i € [1,n — 1] with relations
bibiy1b; = bip1bibir1, forie [1,n —2],
bibj = bjb;, for |j —i| > 1.
B,, is isomorphic to the fundamental group (the first homotopy group) of the complex

quotient manifold C,, := {(21,...,2,) € C" | z; # z; for i # j}\&,, where the symmetric
group acts by permutation of coordinates (see, e.g., [Kas95b, Rem. 2.3 in Sect. XIX.2]).

The braid group By acts naturally on the conformal block functions U7 by
bk.uT(...,Zk,Zk+1,...) :Z/fT(...,Zk+1,Zk,...), ke [[1,2N—1]], (36)
where zj, and zj; are exchanged along a counterclockwise loop of the fundamental group.

Remark 3.5. Let us emphasize that the conformal block basis for Sz~ does not correspond
to the “comb basis” frequently used in the literature (e.g., [DFMS97, KKP19]). A simple
counterexample is the basis of conformal block functions for N = 2. We have

- ~1/2 _ (23 — 21)(24 — 72)
=A —1/2 = (xg — @1) (24 — x3) ‘
‘g~ Aerase) P \/(xg — 1) (w5 — w2) (24 — 1) (24 — 22)

Namely, each element of the comb basis is an eigenvector of b; € B4, while U 777 1is not.
2[4

10Here, we use the convention that zo = —oco and za2n41 = +00.
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Recall from Lemmas 2.1 & 2.3 that the space P@Y) of Specht polynomials is a simple
module of the symmetric group &2, where permutations act on the variables ;. on =
(#1,...,22n). The action (3.6) of the braid group generators b, on S(;>v, can be related to
the action of the symmetric group generators 7, = (k, k + 1) (transpositions) on P*") as

b Uy = —i A1, on) 273 Pre, ke [1,2N —1]. (3.7)

In particular, this induces an action of the symmetric group Gy (or, equivalently, of the
Hecke algebra H;2v)(—1)) on S;2v). The action of the generators 7; is then given by

Ty = —ibpUp = A(xy . on) Y2 (=11) Pre, ke[1,2N —1]. (3.8)

(So the action of 7, on Uy is not just transposition of the k-th and (k + 1)-st coordinates.)
Utilizing the involutive algebra automorphism w of C[Gyy| defined in (2.7), we have

aly = Az, on) "2 w(a). P, a € C[Syn]. (3.9)

Remark 3.6. From Remark 2.4, we see that the &3 y-module Sz~ is isomorphic to the simple
module V"¥). Moreover, the conformal block basis {Ur | T € SYT™V"} of S;2v) is sent in
this isomorphism to the basis of dual polytabloids of V¥ — see Remark 2.5.

We now proceed with the action on S;2~ of the Temperley-Lieb algebra.

Definition 3.7. The Temperley-Lieb algebra TL,,(v) with fugacity v := —¢ — ¢~ ! € C parame-
terized by ¢ € C\ {0} is generated by e; € TL,,(v) for i € [1,n — 1] with relations

e =ve;, foric[l,n—1],
€;iei+1€; = €4, fori e [[1,% — QH, (3 10)
€;Ci—16; = €;, fori € [2,n — 1], )

€;ej = €;¢;, for ‘j — Z’ > 1.

The Temperley-Lieb algebra TL, (v) is isomorphic to a diagram algebra [Kau90] which,
as a vector space, is generated by non-crossing planar tangles embedded in a rectangle
connecting 2n points lying on the boundary. In this presentation, there are exactly n points
on the left boundary and n points on the right boundary: e.g., two elements of TL4(v) are

D

and

Multiplication of diagrams is defined to be their concatenation with the additional rule that,

whenever a loop is formed, it is removed and replaced by a scalar factor of v = —q — ¢~ %

D
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The product is extended bilinearly to the whole algebra. The isomorphism between the
algebra defined by the presentation (3.10) and the diagram algebra is explicitly given by

1
2
1—1
e = i i€ [l,n—1],
1P q
1+ 2
n

4

and the unit of the algebra is given by the through-line diagram

1

2

i—1

1 = i
i+1

i+2

n

When ¢ is not a root of unity, or when ¢ = £1, the algebra TL,(v) withv = —¢ — g lis

semisimple, with its simple modules given by the so-called standard modules (cell modules)
{L¥ | s € {nmod2,nmod2+2,...,n}.

Elements in the standard module L{;’ can be understood diagrammatically as non-crossing
planar tangles embedded in a rectangle and connecting n + s points on the boundary, with
n points on the left boundary and s points on the right boundary, and such that the s points
cannot be connected among each other. (See, e.g., [RSA14, FP18b] for a detailed account.)
The multiplication rule is then given by concatenation with the rules that a loop is replaced
by a factor v as before, and whenever the resulting diagram connects points on the right
boundary, it is set to zero. Examples of the action of TLy(v) on L{” are

> dp p O

b L D
b (D

Remark 3.8. Setting 7, = 1 — ¢y, for all &, the defining relations (3.10) of TL,, = TL,(2) with
q = —1 can be written in the form

=1, fori € [1,n — 1],

TiTit1Ti = Ti+1TiTi+1, fori € [[1, n — 2]],

TiT; = T;Tq, for|j—z'\>1,
together with the important relation

1—Ti—Ti+1+TZ‘Ti+1+Ti+1Ti—TiTi+1Ti :0, fori e ﬂl,n—Q]]. (3.11)
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This makes it clear that TL, is a (nontrivial) quotient of the group algebra C[G,] of the
symmetric group (or equivalently, of the Hecke algebra H;»)(—1)).

Proposition 3.9. The representation of C[San] on S(,2v) descends to a representation of TLoy.

Proof. By Remark 3.8, it suffices to verify the relation (3.11). Denote by (7%, 74+1) = &3 the
subgroup of &, generated by the transpositions 74, and 7,41. By (3.9), we have

Z sgn(o)oUr = A(wl’,_.72N)_1/2 Z sgn(o)w(o). Prt
OE(T, Tht1) OE(T, Tht1)

= A(z1,_on) V2 Z 0. Prt, ke[l,2N —2].

OE(T, Th41)

(3.12)

Since T" is a Young tableau with two columns, at least two entries among k, k + 1,k + 2
lie on the same column. We thus infer that Py« is antisymmetric in at least two variables
among (zx, Tx+1, Tr+2). Hence, the symmetrization of Py with respect to (zx, Tg41, Tr+2)
gives zero, which together with (3.12) implies that the relation (3.11) is satisfied. 0

Corollary 3.10. The TLyy-module S 2~y is isomorphic to the standard module L(QOJ)V

Proof. S;2ny is isomorphic to VMV as a C[Syy]-module. By [PPRO8, Lem. 4.2], the latter

is isomorphic to L{). Proposition 3.9 shows that these representations descend to the
quotient TLyy (cf. Remark 3.8), which proves the claim. O

Remark 3.11. By virtue of Proposition 3.9, throughout this section we will often employ
loose notations — e.g., we identify 7, € C[Gyn]| and 7, = 1 — e, € TLyny when acting on
S2vy. Note however that, when acting on functions in S(;2v), the action (3.8) of the element
T, € TLon is not a permutation of the variables: for each k € [1,2N — 1], we have
T Ur(z1, ..., x9n) = Az, . .. 7332N)_1/2 (—=7%) Pre(x1, .o, Thy Tt 1y - - -, T2N)
= — A(l‘l, ey JJQN)_l/2 PTt(.Z‘l, ey Lt 15 Ty e e - ,1‘2]\[).
Remark 3.12. With this identification, the relation by = —ir; = —i(1 — e) in the action (3.7)

of TL, corresponds to the familiar “skein relation” for the Kauffman bracket polyno-
mial [Kau87], with deformation parameter ¢ = —1 (and fugacity v = 2).

3.3. Conformal blocks for general valences . We now construct the spaces of ¢ = 1 con-
formal blocks, denoted S, for any valencess = (s1,...,s4) € Z2, and show that they carry
representations of “fused” versions of the Temperley-Lieb algebra, called valenced Temperley-
Lieb algebras [FP18b, FP20]. We begin with the definition of the valenced Temperley-Lieb
algebra, which also gives systematic tools to carry out the fusion of the conformal blocks.

