THE LINEARIZED ISRAEL-STEWART EQUATIONS WITH A
PHYSICAL VACUUM BOUNDARY

RUNZHANG ZHONG*#

ABSTRACT. In this article, we consider the Israel-Stewart equations of relativistic viscous
fluid dynamics with bulk viscosity. We investigate the evolution of the equations linearized
about solutions that satisfy the physical vacuum boundary condition and establish local
well-posedness of the corresponding Cauchy problem.
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1. INTRODUCTION

The study of relativistic fluids comprises a large and active field of study in mathematics
and physics. Many important physical systems in astrophysics, high-energy physics, and
cosmology are described with the formalism of relativistic hydrodynamics. See, e.g., [75] for
an overview of the topic and its applications. Relativistic hydrodynamics is also a fertile
source of mathematical problems, see e.g. [12, Chapter IX] and the reviews [3|[17].

On the mathematical side, most of the community’s focus has been on studies of relativistic
ideal fluids, i.e., fluids without viscosity, which are described by the well-known relativistic
Euler equations. While many important problems remain regarding the mathematical prop-
erties of the relativistic Euler equations (see the two recent reviews [3,[17] for a discussion
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of recent progress and open problems), there are also compelling reasons to investigate rel-
ativistic fluids with viscosity. Indeed, there are two important situations where viscosity is
needed for an accurate description:

e The quark-gluon plasma. The quark-gluon plasma is an exotic state of matter that
forms at extreme temperatures and densities achieved in modern-day particle colliders
such as the Large Hadron Collider and the Relativistic Heavy Ion Collider. During a
brief period of time after the collision, matter deconfines and quarks and gluons enter
into a plasma-like state. Study of this plasma-like state provides researchers with a
unique opportunity to understand properties of matter at extreme conditions. In
fact, the discovery of the quark-gluon plasma was named by the American Physical
Society as one of the ten most important discoveries in physics in the first decade
of this century [I]. Careful analysis of data from these experiments reveals that the
quark-gluon plasma behaves like a relativistic fluid with viscosity [76].

e Neutron star mergers. The recent detection of gravitational waves produced in the
merger of binary neutron stars [2] opened the door to a whole range of previously
inaccessible phenomena and has the potential to revolutionize our understanding of
nature [16,50]. While for a long time theoretical studies of mergers of neutron stars
assumed that they could be reasonably modeled by the Einstein-Euler system, recent
state-of-the-art numerical simulations convincingly show that viscous effects can be
relevant for such systems [4]. In particular, effects of viscosity on the gravitational-
wave signal emitted by mergers of neutron stars are expected to be within the sensi-
tivity range of the next-generation of gravitational wave detectors [63,164].

Despite their importance in physics, the mathematical study of theories of relativistic fluids
with viscosity has traditionally been slow. The last decade, however, has seen increasing
interest from the mathematical community in theories of relativistic viscous fluids, with
several rigorous results finally established, including local [5H8,25,B1H33] and global [28H30),
79,80] well-posedness, formation of singularities [19,27], existence of viscous shocks [26,[71]
72], and the study of the Einstein constraint equations [21] for viscous matter.

In this paper, we initiate the study of relativistic viscous hydrodynamics in a free-boundary
setting, thus providing a further step on the mathematical development of relativistic fluids
with viscosity. In the absence of viscosity, the study of free-boundary relativistic fluids goes
back to the ’30s with the seminal works of Tolman, Oppenheimer, and Volkoff [70],82,83],
wherein they derived the now-famous TOV equations that describe a general relativistic
static star, and Oppenheimer and Snyder [69], who introduced the first model of gravitational
collapse and subsequent formation of a black hole in general relativity, in what is now known
as the Oppenheimer-Snyder model. Subsequent works on relativistic free-boundary ideal
fluids include [9,[10% 1834} 3641147, 52H62 6668, 73], [74,[84]. See section 1.6 of [20] for a
review of previous works on free-boundary relativistic fluids without viscosity.

Inclusion of viscosity is important in relativistic free-boundary models in order to describe
dissipative effects in star evolution, especially in the case of neutron stars (see [22],23],
references therein, and the above discussion), and, more recently, accretion disks near black
holes [T1L[14,24], where viscous effects can be important to understand some measurements
made by the Event Horizon Telescope [13]. This work is the first one to mathematically
address a model of relativistic viscous hydrodynamics in a free-boundary context. More
precisely, we investigate equations of Israel-Stewart type originally introduced in [15] and
that are widely used in applications devoted to viscous effects in the quark-gluon plasma



[76] and neutron star mergers [77,[78]. We focus on the case when the fluid satisfies the
well-known physical vacuum boundary condition, which in the absence of viscosity is needed
to ensure that the fluid-vacuum interface can accelerate. We remark that when viscosity is
present, further conditions, in comparison to the non-viscous case, are needed to ensure that
the free boundary moves with bounded non-zero acceleration. In other words, our first task
below is to determine what the physical vacuum boundary condition means in the viscous
context, i.e., what assumptions are needed in order to guarantee that the free boundary can
accelerate.

As said, the model we will investigate was originally introduced in [I5]. This model is
sometimes referred to as the DNMR model after its authors, although for historical reasons it
is more often called a Israel-Stewart, Israel-Stewart-like, or Israel-Stewart-Mueller model due
to its similarities with a model of relativistic viscous fluids introduced by Israel and Stewart
in the "70s [43H46/[81], which in turn was inspired by a model of non-relativistic viscous fluids
introduced earlier by Mueller [65]. The DNMR or Israel-Stewart model contains a wide range
of fluid variables, including three types of viscosity, namely, bulk and shear viscosity and
heat conductivity. The local well-posedness of these equations has been obtained only in
the special case when bulk viscosity is the only viscous contribution. Thus, it would be
premature to study it in a free boundary context with all viscous contributions, and we
restrict ourselves to the situation where only bulk viscosity is present.

In comparison with previous works on ideal fluids with a physical vacuum boundary, the
main new difficulty we encounter is that viscosity in Israel-Stewart models is governed by
a new variable satisfying an additional equation of motion, see the third equation in (L.3]).
This is a transport equation sourced by the divergence of the fluid’s velocity, and a simple
derivative counting shows that direct application of transport estimates leads to a derivative
loss. In the case of a physical vacuum boundary, this problem is compounded by the need to
control the fluid variables in weighted spaces that have to be introduced due to the fluid’s
degeneracy on the free boundary. We overcome this difficulty by uncovering some special
structures at the level of the linearized equations.

It turns out that the linearized equations by themselves already present a rich and complex
structure, and their local well-posedness cannot be derived from standard techniques. Thus,
here we focus on establishing local well-posedness for the linearized Israel-Stewart equations
with a physical vacuum boundary and bulk viscosity. The solution to the linearized equations
will be the basis for our solution to the full nonlinear problem that we will present in an
upcoming work [85]. In order to shorten the presentation, we will focus on aspects of the
problem that are genuinely new compared to the case of an ideal fluid. Thus, we will be
brief when arguments are a simple modification of those employed in the case of an ideal
fluid with a physical vacuum boundary, mostly notably to those found in [20,142,[48§].

1.1. The Equations of Motion. In this article, we consider the equations of Israel-Stewart
type with bulk viscosity proposed in [15], which is the most widely used model of relativistic
fluids with viscosity [76]. We consider the situation when the only viscous contribution comes
from bulk viscosity, thus ignoring the dissipation due to shear and heat flux. The fluid is
characterized by an energy-momentum tensor

T/u/ = U, Uy + (p + H)Aw/a (11)



and a conserved quantity called rest-mass current
JH = nut,

where g is the energy density, II is the bulk viscosity, n is the baryon density, p is the pressure
subject to the equation of state

p=plo,n),
u is the 4-velocity of the fluid subject to the normalization condition

uu, = —1, (1.2)

and the 2-tensor A,, = g, + u,u, is the projection onto the space orthogonal to u. Ad-
ditionally, g is the space-time metric, which we will take to be the Minkowski metric in
that this already contains many difficulties in the study of a free-boundary fluids which we
introduce below.

