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Abstract. For any 4D split-signature conformal structure, there is an induced twistor distribution
on the 5D space of all self-dual totally null 2-planes, which is (2, 3, 5) when the conformal structure
is not anti-self-dual. Several examples where the twistor distribution achieves maximal symmetry
(the split-real form of the exceptional simple Lie algebra of type G2) were previously known, and
these include fascinating examples arising from the rolling of surfaces without twisting or slipping.
Relaxing the rolling assumption, we establish a complete local classification result among those
homogeneous 4D split-conformal structures for which the symmetry algebra induces a multiply-
transitive action on the 5D space. Furthermore, we discuss geometric properties of these conformal
structures such as their curvature, holonomy, and existence of Einstein representatives.
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1. Introduction

One of the unexpected appearances of the split-real form g of the exceptional simple Lie algebra
of type G2 is the following. Consider a ball with radius r rolling on another ball with radius R
without slipping or twisting. Then the configuration space is a 5-manifold N , and a curve represents
‘rolling without slipping or twisting’ if and only if it is everywhere tangent to a certain rank two
distribution D = Dr:R ⊂ TN – the rolling distribution of the two balls. Provided that r ̸= R, D is
a (2, 3, 5)-distribution, i.e. [D,D] has constant rank 3 and [D, [D,D]] = TN . The distribution D
always has a natural so(3)× so(3)-symmetry, but it turns out that the Lie algebra of (infinitesimal)
symmetries of D is isomorphic to g = Lie(G2) if and only if the ratio of the radii of the two balls is
1 : 3 or 3 : 1, see [1, 2, 5, 8, 25, 27].

In [2], the authors asked whether there are other pairs of surfaces whose rolling distribution has
symmetry g = Lie(G2). In the course of their investigations, they identified the rolling distribution
as a special case of the following more general construction. Consider a 4-manifold M4 equipped
with an oriented split-signature conformal structure [g]. It has two families of totally null 2-planes:
self-dual (SD) and anti-self-dual (ASD) ones. In particular, one can form the circle bundle

(1.1) S1 ↪→ T+ π−→M4

of all SD totally null 2-planes. The total space N5 = T+ is 5-dimensional and carries a natural
rank two distribution D, called the twistor distribution, see Section 2.2 for the definition.1 It
is (2, 3, 5) on open subsets in T+ provided the SD part W+ of the Weyl tensor of [g] is non-
vanishing. Moreover, given two Riemannian surfaces (Σ1, g1) and (Σ2, g2), the twistor distribution
of the conformal manifold (Σ1×Σ2, [g1−g2]) can be naturally identified with the rolling distribution
of the two surfaces.

This leads to the more general question [2]: For which 4D split-conformal structures does the
twistor distribution have (infinitesimal) G2-symmetry? Several of such structures are already
known. One example is represented by Brinkmann’s Ricci-flat pp-wave metric g = dxdu + dydv +
x2dv2 originating in [10], for which [g] is submaximally symmetric and has 9-dimensional symmetry
[14, 19]. (In 4D, the maximum conformal symmetry dimension is 15.) Two more examples come
from the sl(3,R)-invariant dancing metric and its su(1, 2)-invariant analogue [14, 9, 20].
The aforementioned rolling distribution of two balls with ratio of radii 1 : 3 comes from a con-

formal structure with 6-dimensional symmetry. Beyond this rolling example, three more conformal
structures of this sort where found in [2]. They correspond to surfaces of revolution (Σ1, g1) rolling
on the flat plane (Σ2 = R2, g2 = dx2 + dy2). Their conformal structures [g] are represented by
g = g1 − g2, with

g1 = (ρ2 + ϵ)2dρ2 + ρ2dφ2, ϵ ∈ {0,±1},(1.2)

and their twistor/rolling distributions have G2-symmetry. Concerning conformal symmetries of
[g], it admits the symmetries ∂φ, ∂x, ∂y,−y∂x + x∂y. When ϵ = ±1, this is the entire conformal
symmetry algebra of [g], and the conformal structure is non-homogeneous. When ϵ = 0, these

1There is an analogous twistor distribution on the ASD side, but the majority of our article uses the SD construc-
tion, so we have chosen to not emphasize this via augmented notation, e.g. (ℓ+,D+). Generally, SD will be implicit,
but we will emphasize when we consider the ASD construction instead.
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symmetries are augmented by the scaling symmetry ρ∂ρ + 2φ∂ϕ + 3x∂x + 3y∂y, making the ϵ = 0
structure homogeneous.

In our present article, we begin a systematic classification programme of G2-symmetric twistor
distributions. We concentrate on the conformally homogeneous setting.

In order to formulate our main result, let us make the following key observations: First, the
vertical bundle ℓ = ker(π∗) of (1.1) is distinguished. This leads us to consider on T+ the enhanced
structure (ℓ,D), which we call the twistor XXO-structure of [g]. (The “XXO” name comes from
the marked Dynkin diagram encoding of the geometry.) Diagrammatically, we have the following:

twistor XXO-structure
(N5 = T+; ℓ,D)

(2, 3, 5)-distribution
(U5;D)

(oriented) split-conformal
structure (M4; [g])

← →[D,D]̸=D on U⊂N5

←→ π

Moreover, infinitesimal conformal symmetries, i.e. conformal Killing fields of (M4, [g]), lift to to
symmetries of the twistor XXO-structure, i.e. to vector fields on N5 that via the Lie derivative pre-
serve the pair of distributions (ℓ,D). Indeed the lift defines an isomorphism between the symmetry
algebra of the conformal structure and that of the twistor XXO-structure.

From now on, we will restrict to conformal structures with multiply-transitive twistor XXO-
structures, i.e. we assume that the symmetry algebra f of the XXO-structure acts transitively with
isotropy algebra f0 (at a generic point) having dim(f0) ≥ 1. Thus, we are focusing on homogeneous
structures with dim(f) ≥ 6. (In particular, the examples (1.2) lie outside the scope of our present
investigations.) Our main result is:

Theorem 1.1. The complete local classification of 4D split-conformal structures with multiply-
transitive twistor XXO-structure and G2-symmetric twistor distribution is given in Table 1.

Label Representative metric g Petrov type
Conformal

symmetry algebra

M9 dxdu+ dydv + x2dv2 N.O p1
M8.1 2

(v+ux−y)2
(udvdx− dvdy − (v − y)dudx− xdudy) D+.O sl(3,R)

M8.2
1

(2u+x2+y2)2
(du2 + dv2 − 2ydvdx+ 2xdvdy

+2xdudx+ 2ydudy − 2udx2 − 2udy2)
D−.O su(1, 2)

M7a
(a2 ∈ R×)

M7±0

9(2ϵr2 + 4rx+ y2 − 1)du2 + 12ϵ(ry + 2x)dudv

− 12ϵdudx+ (12r2 − 6y − 10ϵ)dv2 + 6dvdy,

where r = |a| ≥ 0, ϵ =

{
sgn(a2), a ̸= 0;

±1, a = 0

N.O : a2 = 4
3

N.N : otherwise
R2 ⋉ heis5

M6S.1
M6S.2
M6S.3

dx2 + ϵdy2

(1 + κ(x2 + ϵy2))2
− du2 + ϵdv2

(1 + 9κ(u2 + ϵv2))2
,

where
M6S.1 M6S.2 M6S.3

(κ, ϵ) (1,−1) (−1, 1) (1, 1)

D+.D+

D−.D−

D−.D−

sl(2,R)× sl(2,R)
sl(2,R)× sl(2,R)
so(3)× so(3)

M6N dydu+ dxdv + 2e2vdxdy − 2e2vudy2 − udydv III.O aff(2)

Table 1. All 4D split-conformal structures (M4; [g]) with multiply-transitive twistor
XXO-structure (N5; ℓ,D) and G2-symmetric twistor distribution (N5;D)
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Equally important in our story are the techniques used to derive our main result above, and
alternative manners of presenting it. For any homogeneous structure, we emphasize three equivalent
ways of presenting it: (i) in local coordinates, (ii) Lie-theoretic, and (iii) Cartan-theoretic. The
Petrov types listed above concern the root types of the SD part W+ and ASD part W− of the
Weyl tensor, viewed as a binary quartic in spinorial language. We circumvent working directly with
spinorial Weyl tensor coefficients, and instead demonstrate how these Petrov types are efficiently
obtained via (SD & ASD) twistor XXO-structures starting from each of the presentations (i)–(iii)
above.

The Cartan-theoretic presentation is the most abstract, but has the advantage of giving us a clear
understanding of the curvature of these geometries, and an easy way to compute their (conformal)
holonomy (Table 15). In turn, this allows us to efficiently algebraically assess which of the conformal
structures [g] admit Einstein representatives on an open subset (Theorem 5.9).

2. Geometric structures

2.1. (2, 3, 5)-distributions. The study of (2, 3, 5)-distributions has a long history, originating in

the seminal 1910 work of Élie Cartan [13].

Definition 2.1. A (2, 3, 5)-distribution D on a 5-manifold N is a rank 2 subbundle D ⊂ TN such
that [D,D] is a rank 3 subbundle of TN and [D, [D,D]] = TN .

Any (2, 3, 5)-distribution can be locally specified in terms of a function F = F (x, y, z, p, q) satis-
fying Fqq ̸= 0. Namely, there exist local coordinates (x, y, p, q, z) such that the distribution is the
common kernel of the 1-forms

(2.1) dy − pdx, dp− qdx, dz − Fdx,
or equivalently, it is spanned by the vector fields ∂q and ∂x+p∂y+q∂p+F∂z. Infinitesimal symmetries
of D are vector fields X ∈ Γ(TN) such that LXY = [X, Y ] ∈ Γ(D) for all Y ∈ Γ(D). A local model
of the maximally symmetric (2, 3, 5)-distribution whose Lie algebra of infinitesimal symmetries is
the split-real form of the 14-dimensional exceptional simple Lie algebra of type G2 can, for example,
be obtained by choosing F = q2 in (2.1).

2.2. Geometry on the circle twistor bundle. In [2], the construction of (2, 3, 5)-distributions
from rolling surfaces was interpreted as a special case of a construction familiar from twistor theory.

Let (M, [g]) be a smooth, oriented, conformal 4-manifold of signature (2, 2). Locally, one can
always find a null coframe such that the metric g and volume form volg are expressed as

g = gijθ
iθj = 2(θ1θ2 + θ3θ4), volg = θ1 ∧ θ2 ∧ θ3 ∧ θ4,(2.2)

where θiθj := 1
2
(θi⊗ θj + θj ⊗ θi). Then the Hodge-star operator ⋆ : Λ2T ∗M → Λ2T ∗M , defined via

the relation α ∧ ∗β = g(α, β)volg, satisfies

(2.3)
⋆ θ1 ∧ θ2 = −θ3 ∧ θ4, ⋆θ1 ∧ θ3 = −θ1 ∧ θ3, ⋆θ1 ∧ θ4 = θ1 ∧ θ4,
⋆ θ3 ∧ θ4 = −θ1 ∧ θ2, ⋆θ2 ∧ θ4 = −θ2 ∧ θ4, ⋆θ2 ∧ θ3 = θ2 ∧ θ3.

Let Πx ⊂ TxM be a totally null 2-plane and suppose that ϕ and ψ span its annihilator. Then Π is
self-dual (SD) (respectively, anti-self-dual (ASD)) if and only if ϕ∧ψ is an eigenvector of the Hodge
star operator with eigenvalue +1 (respectively, −1).

The set of all totally null 2-planes in TxM is a disjoint union of the SD and ASD ones, denoted
T+(TxM) and T−(TxM) respectively, each of which is diffeomorphic to S1. Let us focus on SD
family. (Considerations for the ASD family are similar.) One can form the circle twistor bundle

S1 ↪→ T+ :=
⊔
x∈M

T+(TxM)
π−→M,(2.4)
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where π is the natural projection (x,Π) 7→ x. The total space T+ is naturally equipped with the
following geometric structures:

• A rank one vertical bundle ℓ = ker(π∗) ⊂ TT+.
• A canonical rank three distribution H ⊂ TT+: A point p = (x,Π) ∈ T+ corresponds to
a SD totally null 2-plane Π ⊂ TxM and we define Hp := {X ∈ TpT+ | π∗X ∈ Π}. This
distribution is maximally non-integrable, i.e. [H,H] = TT+.
• Maximal non-integrability means that the map Λ2H → TT+/H (induced by the Lie bracket)
is surjective, so has a 1-dimensional kernel. The kernel is spanned by decomposable elements
and thus defines a rank two distribution D uniquely characterized by the properties

D ⊂ H, and [D,D] ⊂ H.(2.5)

Definition 2.2. The canonical rank two distribution D on T+ is called the (SD) twistor distribution.
The structure (ℓ,D) is called the (SD) twistor XXO-structure. We have H = ℓ⊕D.

A vector field X on T+ such that LXΓ(D) ⊂ Γ(D) and LXΓ(ℓ) ⊂ Γ(ℓ) is called an infinitesimal
symmetry of the XXO-structure. Conformal symmetries of [g] naturally lift from M to T+. Indeed,
the lift defines an isomorphism between the symmetry algebras of the conformal structure (M, [g])
and that of the XXO-geometry on T+. This follows most easily from the Cartan geometric descrip-
tion of the construction discussed in Section 3.4. The dimension of the symmetry algebra of the
twistor distribution D alone is in general larger than that of the conformal structure.

To obtain the twistor distribution D explicitly, let (θ1, θ2, θ3, θ4) be a positively oriented null
(local) coframing on M as in (2.2) and let (e1, e2, e3, e4) be the dual (local) framing. The set of all
SD totally null 2-planes at a point2 can be parametrized as follows

Π(s, t) = ⟨se1 + te3, se4 − te2⟩ = ker(sθ2 + tθ4, sθ3 − tθ1), [s : t] ∈ RP1 ∼= S1.(2.6)

Let us work in a local trivialization T+|U := π−1(U)→ U ×RP1. Restrict to the open subset where
s ̸= 0 and introduce an affine (fibre) coordinate ξ = t

s
.

Then H = ker(ω1, ω2), with

(2.7) ω1 = θ2 + ξθ4, ω2 = θ3 − ξθ1,
where we have omitted pullbacks to simplify notation. Moreover, D = ker(ω1, ω2, ω3), where ω3 is
chosen such that [D,D] ⊆ H. Equivalently, this means that

(2.8) dω1 ∧ ω1 ∧ ω2 ∧ ω3 = 0, dω2 ∧ ω1 ∧ ω2 ∧ ω3 = 0.

At p = (x,Π) ∈ T+, Dp can alternatively be obtained as the horizontal lift of Π ⊂ TxM with
respect to a metric in [g] (and the result is independent of the choice of metric) [2]. Let Γi

j be the
Levi-Civita connection 1-forms for (2.2) determined by the structure equations

dθi + Γi
j ∧ θj = 0, Γij + Γji = 0,(2.9)

where Γij = gikΓ
k
j, and Γi

jk are the connection coefficients defined via Γi
j = Γi

jkθ
k. Then D =

ker(ω1, ω2, ω3), for ω1, ω2 as in (2.7), and

(2.10) ω3 = dξ − Γ2
4 + ξ(Γ3

3 + Γ2
2)− ξ2Γ1

3.

Adding ω4 = θ1 and ω5 = θ4 completes these to a coframing. Then a direct computation shows:

Lemma 2.3. We have

(2.11) dω3 ∧ ω1 ∧ ω2 ∧ ω3 = (Ψ0 + 4Ψ1ξ + 6Ψ2ξ
2 − 4Ψ3ξ

3 +Ψ4ξ
4)ω1 ∧ ω2 ∧ ω3 ∧ ω4 ∧ ω5,

where the scalars Ψ0,Ψ1,Ψ2,Ψ3,Ψ4 are the components of the SD Weyl tensor W+ in the notation
from [17, p. 330].

2We note that the ASD totally null 2-planes are given by ⟨se1 + te4, se3 − te2⟩.
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It follows that D is integrable if and only ifW+ ≡ 0, i.e. [g] is ASD. Assuming thatW+ ≡ 0, one
can pass to the local leaf space for the integrable distribution D, which leads to the split-signature
version of Penrose’s twistor construction [21], [23, Sec.7.3 & 7.4]. In [2], the opposite case was
considered, i.e. when W+ is non-vanishing. It is shown that:

Proposition 2.1. Let D be the twistor distribution on the total space T+ of the bundle of SD totally
null 2-planes. Then D is a (2, 3, 5)-distribution on the open set of points in T+ where

W+(ξ) := Ψ0 + 4Ψ1ξ + 6Ψ2ξ
2 − 4Ψ3ξ

3 +Ψ4ξ
4 ̸= 0.