Definition 3.13. The Jones-Wenzl idempotents [Wen87] in the Temperley-Lieb algebra TL,,(v)
are nonzero elements JW, ; # 0 for 4, j € [1,n] with i < j, defined recursively via

JWi,j]Wi,j = Iwi,j,
In the case ¢ = —1 (and v = 2), the Jones-Wenzl idempotents are given by the symmetrizers:
1
W, =—
Wis=G=ivo 2
U€<T¢,Ti+1,...,7'j,1>

(or rather, their images under the quotient map in Remark 3.8).
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Consider the ¢-symmetrizer idempotent s; of C[S,,] defined in (2.6) and denote by s, the
corresponding image in the TL,, quotient (cf. Remark 3.8). Then, we have

d k—1
S¢ = H]WQIka-H—l’ where Qe =1+ ZSJ‘, ke [1,d].
k=1 =

To define the fused conformal blocks, we use the notation (2.14) for [ f]eyai. We will show
that for each f € S;2v), the evaluations x, = x4, 11 =--- =24, , 1 forall k € [1,d] of

§<.f($1, - ,ng)
d
\/Hk:l qu§i<j<qk+1 (zj — ;)

yields a finite value. This gives the following result.

Proposition 3.14. The following space of functions is well-defined:

&g:{FzﬁreR'F— 5./

= - : feS(lzN)}. (3.13)
VI T iy, (85— 1)

eval
Proof. By Lemma 3.2, for every f € S;2v) there is a polynomial P € P?" such that
f= A($1,...,2N)71/2 P.
Thus, the claim follows by noting that
So-f =A@, on) P w(sg) P = Ay, an) 2D P, (3.14)

and p..P is divisible by Hi:l I1, O

k<i<i<apys (L7 — Ti)-
Using Proposition 3.14, we define a family {Ur | T € CSYT"")}, where CSYT? is the set

of column-strict Young tableaux of shape (N, V) and content . We set
S, == span{Ur | T € CSYTM}, (3.15)

In Lemma 3.16, we write Uy in the form U7 = KF7p: where K is a normalization factor in-
dependent of T', and F is the fused Specht polynomial (Definition 2.12). As the collection
{Fre | T € CSYTMM} is linearly independent by Proposition 2.30, this implies that the
collection {Ur | T € CSYT™} is linearly independent and thus forms a basis for S.

Definition 3.15. For each T € CSYT™"), we define the conformal block basis function as
_ EC.UT
B d

VI Ty cicicqny, (2 — @0)

where 7' := (F)! with F = T* € RSYT?") being the transpose of T € CSYT™™), and
F € SYT” constructed as in Definition 2.8 and Lemma 2.9.

UT(.%'l, ce ,J?d) : s (316)

eval

This definition is motivated by fusion in CFT: the left-hand side in (3.16) should be a
correlation function of CFT fields obtained from fusion of fields with Kac type conformal
weights hj 2 = 1/4 as in (1.2) — and the correlation functions of the latter are given by the
functions in the solution space S;2v) in (3.5) [FK15a]. Now, Lemma 3.2 implies that the
conformal block functions appearing on the right-hand side in (3.16) form a basis for this
space, and can hence be thought of as conformal blocks. Finally, the evaluation operation
on the right-hand side in (3.16) is nothing but a fusion with the appropriate fusion channels,
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to obtain CFT fields with more general Kac type conformal weights in (1.2) labeled by the
valences ¢. We shall make this heuristics precise in the course of the rest of this article.

Let us begin by observing that the (fused) conformal block basis functions can be written
even more explicitly using the fused Specht polynomials Fr from Definition 2.12. Recall
that the latter also have an explicit combinatorial formula (2.20) obtained in Proposition 2.22.

Lemma 3.16. Fixc = (s1,...,sq) € Z, with s1 + -+ + s4 = 2N. Let T € CSYT™™), and let
Tt € RSYT®Y) be its transpose. The conformal block function Ur then reads

UT(.Tl,...,J:‘d) = H (l‘j —xi)_lTj X th(xl,...,xd). (3.17)

1<i<j<d

Proof. Utilizing (3.14), we obtain

Ur(x1,...,2q) = = S¢-Uy
_\/Hk=1 HQk§i<j<qk+1 (zj — i) el
= P Pri \/HZzl 1—L11c§1‘<j<q,prl (rj — x;)
[Tica Ty <icjcann (@5 = 20) \/ [hecjoont@ —2) ]

These two ratios have a well-defined evaluation. Indeed, it follows from Definition 2.12
that the first fraction gives F7:. Moreover, by Proposition 2.13 we have

d
\/szl qu§i<j<qk+1 (j — ;)

\/H1§i<j§2N($j — ;) 1<i<j<d
eval

This gives the asserted identity (3.17). O
Proposition 3.17. The collection {Ur | T € CSYT™™)} is a basis for S in (3.15).

Proof. Lemma 3.16 gives an explicit expression of each conformal block function U7 in
terms of fused Specht polynomials. The claim thus follows from Proposition 2.30. O

Remark3.18. If¢ = (1,1,...,1) = 1" withd = n = 2N, thenand T' € SYTW-"). Moreover, by
Remark 2.26 the fused Specht polynomial F: then becomes the classical Specht polynomial
Prt. Hence Uy reduces to the conformal block function (3.1) of [PW19].

Remark 3.19. Let us check that our functions match with [LW21, Eq. (5.15, 5.16, 5.17)] as
discussed in Remark 3.4. These functions were shown to have an important interpretation
for GFF level sets with height gaps £27. We expect that our more general functions play
the same role for GFF level sets of type [ALS20] with more general height gaps.

Consider the conformal block functions in Si3522). We have dimSp222) = 3, because
there are three column-strict Young tableaux with this set of contents:

oo L Llt[2]2] g ] t[3]3] g o |1]1]2]3]

31344 21244 21344

Utilizing Lemma 3.16, we compute the conformal block functions {Ur, , Ur,,Ur, } spanning
S(2.2,22)- First of all, the fused Specht polynomials F7+ and 7 are immediately computed,
because any given entry appears only in one column (see Proposition 2.13). This gives

Frr = (w2 — z1) (xy — x3)* and Frp = (3 — x1) @y — 20
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Therefore, thanks to Lemma 3.16 we immediately obtain

_ (2 — 1) (24 — 73) 2
“n = (21 x2>>

x3 — x2)(24 — T1)

<(333 —z1)(
U — < (x3 — 1) (74 — 72) >2
T = .
(z2 —x1)(z3 — 2)(24 — 21) (24 — 73)
Hence, we readily see that U7, and Ur, correspond to [LW21, Eq. (5.16, 5.15)].

The third conformal block function Uz, is slightly more intricate, because the entries “2”
and “3” appear in two different columns in 7%. Thus, consider 75 € SYT**, with transpose

th _|1]4
216
3|7
518
as in Definition 2.8. From Definition 2.12 and Lemma 3.16, we obtain
UT3t($1, X9, X3,T4) p(2,2,2,2)-7)’T§ (Y1,---,98)
Mhicicjea(w = 2™ | (2 = y1)(ya — y3) (y6 — ys)(ys — ) | o=mr=r1.’
Y6=U5=23,
Y8=Y7=T4

where pp222) acts by antisymmetrizing with respect to the sets of variables {z1,z2},

{z3,24}, {x5,26}, and {x7,28}. Note that this formula slightly simplifies because the

Specht polynomial P is by definition antisymmetric with respect to {1, z2} and {27, zs}.
3

Hence, an explicit computation then finally leads to [LW21, Eq. (5.17)].

3.4. Valenced Temperley-Lieb action. We will next consider the valenced Temperley-Lieb
algebra TL. = TL.(2) with fugacity v = —q — ¢~! = 2, i.e., with deformation parameter
q = —1. Itis isomorphic to a diagram algebra of valenced tangles [FP18b] (which we will
not, however, use in the present work). It is conveniently defined as the associative algebra

TL := TL(2) :=5.TLan(2)5¢

with unit S;. Moreover, by Lemma 2.6, as the Temperley-Lieb algebra TLay = TLan(2) is
semisimple, so is TL,, and its simple modules are given by §<(Lg?v) whenever nontrivial'!.
Let us lastly note that TL. is also isomorphic to a quotient of the fused Hecke algebras
He := Ho(—1) = pC[Gan]pe = scC[Gan]sc =: Hc(1), discussed in Section 2.2 (cf. [Cd23]).