The evolution of the fluid is given by the system

9,T" =0,
OuJ" =0, (1.3)
Tt 0,11 + 11 + AII* + (0,u” = 0,

where the first equation is the conservation of energy and momentum, the second equation
is the conservation of mass and the third equation is the additional relaxation-type equation
satisfied by the bulk scalar II, in which 71 = 71(0) is the bulk relaxation time, A = A(p) is
a transport coefficient and ¢ = ((p) is the coefficient of bulk viscosity.

Throughout and including the above, we adopt the rectangular spacetime coordinate
{2°}0z01,23 of RT3 where we identify 2y with the time coordinate t. We use z = (x', 2% 23)
to denote the spatial coordinates. Einstein sum convention is employed. The vector field 0,
is a short-hand expression for a%' Greek indices will vary from 0 to 3, and Latin indices

will vary from 1 to 3. Indices are raised and lowered with the Minkowski metric g.

1.2. Physical Vacuum Boundary. It was shown in [6] that the system is strongly hyper-
bolic if the following causality condition is satisfied

¢ Op 1 Op
[a”(a—n)ﬁpm s1- (a—g)n’ (14)

where p+ p+ II > 0 and 71 > 0. One can use the standard theory of FOSH developed by
Friedrichs-Lax-Kato [35,49,51] to prove the local well-posedness.

In this article, we consider the physical situation where vacuum states are allowed, i.e.,
the density p is allowed to vanish, and the boundary has finite non-zero acceleration. Then,
the gas is located in the region where the density is non-vanishing, i.e., the following moving
domain at time t,

Q= {z € RYp(t,z) > 0},
whose boundary denoted by I'; := 0€); is called the vacuum boundary at time ¢, which is
advected by the fluid velocity u. So, the dynamics of the fluid is confined within

gT: U Qt
te[0,T

for the time existence T > 0 of the solutions.



We will consider the gas where the pressure p is determined by the density ¢ through the
following equation of state,

plo) = 0", (1.5)
where k£ > 0. Such gas is called a barotropic gas. With the equation of state (L7]), the

variable n gets decoupled from the system (L3]), which, with the energy-momentum tensor
T given by (ILT]), can be written as the following Cauchy problem
(u"d,0+ ("' + o+ Iu" = 0,
(0"t + o + Iurd,u™ + (k + 1) 0" A8, 0 + A*9,I1 = 0,
mrut 9,1 + T1 + MI? + 9, u = 0, (1.6)
wu, = —1,

\ (Qa u, H)|t=0 = (p07 U, H0)7

where the first two equations in the system ([[.0]) is derived from the projections of the first
equation in the system (L3 onto the space parallel and orthogonal to u and pg, ug, Iy are
initial data for the system. Due to the absence of matter (¢ = 0) on the free boundary I'y,
it is natural to assume that the bulk viscosity II also vanishes on I';. Then, the system (L.6])
becomes degenerate due to the vanishing of both p and II. In this case, the classical theories
no longer apply.

It turns out that the decay rates of o and II play a crucial role in the problem. In view
of finite speed of propagation of hyperbolic system, the behavior of the fluid away from I’
is essentially the same as the non-free-boundary case and thus can be solved with classical
theory. Near the free boundary I';, obtained from the second equation of (L], the fluid
evolves with the 4-acceleration

B (k+1)0" A 0,0 + A*0,11
Qli-i-l +o0+ 11 ’
We will consider appropriate decay rates that allow I'; to move with a bounded non-zero

acceleration. We denote by d(t, x) := dist(x, ;) the distance from the free boundary I'; at
time t. Assume that at the leading order p and II decays like a power of d, i.e.,

a® = u'd,u” =

(1.7)

o~ d° T~ d" (1.8)

for some o,n > 0, where by f ~ g we mean there exists a constant C' > 0 such that
1
—g< f<C(Cqg.
c9=f=0Cy

Under this assumption, from (7)), the 4-acceleration behaves like

oy~ dan—l +d77—cr—1 o S n
] o0 o>n

To obtain a bounded nonzero acceleration of I', we either have

1
o=
K 1.
{7720+1, 49



or

O’Z%,
n=o+1.

We will define the physical vacuum boundary condition by (I.9) since this reduces to the
case without viscosity in [20]. In particular, we will solve the case n = % + 2. We
make this choice because any choice 1 < % + 2 leads to singular behavior of the coefficients
of the linearized equation and the energy estimate cannot be closed with our method, and
any choice n > % + 2 can be solved similarly as n = % + 2 under similar assumptions. We
also make some technical assumptions on the coefficients of the relaxation-type equation
IT satisfies. We assume that 77 = ﬁ, ((0) ~ 0** is a smooth function and A = (o)

is a smooth function with bounded derivatives. We remark that the above assumption is
compatible with the causality condition (I.4]). Under these assumptions, we introduce new
variables

K
r = QH”]T = [[2=+T.

As a result, the decay rates of the new variable near the free boundary are r,m ~ d. Using
(r,u, ) as our new variables, we write (IL6]) as follows,

((u!0,r + kra0,u” =0, (1.10a)
1 1
w0, u” + (1 + —) as A0, r + (2 + —) ragA**o,m =0, (1.10b)
K K
w0, m+ 1+ )\(r%)w?”ré + ras0,u" =0, (1.10¢)
w'u, = —1, (1.104)
T‘Ft = 077T|Ft =0, (1106)
\ (Q,U,’]T)|t:0 = (p(),UQ, 71-0)’ (110f)
where
1
1 1 1 "
ag = E,al =r+1 +7’2a(2)+”,a2 = —,a3 = aé+”a2,a4 = cr 2 :
r ay rrlts

2. BASIC ENERGY ESTIMATE FOR THE LINEARIZED EQUATIONS

In this section, we formulate the linearized problem of system ((LI0) and establish the basic
energy estimate for the linearized equations, assuming suitable conditions on the background
solution about which we linearize. This energy estimate is a crucial component in proving
the local well-posedness of the linearized system.

2.1. The Linearized Equations. We consider a one-parameter family of solutions (ry, ux, 7))
to the system (LI0) such that (ry,ux,m\)|x=0 = (r,u, 7). Then, the variables (7, @, 7) =



%\ a=0(7x, uy, ) defined on the moving domain €2, solve the following linearized problem,

( u'0,T + kra 0,4t + 0,rt* + V4T + 27 = f, (2.1a)

1 1
wogit (142 ) et 0t (24 1) ot
K K

+ (Vo) + (Wa)30° + (Z2)*7 = ¢°, (2.1b)
w0, T + 1as0, 0" + VT + (W3)u™ + Zs = h, (2.1c)
u't, = 0, (2.1d)
(f>ﬂ>ﬁ)‘t:0 - (fo,’&o,ﬁ'o), (216)

\

where V, W, Z are coefficients involving the background solution (r,wu, ) given as the follow-

ing,

1 1
=K {27“ +1+ (1 - —) r2a§+“] o, ut,
K

1 o412 1
_|_

1
__(2 1
K K
1 19 341 1 C’(T%)T’é_l
I e +El =
= | N(r=) + e ,
=0,
o uB oo a B 1 1 1+
= q0,u’g +a2(ug +u%g ) 1+E Our + 2—1—; rag "o,m| ¢,
:g’w@,ﬂr

— 2
=

1+1

1
il 50 uM
+ /{) ao uu y
1 1 1 1 1
2+ —) ag @A‘W{ <1 + —) ragaz0,r + (2 + —) 7’2a(2)+”a28H7T
K K K

~(1+3) o},

Zy=1+ (3 + 1) TR — (1 + 1) C<T;)8uu“.
K

K 7r2+%

Here, we introduce the source terms (f, g, h) to make the equations inhomogeneous, as the
proof remains the same whether or not these source terms are included. Since each member
of the one-parameter family (ry, uy, 7)) does not necessarily share the same domain—unlike
when working in a Lagrangian frame—there are no boundary conditions imposed on the
linearized variables (7, u, 7) .

2.2. Function Spaces. We define the functional framework of weighted Sobolev spaces for
our analysis here. This functional framework is dictated by the degenerate hyperbolic nature
of the problem and corresponding estimates.



