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ADINKRA HEIGHT FUNCTIONS AND THE JACOBIAN OF A GENERALIZED
FERMAT CURVE

AMANDA E. FRANCIS AND URSULA A. WHITCHER

ABSTRACT. Adinkras are highly structured graphs developed to study 1-dimensional supersymmetry alge-
bras. A cyclic ordering of the edge colors of an Adinkra, or rainbow, determines a Riemann surface and a
height function on the vertices of the Adinkra determines a divisor on this surface. We study the induced
map from height functions to divisors on the Jacobian of the Riemann surface. In the first nontrivial case,
a 5-dimensional hypercube corresponding to a Jacobian given by a product of 5 elliptic curves each with
j-invariant 2048, we develop and characterize a purely combinatorial algorithm to compute height function
images. We show that when restricted to a single elliptic curve, every height function is a multiple of a
specified generating divisor, and raising and lowering vertices corresponds to adding or subtracting this
generator. We also give strict bounds on the coefficients of this generator that appear in the collection of
all divisors of height functions.
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1. INTRODUCTION

Adinkras are highly structured graphs whose combinatorial structure encapsulates the data of 1-dimensional
supersymmetry algebras. Initially described by the physicists M. Faux and S.J. Gates, Jr. (see [FG05]),
Adinkras have also drawn attention for their intriguing combinatorial properties and their relationship to
arithmetic geometry. In the present work, we examine the connection between the height function of an
Adinkra and a divisor on the Jacobian of an associated Riemann surface. We may view the construction as
an algebraic thread that aids us in navigating a combinatorial labyrinth of potential height functions. Al-
ternatively, we may see ourselves as number-theoretic adventurers, using the combinatorial data to examine
the arithmetic properties of an intriguing high-genus curve.

Let us describe our motivation and results in more detail. Recall that an Adinkra consists of an N-
regular bipartite graph equipped with an N-coloring of its edges and satisfying certain properties, called
a chromotopology, together with two additional structures, the aforementioned height function and an odd
dashing. (For a more detailed discussion, see §2.1]) The authors of obtained a fundamental
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classification result, showing that every N-colored Adinkra chromotopology can be obtained as a quotient
of the hypercube HY by a doubly even code, where HY denotes the hypercube with 2% vertices in {0, 1}V
and vertices v and v’ are adjacent if v and v’ differ in exactly one coordinate. Thus, understanding the
possible height functions and odd dashings for hypercube Adinkras is of key importance for mapping Adinkra
geography.

The number of possible height functions for hypercube Adinkras grows rapidly. Though for N = 1 there
are only two possible heights for H', depending on whether a black or white vertex is placed on top, for
N =2,3,4,5 there are 6, 38,990, and 395094 possible height functions, respectively, as computed in [Zhald].
Finding methods to characterize or classify height functions is thus of great interest. We count the N = 6
hypercube Adinkra height functions in Section [2.2] using an observation of Steven Charlton, before turning
our attention back to the structure of N = 5 hypercube height functions. The enumeration and structure of
heights for quotient Adinkras is still to a great extent an open problem.

The authors of [DIKLMI5] constructed a Riemann surface associated to a rainbow, or cyclic order on edge
colors. In the subsequent work [DIKMIS]|, they described a map from height functions to divisors on the
Jacobian of the Riemann surface. In the case of hypercube Adinkras H", for N = 1,2 and 3, the group of
divisors on the appropriate Jacobian is trivial; for N = 4, though the group is nontrivial, the image of the
map is the identity element. For N = 5, the authors of [DIKMIS8| showed that the image of the map from
height functions to Jacobian divisors contains at least one non-identity divisor. As there are 395094 distinct
height functions, understanding the map in more detail is of pressing concern.

We characterize the map from height functions on the N = 5 hypercube Adinkra H® to Jacobian divisors
in three ways. Geometrically, we give an explicit map from the Riemann surface Xi’lg to a product of
elliptic curves Ey x --- X Fs, which form an isogeneous decomposition of Jac(leg). The elliptic curves
have j-invariant 2048, and thus are isogenous over C. Working arithmetically, for each curve Ej we identify
a number field K where the height function image is defined (see Proposition and characterize the
subgroup of Mordell-Weil generated by the image.

We show that the height function map can be computed via a purely combinatorial algorithm. This
algorithm uses the notion of j-color splittings and total-color-splittings, which use the rainbow to divide each
of the sets of black and white vertices into subsets labeled + and — (see Definitions and [2.9). We first
demonstrate that the images of vertices and face centers of H® in the Mordell-Weil group MW (E}) over
K, lie in a group isomorphic to Z x Z/(4) x Z/(2); we give a complete description of the generators of this
group and the images of the points.

Using the relationship between height functions and divisors, we obtain our Main Theorem:

Main Theorem. Letv: Xglg — By x---x E5 be the map that takes a height function on H® to the product of

the elliptic curves Ej, (the isogeneous decomposition of the Jacobian of leg), and let v (h) be the projection
of v to Ey. Let hy be the height function on H® obtained by lowering the top vertex of the fully extended

height function. Then
{vi(h) | h a height function on H} = {avy(hy) | a € Z,—8 < a < 8}.

Furthermore, if h and b’ differ by lowering (or raising) a single vertex, we may write vi(h) = av(hy) and
v (W) = a'vi(hy) with |a —d'| = 1.

Note that lowering a vertex in a particular height may correspond to adding the generator in one elliptic
curve but subtracting the generator in a different elliptic curve. The details of this sign choice are determined
by the total-color-splitting associated to the rainbow.

The plan of the paper is as follows. We review the combinatorics of Adinkras and define color splitting
in § In § we examine the Riemann surface associated to the N = 5 hypercube Adinkra H° together
with its Jacobian and characterize the images of the Adinkra’s vertices and face centers in the elliptic curve
components of the Jacobian. We summarize this description in Theorem We conclude this section by
discussing appropriate fields of definition. In § [} we use Theorem [3.7] to explore the structure of height
functions and the associated divisors and prove our

2. COMBINATORICS

2.1. Adinkras and chromotopologies. An Adinkra topology is an N-regular bipartite graph A. We call
the two vertex sets in the bipartition the black and white vertices, respectively. A chromotopology is an
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Adinkra topology A equipped with an n-coloring of the edges of A, such that for any two distinct colors j
and k, {e € E(A) | color(e) € {j,k}} is comprised of disjoint 4-cycles. As we note in § [I} the authors of
IDFGHILM11] showed that any chromotopology can be obtained as a quotient of a hypercube by a doubly
even code.

A height function on a chromotopology A is a map h : V(A) — Zs>o, such that |h(vy) — h(vg)| = 1 if
(v1,v2) € E(A). A ranked chromotopology is a chromotopology A equipped with such a height function.

A dashing function is a map d : E(A) — Z/(2), such that ) .~ d(e) = 1 € Z/(2) for any 4-cycle in
A. That is, under d, some edges of A are dashed and some are not, and there must be an odd number of
dashings in any 4-cycle in the graph. A dashed chromotopology is a chromotopology A equipped with such
a dashing function.

An Adinkra is a dashed, ranked chromotopology. In Figure[[lJan N = 3 Adinkra is shown. This is an exam-
ple of a fully extended Adinkra; that is, max{|h(v) — h(v')| : v,v" € V(G)} is maximal among all height func-
tions for the given chromotopology. A fully extended N = 5 Adinkra is shown on the right in Figure [2} The
image on the left is called a valise Adinkra for the chromotopology; that is, max{|h(v) — h(v")| : v,v" € V(G)}
is minimal among all height functions for the given chromotopology.

h=23
h=2
h=1

h=20

FIGURE 1. An N = 3 Adinkra A. The dashing function d on A satisfies d(e) = 1 if and
only if the edge is dashed in the visualization above. The height function values correspond
to the y-coordinates of the vertices.

Remark 2.1. An equivalent way to define an Adinkral height, which requires less data in some sense, is
the following. It is natural to think of the Adinkras as ‘hanging gardens’ in which certain vertices (which
we will call ‘pinned’) are secured at certain heights, and all other vertices ‘fall’ naturally according to their
adjacencies with the pinned vertices. For example, in the case of the fully extended Adinkras in Figures
and [2, only one vertex is a pinned vertex, secured at the topmost height, and all other vertices’ heights
are determined by their distance from that vertex. In the valise Adinkra, all 16 white vertices are pinned,
secured at the same height, and thus all black vertices fall one step lower.
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N =5 Valise height N =5 Fully extended height
FIGURE 2. Two extremal examples of heights on H®, the valise height and the fully extended height.

2.2. Counting and classifying Adinkra heights. As mentioned in the introduction, we are interested
in characterizing the set of images of heights in the Jacobian of the algebraization of the Adinkra. First,
we consider characterizing the heights themselves. In his thesis, Zhang [Zhal3| presented an algorithm for
counting heights on H® inductively. The basic idea of this algorithm is as follows.

e Beginning with the N = 1 hypercube H!, list all possible heights.

e Construct heights on HV*+! by taking all possible pairs of heights on H", shifting one of them up

or down one unit, and glueing them together.
e Check to see if the new height has already been counted.

This is a computationally costly algorithm. For N = 1 there are two heights (either the black or the white
vertex on top). For N = 2,3,4,5 there are 6, 38,990, 395094 heights, respectively.

An alternative way to obtain these numbers comes from the relationship between heights on the N-
hypercube HY and 3-colorings of HY (Thanks to S. Charlton for pointing this out to us).

Proposition 2.2. The number of 3-colorings of HN is three times the number of height functions on HN .

To make this relationship explicit, note that any height function on H” corresponds to a 3-coloring by
choosing a cyclic ordering, say a,b,c,a on 3 colors. Once a color is assigned to any vertex, the colors of
adjacent vertices are determined by following the ordering (i.e., if v is adjacent to v’, h(v') = h(v) + 1, and
c(v) = a, then ¢(v') = b). A single height corresponds to 6 = |S5| different colorings (since the colors can
be permuted to obtain new colorings). However, any of these colorings can also be obtained by the dual
height function h* (obtained, for example, by setting h*(v) = m — h(v) for m = max, h(v)) using the reverse
ordering. Thus, there are three 3-colorings for every one height function. In OEIS [Sat23], the sequence of
the number of 3-colorings of HY has been computed up to N = 6.