Proposition 3.17 implies the following result, which is an analog of Theorem 2.14:

Proposition 3.20. Fix ¢ = (s1,...,84) € Z%, with s; + -+ + 84 = 2N. The map

Sc.
Sc.f — o , fe S(lzN), (3.18)

d
\/szl qu§i<]'<qk+1 (xj - ml)

is a linear isomorphism from 5.(S2~) to S, and it induces an isomorphism of TL -modules as

eval

= (Scas).f
\/szl HQk§i<j<qk+1 (zj — ;)

(s.as.).F , a € TLyy(2), (3.19)

eval

11See [FP18b, FP18a] for a thorough study of this algebra.
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where f € Sy~ is chosen such that

Sc.f
d
\/Hk:l qu§i<j<qk+1 (5 — 1)

Moreover S; is isomorphic to the simple module §g(L(20])\,).

F= € S..

eval

Proof. Recall thatin (3.13), S, is defined via the map (3.18), and by Proposition 3.17, we have
dim S; = [CSYTN)|. Also, Corollary 3.10 (and its proof) shows that 5¢(S,2~)) is isomorphic
to the TL,-module 5 (LY3,) and dim 5, (LYY) = dims (V). The claim now follows, since
from the proof of Proposition 2.10, we obtain dim s (V™) = [CSYT™V)|. O

3.5. Covariance properties. The purpose of this section is to verify that the conformal
block functions satisfy the Mobius covariance of the primary fields with Kac weights (1.2).

Proposition 3.21. Let ¢: H — H be a Mobius transformation such that ¢(z1) < --- < @(zq).
The conformal block functions U satisfy the covariance property

d

Ur(p(a1),... p(za)) = [[1¢' @)~/ < U (ar, ... 2q).
=1

Proof. Applying z; — ¢(x;) foralli =1,...,d in (3.17) of Lemma 3.16, we obtain

Ur(p(@),..o@a) = [ (p(x) = (@) %52 x Fre(p(nr), ..., p(wa)).

1<i<j<d

The claim now follows from Lemmas 3.22 and 3.23, proven below. O

Lemma 3.22. Fix¢ = (s1,...,84) € Zio with s1+--- 4+ sq = 2N. Let ¢: H — H be a Mdbius
transformation such that p(x1) < --- < p(xq). We have

I (olas) — ol /2 = H Pl N T (g =)ol
1<i<j<d 1<i<j<d
Proof. This can be directly verified by utilizing the identity
p(@) —¢ly) = (@ =)V (@)¢' ), (3.20)
satisfied by all Mobius transformations ¢, combined with the identity 2V = Z;-lzl sj. O

Lemma 3.23. Fix ¢ = (s1,...,84) € ZL, with s1 + - - - + s4 = 2N. We have
Fri(p(x1), .- 0(xa)) = H@/(l‘i)s’( DR2=si(s=D/2 5 Fra(an, ..., 2q).

Proof. Using (3.1) from Definition 3.1 and Equations (3.3, 3.20) for Uy, we obtain
Pe.Pri(p(21), .- -, p(z2n))
ngl qu§i<j<qk+l((p<xj) — (i)
p<'<H1§i<j§2N ‘Pl(xi)l/4<ﬁ/($j)1/4 X H?ﬁg ¢ (i) 7H4 x Pfﬁ(xlv e ’952N))
[Timt Tgpsicicqu, (55 = )@ (@) /2 ()12

(3.21)
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Now, straightforward computations similar to those in the proof of Lemma 3.22 lead to

H & (2) ! ()4 = HSO NEN-1)/4 (3.22)
1<i<j<2N
qry1—1
H @/(Ii)1/2 ,[L‘ 1/2 _ H 90 (sk 1)/2 (323)
Gk <i<j<qk+1 1=q

(recall here that gx11 — g = si). Substituting (3.22, 3.23) into (3.21) yields

Ds- (H§N1 @ () N2 X P (@, man)

eval — 1 . d
Hk 1 H?kz,t @' () (56— D/2 | P qu§i<j<qk+1(xj — ;)

[(3.21)]

eval

Here, since the product H?ﬁl ¢/ (x;)N=1/2 is symmetric in the x; variables, we may also
take it out of the antisymmetrizer p,. Therefore, we infer from Definition 2.12 that

[, ¢/ () V172

F e = [(3.21 = x F e
rt(p(x1), -5 o(za)) = [B.21)]evar T, T (o 72 rt(21, -, Ta)
eval
d
= H @ ()t N D28k =072 o By (a4, ).
k=1
This completes the proof. 0

3.6. BPZ partial differential equations. In this section, we consider a system of BPZ partial
differential equations for the conformal block functions. To write them explicitly, let

E;{B = — E ((317Z — xj)H oz, + 1 s?(xl —xj) ) (3.24)
1<i<d
i#£]

be first order differential operators, using h; s,+1 = s7/4 in the Kac table (1.2), and define

sj+1

pY Z T (=D)F 571 (s!)? L0 LW (3.25)
s;i+1 — —m —my) .
’ mi,..,mp>1 f:11(22:1 mi)(Zf:lH mz) ! .

m1+ +m;c s;+1

(These are also known as Benoit & Saint-Aubin equations [BSA88], in a CFT with central
charge ¢ = 1.) A special case of this is the second order PDE system (3.2), satisfied by the
functions Uy (z1, . .., z2n) in Definition 3.1, which we will use to derive the general case.

Theorem 3.24. For each T € CSYT™N™Y), the conformal block function of Definition 3.15 satisfy

ij)ﬂ Ur(z1,...,2q) =0, forall j € [1,d].

Due to the complexity of the general BPZ differential operators in Equation (3.25), our
proof of Theorem 3.24 does not rely on a direct computation utilizing the explicit represen-
tation of Lemma 3.16. Instead, we follow a recursive approach. A key result for the proof
will be to show that, if we start from a solution of two BPZ equations of orders s; + 1 and
sj+1+1 = 2atx; and ;4 having a specific asymptotic behavior as ;11 — x, then we can
construct a solution of a new BPZ equation of order s; + 2 at z; which no longer depends
on z,;41. More precisely, the following result is the key to the proof of Theorem 3.24.
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Theorem 3.25. Fix d > 2. Fix¢ = (s1,...,84) € Zio such that s, = — 1 and sy = 1 for
somek € [1,...,d—1]. Also, let F': Xq — R be a smooth function satisfying the BPZ PDEs
DY\ F(x1,...,24) =0,  forallj € [1,d]. (3.26)

Finally, using the indices hs1 := hy s+1 in the Kac table (1.2), assume that when |11 — x| > 0
is small enough, the following (convergent) expansion holds:

F([El, N ,;L‘d) = (karl — (L‘k)h“'l_hz_hz Z fz( oy Ty 42y - - .)(LL‘kJrl — .ZL'k)i, (327)

i>0
where fi(x1,..., Tk, Tiia, ..., xq) are smooth functions on X4_1. Then, fq satisfies the BPZ PDEs
Dg?JrlfO(l'l,...,,’Ek,ﬂi‘k+2,...,.’1§'d> :07 -7 € [[]"d]]’ ]#k’k—i_l’ (328)
Dgfﬁlfo(xl, ey Ty Ty -, 2q) = 0. (3.29)

A result similar to Theorem 3.25 was proven through a direct computation by Karrila,
Kytold, and Peltola in [KKP20, Lem. 5.6] in a specific scenario where the two “merging”
points x, and 41 have s, = 53,41 = 1and the other “spectator” pointshaves; = 1ors; = 2.
However, extending their proof to the case of arbitrary s;, > 1 for one of the two merging
points is, again, a priori out of reach due to the complexity of the BPZ differential operator.
Instead, we follow an approach developed by Dubédat in [Dub15b, Dub15a] which relies
on the framework of Virasoro uniformization developed in particular by Kontsevich and
Friedrich [Kon87, Kon03, FK04, Fri04]. Specifically, [Dub15a, Thm. 15] is a result similar to
our Theorem 3.25, except that it only applies to irrational central charges ¢ ¢ Q, whereas
the present case of interest concerns unit central charge, ¢ = 1. Nevertheless, several key
lemmas to the proof of [Dub15a, Thm. 15] do still apply as well to ¢ = 1 — and we will
use them for the proof of Theorem 3.25 (Section 4.4). As a matter of convenience for the
readers, the majority of this proof will be relegated to the next Section 4.

Recall that Definition 3.15 expresses the conformal block functions in terms of an evalu-
ation of a linear combination of conformal block functions for ¢ = (12V). In the next result,
we rewrite (3.16) in such a form that Theorem 3.25 can be applied recursively.