Definition 2.1. The weighted L* space with weight w > 0, denoted by L*(w), is the space of
all distributions f such that

1125 = / wlf?dz < oo,

The weight w will be played out by r which is a solution to (ILI0) that satisfies the physical
vacuum condition (L9). With the above definition, the base space of the solutions (7, @, 7)
to the linearized system (2.1]) is

T = () = L2(r = (t,0)) x L*(r=(t, ) x L*(r=(t,e)).
The energy admitted by the linearized system is the following,

E(t) = / L
Q¢
1
= —/ r%_l
2 Ja,

It can be shown the energy E(t) can serve as an equivalent norm of the base space #. (See
Lemma [Z8) Now, we define high-order weighted Sobolev spaces.

1

141 145
(2m+1)f<arr7r ay “ai|
1)

2
) K 2vaB~ ~
T+ ra’G*Pu,us +
k+1 1 a”h

(2.2)

7+ ra%ﬂailo‘ + r >
K k+1 C(r=

1
5 K? 2k + 1Dk r7r1+ia(1)+”a1] d
.
+1 )

Definition 2.2. We define H° := H7(Q,), where j > 0 is an integer and o > —%, to be
the space of all distributions in €y such that

2 feaTe’
110 =Y 1770 Fll 2y < 00

laf<j

The weighted spaces H7° satisfy the following hardy-type embedding. We refer readers
to [42] for the proofs.

1

Lemma 2.3. Assume that j; > j» > 0 and 01 > 09 > —3

have

with j1 — jo = 01 — 09. Then we

Hj1,01 C Hj2’02,

As a corollary of the above lemma we have embeddings of the weighted Sobolev spaces
into standard Sobolev spaces:

Corollary 2.4. Assume that o > 0 and o < j. Then we have
H» Cc H™7.
Then, by the standard Sobolev embedding theorem, we have
Corollary 2.5.

. d
H» C C7, OSSSj—O’—§.

We define the high-order space #? for the regular solutions as

1 1 1 1
%2l — H2l’ﬂ+l_§ % H2l’ﬁ+l % H2l’ﬂ+l.



2.3. Basic Energy Estimate. Here, we establish the basic energy estimate of the solutions
(7,u,7) to the linearized equations (2 under suitable assumptions on the background
solutions (r,u, 7). Throughout the proof, we will use the following differential formula for
the moving domain,

d 1 ut
— dr = —D;f d 0 | — | du. 2.3
G [ pae= [ G [ o (%) (2.3
Notation 2.6. We denote the material derivative parallel to the 4-velocity by
Dt == u“@u.

Notation 2.7. We let y = (y',y%, y3) be the coordinate on the initial surface Qy induced by
the rectangular spacetime coordinate {x®}o—0123. We define the map n: I x Qp — RY3 to
be the flow map of the 4-velocity, where I is the interval of proper time containing t = 0,
i.e., 1 =n(T,y) solve the following equation

{&n =uon
n(0,y) = (0,y)
Similar as before, we identify the proper time T with y°. We use Capital Latin indices K, L, M, ...,

etc. ranging from 0 to 3 to denote the indices of Lagrangian spacetime coordinates. We use
Ok to denote the derivative %LK with respect to the Lagrangian coordinate.

(2.4)

s

We use the following lemma to control the coefficient ay = = of the linearized equation
(PAR
Lemma 2.8. Let (r,u,7) be the solutions to the nonlinear system (LIQ) such that

SUD |7l 21,000y SUP T llyp2rs1.00 0y SUD Nullyarise(q,) < K,

t€[0,T] t€[0,T] t€[0,T]
where K > 0 is a constant. Then, there exists T* = T <K, u ) [ 22 ) >
0o sz,oo(QO) 0 W2l,oo(QO)
0 such that
T 7r
sup ||— < 2[|=2 )
te[0,7%] T Hw2loo(Qy) To W2l (Q)
r T
T L1 .
te[()’T*} s W?l,OO(Qt) 7T0 W2l’°o(Q0)
1 1
¢(r=) ¢(rg)
Sup 241 <2 2+Ol
telo,T*] || 777k Wr2too (@) Ty " Wetoo(520)

Proof. We prove the lemma by induction and continuity argument. We first prove the base
case [ = 0. Assume

™ o
sup ‘— <2||— ;
te[o, 7] N T Lo (Q) 70 [l Loo (€0)
r To
sup ‘— <2||— ;
tefo,7*] 1T HLoe (Qy) 70 || oo (Q0)
1 %
5T N 153
e || 2 B 243 ’
€[0.77] L5°(Q0) o L5(90)




for T > 0. We compute the evolution for ag = 7, % =

Di(ap) = [k(r+1) —1]ag + </~€7“2 — )\(ré)r“%) ag+% — @0Mu“,

rlta
1y 1 1y o4l 2\ 1+L ¢ ri)r
Dt (a_o) = []_ — I{(T _l_ 1)] CI,_O _l_ (A(TN)T k= RT ) aO _l_ 71_34_% auuu’ (25)
¢(r=)\ _ o 2+t (24 1)Cr) ()
D, < jrrall out(r+1+ra, *) ) - )

We integrate above along the flow line and by a direct estimate, we have for any (7,y) €

n~H(Dr),

L°°(Qo)> ’
L°°(Qo)> ’
L°°(Qo)> ‘

1
¢(rg)

1
7‘§+”

o

lag on(7,y)| < ——(y)‘+-7”%? (1(,

o To

o

Y

"o L ()

To

o To

o

IA

)

o L ()

(fﬁ?) onir9)| < |8 )

We take T™ > 0 such that

To

‘ (o) entrn %)\ £ 1% (K,

o To

IN

Y

To L ()

7o

+T%<K

o

To

To

7o

o

To

To

o

L (Q0)

Y

Lo (Q0)

Y

L (Q0)

T%(K

><1‘
— 1min
L=©0)) 2

to close the bootstrap. The high order case can be proven by differentiating the evolution
(23]), induction and a similar continuity argument. U

L (Q0)

We also need the following Gronwall-type inequality for the energy estimate.

Lemma 2.9. Let d(t) be a non-negative function that satisfies the following integral inequal-
1y,

d(t) < c(t) + /0 ta(s)d(s) + b(s)d(s) ds, (2.6)

where a, b, ¢ are continuous non-negative functions fort >0 and 0 < o < 1. Then,

i) < (e (1-a) [ ato)as)
+(1-a) /Ot b(s) exp <(1 ) /:a(r) dr) ds) e (2.7)

Proof. Given 7 > 0, let ¢, = ¢(7). For t € [0, 7], we define
t
o(t) =c, + / a(s)d(s) + b(s)d“(s) ds.
0

10



From (2.6)), we have d(t) < ¢ for ¢t € [0, 7]. We differentiate ¢,

¢'(t) = a(t)d(t) + b(t)d" ()

()o(t) + b(t)d° (¢).

a
a
Dividing both sides by ¢, this gives us a linear differential inequality in ¢'~2,

/

(') < (1= a)a(t)e'~*(t) + (1 — a)b(t).

By an elementary method of integrating factor,

(W) (1) < (1 —a)b(t)u(t),

o) =eo ([ (0 Da(s) i),

Taking integral with respect to ¢, and considering that 7 is arbitrary, we have (27). 0

where

Now, we prove the basic estimate for the linearized equation.

Remark 2.10. Due to the finite speed of propagation, we can divide the domain into two
regions: the bulk region away from the free boundary and the region close to the free boundary.
In the bulk region, we can apply the classical theory of hyperbolic equations. Our primary
focus is on the degenerate quasilinear hyperbolic system near the free boundary, where r < 1
is small. In this case, we interpret each integral over §; as being restricted to the region near
the free boundary I'y . By using a partition of unity argument, we can extend the solution to
the entire domain €); .

Theorem 2.11. Let (r,u, ) be sufficiently smooth solutions to (LI0Q)) satisfying the physical
vacuum boundary condition (L9) such that

sup ||(T7u77r)||W1’°°(Qt) < K7 (28)
t€[0,T]

where K > 0 is a constant. Then, there exists T = T(K) > 0 such that if the func-

tions (7,4, ) are sufficiently smooth solutions to the linearized Cauchy problem (2.1I) with
(f,g,h) € LY[0,T), %), then the solutions obey the following estimate,

17, @, 7| < €(K) (||(f(0),ﬂ(0)ﬁ(0))||7f +/O 1Cf, 9, 1)l dS) : (2.9)

for any t € [0,T], where €(K) > 0 is a constant continuously dependent on and increasing
with respect to K.