N | 3-colorings of HY | heights of H®
116 2

2 118 6

3 1114 38

4 | 2970 990

5 | 1,185,282 395,094

6 | 100,301,050,602 33,433,683,534

TABLE 2.1. The number of 3-colorings and heights of HY for N < 6
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Some further work along these lines appeared in [Gal|, where it was shown that for large N, the number
of heights on H® is O(22N_1) and the proportion of these heights with total spread equal to 3,4, 5 is roughly
%, g V/e-l ,1— 2‘/5_1 , respectively. These results are relevant even for small IV as seen in Table and Figure

M e

Heights on H® can be grouped into equivalence classes using restricted graph isomorphisms in the following
way.

Definition 2.3. We say that two heights h and A’ on an Adinkra A are combinatorially equivalent, denoted
h~ch or h € [h]., if there exists a graph isomorphism g: HY — HY such that h(v) = h/(g(v)) for all
veV(A).

Two interesting and, in some sense, extremal heights on a hypercube Adinkra are the fully extended
height and the valise height, as seen in Figure [2| It is straightforward to see that there are 2V heights in
the fully extended height equivalence class on H”, and 2 heights in that of the valise. Describing all of the
equivalence classes of heights on HY under ~ is difficult and, to our knowledge, open for n > 5. Such a
description would be very helpful for studying Adinkras.

The height functions on the N-hypercube HY can be placed in a directed graph I'y in the following way.
Given height functions h and h’, we say that h — R’ if for some vertex v € V(HY), Py (any\ (v} = h and
I (v) = h(v) — 2 (in this case v is a local max in h and a local min in A’). In other words, adjacency in 'y is
given by vertex lowering. Note also that the “reduced” digraph r ~ of height equivalence classes [h]. (where,
once again, adjacency is given by vertex-lowering) is well-defined. The details of the number and digraph
structure of these equivalence classes is a nontrivial problem. In Section |4, we describe r N, for N =1,2,3,4,
and discuss f5.

2.3. Discrete Morse functions and Morse divisors. In Section [l we will see how to embed an Adinkra

A into an certain algebraic curve Xﬁg in PY. We are interested in how information about Morse divisors

on Xﬁg and the Jacobian of Xﬁg, associated with height functions on A, can help us understand Adinkras,
and by extension, 1-dimensional supersymmetry algebras. In fact, finding the image of a height as a divisor
of Jac(Xalg)N , is a purely combinatorial process, which we will explain now. To do so, we will need to use
the notion of discrete Morse functions, following [Ban70, [DIKMIS].

A discrete Morse function f on a triangular mesh M is a real-valued function defined on the vertices
of M, such that adjacent vertices are mapped to distinct values. We convert our hypercube Adinkra HN
into a triangular mesh H® in the following way. The 2-cells in the mesh are constructed from 4-cycles
formed by consecutive colors in the rainbow. Each of these 4-cycles C' in the Adinkra is either a diamond (if
{h(v) | v e C} =3) or a bow tie (if [{h(v) |v € C}| = 2)).

FIGURE 3. A triangulated diamond 4-cycle and bow-tie 4-cycle

In the case of a diamond, we triangulate by adding an edge that connects the maximum vertex and
minimum vertex in the cycle. For each bow-tie cycle, we add a new vertex adjacent to all 4 vertices in the
cycle, with height equal to the average of the heights of these vertices. (See Figure . In such a case, let
fj.j+1(v) denote the face center in the (j, j + 1)-colored 4-cycle adjacent to v.

Definition 2.4. Given a discrete Morse function f, a discrete Morse divisor D is a formal sum D = " kv
of the vertices v in the triangular mesh, with coefficients k, determined in the following way. For each v, we
consider the set of all vertices u; adjacent to v via an edge of color j, and all edges between these vertices.
We start at any such u; and travel along the edges to w11 (in ‘rainbow order’), counting the number A,
of times that the value f(u;) — f(u) changes sign (note that ¢, is always even). For v a local minimum or
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maximum of f, A\, =0 and k, = —1. If £, = 2, v is called a regular point and «, = 0. If A, = 2 + 2pu,, for
Iy > 0, then v is called a saddle point and K, = .

Below, we will use this notion to compute discrete Morse divisors for four distinct heights on H®. Three
of these heights (hy, hg, and hy) were partially treated in [DIKMI8]. We give complete computations in
these cases, and present a new example as well.

Example 2.5. (a) Let h, be the valise height on H5, as shown on the left in Figure For this height
every vertex is a local max or min, and every face center f; ;j11(v) is a bow-tie, and thus, a saddle point with
multiplicity u, = 1. The associated discrete Morse divisor is

D, = Z f— Z v,
f face center v vertex

(b) Let hg be the fully extended height on H®, as shown on the right in Figure |2l Note that in this case
all face centers of the adinkra are diamonds, thus no face centers appear in Dg,. Without loss of generality,
we may assume that (1,1,1,1,1) is the single pinned vertex of H5. Then, the height of any black or white
vertex can be taken to be the sum of the entries of its representation in H®°. It is clear that we have only
one maximum, (1,1,1,1,1), and one minimum, (0,0, 0,0,0). To find saddle points, consider the diagrams in
Figure 4} these demonstrate the two ways (modulo rotating by 27/5) in which a saddle point can occur; in
both cases the saddle point is the central vertex, which has height hg.

ho —1 ho + 1

ho +1 ho +1 ho — 1 ho — 1

ho — 1 ho +1 ho +1 ho — 1

FI1GURE 4. Possible saddle point configurations in X §1g~ Vertices are labeled by their heights,
relative to the height hg of the central vertex. Edges are labeled by their colors.

Recall that adjacency (in H®) along an edge of color i corresponds to adding 1 (mod 2) to coordinate k.
Thus, saddle points must look like (1,0,1,0,1) or (0,1,0,1,0) (modulo cyclic permutations of the coordi-
nates). Then, denoting by Dy, the discrete Morse divisor associated with the height hy.,

Dy, = Zv -(1,1,1,1,1) — (0,0,0,0,0),
veVY

where
V — (1707 ]‘? 07 1)7 (0’ ]‘5 07 17 ]‘)’ (1707 17 ]" 0)7 (07 17 ]" 05 1)7 (]" ]‘3 07 170)7
N (0’1707 1’0)’(1707 1’070)7(0’ 170707 1)’ (]‘70707 1’0)7(0707 1307 1) '

(c) Consider instead the height h; obtained from hg, by lowering the vertex (1,1,1,1,1) € H®>. We now have
5 new local maxima, which form the set V':

V/ = {(07 1’ 1’ 17 1)7 (1’ 0’ 17 17 1)’ (17 1707 1’ 1)7 (17 1’ 1’ 07 1)7 (1? 17 17 170)}7
and 5 new bow-tie type saddle points, which form the set V'

11 11 11 11 1 1
VN: 777a17171 ) 177a7a1a1 ) 171a777a1 ) 171a177a7 ) 7717]%1)7 .
2°2 2°2 2°2 2°2 2 2

Dp,=Y v+ Y v=>Y v-(0,00,00)—(1,1,1,1,1).
vEV eV eV’
When no confusion will arise, we will also refer to this divisor as D;.

Then
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(d) Finally, consider the height hy obtained from h; by lowering the vertex (0,1,1,1,1) € H®. For this
height, (1,1,1,1,1) is no longer a min or max; (0,1,0,1,1) and (0,1,1,0,1) must be removed from V, and

(;, ;, 1, 1, 1) and (;, 1, 1,1, ) must be removed from V”. Three additional saddle points (0, 5 %, 1 1)
(0,1,1,1,1), (0,1,1, 3, %), will be added. Thus,

33

11 11 11
= 0,-,-,1,1 1,-,5,1 1,1,%, >
Z”+< 9 ’)+(0’ 22 >+<0”’2’2>
veV

— > v—(0,0,0,0,0),

vey’

where
P - (1,0,1,0,1),(1,0,1,1,0),(1,1,0,1,0),(0,1,0,1,0),
o (1,0,1,0,0),(0,1,0,0,1),(1,0,0,1,0),(0,0,1,0,1) ’

When no confusion will arise, we will also refer to this divisor as Ds.

It is natural to ask questions about which height functions give divisors that are equivalent in some sense.
We discuss progress and open problems along these lines in Section [

2.4. The combinatorics of color splitting. One may use an edge color in a rainbow to label the vertices
of an Adinkra in a new way.

Algorithm 2.6. Given an Adinkra A equipped with a rainbow, fix a color j in the Adinkra rainbow and a
starting vertex v. Consider the pair of colors (j,j + 2), which are adjacent to j+ 1 in the Adinkra rainbow.
(Here, we use the cyclic ordering on the rainbow.) For each vertex w € A, label w with a + sign if every
path from v to w uses an even number of edges of colors j and j + 2, label w with a — sign if every path
from v to w uses an odd number of edges of color j and j + 2, and label w with x if there are distinct paths
from v to w using both odd and even numbers of edges of color j and j + 2.

Definition 2.7. Let A be an Adinkra equipped with a rainbow and fix a vertex v of A. We say A admits a
j-color-splitting if Algorithm [2.6]using the color j labels every vertex of A with a + or —. In this case, we refer
to the map S;,: A — {4+, —} that partitions the vertices using their + or — labels as the j-color-splitting
with starting vertex v.

If A admits a j-color-splitting with starting vertex v, then A also admits a j-color-splitting with any other
starting vertex v’. If v and v’ had the same labels under the j-color-splitting with starting vertex v, then the
two j-color-splittings are identical; if they had opposite labels, then the + and — labels in the two splittings
are reversed. We illustrate an N = 3 hypercube Adinkra H?® with the rainbow (green, orange, blue) and a
1-color-splitting (that is, a green-color-splitting) using the bottom vertex as starting vertex in Figure

+

+ —
+
FIGURE 5. An N = 3 hypercube Adinkra with an orange color-splitting
Proposition 2.8. Let HY be an N-dimensional hypercube Adinkra with a rainbow (1,...,N). Then for

any starting vertex v of HY, HN admits a j-color-splitting by every color j in the rainbow, each with 2N ~1
vertices labeled + and 2V ~1 vertices labeled —.
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Proof. We place specific coordinates (z1,...,2y) € (Z/2Z)N on A as follows. Place some vertex v at the
origin (0,...,0). Assign coordinates to the other vertices so that traveling on an edge of color j corresponds
to changing the jth coordinate. Let s; : (Z/2Z)N — Z/27Z be given by s;(21,...,2N) = ¥j +z;42. (Here we
use the cyclic ordering on the rainbow, so sy = x + 22 and sy_1 = xy_1 + 21.) Running Algorithm
we see that a vertex with coordinates (z1,...,2y) will be labeled with + if its image under s; is 0, because
an even number of the edges of color j and j+ 2 have been used. Similarly, the vertex will be labeled with —
if the image under s; is 1. Since s; maps every vertex to either 0 or 1, the Adinkra admits a color-splitting.
Because s; is a group homomorphism, there are equal numbers of vertices with + and — labels. O

In some cases, one of the j-color-splittings on the hypercube HY described in Proposition will induce
a j-color-splitting on an Adinkra whose chromotopology is the quotient of HY by a doubly even code. One
need simply check whether the homomorphism s; defined in the proof of the proposition is constant on the
cosets of the doubly even code. For example, each of the j-color-splittings of H* induces a j-color-splitting
on the quotient of H* by the doubly even code generated by {(1,1,1,1)}.