Lemma 3.26. Fix¢ = (s1,...,84) € Zio with s1+---+sq = 2N. Let f € Sy2v). Then, we have

Sc.
- o/ (3.30)
\/Hk:l qu§i<j<qk+1 (xj - ;) eval
1 1 1

= lim lim o lim o lim

Tqq7Td Tag+sg—1"7Tqq (qu+5d71 _ qu)72 Tgy+2—Tqy (l‘qd+2 - ‘Tl}d) Tqg+1Tq, (qu+1 — ,qu)i

1 Sc.flzy,...,x
X - X lim lim - lim o f @ ZN).

s1—1 1

Tgy —x1 Tgq+s1—1—T 17 g 1—T o 1
o nr o (‘rfh-‘rsl—l_qu) 2 at a ($41+1 x(h)Q

Proof. By Lemma 3.2, we can write f = A(ml’_“,gN)_l/Q P for some polynomial P € P2y,
We first rewrite the left-hand side of (3.30) utilizing (3.14):

d 1/2
[Tr=1 qu§i<j<qk+1 (wj—z;) / )

gg-f o pg.P( H1§i<j§n(ﬂfj—xi)l/2
d - d o
\/Hk:l qu§i<j<qk+l (zj — i) [T HQk§i<j<Qk+1 () — ;)
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Note now that

d
pg.’P = H H (Q,’j — .I'z) X q1, (331)

k=1 qr<i<j<qr+1

d
H (zj — i) = H H (w5 — x3) X qo, (3.32)

1<i<j<n k=1qr<i<j<qr+1

where ()1 and @2 are some polynomials, where in particular, Q2 does not vanish at z; = z;
for (i,5) € [qr,---,qr+1 — 1]? and k € [1,d]. This leads to the formula

d ol = [ﬁi] (3.33)
\/Hk:1 HQk§i<j<Qk+1 (xj o xl) eval @2 eval
for the left-hand side of (3.30). We now examine the right-hand side of (3.30):
lim lim ... lim hm L. lim Sgsf(ifl, ce ,ZL’QN)

XTgq,—Tq T _1—x Tg, —T1 T —x x —x m/2
T Fagag 1y T Syt A=t o1 [ [100) (Tt — T )™

p.P (Hk:l iy (qu+m—qu)m/2)

zj—x;)1/2

[y <i<scaps €

= lim lim --- lim lim --- lim 7] p—
oy g, S S A= St [T T4 (St — Tg)"

We compute the chain of limits of each ratio separately. Fix [ € [1,d]. By (3.31),

lim lim Pg- 'P(ﬁl,...,ng)
Sk 1

Tats=17%q Lo +17% Hk 1Hm 1($Qk+m Tgy,)"

1
. . Hk 1 H Hsk: (Tgp+j — Tay+i)
= lim --- lim o1 Q1(x1,...,TaN).
mavoi = Tait—a [T T (Sgerm — 7)™
This chain of limits acts only on the terms k = [ in the product over &, so all terms for k # [
can be taken out. For the terms k& = [ on which the limits act, we obtain
Ps- P(.ﬁlfl, . ,ng)

el
Hk 1,k#l an 1 (@gptm — 2g,)" lm - lim
e—1 r—1
[Tie 1k:;£zH H F (@grg — Tgpd) Tt =% Tae—ra [T T2 (2, 4m — 2g,)™

_ im .- lim Hle (xQH‘Sl_l — Tgy+i) (Tq+2 — Tgt1) Q:(x
T s -1—Tq Tqi1—Tq (Tgt4s—1 — Tg ) (Tg+2 — xq,) b
artsy a FatlT0a lg+s—1 q a+2 Q@

. ,.%‘QN).

Since the limit of each ratio is finite at each step of the chain of limits, we obtain
. Pg- P(.’El,...,ng)
lim --- lim
Tqi+s;—17%q Tq+1—7%q H Hsk 1(:1,‘ T )m
AU o k=1 1lm=1\"tge+m = Lqp
sp—1
Hk 1,k H H Y1 (Tats — Tgpti) . .
lim -+ lim Qi(z1,...,z2nN).
sp—1 9 )
Hk 1,k Hm 1 (qu+m l‘qk)m Tq+s—17Tq  Tq+17Tq

Repeating the chain of limits as above for all € [1, d], we conclude that

P(x1,...
lim lim -+ lim---  lim Pe- (ﬁl’ . 72)
Paaaager 1=t e St [T [T (T em — 7)™
Utilizing (3.32), similar arguments can be invoked to show that
d 1
Hk:l H;I; 1 (ﬂqum qu)m/Q _ |: 1 :|
Tj — xi)l/z V2 | eval

Multiplying the two equations above, we obtain the right-hand side of the sought (3.33). [

= [Ql]eval :

lim Iim --- lim--- lim

Tag—Td Pagtsg—17%qq Tq 7T Tg+17%q H(Ik<i<j<q1c+1(
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Lemma 3.27. Let F': X; — R such that F' = Py /+/ P» for some polynomials Py and Ps. Then, for
any index k € [1,d — 1], there exists 0}, € Z such that when |xy+1 — x| > 0 is small enough, the
following (convergent) expansion holds:

F(zy,...,24) = (Tp41 — xk)ek/Q Zfi(- s Tk Tkt 2, - ) (Thg1 — $k)i-
i>0

Moreover, all coefficients f; have the form P;/\/Q);, where P; and Q; are polynomials in the variables
Z1,..., Tk, Tky2, - - ., T4 (Which do not depend on xj41).

Proof. The first claim readily follows, since for any k& € [1,d — 1], there exists 65, € Z such
that F(z1,...,2q) = (g1 — )%/ 2g(z1, ..., x4), where g is (real) analytic at z;11 = .
Concerning the second claim, any f; is of the form

1 —01/2 b
T = T — F geeey = y
o= [ (s =) (@1,.-r2a) = Qs
where P; and ); are polynomials independent of xj 1. This completes the proof. O

We are now ready to prove Theorem 3.24.

Proof of Theorem 3.24. By definition (3.5), each function f € S;2~) satisfies DY) f = 0, for all
J € [1,2N]. Note that Lemma 3.26 consists of d chains of limits. We proceed by induction
on the number of limits, where the base case will be governed by 5..f € S2v). As the
induction hypothesis, we suppose that for given i € [0, d], the function

g(:cl, Ly eveyXLj—1, xquqz'-‘rlv Ce ,x2N>
1
= lim lim
g1 DTi-1 Tq;_ytsi 1 -17Ta; 1 (Tg; y4s; -1 — in—l)(Si_l_l)/2
. 1 . 1
X - X lim lim 7
Tqp_y+2—Tq;_y (Tg;_y4+2 — Tgi_y) Tay_1+1—Ta;_y (Tg_y41 — Tg_,)

. . 1 . Sc- T1y...,T2N

X ---x lim lim .- lim S CIVENS )

a1 %L Tqp+s1-17%q (xq1+s1—1 - qu)(sl—l)/Q 'quﬂ_’qu (xt11+1 - $Q1)1/2
is of the form P//Q with some polynomials P and @, and that g satisfies the BPZ PDEs
ng'?ﬂ g=0, forallje[l,i—1],
DY g=0, forallj e [g,2N].

(So the base case is i = 0, in which case we just have 5. f — indeed of the form P/,/Q and
satisfies Déj) f=0forall j € [1,2N].) Now, define g; with k£ € [0, s; — 1] and such that

GE(T1, T2, -+ Tio1, Ty, Tgytkt 1> Tggbh+2s - - - T2N) (3.34)
. 1 . 1 . ey L1, Ly Lgitds v - -
= lim YR lim — lim 9 Tict, Ty, qzlJ/;’ )
Tg;+k T (xqﬁrk — Tg;) 2q;+2—%g; (Tgi42 — Tg;) Ta; 1%, (Tg4+1 — Tg,)

We now perform the induction step, i.e., show that the function g¢,,— is also of the form
P/\/Q for some (different) polynomials P and @, and that it satisfies the BPZ PDEs
Di,?ﬂ g=20, forallje[l,i],

, (3.35)
DY g=0, forallje[i+1,2N].
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By induction, this then implies that the following function satisfies ij] ) +1h =0 for all j:

_ Sc-f
d
\/szl qu§i<j<qk+1 (5'33' - xz)

Since the conformal block functions Uz (z1,. .., z4) are defined by (3.16), it thus suffices to
take f = Uz (21,...,xon) and T" € SYT®") to conclude the proof of Theorem 3.24.