11



Proof. We multiply the equation (Z.Ia) by r» ', the equation ZIB) by --r~a2G? and the

k+1
1141
2k+1)K lr H%a, Fa
equation by Getl)e, rm 021 we have the system
rtl crw)y

'r%_lu“aj + m"%ala“@“ + r%_laurﬂ“ + r%_lVlf + 7’%+1Z1ﬁ' = r%_lf,
2 2 1
i r~a1G6u“0 a® —l—/{malAB”@ —I—Mrlﬂ L ray  APRO, R
k+1 k+1
w 8 ’ 8 i
+ H_i_lrnal( 2)°T + - rﬁalGa(Wé)i‘u“’
ffz 1 ~ Kk L o
+ /<o—|—1“a1( 2)Pi = - 1rnafG§ ,
(26 + 1)k 1ra'tea, "ay i~ 2+ 1y 141 .
0 ~————rxtlay " a,0,u"
Rl () KT G T (2.10)
141 145
264+ 1)k 1rmFray "ay .
r= : Var
k+1 C(r=)
1
2 1 1+% I+
(2K + )KT%TTI‘ a(l] al(Wg,)a@a
k41 C(TE)
1 1
2k+ Dk srrFray Fay . 26+ 1)k arrltray Fa
+ rs : AT = - : h.
ST U 1)

We let & be the operator of the above linear system, then the equation can be denoted
as

19
G et
zlal] = T al(f 7 (2.11)
T (2&4—1)& lorw +_a0 ap
ot Crr)

Now, we multiply the first equation of (2.I0) by 7, the second by % and the third by 7. This
yields the following identities,

12



1
irn ~1D,7? —|—/<;7’na15? Gt 4 T 10, FUF R 72 4opett ler—rn Lfr,

1 k2 . e 1 . (26 + 1)k 141
P 1rna§Dt(u Uo) + K1 7a 0, 70" + iyl Hao a0, mut

K (V)i + (W) i i + K (Z) Ry =
TEQ T™u ’l“"”va, U Uy TEQ TUp =
P A I L A PRI R e

1
1 9 4~
+ ra1g%Uq,

11+
1(26+ 1>/€r%rﬁl+&a? = D7* + (2n+ L 1>K7 IHCL(l)+ a0, a7
2 k+1 C(r;) k+1

%+ 1k 1rriteas " ay
0

1

26+ 1)k 1 7’7T1+%a(1)+”a1
Tk

K+ 1 C(r)

re . Varm
Rl ()

1
(2K + l)I{Tl r7r1+%a(1]+”a1Z o (26+ 1)/~€Tl rm
K mwm = K
At ) T R ((r+)

We sum over these identities and obtain

1 K2 126+ 1)k 1r7r1+na+ ay .

14 =2 Lo an 1 0 2 _ 1

—rre Dyt + = reayDi(0%Uy) + = T Dy r
! K+ 1Dl ) 2 k+1 C(rv) o fr

1
26+ Dk 1 rrtray o
Tk
k+1 C(r;)

<m’~a18 urT 4 rE- 18 rat'r + mwala Tu”)
)R

((2/‘111 +1 1+ a ~~#+ (2H+1)I'€ 1+1a(1]+ aa i )
K

hz

K41
= (re R 4 et 2w

/{2 1 9 B~ /{2 1 4 - /{2 1 9 B
- K+1““1(V2) Tug + K+1r~a1(W2),yu Ug + /@+1“a1(22) Tlg
2 1 1+; 1+
(2K + )KT%’MT a(l) a (W57

k+1 C(r?)

1
B (2K+1)HT%TW1+%CL$+NCL1V%%+
K1 crr)
1 1+%
(26 + 1)k %rﬂlﬂa?)“alzﬁz)' (2.12)

k+1 " C(r?

The blue terms form a perfect derivative modulo some terms that can be controlled by the
energy, i.e.,

1 U o~ 1 - 1
KT a0, u"'r + 1+ lauru“r + krra10,7U" = KO, (rnawu“)

1 A~
_réky+@@¢+@g+nn$“%H6%W (2.13)

13



We also group the purple terms into one term. We will show later that this term can be

controlled.

26+ 1)k 1 14 . 26+ 1)k 1 14 o
¥7'1+E(L6 a0, wut 4 QT'HE%’ a0, u"'w

k=41 k41
2 1 1
= %rlﬂag“alaﬂ (Ra"). (2.14)
K
Differentiating the energy with (2.3), we obtain
1 1+%
d_EZEE/ i 2 e GEE DR T T,
dt — 2dt Jo, 1 kit 1 C(rr)
1
1 1 2 2% + 1 141 145
——/ O e [ N S Cl L LG M P2
2 Jo, u +1 k41 C(r=)

ra;uyu” +
11 1 10

1 .
K2 o . (2k+ 1)/{T% r7r1+%a(1]+“a17}2 9 <u_2) e
+ K1 C(rv) '

The latter term can be controlled readily, i.e.,

ui
o (@)

where €' (K) > 0 is a constant depending on K > 0 subject to change line by line. Now, we
control the former term,

GO (7@ 7) 5

o

A
X
=
=
=

I

~Y

i) % |

Loo(S2)

1

2 9 1 141 1+5 N
A—— (ﬂaﬁa)+( s )Krm % M2 gy
K+ 1 K+ 1 C(r+)

1
11 2 % + 1 et ay  ~
T N (th%r ilmet(aaaaH(Wr J, Ty Ty e g,
K

k41 C(r=)

1
1 kK21 1 N 1 [ 2k+Dr1 1, [retteey Fa
A e L e ] B e

= (i47) + (i) + (v) + (vi).

We must be cautious when a derivative falls on the powers of r, as this could potentially
produce terms with insufficient weight. However, this issue does not arise when the derivative

is the material derivative D; due to (I.I10a))

Dyr = —kra0,u” = rO(K),
By a direct estimate (also using Remark to control the time derivatives 0y(r, u, 7)),
(i), (v), (vi) S CE)(Fa,7)|3-

14



For (iv), we will use the identity ([2.12)

1
, 1oa gy, 1 K2 1, 1 26+1)2% 1 af(r+1) .
w) = — 7 r+— rea Uy + — T h7dx
() /Qtuo k1Y u k41 1+ (1 +r)r :
1

1 S L 1 .
— </~crn a10,W'T 4+ =10, rut'T 4 K e aﬁ,wu”) dx

2%+ 1 141 2k +1
(%rhlaéﬂalaﬁﬂ“ + %7 wtl /(l)+ a0, u" T ) dx
K K

1+
L @et U i K‘“ngrQ) d

PRSI C(r¥)
= (vii) + (viid) + (ix) + (x).

By Cauchy-Schwartz, we have

1
1 1 2 1 (2641 Hiag "
(vii) = —rﬁ_lf + — rna%go‘ﬂa + —0( Al )KJT% T a? N da
q, u° k+1 u? k+1 C(r)

S CE)N( g, h)ll%ll(ﬁ U, T) | g
Similarly, (z), which is the sum of last 3 terms of (iv) can be estimated directly,
(2) S CE)|(F,a,7)|5-
From the blue terms (ZI3)),

1
(viti) = —/ — (m’nalﬁ ar'T 4 r- 18 rilF + ks agd) ru“) dz
o U

1 PR
= / — KOy, <rna1ru“> — —Or% [(1 + k)0, + (2K + 1)ra(1)+”8#H] rut dx
O U u

S [ mond, (rhaiat) do+ €| 1.7
o U

From the purple terms (2.14])

1 ((2r+1 2k + 1)k 1
(ix) = —/ -5 ((h%l)mrlﬂa(lﬁ a0, wut 4 %T%HCL;‘_ CL18M~L“7~T) dz
0, U K K

2k + 1 1
B _/ = +—)HT'H%a(fﬂa15’u (rut) de.
o K‘i‘l

15



Combining all the inequalities above, we have

dE 1 2 1 1
TS —/ @ma (rﬁalfﬁ“> d:v—/ % H~00+1013u (7ru") de
(o8 Q¢

CIE)N (. 9. W |17, 0, 75 + C (7, 7) I

Now, we take the integral with respect to time,

// —/{8 rn@ﬁﬂ“) dzds

2k + 1)k ! U
/ / B ks ) dods + [ R, 90 WLl ) s
t
+ [l s
0

We integrate the blue term by part,

/ / uolia rmalru” dzds = / / ( ) rmﬁﬁ”) dzds
’ 1 ]_ 1
_ = = Tk _ - e
/QO UOH<T aTu )dx /Qt UOH<T aTu )da:

S e(B(t) + E(0)) = € ([[(7, @ )15 + (o, @, 70)l5)

where € > 0 is a sufficiently small number due to an extra half power of r, which is assumed

to be small (see Remark 2.10). A similar argument is applied to the purple term, yielding
the following,

(2 1)
-/ [ B g a0, (i) deds S (168D + 1o A
KR

Absorbing €||(7, @, 7)||, to the LHS, we have

17, @, )15 S 1((0), @(0), 7(0)) +/0 G g, W)l (7, @, 7| g ds
+/0 @ (K| (7, i, 7)|2 ds.