We will use a special term for the case when there are j-color-splittings for every color:

Definition 2.9. Let A be an Adinkra that admits a j-color-splitting for every color j in the rainbow of A. Let
S;.»(u) be the label of vertex u under the j-color-splitting with starting vertex v. Define S,: A — {+, -}
by Sy (u) = (S1,0(w), S2.4(w), ..., SN (u)). We call S, the total-color-splitting of A with starting vertex v.

3. GEOMETRIZATION AND THE JACOBIAN MAP

3.1. Geometrization for N = 5. The authors of [DIKLM15, [DTKM18§] showed that an Adinkra equipped
with a rainbow determines an algebraic curve X and a Belyi map X — P'. Topologically, the curve is given
by gluing a 2-cell to each 4-cycle in the Adinkra where the edge colors are adjacent in the rainbow; in this
way, the Adinkra is embedded in the curve. In the case of the N-hypercube Adinkra H, the authors of
IDIKLM15| IDIKM18] used results of [CHQ16| to obtain a specific algebraic model X;\{g for X as a complete
intersection in PV 1,

Just as general Adinkras can be realized as quotients of hypercube Adinkras, the corresponding curves
can be realized as quotients of the hypercube curves. For N > 2, the genus of the curve corresponding to
the quotient of the N-hypercube by a k-dimensional doubly even code is ¢ = 1 +2V=F=3(N — 4). In the
case of N-hypercube curves, we see that N = 2 and N = 3 correspond to genus 0 curves, for N = 4 we have
a genus 1 curve, and for N = 5 we have a curve of genus 5. As the N = 5 case presents a significant increase
in geometric complexity, we wish to examine it more closely. In the following, we restrict our discussion to
this case.

Equipping H® with a rainbow determines an algebraic curve X with an embedded copy of H® and a Belyf
map 3: X — P! ramified over {0,1,00}, such that B(H®) = [0, 1], the black vertices are mapped to 0, the
white vertices are mapped to 1, and the face centers are mapped to co. In fact, this map factors through
the map §: Bs — P!, given by

B(Z) - 25 + 17

where Bs =2 CP! is called a beach ball (visualized in the left pane of Figure @ Thus, the 5th roots of —1 are
the preimages under 3 of oo, and lines through the origin and 5th roots of unity are mapped to [0, 1]. Let
(= exp%i, and let 7 be the Md6bius transformation given by
_x=¢ ¢t
L

Following [DIKLMT5], we obtain a list of points a,...,as in P = C U oo by setting a;; = —n(¢*~1). Note
that we have a3 = 0, g = 1, and a5 = co. Additionally, we define oy = 7(0), and o, = n(c0). See the
right pane of Figure |§| for locations of ag and ao relative to —a; (j =1,2,3,4,5) in the complex plane.

In the language of [CHQI6], the N = 5 curve X;’lg is a generalized Fermat curve of type (2,4). Such a
curve is given by a complete intersection of the form

2?3 + a3 + 2% =0
(3.1) azr? + a2+ 22 =0.

oz +2i+a2 =0
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To specify Xglg,

ay =1+ ¢, for ¢ = (14 /5)/2 ~ 1.618, the golden ratio.

Now consider the projection 7 : X2, — P! given by [y : ... : 5] = [a7 : 23]. Note that

a1z =[1: Vo : V-1 -2:+y/—az —z:+/—as — 1,
7 1([0:1]) =[0:+i: 1 £1: 1]

(3.2)

The relationship between the various spaces described is visualized in the diagram below.

B
HY « 5 X m Ccp!
alg 5
\ ln Eon_l
n(Bs)

9

we take a3 and oy as defined above. In fact, it is straightforward to verify that a3 = ¢ and

We can use the map 7 to describe the embedding of the N = 5 hypercube Adinkra H® in X;;’lg. Note

that m(XJ),

) is the image of By under 7 (see Figure @ Thus, 7 !(ap) and 7 (as) will coincide with

the black and white vertices, respectively. The 2% vertices of each color correspond to the 2% sign choices in

Equation Similarly, 7~ (a;) will coincide with the 8 possible face centers in X7, .

—cs5

n(Bs)

FIGURE 6. The points —cq; and edge images under 7 in P!

We will embed the edges of the Adinkra in X?, using the inverse images under 7 of paths between oy

alg

and a. in C, as follows. To the color j in our rainbow (1,...,5), we associate the path 7; parametrized by
n(t¢¥), t € (0,00). This path travels from ag to a., and crosses the z-axis at a unique point —c;. Note
that ¢; > «j for j =1,2,3,4, ¢; < ajq1 for j =1,2,3, while ¢5 < a;. We thus obtain a rainbow of paths in
the complex plane, as shown in the right pane of Figure @ Each edge of color j in X g’lg is then a connected

component of 77 1(v;).

The points in 7~ !(—a;41) are called face centers and denoted by f; ;+1(f). There are 8 face centers

corresponding to each pair of edge colors, as shown in Equation (3.3]).

(—a1) (
(—az2) (
(3.3) fozem H(—as) =n =) =[1:+i/o:t/d—1:0: %]
(—a4) (
(—as) (
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We can use the points ¢; to determine vertex adjacency in X, 5 along an edge of a specified color in the

alg
following way. Consider the edge of color j adjacent to a given (WLOG) white vertex

w=[l:w:wy:ws:wy:ws) =[1:+/00: V-1 EvV—03 — a0 : V04 — Qo).

For k=2,...,N, let r4(j) be the radicand of the kth coordinate wj, of w, evaluated at —c; in place of ao.
For example, r2(j) = —¢;j, r3(j) = —1 + ¢;, etc. Then, the unique edge of color j with one endpoint equal
to white vertex w, has as its other endpoint the black vertex

b = [1 : sign(ra(j)) - w2 : sign(r3(j)) - ws : sign(ra(4)) - Wa : sign(rs(j)) - ws].
We summarize our description of the Adinkra embedding in the following lemmas.

Lemma 3.1. The black and white vertices of H® are embedded in X;’lg as

b=[1:+ap: £vV-1—ap: tv—asz —ag: £vV/—as — ag] [1: i(gﬂ s i ng\/&], and
W=[1: 40 i £V 1 — (g : £V =03 — Qoo : £V =y — o] =[1:£C2/0: £¢° : £i¢ : £¢3 /¢,

respectively. A black vertex b connected to a white vertex w = [1 : wy : we : w3 : wy : ws] by an edge of color
J has coordinates b = [1 : sgny(j) - Wa : sgng(j) - Ws : sgny(j) - Wy : sgns(j) - Ws), where the sign sgny(j) is as

gwen in Table[3]]

sgny () edge color j
k 1[2[3]4]5
1T [+ [+[+][+][+
2 = |-[-|-|+
3 =+ [+[+]-
i [=1=1+[+[-
5 = -|-[+][-

TABLE 3.1. Adjacency information for X jlg. The kth coordinate of the unique neighbor w
of b (or b of w) via an edge of color j can be found by conjugating the kth coordinate of b
(w) and multiplying by +1, as indicated in column j, row k.

Recall from Equation (3.3)), that each coordinate of a face center point in Xglg is either real or imaginary.
This feature can be used to determine adjacency information for face center points as described in the

following lemma.

Lemma 3.2. Suppose that f is a saddle point in H> adjacent to a black or white vertex v. Let f denote the
image of this point in Xglg, and similarly let v denote the image of v in Xslg, Then the kth coordinates fj,
of £ are determined by the following equations; for each k =1,...,5

sign(Im(vy)) = sign(Im(fy)) if fx € iR, and
sign(Re(vg)) = sign(Re(fy)) if fx € R.

Proof. The face centers of H° appear in X7},

each coordinate of a face center in X glg is either strictly real or strictly imaginary.

Let L; 41 = {x € Bs | arg(x) € (¢¥,¢**2)} be the slice of Bs captured by 27;'0% <f< w, for
i=1,2,3,5,let L; =n(L; j4+1) denote its image in n(Bs). Let L4 denote the image of L4 5 under n and the
additional Mobius transformation z — 1/z. These sets can be seen in the pane on the right of Figure |§| as
cut out by the curves n(t¢?’). Each component of 7—!(L;) corresponds to one of the eight (j,j + 1)-colored
faces in X glg. Recall that

as described in Equation (3.3); in particular, we can assume

i 1:z]) =0::xVo:EV/-1—z:t/—¢—z:+/—(¢p+1)— 2],
7 Yx:1]) =EVr:l: V-2 —-1:4y/—¢r—1:4+/—(¢p+ 1z —1].

(for the j = 4 case)
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Note that for 2 and 2’ in a path connected subset K of C, sign(Re(y/z)) = sign(Re(v/z’)) unless a path
between = and z’ in K intersects the ray § = 7. Similary, sign(Im(y/z)) = sign(Im(v/2’)) unless a path
between z and 2’ in K intersects the ray 6 = 0.

For j =1,2,3,5 , we consider the path-connected sets

L,
—Lj—1={-c—1|ce L;},
—Lj—¢={-c—¢|cel;},

“Lj—¢-l={-c—9¢-1]ceL;}
in n(Bs). For the j = 4 case, we use instead the similarly defined sets
(3.5) Ly, —Li—1, —¢Li—1, —(p+1)Ly—1

Table [3:2] displays which of these sets intersect the rays § = 0 or § = « for j = 1,...,5. From this table
we see, for example if j = 2, then sign of the imaginary parts of f; and v must be the same for k = 2,5,
while the sign of the real parts of f3 and v3 must agree. Note that the real and imaginary parts of the 4th
coordinates are not forced to agree, per Table For j = 4, the sign of the imaginary components of fy
and v must be the same for k = 3,4, 5.