In order to finish the induction step, we again proceed by induction, now on k € [0, s;—1].
Suppose g, = P/+/Qk where P;, and Q, are polynomials, and gy, satisfies the BPZ PDEs

h:

eval

DY gr =0, forallje[1,i—1],
Dy, gr =0,
Déj)gkzo, forall j € [¢; + k+ 1,2N].

This is obviously true for the base case k = 0, since gg = g. Next, suppose this is true for a
given k € [1, s; — 1]. By (3.34), the function g, is given by

gk+1 = lim I
+1 = .
Tq;+k+1—Tq; ([qu+k+1 — in)(k+1)/2

Therefore, by Lemma 3.27 we have
9k = (in-HH-l - x(h)(k—i_l)/Q Z Um (xqi-i-k—i-l - :qu)k:’
m>0

where the coefficients u,, are smooth for all m and, in particular, g;41 = wo is of the form
Piy1/+/Qp+1 for some polynomials Py and Q1. Moreover, because

higys — higt2 —hi2=(k+1)/2,
we can apply Theorem 3.25 to deduce that g satisfies the BPZ PDEs

Dg?ﬂ gk+1 =0, forallje[1,i—1],
Dy gri1 =0,
DY g1 =0,  forall j € [g; + k + 2,2N].

We then conclude by induction that g,, 1 satisfies (3.35); thereby proving Theorem 3.24. [

4. FusioN ARGUMENT FOR BPZ PDEs — Proor or THEOREM 3.25

To prove that the BPZ PDEs are satisfied at all valences, we follow a fusion argument
bootstrapping from the already known lower order PDEs to the higher order ones. This
approach, which seems to us to be the most amenable one to carry out systematically,
utilizes a combination of tools from algebra and analytic geometry, and rigorously appeared
in [Dub15a] for the case of irrational central charges. Since the case of present interest is
that of unit central charge ¢ = 1, we have to modify the argument to account for slightly
more complicated representation structure of the Virasoro algebra. We present the gist of
the proof in this section in a manner that does not assume prior knowledge of [Dub15a].

First of all, it is well-known and not too hard to check that the differential operators
(L) | j € Z} in (3.24) satisfy the commutation relations of the Witt algebra. In fact, there
is a natural action of d copies of the Witt algebra acting on the space of functions S¢, one
copy for each point. These actions do not commute with each other. An essential step
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for the proof of Theorem 3.25 will be to extend such non-commuting actions of the Witt
algebra to commuting actions of the Virasoro algebra. Such an extension was investigated
in detail by Dubédat in [Dub15b, Dub15a] within the geometric framework of Virasoro
uniformization [Kon87, BS88, Fri04, FK04]). In this approach, the Virasoro algebra acts
on the space of sections of a suitable line bundle over an extended Teichmiiller space.
Whereas the Teichmiiller space of a Riemann surface parametrizes its equivalence classes
of complex structures, the extension we consider emerges from the fact that the Riemann
surface is endowed with more data. More precisely, the extra data consists of a choice
of a local coordinate for each marked point, and vanishing at the corresponding marked
point. This viewpoint is closely related to Segal’s sewing formalism [Seg88], which instead
considers Riemann surfaces with parametrized boundary circles and their filling with
analytic disks. Let us mention that whereas Dubédat’s framework [Dub15b, Dub15a] holds
for general bordered Riemann surfaces with marked points, we will specifically study the
case of genus zero Riemann surfaces with one boundary component and with d marked
points lying on the boundary. The (extended) Teichmiiller space of such surfaces is simpler
because its first homology group (and, therefore, their mapping class group) is trivial.

The proof of Theorem 3.25 consists of three steps and utilizes various results of Dubé-
dat [Dub15b, Dub15a]. The first step is to construct the extension of the solution space of
a set of d BPZ differential equations giving rise to d non-commuting actions of the Witt
algebra to the space of sections of a line bundle over the extended Teichmdiller space giving
rise to d commuting actions of the Virasoro algebra. We describe such an extension at the
beginning of Section 4.3, and it essentially recalls the results of [Dub15b, Sect. 4]. Once such
a space of sections is identified, the second step of the proof consists of choosing a local
coordinate which encircles the marked points x, and z;.; and study what the two Virasoro
representations at x; and xj4; become in the limit |z — ;| — 0. A crucial point here
is to translate the problem, written in analytic-geometric form, into an equivalent algebraic
problem, which then becomes amenable. As a matter of convenience for the readers, and
because this is the key difference to [Dub15b, Dub15a], we will study the algebraic part
of the problem first separately in Section 4.2 (see Lemma 4.1). Finally, once the algebraic
problem is solved, it remains to utilize the extension the other way around to get back to
solutions of higher order BPZ differential equations, as desired (see Section 4.4).

4.1. Verma modules over the Virasoro algebra and fusion. The Virasoro algebra Vir is the
infinite-dimensional Lie algebra generated by the Virasoro modes {L,, | n € Z} and the
central element C,

Vir = CC & @ CLy,
nez
with the following commutation relations:
m?(m — 1)

[Lm, Ln} = (’I?’L — n)Lm+n + (Sm,fn 12

[C, Vir] =0, n ez

C, m,n € 7, 1)

(where 0; ; stands for the Kronecker delta function, equaling zero unless i = j). It has the
triangular decomposition Vir = Vir™ & h @ Virt, where h) = CC@® Ly and Virt = @ CL,,.
The universal enveloping algebra of the subalgebra Vir™ is =0

Uvir)= € CL - L,

0<ip < - <t
k>0
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and it has the “standard basis” {L_;, ---L_;, | 0 < i3 < --- < i, k > 0} by the Poincaré-
Birkhoff-Witt theorem. Let us also note that ¢/(Vir) is a Z-graded algebra with degree
deg(L,) := —n and deg(C) := 0. (See the textbook [IK11] for more background on Vir.)

Let V be a Vir-module. For (c, h) € C?, a (c, h)-highest-weight vector v§ € V is an element
satisfying Cvj = cvj, Lovj, = hvj, and L,v; = 0 for all n > 0. In this context, c € Cis
called the central charge and h € C is called the weight of vj,. The Verma module Mj is the
Z>o-graded Vir-module spanned by U/(Vir~)vj,

Mg = EP(My)e,  where  (Mf);:= @5 CL_i, - L_vf.
£>0 0<ig <---<ig
i1+ Fip=L
k>0

Note that the dimension of (M), is the number of partitions of /. Moreover, it follows
from the commutation relations (4.1) that each element v € (Mf), satisfies Lov = (h + £)v.
Hence, we say that each v € (M}, is a vector in M at level (or degree) /.

A highest-weight vector w, € Mj of level £ > 0 is called a singular vector. If a non-zero
singular vector can be found, then M is said to be degenerate at level ¢ > 0, and in this case, wy
generates a proper submodule of Mj isomorphic to My ,. Submodules of Verma modules
were classified by B. Feigin and D. Fuchs [FF82, FF84, FF90]. (See, e.g., the book [IK11] for
more background.) In particular, every submodule of M} is generated by singular vectors.
There is an exceptional set of parameters (c, h) for which M is not irreducible — the Kac
table [Kac79, Kac80] — see (1.2) for an example with ¢ = 1 (relevant to the present work).
Since irreducible modules generally appear in conformal field theory applications, it is
important to classify singular vectors of M}, which was also done in [FF82, FF84, FF90].

Fix ¢ = 1. From now on, we only consider Verma modules of type M}, := M ,1, which
possess a singular vector at level £ > 0 if and only if i belongs to the Kac table (1.2):

he=hio=2(t-1)?€{0,4,1,9,4,2, 94 16,8 . 1 (4.2)

Let vy = Uflw denote the highest-weight vector of M, := Mj,,. Then, the singular vector at

level ¢ has the form w, = Asvy, where A, € U(Vir™) is some polynomial in the negative

Virasoro generators. As the coefficient of L' | in A cannot vanish [IK11, Sect. 5.2.1], we

may normalize it to one. An explicit formula for the polynomial A, was found in [BSA88]"*:

¢
(=D FE -1
Ae=d Y e eh o L L 43)
k=1 i1,...ix>1 l:ll(Zj:I Zj)(Zj:lHZj)
i1+ Fip=L

(see also [BFIZ91]). For instance, ¢ = 1,2, 3 the formula (4.3) yields
Ay =Ly,
Ay =L%, — L o,
A3 =1L —2(L_ 1L 9+ L oL 1) +4L 3.

