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A VARIANT OF THE LINNIK-SPRINDZUK THEOREM
FOR SIMPLE ZEROS OF DIRICHLET L-FUNCTIONS

WILLIAM D. BANKS

ABSTRACT. For a primitive Dirichlet character X, a new hypothesis RHI, [X]
is introduced, which asserts that (1) all simple zeros of L(s, X) in the critical
strip are located on the critical line, and (2) these zeros satisfy some specific
conditions on their vertical distribution. Hypothesis RHlim[%] is likely to be
true since it is a consequence of the generalized Riemann hypothesis.
Assuming only the generalized Lindeldf hypothesis, we show that if RHLLm [%X]
holds for one primitive character X, then it holds for every such X. If this
occurs, then for every character x (primitive or not), all simple zeros of L(s, x)
in the critical strip are located on the critical line. In particular, Siegel zeros

cannot exist in this situation.
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1. INTRODUCTION

An old result of Sprindzuk [13, 14|, which he obtained by developing ideas
of Linnik [11], asserts that the generalized Riemann hypothesis (GRH) holds for
all Dirichlet L-functions provided that the Riemann hypothesis (RH) is true and
that certain conditions on the vertical distribution of the zeros of ((s) are met.
Specifically, Sprindzuk showed under RH that every L-function L(s,y) satisfies
GRH provided that the asymptotic formula

o o\ —1/2—iy (k) 19
iy —iy—mly|/2 + 2mi— _ +0 1/2—¢
ZW e (2717 e T

holds as x — 0T for any coprime integers h, k with 0 < |h| < k/2, where the sum
runs over the imaginary parts v of the nontrivial zeros of ((s). This is known
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2 W. BANKS

as the Linnik—Sprindzuk theorem. Some similar results have been obtained by
Fujii [6-8], Suzuki [15], Kaczorowski and Perelli [10], and the author [1-3].

In the present paper, we establish a variant of the Linnik—Sprindzuk theorem
focused on the simple zeros of Dirichlet L-functions. Assuming the generalized
Lindelof hypothesis, we show that the horizontal and vertical distribution of the
simple zeros of any single L-function L(s, x) can strongly influence the horizontal
and vertical distribution of the simple zeros of any other Dirichlet L-function.
In particular, we state a new criterion for the nonexistence of Siegel zeros.

Our main results are formulated in §2 after the necessary notation has been
introduced. To prove the main theorem, we study the interplay and consequences
of the following hypotheses on L-functions attached to Dirichlet characters y.

HYPOTHESIS RH[x|: If p= [+ iv is a zero of L(s,x) with 5 >0, then f = %

In particular, RH[1] is the Riemann hypothesis, where 1 is the trivial character
defined by 1(n) :=1 for all n. Also, GRH is equivalent to the truth of RH[y] for
all characters .

HYPOTHESIS RHgin[X|: If p = B+ v is a simple zero of L(s, x) such that 5 >0,
then = %

HYPOTHESIS RHgiu[%|: The hypothesis RHgin[x] holds for every character x.

These two hypotheses lie at the heart of our work. RHg,[x] is a weak form
of RH[y] which asserts that the simple zeros of L(s,x) in the critical strip all
lie on the critical line; nothing is assumed about trivial zeros of L(s, x) (which
are all simple) or zeros of multiplicity two or more in the critical strip (that is,
non-simple zeros).

HYPOTHESIS LH[x|: The function L(s,x) satisfies the Lindeldf bound

L(:+it,x) <1  (teR), (1.1)
q

where q¢ > 1 is the modulus of x, and T = 7(t) := |t| + 10.
HYPOTHESIS LH[x|: The hypothesis LH[x| holds for every character x.

In particular, note that LH[1] is the classical Lindeldf hypothesis for ((s). More
generally, LH[y] is (a weak form of) the generalized Lindeldf hypothesis for L(s, x).

REMARK. The most important hypothesis from the perspective of the present
paper, namely RH! [X], can only be formulated after the necessary notation has

sim

been introduced; see §2.
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2. NOTATION AND STATEMENT OF RESULTS

Following Riemann, the letter s always denotes a complex variable, and we
write o := R(s), and t := I(s). Asin (1.1), we put 7 := |¢t| + 10 for all ¢t € R.