2.2.1. An Example. Let us illustrate the construction from Section 2.2 on a special class of metrics
that contains conformally inequivalent examples having G2-symmetric twistor distribution. Let

g = dxdu+ dydv −Θxxdv
2 −Θyydu

2 + 2Θxydudv(2.12)

be the general Ricci-flat, SD, split-signature metric, where the function Θ = Θ(x, y, u, v) satisfies
Plebański’s second heavenly equation [24]:

Θux +Θvy +ΘxxΘyy −Θ2
xy = 0.(2.13)

In [2], the special case Θ = Θ(x) was considered with Θ(4) = Θxxxx ̸= 0. They showed that the
associated twistor distribution D has G2-symmetry if and only if Θ satisfies the ODE

10(Θ(4))3Θ(8) − 70(Θ(4))2Θ(5)Θ(7) − 49(Θ(4))2(Θ(6))2 + 280Θ(4)(Θ(5))2Θ(6) − 175(Θ(5))4 = 0.(2.14)

This is equivalent to Θ′ being a solution to the 7th order ODE studied by Dunajski–Sokolov [15].
As a particular example, consider the metric of the form g = 2(θ1θ2 + θ3θ4), where

θ1 = dx, θ2 = du, θ3 = dy − lxl−1dv, θ4 = dv.(2.15)

On the open subset with coordinates by (x, y, u, v, ξ), we have D = ker(ω1, ω2, ω3), where

ω1 = du+ ξdv, ω2 = −ξdx+ dy − lxl−1dv, ω3 = dξ + (1− l)lxl−2dv.(2.16)

(In [2], a transformation is provided that brings (2.16) to the Monge form (2.1).) From (2.11),

W+(ξ) = l(l − 1)(l − 2)xl−3.(2.17)

Thus, W+ ≡ 0 when l ∈ {0, 1, 2} (cases with Θ(4) = 0), in which case g is conformally flat and both
SD and ASD twistor distributions are integrable. Otherwise, W+ is of type N (with quadruple root
at ξ =∞) and D is (2, 3, 5). From (2.14), D is G2-symmetric if l ∈ {−1, 1

2
, 3
2
, 3}.

For any l, the symmetry algebra of [g] includes the 7-dimensional subalgebra

(2.18)
∂y, ∂u, ∂v, x∂y − v∂u, −2xl∂y + y∂u − x∂v,
x∂x + (l − 1)y∂y + (l − 2)u∂u, y∂y + 2u∂u + v∂v.

If l ∈ {1
2
, 3
2
}, this is the entire symmetry algebra. When l ∈ {−1, 3}, it is augmented by two

additional generators, e.g. when l = 3, we also have

∂x + 6xv∂y − 3v2∂u, −v∂x + (u− 3xv2)∂y + v3∂u.(2.19)

Thus, there are conformally-inequivalent cases here. Referring to Theorem 1.1, we have:

• M9: l = −1 and l = 3 (which are conformally equivalent);
• M7a for a

2 = 4
3
: l = 1

2
and l = 3

2
(which are conformally equivalent).
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2.3. XXO structures. Motivated by the structure on the total space of the twistor bundle over a
split-signature conformal structure, let us now introduce the general notion of an XXO-structure.

Definition 2.4. An XXO-structure (ℓ,D) on a 5-dimensional smooth manifold N consists of a rank
2 subbundle D ⊂ TN and a line subbundle ℓ ⊂ TN such that

(1) ℓ ∩ D = 0,
(2) [Γ(D),Γ(D)] ⊂ Γ(H), where H := ℓ⊕D,
(3) the Lie bracket induces an isomorphism ℓ⊗D ∼= TN/H.

The XXO-structure (ℓ,D) is integrable if D is (Frobenius) integrable. Otherwise, it is non-integrable.

Remark 2.5. We note that for a general XXO-structure (ℓ,D), the derived distribution [D,D] may
not have constant rank.

If (ℓ,D) is an integrable XXO-structure, then it is locally equivalent to a pair of 2nd order ODE.
(This follows by combining Proposition 1.5 and Theorem 1.6 of [26].)

Example 2.6. The geometry (up to point-equivalence) of a pair of 2nd order ODE,

ẍ = F (t, x, y, ẋ, ẏ), ÿ = G(t, x, y, ẋ, ẏ),(2.20)

is encoded by an integrable XXO-structure as follows. Consider the 1st jet space N = J1(R,R2),
which has dimension 5, and standard local coordinates (t, x, y, p, q) for which the canonical Cartan
distribution is C = ker⟨dx− pdt, dy − qdt⟩ = ⟨∂t + p∂x + q∂y, ∂p, ∂q⟩ ⊂ TN . Define a splitting of C
into rank 1 and rank 2 subdistributions

ℓ = ⟨∂t + p∂x + q∂y + F∂p +G∂q⟩, D = ⟨∂p, ∂q⟩,(2.21)

where F and G are functions of (t, x, y, p, q). Then (ℓ,D) is an integrable XXO-structure on N .

Augmenting a (2, 3, 5)-distribution with additional structure yields non-integrable XXO-structures:

Example 2.7. Consider the G2-symmetric (2, 3, 5)-distribution

D =
〈
Dx := ∂x + p∂y + q∂p +

1
2
q2∂z, ∂q

〉
(2.22)

corresponding to F = 1
2
q2 in (2.1). Then [D,D]/D is represented by ∂p + q∂z and we can define a

non-integrable XXO-structure (ℓ,D) via any choice of line field

ℓ = ⟨∂p + q∂z + ADx +B∂q⟩ ,(2.23)

for functions A,B of (x, y, p, q, z).

In each of these examples, the distribution D is the same, but different choices of line fields ℓ
may lead to inequivalent XXO-structures.

3. Cartan geometric picture

Many features of the construction in Section 2.2 are best understood if one rephrases the con-
struction in terms of the associated (parabolic) Cartan geometries.

3.1. Parabolic geometries. Let G/P be a homogeneous space with corresponding Lie algebras
p ⊂ g. A Cartan geometry (G → M,ω) of type (g, P ) is given by a right principal P -bundle
p : G →M together with a Cartan connection ω ∈ Ω1(G, g). This satisfies:

(i) ω defines an isomorphism ωu : TuG → g for any u ∈ G;
(ii) ω is P -equivariant, i.e. r∗gω = Adg−1 ◦ ω for any g ∈ P ;
(iii) ω maps fundamental vector fields to their generators, i.e. ω(ζX) = X for any X ∈ p.



8 PAWEL NUROWSKI, KATJA SAGERSCHNIG, AND DENNIS THE

In particular, the Cartan connection ω provides an identification G ×P g/p ∼= TM . A morphism
between Cartan geometries (G →M,ω) and (G ′ →M ′, ω′) is a principal bundle morphism Φ : G →
G ′ such that Φ∗ω′ = ω.

The curvature of ω is the 2-form K ∈ Ω2(G, g) defined as

K(X, Y ) = dω(X, Y ) + [ω(X), ω(Y )] for X, Y ∈ Γ(TG).(3.1)

It is P -equivariant, horizontal, and can be equivalently encoded by the curvature function

κ : G → Λ2(g/p)∗ ⊗ g, κ(v, w) := K(ω−1(v), ω−1(w)) for v, w ∈ g.(3.2)

The curvature is a complete obstruction to local equivalence of (G →M,ω) with the homogeneous
model (G→ G/P, ωG), where ωG denotes the left-invariant Maurer–Cartan form on G.

A parabolic geometry is a Cartan geometry of type (g, P ), where g is semisimple, p ⊂ g is a
parabolic subalgebra, and P ⊂ Aut(g) is a Lie subgroup with Lie algebra p. Parabolic subalgebras
can be characterized by the property that the orthogonal complement p⊥ of p in g with respect to
the Killing form coincides with the nilradical of p, which will be denoted by p+. It then follows that
p/p+ is reductive and p+ ∼= (g/p)∗ as p-modules. Defining g1 = p+, g

i = [gi−1, p+] for i ≥ 2 and
gj+1 = (g−j)⊥ for j ≤ −1, one obtains a (depth k) filtration

(3.3) g = g−k ⊃ ... ⊃ g0 ⊃ ... ⊃ gk, [gi, gj] ⊆ gi+j,

which is P -invariant with respect to the adjoint action. The filtrand gi is said to be of homogeneity
≥ i. There is a bijective correspondence between conjugacy classes of parabolic subalgebras and
subsets of simple restricted roots, see [12] for details. In particular, parabolic subalgebras can
be depicted by means of marked Satake diagrams. More precisely, a parabolic subalgebra p is
represented by crosses on the nodes of the Satake diagram corresponding to simple roots αi such
that the root space g−αi

is not contained in p.
Given the filtration (3.3), we can form its associated-graded Lie algebra gr(g) =

⊕
i gri(g), where

gri(g) := gi/gi+1, and the bracket is induced. There is always a choice of grading element Z ∈ p
that lifts this grading on gr(g) to a grading on g that is compatible with the filtration:

g = g−k ⊕ ...⊕ g0 ⊕ ...⊕ gk, [gi, gj] ⊆ gi+j, gi = g≥i.(3.4)

Thus, g0 = p and p+ = g≥1. Here, Z ∈ z(g0) (center of g0), and gi is the eigenspace of adZ for the
eigenvalue i ∈ Z, also called its homogeneity (which is compatible with gi having homogeneity ≥ i).
Eigenvalues of Z on any g0-module will also be referred to as homogeneities.

A parabolic geometry is:

• regular if κ is of homogeneity ≥ 1 with respect to this filtration, i.e. κu(g
i, gj) ⊆ gi+j+1 for

any u ∈ G,
• normal if ∂∗ ◦ κ = 0, where ∂∗ is the Lie algebra homology differential in the chain complex
(C•(p+, g), ∂

∗), where Ck(p+, g) := Λkp+ ⊗ g ∼=p Λ
k(g/p)∗ ⊗ g.

The homology spaces Hk(p+, g) = ker(∂∗)/im(∂∗) are completely reducible P -modules (so p+ acts
trivially on them), their g0-module structure can be algorithmically computed using Kostant’s
theorem [18, 12], and this can be explicitly identified with so-called harmonic elements of Λ2g∗−⊗ g.
The projection of the curvature κ of a regular normal parabolic geometry to ker(∂∗)/im(∂∗) =
H2(p+, g) is called the harmonic curvature κH . (By regularity, it is valued in H2(p+, g)

1, i.e. the
positive homogeneity part.) The harmonic curvature is a simpler object than the full curvature,
but it determines the full curvature via a differential operator. In particular, vanishing of κH on an
open neighbourhood implies vanishing of κ there [12, Theorem 3.1.12].
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3.2. Categorical equivalences. There is a fundamental theorem establishing an equivalence of
categories between regular normal parabolic geometries of type (g, P ) and certain underlying geo-
metric structures, see [12, Theorem 3.1.14]. In Table 2, we specify the structure and corresponding
model data (g, p), for which we define P ⊂ Aut(g) as the subgroup preserving the associated
filtration (3.3). For these three cases, the underlying structure corresponds to the P -submodule
g−1/p ⊂ g/p via the associated bundle construction G ×P g/p.

Structure Model data Depth Grading

(2, 3, 5) g = Lie(G2) p = 3

g−3

g−2

g−1

g0
g1
g2
g3

XXO g̃ = sl(4,R) p̃ = 2


0 1 2 2
−1 0 1 1
−2 −1 0 0
−2 −1 0 0


4D split-conformal g̃ = sl(4,R) q̃ = 1


0 0 1 1
0 0 1 1
−1 −1 0 0
−1 −1 0 0


Table 2. Model data for our structures of interest

We remark that the model homogeneous space in the 4D split-conformal case is the Grassmannian
of 2-planes in R4, while in the XXO case it is the flag manifold F1,2(R4) of lines incident on 2-planes.

For parabolic subgroups, we will use notations P, P̃ , Q̃ respective to p, p̃, q̃ defined in Table 2.

Recall that SL(4,R) ∼= Spin(3, 3), and we can take Q̃ ⊂ SL(4,R) as the stabilizer of the 2-plane
⟨e1, e2⟩ ⊂ R4, i.e.

Q̃ ∼=
{(

A C
0 B

)
: A,B ∈ GL(2,R), det(A)det(B) = 1

}
.(3.5)

For this choice of groups Q̃ ⊂ SL(4,R), the general theory implies that there an equivalence of
categories between 4D split-conformal spin structures and regular normal parabolic geometries of

type (sl(4,R), Q̃). In particular, ±id4 act trivially on SL(4,R)/Q̃.
To see the conformal structure on the quotient sl(4,R)/q̃, identify this with the space of 2 × 2

matrices M2R, embedded as the bottom-left 2× 2 block in sl(4,R). The Q̃-action (induced by the
adjoint action) on this space is given by X 7→ BXA−1 (the C-block acts trivially on the quotient).
Now the determinant defines a scalar product of signature (2, 2) on M2R, which is conformally
preserved by the action, since det(BXA−1) = (det(B))2det(X).

3.3. Harmonic curvatures. In Table 3, we summarize harmonic curvatures (and introduce nota-
tion for them).

The component I is given by (x, y) 7→ prℓ([x, y]), where prℓ : H → ℓ is the projection ofH = ℓ⊕D
along ℓ. It is precisely the obstruction to integrability of the rank 2 distribution D.
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Structure H2(p+, g)
1 Dimension Homogeneity Harmonic curvatures

(2, 3, 5)
−8 4

5 4 Cartan quartic: Q

XXO

0 −4 4
5 3 S : D × TN/H → End(D)

−4 1 2
3 2 T : ℓ× TN/H → D

4 −4 0
1 1 I : Λ2D → ℓ

4D split-conformal

0 −4 4
5 2 ASD Weyl: W−

4 −4 0
5 2 SD Weyl: W+

Table 3. Harmonic curvature for our structures of interest

For pairs of 2nd order ODEs, i.e. integrable XXO-structures, the components S and T specialize
to the Fels curvature and Fels torsion respectively [16]. In Appendix A, we give a formula for T for
general XXO-structures – see (A.9).

In Section 5.4, we will need specific information about the harmonic curvature module H2(q̃+, g̃)
in the 4D split-conformal setting that we summarize here. Recall the model data (g̃ = sl(4,R), q̃)
from Section 3.2, which induces a decreasing filtration g̃−1 ⊃ g̃0 = q̃ ⊃ g̃1 = q̃+. As a module for
g̃0 ∼= R × sl(2,R) × sl(2,R), H2(q̃+, g̃) is identified with so-called harmonic elements in Λ2g̃∗− ⊗ g̃.
By Kostant’s theorem [18], this module decomposes into two g̃0-irreps.

Explicitly, let Eij be the 4× 4 matrix with a 1 in the (i, j)-position, and 0 elsewhere. Also define
Hij := Eii − Ejj. The trace form T (A,B) = tr(AB) on g̃ identifies (g̃/q̃)∗ ∼=q̃ q̃+, in particular

(E13, E14, E23, E24)↔ (E∗
31, E

∗
41, E

∗
32, E

∗
42),(3.6)

Kostant’s theorem yields lowest weight vectors ψ0, ϕ0 for the two g̃0-irreps, on which the raising
operators E12 and E34 can be applied – see Table 4. The second column gives the abstract structure
of these modules when viewed as binary quartics for the respective sl(2,R)-actions.

Module Label Harmonic 2-cochain

0 −4 4

1⊠ x4 ψ4 = E∗
41 ∧ E∗

42 ⊗ E34

1⊠ 4x3y ψ3 = (E∗
42 ∧ E∗

31 + E∗
32 ∧ E∗

41)⊗ E34 + E∗
41 ∧ E∗

42 ⊗H43

1⊠ 6x2y2 ψ2 = E∗
42 ∧ E∗

41 ⊗ E43 + E∗
31 ∧ E∗

32 ⊗ E34 + (E∗
42 ∧ E∗

31 + E∗
32 ∧ E∗

41)⊗H43

1⊠ 4xy3 ψ1 = (E∗
31 ∧ E∗

42 + E∗
41 ∧ E∗

32)⊗ E43 + E∗
31 ∧ E∗

32 ⊗H43

1⊠ y4 ψ0 = E∗
32 ∧ E∗

31 ⊗ E43

4 −4 0

x4 ⊠ 1 ϕ4 = E∗
41 ∧ E∗

31 ⊗ E12

4x3y ⊠ 1 ϕ3 = (E∗
42 ∧ E∗

31 + E∗
41 ∧ E∗

32)⊗ E12 + E∗
41 ∧ E∗

31 ⊗H21

6x2y2 ⊠ 1 ϕ2 = E∗
31 ∧ E∗

41 ⊗ E21 + E∗
42 ∧ E∗

32 ⊗ E12 + (E∗
31 ∧ E∗

42 + E∗
32 ∧ E∗

41)⊗H12

4xy3 ⊠ 1 ϕ1 = (E∗
31 ∧ E∗

42 + E∗
32 ∧ E∗

41)⊗ E21 + E∗
32 ∧ E∗

42 ⊗H12

y4 ⊠ 1 ϕ0 = E∗
32 ∧ E∗

42 ⊗ E21

Table 4. Harmonic 2-cochains associated to the SD & ASD Weyl curvature modules

3.4. Twistor XXO-structures as correspondence spaces. The construction of twistor XXO-
structures discussed in Section 2.2 can be described as a Cartan-geometric correspondence space
construction [11]. This has the advantage that it allows us to locally characterize these structures
in terms of a curvature condition.
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Given nested parabolic subgroups P ⊂ Q ⊂ G, the correspondence space construction is a natural
construction that assigns to any parabolic geometry of type (g, Q) a parabolic geometry of type
(g, P ). Starting with (π : G →M,ω) of type (g, Q), one forms the orbit space

CM := G/P = G ×Q (Q/P ).(3.7)

The natural projection G → CM is a P -principal bundle and (G → CM,ω) is a Cartan geometry of
type (g, P ) (referred to as the correspondence space). If Q/P is connected, then this construction
defines an equivalence of categories between Cartan geometries of type (g, Q) and a subcategory
of Cartan geometries of type (g, P ), see [12, Prop. 1.5.13]. If (G → M,ω) is a regular, normal
parabolic geometry, then (G → CM,ω) is automatically normal, but regularity is in general not
preserved.