Observe that Lo(Asvg) = (he + €)(Apve) = hera(Agvg). In fact, the singular vector Ayvy
generates a submodule of M, isomorphic to M5, which is the maximal proper submodule.
Generally, when ¢ = 1 there exists a one-dimensional infinite chain of submodules, where
each arrow denotes the embedding of M » into M; giving its maximal proper submodule:

My = Mpyg = Mpigy < - . (4.4)

2Note that in (4.3), the Virasoro generators L_;; are not ordered.
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This structure of the Verma module M, is referred to as “chain” type (see [KR09, Figure 1],
and [FF84, IK11] for details). Let us also remark that the submodule structure of Verma
modules can be more intricate for other rational values of the central charge [FF83, IK11].

4.2. Fusion: the key algebraic lemma. Let ¢ be a formal variable. For o, h € R, consider
the space V,, 5, := C[[t]][t!]t* of formal series with finitely many negative terms:

t* Zaktk, with inf{k: ax # 0} > —oc.
kEZ

Va,p is a Vir-module with zero central charge ¢ = 0, where each generator L,, acts by
Ln — L% = —t"“@t - (n -+ 1)htn

(The role of the parameter o will become clear in the fusion procedure later, see Lemma 4.1,
and also [DFMS97, Sect. 8.A].) The operators { LY | n € Z} satisfy the commutation relations
(L2, L8] = (m — n)LY, ., of the Witt algebra (so V, 5, is also a Witt-module'®). This action
is motivated by CFT in the context of vertex algebras (cf. [Hua97, Kac98, FBZ04]): for a
Riemann surface with marked points, to each marked point one associates a representation
of the Witt algebra (morally, the Lie algebra of deformations of the complex structure, where
the formal variable represents a local coordinate): a deformation near a given marked point

is governed by the Witt-action on the corresponding module. (See also [Dub15b, Sect. 2.4].)

Next, let W be a Vir-module with central charge ¢ = 1, whose Vir-action is simply
denoted by L,,. Consider the space W ® V,, j, of formal series with coefficients in W:

to‘katk, v € W, with inf{k: vy # 0} > —oc0.
keZ

Then, W ® V,, 1, is a Vir-module with central charge ¢ = 1, where each generator L,, acts by
L — L (vt®F) i= (L)t — (a4 k + (n + 1)h)vtotr+n, nkeZ, veW. (4.5)

Let Ag be the BPZ operator in (4.3) with the substitutions L,, — L, foralln € Z.

The reason to introduce the Vir-module W ® V,, j, is motivated by fusion in CFT. If V,, 5,
is the Virasoro (Witt) module associated to a given marked point z, the tensor product
W ® V,, 1, associates another Vir-module W at a nearby point y, and the action (4.5) can be
thought of as a deformation at x also keeping track of y = x + t. Conversely, a deformation
aty = z+t keeping track of = can be represented by operators of type (4.6, 4.7) in Lemma 4.1.

We are now ready to state the key algebraic result, crucial for the proof of Theorem 3.25. It
is analogous to [Dub15a, Lem. 1] — however the proof slightly differs because the Virasoro
submodule structure is more intricate for the present case of ¢ = 1 than for irrational c. This
is the main reason why we cannot use the results [Dub15b, Dub15a] of Dubédat directly.

The result is an algebraic formulation of the fusion of two points x and y = = + ¢ on
a Riemann surface (as t — 0). We assume that the point x carries a Virasoro highest-
weight representation of weight hy := h; » and the point y carries a Virasoro highest-weight
representation of weight hy := h; 2. We expect from the CFT operator product expansion
(fusion) of the corresponding two fields that “®; o(z) X ®12(y) = P1—1(x) + Py e41(x)”
as y — z. In the present work, we are interested in the subleading channel ®; s, which
results in a conformal weight hy 1 = hy ¢4 at higher level, needed for Theorem 3.25.

13Recall that the Virasoro algebra is a one-dimensional central extension of the Witt algebra.
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Lemma 4.1. AFix Nf > 2. Using the notation from (4.2), let us denote h = ho, BA = hy, and
o= hgy1 —h — h. Suppose w =13 ;- vkt is a highest-weight vector of weight h such that

Agw =0 and Asw = 0,

where Ay == L? | — L_y is defined in terms of

I 1= (4.6)

Logi=—t'0+t "Ly + 1t +> L 5 (4.7)
k>0

Then, the coefficient vy is a highest-weight vector in W' of weight he,1 which satisfies Ayy1v9 = 0.

Proof. The proof consists of two steps. The first step is to check that vy € W is indeed a
highest-weight vector of weight /.. Indeed, we have Low = hw at degree o, which yields
Lovo = (h + h + a)vy. Moreover, we have L,w = 0 at degree o, for all n. > 0, which yields
L,vg =0, for all n > 0. This shows that v, is a highest-weight vector of weight /.

The second and last step of the proof is to find an element P, € U(Vir™) \ {0} of degree
k < 20 + 4 such that Pyvp = 0. To see why this is useful, consider the homomorphism
¢: Myy1 — W of Vir-modules which maps the highest-weight vector v,1; € My to
vo € W. The first isomorphism theorem of modules implies that Ker(¢) is a proper
submodule of My, ;. Using the chain (4.4) of Verma modules, we obtain

Moy = Mpy3 = Mypys -+,

where the image of M3 is generated by Ay v,41, the image of My 5 is generated by
Ap3(Apy1ve41), etc. Now, if there exists P, € U(Vir™) \ {0} of degree k such that P,vy = 0,
then it follows that Pyv,y; € Ker(¢). In particular, we have Ker(¢) = M3 if k < 20 +4,in
which case we may conclude that 0 = ¢(Ay1vr41) = Ayr1v0, as desired.

It now remains to construct such a Pj,. To this end, consider first the assumption Asw = 0.
Expanding by degree, we obtain

0 = p(a)vo
0= p(a + 1)’01 — L_1v0

k
0=pla+ k), — Z L_jvp_j,
j=1

where p(a) = a2 — h has roots v and hy_1 — h — h < «. Thus, we have p(a + k) # 0 for all
k > 0, and there exist elements Ry, Ry, ... € U(Vir~) such that vy = Ryvy for all k.
Next, consider the assumption A jw = 0:
Ag (ta Z thkvo) = 0.
k>0
Write

Ay (t‘”‘ Zthk) =ty P,

k>0 k>0

for some polynomials P, € U(Vir™) of degree k such that P vy = 0, for all £ > 0. We first
focus on the coefficients of L* | of P, decomposed in the standard basis. If P,Q € U(Vir™)
are homogeneous and such that P = aL*, 4 --- and Q = bL¥ | + - - - in the standard basis,
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then PQ = abL’i*lkl + --- in the standard basis. (This holds because the commutation
relations of Vir~ do not produce any monomial in L_;.) We then see inductively that

1
~o(1)olk)
with o(k) = p(a + k). Next, we write

AZ = Z bi’j’kt_iag[/]il + - )

itj+k=0
1,7,k>0

Llil‘i‘"‘, k21,

where the remainder does not contain any monomial in L_;. Note that by, = 1.

We now finally show that there exists an element P, € U(Vir~)\ {0} of degree d < 2¢+ 4
such that P,vg = 0. To this end, we assume towards a contradiction that no P, has a
nonzero monomial in L_; for k < 2¢ + 3. Then, we have

NP = A, (t"‘ Zthk)

k>0 k>0
o tlLl
(S buoirt 1) (ta P ) T
<i+j+k=£ 1>0 o(1) - e(l)
i,5,k=>0

For each d € [0, /], let Q4 be the polynomial of degree at most d (determined by explicit
differentiation) such that

( > bije—at 0} )ta+m+d =Qu(t*™™,  m>—d.
i+j=d
0>0

Note that Q9 = bp,0,, = 1. Now, we have

J4 .
a— § : § : § : Q ( ) a+j j

k>0 d=0j>—d

By assumption, we know that the coefficients of monomials in L_; of degree ¢ + j for
j € [—¢, ¢ + 3] are vanishing. Thus, we obtain

0= Qf(_€)7
__Cgeﬂ—ﬁ—k])
0= o) + Q-1 (= +1),
Qe(—0+2)  Qea(—0+2)
e(1e(2) oy et
__ Q(0) Qe-1(0) o
T R G P VI
0o @+3) o Qea(t+3) . Qo(t+3)
o(1)--0(20+3) ~ o(1)---0(20+2) (1) o(t+3)
Multiplying the i-th equation by o(1) - - - (i — 1), we obtain

0= Q(-1),
0=Qe(—L+1)+Qu1(—L+1)o(1),
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0=Qu(—+2)+ Qr1(—L+2)0(2) + Qe—2(—L +2)0(1)0(2),
0= Qe(0) + Qe-1(0)o(£) + - -~ Qo(0)e(1) - - - o(£),

0=0Qul+3)+Qu1(£+3)o(20+3)+ -+ Qo(f+3)o(f +4)---0(20 + 3).
Since ¢(0) = 0, we find that for all m € [—¢, ¢ + 3]
0=CQum)+ Qr_1(m)o(l +m)+---+ Qo(m)o(m +1)---p(£ +m) =: O(m).