Any implied constants in the symbols <, O, etc., may depend (where obvious)
on the small parameter £ > 0; any dependence on other parameters is indicated
explicitly by the notation. For example, (1.1) asserts that, for any ¢ > 0, the
bound |L(3 + it, x)| < C7° holds for all t € R with some constant C' > 0 that
depends only on ¢ and «.

For an arbitrary character y, we make extensive use of the function D(s, x),
which is defined in the half-plane {o > 1} by

D(s, x) =%:ZK”LM

neN

and extended analytically to the complex plane. Here, ¢ is the arithmetical
function given by

((n) == (Axlog)(n) = Y A(a)logb.
a,beN
ab=n
Note that 0 < ¢(n) < (logn)?. The function D(s, ) is meromorphic with a
simple pole of residue L'(p, ) at every simple zero p of L(s, x), and a pole of
order three at s = 1 when y is principal. On the other hand, D(s, x) is analytic
in a neighborhood of any non-simple zero p of L(s, x).
For a primitive character X mod q, we denote

0 if X(—1) = +1, B @)
K= {1 £ X(-1) = 1 7(X) = a%q%(a)e(a/q), €= T

where e(u) := ¢*™ for all u € R. The function defined by

(2.1)

Mz(s) = e 251571 /27*I(1 — 5) sin Z(s+ k)

is familiar and plays an important role in analytic number theory, appearing as
it does in the asymmetric form of the functional equation:

L(s,X) = Mx(s)L(1 — 5, X).

LEMMA 2.1. Let Z be a compact interval in R. Uniformly for c € Z and t > 1,
we have

Mx(1—c—it) = 7(X)q" e ™ T exp (“ log (q_t» (

2me

=)o)

Proof. See Banks [3, Lemma 2.1]. O

The next result is a variant of Conrey, Ghosh, and Gonek [4, Lemma 1]. The
proof relies on Gonek [9, Lemma 2J; it is based on the stationary phase method.
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LEMMA 2.2. Uniformly for v > 0 and c € [%, 2], we have

1 (et T(X)q te(—v/q) + E(q,T,v)  if &£ <v <,
—J v Mx(l—s)ds =
271 Joyi .

E(q,T,v) otherwise,
where » ”
qC_ c—1/2 Tc+
E(q. T T 1).
@.T0) < =5 ( * T = 2mv/q| + T2 +

Proof. See Banks [3, Lemma 2.3]. 0

Recall the Laurent series expansion of ((s) at s = 1 (see, e.g., [5, Prop. 10.3.19)]):

(o) =+ T

where {v,} are the Stieltjes constants given by

. (Z (logh)" <1ogx)n+1) (03 0)

T—00 o k‘ n—+ 1

In particular, ~g is the Euler-Mascheroni constant. For any ¢, let

g(s) =T -»),
rlg

and denote
Py(X) = 294(1) X (log X)* — (1 +70)gq(1) X log X

+ (1470 +78 +371)94(1) — 200,(1) — 39, (1)) X.
This function is defined so that

s

Res D5, xo0) o = Fi(X) (X >0), (2.2)

where x4 is the principal character mod g.

The following hypothesis on a primitive character X, despite its quite technical
formulation, is crucial for understanding the relationship between simple zeros
of different Dirichlet L-functions.

HYPOTHESIS RH!,,[¥X]: The primitive character X mod q satisfies RHgiq[X], and
for any rational number § = h/k with h,k > 0 and (h,k) =1, any B € CX(R"),
and X > 10, we have

— / fy 3
Z‘ L (p, X X040 ) Mzx(1—p)B (m) —Cre Fou(X) & X1 (2.3)
p=3+iv
>0

where the sum runs over simple zeros of L(s, X) in the critical strip (counted with
multiplicity),
_— if (h,qk) =1,
Cre = o(qk) (h, ak)

0 otherwise,

(2.4)
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and
o

Fyu(X) = j B(u/(4X)) Pl (u) . (2.5)

REMARKS. Hypothesis RHlm[f{] is true for all primitive characters X under the

generalized Riemann hypothesis. It is important to observe that RH'[x] has been
formulated entirely in terms of the simple zeros of a single L-function L(s,X);
its validity depends only on the horizontal and vertical distribution of the simple
zeros. If X and X, are different primitive characters, then there is no reason, a
priori, that the hypotheses RHL, [X] and RHL,[X.] should be related to one another-

Nevertheless, we show that these hypotheses are equivalent if one assumes LH[x].
Our main results are the following.