Given a correspondence space (G → CM,ω), the vertical bundle V CM of CM →M corresponds
to q/p ⊂ g/p and the curvature has the property that κ(X, ·) = 0 for any X ∈ q/p. It can
be shown that this curvature condition locally characterizes correspondence spaces. For regular,
normal parabolic geometries, there is an even more efficient characterization in terms of harmonic
curvature. Theorems 2.7 and 3.3 in [11] show that a regular, normal parabolic geometry of type
(g, P ) is locally isomorphic to the correspondence space of a normal parabolic geometry of type
(g, Q) if and only if its harmonic curvature has the property that κH(X, ·) = 0 for any X ∈ q.

Here we apply these results to the nested parabolic subgroups P̃ ⊂ Q̃ ⊂ SL(4,R) defined in
Section 3.2. The first observation is the following:

Lemma 3.1. The twistor XXO-structure on the bundle of SD totally null 2-planes over a 4D split-
conformal structure can be naturally identified with the XXO-structure on the correspondence space

CM = G ×Q̃ Q̃/P̃ .

Proof. Let (G → M,ω) be a normal parabolic geometry of type (SL(4,R), Q̃) with associated
oriented split-conformal structure (M, [g]). Recall the identification of sl(4,R)/q̃ with the space of

2 × 2 matrices M2R, embedded as the bottom-left 2 × 2 block in sl(4,R). The Q̃-action on this

space, as discussed in Section 3.2, defines a surjection from Q̃ onto the connected component of
the identity of the group CSO0(2, 2) of linear conformal transformations of sl(4,R)/q̃. This action
preserves the two distinguished sets of SD/ASD totally null 2-planes in sl(4,R)/q̃ and is transitive
on them. It is easy to see that the set of maps in M2R that vanish on the line ⟨e1⟩ through the first
basis vector in the standard representation of sl(4,R) defines such a totally null 2-plane and that

its stabilizer in Q̃ is exactly the subgroup P̃ ⊂ Q̃.

This provides the identification Φ : CM = G ×Q̃ Q̃/P̃
∼= T+(M). Since the normal conformal

geometry (G → M,ω) is torsion-free, the geometry (G → CM,ω) is regular and thus has an
induced XXO-structure. Moreover, via the Cartan connection, TCM ∼= G ×P̃ (g̃/p̃) and the map
π∗ : TCM → TM corresponds to the projection g̃/p̃→ g̃/q̃. Using this, it is straightforward to see
that Φ is indeed an isomorphism of XXO-structures. □

The general results on correspondence spaces then immediately lead to the following:

Proposition 3.1. An XXO-structure is locally isomorphic to the twistor XXO-structure on the
bundle of SD totally null 2-planes over a 4D split-conformal structure if and only if it has vanishing
harmonic curvature component T .

Proof. By Lemma 3.1, the line bundle ℓ of the XXO-structure corresponds to the vertical bundle
V CM of CM → M . From Table 3, we see that the harmonic curvature of an XXO-structure
vanishes upon insertion of any element of ℓ if and only if T ≡ 0. Thus the result is an immediate
consequence of Theorems 2.7 and 3.3 in [11]. □
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Remark 3.2. Having identified the twistor XXO-structure as the underlying structure of a corre-
spondence space, this also allows us to relate the components of the harmonic curvatures κCMH and
κMH (see Table 3) via

κCMH = pr ◦ κMH : G → H2(q̃+, g̃)/((p̃+ ∩ q̃0) ·H2(q̃+, g̃)) ⊂ H2(p̃+, g̃).(3.8)

In this way, we recover the relationship between the Weyl tensor W+ and the harmonic curvature
component I via parabolic geometry machinery, which was obtained by direct computation in
Lemma 2.3. Similarly, W− can be related to S.

3.5. Symmetries and gaps. The (infinitesimal) symmetry algebra of each of the three structures
of interest is formulated naturally via the Lie derivative, e.g. for an XXO-structure (ℓ,D) on a
5-manifold N , a symmetry is a vector field X ∈ X(N) such that LXℓ ⊂ ℓ and LXD ⊂ D. By the
aforementioned equivalence of categories statements, we may equivalently study the symmetry of
the corresponding Cartan geometry.

Given any Cartan geometry (G →M,ω) of type (g, P ), its symmetry algebra is

inf(G, ω) := {ξ ∈ X(G)P : Lξω = 0}.(3.9)

Since ω is in particular a coframing, then dim(inf(G, ω)) ≤ dim(G) = dim(g), with equality realized
on the homogeneous model (G → G/P, ωG). For parabolic geometries, equality is locally uniquely
realized by this model. The submaximal symmetry dimension S is the next realizable symmetry
dimension below dim(g), among all regular normal parabolic geometries of type (g, P ), and often
there is a significant symmetry gap [19].

Cartan [13] showed that S = 7 for (2, 3, 5)-distributions. For 4D split-conformal structures and
XXO-structures, we have S = 9. (See [19, Table 12] for G = A3 and P = P1 or P1,2 respectively.)
In particular, we have the following:

Proposition 3.2. The symmetry algebra of a non-integrable XXO-structure has dimension ≤ 9.

Remark 3.3. Recall that symmetries of [g] lift to symmetries of the twistor distribution D. To-
gether with the fact that the submaximal symmetry dimension of a (2, 3, 5) distribution is 7, this
immediately implies that the twistor distribution D of a conformal structure [g] whose conformal
symmetry algebra is at least 8-dimensional is necessarily G2-symmetric.

4. Abstract classification

4.1. Classification problem for Lie-theoretic models. A locally homogeneous XXO-structure
is completely encoded by a Lie-theoretic model (f, f0; fℓ, fD): namely, its symmetry algebra f and
isotropy subalgebra f0 ⊂ f at a generic basepoint o ∈ N , and f0-invariant subspaces fℓ, fD ⊂ f/f0

corresponding to ℓ,D ⊂ TN at o.
Now assume that D is (2, 3, 5) and has vanishing Cartan tensor Q ≡ 0, so that D has g = Lie(G2)

symmetry. Let (G π→ N,ω) be the parabolic geometry of type (g = Lie(G2), P ) associated to D.
Since Q ≡ 0, then any u ∈ π−1(o) ⊂ G, ωu restricts to a Lie algebra injection f ↪→ g. From
Section 3.2, recall that g admits the (depth 3) (2, 3, 5)-filtration g = g−3 ⊃ ... ⊃ g3 with stabilizer
P ⊂ Aut(g), and so f inherits a filtration of the form

f = f−3 ⊃ f−2 ⊃ f−1 ⊃ f0 ⊃ f1 ⊃ f2 ⊃ f3.(4.1)

The f0 here agrees with that above, being the isotropy subalgebra at o. Moreover,

fD = f−1/f0 ∼= Do, and fℓ ⊕ fD = f−2/f0 ∼= [D,D]o.(4.2)

Henceforth, we will abuse notation and write simply (ℓ,D) in the abstract setting in place of (fℓ, fD).
Define the associated-graded Lie algebra s = gr(f), i.e. si = fi/fi+1. Since the filtration on g

comes from a grading g = g−3 ⊕ ... ⊕ g3, then we can identify s with a graded Lie subalgebra
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of g. Transitivity of f implies gr−(f) = g−, and if we assume that f is multiply-transitive, then
dim(f0) ≥ 1. The condition that the harmonic curvature component T vanish can be understood
as a condition on the data (f, f0; ℓ,D). (See for instance Example A.1 in Appendix A.)

Definition 4.1. We say that the data (f, f0; ℓ,D) is an admissible (Lie-theoretic) model if:

(X.1) f ↪→ g is a filtered Lie subalgebra with g equipped with the (2, 3, 5)-filtration and f equipped
with the induced filtration such that fi = gi ∩ f;

(X.2) gr−(f) = g− and dim(f0) ≥ 1;
(X.3) D = f−1/f0, and ℓ ⊂ f−2/f0 is an f0-invariant line such that ℓ ∩ D = 0;
(X.4) T ≡ 0;
(X.5) it is a maximal element (among the set of those satisfying (X.1)-(X.4)) with respect to the

natural partial ordering.

For (X.5), the partial ordering is given by declaring (f, f0; ℓ,D) ≤ (̃f, f̃0; ℓ̃, D̃) if there is an embed-

ding of filtered Lie algebras f ↪→ f̃ inducing an isomorphism f−2/f0 ∼= f̃−2/̃f0 mapping ℓ to ℓ̃. The
parabolic subgroup P naturally acts on admissible (f, f0; ℓ,D) via the adjoint action, e.g. f 7→ Adpf,
∀p ∈ P , so we view P as the (initial) structure group for our problem:

Classify admissible (f, f0; ℓ,D) up to the P -action.

Here, P will be used to bring f into specific (canonical) forms. In doing so, it will be successively
reduced, so we will refer to these (reduced) subgroups as residual structure groups. We say that
the filtered Lie subalgebra f ⊂ g is a filtered deformation of s = gr(f) ⊂ g. It will be convenient to
use the following notation. Suppose that x ∈ gi\gi+1, so x = xi + xi+1 + ... with xi ̸= 0 and xj ∈ gj
for all j ≥ i. For x, we write gri(x) = xi for its leading part, while the terms of higher homogeneity
xi+1 + ... will be referred to as its tails.

4.2. The simple Lie algebra g = Lie(G2). Let us introduce a convenient basis of g = Lie(G2)
(adapted to the root space decomposition), pictured on the G2 root diagram in Figure 1.

g−3

g−2

g−1

g0
g1
g2
g3

Z1, Z2
e10f10

e01

f01f31

e31

f32

e32

e21

f21

e11

f11

Figure 1. A basis of g = Lie(G2) adapted to the root space decomposition
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The generators Zi, fij, eij in Figure 1 are obtained by differentiation with respect to zi, aij, bij of
the following 7× 7 matrix realization of g, as presented in [25].

2z1 + z2 b10 b11
√
2 b21 b31 b32 0

a10 z1 + z2 b01
√
2 b11 −b21 0 −b32

a11 a01 z1 −
√
2 b10 0 b21 −b31√

2 a21
√
2 a11 −

√
2 a10 0

√
2 b10 −

√
2 b11 −

√
2 b21

a31 −a21 0
√
2 a10 −z1 −b01 −b11

a32 0 a21 −
√
2 a11 −a01 −z1 − z2 −b10

0 −a32 −a31 −
√
2 a21 −a11 −a10 −2z1 − z2


.(4.3)

For i, j ≥ 0, we have root vectors eij (raising operators) and fij (lowering operators) lying in the
root spaces for iα1 + jα2 and −iα1 − jα2 respectively (where α1 and α2 are the simple roots).
The grading element Z1 gives rise to the grading of g indicated in Figure 1. Namely, gi is the
adZ1-eigenspace with eigenvalue i, and [Z1, eij] = ieij while [Z1, fij] = −ifij. The full commutator
table for g is given in Table 5.

[·, ·] Z1 Z2 e01 e10 e11 e21 e31 e32 f01 f10 f11 f21 f31 f32
Z1 · · · e10 e11 2e21 3e31 3e32 · −f10 −f11 −2f21 −3f31 −3f32
Z2 · e01 · e11 e21 e31 2e32 −f01 · −f11 −f21 −f31 −2f32
e01 · −e11 · · e32 · −Z1 + 2Z2 · f10 · · −f31
e10 · 2e21 −3e31 · · · 2Z1 − 3Z2 −3f01 −2f11 f21 ·
e11 · 3e32 · · e10 −3e01 −Z1 + 3Z2 2f10 · −f21
e21 · · · · −2e11 2e10 Z1 −f10 f11
e31 · · · e21 · −e10 Z1 − Z2 f01
e32 · −e31 · −e21 e11 e01 Z2

f01 · f11 · · −f32 ·
f10 · −2f21 3f31 · ·
f11 · −3f32 · ·
f21 · · ·
f31 · ·
f32 ·

Table 5. Bracket relations for g = Lie(G2)

4.3. Isotropy constraints.

Lemma 4.2. Let (f, f0; ℓ,D) be an admissible model. Then f1 = 0, dim(f0) ≤ 4, and dim(f) ≤ 9.

Proof. Let X ∈ f1 ⊆ g1 = ⟨e10, e11, e21, e31, e32⟩, so X1 = gr1(X) = ae10 + be11. Let L ∈ ℓ with
f21 = gr−2(L). But then

gr([X,L]) = [gr1(X), gr−2(L)] = [X1, f21] = −2af11 + 2bf10.(4.4)

We know that ℓ must be invariant under X ∈ f1 ⊆ f0, so this forces a = b = 0, i.e. X ∈ f2. Thus,
s = gr(f) has s1 = 0. Since the Lie bracket induces g0-module isomorphisms g2 × g−1 → g1 and
g3 × g−2 → g1, then from s− = g− (by homogeneity) and s1 = 0, we conclude that s2 = 0 and
s3 = 0. Hence, f1 = 0 and since s0 = gr(f0) ⊆ g0 ∼= gl2, then dim(f0) ≤ 4. □

In Section 4.4, we establish the complete classification of complex admissible (f, f0; ℓ,D), while
Section 4.5 will treat real forms.

4.4. Complex classification.

Theorem 4.3. The complete classification of complex admissible (f, f0; ℓ,D) is given in Table 6.
Moreover, the models M7a and M7b are isomorphic iff b2 = a2.
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Label f0 f−1/f0 f−2/f−1 f−3/f−2

M9
e01

Z1,Z2

f01

X1= f10
X2= f11

L = X3= f21
X4= f31
X5= f32

M8
e01
H
f01

X1= f10 + e32
X2= f11 + e31

L = X3= f21 + e21
X4= f31 + e11
X5= f32 + e10

M7a
Z2

f01

X1= f10 + aZ1 + e10
X2= f11

L = X3= f21
X4= f31
X5= f32

M6S H
X1= f10 + e11
X2= f11 + e10

L = X3= f21 + e21
X4= f31 + e32
X5= f32 + e31

M6N f01
X1= f10 + 2H+ e01 + e32
X2= f11 − H+ e31

X3= f21 + 3H+ e21
L = X3 + 3X2

X4= f31 + 2H− e01 + e11
X5= f32 − H+ e10

Table 6. Complete classification of complex admissible (f, f0; ℓ,D). Here, ℓ =
⟨L⟩mod f0 and D = ⟨X1, X2⟩mod f0. (Notation: H = [e01, f01] = −Z1 + 2Z2.)