By the Gronwall-type inequality (2.7]), we have our basic energy estimate (2.9]). O

Remark 2.12. In this proof, we treat the time derivatives of the background solutions as L™
coefficients, i.e., we assume ||0y(r,u, )| ;00 < € (K). This differs slightly from (2.8]), where
the Sobolev norms are considered only in space and not in time. However, we can express
the time derivatives in terms of spatial derivatives using (LIQ). Let L(r,u,m) denote the
operator associated with the nonlinear system ([LI0). This operator can be expressed as

r ‘ r r
L(r,u,m) = A%, [u | +A40; {u]| +B|u],
T T T

16



where A° = A°[r,u, |, A" = A'[r,u, ], and B = Blr,u, | are given by

u? krap 0 0 0 0
1+ 3)aA) w® 0 0 0 (24 1)rasA)
40— 1+% aAy 0 W’ 0 0 2+% ragA?
N 1+% aAy 0 0 u’ 0 2+% rasAY |’
I+ 4)aAf 0 0 0 u® (24 1) razAl
0 rag, 0 0 0 u?
u' 0 kra;0t krapdy rrapdl 0
1+% agAé ul 0 0 0 2+ 1 rag,Aé
yus 1+ 7)aA7 0 u’ 0 0 2+ 1) rasAl
T () ady 0 0 u' 0 2+ 1) rasAy |
14 1) asAy 0 0 0 u’ 2+ 1) rasAl
0 0 ragdl  ragdy  rasdy u’
00 0O0O0 0
00 0O0O0 0
00 0O0O0 0
B=1o0000 0
00 000 0
0000 0 1+Ar=)a*ts

The determinant det A° # 0 when r is small, i.e., near the boundary. Furthermore,

6(1) r6(1) 0 0 0 0
61) 61) 0 0 0 ro(1)
(40 = 6(1) ro(1) 6(1) 0 0 ro(1)
6(1) ro6(1) 0 6(1) 0 roQ1)|
6(1) r6(1) 0 0 06(1) ro(1)
r6(1) r6(1) 0 0 0 6(1)

where O(1) represents some L™ coefficients in the energy estimate. Therefore (see Notation
[Z2 for the notation =),

Or =~ Or + rou + r*or + rin,

Ou ~ Or + Ou + rom + r,

oy ~ror + rou + Or + 7.

3. LOCAL WELLPOSEDNESS OF LINEARIZED EQUATIONS AND ITS HIGH-ORDER ESTIMATE

In this section, we build on the basic energy estimate established in the previous section
for the linearized equations to prove their local well-posedness. The basic energy estimate
yields only a weak solution to the system. To construct a more regular solution, we introduce
weighted elliptic operators derived from the second-order evolution equations of the main
system. The relevant properties of this operator, which are crucial for proving the existence
of a regular solution, will also be demonstrated in this section.

17



3.1. Bookkeeping Scheme. Here, we introduce a bookkeeping scheme to track the crucial
terms and omit the less important terms during the energy estimate of the linearized equa-
tions. This allows us to greatly simplify the analysis. In view of the weighted version of the
Sobolev embedding (2.3), we make the following definition,

Definition 3.1. The order of terms of the form r®0'%, r®0*u and r®0°% are defined to be
b—a,b—a+ % and b —a + %, respectively.

In an estimate of order 2[, if b — a = [, by the embedding theorem (2.3]),

7207 o1 S s -
Similarly, if b — a + % = [, then

0| o, g -3 S Nl e g

Hr“(‘)bﬁ'HHo,if% S ||7~T||H2u+i'

We refer to such terms as exact.
Ifb—a<lforr,b—a-+ % < [ for u and 7, then we have a similar control as above,

70| ot g S Nl yoras g -3 (3.1)
HTG&b{LHHO,ﬁf% S ||aHH2l,l+21?7 (3.2)
790 | o3 SN v (3.3)

These terms are referred to as lower-order.

Notation 3.2. We will use the notation
Expression 1 ~ Expression 2
if both Expression 1 and Expression 2 are of the same order and
Ezxpression 1 = Expression 2+ L.O.T.,

where L.O.T. contains all the terms lower-order than FExpression 1,2.

For each term in an expression, we will retain the powers of undifferentiated r of the
coefficients, as these powers of r are essential for the terms to be controlled. We will omit
the parts of the coeffcients involving the derivatives 02'r, 027 of r, m of order higher than
1, as well as terms involving u, ag, a, ..., ay and their derivatives. The reasons for this are
twofolds. First, these parts of the coeffcients can be treated as L coeffcients in the estimate.
Second, when derivatives are applied to these terms, they will generate lower-order terms.

As an example of the bookkeeping scheme, from the first equation (2.Ial) of the linearized
system in the homogeneous case (i.e., f = 0):

Diff = —kra @, — rit" — ViF — r* 2,7 =~ 101 + . (3.4)

Remark 3.3. Since our weighted Sobolev norms only involve spatial derivatives, in the
estimate, we need to write all time derivatives in terms of the spatial derivatives. Linearizing
the expressions in Remark[213, we can show that

87 ~ OF + L.O.T,
i~ i+ L.O.T,

18



From now on, we use 0 denotes only spatial derivatives.

Remark 3.4. Similar to (3.4), we have
Dtﬂ ~ 8?,
D7~ rou + a.

Counting the order of RHS, D,7, D,ui, D, have an order of 1 55 L 2 So, we assign order = to
the material derivative D;.

3.2. Weighted Elliptic Operators. The linearized equations (2]) in its homogeneous
form (f, g, h = 0) can be rewritten as a second-order evolution that has a wave-like structure.
Applying D; to the equation (Z.Ia)) and using the equation (2.1D), with the bookkeeping
scheme to capture the principal part, we have

D% ~ L4,

prie = (L) &

where
Li7 = (k+1)HY (wiajf + %airajf) :
(f)ﬂ])a = (k+ 1)A {HI* (82- (rojuy) + %@r&iﬂk) ,

with '

%Z%—%%

JW:W—MW.

(u0)?

We say the second-order evolution (B.5]) has an wave-like structure because later we will
show L; and L, satisfy elliptic estimates. More precisely, the operator Ly is only associated
to the divergence of @. To gain the full coercivity, we need to pair it with an operator L
associated with the curl of @, which is defined as follows,

(Lsit) = G+ DAL= 50, (144 (04 — i) )

We can check that LoLs ~ LyLs ~ 0. Although we will not use these operators directly in
connection to the wave equations, they play an important role in the high-order energy esti-
mates and in constructing more regular solutions of the linearized equation. We sometimes
employ a slightly modified versions Ly, Lo + Ly of these operators Ly, L, 4+ Ls for a different
purpose, but they share the same principal parts,

L7 = (k + 1)7“1_%@ (r%H”ﬁ-f)
(Lait)o = (5 + 1) AL0(r! =05 (r HY i), (3.6)
(Lst)o = (K + l)AflAmlr_Eaj (r= P HIR H™ (0401 — Oitiy) ).

We have following properties for these operators,
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Lemma 3.5. Let (r,u, ) be a sufficiently smooth solution to (LIQ) satisfying the physical
vacuum boundary condition ([L9). Then, the operator L, defined as an unbounded operator
of the Hilbert space H%3~2 with the domain

D(Ly) == {f € H > 2|L,f € H%="2 in the distributional sense}
s a non-negative, self-adjoint operator.