THEOREM 2.3. Assume LH[x|. For each primitive character X, the hypotheses
RH!,.[X] and RHgin[%] are equivalent. Thus, If RHL, [X] holds for some primitive

sim sim

character X, then it holds for every primitive character X.

COROLLARY 2.4. Assume LH[%|. If there is a primitive character X such that
RH!, [X] is true, then Siegel zeros do not eist.

Indeed, under the conditions of the corollary, Theorem 2.3 shows that RHg;n[*]
is true. Thus, for every character y, all simple zeros of L(s, x) in the critical strip
must lie on the critical line.
3. BOUNDING D(s, x)
For any real og > 0, let Rq(00) and R(0g) be the closed regions defined by
Re(00) ={s:0>00, [s—1| > 5} and  R(og):={s:0 > 00};

see Figure 1 below. Let V,(0y) [resp. V(og)] be the vector space of consisting of
all meromorphic functions F' that satisfy, for every ¢ > 0, the bound

F(s) < TAO)+E, A(o) == max{0, 3 — o}, (3.1)
00
uniformly at all points s in Re(0g) [resp. R(0p)].

R.(O’o) R(O’o)

FIGURE 1.

In this section, we consider the problem of bounding the function D(s, )
introduced in §2, where x is an arbitrary character mod ¢q. We denote by xo 4
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the principal character mod ¢, which is also the indicator function of integers
coprime to q. We also denote

~ 1)
Lis,x) = Lis.x) — = (3.2)
S —
with
5, — 1 %f X ?S princi}.oadf and - #(q) |
0 if y is nonprincipal, q

where ¢ is the Euler totient function. For any choice of y, the function z(s, X)
extends to an entire function. Since (3.2) implies the estimate

L(s,x) = L(s,x) + O(1) (s € Ralz5)) (3.3)
the hypothesis LH[y] admits the following equivalent formulation.

HypPOTHESIS LH[x|: The function Z(s, X) satisfies the Lindeldf bound

L3 +it,x) <7  (teR). (3.4)
q

LEMMA 3.1. The following statements are equivalent:

(i) L(s,x) belongs to V(s);
(22) LH[x] is true.

REMARK. The number 2—15 can be replaced by any positive absolute constant.

Proof. If Z(s,x) belongs to V(5), then applying (3.1) with ¢ :=  and o := 5,
we obtain (3.4) at once. This shows that (i) = (i1).
Conversely, when LH[x] is true, (3.4) holds. Also, L(2 +it,x) < 1 holds

unconditionally. Since L(s, x) is entire, the Phragmen-Lindel6f theorem gives

L(s,x) §q< T (c=1). (3.5)

Next, suppose that o € [2—15, %] Replacing s by 1 — s in (3.5), we have

L(1—s,x) < 7° and L(1—-s,%) < 7T°. (3.6)
q q

Moreover, we have
L(s,x) < 7277L(1 = 5,X). (3.7)
q

Indeed, for a primitive character X mod ¢, the bound

L(s, %) < 7Y27°|L(1 — 5, %)
q

follows from [12, Cors. 10.5 and 10.10]. More generally, if x is induced from X,
then (with s as above) we have

L(s,x) < L(s, %) and L(1—s,%) < L(1 —5,%),
q q
and (3.7) follows. Using (3.3), (3.6), and (3.7), we get that
L(s,x) = L(s,x)+O(1) < 7'/277|L(1 = s,X)| + O(1) < 7277 (0 € [, 3)).
q q
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Combining this with (3.5), we see that L(s, x) € V(&), and so (ii) = (i). O

1
25
LEMMA 3.2. If 0o >0 and F € V(0y), then F' € V(00 + 5).

Proof. Let s € R(0g+ 5z). For any € € (0, %), let C be the circle in the complex

plane with center s and radius 5. Since F' € V(o) and each z € C satisfies
R(z) =2 0 — 5 > 0p (and thus z € R(0y)), we have

F(Z) < Tmax{O,l/Q%R(z)}Jrs/Q < T)\(g)+€.

Fioo

By the Cauchy integral formula,

1 F(z)dz
e

and the lemma follows. O

2
< Smax|F(2)| < TAO)+e,
00

[F'(s)] =

Combining Lemmas 3.1 and 3.2, the next result is immediate.