4.4.1. Classification strategy. Focus first on s = gr(f). Since s− = g−, it suffices to determine s0 =
gr(f0) ⊆ g0, where g0 ∼= gl2

∼= C⊕ sl2. The isomorphism g0 ∼= gl2 is given by x 7→ adx|g−1 , expressed
as a 2× 2 matrix in the basis {f10, f11}. In particular, this identifies Z1, f01,H, e01 respectively with(

−1 0
0 −1

)
,

(
0 0
1 0

)
,

(
1 0
0 −1

)
,

(
0 1
0 0

)
,(4.5)

where

H := [e01, f01] = −Z1 + 2Z2.(4.6)

The P -action induces an action by G0
∼= GL2 on g0, and up to GL2-conjugacy, the (non-zero)

subalgebras of gl2 are given in Table 7. (Here, ∗ denotes arbitrary values, while λ, λi ∈ C are fixed.)

dim Subalgebras

4 gl2

3 sl2,

〈(
∗ 0
∗ ∗

)〉
2

〈(
∗ 0
0 ∗

)〉
,

〈(
λ1 0
∗ λ2

)〉
1

〈(
λ1 0
0 λ2

)〉
,

〈(
λ 0
1 λ

)〉
Table 7. Classification over C of subalgebras of gl2, up to conjugacy

Almost all such subalgebras contain a semisimple (diagonalizable) element. Given S0 ∈ s0 =
gr0(f

0) (nonzero) semisimple, we use the P -action to normalize the tails of S = S0 + ... ∈ f0 as
much as possible. It turns out that this is always possible (Lemma 4.4), so for purposes of giving
an outline let us assume henceforth that S = S0 ∈ f0. The existence of such a semisimple element
strongly restricts the filtered deformations of s that can arise. Namely, choose an S-invariant graded
subspace s⊥ ⊂ g complementary to s ⊂ g. Then f is spanned by x + d(x) ∈ fi, where x ∈ si, with
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tail d(x) ∈
⊕

k>0(s
⊥)i+k, i.e. this unique deformation map d is of positive homogeneity:

d ∈ (s∗ ⊗ s⊥)+.(4.7)

For x ∈ si, x+ d(x) ∈ fi, and [S, x+ d(x)] = [S, x] + [S, d(x)] ∈ fi, where [S, x] ∈ si and [S, d(x)] ∈
s⊥ ∩ gi+1. By uniqueness of d, we have [S, d(x)] = d([S, x]), so d is S-annihilated:

S · d = 0.(4.8)

The two constraints (4.7) and (4.8) give a priori restrictions on the admissible filtered deformations,
which will be efficiently obtained via eigenvalue (weight) considerations.

The cases not containing a semisimple element are the (1-dimensional) Jordan cases

〈(
λ 0
1 λ

)〉
,

so we may assume s0 = ⟨f01 + rZ1⟩. The r ̸= 0 yields no new models (beyond those found when
assuming existence of a semisimple element), while the r = 0 (i.e. nilpotent) case is the most
complicated case, and leads to one more model. Here is a (complex) classification summary:

s0-element Constraint Models

Z1 − M9
H Z1 ̸∈ s0 M8, M6S

Z1 + cH
(c ̸= 0)

s0 ⊆ ⟨Z1 + cH, f01⟩ M7 when c = 1

f01 + rZ1 dim s0 = 1 M6N when r = 0

(4.9)

4.4.2. Semisimple cases.

Lemma 4.4. Suppose that one of the following hold:

(1) S0 = Z1 ∈ s0;
(2) Z1 ̸∈ s0 and S0 = H ∈ s0;
(3) Z1 ̸∈ s0 and S0 = Z1 + cH ∈ s0.

Then, normalizing by the P -action, we may assume that S = S0 ∈ f0.

Proof. Let S0 = Z1 + cH ∈ s0. Then {e10, e11, e21, e31, e32} is an adS0 |g1-eigenbasis with eigenvalues

(λ1, λ2, λ3, λ4, λ5) = (1− c, 1 + c, 2, 3− c, 3 + c).(4.10)

Suppose c ̸∈ {±1,±3}, so all λi ̸= 0. Let S = S0 + s1e10 + s2e11 + s3e21 + s4e31 + s5e32 ∈ f0.
Given x ∈ g1, we have Adexp(x)(S) = exp(adx)(S) = S + [x, S] + 1

2
[x, [x, S]] + ... Restrict to

x = x1e10 + x2e11 ∈ g1:

S̃ = Adexp(x)(S) = S0 + [x, S0] + ... = S0 + s̃1e10 + s̃2e11 + ...(4.11)

where (s̃1, s̃2) = (s1 − x1λ1, s2 − x2λ2), and the final ellipsis denotes higher homogeneity terms.

Choosing (x1, x2) = ( s1
λ1
, s2
λ2
) yields s̃1 = s̃2 = 0 for S̃ ∈ f̃0 ⊂ f̃. Dropping tildes, we have s1 = s2 = 0.

Similarly using g2 and g3, we normalize s3 = s4 = s5 = 0. This handles (1) and most of (3).
Consider the remaining part of (3), i.e. S0 = Z1+ cH ∈ s0 with c ∈ {±1,±3}, with the additional

hypothesis Z1 ̸∈ s0. From Table 7, we may assume (via the action ofG0 ⊂ P ) that s0 ⊆ ⟨Z1+cH, f01⟩.
As above, we normalize using P+, but there is a residual tail term for S (depending on s):

c −1 1 −3 3
S ∈ f0 Z1 − Z2 + se11 Z2 + se10 2Z1 − 3Z2 + se32 −Z1 + 3Z2 + se31

(4.12)

In fact, s = 0 is forced in each case. For example when c = −3, ∃X5 ∈ f−3 with X5 ≡ f32mod p.
(This is possible since f32 ∈ s−3 and tails of X5 along f21 ∈ s−2 and f11, f10 ∈ s−1 can be eliminated.)
Then f0 ∋ [S,X5] ≡ s[e32, f32] ≡ sZ2 mod ⟨f01, e01⟩ ⊕ g1. But s0 ⊂ ⟨2Z1 − 3Z2, f01⟩, so s = 0. (The
other cases are similar, using [e11, f11] = −Z1 + 3Z2, [e10, f10] = 2Z1 − 3Z2, [e31, f31] = Z1 − Z2.)
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Finally, assume (2), i.e. Z1 ̸∈ s0, but H ∈ s0. Then ∃S ∈ f0 with S ≡ Hmod g1. Since adH|g1
has zero-eigenspace g2 = ⟨e21⟩, then we normalize S = H + s e21 ∈ f0. We know ∃X3 ∈ f−2 with
X3 ≡ f21mod p, and f0 ∋ [S,X3] ≡ s[e21, f21] ≡ sZ1 mod ⟨f01, e01⟩ ⊕ g1, so s = 0. □

Lemma 4.5. Suppose 0 ̸= S := c1Z1 + c2H ∈ f0. If c2 ̸= ±c1, then the f0-invariant line field
ℓ = ⟨L⟩mod f0 ⊂ f−2/f0 has the form L ≡ f21mod p.

Proof. The adS-eigenvalues of f21, f11, f10 are −2c1,−c1 − c2,−c1 + c2. By hypothesis, the last two
are distinct from the first, so f0-invariance of ℓ implies the result. □

4.4.3. Z1 ∈ s0 . By Lemma 4.4, assume S := Z1 ∈ f0. Take s⊥ = g+. then d = 0 by (4.7) and

(4.8). Thus, f = ⟨f10, f11, f21, f31, f32⟩ ⊕ f0. Note that f21 spans the −2 eigenspace of adZ1|g, so
ℓ = ⟨f21⟩mod f0. Let U = U0 + U+ ∈ f0, where U0 ∈ g0 and U+ ∈ g+. Then [Z1, U ] = [Z1, U+] ∈
f1 = 0. But ker(adZ1|g+) = 0, so U+ = 0. Thus, f0 ↪→ f̃0 := g0 = gl2, which induces f ↪→ f̃ and

ℓ ↪→ ℓ̃ := ⟨f21mod f̃0⟩. Since dim(̃f) = 9, we label the tilded structure as M9.

4.4.4. Z1 ̸∈ s0 and H ∈ s0 . From Table 7, we have s0 ⊆ sl2 = ⟨f01,H, e01⟩, and by Lemma 4.4, we

may assume S := H ∈ f0. Note [H, e01] = 2e01 and [H, f01] = −2f01, while ±2 are not eigenvalues of
adH|g+ . By closure under adH, we must have f0 ⊆ ⟨f01,H, e01⟩.

Choose s⊥ = ⟨f01,Z1, e01⟩ ⊕ g+. Then d ∈ (s∗ ⊗ s⊥)+ satisfies H · d = 0, i.e. d is a sum of weight
vectors with weights that are multiples of 2α1 + α2. For example, take f−1 ∋ X1 ≡ f10mod p. The
tail terms correspond to

f ∗
10 ⊗ f01, f ∗

10 ⊗ Z1, f ∗
10 ⊗ Z2, f ∗

10 ⊗ e01,(4.13)

f ∗
10 ⊗ e10, f ∗

10 ⊗ e11, f ∗
10 ⊗ e21, f ∗

10 ⊗ e31, f ∗
10 ⊗ e32,(4.14)

but H = −Z1+2Z2 acts on these with eigenvalues −3,−1,−1, 1 in the first row, and −2, 0,−1,−2, 0
in the second row. Since H · d = 0, then only the zero eigenvalue terms are relevant, i.e. f ∗

10 ⊗ e11
and f ∗

10 ⊗ e32, with weights 2α1 + α2 and 4α1 + 2α2 respectively. Consequently,

X1 = f10 + t1e11 + t2e32 ∈ f−1.(4.15)

Doing this similarly for X2 ∈ f−1 with X2 ≡ f11mod p, we must have

X2 = f11 + t3e10 + t4e31 ∈ f−1.(4.16)

Now use the residual exponential freedom exp(g2) ⊂ P+ to normalize: using exp(xe21), we have

(t̃1, t̃3) = (t1 − 2x, t3 + 2x).(4.17)

Setting x = t1−t3
4

, we ensure t̃1 = t̃3. Dropping tildes, we may assume that t1 = t3 =: a . Then:

f−2 ∋ X3 := −
1

2
[X1, X2] +

3a

2
H = f21 +

(
a2 +

t2 + t4
2

)
e21,(4.18)

f−3 ∋ X4 := +
1

3
[X1, X3]−

2a

3
X1 = f31 +

2t2 + t4
3

e11 + a

(
a2 − t2

6
+
t4
2

)
e32,(4.19)

f−3 ∋ X5 := −
1

3
[X2, X3]−

2a

3
X2 = f32 +

t2 + 2t4
3

e10 + a

(
a2 +

t2
2
− t4

6

)
e31.(4.20)

Lemma 4.6. We have t2 = t4 =: b with ab = 0 , but (a, b) ̸= (0, 0). Moreover, ℓ = ⟨X3⟩mod f0.

Proof. Note [X1, X5] + aX3 − (t2 + t4)H = t2−t4
3

Z1 − 2a(t2+t4)
3

e21 ∈ f0. But Z1 ̸∈ s0 by hypothesis,
so t2 = t4 =: b and the above lies in f2 = 0, which forces ab = 0. Lemma 4.5 and (4.18) imply
ℓ = ⟨X3⟩mod f0.
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Assume a = b = 0. Then f10, f11, f21, f31, f32 ∈ f and ℓ = ⟨f21⟩mod f0. Let U = rZ1+U0+U+ ∈ f0,
where U0 ∈ ⟨f01,H, e01⟩ ⊂ g0 and U+ ∈ g+. Then [U, f21] = −2rf21 + [U+, f21]. But f0-invariance
of ℓ forces [U+, f21] ∈ f0, while im(adf21|g+) = ⟨f10, f11,Z1, e10, e11⟩, so we must have [U+, f21] = 0
(since Z1 ̸∈ s0 and f1 = 0). Since ker(adf21|g+) = 0, then U+ = 0. Thus, we have an inclusion into
the M9 model, which contradicts maximality. □

4.4.5. a = 0, b ̸= 0 . Use exp(tZ1) to normalize 1 = b̃ = b exp(4t). Dropping tildes:

X1 = f10 + e32, X2 = f11 + e31, X3 = f21 + e21, X4 = f31 + e11, X5 = f32 + e10.(4.21)

Note [X1, X4] = 4e01 and [X2, X5] = 4f01, so e01, f01 ∈ f0. Since Z1 ̸∈ s0, then f0 = ⟨f01,H, e01⟩ and
dim(f) = 8. The f0-invariant line field is ℓ = ⟨X3⟩mod f0. We label this structure M8.

4.4.6. a ̸= 0, b = 0 . Use exp(xZ1) to normalize 1 = ã = a exp(2x). Dropping tildes:

X1 = f10 + e11, X2 = f11 + e10, X3 = f21 + e21, X4 = f31 + e32, X5 = f32 + e31.(4.22)

We know H ∈ f0, and H-invariance of the line field forces ℓ = ⟨X3⟩mod f0.
Recall that ⟨H⟩ ⊆ f0 ⊆ ⟨f01,H, e01⟩. We have f0-invariant D = f−1/f0 = ⟨X1, X2⟩mod f0, but if

U = u1f01 + u2e01 ∈ f0, then [U,X1]− u2X2 = −2u2e10 and [U,X2]− u1X1 = −2u1e11, which forces
u1 = u2 = 0 since both lie in f1 = 0. Thus, f0 = ⟨H⟩, and dim(f0) = 6. We label this structure M6S.

4.4.7. Generic case: Z1 ̸∈ s0, S0 := Z1 + cH ∈ s0 with c2 ∈ C\{0, 1, 9} . Via theG0-action, we have

either s0 = ⟨S0, f01⟩ or s0 = ⟨S0⟩, and define s⊥ = ⟨Z1, e01⟩ or s⊥ = ⟨f01,Z1, e01⟩ respectively. By
Lemma 4.4, we may assume S := Z1+cH ∈ f0. The zero S-eigenvalue terms in f ∗

10⊗s⊥ and f ∗
11⊗s⊥

correspond to the admissible filtered deformations:

X1 = f10 + t1/3f01 + t2e31 ∈ f−1,(4.23)

X2 = f11 + t−1/3e01 + t−2e32 ∈ f−1,(4.24)

where ti ∈ δciC :=

{
C, c = i;

0, c ̸= i.
Since titj = 0 for i ̸= j, then taking brackets yields

X3 = f21 ∈ f−2, X4 = f31 −
t2
3
e10 ∈ f−3, X5 = f32 −

t−2

3
e11 ∈ f−3.(4.25)

Furthermore,

f ∋ [X1, X4] = t2

(
5

3
Z1 − 2Z2

)
− t1/3f32,(4.26)

f ∋ [X2, X5] = t−2

(
−1

3
Z1 + 2Z2

)
− t−1/3f31.(4.27)

When c = ±2, these lie in f0. We have s0 ⊆ ⟨−Z1+4Z2, f01⟩ when c = 2, while s0 ⊆ ⟨3Z1−4Z2, f01⟩
when c = −2. Thus, t2 = t−2 = 0. Since f21, f11, f10 have distinct adS-eigenvalues, then S-invariance
forces ℓ = ⟨X3⟩mod f0.

If dim(f0) = 1, there is a clear inclusion into the M9 model. If dim(f0) = 2, then the zero
S-eigenvalue terms of f ∗

01 ⊗ s⊥ with positive homogeneity force

N = f01 + n−1/3e11 ∈ f0,(4.28)

where n−1/3 ∈ δc−1/3C. But then [N,X1] − X2 = −(t−1/3 + 3n−1/3)e01 ∈ f0. Since e01 ̸∈ s0, then

t−1/3 = −3n−1/3. Hence, [N,X2] = n−1/3 (−4Z1 + 9Z2) ∈ f0. Since s0 = ⟨4
3
Z1 − 2

3
Z2, f01⟩ when

c = −1
3
, then n−1/3 = 0. We again embed into M9.
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4.4.8. Non-generic cases. Let c ∈ {±1,±3}. By Lemma 4.4, assume S := Z1 + cH ∈ f0 (or a
multiple thereof). See Table 8 for a summary.

c −1 1 −3 3

S ∈ f0 Z1 − Z2 Z2 2Z1 − 3Z2 −Z1 + 3Z2

Freedom in P+ exp(⟨e11⟩) exp(⟨e10⟩) exp(⟨e32⟩) exp(⟨e31⟩)
N ∈ f0

if dim(f0) = 2
f01 + n1e10 + n2e21 + n3e32 f01 f01 + ne31 f01

X1 ∈ f−1 f10 + t1e01 f10 + t1Z1 + t2e10 f10 f10 + te21
X2 ∈ f−1 f11 + t2Z1 + t3e11 f11 + t3f01 f11 + te21 f11

Line field generator

X3 ∈ f−2 f21 + t4f10 + t5e01 f21 + t4f11 + t5f01 f21 − te11 f21 − te10
Normalization

via freedom in P+
t4 = 0 t4 = 0 t = 0 t = 0

Maximal? No (M9) No (M7) No (M9) No (M9)

Table 8. dim(f0) = 1 cases with ℓ = ⟨X3⟩mod f0 and D = ⟨X1, X2⟩mod f0

We proceed by classifying S-invariant filtered deformations as above. This yields S,X1, X2, X3

(and N if dim(f0) = 2) as in Table 8. The residual freedom in P+ stabilizing the normalization of S
is used to normalize the generator X3mod f0 of the line field ℓ ⊂ f−2/f0. When c = ±3, the model
embeds into M9. (When c = −3 and f0 = ⟨S,N⟩, we observe n = 0 from [N,X3] = −ne10 ∈ f1 = 0.)
So it remains to examine c = ±1.

Suppose f0 = ⟨S⟩. There exists a G0 element σ that induces (Z1,H) 7→ (Z1,−H), which induces

c 7→ −c. (In terms of 2× 2 matrices, σ =

(
0 1
1 0

)
, and σ diag(1 + c, 1− c)σ−1 = diag(1− c, 1 + c).)