(3.4)

J
coordinate set 1 \ 2 \ 3 \ 4 \ 5
2 L; s s s 0, 7
1 L4 O, ™
3 —L;—1 0,7| O 0 T
—L4 —1 ™
4 —L;—¢ ™ [0,7m| O T
—(]5L4 -1 ™
5 —L;j—¢—1 ™ ™ |0, ™
(—(p+ 1)Ly — 1) T

TABLE 3.2. A summary of which of the rays § = 7w and 6 = 0 intersect the path connected
sets defined in Equations [3.4] and

5

The adjacency relationship among the face center points in Xl

can now be stated precisely:

Corollary 3.3. Suppose that v,v; € H5 are adjacent along color j, that fx x+1(v) and fret1(vj) are saddle
points in H® adjacent to v and vj, and that fy x+1 and f,;,wrl are the images of fi k+1(v) and fr p+1(vj),
respectively in X:lg. Then the Lth coordinates xj and x, of f} ;.1 and fy y41, respectively, satisfy ), =

sgn,(j)@z (see Table[3.)).

Remark 3.4. Note that there is a non-canonical choice to be made regarding the relationship between the
vertices in H® and the points in 77 !(ag) and 771 (as). That is, any vertex v € H® can be associated to
any point in 7~ (ag) U (as ). However, once any single assignment is made, the rest of the assignments
are determined by rainbow and adjacency structures of both H® and Xg’lg. The choice (w(1,1,1,1,1) =[1:
V0o 1 V=1 —as 1 V/—a3 — e 1 /=4 — (i) is made for the remaining examples in this paper. The
results stemming from a different choice of “base point” in the Adinkra surface can be obtained from the
computations done here using Table

We demonstrate this choice of base point in the following example.

Example 3.5. First, we choose to associate the white vertex (1,1,1,1,1) in H® to the white vertex

w(l,1,1,1,1) € X;;’lg in the following way:

w(1,1,1,1,1) = [1: /oo : V=1 — rog : V=3 — Qoo : V/—ts — o] = [1: 2/ ¢° 1iC0 2 ¢B\/9).
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We can determine the locations of all vertices in X g’lg using Lemma For example,

b(1,1,1,0,1) = [1: =3/ : ¢ - i¢” : =¢34,
w(1,0,1,0,1) = [1: 2\/b: —¢7 :i¢ : 3V,
b(0,0,0,0,0) = [1: 3/ : ¢ : —i¢? : (3\/9].

Next, consider the (1,2)-colored 4-cycle containing the vertex (1,1,1,1,1). Let v = v(1,1,1,1,1). Ta-
ble [3.2] tells us that for f = f 5(1,1,1,1,1), the sign of the imaginary parts of f; and v must be the same

for k = 2,4,5. Thus,
f=[1:9:0: —i\/qﬁl —z\/@ € 77_1(_1)

Remark 3.6. Note that the discrete Morse divisors defined in Deﬁnition can be viewed naturally on X é\{g,
N

alg- will be called geometric divisors

.. N
Such divisors on X

as formal sums of the corresponding points in X alg

below.

We now turn our attention to the Jacobian of Xglg. Define involutions a1, ..., as : P* — P4 by

—x, ifk=j

(3.6) (a;(2))r = {

We have induced group actions on Xglg via Equation It was shown in [CHQ16, §5.1] that the Jacobian
Jac(X;:’lg) is isogenous to the product of the Jacobians of orbifolds X;:)lg /H, where H runs through the

following groups:
(3.7) Hy = (a1, a2a3,a2a4), Ha = (a2,a1a3,a104), Hsz = (as,a1a2,a2a4),
Hy = (a4, a2a3,a1a2), Hs = (as,a2a3,a2a4).

Each of the resulting factors is an elliptic curve, yielding an isogenous decomposition Jac(X glg) = F; X
-+ X E5, where the F}, are given by the following equations. (We have followed the numbering of [CHQ10),

§5.1].)
ELEy v =z(z—1)(z— (¢ +1))
(3.8) By, Es:y° = a(z — 1)(z — ¢)
By :y? =x(x —1)(z + ).

As noted in [CHQI16, §5.2], the elliptic curves Ej,...,Es have the same j-invariant (namely, 2048),
and are thus isomorphic over C. One may check that F,, E5, and F3 are mutually non-isomorphic over
Q(¢) = Q(v/5); in the [LMFDB23] database’s list of curves over Q[v/5], their isomorphism classes are labeled
256.1-c3, 256.1-b3, and 64.1-a3, respectively.

3.2. Vertex and face center images. We are now ready to characterize the image of H® in the elliptic
curves F1,..., E5. We will prove the following theorem:

Theorem 3.7. Fiz a rainbow for the N = 5 hypercube Adinkra H®. The images of the face centers and
vertices in H® in the Mordell-Weil group MW (E}) over Ky, lie in a group isomorphic to Z x Z/(4) x Z/(2).

A. The projection of the image of a black or white vertex u on 7Z is a generator of Z.. The signs of this
projection are determined by a total-color-splitting S, (u) of H® with v = (1,1,1,1,1), with the sign
of the projection associated to MW (Ey) given by a k-color-splitting for each k.

B. The torsion subgroup is generated by the images of face centers; face centers corresponding to one pair
of adjacent edge colors in the rainbow are mapped to the identity of Fy, face centers corresponding to
another pair of adjacent edge colors in the rainbow are mapped to points of order 4 in MW (Ey), and
face centers corresponding to the remaining pairs of adjacent edge colors in the rainbow are mapped

to points of order 2 in MW (E}).

We begin by giving a map between X glg and Jac(X ;Z’lg), and then we use this map to describe the images
of points in H® as points on elliptic curves over the complex numbers. Image points in MW (E}) of order

greater than 2 are equipped with a choice of sign; we describe the relationship between these signs and
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adjacency in H® in Lemma m Appropriate fields of definition Kj for the relevant elliptic curves are
presented in Lemma

Once these preliminaries are established, we prove Parts A and B of the above theorem by examining the
group structure on the five elliptic curves Fy, ..., F5. Our analysis yields a complete description of the map
to ZxZ/(4) x Z/(2). In particular, we summarize the relationship between vertex or face center images and
the abelian group Z x Z/(4) x Z/(2) in Table

Let us now consider the map v = (v1,...,): Xglg — E}, defined by
% x2x3x4
Bi(- 2o+ 13—, 2o+ 1)) k=1
T 2
2
Eg(% b+1, “‘3””;”55) k=2
x7 , x3
(3.9) ve([zr .. as]) = Eg((zas n 1)% Yo+, i(20+ 1)5”1:“”5) k=3
2 2
2
Ea((o+1)5 - 9, io™ 272 k=4
3 3
2
Bs( -5 +o+1, i) k=5
Ty Ty

Here, we use the notation Fj(x,y) to designate the point [z : y : 1] on the curve Ejy. It is straightforward
to verify that v satisfies the conditions discussed following Remark and thus gives the isogenous decom-
position of Jac(Xglg). All such maps give isogenous images, so we are free to use v to proceed. Geometric
divisors are formal sums of the images of vertices and face centers, so it will be useful to have an explicit
description of the images of the vertices and face centers in each of the elliptic curve components of the
Jacobian. This is given in Tables [3.3] and

The images of the (black and white) vertices can be computed directly from the maps in Equation
For a given map v, Table describes the elliptic curve points B,f and Wki, where W,j is taken to be the
image of w(1,1,1,1,1) under v, and B;" the image of b(0,0,0,0,0).

W, B

B (%0, —icY(@+1) | E1(CPo, —iC*(¢+1)) (=)
Ex((°¢, *V/9) Ex(Co, C3V3) (=W3)
E3((%0,~C(¢+1) | Bs(CPo, —C(o+1) (=W3)
Ey(C®6,—i3 (¢ +1)) | Ea((Po, —iC*(6+1)) (= —Wy)
E5(Co,C3V/3) Es(C°, (*V/3) (=W3)

TABLE 3.3. Vertex images on the elliptic curves using the maps in Equation 3.9} For each

ke, Wi is v ([1: ¢2V/@: €% 1iC: ¢BV/@)) and By is vy ([1: 3V : ¢ 1% : (3V/4))

We next turn our attention to face centers. For each pair of adjacent edge colors in the rainbow, there are 8
distinct face centers in X 21g~ However, under the maps described in Equation face centers corresponding
to a single pair of edge colors are sent to either one or two points in each elliptic curve. We label these image
points as F{; j41), using arithmetic (mod 5) on the indices to reflect the cyclic ordering on the rainbow.
When we wish to distinguish points that arise as images of face centers corresponding to a single pair of
edge colors, we use the notation F( i) and F(j 1) and we use Fi.’ ) to refer to either element of such
a pair. Face centers corresponding to the pairs of colors (k — 1,k), (k,k+ 1), and (k + 1,k 4 2) are sent to
E(0,0), Ex(1,0), and Ej(r,0), where r depends on k (c.f. Equation . Face centers corresponding to
colors (k+ 2,k —2) are sent to the identity element Oy in Ej, which we may think of as the point at infinity.
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The face centers corresponding to the edge colors (k — 2,k — 1) are sent to two points whose y-coordinates
are additive inverses of each other. We give the coordinates of the face center images in Table

| | B | B> | Es | Ea | Bs |
Fis1y | £1(0,0) Exy(¢+1,44/¢3) | O3 Ey(¢+1,0) | E5(1,0)
Fu | E1(1,0) Ey(4,0) Es(¢p+1,+£6%) | Oy E5(0,0)
Fog | Ei(¢+1,0) | Ex(1,0) E3(1,0) Ey(=¢, +i¢*) | Os
Fiza | O1 £5(0,0) E5(0,0) E4(0,0) E5(¢+1,£1/¢%)
Fug) | Ei(=¢,%i¢*) | Oy E3(=¢,0) E4(1,0) E5(¢,0)

TABLE 3.4. Coordinates of face center images

Note that the images of points described above are not canonical. That is, a different choice of maps
than that given in Equation @ would permute the images of Fj_1 k, Fi r+1, Fit1,k+2, and Frio 2, and
exchange the points F; ki_2 w1 and the points Wki, B,f for different but similarly related collection of points
on Ej. However, the resullcing Mordell-Weil group would be isomorphic to the one we describe in this section.

In our discussion of the images of points, we have been working over the complex numbers. To study
the elliptic curves via a computer algebra system, it is convenient to work over a number field. Consulting
Tables and we obtain the following description of the appropriate field.