COROLLARY 3.3. Under LH|x|, we have

L(s,X) = 8ycqls — 1)+ Oy (TN7F) (s € R(z)),
L(5,x) = —0ycq(s — 1)72 + Oy (7})+¢) (s € R(%)), (3.8)
L"(s,X) = 20,c4(s — 1) 72 + O, (17 +¢) (s € R(2)).
In particular, if p = B + iy is a nontrivial zero of L(s,x), then
Vi) < P (e R(Z), (39)
() < PO (e R() (310)

LEMMA 3.4. Assume RHgip[x] and LH[x]. For any nontrivial zero p of L(s, ),
the function f, defined by

L'(s,x) = L'(p,x)

if s # p,
fp(s) = S—=p ‘
L"(p, x) if s =p,
satisfies the bound
fo(s) < 7M1 5 |s — 1] 7%7¢ (3.11)
q
uniformly for s € R(%).
Proof. We start with the fact that
L'(p,x) < 7/* (3.12)
q

for any nontrivial zero p. Indeed, if p is non-simple, then we have L'(p, x) = 0.
On the other hand, if p = 5 + i~y is a simple (and nontrivial) zero, then § =
under RHg;n[x], whence (3.9) immediately implies (3.12).

Now, let s € R(55), s # 1. We consider three different cases.

First, suppose s = p. Then f,(s) = L"(p, x), and p = s € R(5;), hence (3.11)
follows directly from (3.10).

D=
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Next, suppose 0 < |s — p| < —5011)g‘r7 and write
1 1 I/ iy
fp(s):—.]{Mdz:_‘ (’Z?X) (an) A=
2mi Jeo (2 — s) 2mi Jo (2 —p)(z — )

where C is the circle in the complex plane with center s and radius %, oriented

counterclockwise. It is straightforward to check that
min{|z —s[, |z — pl} > 55507 (2 €0),
and therefore

fo(s) < (log 7'){ max ‘L/(Z,X)| + ‘L’(p, X)‘} <q< (logT) max ‘L/(Z,X)| +7°,

where we used (3.12) in the second step. To prove (3.11) in this case, it is enough
to show that

L'(z,x) < T2 (2€0). (3.13)
q
Let z = = + 4y be a number in C. Since |z — 0| < |z — 5| = m, we have
72 < 72) and also z € R(%); hence (3.13) follows from (3.8).
Finally, suppose |s — p| > Wlmgr' In this case,
fols) < (og){ | (5,20] + [/ (. )| | < (07 |2/ (5, 20] +7°

Since s € R(5:), the required bound (3.11) follows from (3.8). O

LEMMA 3.5. Under RHgin|x] and LH[x|, we have
L' (s,
D(s,x) + 5x—(_ >1<> <q< Me)te 4 Syls — 17275 + |o — %|_17'6 (3.14)

uniformly for s € R(3).

Proof. Suppose x is induced from the primitive character X. Unconditionally,
we have (see, e.g., [12, Lems. 12.1 and 12.6]):

L Ox 1
T(5.X) =———+ > 8_p+oq<1og7) (0 €[-1,2]),

[y—t|<1

where the sum runs over nontrivial zeros p of L(s,X). Taking into account that

L U X(p)logp
Z(SJC) = 3(3»%) + Z P —X(p)

pla
it follows that

7 ¥ 1 1
E(S’X)__S—l_{_ Z S—p+0q(10g7> (0-6[572])

ly—tI<1

Multiplying by L'(s, x), we get that

b= 3 P oL e e, (319

P
ly—tI<1
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where D(s, x) is the function defined on the left side of (3.14). The error term
in (3.15) is acceptable in view of (3.8). To bound the sum in (3.15), observe that

Z L/(87X>: Z fp(8)+ Z L/(p7X)

p S0P p non-simple p simple s=p
[v—tI<1 ly—t|<1 ly—t|<1

As these sums all involve < log 7 zeros, we obtain (3.14) by applying Lemma 3.4
together with (3.12), taking into account that |s — p| > |0 — 3| for any simple
zero p (under RHgiq[x]). This completes the proof. d

The next result, used in the proof of Theorem 5.1 below, is conditional on
LH[y] but not on RHgi[x].