Proof. Similar statements and proofs can be found in [20,42]. We first show that D(L}) =
D(Ly). It is sufficient to show D(L7) C D(Lq). Let § € D(L7), then

(Ln7,5) o3 = (7 L75) o g3, V7 € D(L).

We want to show § € D(Ly), i.e., L15 € H==2. For any ¢ € C>,
(L45)(0) = [ 500+ 00yt HIB ()

= (5, £1(T%_1¢))Ho,ﬁ7%
= (Li3,r+")

= / Li5¢da.

Since 115 € H%2:"2, [;5 € H%2~2 in the distributional sense and thus § € @(L,). In view
of Lemma [3.17] the non-negativity and self-adjointness can be proven by a simple application
of integration by parts. O

0L _1
H"32: 72

With a similar argument as the above lemma, we obtain

Lemma 3.6. Let (r,u, ) be a sufficiently smooth solution to (LIQ) satisfying the physical
vacuum boundary condition (L9). Then, the operator Lo + Lz defined as an unbounded
operator of the Hilbert space H%2 with the domain

D(Ly+ Ls) :={f e Ho’i|(£2 +Ly)f e H%2 in the distributional sense}
s a non-negative, self-adjoint operator.

Remark 3.7. In Lemmal3.8, the operator Lo + Ls is an unbounded operator on a subspace
of HO3x consisting of vectors orthogonal to u with respect to the Minkowski metric g . For
simplicity, we slightly abuse notation by using H%3= to denote this subspace, to which the
linearized 4-velocity belongs.

3.3. Elliptic Estimates. Here, we show the elliptic estimate of the operator L; and L+ L

Lemma 3.8. Let (r,u, ) be a sufficiently smooth solution to (LIQ) satisfying the physical
vacuum boundary condition (L9). For 7 sufficiently smooth, we have

17021 S 207 gy + 07 (3.7)
For a sufficiently smooth @ orthogonal to u, we have
@l o S || (B2 +Z0) | 0+ Nl (3.8)
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Proof. By a partition of unity, we can localize the estimates to a small ball. We consider the
interesting case where the ball is centered at xy on the free boundary. The elliptic estimate
is standard otherwise. We pick a coordinate e3 = \E§:§E§3§| and ey, ..., eo an orthonormal basis
of the tangent space of the free boundary at zy. We have

|05 — 1], |G| < e,

where € > 0 is sufficiently small and i = 1,2. We assume the ball is small enough such that
HY is a constant modulo perturbative error that can be absorbed onto the other side. So,
we simply assume H" is a constant in the estimates. To prove (B.7)), we first prove

Hf”[ﬂi*% S HL”: O~ + ||f||H1,ﬁf%- (3.9)
Compute Hilf‘ L1
H%32:~2
= |12 2 r7ij 17kl . - 1 -
HLlr‘ o1 = (k + 1)*HYH™ ( r0,0;7 + —0;r0;T | | rOx0) + =017 | dx
H™2r 2 Q R K

~ (i) + (21) + (it1) + (iv),
where (7) is the product of the 2-derivatives, (ii), (ii¢) are the products of the 1-derivatives

and 2-derivatives, and (iv) is the product of the 1-derivatives. For (i) we integrate by parts
with respect to 0;,

(i) = / P H HR0,0,70,0,7 da
Q¢

=— / (1 + 1) rx H9 HHO7 dx — / ra U HY HM9,70,0,0,7 dx
Qt K Qt
= (v) + (vi).

By Cauchy-Schwartz with € > 0,
15 [ (rostar] (o) (o) as
Q¢

S ¢(K) ;

1,1
H2 2+

1711 -1 + €l

where ¢(K) is a constant continuously depending on K > 0 and
10w, T [y S K-

~

For (vi), we integrate by parts with respect to Oy,

1 1 . . 1 ..
(vi) = / <— + 1) = Opr HY H? 070,07 da + / re T HY [ 0,0,70;,0,7 dw
Qt Qt

K
= (vii) + (viid).
We notice that (1), (7ii) and (vii) can be estimated similarly to (v),

|(“’)|7 |(”7’)‘7 ‘(U”)‘ S (K)||f||2 1,4 -4 6HfH2 2,545
H H
By the ellipticity of the metric H,

2
(vidi) > ‘

1 1
rﬁ+§02f}

2
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For (iv),
(i0)] S € (K)|171);

L1 1.
H 2" 2

Combining all the above inequalities, we have

170 s Siec) |27y oy + 07 e
Now, we prove

17143 S || 27

T + [|7]]

Consider the integral and integrate by parts with respect to 0,,

id ok b (3.10)

1~ . 1
/ 'r'E_lLlfan'f — / ré_laanU (’l"ala]f + —8#0]-77) dx
Qt Qt k

1 .
= —(k+ 1)—/ r%_lairﬂwﬁnfajfdx
K O

Kk+1
2

/ rx0,(HY0;70;F) Az
Q¢

1 .
+(k+1)= / r L0 HY0,70,7 da
K Qs
1 .
=B 10, B9, du
2K
P2 OF

2
2|

~Y

L2
Upon applying Cauchy-Schwartz with € > 0 on the LHS, we have (3I0). For the basic
elliptic estimate (3.8]), we again first prove the inequality

N [CROL P

-

.-
HY2r

H? % ﬁ‘
We use 7 to represent the spatial part of the full linearized 4-velocity @. This can be proved
similarly to the inequality (39). Then, we prove the following with a similar semi-geodesic
coordinate change in [20] to reduce the estimate into the Euclidean case in [42],

Hﬁ HY2% S H(i2+£3> TPZHH‘)* + | HO %%
'2K '2K 2K

Combining the 2 inequalities, we have
N S (Et ) 2] o+ 7]

To bound the full linearized 4-velocity, we use the orthogonality to write 4% = %1’22, SO

U’ - -
~0H . ~ < ~ ~
U L, = ||—=uy Lo+ Ls)u U 1
H g2zt ud ' g 2+ Ls HO 2% 1 ||HO”R’
which finishes the proof. O

Remark 3.9. The operator Ly and Ly +j}3 satisfy a similar basic elliptic estimate as in[3.7]
and [F.8 because they differ from Ly and Lo + L3 only by lower-order terms.
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Corollary 3.10. Let (r,u, ) be a sufficiently smooth solution to (LIU) satisfying the physical
vacuum boundary condition (L9)). For 7 sufficiently smooth, we have

7 2.3 S || (B + D7

1 1
HY %5~ 32

For a sufficiently smooth @ orthogonal to u, we have

lll o S |[(L2+ Lo+ 1) @

.-
HY 3R

Proof. By the elliptic estimate (3.1), we have

o o 2 o
((L1+I) (Ly + 1) ) odd T ‘ L7 ok} +2<L1T’T)Ho,ﬁf% +||7’||20’21?,%
2
r o~ ~112
2 Ea| gy + 1
2 171 e e

where ([Aqf, f) o1 = 0 follows from integration by parts. A similar proof works for the
H”72c ™2
velocity case. O

We can then identify the domain of Ly and Ly + Ly

Corollary 3.11.
D(Ly) = H>» 2
g(izg + izg) = H2’i+1

Proof. To show: @(L;) = H%*2T2, it is sufficient to show D(L;) C H*2T2. Take ¢ €
D(L1) € L*(r¥Y). Let 0 = L —1. Then, r3L1¢ € L?, we take ¢, € C°(Q) such that
¢n — 12 L1 in L2. We define 1, € C>(2) by

ilwn == QS_:
ra
¢n|ﬁsupp(¢n) =0
By the elliptic estimates, we have
2 ¢n - ¢m
I =l g0 S | a0 = )] o

. H¢n - ‘bmHL2 —0

HY2

- p—
HO2 ‘

as n,m — oo. Thus, ¥, — ¢ € H>3!. So,
rgﬁlw = lim T%E1¢n = lim ¢,, = r%ﬁ1¢,
n—oo n
which implies ﬁl(w —¢) = 0, where ¢ — ¢ € H%2. Consider this under the a subdomain