Proposition 3.8. For k = 1,3,4, the images in Ey of the vertices and face centers of the N = 5 Adinkra
embedded in Xslg are defined over Q((,i), a degree 8 extension of Q; for k = 2,5 they are defined over

Q(¢,i,v/®), a degree 16 extension of Q. (Here ¢ = e )

(We will consider the question of fields of definition further in §[3.4])

We are now ready to study the images of the N = 5 Adinkra vertices and face centers that appear in
Jacobian divisors on each elliptic curve. We begin with the images of the black and white vertices in each
elliptic curve.

Using [Sag23] and the coordinates given in Table one may check that the points B,:', B, W,:' ,
and W, have infinite order for every elliptic curve Ej. Because reflection across the z-axis corresponds to
negation in the elliptic curve group law, we have the relations B,j' + B, = Oy, and W,j + W, = Oy. In each
case, B,‘: + W,j is the image of a face center and has order 2. Specifically, we have the relation

(3.10) Bl + Wb = Fy_1).

We summarize this description of the relationship between images of black and white vertices in the following
lemma.

Lemma 3.9. The images of the black and white vertices of H® in Ej, all have infinite order. Together, they
generate an abelian group isomorphic to Z x Z/(2). As generators of this group, we may take either the
images of a single black and a single white vertex, or the image of a vertex of either color together with the
Jace center image F(y_1 ).

Next, we consider the images of face centers in the elliptic curve group; as we will see, these correspond to
torsion points. In each elliptic curve, the face centers corresponding to one pair of adjacent edge colors are
sent to the identity element for the group law (in other words, the point at infinity). We have seen that face
centers corresponding to colors (k— 2,k — 1) have two possible images in Ej. Using SageMath ([Sag23]), one
may check that each of these images has order 4, and that the remaining pairs of adjacent colors correspond
to points of order 2. A more detailed study of the group law yields the following lemma.

Lemma 3.10. The images of face centers in the elliptic curve E), generate a group isomorphic to Z/(4) x
7./(2). A specific isomorphism may be chosen as follows. Let ef be a generator of 7./(4), let €5 be a generator
of Z./(2), and denote the identity by 0. In each curve, one pair of adjacent edge colors corresponds to 0, one
pair of adjacent edge colors corresponds to e, one pair of adjacent edge colors corresponds to 2¢%, and the
remaining two pairs of adjacent edge colors may be assigned to €5 and 2e% + €& in either order. Specifically,
the pair of edge colors corresponding to 0 in Ej, is (k— 3,k —2), the pair of edge colors corresponding to +e¥
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in By is (k — 2,k — 1), and the pair of edge colors corresponding to 2¢% in Ey is (k — 1,k), where we use
arithmetic (mod 5).

Combining Lemmas [3.9) and we note:

Proposition 3.11. The images of the vertices and face centers of H® in Ej generate an abelian group
isomorphic to Z x Z/(4) x Z/(2).

The correspondence between vertex or face center images and possible choices of generators for each
elliptic curve is summarized in Table

[ EC \ group elements [ 0 | +ef | 2ef [ef 2ef +ef [ Lk |
Ey Foa | Fius) | Fon | Faz), Fes | Wi, By
I25 Fugs) | iy | Fag | Fes) Faa | Wi By
Es Fony | Fiay | Fos | FeaFas | Wi, By
Ey Fuoy | Foa | Fow | Fasy Feu | Wi, B
Es Fog | Fa | Fus) | Fen) Fag | Wi B

TABLE 3.5. Possible generators of Z x Z/(4) x Z/(2)

It is natural to ask which vertices in the H° Adinkra are mapped to the points we have designated as B,j,
B, W,:' Wi, F ,;"_27 w1, and I 2. k-1 The answer is given in the following lemma, and displayed visually
in Figure [7

vig : (=, =+, +,+) vig : (=, =+, —, —
V1
vis 1 (— 4, —, —, —) vas : (+, = =+, +)
vt (= 4+, = +) /
v2
v /
vz i (4, =+, +, ) O
v3s : (—,+,+,+,—) / vag t (—,—, —, 4, —)
s 0
vas (= —, =, —) vz : (+,+,—, —, +)
v (4, =+ = +) vz (=, =+, +) /
Vo (4, 4, 4 —, =) v3g : (=, —, =, —,+)

FI1GURE 7. The 5-tuples in left pane display sign change between the images of v and v; in
Ey, ..., E5, where v; is obtained from v by traveling along color i. The 5-tuples in right pane
display sign change between the images of v and v;; in Fjy,..., E5, where v;; is obtained
from v by traveling along colors ¢ and j.

Lemma 3.12. Given a vertex v € H® with image W¢ (or B) in Ey, the image in Ey, of v; (the vertex
adjacent to v along color j) is BE (or W), where the value of + is determined by Sk (vj) = (—1)FF+21015},
Similarly, let £ be a face center point adjacent to a certain black or white vertexr v and suppose f' is the face
center point adjacent to v; (the point adjacent to v along j). If the image of f in Ey is (x,y), then the image
of £ in Ey is (T,£7). The value of £ is determined by Sy, ,(v;) = (—1) k21011,
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This lemma implies that under the labeling set out in Table for each k, in a k-color-splitting of H®
with starting vertex (1,1,1,1,1), the black vertices in H® labeled + and — are mapped to B,j and B,
respectively; the white vertices labeled + and — are mapped to W,j and W, , respectively; and the face
centers f,_5 ;1 labeled + and — are mapped to F,:;z’kfl and Fe ok 1 respectively. For any vertex u, a

k-color-splitting of H® with starting vertex u gives the corresponding sign changes between vy (u) and vy, (u')
for vertices u’ € H® (see Figure 7).

Proof. Assume that v, (v) = W/*. Recall from Lemma that the sign change of the ith coordinates of v
and v’ which are adjacent along color j is given by M, ;, where M is the matrix displayed below.

+1 +1 +1 +1 +1
-1 -1 -1 -1 +1
M=]-1 41 +1 +1 -1
-1 -1 +1 +1 -1
-1 -1 -1 +1 -1

Let MY be the matrix defined by M,gj = m, where vy (v), is the y-coordinate of the image of v under vy.
’ Vi (v)y

From Equation we see that this can be obtained by first considering how coordinate sign changes affect
the sign of v4(v;)y, and then how coordinate-wise conjugations in v; relate to v(v), . The coordinate-wise
sign changes in v; amount to an overall sign change of M ; - My ;- -- Mkyj -+ M5 ; in vg(vj), (that is, we
omit the kth entry from the product). This gives the intermediate matrix

+1 -1 41 -1 -1
-1 +1 -1 +1 -1
-1 -1 +1 -1 +1
-1 +1 +1 -1 +1
-1 41 -1 -1 +1

Examining the y-coordinates in Equation@, we find that conjugating all coordinates of v; and conjugating
the y-coordinate of the image point are equivalent for k = 1, and have opposite signs for £k = 2,...,5. Thus,
+1 -1 +1 -1 -1
+1 -1 +1 -1 +1

MY=|+4+1 +1 -1 +1 -1
+1 -1 -1 +1 -1
+1 -1 +1 +1 -1

v (vi)y

Finally, consider the matrix M, lg ;= , obtained from MY by multiplying rows 1 and 4 by —1 (per

Table .

(B )y

-1 +1 -1 41 +1
+1 -1 +1 -1 +1
M=|4+1 +1 -1 +1 -1
-1 +1 +1 -1 +1
+1 -1 +1 +1 -1
Now we observe that % = Mj ; = Skv(vj).
The same proof holds for the case using instead vy = B*, with My ;= 210 ))Z Corollary gives the

Wik
result for face center points.

We have now completely described the images of points and face centers, establishing Theorem

3.3. First Jacobian divisor examples. In this section, we illustrate Theorem[3.7]by computing the abelian
group elements associated to certain interesting Jacobian divisors. Further discussion of Jacobian divisors
will be given in Section

Set wo = w(1,1,1,1,1), and bg = b(0,0,0,0,0). Let us use these points to make an explicit choice
of generators for the group map referred to in Proposition For each k define ef, = vy (wy), ef =
vk(fr—2k-1(1,1,1,1,1)), and €5 = vg(frr+1(1,1,1,1,1)). (Recall that under the group law on Ej, ef is
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a point of order 4, €k is a point of order 2, and e, is a point of infinite order.) Let w = w(zy,...,z5),
b =b(z1,...,25), and fir gr41 = i g41(x1,...,25) for k= 1,...,5 be any white vertex, black vertex, and
face centers. Their images are described below.

W St (W) b = S by (b) (eh, + 2¢f)
(3.11) foon1 > Skwo (Fe_2k_1)el fo_1p > 2ef

fopr1 — b fi1pr2 > 2ef + €5

fit2,6—2 — 0,

The choice of sign S , is described in Lemma

We emphasize that none of the choices e¥_ = vi(wo), ef = v (fr—2,-1(1,1,1,1,1)), ek = v (fp k1+1(1,1,1,1,1))
are canonical; the description of the image points resulting from a different choice for e €%, ek, can be de-
termined by applying a group isomorphism that exchanges the relevant generators (i.e., ef + —ek or
—ek 4+ 2ek ek s —ek e s 2ek 4 eb).
Example 3.13. In Example we described Morse divisors obtained by considering the valise and fully
extended height functions for H?, as well as the height functions obtained by starting with the fully extended
height and lowering either one or two divisors. We wish to compute the kth coordinates of the corresponding
Jacobian divisors, vk (Dy), vk(Dse), vk(D1), and vg(Ds), on Jac(Xglg).

