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From A-connections
to PSL,(C)-opers with apparent singularities

binh Quy Duong

Abstract

On a Riemann surface of genus > 1, we discuss how to construct opers with apparent
singularities from SL,(C) A-connections (E, V) and sub-line bundles L of E. This construc-
tion defines a rational map from a space which captures important data of triples (E,L, V)
to a space which parametrises the positions and residue parameters of the induced apparent
singularities. We show that this is a Poisson map with respect to natural Poisson structures.
The relations to wobbly bundles and Lagrangians in the moduli spaces of Higgs bundles and
A-connections are discussed.
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1 Introduction

Let X be a compact connected Riemann surface of genus g > 2, and G a simple complex Lie
group. The de Rham moduli space %, of irreducible holomorphic G-connections (E, V) on
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X carries a hyperkihler structure, and in particular has an associated twistor space ./ 5 x P
The fiber %, over a fixed A € C is the moduli space of irreducible A-connections (E,V,). In
particular, ./, can be identified with .# ;5 and .#, with the Hitchin moduli space .y of G-Higgs
bundles (E, ¢) on X. The Hodge moduli space .#};,4, which is the restriction of the twistor space
to C c P!, provides an interpolation between these moduli spaces and hence a framework for
the heurestic that a holomorphic connection is a deformation of a Higgs bundle.

In this paper, for G = SL,(C), we will describe A-connections (E,V,) and the associated
moduli spaces using sub-line bundles L of the underlying rank-2 bundles E. Central to our
consideration will be the moduli space A4} of pairs (E, L), where the rank-2 bundles E have
trivial determinant and deg(L) = d is fixed. There is a natural forgetful map from .A4; to the
moduli space A of rank-2 bundles with trivial determinant. In the range 0 < —2d < g —1,
the generic fibers of the forgetful map from .4, to the moduli space 4 of stable bundles are
finite, making .4 a very useful auxiliary space to explicitly investigate .4 and more generally
the Segre strata on A,

We will consider bundles on A4 that capture important data of triples (E, L, V; ) in this paper.
For A =0, i.e. the case of Higgs bundles, it is the cotangent space T*_4; that captures important
data of triples (E, L, ¢ ). For example, for —2d = g—1, away from the loci where E is unstable or
has nilpotent Higgs fields with kernel L, we have T*_4; as the moduli space of triples (E, L, ¢)
with E stable. In [[7]], the author with collaborator have constructed a rational map

SoV : T* A ——> (T*Xx)™], m=2g—2—2d. (1.1)

THEOREM 1.1. [[Z]] SoV is a dominant Poisson map with respect to the natural Poisson structure of
cotangent bundles.

The map SoV generalises Sklyanin’s Separation of Variables approach for the Gaudin model,
which can be regarded as a variant of the Hitchin moduli space — this explains our notation
for the map. This map can also be regarded as the classical limit of Drinfeld’s approach to the
geometric Langlands correspondence [[9} [12]].

Main results The main goal of this paper is to construct the generalisation of SoV and Theorem
[L.Il for A-connections. We will consider an affine bundle /ﬂf on A; modeled over T*.Aj; it is
the analogue of the restriction to A" of the moduli space .#,, which is an affine bundle modeled
over T*.#. The main result of this paper is an affine analogue of Theorem [T, 11

THEOREM 1.2. There exists a rational dominant Poisson map with respect to natural Poisson struc-
tures

SoVy 1 M5~ M, m=2g—2-—2d, (1.2)

where M g’; , Is the symmetric product of an affine bundle modeled over T*X.

The construction of SoV, and the proof that it is a Poisson map are analogous to those of
SoV. For the latter, the key ingredients are constructions of certain effective divisors on smooth
spectral curves of Higgs bundles (E, ¢) from triples (E, ¢, L), which induce points in T*.4;. The
authors called these effective divisors Baker-Akhiezer divisors in [[7[]. The analogues of these
divisors are the positions and residue parameters of simple apparent singularities of branched
projective structures, or equivalently opers with gauge group PSL,(C) on X. The map SoV,
encodes the positions and residue parameters of apparent singularities of opers that are induced
from triples (E,L,V,). In fact, for —2d = g — 1, an open dense subset of /ﬂ;’;’l parametrises
opers on X with m = 3g — 3 simple apparent singularities at which no quadratic differential
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vanishes. This explains the notation we have used for this affine bundle. The parametrisation
is done through the positions and residue parameters of the apparent singularities. For the case
g = 0 and meromorphic connections with regular singularities, Oblezin has studied a similar
map [[19].