On the one hand, since @y = 1, the last term is non-vanishing and of degree 2/, while all the
other terms are of degree at most 2/ — 1. Thus, O is not the zero polynomial. On the other
hand, since O is a polynomial of degree at most 2¢ with 2¢ + 4 zeroes, we infer that O = 0.
This is a contradiction. Hence, we conclude that there exists an element Py, € U(Vir~) \ {0}
of degree d < 2/ + 4 such that P,vy = 0. This concludes the proof of Lemma 4.1. O

4.3. Virasoro action on the determinant line bundle. Next, we shall describe the geomet-
ric framework for the conformal block functions, viewed as sections of a line bundle. It
turns out that the space S; of conformal block functions of Proposition 3.14 carries non-
commuting actions of the Witt algebra at each variable z; € R = 0H, for i € [1,d]. This is
a manifestation of the (infinitesimal) conformal symmetry in CFT. Our aim is to construct
a space which carries commuting actions of the Virasoro algebra, which leads to a structure
underlying the BPZ partial differential equations. For this purpose, we first have to pass
from the Witt algebra action to an action of its central extension (viz. the Virasoro algebra),
on a space of sections of a one-dimensional line bundle (“determinant line bundle”) over a
Teichmuiller space involving marked boundary points (cf. the variables (z1, ..., zg)).

In the constructions and statements below, we mostly follow [Dub15b, Sect. 2 & 4].

4.3.1. Extended Teichmiiller space and determinant lines. Let S be a simply-connected, compact
Riemann surface with a single boundary component 0S and marked points z; € 95, for
i € [1,d]. We endow S with the following additional data. Let z be a local coordinate at
x € 0S. A k-jet at x is an element of R[z]/(z**1R[z]) with a first order zero: for each

n=> mz € Rz, m>0,
i>1
we denote the associated k-jet as [n]; = Zle n:i%'. For each k = (ki,...,kq), we define Ty,

to be the space of equivalence classes of surfaces S as above with a k;-jet at k; at z;, for
i € [1,d], where each equivalence class consists of all marked surfaces related by conformal
isomorphisms sending marked points to marked points and k;-jets to k;-jets.

For each surface S, let Adm(S) be the set of conformal metrics on S which near the
boundary are pushforwards of the flat metric from the cylinder, so that in particular the
boundary 05 is a geodesic. For two such conformally equivalent metrics g € Adm(S) and
e??g € Adm(S), with Weyl factor o € C°°(S, R), we define the conformal anomaly

= ] (et ne)o

where V,, R,, and vol, are respectively the divergence, Gaussian curvature, and volume
form on S in the metric g. We then define the (real) determinant line associated to S
as the one-dimensional R-vector space Detg(S) := (R x Adm(S))/~ consisting of pairs
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“w_o”

(r,g) = r[g], where r € R and g € Adm(S), subject to the equivalence relation “~” given
by [g] = e=51(0.9) [e??g] in terms of the anomaly. (See also [Fri04, KS07, Dub15b, MP24].)

We view Det := {Detgr(H)} as the determinant line “bundle” over the (genus zero,
trivial) Teichmiiller space 7 = {H} of simply-connected, compact Riemann surfaces with
a single boundary component without any marked points (that can be represented by
the upper half-plane S = H, say). We then define the determinant line bundle Dety, over
Tr as the pull-back of Det under the projection forgetting marked points and jets. In
the spirit of the infinitesimal conformal symmetry in CFT [DFMS97, Sch08] and Virasoro
uniformization [Kon87, BS88], as explained in detail in [Dub15b, Sect. 2.4.4], there exists an
action of the Witt algebra as (local) differential and multiplication operators L9 — —2"+19,
such that the negative generators send smooth functions on 7, to smooth functions on 7
for some k. > k; for all i. To make the action on this tower (7g)g closed, one considers the
projective limit given by the smooth projections 7is — T, consisting of truncations of the
jets for k; > k; (see [Dub15b, Sect. 2.4.4] for a detailed account),

Too := lim Tg.

Elements of 75, may be thought of as equivalence classes of surfaces S with marked points
as above, but with formal coordinates'* at each marked point instead of k-jets. The result
in [Dub15b, Thm. 4] shows that the space C*°(75, Det ) of sections of the pull-back bundle
Det,, over T, obtained from the projective limit construction carries a representation of
d commuting copies of the Virasoro algebra with central charge ¢ = 1: one for each marked
point z1,...,x4 € 0S. As the details of this construction are irrelevant for the purposes of
understanding the present work, we refer the reader to [Dub15b, Dub15a] for more details,
and only highlight the key ingredients for proving Theorem 3.25.

4.3.2. Conformal block functions as sections of the determinant line bundle. After choosing a
reference section ji¢ of the bundle Det, (which can, for example, be constructed from the
zeta-regularized determinant of the Laplacian [Dub15b, Sect. 3]), we shall denote sections
in C*(7x,Dets) by fuc, where f € C*°(T). The functions f will play the role of the
correlation functions in S;. Indeed, to any given smooth function F': X; — C, we associate
a smooth function f € C*°(7%) as (the lift"®> of the one) described in Equation (4.9) below.

We will use a convenient choice of smooth coordinates on 7, associated to the choice of
reference surface S = H of 7 with coordinates z around 0 and —1/z around oco. Thanks to
the action of the Mobius group, we may also choose two of the marked points to be z; = 0
and z441 = 0o, and we may choose the first order of the jet at oo to equal one: thus, for one
and two marked points, respectively, we have

[(H; 0; [77(0)]1:)] c 77“ 77(0) Z 77(0) z’ (O) eR,

[(]HL 07 S N [77<0)]k7 [U(Oo)]l)] S 7;€,l7 [77<00) - + Z Z (OO _iv (OO) € R

and for at least three marked points, we obtain the representatives

[(H; 07 L2, ..., Td, O0; [77(0)]161’ [77(302)]7{27 SRR [77<xd)]kd7 [n(oo)]kdﬂ )] € 77€1,-~~:kd+17

14The key difference is that is when a local coordinate z is given, a formal coordinate is an element of zR[[z]].
15 Abusing notation, we identify f € C°°(7(y,... 1)) with its pullback under the projection map, f € C*° (7).

.....
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k

1= Y o0 e =)l 0 €R, € [2.d].
i=1

Thus, the following collection provides a set of smooth coordinates on 73 and hence on 7.:

(1'2, <oy Tds 7750)) s 7/'7](;1);77?2% e 7/'7](;;2); cees n%xd)a e 7,'75;0;); e ;"7500)7 cee 777](;:121) (48)
In particular, given any smooth function F': X; — C, taking k1 = ko =--- = kg = kg1 = 1,
f[(]HL 07 L2y vny Ly OQO] [n(O)]la [77(12)}17 ey [n@d)]l) [77<00)]1)]
d
_ e 4.9)
= () et [L ™) T < B0, )
=2
where (s1,...,84) = € Z‘io, defines a smooth function f € C*(7.. 1)), which lifts to

a smooth function in C*°(7,). By virtue of [Dub15b, Thm. 4] there are d + 1 commuting
copies of the Virasoro algebra acting on the section fus € C*°(7x, Dety,), with one copy
corresponding to each marked point 1 = 0,z2,...,24,00. We denote the generators in
the Vir-action associated to the marked point z; by L. By construction, this action has
central charge ¢ = 1. Moreover, these representations are in fact highest-weight modules
with highest-weight vectors fu.: for each j € [1,d], we have

L(wj) = h.. ,
0 (fMC) 8]+1(flu’(j) (410)
L&D (fue) =0, foralln > 0.
The representation at oo has weight zero: LS (f we) = 0 for all n > 0. Moreover, we have
(z5) _ () (25)
Ay =Dy + Dy,
where A" is the partial differential operator (4.3) involving L\"? for all i, and D"’ = DY’
is defined in (3.25), and Démf) is a differential operator which vanishes if 771@3) = 0 for all
i > 1. This shows that, if F' satisfies the BPZ equations (3.26) at each marked point, then

AP (fue) =0, forallj e [1,d]. (4.11)

Conversely, if fj satisfies the “null-vector” equations (4.11), then F' satisfies the BPZ
PDEs (3.26) (see [Dub15b, Sect. 4]). In conclusion, we have related solutions F' to the BPZ
PDEs (3.26) to solutions f1¢ to Equations (4.11) via the correspondence of Equation (4.9).