LEMMA 3.6. Assume LH[x|. For anyt > 2, there is a real number t, € [t,t + 1]
such that

D(o +it,,x) < 7N+ (o €[£,2]).
q

Proof. By [12, Lemmas 12.2 and 12.7], there is a number ¢, € [¢,t + 1] such that
/

L

f(a +it., x) < (log gt)* (o €]-1,2]).

Multiplying by L'(o % it,, x) and using (3.8), the result follows. O
4. CRITERIA FOR RHgjn[Y]

THEOREM 4.1. Let x be a character mod q that satisfies LH[x|. Then the following
are equivalent:

(1) RHgin[X] is true;

(17) For any X > 10, we have

D Un)x(n) = 6, Py(X) + Oy (X/*); (4.1)
(i7i) For any B € CX(RY) and X > 10, we have
S B0/ X) =5, | B/ X)) du+ 0,a(XH). (42)

Proof. (i) = (ii). Let T == VX, 0o =1+ @, and oy = § + long. Let C be
the rectangular contour in C consisting of the four directed line segments:

Ci: o9g—1i1T —> oy +1T,

Co: og+1iT —> o1+ 1T,

C3: o1+ — o1 —iT,

Cy: o1 —1iT —> o9 —iT.
Using Perron’s formula (see, e.g., [12, Thm. 5.2 and Cor. 5.3]), it follows that
S tln(n) = 5 | Dlso0) 7 ds + OXM2(1og X)),

C1

omi
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where the implied constant is absolute. Under RHgiu[X], the function D(s, x) is
analytic in the half-plane {o > %} unless x = 1, in which case there is a triple
pole at s = 1. Using Cauchy’s theorem and (2.2), we see that

L(JCI+LQ+J63+L4>D<S,X))fds— L D(s s = 5,P(X);

27 - %
consequently,
1 X _
ZK(H)X(n) :5qu(X) _%(J' +J -I—J )D(S,X) e(X1/2+ ).
n<X Co Cs Cy S

By Corollary 3.3 (bound (3.8)) and Lemma 3.5 (bound (3.14)), the bound
D(s,x) < 7/*log X
q

holds uniformly for any s on the segments Cy, C3, and Cy4; consequently,

X° log X
J, PO s g | xrar e =20
C o1

J

and

T 7_5/2 L2t
log X dt < X c,
& JT 1+ |t]

XS
j D(s,\)
Cs S

Putting everything together, we obtain (4.1).

(it) = (i). Let
ZE P,(u) + E(u), where E(u) §< ul/?re(4.3)
In the region {a > 1} we have
D(s,x) = Z fnx(n) _ dy JOO u™* P(u) du + ro u* dE(u). (4.4)

s
n=1 n 1 1=

The first integral in (4.4) evaluates to
90 v0ga(1) |, OF +31)90(1) = 08,(1) - 190(1)
(s —1)% (s—1)2 s—1 ’

which is the singular part of D(s, x) at s = 1 in the case that x = x¢4. Integrating
by parts, we see that the second integral in (4.4) is equal to

Dic(s,X) = (4.5)

o0

ro u*dE(u) = —P,(1) + SJ u ¥ E(u) du.

1- 1
Since E(u) <, u'/?*¢, the right side continues analytically to the half-plane
{o > % + e}; consequently, the function

D(87 X) - 6XDOO<S7 X)

continues analytically to the same half-plane. In particular, L(s, x) has no simple
zeros in that region. Taking e — 07, this verifies RHgiq[X].
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(17) = (dit). Using (4.1) and (4.3), we have by partial summation:

o0

Ze B(n/X) = o J:O'B(U/X)Pq/(u) du—l—L B(u/X) dE(u).

Using integration by parts and the bound E(u) <, u/?t¢ it is easily shown that
the second integral is <, 3 X'/2*¢ hence we have (4.2).

(17i) = (7). For each B € C°(R™), we define

B(s) = JOO Bwudu (s €C),

0
and we fix a number dg < 1 such that B(u) =0 if u < dp or u > dj"'. Let

z/dg

Za B(n/z),  gz(z) ::5XJ B(u/x)Pi(u) du,

zdp

and observe that fg(z) =0 for all < dz. By (4.2), we have
f(z) — gs(x) q<§ V¥ (x> 10). (4.6)

In the half-plane {o > 1}, it is straightforward to show that

| sty =By Ds ).