Q' C Q, where r is strictly positive on 9€Y. Since 0 is C*, 1 — ¢ is C*° on ' by the standard
elliptic theory. By the weighted elliptic estimate,

||7vb - ¢||H2’%+1 5

So, 9 =1 € H*2:tz, 9@2 + ﬁg) = H?3"1 can be proven similarly. O

We have the following high-order elliptic estimates.
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Lemma 3.12. Let (r,u, ) be a sufficiently smooth solution to (LI0) satisfying the physical
vacuum boundary condition (L9)). For 7 sufficiently smooth, we have

7 gy S || B

227 +1-3 + Hf”HOvﬁ

For a sufficiently smooth @ orthogonal to u, we have
il s, S ||(Z2+ Ls) 4

Proof. We will prove the case for 7 only, as the proof for @ follows similarly. We pick a
coordinate e3 = |E§:§E§§§| and e, es an orthonormal basis of the tangent space of the free

boundary at zy. We have

HQI*Q’“Hﬁ + HaHHozlz

105 — 1], [0ir| <,
where € > 0 is sufficiently small and i = 1,2. Let 0 = i — % It is sufficient to show that

||7:||H2l,21;+17% S HLlf’ F2-2, g+ + HfHHW*N’Hﬁ'

To show this, we show that for any [ € N and any integer 0 < a <,

[0 7| o S || 27

_I— EH,FHHZZ,HJ ‘I’ ||f||H2l—2,l—1+a- (311)

H2l-2l-140

We prove this statement by induction. Commuting r@*~'** and L, we obtain

r“@l_lﬂﬂlf _ I/l (,r,aal—l—i-a) + [,raal—l-i-a’ El} ,,:’

where
[Taal_1+a> il]f = (k+ 1)l — 1+ a)r"H0r0;0;0"*"7
”l—l-l—a l—1—|—a
RCESVE D S (i F
y=2
l—14a
1 . _
4 K+ TQHZ] Z (l 1 + CL) 8787:7‘81_1"_“_78).7:
K Y
=1
l—1+4+a
a l—1+4+a i Al 1da— .1 N
e ; ( v ) OHVOT T (rdi0; + —0r0T)

—2a(k + V)r*H9070;0 7 — (k + 1)a(a — 1)r* *H0,r0r0' 107
— (k+ l)ar“Hijaiajrﬁl_l+“f — %(KJ + 1)ar“_1Hij8ir8jr8l_l+“f
~ pagitaj 4 pa—lgi-l+as
By the induction hypothesis,
‘ = Hﬂl(r‘lal_lﬂ) I [,r,aal—l-l-a’zl},,:’

By the basic elliptic estimate (B.7),

[ Y AT

,r,aal—l—i-aLlf

H0,0‘

a—1ql—14az
= [ o

2 [Eeare o

. H’f’aﬁl—i_af
HO,0

Ho-2i-1+0 + €||/f:||H2l,l+o + ||’F||H2l72,l71+o‘
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Considering

s 2 [

We use the induction again and obtain the (a + 1)-th case of the induction. It remains to
show the base case a = 0. To show this, we instead show the following equivalent statement:
forb=0,1,...,1,

080"y < ||Za7]

aal 1+a aal+a~

,,,,HHO’J _ H,,,,a—lal—l-l—a ~

| 10

H/r HHOO’

+ EHfHH?lJvLJ + ||7’:||H2l72,l71+0’ (312)

H2U-2,1-1to
where @ represents the tangential derivatives. We commute 920'~*~" and L,
OO Ly = L(0h0" ) + 06" L
~ [E(O" ) 4 (k+ 1) (1 — b — 1)0'7r0°0,;000" 0%
+ (5 + 1)b3,rH" 8, 0;00 10" — (k 4+ 1)bH" 910,05 0" 017,
Here, Lb7 = (k + 1)HY (r0,0;7 + (L + b)9;r9;7) has a similar structure to L} and a review

of the proof of Lemma [3.8 shows that El{ satisfies a similar elliptic bound. So, by induction
and the smallness of d'r, we have

Hé’ﬁa’l‘b 1THHM < Haba/l b— 17~HH2 e S HLlr‘ + €||7|| gavivo + 7| gaiezi-14o-

H2l-2,l-140

Upon using the induction hypothesis on b again,

H&l;ﬂa/l—b—%;HHoﬁ < Hilf

+ EHfHH%Ho + ||7:HH21*2J*1+0 (313)

H2-21-140
For the base case b = 0, we commute &*~' and L,
J L = [0 F + [aﬂ—l, zl]f

= L9+ (k4 1) = YHYIO10,0,0" 27

By another application of Lemma [3.8] we have the base case b = 0. Set a = [ in (B.I1]), we
have

+ €||7|| garite + 17| grai—zi-140-

e 12t I—
We soak the term €||7| ;2140 to the LHS, which finishes the proof. O
Adding the identity to the operators, we have the following estimates

Corollary 3.13. Let (r,u, ) be a sufficiently smooth solution to (LIQ0) satisfying the physical
vacuum boundary condition (L9). For 7 sufficiently smooth, we have

17l e -y = H(il + I)F

1 3
H2l-2 5= +1-3

For a sufficiently smooth u orthogonal to u, we have

lll iy, S || (22 + Lo+ 1) 4

1 -
2215

This corollary implies that Li+1 and Lo+ L3+ I are injective mapping from H 25 t=3 to
H2-25:+1=3 and mapping from H? 2« to H%=22: -1 Since injective self-adjoint operators
have dense ranges, Lemma[3.5 and Lemmal3.6limply Li+1 and Lo+ Ls+ I are isomorphisms.
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3.4. Local Wellposedness of the Linearized Equations. Here we establish the local
well-posedness of the linearized equation. The idea of the proof is similar to the proof of
Proposition 5.6 in [48].

Theorem 3.14. Let (r,u, m) be a sufficiently smooth solution to (LIQ) satisfying the physical
vacuum boundary condition (L9) such that

sup ||(r, u, 7)[[warrooq,) < K, (3.14)
te[0,7

where K > 0 is a constant and [ is an integer. There exists T = T(K) > 0 such that for any
(f,g,h) € LY([0,T),%?), there exist unique solutions (7,4, 7) to the Cauchy problem (Z.1)),
satisfying the following estimate,

(7, @, 7) || g < G () (H(foaﬁoﬁo)nyﬂl +/0 1Cf5 g h)ll dS) vt € (0,77, (3.15)

where € (K) > 0 is a constant continuously dependent on K.

Proof. We will construct the solution by using a duality argument. We first consider the
zero initial data case, i.e., (7o, Ug, 7o) = (0,0,0). Define the set of all test functions as

¢ ¢
d:=q ]| €C(2r)||¢] li=r=0
X X

Let & denote the linear operator as in (2.I1). We consider the weak formulation of the
Cauchy problem, i.e., we say (7, 4, 7) solves the Cauchy problem if

T r v aof3 (%
/ / | - £ dxdt = / / ,@+1T'€a'1G Ja w d;(;dt’
o Jou \ x o Q| 26+1)2 1 af (r+1) Y%
o T T X
where
¢ N
Y Y| =00+ Vs + XX,
X X

and &Z* is the adjoint operator of &. It can be checked that Z* has a similar structure to
<. We consider the adjoint problem

é e\ (¢
(o) =(¥]. [¢]©=0
X X X

A similar method as in the proof of the basic energy estimate (2.9) gives us

S

¢
¥ S ¢(K)
X Ly L=
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Define a map Jy : £(A) — R by

¢ ¢
Jo | < ¥ / / “alGaﬁga ¢ | dadt.
% e (2n+1 )21 af (r+1) %
X "l TH(etDr h X
We show that Jy is bounded by the following,
¢ f ¢
Jo | Z" ¥ SEK)||y (0
X h proell \X/ |l poogr
! ¢
SEE)|| 9 Z5 Y
h Ligxr X Ligr

By Hahn-Banach theorem, we can extend Jy to J € (L} (#*))". By Riesz representation
theorem, there exists a unique (7,4, 7) € L>®(#) to represent J, which gives us a weak
solution. We will prove the high-order case by induction. First, we prove the case where [ =1,
i.e., we establish a solution (7, @, 7) € L>([0,T], #?) given a source (f, g,h) € L*([0,T], #?)
satisfying the estimate