Thus, it suffices to examine c = 1. In this case, the model embeds into M7 by enlarging f0 by f01.
Suppose f0 = ⟨S,N⟩.
• c = 1: we can WLOG take t3 = t5 = 0 by adding multiples of N . Necessarily t2 ̸= 0,
otherwise the model embeds into M9. Applying a rescaling by exp(⟨Z1⟩) ⊂ G0, we get
⟨X1⟩ 7→ ⟨λ−1f10 + t1Z1 + λt2e10⟩ = ⟨f10 + t̃1Z1 + t̃2e10⟩, where (t̃1, t̃2) = (λt1, λ

2t2). Over C,
we normalize t2 = 1, and write t1 =: a. We label these structures M7a.
• c = −1: take S,N,X1, X2, X3 as in Table 8. Then

[N,X3]− 2t5S = −2n1f11 + (n2 − t5)Z1 + (n1t5 + n3)e11 ∈ f−1.(4.29)

Since ℓ = ⟨X3⟩mod f0 is f0-invariant, then n1 = 0. But then [N,X3] ∈ f0 and f1 = 0 forces
n2 = t5 and n3 = 0. Furthermore,

[N,X1]−X2 − 2t1S = −(t1 + t2)Z1 − (t3 + 2t5)e11 ∈ f0,(4.30)

so t2 = −t1 and t3 = −2t5. Moreover, [N,X2] = 4t5e10 + 2t1t5e21 + 6t25e32 ∈ f1, so
t5 = 0 is forced. This yields (S,N,X1, X2, X3, X4, X5) = (Z1 − Z2, f01, f10 + t1e01, f11 −
t1Z1, f21, f31, f32), which embeds into M9.

We have completed our study of all s0 that contains a semisimple element. From Table 7, it
remains to consider f0 = ⟨N⟩ with N0 = gr0(N) = f01 + rZ1 ∈ s0.

4.4.9. Jordan non-nilpotent case. Let f0 = ⟨N⟩ with N0 = gr0(N) = f01 + rZ1 ∈ s0. Since r ̸= 0,
then adN0|g+ is injective, since it maps

(e10, e11, e21, e31, e32) 7→ (re10, re11 − e10, 2re21, 3re31, 3re32 + e31).(4.31)
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Normalizing via the P+-action, we may assume N = N0 ∈ f0. Let f−1 ∋ X2 ≡ f11mod p. Since
gr−1([N,X2]) = −rf11, then [N,X2]+rX2 ∈ f0 = ⟨N⟩. Evaluation yieldsX2 = f11mod f0, so WLOG
X2 = f11. Similarly, take f−1 ∋ X1 ≡ f10mod p. We find that [S,X1] + rX1 −X2 ∈ f0 = ⟨N⟩. This
forces X1 ≡ f10mod f0, so WLOG X1 = f10. Taking brackets, we find f−2 = ⟨f21, f11, f10, N⟩. The
only N -invariant line field is ℓ = ⟨X3⟩mod f0 with X3 = f21 ∈ f−2. This model embeds into M9.

4.4.10. Nilpotent case. Let f0 = ⟨N⟩ with N0 = gr0(N) = f01 ∈ s0.

Lemma 4.7. Let N0 = f01 ∈ s0. Normalizing by the P -action, we may assume that

N = N0 ∈ f0, ℓ = ⟨L⟩mod f0,(4.32)

where, for some a ∈ C, we have

f−2 ∋ L ≡ f21 + af11 mod p.(4.33)

The element exp(x1e10 + x2e21 + x3e31) ∈ P+ preserving N = N0 acts via ã = a− 2x1.

Proof. Write f0 ∋ N = f01 + n1e10 + n2e11 + n3e21 + n4e31 + n5e32. Since [e11, N0] = e10 and
[e32, N0] = −e31, then normalize n1 = n4 = 0 by exponentiating along ⟨e11, e32⟩.

For the generator of the line field, write f−2 ∋ L ≡ f21 + a1f11 + a2f10mod p. Modulo p, we have
[N,L] ≡ 2n2f10 + a2f11, so by N -invariance of ℓ, we must have n2 = a2 = 0. Since [e21, f21] = Z1

and [e32, f21] = e11, then evaluation again yields

f0 ∋ [N,L] ≡ n3Z1 + n5e11 mod ⟨f01,H, e01, e10, e21, e31, e32⟩,(4.34)

so n3 = n5 = 0. The final statement follows since [e10, f21] = −2f11. □

So, assume N = f01. Next, find generators for f and normalize. Take

f−1 ∋ X1 = f10 + t0f01 + t1Z1 + t2H+ t3e01 + t4e10 + t5e11 + t6e21 + t7e31 + t8e32.(4.35)

Adding multiples of N , we may assume t0 = 0. Since

[e10, f10] = 2Z1 − 3Z2, [e21, f10] = −2e11, [e31, f10] = e21,(4.36)

and [e10, N ] = [e21, N ] = [e31, N ] = 0, then normalize t1 = t5 = t6 = 0 by exponentiating along

⟨e10, e21, e31⟩. Define X2 := [N,X1]− 2t2N ∈ f−1, so

X1 = f10 + t2H+ t3e01 + t4e10 + t7e31 + t8e32,(4.37)

X2 = f11 − t3H+ t8e31.(4.38)



CONFORMAL STRUCTURES WITH G2-SYMMETRIC TWISTOR DISTRIBUTION 21

Next, we iteratively take brackets, and add appropriate linear combinations of higher homogeneity
terms to produce X3, X4, X5 ∈ f with (X3, X4, X5) ≡ (f21, f31, f32), each modulo p. Namely,

X3 := −
1

2
[X1, X2]−

t2
2
X2 + t3X1 −

3

2
t4N ∈ f−2(4.39)

= f21 +
3

2
t2t3H+

3

2
t3t4e10 + t8e21 +

3

2
t3t7e31

X4 :=
1

3
[X1, X3] +

2

3
t4X2 +

t2t3
2
X1 ∈ f−3(4.40)

= f31 − t3
(
t22
2
+
t4
3

)
Z1 + t3

(
t22 +

t4
6

)
Z2 −

t2t
2
3

2
e01 +

(
t2t3t4
2
− t7

3

)
e10

+

(
t8 −

t23t4
2

)
e11 −

t3t7
2
e21 +

(
t2t3t7
2
− t4t8

3

)
e31 +

t23t7
2
e32

X5 := −
1

3
[X2, X3] +

t2t3
2
X2 +

3

2
t3t4N ∈ f−3(4.41)

= f32 −
t2t

2
3

2
H+

(
t8 −

t23t4
2

)
e10 −

t23t7
2
e31

Thus, f = ⟨N,X1, X2, X3, X4, X5⟩, but there are further constraints on the parameters.

Lemma 4.8. We must have t4 = t7 = 0 and t8 =
(t2t3)2

4
̸= 0.

Proof. Let us evaluate the closure condition [X1, X4] ∈ f. Modulo ⟨e01⟩ ⊕ g+, we find:

[X1, X4]− t2X4 − t4X3 + t3

(
t22
2
+
t4
3

)
X1 ≡

(
5t7
3

+
t2t3t4
2

)
Z1 − (t2t3t4 + 2t7)Z2.(4.42)

Since [X1, X4] ∈ f0 = ⟨N = f01⟩, then [X1, X4] = 0, so t7 = 0 = t2t3t4. Given this, we have

[X1, X4]− t2X4 − t4X3 + t3

(
t22
2
+
t4
3

)
X1 ≡

(
4t8 − (t2t3)

2 − 4

3
t23t4

)
e01 −

5

6
t3t

2
4e10

mod ⟨e11, e21, e31, e32⟩,
(4.43)

so t3t4 = 0 and t8 =
(t2t3)2

4
.

If t3 ̸= 0, then t4 = 0 follows from t3t4 = 0. Assume t3 = 0. Then t8 = 0 as well, and

(N,X1, X2, X3, X4, X5) = (f01, f10 + t2H+ t4e10, f11, f21, f31, f32).(4.44)

From Lemma 4.7, we know ℓ = ⟨L⟩mod f0, where L ≡ f21 + af11mod p. Apply p = exp(xe10) so

that the line field is ℓ̃ = ⟨f21mod f̃0⟩. Then f̃ = Adpf is spanned by

(Ñ , X̃1, X̃2, X̃3, X̃4, X̃5) = (f01, f10 + ũZ1 + ṽH+ w̃e10, f11, f21, f31, f32),(4.45)

where (ũ, ṽ, w̃) = (x
2
, t2 − 3

2
x, t4 + xt2 − x2). However, maximality is contradicted from:

• w̃ = 0: the model embeds into M9.
• w̃ ̸= 0: use exp(⟨Z1⟩) to normalize w̃ = 1, and then embed into M7.

Next, assume t2 = 0. Then f is spanned by N = f01 and

X1 = f10 + t3e01, X2 = f11 − t3H, X3 = f21, X4 = f31, X5 = f32.(4.46)

For ℓ = ⟨L⟩mod f0, where L = X3+aX2, forcing T ≡ 0 (via (A.9)) for the XXO-structure (f, f0; ℓ,D)
yields a = 0. There is then an inclusion into the M9 model. Thus, t2 ̸= 0. □
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Since t2t3 ̸= 0, then we normalize both using a G0-rescaling. From (4.37) and (4.38), we find
that exp(⟨Z1⟩) and exp(⟨Z2⟩) yield (t2, t3) 7→ (t2λ, t3λµ), where λ, µ ∈ C×. Let us normalize
(t2, t3) = (2, 1). Thus, f is spanned by N = f01, and

(4.47)
X1 = f10 + 2H+ e01 + e32, X2 = f11 − H+ e31, X3 = f21 + 3H+ e21,

X4 = f31 + 2H− e01 + e11, X5 = f32 − H+ e10.

Any f0-invariant line field ℓ = ⟨L⟩mod f0 has generator of the form

L = X3 + aX2, a ∈ C.(4.48)

However, using (A.9) and forcing T ≡ 0 for the XXO-structure (f, f0; ℓ,D) implies

a(a− 3)(a− 4) = 0.(4.49)

When a = 0, there is an obvious embedding into the M8 model. When a = 4, let x = 2e10+e21+e31
and f̃ = Adexp(x)f, which contains

X̃1 := f10 + 2(Z1 − Z2) + e01 ∈ f̃−1,

X̃2 := f11 + Z1 − 2Z2 ∈ f̃−1,

Ñ := f01 ∈ f̃0,

L̃ := f21 + 2(Z1 − Z2) ∈ f̃−2,
(4.50)

where ℓ̃ = ⟨L̃⟩mod f̃0, and X̃4, X̃5 are induced via brackets. Clearly, the model embeds into M9.

Proposition 4.1. The M6N model (a = 3) does not embed into a model in Table 6 of larger
dimension (or a P -translate thereof).

Proof. When a = 3, we have (N,L) = (f01, f21+3f11+e21+3e31). Normalize this via the P+-action.

Letting x = x1e10 + x2e11 + x3e21 + x4e31 + x5e32 ∈ p+, and f̃ = Adexp(x)f, the condition f̃0 ⊂ g0
forces x2 = x5 = 0, and the condition L̃ ≡ f21mod p then forces x1 =

3
2
. Then, Ñ = f01 and

L̃ ≡ f21 + x3Z1 +

(
9

4
x3 − x4

)
e10 + (1− x23)e21 +

(
3x3

(
9

4
x3 − x4

)
− 3

2

)
e31 mod f̃0.(4.51)

It is clear that the e10 and e31 coefficients cannot both be removed via the P+-action, nor any further
G0-action. From Table 6, all models of greater dimension are presented with line field generators
of the form L ≡ f21mod f0 or L ≡ f21 + e21mod f0, so the conclusion follows. □

4.5. Real forms. Given the classification of complex admissible (f, f0; ℓ,D) from Section 4.4, we
now give the abstract classification of real forms. Recall that an anti-involution of f is a conjugate-
linear, bracket-preserving map φ : f→ f such that φ2 = idf.

Definition 4.9. For a complex admissible model (f, f0; ℓ,D),
(1) an automorphism is a map T ∈ Aut(f) such that T (fi) = fi, ∀i, and which induces maps

that preserve ℓ and D;
(2) a real form is an anti-involution φ : f→ f such that φ(fi) = fi, ∀i, and which induces maps

that preserve ℓ and D.
Two real forms φ, φ̃ are equivalent if there exists an automorphism T such that φ̃ = T ◦ φ ◦ T−1.

Each anti-involution φ yields a real admissible model (fR, f
0
R; ℓR,DR) determined by the (real)

fixed point sets, e.g. fR := fφ = {x ∈ f : φ(x) = x}.

Example 4.10. For the M8.2 model, the anti-involution φ given in Table 10 yields

fR := fφ = ⟨(1 + i)X1, (1 + i)X2, iX3, (1− i)X4, (1− i)X5,H, e01, f01⟩.(4.52)

For the M6S.3 model, the anti-involution φ given in Table 10 yields

fR := fφ = ⟨X1 −X2, i(X1 +X2), iX3, X4 −X5, i(X4 +X5), iH⟩.(4.53)
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Our main result is the classification of real forms up to equivalence:

Theorem 4.11. The complete classification of real forms of complex admissible models (f, f0; ℓ,D)
is given in Tables 9 and 10.

C-model Restrictions Real forms Real labels Symmetry algebra f ⊂ G2

M9 − 1 M9 p1

M8 − 2
M8.1 sl(3,R)
M8.2 su(1, 2)

M7a
a ∈ R× ∪ iR× 1 M7a R2 ⋉ heis5a = 0 2 M7±0

M6S − 3
M6S.1 sl(2,R)× sl(2,R)
M6S.2 sl(2,R)× sl(2,R)
M6S.3 so(3)× so(3)

M6N − 1 M6N aff(2,R)

Table 9. Overview of real forms of complex admissible models (f, f0; ℓ,D)

C-model Basis R-model Anti-involutions

M9
X1, X2, X3, X4, X5,

H, e01, f01,Z1
M9 id

M8
X1, X2, X3, X4, X5,

H, e01, f01

M8.1 id
M8.2 diag(i, i,−1,−i,−i, 1, 1, 1)

M7a
X1, X2, X3, X4, X5,

Z2, f01

M7a ̸=0

M7±a=0

{
id, a ∈ R
diag(−1,−1, 1,−1,−1, 1, 1), a ∈ iR

M6S.1 M6S.1 id

M6S.2 X1, X2, X3, X4, X5,
H

M6S.2 diag

((
0 1
1 0

)
,−1,

(
0 1
1 0

)
,−1

)
M6S.3 M6S.3 diag

((
0 −1
−1 0

)
,−1,

(
0 −1
−1 0

)
,−1

)
M6N

X1, X2, X3, X4, X5,
f01

M6N id

Table 10. Anti-involutions of complex admissible models (f, f0; ℓ,D)

The proof of Theorem 4.11 is a straightforward, but tedious computation, and do not provide
details here. We take advantage of the fact that any anti-involution φ of (f, f0; ℓ,D) is bracket-
preserving, so ideals, derived & lower central series are preserved by φ, in addition to being filtration
and structure preserving. We also note that a source of automorphisms generating equivalences of
anti-involutions is exp(f0) ⊂ Aut(f), so this can be used for some initial normalization of φ.

5. Conformal structures

For each (real or complex) admissible XXO-structure (f, f0; ℓ,D) in our classification (Table 6),
quotienting by ℓ yields a well-defined f0-invariant conformal structure on f/f0. Integration yields a
local coordinate model for a conformal structure whose conformal symmetry algebra acts multiply-
transitively, is isomorphic to f, and has isotropy subalgebra isomorphic to f0 at a generic point.
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In this section, for each of these conformal structures, we:

(1) establish the Petrov classification of the (SD & ASD parts of the) Weyl tensor;
(2) give a local coordinate model;
(3) describe the model Cartan-theoretically;
(4) calculate the conformal holonomy;
(5) assess the existence of an Einstein representative.

The Petrov classification is confirmed in three independent manners: Lie-theoretically, in a coor-
dinate XXO-fashion, and Cartan-theoretically. A fourth (more traditional) method (which we do
not discuss) is to directly compute the Weyl tensor of [g], decompose it into SD & ASD parts, and
write each in a spinorial fashion so that their descriptions as binary quartics manifest themselves.

5.1. Petrov types. The fundamental tensor for 4D split-conformal structures is the Weyl tensor,
which decomposes into SD and ASD parts. Each can be viewed as a binary quartic, so each has a
Petrov type corresponding to the root type multiplicities: O (quartic vanishes), N (quadruple root),
D (two double roots), III (one multiplicity 3 root, one simple root), II (one double root, two other
simple roots), I (four distinct simple roots). In the real case, one has further refinements, e.g. D+

(two real double roots) and D− (two complex conjugate double roots). We will write the combined
Petrov type as A.B, where A and B refer to the SD and ASD Petrov types, respectively.