We will need the images of certain specific vertices and face centers:

ve(w(1,1,1,1,1)) = W, = ek for k =1,2,3,4,5, v(b(0,0,0,0,0)) = B;" = —ek +2¢f for k =1,2,3,4,5,

yk(w(1,o,1,0,1)):{w’{:e§° k=123 I/k(b(Ll,l,O,l)):{Bj: ek +2ek k=1,3,5
W, =—el k=45 Bk:e + 2¢k k=2,4
E1(1,0) = e} k=1
Es(¢,0) =2 ¢ k=2
vp(fla(1,1,1,1,1)) = E3(¢>+1 P =e? k=3
E4(00,00) = Oy k=4

E5(0,0)—2-e4+eg k=5
We begin computing Jacobian divisor coordinates by considering the valise divisor D,. We have

De= Y f- > v

f face center v vertex

Let wy = (1,1,1,1,1). Then the set of all white vertices is equal to the disjoint union of (a) {wp}, (b)
those vertices that are distance 2 from wg, and (c) those vertices that are distance 1 from (0,0,0,0,0). B
combining all labels from Figure [7} we see that

> w(w) =W +2W; + B

w white vertex

Similarly,

> wb) =B +2B; + W,

b black vertex

Z v (w)

v vertex
Next, we consider face centers. For each j € [5], there are 8 j,j + 1 colored face centers in H®>. On Ej,
l/k(szrl fjj+1) = Oy trivially for all j # k—2 mod 5 (cf. Table . In the case that 7 = k —2 mod 5,
set w = (1,1,1,1,1). Then Figure [7| shows that vy (fr_2r—1(w)) = —es for wy, Vit2, Wi k+1, Wit k2 and
Vi (fr—2,k—1(w)) = e4 for the remaining four cases. Thus

> w(f)=0r  and (D)) =0k

f face center

and thus

Oy.
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Next, consider the fully extended divisor Dg. We have
Dtc Zv 1 1717131)_(0307()’070)3
vEY

where

V p— (170’ 1’ 07 1)7 (0’ 17 O? 17 1)’ (1707 17 1’ 0)’ (07 1’ 1’ 0) 1)7 (1’ 17 07 170)’
N (071707 170)7(170’ 17070)7(07 150707 1)’ (1707071 1 '

From Lemma we find the values in the following table
Ey | By | B3 | By | E5 Ey | By | B3 | By | B

ve(w(1,0,1,0,1)) | Wi [ Wy | Wor [ W | Wo [ v(0(0,1,0,1,0)) | B | BS | B | B, | By
ve(w(1,1,0,1,0)) | W, [ Wy [ Wy [ W, | W5 | vk(0(0,0,1,0,1)) | By | BY | Bf | Bf | Bs
ve(w(0,1,1,0,1)) | Wy [ Wy | W5T [ Wi | W || vk(D(1,0,0,1,0)) | By | By | Bf | Bf | B
ve(w(1,0,1,1,0)) | W [ Wy | Wy [ W | Wi [ v(0(0,1,0,0,1)) | B | By | By | Bf | B
ve(w(0,1,0,1, 1)) [ WF [ W,F [ Wy [ W, [ W5 | vk(b(1,0,1,0,0)) | Bf | BS | By | By | B

Note that for each k

Il
\.H

., 5, we now have

> w(v) =W, + B

veV
Thus, l/k(Dfe) =0y € Ey.
The geometric divisor Dy associated to the height function hy in Example c) differs from Dy, by

— Dge = ZU—ZU

vey”’ vey’

for
"= {f12(1,1,1,1,1), £3(1,1,1,1,1), f34(1,1,1,1,1), £45(1,1,1,1,1), £51(1,1,1,1,1), },

) ) ) )

V' ={b(0,1,1,1,1),b(1,0,1,1,1),b(1,1,0,1,1),b(1,1,1,0,1),b(1,1,1,1,0), },

Using the description in Equation we find that

E1 E2 E3 E4 E5
vi(Fi2(1,1,1,1,1)) el 2. ¢2 e3 O, 2-e}+e3
vk(fo3(1,1,1,1,1)) [ 2- el +ed e3 2. €3 el Os
vi(f34(1,1,1,1,1)) O 2.3+ e3 es 2- e} s
vk(fi5(1,1,1,1,1)) es Oo 2-e+e3 €3 2. €]
ve(fs1(1,1,1,1,1)) [ 2-ef e3 [ 2-ej+e5 €5
vi(b(0,1,1,1,1)) By By BF By BF
v,(b(1,0,1,1,1)) Bf By Bf Bf By
vk (b(1,1,0,1,1)) By By By Bf BY
vi(b(1,1,1,0,1)) Bf By BF By BY
ve(b(1,1,1,1,0)) Bf By By Bf By

Note that for each k = 1,...,5, we now have
Z Vk(v)—ZVk( ) =eh — B = ek +ef 4+ 26k
vey” vey’

Thus,

vi(Dy) = ek, — e}

As discussed in Example (d), the geometric divisor Dy associated to the height hy differs from D; by
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11 11 11
Dy — Dy =(1,1,1,1,1 - =, 1,1 1,—-,=-,1 1,1, =, =
2 1 (7 5 Ly Ly )+<072723 ) >+<Oa a2,27 )+(07 ) 7232>

11 1 1
-(0,1,0,1,1) = (0,1,1,0,1) — =, 5,1,1,1) — ( ,1,1,1, 5
(777’) (’577) <2’2777) (277772>

E, E, Es Ey Es
—vp(f12(1,1,1,1,1)) —ed —2-¢? —e] O, —2-€] — €3
v (f23(0,1,1,1,1)) | 2-ef+ed e3 2 e} —e} Os
v (£34(0,1,1,1,1)) O 2.2+ e3 e3 2. €] e
v (F15(0,1,1,1,1)) —el [ 2-el+es es 2. €}
—vp(f51(1,1,1,1,1)) —2-e} —e2 O3 —2-ef—e3 —e5
ve(w(1,1,1,1,1)) Wi Wb Wi Wi Wi
—ve(w(0,1,0,1,1)) | —W;" W5 -Wy Wy Wi
—vp(w(0,1,1,0,1)) Wy Wy —Wy -Wi -Wy
’ V(Do — Dy \ el —el \ e2 —e? \ el —el \ el —el \ S ‘

Thus, the kth coordinate of the Jacobian divisor is

2ek + 2k k#£5
V’“(DZ){O4 ' k:i5

3.4. Fields of definition. If we view each elliptic curve Ej as defined over a number field K, the question
naturally arises of how the abelian group described in Proposition [3.11| compares to the Mordell-Weil group
MW (Ey/Ky). Of course, Ej, itself can be defined over more than one number field; one might also ask
whether the fields specified in Proposition are in some sense minimal. One may use SageMath ([Sag23])
to check that the rank of each of the elliptic curves Ej over Q(¢) is 0. Thus, we must extend Q(¢) if we
wish points of infinite order to exist. We characterize the minimal appropriate extension in the following
proposition.

Proposition 3.14. Let I/(\k be a number field such that MW(E;C/I/(\;C) contains a point of infinite order and
either Q((b) Cc K}C c Q(Cal) or Q(C,l) Cc Kk - Q(Cﬂﬁ\/a) Then [Kk : Q] > 8 fO’I" k= 1747 [Kk : Q] =16
fork=2,5 and [Ky : Q] >4 for k =3.

Proof. The Galois group Gal(Q(¢, %) : Q) is isomorphic to Z/(4) x Z/(2); the Galois group Gal(Q((,7) : Q(¢))
is isomorphic to Z/(2) x Z/(2). Over Q, the minimal polynomial of ¢ = €*>7*/10 is z* — 23 4 22 — 2 + 1. This
polynomial factors as (z2 — ¢z + 1)(2% + (¢ — 1)z + 1) over Q(¢). By the fundamental theorem of Galois
theory, there are five fields containing Q(¢) and contained in Q((, ), including these fields themselves; we
write the intermediate fields as Q(o,1), Q(¢,iv/3 — @), and Q(¢,iv/¢ + 2). We use SageMath ([Sag23]) to
compute the rank of £}, over these fields for each k. The result of this computation is given in Table
We see that E; = E4 has a point of infinite order for Q({,¢) but not the intermediate fields, while E3 has
points of infinite order in two different quadratic extensions of Q(¢). We have already demonstrated that

E5 = E5 has points of infinite order over Q((, 4, v/@). O
rank of 1 = F4 | rank of Fy = Es | rank of Ej3
Q(9) 0 0 0
Q(¢,14) 0 0 0
Q(¢,iv3 —9) 0 0 1
Q(¢,ive +2) 0 0 1
Q(¢. 1) 1 0 1

TABLE 3.6. Ranks of E}, over extensions of Q(¢)

Similarly, we may use SageMath to compute the torsion part of the Mordell-Weil group of the elliptic
curves FEj over different field extensions. The results of this computation are shown in Table [3.7]
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MWtor(El = E4) MWtor(E2 = E5) MWtor(ES)
Q(¢) Z[(2) X Z](2) Z[(2) xZ/(2) | Z[(4) xZ/(2)
Q(9,19) Z](4) x L] (2) Z[(2) xZ/(2) | Z[(4) xZ/(2)
Q(¢,iv3—9) | Z/(2) xZ/(2) Z[(2) xZ[(2) | Z/(4) xZ/(2)
Qo,ivo+2) | Z/(2) xZ/(2) Z[(2) xZ/(2) | Z[(4) X Z/(2)
Q(¢, 1) Z/(4) x Z](2) Z[(2) xZ[(2) | Z/(4) xZ/(2)
Q¢ i, Vo) Z/(8) x Z/(4) Z[(8) xZ/(4) | Z/[(8) x Z/(4)
TABLE 3.7. Torsion groups over extensions of Q(¢)

Proposition[3.14] and Tables[3.6|and [3.7]show that the difference between the field of definition for By = Es

and the other elliptic curves specified in Proposition [3.8 is in some sense inevitable: we genuinely need the
square root of ¢ to describe points of order more than 2 on Fy = Fj.
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4. HEIGHT FUNCTIONS AND DIVISORS

Now that we have completely characterized the images of vertices and face centers of H® in the Jacobian,
we turn our attention to the correspondence between height functions and divisors. We discuss various
combinatorial and geometrically induced notions of equivalence for heights in § this discussion presents
several interesting problems for further study. In § we examine the effect of raising or lowering a vertex

on the N = 5 Adinkra, and use this analysis to prove our

4.1. Equivalence classes of heights in I'n. We now describe, for N < 4, the directed graph [y that has
as its vertices equivalence classes of heights under ~. (see Definition , and directed edges given by vertex
lowering. For N = 1,2, 3, there are relatively few heights, which can be worked out in a minute or two; fl,
Iy, and I's are displayed in Figure |[8| Notice that for N = 1, V(H!) = {0,1}. There are two heights: one
where 0 is pinned, one where 1 is pinned. These are both in the same equivalence class. For N = 2, there
are 6 heights and two equivalence classes. For N = 3, there are 38 heights, and 5 equivalence classes. Note,
however that two of these equivalence classes exhibit an additional equivalence under vertical reflections. If
such reflections are added to our sense of equivalence, then for N = 3, there are 4 equivalence classes.

o /{@]\

! [ o ¥
1] | X \[%] /

Fl FQ F3

F1GURE 8. The digraph In of equivalence classes of heights on HY (where adjacency is
determined by vertex lowering) for N = 1,2, 3.