17, @, )| o grr < G DN 95 1) | 12

where (r,u, ) satisfies

sup || (7, w, 7)|[ws. o < K.
te[0,T

Let us first argue formally. We apply Ly, Ly + Ly and L; to the first, second and third
equation of the linearized system (2.I). Commuting with L'(r, u, 7), we get

Lyi Lif+f
L/(Tu u, 7T) (L2 + L3) a == (L2 + L3> g + q 9
L7 Lih+ %
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following

A

_— A A .
£ = |Dy, Ll} T+ Kkrai0, |:(L2 + L3) &} — Ly (kra,0,a")
U

g = —Du <E2 + E:s)]ﬂ
1 . . 1 )
+ (1 + —> (LQA.H'aH, (L17'> — (LQ + Lg) |:<1 + —> (LQA.'LLaHT:|
K K

+ <2 + %) raz A%, (ﬁﬁr) - (£2 + £3> Kz + %) ”r'agA'“aﬂfr] 516)
+ VoLyi — (ﬁz + Eg) (VaF)
W), [(Lot L) ] — (Lot Ls) (W), )
+ 25 (1i7) = (Lo + Ly ) (Z7),
A= D L] 7+ raid, | (Lo + Ls) @ — Ly (rasd, )

A

LA (VR)F - (Wa)a [@2 Ty

N—

a]a Ly (Wa)a@®) — L0 ZsF.
and satisfying
117, @ 7| o p -3 S CUE(F 0,72,
7, 7| yo.p S CE(F @ )| 52, (3.17)
127, @, 7| o, S G U, 6, 7 72
It might appear that above inequality is not true because of the red terms in (3.16]). However,

we remark here that these red terms cancel with each other at the top order and reduce to
terms that can be controlled. Formally, by the basic energy estimate ([2.9)), we will have

Ly Ly : Lyf /
(Lg + Lg) alll < <L2 + L3> fio +/ <L2 + L3> gl +em) | g ||| a
. . 0 !
L17T 7 L17T0 7 Llh % 7
Luf
S <£2 + f/3> g
Ly o
t . Ll]f t Y4
+E(K) / <L2 +L3> g |l at+ / g |l at
’ Lih o C N2 5
To e\ [ f el [T
<la]l| +ewu / g |l dt+ / all at
7o) ||,z o \\n ). o |I\7) |,
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By the elliptic estimates ([3.10), we have

’l:() t f t T
Gl | (a0 )|+ | [ o) e [|{a]] @
70) || o2 0 h || 0 T) || o2
By the standard gronwall’s inequality, we have
To |l [ f
G @ 6 | 3] |+ [ (o) )
o 72 0 h 72
In the same manner, we can prove the high-order case,
To | [ f
G @ s 6 | a0 )| 4 [ (o] e (3.18)
7T0 x2 0 h’ w2l

To make the argument more rigorous, we define

,,:0
i’ | € L)

u
7~T0

by solving the Cauchy problem (2]) with the source term replaced by

L
(L2 + Ls)g
Lih
Then, we have
70 L
| S| | (Lt Loy
T Lo Lqh. s
f
SEE)| |9
") Ly

Next, for each i, we define
/’:.
u' | € Li®(x)
T
by solving the Cauchy problem (2.1]) with zero data with the source term replaced by

/[[A/—lw' 1 (iz_l_ﬁg) ~i—1 L 1~ i 1]

u
Q[Iq 1~i—1 (L2 + L3) uz 1 L 1~ z 1]
ﬁ/[Lll ~i—1 (L2 +L3) uz 1 L 1~ z 1]
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By the commutator estimate (3.I7) and the basic energy estimate (2.9), we have

7

f[il—lfi—l’ (jlz + is)—1~i—1’£1—17':‘.i—1]

r U
1}2 S C(K) Q[éflﬁ_lj (éz + és)_lﬂ%_a éflﬁ%_l]
T | e o ALY (Lo + La) 7t L w ) g,
5 (Lg -+ Lg)_lﬂi_l
Ll—l,ﬁ.z—l L%%Q
7’;1’—1
< ai—l
~ 7?.i—l
Ligw
7’;1’—1
<EK)T|| | at
~i—1
g L
(7
S-S (EE)D)T || g
h Ligr?
If T is chosen small enough, define
r o [T
il =) (@
T i—0 \ 7'
and it satisfies
r f
@ <E(K)| [ g
) MLeear h Ligr?
By continuity, we have
r o0 7
L'(ryu,m) |u]| = ZIL'(T,U,W) a’
7 i=0 7t
) Elji - /[l;l—lfi—I’ ([:/2 + [:/3)—1u2 1’[:/1—1#—1]
= | (La+ La)g | + D | @lLi'# Y (Lo + L)@ L7 Y | - (3.19)
Luh. =t \A[Ly 7 (Lo + Ly)~'a ™, Ly tat )
CLif AILT'F (Lo + Ls)~'a, Ly 4]
= | (L2 + La)g | + | ¢[Ly'7, (Lo + Ly) "4, Ly ' 7]
Lih. ALY, (Ly + Ls)~'a, Ly 7]
Now, let
(7,6, 7%) == (L7, (Lo + Ls) Y, LT %) € L%?



Then, we have

L Lf o\ (AR
L'(r,u, ) | (Lo + Ly)u | = (L2jL Ly)g | + | 27 4,7 |,
Ly Lih. A, 0, 7]
Ly
commuting the operators | L, 4+ Ly | and L/(r,u, 7), we have
Ly
L P f
Lo+ Ly L'(ru,m) a] — g =0.
Ly fr h

By the invertibility of L; and L, + Ls, we know that (7,0, 7) solves the Cauchy problem and
we have the estimate,

f
H(f’aﬂaﬁ)HLgoyﬂ SEE)|| 9

Lige?
To establish the result for general [, we assume the existence of the solution

(7,1, 7) € LaH>

to the Cauchy problem (7)) satisfying the estimate

r f
i SEE)|| 9
ﬁ- LtOO%ﬂ h L%%m

given the source terms
(f.9.h) € L™
and then show that [ 4+ 1 case holds. If given
(f,9.h) € Li*+*

The inductive assumption and the same argument for the case [ = 1 give us a solution
(7,1, 7) € L to (B19) satisfying the estimate,

SEE)| |9
L?o%m h’ L%%2l+2
As in the case [ = 2, with the high-order elliptic estimates Lemma [3.10] we define
(7,4, 7%) == (LT, (Ly + L3) "', Ly7t) € L2 +2,

(7,0, ) solves the Cauchy problem with the following estimates by the ellipitc bounds Lemma

M2 X

3.10]
o f
(7, @, 7T)||L§°y/2l+2 SEEK)| |9
h

L%%2l+2
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Now, if (7,a,7) € L>®([0,T],#?) is the solution when given a source (f,g,h) € C=(Dr).
By solving time derivatives in terms of spatial derivatives and omitting the lower-order terms
as in 3.3 we have

OF ~ OF + f +rg+1h

Ou~ou+f+g+rh (3.20)

omr~on+rf+rg+h.
Then, by the embedding theorem (2.3]), we have

O,(7, 11, ) € L2

Consequently, (7,4, 7) € C([0,T],#*). Since here [ can be arbitrary, re-using the equation
(320), we can improve the regularity of the solution,

(7,a,7) € C(Dr)

By a density argument, we can obtain (7,a,7) € C([0,T], #%) for (f,g,h) € LIF?. Now
we consider the non-zero initial data case. If the initial data (7o, g, 7o) € #, we consider
the system for 7 := 7 — 7y, 4 := @ — Ug and 7T := T — 7o, where (7, @, 7) solves the system
(270). The system for (7, a,7) is the system (2]) with zero initial data, where the source
terms (f,g,h) are replaced by (f, g, h) minus some derivatives of (7, g, 7p). For now, we
assume (f,g,h), (7o, Ug, 7o) € C°(Dr). Then, we have solutions (7, u,7) € C°(Dr) and
(7,4, ) solve the system (2.1]) with nonzero initial data (7o, @, 7o), so (7, @, 7) satisfies the
high-order estimate (B.I8]). The proof finishes with another density argument. O
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