Theorem 5.1. The Petrov types for the conformal structures arising from Table 6 are given below.

C-model Petrov type Remarks on real forms

M9 N.O

M8 D.O

{
M8.1 : D+.O, f ∼= sl(3,R)
M8.2 : D−.O, f ∼= su(1, 2)

M7a
(a ∈ C)

{
N.N, a2 ̸= 4

3

N.O, a2 = 4
3

One real form M7a exists when a2 ∈ R×;
two real forms M7±0 exist when a = 0.

M6S D.D


M6S.1 : D+.D+, f ∼= sl(2,R)× sl(2,R)
M6S.2 : D−.D−, f ∼= sl(2,R)× sl(2,R)
M6S.3 : D−.D−, f ∼= so(3)× so(3)

M6N III.O

We now indicate how Theorem 5.1 was obtained from Lie-theoretic data in Table 6. For each
model there, ℓ = ⟨L⟩mod f0 and D = ⟨X1, X2⟩mod f0. Define k := ⟨L⟩ + f0, so that f/k is 4-
dimensional, and carries a k-invariant conformal structure [g], where g ∈ S2(f/k)∗. Recall that
k-invariance is expressed in matrix form via A⊤g + gA = λ(A)g, ∀A ∈ k. We easily confirm:

Lemma 5.2. Define ẽi ∈ f below, and define a basis of f/k given by ei := ẽi mod k.

Model ẽ1 ẽ2 ẽ3 ẽ4
M9 X1 X5 X4 X2

M8 X1 X5 X4 X2

M7a X1 X5 X4 − 1
3
X2 X2

M6S X1 X5 +
2
3
X2 X4 X2

M6N X1 X5 X4 + 2X2 X2

Letting {θi} be the dual basis to {ei}, the unique k-invariant [g] on f/k is given by g = 2(θ1θ2+θ3θ4).

Letting volg = θ1 ∧ θ2 ∧ θ3 ∧ θ4, the two families of totally null 2-planes for [g] are:

• SD: ⟨se1 + te3, se4 − te2⟩, parametrized by [s : t] ∈ P1. Write ΠSD
ξ := ⟨e1 + ξe3, e4 − ξe2⟩

and ΠSD
ξ=∞ := ⟨e3, e2⟩.
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• ASD: ⟨se1 + te4, se3 − te2⟩, parametrized by [s : t] ∈ P1. Write ΠASD
η := ⟨e1 + ηe4, e3 − ηe2⟩

and ΠASD
η=∞ := ⟨e4, e2⟩.

Let kSDξ and kASD
η be the subalgebras of k preserving ΠSD

ξ and ΠASD
η , respectively.

Fixing ξ and η, the 5-dimensional quotients f/kSDξ and f/kASD
η are infinitesimal models that carry

the associated SD and ASD twistor XXO-structures (ℓ,D). Let us describe the XXO-data (ℓ,D)
on them. Clearly, k/kSDξ ⊂ f/kSDξ and k/kASD

η ⊂ f/kASD
η generate distinguished lines ℓ, and choosing a

generator for ℓ, we can express it as a vector field on ξ-space or η-space, respectively. In the SD case,
the 3-plane H = ℓ⊕D is the pullback under the quotient f/kSDξ → f/k of ΠSD

ξ , and similarly for the
ASD case. Inside H, the twistor 2-plane lift D is uniquely determined by [D,D] ⊂ H. Explicitly,

• SD: D = ⟨ẽ1 + ξẽ3 + AV, ẽ4 − ξẽ2 +BV ⟩mod kSDξ , where 0 ̸= V ∈ k/kSDξ ;

• ASD: D = ⟨ẽ1 + ηẽ4 + AV, ẽ3 − ηẽ2 +BV ⟩mod kASD
η , where 0 ̸= V ∈ k/kASD

η .

ThenW± are determined (up to scale) by the relative invariant I :
∧2D → ℓ, (x, y) 7→ projℓ([x, y]).

Example 5.3 (M6N). For M6N, define X1, ..., X5, L as in Table 6, and ẽi, ei, θ
i as in Lemma 5.2.

We have f0 = ⟨f01⟩ and k = ⟨L, f01⟩. The isotropy rep ρ : k→ gl(f/k) in the {e1, e2, e3, e4} basis is:

ρ(c1L+ c2f01) =


−3c1 0 0 0
0 0 6c1 − c2 3c1
−3c1 0 0 0

−6c1 + c2 0 0 −3c1

 .(5.1)

The unique k-invariant conformal structure [g] on f/k is given by g = 2θ1θ2 + 2θ3θ4 ∈ S2(f/k)∗.
SD case: c1L+c2f01 ∈ k acts on ΠSD

ξ via the infinitesimal change ξ 7→ 3c1(ξ−1), i.e. 3c1(ξ−1)∂ξ:

e1 + ξe3 7→ etρ(c1L+c2f01)(e1 + ξe3) = e1 + ξe3 + tρ(c1L+ c2f01) +O(t2)(5.2)

≡ (1− 3c1t)e1 + (ξ − 3c1t)e3 +O(t2) mod {e2, e4}(5.3)

Thus, ξ 7→ ξ−3c1t
1−3c1t

+ O(t2). Differentiating at t = 0 yields ξ 7→ 3c1(ξ − 1). So kSDξ = ⟨f01⟩ = f0, and

L quotients to a generator of ℓ = k/kSDξ , acting via 3(ξ − 1)∂ξ. The condition

v := [ẽ1 + ξẽ3 + AL, ẽ4 − ξẽ2 +BL] ∈ ⟨ẽ1 + ξẽ3, ẽ4 − ξẽ2, L, f01⟩(5.4)

uniquely determines the twistor distribution D = ⟨ẽ1 + ξẽ3 + AL, ẽ4 − ξẽ2 + BL⟩mod f0, and pins
down (A,B) = (−2ξ, 0). The components of v in the basis

ẽ1 + ξẽ3 − 2ξL, ẽ4 − ξẽ2, L, f01(5.5)

are (−2ξ + 2, 4,−2(ξ − 1)2, 16ξ2). The projection
∧2D → ℓ has image a multiple of −2(ξ − 1)2L.

But we saw that L acts via 3(ξ − 1)∂ξ, so W+ is a multiple of (ξ − 1)3. Viewing this as a quartic
on ξ ∈ P1, it is Petrov type III, with a triple root at ξ = 1 and a simple root at ξ = ∞. At these
exceptional values, we get integrable 2-planes ⟨ẽ1 + ẽ3, ẽ4 − ẽ2⟩mod kSDξ=1 and ⟨ẽ3, ẽ2⟩mod kSDξ=∞.

ASD case: c1L+ c2f01 ∈ k acts on ΠASD
η via (c2 − 6c1)∂η, so kASD

η = ⟨L+ 6f01⟩, and L quotients

to a generator of ℓ = k/kASD
η , acting via −6∂η. We now proceed similarly as above.

Data associated to all our (complex) models is compiled below.

Model kSDξ k/kSDξ A B W+ Type

M9 −2ξL+ 3Z1, e01, H, f01 L −3∂ξ 0 0 N
M8 e01, H, f01 L 3(ξ2 − 1)∂ξ 0 0 6(ξ2 − 1)2 D
M7a ξL− 3Z2, f01 L −3∂ξ −2aξ

3
0 6 N

M6S H L (ξ + 3)(ξ − 1)∂ξ 0 0 2
3
(ξ + 3)2(ξ − 1)2 D

M6N f01 L 3(ξ − 1)∂ξ −2ξ 0 −6(ξ − 1)3 III
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Model kASD
η k/kASD

η A B W− Type

M9 L, Z1, 2e01 − ηH, H+ 2ηf01 f01 ∂η 0 0 0 O
M8 L, H+ 2ηf01, ηH− 2e01 f01 ∂η 0 0 0 O
M7a L− f01,Z2 + ηf01 f01 ∂η 0 −2a

3
−2(a2 − 4

3
) N or O

M6S L+ H L 2η∂η 0 0 32
3
η2 D

M6N L+ 6f01 L −6∂η η(η−4)
6

−η2

6
− 2

3
0 O

Now consider Petrov types for real forms (Table 10). The types are necessarily the same for M9
(N.O), M7a (N.N or N.O), and M6N (III.O). For M8.1 and M6S.1, computations are the same as in
the complex case, so we get real roots, and the claimed types: D+.O and D+.D+ respectively. Below
are details for M8.2 (D−.O) and M6S.2&3 (D−.D−).

Model ẽ1 ẽ2 ẽ3 ẽ4 L

M8.2 (1 + i)X1 (1− i)X5 (1− i)X4 (1 + i)X2 iX3

M6S.2 X1 +X2 X4 +X5 +
1
3
(X1 +X2) i(X1 −X2) i(X4 −X5) +

1
3
i(X1 −X2) iX3

M6S.3 X1 −X2 X4 −X5 +
1
3
(X1 −X2) i(X1 +X2) i(X4 +X5) +

1
3
i(X1 +X2) iX3

Model kSDξ k/kSDξ A B W+ Type

M8.2 e01, H, f01 L 3(ξ2 + 1)∂ξ 0 0 −12(ξ2 + 1)2 D−

M6S.2 iH L −(ξ2 + 1)∂ξ 0 0 −10
3
(ξ2 + 1)2 D−

M6S.3 iH L −(ξ2 + 1)∂ξ 0 0 +10
3
(ξ2 + 1)2 D−

Model kASD
η k/kASD

η A B W− Type

M8.2 iX3, H+ 2ηf01, ηH− 2e01 f01 ∂η 0 0 0 O

M6S.2 iH L −4η2+9
3
∂η 0 0 −64

27
(η2 + 9

4
)2 D−

M6S.3 iH L −4η2+9
3
∂η 0 0 +64

27
(η2 + 9

4
)2 D−

5.2. Coordinate models. We will present local coordinate models of the conformal structures
and the corresponding XXO-structures appearing in our classification. In the M9, M8 and M6S
cases there were known metrics realizing the abstract models. The M7a and M6N models are
new and the coordinate models have been obtained via integration of the structure equations of
the XXO-structures. Null coframes (θ1, θ2, θ3, θ4) in which the representative metric has the form
g = 2(θ1θ2 + θ3θ4) are summarized in Table 5.2.

The M9 model is represented by the split signature Ricci-flat pp-wave metric g = dxdu+ dydv+
x2dv2. The M8 model is realized by the SL(3,C)-invariant holomorphic metric

g =
z2dz1dw2 − (w1 + w2)dz1dz2 + z1dw1dz2 + dw1dw2

(w1 + w2 + z1z2)2
,(5.6)

from which we obtain the following representative metrics of the real forms M8.1 and M8.2:

• z1 = u, z2 = x, w2 = −y, w1 = v gives a metric realizing the M8.1 model, which is a
para-Kähler-Einstein metric on the symmetric space SL(3,R)/GL(2,R) and was studied
geometrically under the name dancing metric in [9], and
• z1 = x+ iy, z2 = x− iy, w2 = u− iv, w1 = u+ iv gives a metric realizing the M8.2 model,
which is a pseudo-Kähler-Einstein metric on the symmetric space SU(1, 2)/GL(2,R).

The real forms of the M6S model can all be realized via variants of the rolling construction. The
conformal structures can be represented by products of the form (Σ1×Σ2, [g1×−g2]), where (Σ1, g1)
and (Σ2, g2) are 2-dimensional constant curvature spaces of the same signature whose curvatures
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M9 θ1 = dx, θ2 = 1
2
du, θ3 = dy + x2dv, θ4 = 1

2
dv

M8.1
θ1 = 1

v+ux−y
dx, θ2 = y−v

v+ux−y
du+ u

v+ux−y
dv,

θ3 = x
v+ux−y

du+ 1
v+ux−y

dv, θ4 = −1
v+ux−y

dy

M8.2

θ1 =

√
x2+y2+2u+x

x2+y2+2u
dx+ y

x2+y2+2u
dy + 1

x2+y2+2u
du

θ2 = −
√

x2+y2+2u−x

x2+y2+2u
dx+ y

x2+y2+2u
dy + 1

x2+y2+2u
du

θ3 = − y
x2+y2+2u

dx+

√
x2+y2+2u+x

x2+y2+2u
dy + 1

x2+y2+2u
dv

θ4 = − y
x2+y2+2u

dx−
√

x2+y2+2u−x

x2+y2+2u
dy + 1

x2+y2+2u
dv

M7a
(a2 ∈ R×)

M7±0

θ1 = 9
2
(2r2ϵ+ 4rx+ y2 − 1)du+ 6ϵ(ry + 2x)dv − 6ϵdx, θ2 = du,

θ3 = (6r2 − 3y − 5ϵ)dv + 3dy, θ4 = dv,

where r = |a| ≥ 0, ϵ =

{
sgn(a2), a ̸= 0;

±1, a = 0

M6S.1
M6S.2
M6S.3

θ1 = 1
κ(x2+ϵy2)+1

dx+ 1
9κ(u2+ϵv2)+1

du

θ2 = 1
κ(x2+ϵy2)+1

dx− 1
9κ(u2+ϵv2)+1

du

θ3 = ϵ
κ(x2+ϵy2)+1

dy + 1
9κ(u2+ϵv2)+1

dv

θ4 = 1
κ(x2+ϵy2)+1

dy − ϵ
9κ(u2+ϵv2)+1

dv

where
M6S.1 M6S.2 M6S.3

(κ, ϵ) (1,−1) (−1, 1) (1, 1)

M6N θ1 = dv, θ2 = dx, θ3 = 2e2vdx− 2e2vudy + du− udv, θ4 = dy

Table 11. Here (θ1, θ2, θ3, θ4) is a positively oriented coframe in (x, y, u, v)-space
such that a representative metric is of the form g = 2(θ1θ2 + θ3θ4).

have ratio 9 : 1. In the M6S.3 case, these are two spheres, in the M6S.2 case two hyperbolic spaces,
and in the M6S.1 case these are two de Sitter spaces of signature (1, 1).

Representative metrics g for theM7a models are given in Table 5.2. Real forms exist for a ∈ R∪iR,
but since ±a yield the same complex model, it suffices to restrict to a ∈ R≥0 ∪ iR≥0. This is
equivalently encoded by the pair (r, ϵ), where r = |a| ≥ 0 and ϵ = sgn(a2) when a ̸= 0, while
ϵ = ±1 when a = 0. Any two metrics corresponding to (r, ϵ) and (r′, ϵ′) such that (r, ϵ) ̸= (r′, ϵ′) are
conformally inequivalent. The metrics are of Petrov type N.N except if a2 = 4

3
(or (r, ϵ) = ( 2√

3
, 1)),

in which case the Petrov type is N.O. In fact, in this special case one can choose coordinates
(X, Y, U, V ) such that the metric is conformal to the pp-wave metric

dXdU + dY dV − 3
2
X1/2dV 2.(5.7)

All M7a models are conformally Ricci-flat. The Ricci-flat representative metric gE is related to g
via

gE =
sech2(u

2

√
20ϵ+ r2)

exp(3rϵ+ 2v)
g.(5.8)

It would be nice to have realizations of the M7a and M6N models in terms of non-holonomic systems.
Given a metric g = 2(θ1θ2 + θ3θ4) expressed in a null coframe, the associated SD twistor distri-

bution is given by the common kernel of the 1-forms ω1 = θ2 + ξθ4 and ω2 = θ3 − ξθ1 as in (2.7)
and ω3, which is uniquely determined by the equations (2.8). By Lemma 2.3, the Petrov type of
the SD Weyl tensor can be alternatively obtained by calculating dω3 ∧ ω1 ∧ ω2 ∧ ω3, see (2.11),
and analyzing the root type of W+(ξ), as illustrated in the following example. (The ASD twistor
distribution and the Petrov type of the ASD Weyl tensor can be obtained in an analogous manner.)
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Example 5.4. Let us consider the M6N model. Here, a null coframe is given by

θ1 = dx, θ2 = dv, θ3 = 2e2vdx− 2e2vudy + du− udv, θ4 = dy.(5.9)

Then the twistor distribution is of the form D = ker(ω1, ω2, ω3), where

ω1 = 2e2vξdx− 2e2vξudy + ξdu− (ξu− 1)dv, ω2 = dy − ξdx,(5.10)

ω3 = dξ − 4e2vξ2(ξu− 1)dx.(5.11)

One confirms that the SD Weyl tensor W+ has Petrov type III from

dω3 ∧ ω1 ∧ ω2 ∧ ω3 = −12ξ3e2v(ξu− 1)dx ∧ dy ∧ du ∧ dv ∧ dξ.(5.12)

One can also directly compute that the symmetries of the conformal structure are given by

E = −xy∂x − y2∂y + (yu− x)∂u + y∂v, F = ∂y, H = x∂x + 2y∂y − u∂u − ∂v,(5.13)

R = −x∂x + u∂u, S = y∂x + ∂u, T = ∂x(5.14)

with non-trivial Lie brackets

[E,F ] = H, [H,E] = 2E, [H,F ] = −2F, [H,S] = S, [H,T ] = −T,(5.15)

[E, T ] = S, [F, S] = T, [R, S] = S, [R, T ] = T,(5.16)

which confirms that the symmetry algebra is aff(2) ∼= gl(2,R)⋉R2.