For N = 4, the situation is already much more complicated. There are 990 distinct height functions,
which can be grouped into 24 (or 15) equivalence classes. Representatives of these heights, and a picture of
the associated digraph structure appear below in Figure [0]

For N =5, the situation becomes much more difficult to classify exhaustively. In Figure we give a
portion of the digraph I's of height equivalence classes (under ~.). The descriptions are given in terms
of the pinned vertices and their heights (as discussed in Remark for one height representative in each
class. Complete descriptions of I'y for N > 5 are not known, but would be useful for further classifying and
understanding Adinkras.

Problem 4.1. For N > 5 describe the full digraph T'n whose vertices are the equivalence classes under ~
of height functions on H® and whose edges are determined by vertex lowering.

While we do not give an explicit description of I's, we can give the following structural result, which will
be useful in Section [L.2]

Proposition 4.2. A path from any height h to a valise height hy, on T'y can be attained in m vertex lowering
steps, where m < (N —1)2N=2,

Proof. We show that the proposition is true for the fully extended height hg. Any other type of height
requires strictly less steps to reach the valise. Note that hg can be defined by assigning to any vertex
v = (21,...,2n) € HY the height he(v) = >, 2;. If each such vertex is lowered |h(v)/2] times, all vertex
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’ | pinned vertex description | #[n] |

[ hee [ heo((1,1,1,1) =4 [ 16 |

[ hy [ hy(w) =2V white w | 2 ]
hi | hi((0,1,1,1)) = h1((1,0,1,1)) = h1((1,1,0,1)) = hy((1,1,1,0)) = 3 16
hi | h((1,1,1,1)) = 3, h1,((0,0,0,0)) = 2 16
ha | h2((0,1,1,1)) = ha((1,0,1,1)) = ho((1,1,0,1)) = 3 64
hor | ho((1,1,1,1)) = 3,h2((0,1,1,1)) =2 64
hs | h3((0,1,1,1)) = h3((1,0,1,1)) = 3,h3((1,1,0,0)) = 2 96
hs | hs((1,1,1,1)) = 3,hs((0,1,1,1)) = hs/((1,0,1,1)) =2 96

[ ha [ha((0,1,1,1)) = hg((1,0,1,1)) =2 | 48 |

[ hs [hs((0,1,1,1)) = 3,h5((1,1,0,0)) = h5((1,0,1,0)) = 2,h5((1,0,0,1)) =2 | 64 |
he | he(w) =2 V white w # (1,0,0,0) 16
he | he((0,1,1,1)) = 2,he((0,0,0,0)) = he ((1,1,0,0)) = he ((1,0,1,0)) = he ((1,0,0,1)) =1 16
h7 | hr(w) = 2 V white w # (0,0,0,1),(1,1,1,0) 8
h7/ h7/((0,0,0,1)) :h7/((1,1,1,0)) =2 8
hs | hg(w) = 2 V white w # (1, 0,0, 0), (0,1,0,0) 48
hg | hs((0,1,1,1)) = hs/((1,0,1,1)) = 2, hs((0,0,0,0)) = hg((1,1,0,0 48
hg | hg(w) =2V white w # (0,0,0,1),(1,1,0,1),(1,1,1,0) 48
hg: | ho((0,1,0,0)) = ho((0,0,0,1)) = hor((1,1,1,0)) = 2 48
hio | hio(w) =2 V white w # (1,0,0,0), (0, 1,0,0),(0,0,1,0) 64
hio | hio (0, 1,1, 1)) = Ao ((1,0,1,1)) = 2, hao (1, 1,0, 1)) = 2, e ((0,0,0,0)) = 1 64

’ h11 ‘ hll((oal?ovo)) :hll((lvovl’ )) :hll((lalal,o)) :hll((ovovovl)) = 12

| 7o | hi2((0,1,1,1)) = h12((1,0,1,1)) = hi2((1,1,1,0)) = h12((0,0,0,1)) =2

’ his ‘ hlS((Oa L1, 1)) - h13((1707 L 1)) - h13((1a L0, 1)) - hlS((O70707 1)) =2

’ hig ‘ h14((0,1,1,1)) = h14((1,0,1,1)) = h14((1,1,0,1)) = h14((1,1,1,0)) = 2, h14((0,0,0,0)) =1

FIGURE 9. The digraph f4 whose vertices are the equivalence classes of heights on H* under
decorated graph isomorphism. A representative from each height class is described in the
table.
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name \ pinned vertex description \ #[h]

|
@ | hig | (the valise), h(w) =5, for all white vertices v | 2
|

|
|
|

his \ remove one pin v from hig \ 32

hisq | remove two pins v, v’ such that d(v,v’) = 2 from hig | 160

hi4p | remove two pins v, v’ such that d(v,v") =4 from hig | 80
@ h13, | remove three pins v,v’,v" such that

d(v,v") =d(v,v") = d(',v") = 2 from hyg 320
hi3p | remove three pins v, v’,v” such that

d(v,v") =d(v,v") =2, d(v',v") = 4 from hyg 480
@ @ hi3. | remove three pins v,v’,v” such that
d(v,v") =2, d(v,v") = d(v',v") = 4 from hig 320

FIGURE 10. A portion of the digraph s induced by the seven equivalence classes of height
functions (vertices) described explicitly in the table on the right.

heights will be 0 or 1, according to whether the vertex is black or white. The number of steps in this process

is
N
N
> () )
k=0
Using the identities

k k k even n n
212 = - _ 21171 _ 2n71’
{2J {k 1 kodd, ZZ(Z) nens gd:d (z)

It is straightforward to verify that

N

N
S oLk () = (v - 22
k=0
O

We are interested in the connection between heights in 'V and types of geometric Morse divisors (see
Remark [3.6). To investigate this connection we highlight three height operations which preserve rainbow
relationships among the heights of vertices, and a new notion of equivalence of heights.

Definition 4.3. The inversion map on heights inv: 'YV — 'V is defined by inv(h)(v) = mjy — h(v), where
my, = max,{h(v)}. Any u € H"V defines a shift map sh,: TV — T'V via sh,(h)(v) = u + v, where u + v is
taken in (Z/(2))5. The rainbow rotation from u rot,: 'V — I'N in the following way: for each v in HY,
list the colors of the edges traversed in a path between w and v: ji,...,Js (this is equivalent to the set of
coordinates in which v and v differ). Let o = (1,2,...,N) be the cyclic permutation of the edge colors in
their rainbow ordering. Then we will call the vertex rot, (v) obtained by traveling from u along the colors
o(71),...0(js), the rainbow rotation of v from u, and set rot, (h)(v) = h(rot, (v)).

Given heights h,h’ on HY  we say that we say that h is rainbow-equivalent to h' (h ~, h') if b’ can be
obtained from A via inversions, shifts, and rainbow rotations.

Since local minima and maxima contribute equally in divisors, and bow-ties and diamond classification
among face centers remains fixed under vertical inversion, Dy, = D) for any h € I'N. This is not the case
for rotations or rainbow rotations; however, in the hypercube case, we expect that their effects on divisors
should be limited to sign changes and permutations. (We will consider the effects of rainbow rotation on
Jacobian divisors obtained from H® in Section )

Note that in certain classes [h;] € ', some heights within the ~. equivalence classes as listed in Figure
|§| are not equivalent under ~,. For example, consider the heights h,, h, € [hy], where h, has two pinned
vertices (0,1,1,1) and (1,0,1,1) at height 2, and h; has the two pinned vertices (0,1,1,1) and (1,1,0,1)
at height 2. It is straightforward to verify that these two heights are not related via inversion, rotations,
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and rainbow rotations. The height h, has 4 bow-tie faces and 12 diamond faces, while h; has only diamond
faces, thus the corresponding divisors differ significantly.

Problem 4.4. Classify heights in I'y under rainbow equivalence ~v, for N > 4.
Finally, we define Jacobian equivalence of heights.

Definition 4.5. Given heights h,h’ on HY, we say that h is Jacobian-equivalent to h' (h ~j h') if the

associated Jacobian divisors on Jac(X ;\{g) are equal.

Naturally, a classification of heights under Jacobian equivalence would be useful and interesting. As
discussed in the Section |1} the Jac(Xé\{g) is trivial for N = 1,2,3, and for N = 4, the map from height
functions to Jacobian divisors is trivial. The first open case, then, is N = 5.

Problem 4.6. Classify heights in I'y under Jacobian equivalence ~jy, for N > 5.

4.2. Heights and Morse Divisors on Jac(X, ;’lg). We can apply Theorem to characterize the relation-
ship between height functions and Jacobian divisors in the N = 5 case. Our goal is to describe Jacobian

divisors obtained as images of height functions and thereby prove our

A step towards the classification of Jacobian divisors determined by height functions is given in the
following proposition, which significantly restricts the structure of Jacobian divisors for N = 5.

Proposition 4.7. Let vi(Dy,) and vi(Dp/) be the Ey, coordinates of the Jacobian divisors associated to heights
h and W' on H®, where h' is obtained from h by raising or lowering a single vertexv. Then vy(Dy)—vi(Dy) =
+(ek —ek).

Proof. Assume that v is a local min in h with h(v) = 0, and that A’ is the height obtained by raising v
(W (v) = 2). Note that then h(v;) = h'(vj) =1 for each v; adjacent to v via color j.

The only points whose contribution might differ in D, and Dy are v,v1,...,v5, f1 = f12(v),..., f5 =
f51(v). Since v is a min under h and a max under h’, then k,, = k), = 1, where k,, and &/, are the coefficients
of v in Dy, and Dj, respectively (See Definition .