4.4. Fusion of BPZ PDEs — proof of Theorem 3.25.

Theorem 3.25. Fix d > 2. Fix¢ = (s1,...,84) € Zio such that s, = ¢ — 1 and s = 1 for
somek € [1,...,d —1]. Also, let F': X4 — R be a smooth function satisfying the BPZ PDEs

ngﬁ) 1 F(21,...,2q) =0,  forallj € [1,d]. (3.26)

Finally, using the indices hsy1 := hy s41 in the Kac table (1.2), assume that when |z — x| > 0
is small enough, the following (convergent) expansion holds:

F(z1,...,20) = (@ggr — )02 " fi(0 g w2, ) (@ — 2)', (3.27)

i>0
where fi(x1, ..., Tk, Tiia, ..., xq) are smooth functions on X4_1. Then, fq satisfies the BPZ PDEs
Dé§)+1f0(xla--~axk7xk+27--'amd) =0, JE [[Ld]]7 j#kak_‘_lv (328)

Dé?lfo(xl,...,xk,xk+2,...,xd) =0. (329)
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Remark 4.2. Our Theorem 3.25 as well as its proof are very closely related to [Dubl5a,
Thm. 15]. However, [Dub15a, Thm. 15] only applies to irrational central charges, because of
a certain algebraic result required to carry out the argument [Dub15a, Lem. 1]. The reason
for this is that the structure of highest-weight modules of the Virasoro algebra is much more
intricate when the central charge is rational. Our Lemma 4.1 is an extension of [Dub15a,
Lem. 1] to the case of unit central charge. On the other hand, [Dub15a, Lem. 12, 13, 14],
which are used for building the bridge between analytic geometry and algebra, do apply
to any central charge. Therefore, we can use all of them for the proof of Theorem 3.25.

Proof of Theorem 3.25. From F' as in the statement, we construct f € C°°(7(1,..1)) asin (4.9):

.....

FIH; 0,29, . .., 2, 005 ()1, 121, ..o, [0, [0°9]1)]
— T — Th41)\— Zj _hs~
= (n") 51“(77(1”) hemimey=he T f™) "% x F(0, 22, 2a),

2<j<d
J#k k+1

where in the coordinates (4.8) on 7, . 1), we have the 1-jets [n*)]; = —1/z and

[,7(0)]1 — 77;(10)2’7 <0) R,
) =0 (2 —x;), 0\ eR, je[2,d

The first step of the proof is to derive an asymptotic expansion for the section fu. as
Tp4+1 — T, starting from the assumed asymptotic expansion (3.27) of F'. To this end, note
that we have 7@+ = pl@) — n@ (g, 1), which implies that

Z n;ka(z —ap) = Z 77;”) ((z — z1)? — (@ps1 — 1))).

j21 j21

Taking the derivative with respect to z and evaluating at z = x4, yields

nt (Trt1) _ Z] S k) xk—i—l - $k)
7j>1

Hence, using the expansion (3.27), we infer that

FIH; 0,9, .y wg, 005 [0, o [N, [0 = 0 (@), 2, [0T)
. —hg
_ 1)\ — z;)\—hs. T . (x —
= @) e ) T ) (o D g0 (e — )
2<j<d Jj=2
K k1
X (@1 — o) TN w wk, ) (Ther — k)

12>0

Itis crucial to note that, while k-jets use formal local coordinates, with possibly zero as radius
of convergence, in order to carry out the fusion argument for the PDEs it is necessary
to establish a true series expansion in genuine local coordinates with a positive radius of
convergence. This we obtain for our explicit functions from Lemma 3.27, which gives (3.27).

The Lagrange inversion theorem now allows us to write

Terr —zk = Y g™ (wp41) — 1 (1)),
1>1
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where g; is a rational functlon of {zg, (Ik), e nnzk)} where n; is a finite integer for all ¢ > 1

and, in particular, g; = 1/n\"). This justifies that we indeed have the expansion
f[(Hv 0,22,..., %4, 00; [77(0)] R [77('”)] [ﬁ(m - 77<$’°)(33k+1)] 1, [n(zkﬂ)h’ RRE) [77<OO)]1>]

o o h hy—h Tk i .
= () (wrg1) — 0 (@) "N (0 (@) — 0 (), (412)
>0

where f; is a smooth function of {xs,..., x4, 00} as well as of {77(3”7> | j # k,k+ 1} and
of {n(” oo N for some finite 1nteger m;. Note also that the coefficients f; are smooth
because they are products of compositions of smooth functions. Moreover, mg = 1 and

r3 — TE)\— zj)\—hs,

fO = (77;0)) hs1+1 (775 k)) Pt H (775 )) itt X fO(xly ey Ty T2, -+ -5 $d). (413)
2<j<d
];ﬁk k+1

Therefore, foug is a Vir-highest-weight vector as in (4.10) with weight hg, 1 at z; for
Jj # k,k+ 1, and weight hyy 1 at x;. The other coefficients give smooth sections f; L

The final step of the proof is to connect this analytic setting to the algebraic Lemma 4.1.
Consider the space C*°(7s, Det) ® Vi, 4, of formal series as in Section 4.2, and set

Z:=t" Z(fi,uc)ti, a:=hyy1 — hg — ho.
i>0
We now express the action of the d + 1 Vir-copies on Z in terms of the action of the d
Vir-copies on f¢. Specifically, [Dub15a, Lem. 12] identifies the Vir-action at 3, with the
action of L, in (4.5); [Dubl15a, Lem. 13] identifies the action of the generators L(_x’{“) and
LY;*” with L_; (4.6) and L, (4.7), respectively; and [Dub15a, Lem. 14] relates the action

of Li‘f 7 on f e associated to the “spectator points” x;, with j # k, k+ 1, to the action of Li‘f 2
on Z. Also, by construction, the section f is Vir-highest-weight as in (4.10) with weight
hs;+1 at zj for j # k, k + 1, weight h, at zx, and weight hs at z41. Since by assumption F
in (4.9) satisfies the corresponding BPZ equations at those points, f . satisfies (4.11):
;%Lm&-o j# k41,
m (fue) =
A(zw“‘) (fue) =0.

This implies in particular that A, (2)=0and Ay (Z) = 0. To finish the proof, we just need
to apply Lemma 4.1 to infer that f; in (4.13) satisfies

sj+1 (fON’C) Oa ]#k>k+1a
A?ﬁ (fore) = 0.

From this, we conclude that f satisfies the asserted BPZ equations (3.28, 3.29). g

APPENDIX A. EXPRESSIONS FOR SCHUR POLYNOMIALS

In this appendix, we recall the Schur polynomials, used in particular for the proof of
Proposition 2.22. Recall first that we consider sets of variables z, , ..., 2,1, where

k—1
Q=1+ s, ke[Ld]
j=1
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In particular, we have g1 — g = si. Moreover, let A\ = (););*, be a partition. The Schur
polynomial associated with the partition A admits the bialternant formula

det (:):;‘ﬁsrj)

1<‘7 S
Sx(Tgys -y Ty —1) = i = =k

xX; —a:j)'

e <i1<j<qr+1 (
Utilizing the Leibniz formula for the determinant, this can also be written as

Qe+1—1 | Xij+sp—i
Eo‘GGsk sgn(o) i=q,  Loli)

SA(Tgyr s Ty y—1) = (A1)
* o qu§i<j<qk+1 (i — ;)
Equivalently, the Schur polynomial also admits the following combinatorial formula:
t taps -
Sx\(Zgys -y Ty —1) = Z Tk - ~xq‘:f11711, (A2)
TeCSYTEifQ 11111 o)
where each t; is the number of occurences of the number i in the tableau 7' € CSYTE;)2 k)’
In particular, the evaluation of (A.2) at z; = x, for all i € [gx, gx+1 — 1] leads to
S)\<$k,...,{13k):S)\(l,...,l)l"}:\l, (A3)
where S)\(1,...,1) represents the number |CSYT8)2 )| of column-strict Young tableaux
ISy k)

of shape A with and content (1,2, ..., sy),

Ni—Xj+j—i
S\t = [
1<i<j<sg J
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