JOO gs(x)2z ™ de = B(s) - 5XJ u™*P,(u) du.

dgp dp
The latter integral can be split as Dy(s, x) + Dso($, X), where

1 oo

Do(s,x) = J u*Pyu)du  and  Dy(s,x) = J u™* Py (u) du.
d 1

The first integral defines Dy(s, x) as an entire function in the complex plane. For
o > 1, Dy(s,x) is explicitly given by (4.5). We see that D (s, x) analytically
continues to the complex plane except for a possible pole at s = 1. As menti(/)\ned
above, D (s, x) is the singular part of D(s,x) in s = 1 when x = x0,4. As B(s)
is entire, it follows that any pole of the function

1(s,x) j {Fn(x) — gn(x) }2~* "L dx = B(s) - {D(5,x) — Do(s,x) — Doo(5,X)}

with real part ¢ > 0 must occur at a simple zero p of L(s,x). Moreover, if p is
such a zero, then choosing B so that @(p) # 0, we see that I(s, x) does indeed
have a pole at s = p.

On the other hand, in view of (4.6), the integral defining I(s, x) converges
absolutely in the half-plane {o > % + ¢}, so I(s, x) cannot have a pole there for
any choice of B. Taking ¢ — 07, we deduce that L(s, x) has no simple zeros in
{o > 1}, and RHgs,[x] is verified. O
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5. TWISTED SUMS WITH /(n)

THEOREM 5.1. Let x be a character mod q induced from a primitive character
X mod q that satisfies LH[X]. For any £ € RT and T > 0,

£S
S L 0Me(l— o)~ T2 ST dy(n)e(—ng) < TV 4 1.
p=Bin T near/omg) .
B>3
0<LT

Proof. The result is trivial for T" < 100, so we assume 1" > 100 in what follows.
For any u > 0, let

B (X
S = Y Lo 0Me(1-p),  Sa(w) = ST emyx(m)e(—ne).
p=Pti T <quione)
B3
0<y<u
In this notation, the theorem (for 7' > 100) asserts that
S(T) — Bo(T) < T/t (5.1)
q7

In fact, to prove (5.1) for any 7" > 100, it suffices to prove that
Di(T)) = (1) S TV (5.2)
q7

holds for at least one number T, € [T,T + 1]. Indeed, by Lemma 2.1, we have
Mz(1-p) < (q7)"/? uniformly for all nontrivial zeros p = 8+ i7y of L(s, x) such
that v > 10 (say). Consequently,

ST = 2D < ) € Mz(1—p)| < TV log T
p=B+ixy -
p=1

since there at most O(log ¢T') zeros with T' < v < T,. Furthermore,

}ZQ(T*) — EQ(T)‘ < (%) E ‘E(n)x(n)e(—n{/q)! < (logT)?
q q,é
qT/(2m€) <n<qTx / (27€) ’

since 0 < ¢(n) < (logn)?. These bounds make it clear that (5.1) and (5.2) are
equivalent, and the claim is proved.

By the preceding argument, and recalling Lemma 3.6, for the proof of (5.1)
we can assume without loss of generality that

D(o £iT,x) < TM% (0 €[2,2]). (5.3)
q

Moreover, by Lemma 3.6, there is a number ¢, € [2, 3] such that
D(o+ite,x) <1  (0€[£,2)).
q

For such t,, it can be shown that

Zl(to) <1 and Eg(to) < ]., (54)
q,€ q,€



A VARIANT OF THE LINNIK-SPRINDZUK THEOREM 13

see, e.g., the proof of [3, Thm. 3.1]. We fix ¢, and T with these properties. Put

c:=1+ 1%%7 and let b be any number in the open interval (% — bgﬁ’ %) such

that L(s,x) # 0 for o € [b,3) and ¢ € [t,, T]. Finally, let C be the rectangular

contour consisting of the four directed line segments:
Ci: c+ito — c+1T,
Co: c+1T — b+iT,
C3: b+1T — b—+it,,
Cys: b+ito — c+it.