Let A,, = n;j — Ky, Then,

5
ve(Dj, — Dn) = > (A, vk(v5) + Agvi(f5)).

j=1
For1=(1,1,1,1,1), Lemmas and imply that
2ek — Sy.o(v;)Sk.a(v)ek, v white

Sk,v(”j)sk,l(v)ek v black

o0

vi(v5) = 2§ = Sy (vj) i (v) = {
Also, since Ay, = £1 for each j,
S A (fi) = Ag vk (fee2) + A g vk (Feo1) + Ap vk (fr) + Ap vk (frgn) + Ay Vi (frsa)
= Afkfzsk,l(v)eéc =+ 2Afk71€{4C =+ Afkel; + Afk+l (262 + 65)
= Afkfzsk’,l(v)ef
Thus,

262 - Shl(v)e’;o(Akaz + Avk—l - Avk: + Avk+1 - A'Uk+2) + Shl(v)Afkfzei v white
Ska(v)ek (Ap, o + Ay, — Ay, + Ay — Agpyn) + Ska(v)Ay, ek v black

+A _Avk +A'Uk+1 _Avk+2’Afk—2} = {17_1}'

O'l/k(D;L — Dh) = {

We must show that {A

Vk—2 Vk—1

It is straightforward to verify that

=1 h(vj-1;) = h(vjj41)

=2
1 h(vj 1) =2
4.1 Ay =21 h(vj1)=h(viitl) =0 d Ay = -
(4.1) (vj-1,5) = h(vjjt1) an 13 {1 h(vjj+1) =0

J
0 otherwise ,
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where v; ;11 is the vertex obtained from v by traveling on an edge of color j and an edge of color j + 1.
Consider, for example, the situation where

(h(ULz),h(U2,3)7h<’U3)4),h(’U4)5) (’U5 1)) (2727272a0)
Then for k=3, Ay, , =Ay =1, and (A Aj_ 1,Ak,Ak+1,Ak+2) (0, -1,-1,0), so
(Ap—2 + Ag1 = Ap + Apg1 — Apga, A _,) = (=1, 1).
For k = 2, Afk—Q = Af5 = —17 and (Avk Q,Ak 1,Ak, Ak+1,Ak+2) (0,0, -1 —1)
9) =

(17_1)

Vg —29

(Ap—2 + Ap1 — Ap + App1 — Apg2, A
The following table gives all A,; and Ay, possibilities.

’ h(”m+1 i (A'Uj )j i (Afj )j i

(

(2,2,2,2 2) (—1,-1,—1,-1,-1) (1,1, 1, 1, 1)
(0,0,0,0,0) (1,1, 1,1, 1) | (=1,-1,—1,-1,-1)
(2,2,2,0,0) | (0,—1,—1, 0, 1) (1, 1, 1,-1,-1)
(0,0,0,2,2) | (0, 1, 1, 0,—1) (-1,-1,—-1, 1, 1)
(2,2,2,2,0) | (0,—1,—1,—1, 0) (1,1, 1, 1,-1)
(0,0,0,0,2) (0, 1, 1, 1, 0) (—1,-1,-1,—-1, 1)
(2,0,2,0,2) | (=1, 0, 0, 0, 0) (1,—1, 1,1, 1)
(0,2,0,2,0) (1, 0, 0, 0, 0) (-1, 1,-1, 1,-1)

It is straightforward to check that in all cases {A,, _, + Ay, — Ay, + Ay, — Ay 1y, Ay, = {1, -1}
(]

PI‘OpOSlthH says that raising or lowering a vertex changes the kth coordinate of 7(Dy,) by %(ek, —ek).
Recall from Example [3.13] that ek — ek is exactly v (D). Thus, integer multiples of vy (D;) are the only
possibilities for coordinates of the image of any divisor on Jac(X).

Corollary 4.8.
({ve(Dp)} | h a height on H®) = (v (D)) = Z  for any k € [5].

Though the group generated by height functions on H? is infinite, there are only a finite number of height
functions up to overall shift. A natural question is which multiples m - v;(D;) of vi(D;1) occur as some
vi(Dp). A preliminary estimate may be obtained using the following corollary of Proposition

Corollary 4.9. For h a height function on H®, vi(Dy,) = a(ek, —ek) for some integer a satisfying 0 < |a| <
16.

Proof. Let h be a height function on H®. Then, on I's, h lies on a minimal path between the height
corresponding to the fully extended hypercube and the valise hypercube. Proposition[4.2)gives the result. [

In fact, we can say even more. Using SageMath, we implemented a version of Zhang’s algorithm for
enumerating the N =5 hypercube Adinkra heights (see Section 7 and then performed the combinatorial
algorithm laid out in Definition 2.4} Equation [3.11] and Lemma- [3.12]to find the images of each of the 395 094
heights as divisors in Fj.

Proposition 4.10. The images v1(Dy) of all N = 5 hypercube Adinkra heights h on Ei form the set
{a(e® —e}) |a € Z,—8 < a < 8}.

We list the frequency with which each possible divisor on E; appears in Table[.T]and illustrate the frequencies
with a chart in Figure

One might naturally wonder whether the bound we have observed on the size of divisors obtained as
height images in F; holds for every Ej. Indeed, it does, as advertised in our To show the
pattern holds, we will need the following proposition describing the images of heights on H® under shifts
and rainbow rotation.
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’ v1(Dp,) \ Frequency
—8(e$° — ef) 24
—T7(e$° —e7) 128
—6(e$° — e7) 704
“h(eX —el) | 2752
—4(e$° — ef) 9048
—3(e$° — e1) 23392
—2(e$° — e7) 47200
—1(e$° —e1) 72384

O1 83830
1(e$° —ef) 72384
2(e$° — e7) 47200
3(e$° —ef) 23392
4(e$° —e7) 9048
5(e5° — ef) 2752
6(e$° —e7) 704
7(e5° — ef) 128
8(e$° —e7) 24

TABLE 4.1. A frequency table describing images in E; of the discrete Morse divisors asso-

ciated with each of the 395094 heights on H®.

E 1 Divisors from all N=5 Heights

Divisars
=
[=]
(=]

Homs LN e
BMNHS WNECL
=

0

10000

20000

30000

40000

50000

E0000

70000

80000

MNo. of heights attaining diviser

FIGURE 11. A frequency chart describing images in F of the discrete Morse divisors asso-
ciated with each of the 395094 heights on H°.

Proposition 4.11. Fiz u € H®. Then,

) Sk (wvk(Dy)
l/k(Dshu(h)) - {—Sk,b(u)yk(Dh)

Uk(Drot,(n)) = ve(Dp), where k =1+1 mod 5.

if the parity of u is even
if the parity of u is odd,

where b is the unique (base) vertex such that vy,(b) = W, for each k = 1,...,5, and sh, and rot, are the
“shift by u” and “rainbow rotation from b” maps described in Definition [[.3
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Proof. The image vy (v) of any v € H® is given by the k-color-splitting Sk »(v) from b to v. If v is a critical
point for h with multiplicity m,,,

S, wiroif is whit
l/k(mv-'l)):mv~yk(’l)):{ kp(uw+0)Wye if ut v is white

Skp(u+v)BY  if u+ v is black.
Since SkJ,(u + 11) = Sk,b(u) . Sk,b(v),

Skp(wvk(Dy)  if the parity of u is even
—Skp(w)vg(Dyp) if the parity of u is odd.

Uk(Dsh, (n)) = {

Next we consider vg(Drot,(n)). Note that if v is a critical point of A, then rotb_l(v) is a critical point of
h' = roty(h). The color of vertex v is determined by the parity of the distance of a path from b to v. Note
that this parity is the same for the distance from b to rot, !(v), since the path between b and v can be rotated
backwards according to the rainbow to get to rot;l(v). Thus, we have that

vi(rot, 1(v)) = Sip(vot, ! (v))vk(v).
Recall that Sy (rot; ' (v)) is determined by the number of instances of k and k+2 in a minimal path between

b and rot; ' (v). This is equivalent to the number of instances of (k 4+ 1) mod 5 and (k + 3) mod 5 in a path
between b and v. Thus, if £ = (k + 1) mod 5, we have vy (rot, ' (v)) = S¢((v))vk(v), and

Uk(Droty(h)) = ve(Dp).
O

Theorem 4.12. Let a-ef +b-ef +c-ek = v, (Dy) for a height h on H®. Then 0 < |a| <8, b= —a mod 4,
and ¢ = 0.

Proof. Suppose that h is a height for which vy (Dp,) = a- ek +b-ef +c-eb, and |a| > 8. Let ' = a0~ *(h).
By Proposition vi(Dp) =a-el +b-el+c-el, acontradiction. O

Together, Proposition [£.7] and Theorem yield our
Note that there are 48 heights h for which v1(Dy,) = £8(e$° — e). These come from two geometric

equivalence classes of heights as shown in Figure The ranked adinkras represented on the left pane
of Figure [I2] are those with two pinned vertices vy and v, such that, beginning at one pinned vertex vy,
traveling along colors 7 and j 4 2 gives pinned vertex vo. For example, one such set of pinned vertices might
be {(1,0,1,0,0),(1,1,1,1,0)}. The ranked adinkras represented in the right pane of Figure are those
with 4 pinned vertices v1,...,v4 with adjacency as follows: beginning at one pinned vertex vy, travel colors
j and j + 2 to arrive at pinned vertex wvs, continue along colors j + 1 and j 4+ 3 to pinned vertex vz, and
finally along colors j and j + 2 to arrive at pinned vertex v4. For example, one such set of pinned vertices
might be {(0,0,0,0,0),(1,0,1,0,0),(1,1,1,1,0),(0,1,0,1,0)}. If we set the rightmost vertex in the top row
of each figure to be the vertex (1,1,1,1,1), then the divisors on Jac(X) can be calculated as described in
Sections and [3] For the height shown in the left pane, the divisor on Eq x --- x E5 is

(4.2) (—8(ef° —€1),02,—8(e5° — €3), 04, O5).
For the height shown in the right pane, the divisor on E; X --- X Ej is
(4.3) (—8(ef® —e1), —8(e5° — €3),03,04,05).

Choosing different vertices for the “pinned” positions, related in the same way by rainbow ordering (i.e.,
different representatives from the geometric equivalence classes) will yield similar results, up to signs and
cyclic rotation of the zero and nonzero coordinates. These are the only divisor images for which one of their
coordinates has [a| = 8 in the notation of Theorem [£.12]

While the result in Theorem significantly restricts possible divisor images n(Dj) on Jac(X), there
are still 17 possibilities in each coordinate, and thus 17° = 1419857 possible divisor images. This is far
more than the total number of heights on H°. However, as demonstrated for the “extremal” cases shown
in Figure and calculated in Equations and , few among these possibilities actually occur. A
natural open question is the following:

Problem 4.13. Describe the images v(Dy,) of the divisors Dy, for all heights h on H®, and how this de-
scription relates to adjacency in the digraph I's.
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FIGURE 12. Representatives from the two equivalence classes of heights for which v (D) =
+8(e$° —e}). Here, the rainbow ordering for the endges is red-orange-green-blue-purple. The
critical point vertices are diamond shaped and the regular vertices are circles.
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