5.3. Half-flatness and pairs of 2nd order ODE. Suppose that (M, [g]) is SD, i.e. W− = 0.
This is equivalent to integrability of the ASD twistor XXO-structure (ℓ,D) on T−(M). As described
in Section 2.3, such (ℓ,D) can be encoded by a 2nd order ODE pair (2.20), or equivalently as (2.21).

Example 5.5 (M7a, a
2 = 4

3
). On (x, y, u, v)-space M , consider the half-flat conformal structure [g]

of Petrov type N.O given by g = 2(θ1θ2 + θ3θ4) from (5.7), where

θ1 = dx, θ2 = du, θ3 = dy − 3

2
x1/2dv, θ4 = dv.(5.17)

Let e1, e2, e3, e4 be the dual framing, and an ASD totally null 2-plane is given by ⟨e4− ξe1, e2+ ξe3⟩.
Lifting to N = T−(M), we get an integrable XXO-structure (ℓ,D) given by

ℓ = ⟨∂ξ⟩, D =

〈
∂u + ξ∂y, ∂v − ξ∂x +

3

2

√
x ∂y

〉
.(5.18)

Invariants for D can be easily found using Maple:

restart: with(DifferentialGeometry): with(GroupActions):

DGsetup([x,y,u,v,xi],N):

dist:=evalDG([D_u+xi*D_y,D_v-xi*D_x+3/2*sqrt(x)*D_y]):

InvariantGeometricObjectFields(dist,[1],output="list");

This yields the invariants ξ, v + x
ξ
, u− x3/2

ξ2
− y

ξ
. Defining the following coordinate system

(T,X, Y, P,Q) =

(
1

ξ
, v +

x

ξ
, −u

2
+
x3/2

2ξ2
+

y

2ξ
, x,

x3/2

ξ
+
y

2

)
,(5.19)

we can read off the 2nd order ODE pair from (ℓ,D) in these new coordinates:

ℓ =
〈
∂T + P∂X +Q∂Y + P 3/2∂Q

〉
, D = ⟨∂P , ∂Q⟩.(5.20)
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We do this similarly for all other SD conformal structures in our classification to obtain Table
12. The M9 and M8.1 cases were given in [14], while the M8.2 case was only recently stated in [20].

Model Petrov type 2nd order ODE pair

M9 N.O x′′ = 0, y′′ = (x′)3

M8.1 D+.O x′′ = 0, y′′ = 2x′(y′)2

yx′−1

M8.2 D−.O x′′ = ((y′)2+1)(x′y′−yy′−t)
y′t+x′−y

, y′′ = ((y′)2+1)2

y′t+x′−y

M7a, a
2 = 4

3
N.O x′′ = 0, y′′ = (x′)3/2

M6N III.O x′′ = 0, y′′ = ((3y2+4y′)f−3y)(y′)2

2(y(y2+2y′)f−y2−y′)
, f =

−y±
√

y2+4y′

2y′

Table 12. 2nd order ODE pairs associated to half-flat conformal structures

5.4. Cartan-theoretic descriptions. Beyond coordinate and Lie-theoretic descriptions, an equiv-
alent manner of presenting homogeneous structures what we refer to as a Cartan-theoretic descrip-
tion [12, 25]. We will give such descriptions for our homogeneous 4D-split conformal models in
our classification. Two key features of such descriptions is the ability to efficiently compute the
conformal holonomy of these models and algebraically assess the existence of an Einstein metric in
the conformal structure. This will be illustrated in the next subsection.

Any (regular, normal) Cartan geometry (G → M,ω) of type (g̃, Q̃) that is homogeneous for the
action of a Lie group F can be encoded by:

Definition 5.6. A Cartan-theoretic model (f; g̃, q̃) is a Lie algebra (f, [·, ·]f) such that:

(C1) f ⊂ g̃ is a filtered subspace, with filtrands fi := f ∩ g̃i, and f/f0 ∼= g̃/q̃.
(C2) f0 inserts trivially into the curvature κ(x, y) := [x, y]− [x, y]f.

(C3) κ ∈
∧2(f/f0)∗ ⊗ g̃ ∼=

∧2(g̃/q̃)∗ ⊗ g̃ is regular and normal, i.e. κ ∈ ker(∂∗)1.

The harmonic curvature is κH := κ mod im(∂∗) ∈ H2(q̃+, g̃)
1.

We note that Q̃ acts via the adjoint action on g̃ and this induces an action on f, i.e. f 7→ Adqf

for q ∈ Q̃. Such Cartan-theoretic descriptions are regarded as equivalent.
For 4D split-conformal structures, we should take g̃ = sl(4,R), but for our purposes in Section

5.5, it will instead be sufficient to work with complexified models, so we take g̃ = sl(4,C). We have
κH is valued in the SD and ASD parts of the Weyl tensor module. In Table 4, we presented bases
ϕ0, ..., ϕ4 and ψ0, ..., ψ4 for these respective modules, realized as harmonic 2-cochains (elements of
Λ2g̃∗− ⊗ g̃). This is the homogeneity +2 part of κ and in principle κ could have a homogeneity +3
part, corresponding to the so-called Cotton tensor. While we could have generated a basis for this
homogeneity +3 module (by applying raising operators to the basis above), this turns out to be
unnecessary for our purposes. Namely, in Table 13 we present Cartan-theoretic realizations of all
of our models, and in these realizations κ is “purely harmonic”. (Indeed, κH can always be viewed
as the lowest homogeneous component of κ, see [12, Theorem 3.1.12].)

These descriptions were found with the aid of Maple, mostly via appropriately setting undeter-
mined coefficients, and by normalizing the form of κH to make them as simple as possible.
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Label sl(4,C)-matrix T Curvature κ Petrov type

M9

(
2z 0 0 0
a3 0 0 0
a4 a1 −z+h s
a5 a2 t −z−h

)
ϕ0 N.O

M8

(
s 0

a2
2

−a1
2

0 −s −a4
2

a3
2

a3 a1 t1 t2
a4 a2 t3 −t1

)
ϕ2 D.O

M7a

(
z−ga1 0 0 0
a3 ga1 fa1 0
a4 a1 ga1 0
a5 a2 t −z−ga1

)
where (f, g) = (a

2

4
+ 5,− a

2
)

ϕ0 + 12(a2 − 4
3
)ψ0

{
N.N, a2 ̸= 4

3

N.O, a2 = 4
3

M6S

(
s1 0 11

6
a2

19
6
a1

0 −s1
19
6
a4

11
6
a3

a3 a1 s2 0
a4 a2 0 −s2

)
−4

3
ϕ2 +

4
3
ψ2 D.D

M6N


3z
2
− b1

2
0 0 0

b3
4

− z
2
+

b1
2

− 5b1
48

−5b2 5b1

b3 b1 − b1
6
−16b2− z

2
16b1

b4 b2 t
b1
6
+16b2− z

2

 ϕ1 III.O

Table 13. Cartan-theoretic realizations of 4D split-conformal models in our classification

Label Embedding

M9
(X1, X2, X3) 7→ (Ta1 ,Ta2 ,

1
2
Ta3)

(X4, X5) 7→ (1
6
Ta4 ,−1

6
Ta5)

(Z1, e01,H, f01) 7→ (Tz,Ts,Th,Tt)

M8
(X1, X2, X3) 7→ (Ta1 +Ta3 , 2(Ta2 +Ta4), 3Ts)
(X4, X5) 7→ (Ta3 −Ta1 , 2(Ta2 −Ta4))
(H, e01, f01) 7→ (Tt1 ,

1
2
Tt2 , 2Tt3)

M7a

(X1, X2, X3) 7→ (Ta1 +
3a
2
Tz,Ta2 +

a
2
Tt,

1
2
Ta3 +Tt)

(X4, X5) 7→ (1
6
Ta4 − a

12
Ta3 +

1
3
Ta2 +

5a
6
Tt,−1

6
Ta5)

(Z2, f01) 7→ (Tz,Tt)

M6S
(X1, X2, X3) 7→ (Ta1 +Ta3 ,Ta2 +Ta4 ,−2Ts1 −Ts2)
(X4, X5,H) 7→ (1

3
Ta1 −Ta3 ,−Ta2 +

1
3
Ta4 ,Ts2)

M6N

X1 7→ −24
5
Tb1 +

3
40
Tb2 + 32Tb3 − 3

160
Tt

X2 7→ 1
16
Tb2 − 5

12
Tb4 +

1
16
Tt

X3 7→ − 3
16
Tb2 +

5
4
Tb4 +

3
2
Tb5 − 7

64
Tt

X4 7→ 24
5
Tb1 − 1

5
Tb2 +

5
6
Tb4 + 3Tb5 − 13

240
Tt

X5 7→ 1
16
Tb2 +

1
96
Tt

f01 7→ − 5
384

Tt

Table 14. Isomorphisms from Lie-theoretic to Cartan-theoretic realizations

5.5. Conformal holonomy and Einstein representatives. Given a Cartan-theoretic realization
(f; g̃, q̃), the infinitesimal holonomy algebra hol of the associated homogeneous Cartan geometry is
easily computed via the following increasing sequence of subspaces of g̃:

hol0 := ⟨κ(x, y) : x, y ∈ f⟩, holi := holi−1 + [f, holi−1], ∀i ≥ 1.(5.21)
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Since dim(g̃) is finite, the sequence stabilizes to some hol∞, and we have hol = hol∞. More precisely,
since we are working with the model data (g̃, q̃) for conformal geometry, the above computes its
conformal holonomy.

Example 5.7 (M7a). From Table 13, we begin with κ = ϕ0 + 12(a2 − 4
3
)ψ0, where ϕ0 and ψ0

were defined in Table 4. If a2 ̸= 4
3
, then hol0 = ⟨E21, E43⟩, and we calculate hol = hol1 =

⟨E31, E41, E42⟩mod hol0. If a2 = 4
3
, then hol0 = ⟨E21⟩, and hol = hol1 = ⟨E31, E41⟩mod hol0.

Notably, hol ∼= sp(4,C) ∼= so(5,C) in the M8 case. We summarize:

Theorem 5.8. The (complexified) conformal holonomy algebras for the models in our classification
are given in Table 15.

Given any conformal structure [g], and a metric representative g ∈ [g], one may ask if σ−2g is an
Einstein metric for some choice of positive function σ. There is a now well-established reformulation
of this problem so that σ (in fact a density) must equivalently lie in the kernel of a certain second-
order linear partial differential operator called the almost-Einstein equation. (“Almost” refers to
the fact that PDE solutions σ can have a non-trivial zero set.) Moreover, σ can be prolonged to
a section s of the standard tractor bundle of the Cartan bundle of the conformal geometry, and
it is parallel with respect to the standard tractor connection ∇. For details, we refer to [6]. The
infinitesimal holonomy algebra of ∇ is precisely the conformal holonomy algebra discussed above,
and this obstructs the existence of Einstein scales σ.

For homogeneous structures, the existence of such parallel objects can be assessed purely alge-
braically. To do so, we make use of the isomorphism sl(4,R) ∼= so(3, 3) and that the standard
so(3, 3)-rep becomes the sl(4,R)-rep Λ2R4. Of interest are the hol-annihilated elements in this
representation. The complexified results are given in Table 15.

Label hol, represented on C4 = ⟨e1, e2, e3, e4⟩ (Λ2C4)hol

M9

(
0 0 0 0
∗ 0 0 0
∗ 0 0 0
∗ 0 0 0

) e2 ∧ e3,
e2 ∧ e4,
e3 ∧ e4

M8 sp(4,C) :

(
s1 s2

c4
2

− c2
2

s3 −s1 − c3
2

c1
2

c1 c2 t1 t2
c3 c4 t3 −t1

)
e1 ∧ e2 − 2e3 ∧ e4

M7a

a2 ̸= 4
3
:

(
0 0 0 0
∗ 0 0 0
∗ 0 0 0
∗ ∗ ∗ 0

)
e2 ∧ e4,
e3 ∧ e4

a2 = 4
3
:

(
0 0 0 0
∗ 0 0 0
∗ 0 0 0
∗ 0 0 0

) e2 ∧ e3,
e2 ∧ e4,
e3 ∧ e4

M6S sl(4,C) 0

M6N

(
∗ 0 0 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

)
0

Table 15. Complexified conformal holonomy algebras and hol-annihilated elements

We find that there are no non-trivial hol-annihilated elements in the M6S and M6N cases, so:

Theorem 5.9. The conformal structures associated to M9,M8,M7 admit Einstein representatives,
while M6S and M6N do not.

In particular, the M9,M8.1,M8.2 models in Table 1 are Einstein, as are (5.8) in the M7 cases.
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Appendix A. The obstruction to descending to a conformal structure

In this section, we present a formula for the homogeneity 2 torsion T for an XXO structure that
completely locally obstructs the descent to a conformal structure.

Let (N ; ℓ,D) be an XXO structure. Consider a framing of TN adapted to (ℓ,D), namely

X1, X2, L, X ′
1 := [L,X1], X ′

2 := [L,X2],(A.1)

where D = ⟨X1, X2⟩ and ℓ = ⟨L⟩. Since L is nowhere vanishing, we can always introduce coordinates
to rectify it. (So below, there is no loss of generality in thinking of L as ∂t.) Write

X ′′
i := [L,X ′

i] = αi
jX ′

j + βi
jXj + γiL,(A.2)

or more succinctly,

X ′′ = αX ′ + βX + γL.(A.3)

This resembles a linear 2nd order ODE system, and techniques from that study can be used here.
Namely, a first step is to bring it to Laguerre–Forsyth canonical form.

Let X̄ := AX be a local frame change in D, so A is GL(2,R)-valued. Then,

X̄ ′ := [L, X̄] = L(A)X + AX ′(A.4)

X̄ ′′ := [L, X̄ ′] = L2(A)X + 2L(A)X ′ + AX ′′(A.5)

= L2(A)X + 2L(A)X ′ + A(αX ′ + βX + γL)

= (2L(A) + Aα)X ′ + (L2(A) + Aβ)X + AγL

= (2L(A) + Aα)A−1(X̄ ′ − L(A)A−1X̄) + (L2(A) + Aβ)A−1X̄ + AγL

The coefficient in front of X̄ ′ is ᾱ := (2L(A) +Aα)A−1. Normalizing ᾱ = 0 is equivalent to solving
a first-order matrix ODE system, L(A) = −1

2
Aα, which can always be done. Substitution yields:

X̄ ′′ =

(
−1

2
L(A)α− 1

2
AL(α) + Aβ

)
A−1X̄ + AγL(A.6)

= A

(
1

4
α2 − 1

2
L(α) + β

)
A−1X̄ + AγL

Now consider a local frame change L̄ := λL in ℓ, where λ is nowhere vanishing. Modulo ℓ,

˙̄X := [L̄, X̄] ≡ λX̄ ′(A.7)

¨̄X := [L̄, ˙̄X] ≡ [L̄, λX̄ ′] = L̄(λ)X̄ ′ + λ[L̄, X̄ ′] ≡ λL(λ)λ−1 ˙̄X + λ2X̄ ′′(A.8)

≡ λL(λ)λ−1 ˙̄X + λ2A

(
1

4
α2 − 1

2
L(α) + β

)
A−1X̄

https://www.cost.eu
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We maintain the analogous earlier normalization of having no ˙̄X coefficient by using λ satisfying
L(λ) = 0. The coefficient of X̄ now yields an element of End(D) (so tensorial with respect to frame
changes on D), and of weight 2 with respect to rescalings along ℓ. Its trace-free part is:

T := Ξ− 1

2
tr(Ξ)I, where Ξ :=

1

4
α2 − 1

2
L(α) + β.(A.9)

From Table 3, the homogeneity 2 XXO harmonic curvature is a map T : ℓ × TN/H → D
that is trace-free, when regarded as T ∈ (ℓ∗)⊗2 ⊗ End(D) in view of the natural identification
TN/H ∼= ℓ ⊗ D. There are no other components of this type in the homogeneity 2 part of the
curvature. Since T in (A.9) is naturally covariant for the XXO structure and of the correct type, it
must be the claimed harmonic curvature.