Our choices of T, t,, b, and ¢ guarantee that D(s, x) has no singularity on the
contour C. By Cauchy’s theorem, we have

Y(T) — %4(ts) = %féD(s,x) EMx(1—s)ds

1

= — +1 +| + D(s, M1 —s)ds
ZWZ(LI ch Jc3 JC4) ( X)€ X( )

=L+ L+1;+1; (say),

and thus by (5.4), we have

We estimate the four integrals I; separately.
First, recalling the Dirichlet expansion

Do) o= Lo s t)

it is immediate that
1 c+iT
I, = Zé(n)x(n) : Q_MJ (n€) *Mx(1 —s)ds.
neN ctito

Applying Lemma 2.2 with both 7" and t,, we derive the estimate

. > tme(-ng/a) + 0 3]t 7))

qto/(2m&)<n<qT/(27E) n
= 5(T) — Sato) + Oue (TV(EL + Ey)),

where
N0 T
Ey ._Zn: ne and Es .—Zn: ne |T —2mn&/q| + TY?
Clearly,
_ C/(C)Z 1 _ 3
E, = (o) < =17 (log T')°. (5.6)

Also, setting T, := T'/(27§), we have

l(n) 1
E < T3/2

ne |n—To| + T2

(5.7)
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Modifying slightly the proof of [3, Thm. 3.1}, we find that the sum in (5.7) is
< T7(log T)3. Therefore, using (5.6) and (5.7) along with (5.4), we see that

I = 25(T) + Oge(TV*9).
Next, by (5.3) and Lemma 2.1, we have

D(o +it,x) < 7° and  Mx(1—0—it) < 77712 (o €bc], t=1),
q q

from which we derive that
1 b+iT . Laie
IL=_— D(s,x) ¢ *Mzx(1—s)ds < T :
270 J et q,€

Similarly, we have
13 < T° and [4 < 1.
7€ 7€

Combining (5.5) with the above estimates for the integrals I;, we obtain (5.1),
finishing the proof. Il

COROLLARY b5.2. Let x be a character mod q induced from a primitive character
X mod q satisfying LH[X]. For any £ € RT, B € C*°(RY), and X > 10,

§ —p / o _ ry
p=PB+ivy
B23,7>0

= TS tnnlel-ne/a)Bn/(0X)) <, XV

Proof. As in the proof of Theorem 5.1, we define for u > 0:

X
Siw)= Y €L 0Ms(1op),  Sa(w) =T S tmn(me(-ng).
p=PB-+ivy 9 n<qu/(278)
p=1
0<y<u
By Theorem 5.1 with T := 27£ X u, we have
Y1 (2mEXu) — By (2mEX u) < (Xu)?** +1  (u>0). (5.8)
a,
Next, we denote
() = Daf2ngu/a) = T tn(nje(—ne).
BX)= Y 0M0 - 0B (5 ).
p=Pp+iy
B>3,7>0
7(X)
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Using Riemann-Stieltjes integration, we have

Su(X) = J:o 13(27@() %, (u) = LOO B(u) dS, (2mEX )
= — J:O B (u)X1(2mEXu) du
and - -
55(X) = j Bu/ (4X)) dSs(u) = j B(u) dSs(4Xu)

= — Joo B'(u)X3(qXu) du = —J B (u)a(2mEX ) du

0 0
Hence, using (5.8), we get that

Ya(X) — E5(X) <<£ J ‘fB/(u)’((Xu)l/2+€ i 1) du <§ X2+
5 Jo

which finishes the proof. U

6. COMPUTATION UNDER RHgin[*x] AND LH[x]

LEMMA 6.1. Assume RHgip|x| and LH[*]. Let X be a primitive character mod .
Let £ = h/k be a rational number with h,k > 0 and (h,k) = 1. Put q := qk, and
let x == X - xo04 be the character mod q induced from X. For all B € C*(RY)
and X > 10, we have

(—n&/q)B(n/(4X)) = Cxe - Fxe(X) + Ogen(X?), (6.1)

where q := qk, x 1is the character mod q induced from X, Cx¢ is given by (2.4),
and Fx¢(X) is given by (2.5).

Proof. The character y is supported on integers coprime to ¢, hence the sum in
(6.1) is equal to

Y el—ah/q)X(a) Y Ln)B(n/(aX))

——— Y e(—ah/g)X(a) Z Zé B(n/(aX)),

where the middle sum runs over all characters x’ mod ¢. By Theorem 4.1 (i7)
the total contribution from all nonprincipal characters ' is O, ¢5(X?*¢). For
the principal character x' = x4, the contribution is

c [ .
#q) L B(u/(aX))Fy(u) du + Oy en(XV2H), (6.2)
where we have used Theorem 4.1 (iii) again, and

ci= Y e(—ah/q)X(a);

a mod q

(avq)zl
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note that the integral in (6.2) is Fx¢(X) by definition. By [12, Theorem 9.12],
we have

c= F(—h)%(k)u(k)f(%) if (h,q) = 1
0 otherwise.