We note that in this paper, the Poisson structures in the main theorem are natural to
the constructions of the domain and target spaces as affine bundles. One can also consider the
symplectic structures defined by pulling-back the natural symplectic structure of the restriction
of M4 to A along A; ——» A on one hand, and the natural symplectic structure on the mon-
odromy representation variety Hom(7;, PSL,(C)) / ~ along the monodromy map on the other
hand. It is natural to expect that the Poisson structures in our paper are indeed symplectic struc-
tures and coincide with those defined by pull-back. In the punctured Riemann surface setting,
these identities were proved by Pinchbeck [21]] and Iwasaki [[17]] respectively. We also note that
Pinchbeck has discussed an idea similar to Theorem [1.2]

Structure of the paper We start by, in Section 2, discussing the characterisation of A-connections
using sub-line bundles. In particular, we construct the affine bundle /ﬂf by explicit affine co-
ordinate transformations, and discuss how it is essentially a symplectic reduction of an affine

bundle .# )‘5 modeled over T*_#,, where _# is the moduli space of embeddings (L < E). This
is the analogue of the fact that T* .4} is essentially a symplectic reduction of T*.#.

In Section 3, we discuss the notion of opers with apparent singularities and how the trans-
formation rules of the associated residue parameters define an affine bundle modeled over T*X.
The m-fold symmetric product //l ", of this affine bundle parametrises opers with m simple
apparent singularities up to a ch01ce of quadratic differential vanishing at these singularities.
This follows from the characterisation of opers in terms of the positions and residue parameters
of apparent singularities.

Section 4 is for the construction of SoV, and the proof of Poisson property. We show how
the projectivisation of the data (E, L, ¢) defines an oper with apparent singularities. We recall
the construction of Baker-Akhiezer (BA) divisors from triples (E, L, ¢) from [[7]] to show that
the induced apparent singularities and residue parameters are indeed analogues of BA divisors.
The map SoV, which encode these data is hence a generalisation of SoV. The proof of Poisson
property of SoV, is analogous to that of SoV.

In Section 5, we discuss the relation between wobbly bundles, i.e. stable bundles admitting
nonzero nilpotent Higgs fields, and the loci in //l g ® that needs to be removed to have a regular
moduli space of opers. We then discuss a Lagrang1an subspace of _#}; that is mapped via SoV
to a Lagrangian in (T*X)[®¢3] defined by fixing a divisor on X, and the analogue of this in ..
These subspaces to some extent resemble the Lagrangian leaves in .#}; and ., associated to
C*-fixed point (E, ¢p) € A IS* for E unstable [24]].

2 Rank-2 A-connections and sub-line bundles

In this section, we discuss how SL,(C) A-connections (E, V) and the associated moduli spaces
can be understood more explicitly if we consider them together with subbundles L of degree d of
E. In particular, we construct a moduli space .4 f that captures important aspects of the triples
(E,L,V,). To this end, we start by reviewing an explicit description of the moduli space A4, of
pairs (E, L) and its cotangent space T*.4;, which is the analogue of .# f for triples (E, L, ¢).
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2.1 Moduli space of pairs (E, L) and its cotangent spaces

We denote by .#; the moduli space of nowhere-vanishing morphisms L < E where L is a line
bundle of degree d on X and E a rank-2 bundle of trivial determinant. Alternatively, a point in
Mg is an equivalence class of extensions of the form

0—L—E—L71—0. (2.1)

The forgetful map that picks out L makes ./ a vector bundle over the Picard component Pic?
parametrizing line bundles of degree d on X, with the fiber over L € Pic? the space Ext(L™!,L) ~
H(X,L?) of extension classes of L™! by L. We will abuse the notation by denoting by (L < E)
for both the point in H(X, L?) and the point in .#; defined by an extension of the form (2.1)).
Later when we equip coordinates x for H'(X, L?), we will also denote these points by x.

The projectivisation of .#; is the moduli space A} of pairs (E, L) where L is a subbundle of
E. It is a projective fiber bundle over Pic? with fiber PH!(L?) over L. The diagram

pr

Mg > N
Y et (2.2)
1Ny I

N

is commutative, where pr is the projectivisation map that sends (L < E) to the class [L < E] =
(E,L), and I and i are forgetful maps that pick out only isomorphism classes of E.

Coordinates on .#; Given (L — E) € .#,, one can introduce local coordinates on a neigh-
borhood of this point by fixing some reference divisor on X and describe extension classes of line
bundles explicitly. The general idea goes back to Tyurin [[27]], while the specific introduction of
these coordinates used in this paper was discussed also in [21]]. We refer to our paper [[7]] for a
more complete discussion.

First, recall that there is an embedding of X in PH!(L?) via the linear system associated to
KL?. We then choose a divisor p = erv:l p, on X, where N = h'(L?), such that spanning the
embedding of p, gives us PH!(L?). A generic divisor on X would satisfy this condition. Next,
choose a divisor q = Zlgz_ld d; such that the divisor q = Z;";l q; satisfying L ~ 0x(q—q) is not
exceptional, and that q+p+ q has no point with multiplicity > 1. A divisor p+( satisfying these
conditions will be referred to as a reference divisor for (L < E) € ;.