Example A.1. Let us calculate T in the M6N case to establish (4.49). Here, we work with Lie
algebraic data (f/f0; ℓ,D) with

f0 = ⟨f01⟩, f−1/f0 = ℓ⊕D, ℓ ≡ ⟨X3 + aX2⟩, D ≡ ⟨X1, X2⟩ mod f0,(A.10)

and X1, X2, X3 specified in (4.47). Take L = X3 + aX2 (labelled X in the derivation above).
Let X ′

i = [L,X1] and X
′′
i = [L,X ′

i]. A direct computation leads to:

X ′′
1 = 2a(3− a)X1 − 2a(a2 − 4a+ 6)X2 + 2a(a− 3)L− 3(a− 2)X ′

1 − 2a(a− 1)X ′
2(A.11)

X ′′
2 = (a− 6)X ′

2 + 12af01(A.12)

Consequently, in (A.3) we have the constant matrices:

α =

(
−3(a− 2) −2a(a− 1)

0 a− 6

)
, β =

(
2a(3− a) −2a(a2 − 4a+ 6)

0 0

)
.(A.13)

Then we obtain (4.49) by computing (A.9):

Ξ =
1

4
α2 + β =

(
1
4
(a− 6)2 −a(a− 3)(a− 4)

0 1
4
(a− 6)2

)
, T =

(
0 −a(a− 3)(a− 4)
0 0

)
.(A.14)

Appendix B. An approach based on Cartan’s equivalence method

In principle, there are also other methods that are well-suited to solve the classification problem of
homogeneous structures presented in this article. In this Appendix, we outline a powerful approach
based on Cartan’s equivalence and reduction methods. On the one hand, it quickly gives rise to
new invariants that distinguish locally inequivalent structures and is also suitable for the study of
non-homogeneous structures. On the other hand, a full execution of this approach requires careful
book-keeping and non-trivial, lengthy computations that would be ultimately difficult to present.

B.1. The invariant coframe. We first show how to invariantly associate a coframe in dimension
9 to an XXO-structure with flat, maximally non-integrable rank 2 distribution D. (In fact we could
drop the requirement that D be flat, but we will restrict to this case to simplify the presentation.)

Consider the flat (2, 3, 5) distribution on N with coordinates (x, y, p, q, z) as in Example 2.7.
Introduce the coframe (ωi),

ω1 = −(dz − 1
2
q2dx) + q(dp− qdx), ω2 = dy − pdx, ω3 = dp− qdx, ω4 = dq, ω5 = dx.(B.1)

Then D = ker(ω1, ω2, ω3), H = [D,D] = ker(ω1, ω2) and

dω1 =− ω3 ∧ ω4, dω2 = −ω3 ∧ ω5, dω3 = −ω4 ∧ ω5, dω4 = 0, dω5 = 0.(B.2)

Let (Xi) be the dual frame, in particular,

X4 = ∂q, X5 = ∂x + p∂y + q∂p +
1
2
q2∂z, X3 = ∂p + q∂z.(B.3)
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A general line field ℓ in the rank 3 distribution H complementary to the rank 2 distribution D, is
spanned by the vector field

X̂3 = X3 − AX4 −BX5,(B.4)

where A = A(x, y, p, q, z) and B = B(x, y, p, q, z) are arbitrary smooth fuctions.
Next we introduce a new coframe (ω̂i), i = 1, 2, 3, 4, 5, adapted to (D, ℓ), i.e. such that

(B.5) D = ker(ω̂1, ω̂2, ω̂3) and ℓ = ker(ω̂1, ω̂2, ω̂4, ω̂5) =
〈
X̂3

〉
,

where (X̂i) is the dual frame. There are plenty of such coframes; the one that we define is

(B.6)


ω̂1

ω̂2

ω̂3

ω̂4

ω̂5

 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 Y 1 0
0 0 Z 0 1



ω1

ω2

ω3

ω4

ω5

 .

We now apply Cartan’s equivalence method. We consider the lifted coframe

(B.7)


ψ1

ψ2

ψ3

ψ4

ψ5

 =


u1 u2 0 0 0
u3 u4 0 0 0
u10 u11 u5 0 0
u12 u13 0 u6 u7
u14 u15 0 u8 u9



ω̂1

ω̂2

ω̂3

ω̂4

ω̂5


on G = N ×H, where H ⊂ GL(5,R) is the subgroup preserving (B.5).

Now we can make the normalizations

(B.8)
dψ1 ∧ ψ1 ∧ ψ2 = −ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4,

dψ2 ∧ ψ1 ∧ ψ2 = −ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ5

by solving for

(B.9) u6 =
u1
u5

& u7 =
u2
u5

& u8 =
u3
u5

& u9 =
u4
u5
.

Then from

dψ3 ∧ ψ1 ∧ ψ2 ∧ ψ3 = −u
3
5

δ
ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4 ∧ ψ5,(B.10)

where

(B.11) δ = (u2u3 − u1u4),

we conclude that we may further normalize

(B.12) dψ3 ∧ ψ1 ∧ ψ2 ∧ ψ3 = −ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4 ∧ ψ5.

By (B.8), there exist linearly independent 1-forms Θ1,Θ2,Θ3,Θ4 such that

(B.13)

(
dψ1 − ψ1 ∧ (Θ1 −Θ2) + ψ2 ∧Θ4 + ψ3 ∧ ψ4

)
∧ ψ1 = 0(

dψ1 − ψ1 ∧ (Θ1 −Θ2) + ψ2 ∧Θ4 + ψ3 ∧ ψ4
)
∧ ψ2 = 0(

dψ2 − ψ2 ∧ (2Θ1 +Θ2) + ψ1 ∧Θ3 + ψ3 ∧ ψ5
)
∧ ψ1 = 0(

dψ2 − ψ2 ∧ (2Θ1 +Θ2) + ψ1 ∧Θ3 + ψ3 ∧ ψ5
)
∧ ψ2 = 0
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The 1-forms Θ1,Θ2,Θ3,Θ4 are not uniquely defined by these equations, but there remains a free-
dom of adding arbitrary multiples of ψ1, ψ2 to each of them. We can now impose the further
normalizations

(B.14)

(
dψ3 − ψ3 ∧Θ1

)
∧ ψ1 ∧ ψ2 ∧ ψ4 = 0(

dψ3 − ψ3 ∧Θ1
)
∧ ψ1 ∧ ψ2 ∧ ψ5 = 0(

dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4
)
∧ ψ1 ∧ ψ2 ∧ ψ4 = 0(

dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4
)
∧ ψ1 ∧ ψ2 ∧ ψ5 = 0(

dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)
)
∧ ψ1 ∧ ψ2 ∧ ψ4 = 0(

dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)
)
∧ ψ1 ∧ ψ2 ∧ ψ5 = 0

solving for u10, . . . , u15. The residual structure group preserving the coframe normalizations (B.8),
(B.12), (B.13), and (B.14) is the following subgroup H1 ⊂ GL(5,R) isomorphic to GL(2,R):

(B.15)


u1 u2 0 0 0
u3 u4 0 0 0

0 0 δ
1
3 0 0

0 0 0 u1/δ
1
3 u2/δ

1
3

0 0 0 u3/δ
1
3 u4/δ

1
3

 .

In particular, this implies the following:

Proposition B.1. There is an invariantly defined rank 2-distribution K complementary to the rank
3 distribution H = D ⊕ ℓ, and the tangent bundle splits as TN = D ⊕ ℓ⊕K.

In order to uniquely pin down the 1-forms Θ1,Θ2,Θ3,Θ4 further normalizations need to be
imposed; for example the forms are uniquely determined if one further requires that

(B.16)

(
dψ1 − ψ1 ∧ (Θ1 −Θ2) + ψ2 ∧Θ4 + ψ3 ∧ ψ4

)
= 0(

dψ2 − ψ2 ∧ (2Θ1 +Θ2) + ψ1 ∧Θ3 + ψ3 ∧ ψ5
)
= 0(

dψ3 − ψ3 ∧Θ1 + ψ4 ∧ ψ5
)
∧ ψ1 ∧ ψ4 ∧ ψ5 = 0(

dψ3 − ψ3 ∧Θ1 + ψ4 ∧ ψ5
)
∧ ψ2 ∧ ψ4 ∧ ψ5 = 0(

dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4
)
∧ ψ1 ∧ ψ3 ∧ ψ4 = 0,(

dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)
)
∧ ψ2 ∧ ψ3 ∧ ψ5 = 0,(

dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4
)
∧ ψ2 ∧ ψ3 ∧ ψ4

+
(
dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4

)
∧ ψ1 ∧ ψ3 ∧ ψ5

+
(
dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)

)
∧ ψ1 ∧ ψ3 ∧ ψ4 = 0,(

dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)
)
∧ ψ1 ∧ ψ3 ∧ ψ5

+
(
dψ4 + ψ4 ∧Θ2 + ψ5 ∧Θ4

)
∧ ψ2 ∧ ψ3 ∧ ψ5

+
(
dψ5 + ψ4 ∧Θ3 − ψ5 ∧ (Θ1 +Θ2)

)
∧ ψ2 ∧ ψ3 ∧ ψ4 = 0

.

Remark B.1. The chosen normalization condition is H1-invariant, and one can show that we can
indeed associate a canonical Cartan connection to our non-integrable XXO-structure. But since
this fact is not directly relevant for the classification problem, we will not elaborate on it.
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B.2. Invariants. We associated to our XXO-structure a coframe (ψ1, ψ2, ψ3, ψ4, ψ5,Θ1,Θ2,Θ3,Θ4)
on G ⊂ N × H1, uniquely determined by (B.8), (B.12), (B.13), (B.14), and (B.16). Equivalently,
this means that the coframe satisfies structure equations of the form

(B.17)

dψ1 =ψ1 ∧ (Θ1 −Θ2)− ψ2 ∧Θ4 − ψ3 ∧ ψ4

dψ2 =− ψ1 ∧Θ3 + ψ2 ∧ (2Θ1 +Θ2)− ψ3 ∧ ψ5

dψ3 =ψ3 ∧Θ1 − ψ4 ∧ ψ5 + 1
δ2/3

βψ1 ∧ ψ2

+ 1
δ4/3

(
u23γC + u24γA + 2u3u4γB

)
ψ1 ∧ ψ4

− 1
δ4/3

(u2u4γA + u2u3γB + u1u3γC + u1u4γB)ψ
1 ∧ ψ5

− 1
δ4/3

(u2u4γA + u2u3γB + u1u3γC + u1u4γB)ψ
2 ∧ ψ4

+ 1
δ4/3

(
u21γC + u22γA + 2u1u2γB

)
ψ2 ∧ ψ5

dψ4 =− ψ4 ∧Θ2 − ψ5 ∧Θ4 + 1
δ4/3

(u2δB + u1δA)ψ
1 ∧ ψ2

− 1
δ5/3

(u2u4τA + u1u3τC + u2u3(ρ− τB) + u1u4(−ρ+ 5τB))ψ
1 ∧ ψ3

+ 1
δ
(u4αA − u3αB)ψ

1 ∧ ψ4 − 1
δ

(
7
11
u2αA − 1

11
u1αB

)
ψ1 ∧ ψ5

+ 1
δ5/3

(
u21τC + 4u1u2τB + u22τA

)
ψ2 ∧ ψ3 − 1

δ

(
4
11
u2αA − 4

11
u1αB

)
ψ2 ∧ ψ4

dψ5 =− ψ4 ∧Θ3 + ψ5 ∧ (Θ1 +Θ2) + 1
δ4/3

(u4δB + u3δA)ψ
1 ∧ ψ2

− 1
δ5/3

(
u23τC + 4u3u4τB + u24τA

)
ψ1 ∧ ψ3 + 1

δ

(
4
11
u4αA − 4

11
u3αB

)
ψ1 ∧ ψ5

+ 1
δ5/3

(u1u3τC + u2u4τA + u1u4(ρ− τB) + u2u3(−ρ+ 5τB))ψ
2 ∧ ψ3

+ 1
δ

(
7
11
u4αA − 1

11
u3αB

)
ψ2 ∧ ψ4 + 1

δ
(−u2αA + u1αB)ψ

2 ∧ ψ5

Here γA, γB, γC , αA, αB, β, δA, δB, τA, τB, τC , ρ do not depend on the group parameters u1, . . . , u4.

Remark B.2. Inspecting the transformation of the coefficients in the above structure equations
under the residual structure group exhibits several (weighted) tensorial invariants of the structure.
In particular, it is visible that both (γA, γB, γC) and (τA, τB, τC) define quadric invariants of the
structure.

Furthermore, the geometric meaning of the invariant condition τA = τB = τC = 0 can be seen
from the structure equations.

Proposition B.2. Consider the metric

g̃ = 2ψ2ψ4 − 2ψ1ψ5 on G ⊂ N ×H1,(B.18)

which is degenerate along the distribution defined as the kernel of (ψ3,Θ1,Θ2,Θ3,Θ4). Then g̃
descends to a well-defined conformal class [g] of non-degenerate metrics of signature (2, 2) on the
4-dimensional local leaf space if and only if the torsion condition τA = τB = τC = 0 is satisfied.

Proof. Using Cartan’s formula for the Lie derivative and the structure equations, it is straight-
forward to verify that g̃ transforms conformally when Lie derived along any vector field ξ ∈
ker(ψ3,Θ1,Θ2,Θ3,Θ4) if and only if τA, τB, and τC vanish identically. □

Henceforth, we will assume that this condition is satisfied.

Remark B.3. Note that τA, τB and τC define a map ℓ× TN/H → D; it can be identified with the
harmonic invariant T from Table 3. An alternative way of computing this invariant was discussed
in Appendix A.
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B.3. Classification problem. We now sketch how we could proceed to obtain an alternative
derivation of the classification of conformal structures with multiply transitive XXO-structures and
Lie(G2)-symmetric twistor distribution.

Consider a coframe (ψ1, · · · , ψ5,Θ1, · · · ,Θ4) satisfying (B.17) with τA = τB = τC = 0. It
defines D and ℓ via (B.5). (Note that the torsion condition (B.17) does not already imply that the
distribution D is Lie(G2)-symmetric; we will implement this condition later.) Let γ ∈ S2D∗ denote
the symmetric tensorfield defined by γA, γB, and γC .

(1) We first assume that γ ≡ 0. Then applying d to (B.17), one shows that this assumption
implies that αA = αB = 0, δA = δB = 0, ρ = β and

(B.19)

dΘ1 = 0

dΘ2 = ϕBψ
1 ∧ ψ4 + ϕCψ

1 ∧ ψ5 + ϕCψ
2 ∧ ψ4 + ϕEψ

2 ∧ ψ5 −Θ3 ∧Θ4

dΘ3 = (−β + ϕC)ψ
1 ∧ ψ4 + ϕEψ

1 ∧ ψ5 + ϕEψ
2 ∧ ψ4 + ψDψ

2 ∧ ψ5 +Θ1 ∧Θ4 + 2Θ2 ∧Θ3

dΘ4 = ϕAψ
1 ∧ ψ4 − ϕBψ

1 ∧ ψ5 − ϕBψ
2 ∧ ψ4 + (β − ϕC)ψ

2 ∧ ψ5 −Θ1 ∧Θ3 − 2Θ2 ∧Θ4

Since we are looking for homogeneous structures, we may assume that ϕA, ϕB, ϕC , ϕD and
β are constants. If we further impose the condition that D be flat (i.e., the Cartan quartic
vanishes, see e.g. [2]), then one can show that there are precisely three XXO-structures
satisfying these conditions: these are the maximally symmetric model M9 (β = 0) and the
two sub-maximally symmetric models M8.1 and M8.2 (β ̸= 0).

(2) Next we assume that γ does not vanish identically, but ∆ = (γB)
2 − γAγC = 0. In this case

we can use the H-action to normalize to γA = ϵ = ±1, γB = 0 and γC = 0. The residual
structure group preserving this normalization is 2-dimensional and so the maximal possible
symmetry dimension in this branch is 7. Assuming that the XXO-structure be homogeneous
with 7-dimensional symmetry algebra and D be Lie(G2)-symmetric, one ends up with two
one-parameter families of structures in this branch: these are the M7a models (which satisfy
β = 0).

If we do not insist on maximal symmetry in this branch, then a further reduction leads to
the M6N model (which satisfies β ̸= 0). More work needs to be done if one wants to confirm
that the M6N model is the only model with 6-dimensional symmetry algebra in the branch
where γ ̸= 0 and ∆ = 0. However, we showed that this is indeed the case by a different
method in Section 4.

(3) Finally, if ∆ = (γB)
2 − γAγC ̸= 0 there are three cases: we may use the group action to

normalize either to γA = γC = 0, γB = 1 or to γA = γC = ϵ = ±1, γB = 0. In each of
these cases the residual structure group preserving the normalization has dimension 3 and
the the maximal possible symmetry dimension of a homogeneous model in the branch is 6.
Imposing further that D be flat leads to the models M6S.1, M6S.2, and M6S.3 (in each of
these cases β ̸= 0).
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