Using the well known relation

T(X)7(X) = X(—1)q (6.3)
for the Gauss sums defined in (2.1), and the fact that (h,q) = (h,q), we obtain
the stated result. g

7. PROOF OF THEOREM 2.3

Throughout the proof, LH[x] is assumed to hold. Once and for all, let X be a
fixed primitive character mod q.

In one direction, suppose that RHg,[*| is true. In particular, RHgi,[X] holds,
and the first condition of RH.,,[¥] is verified. Let & := h/k with h,k > 0 and

sim

(h,k) =1, B € C*(R"), and X > 10. As RHg;,[X] holds, Corollary 5.2 gives
—p7/ o _ /7

p=5+iy
>0

(—né&/q)B(n/(qX)) 5 X1/2te,

Using estimate (6. 1) of Lemma 6.1, we obtain (2.3). Since £ is arbitrary, the
second condition of RHI; [X] is verified. Thus, RH.,_[¥] is true, and the proof is
complete in this direction.

In the other direction, suppose that RHsm[%] is true. To prove the theorem,
we show that RHgin[X,] holds for an arbitrary primitive character X, mod k.

Observe that if x, is any character induced from X,, then RHgi,[xo] and
RHgi,[X,] are equivalent since L(s, x.) and L(s,X,) have the same zeros in the
critical strip. Therefore, it suffices to show that RHgs,[Yo] holds for some charac-
ter x, induced from X,. For this purpose, we define

Xo = Xo * Xo,qk> X = X Xo,qks =X " Xo,

and turn our attention to the sum

W= Zﬁ n)xo(n)B(n/(@X)) = Y Ln)I(n)x(n)B(n/(aX)).  (7.1)

(n,qk)=1
If (n, qk) =1, then (cf. [12, Theorem 9.5])

= Y d(he(hn/(qk)) = > D(—h)e(—hn/(qk)),

h mod qk 1<h<qk

and it follows that
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Applying Corollary 5.2 and then (2.3) to each inner sum, we have (with £ := h/k)

Y Un)e(=hn/(ak))x(n)B(n/(aX))

(n,qk)=1
_ q — / o o 7 / £
@ Y oM P)B(gmexp) + Ounn(X11779)
B=1,4>0
- % etk For(X) + Ogpn(X1?F)
thus,
W = T Z 19 th/k+0qk3(X1/2+s)
7(9)7(%) 1ncak
(h,ak)=
Finally, if (h, qk) = 1, then (see (2.4))
5 — X(WX(k)pk) X(—k)u(k)
Jd(=h)-C =X(—=h)Xo(=h) ————= =Xo(—h) - ,
and so
qX(—k)u(k) — 1/2+e
W= —— Fop(X o(—h)+ 0O X . 7.2
F@r o) 40 2 T F Qs (12

(h,ak)=1

We are now in a position to complete the proof. Using orthogonality, we
evaluate the sum in (7.2) as follows:

_ o(qk)  if X, =1,
2. xo<—h>={0(q) 1 (73)
1<h<qk if Xo # 1.
(thk)zl

In the case that y, is nonprincipal, we have X, # 1. Hence, combining (7.1)—(7.3),
we derive the bound

Z€ n)xo(n)B(n/(4X)) < X'
q,k,B

The dependence on q can be ignored since the character X mod q is fized. Taking
into account that d,, = 0, the estimate (4.2) of Theorem 4.1 is verified, and thus
RHgin[Xo] is true. On the other hand, if y, is principal, then

Xo = X0,45 0y, =1, X, =1, k=1, x = X, 9= X.

Combining (6.3) and (7.1)—(7.3), we get that
Z t(n B(n/(4X)) = Fra(X) + Oqu(X/24)

=5XOJ:O (u/(a.X))Py(u) du+ O (X17*).

Replacing qX by X, we again verify estimate (4.2) of Theorem 4.1, hence
RHgin[Xo] is true in this case as well.
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