Let us now also choose local coordinates z;, £, and w, on neighborhoods of g;, ¢; and p,
respectively. Let z; = z,(q;) and assume that £,(4;) = 0 = w,(p,). Let X4 be the complement
of supp(q + p + q). Then the extension class (L < E) € .#,; can be represented by transition

functions
v—1 _1
2, — % 0 z; 0 1 x.w,
( 0 (gl _Zl')_l > 0 g] > O 1 > (23)

of E when transiting from X to neighborhoods of points in q + p + . Here x, are complex
numbers and hence are coordinates on H'(L?); we are able to represent (L — E) by such
transition functions thanks to our assumption on p. Thanks to our assumption on q and (,
varying q then defines a neighborhood of L in Pic?. In conclusion, upon choosing local coordi-
nates and reference divisor on X, we have local coordinates z = (2;(q1), .. .,24(q,)) on Pic? and
x = (xy,...,xy) on the fibers of .#,; over Pic?.
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In fact, there is a more natural set of local coordinates on Pic? defined via the Abel map. Let
(wi){g:l be a basis of holomorphic differentials w.r.t. a canonical basis of cycles on X. Then

g q;
B AZ) = A= (A1,..., Ay), i@ = ZJ w; (2.4)
]:1 Xo

defines a change of local coordinates on Pic?. The differential w;(2;(q;)) of this change of coor-
dinates is invertible as q is not exceptional by our assumption.

Higgs fields in terms of meromorphic differentials The reference divisor p + g allows one
to represent Higgs fields in terms of Abelian differentials. Suppose in local frames adapted to
the embedding x = (L < E) over X, a Higgs field ¢ on E takes the form

_[ %0 ¢-
¢|Xq_(¢+ ¢+). (2.5)

For a divisor D on X, let Qp be the space of meromorphic differentials with divisor bounded
below by —D. The components ¢, and ¢ .. are Abelian differentials on X with singular properties
depending on the coordinates x = (x,...,xy) of (L — E) € #,.

PROPOSITION 2.1. [7]] With the setup as above, ¢, ¢ satisfy
(i) ¢, is an element of Q_yq, 04 HO(X,KL™2);
(ii) ¢ is an element of Q, with PES ¢o =—x,.¢.(p,) at each p,;
(iii) ¢_ = (—det(¢p)— qﬁg) /¢ is an element of Qyp g, With the singular parts at each p,. fully
determined in terms of x, ¢y and ¢ ..
The Abelian differential ¢, can be identified with the composition

cLep(@)=ce($): L —ELE@K — 17! 2.6)

and defines an element of H°(X,KL™2), which by Serre duality is dual to the fiber H'(X,L?).
When the scaling of the embedding L — E is not important, we will simply write c¢(E, L, ¢). The
following condition follows immediately from the singular properties of ¢,.

COROLLARY 2.2. [7]] Given a fixed extension class (L — E) = x € H'(X, L?) and a Higgs field ¢
on E, c,(¢) is contained in the hyperplane ker(x) ¢ H*(X,KL™2), namely

(cx (@), x) =0.

The space of all elements c,(¢) is the image of the map to H°(X,KL™2) in the long exact
sequence

0 — HO(X,E*LK) — H°(X,Endo(E) ® K) = HO(X,KL™%) — H'(X,E*LK) — ... (2.7)

which is induced by the embedding of the bundle E*LK of L-invariant Higgs fields on E to the
bundle of trace-free Higgs fields End,(E) ® K.

PROPOSITION 2.3. If E is stable and there exists a unique embedding L — E up to scaling, then
im(c, ) = ker(x). In particular, if L is a subbundle of maximal degree in E then im(c, ) = ker(x).
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Proof. The proof follows from Riemann-Roch computation and exactness of the sequence (2.7).
Indeed, the dimension of im(c, ) is h°(X,Endy(E) ® K) — h°(X,E*LKy), which for E stable
has codimension h°(X,L™'E). The second statement follows since a maximal subbundle has
a unique embedding up to scaling [[18]]. O

In the range 1 < —2d = —2deg(L) < 2g — 1, for a generic L and extension x € H'(X,L?),
we have h°(X,L™'E) = 1. Proposition says that the generic situation in this range allows
us to pick any element in the hyperplane ker(x) and find a corresponding lower-left component
¢ of some Higgs fields on E.

Symplectic structures on T*.#,; and T*.4; The cotangent bundle T*.#, carries a canonical
symplectic structure. Let 7 = (%f,...,é?), k= (KII_I,...,KI;) and k' = (k,..., k) be the
conjugate coordinates ] to 2, A and x respectively, i.e. the canonical symplectic form on T* %,
takes the local form

g N g N
B =) dz Ad# +> dx, Ak =D dA Adil + > dx, AdKT. (2.8)

i=1 r=1 i=1 r=1

One key step to the main results in [|7] is the relation between Darboux coordinates on T*.#,
and Abelian differentials representing Higgs fields, which we now recall.

PROPOSITION 2.4. [7]] Suppose a Higgs field ¢ on E takes the local form (gi _‘Z;O) on Xq as in

(2.5). Then

H$)=—260(@) i=D.g L
() =2 (dA™);bo(q;)-
) = s r= Loy, =220

where the evaluations of Abelian differentials are w.r.t. chosen local coordinates.

There is a canonical C*-action on .#, which acts along the fibers over Pic? and scales the
extension classes. The induced action on T*.#, is defined by pull-back. In terms of Darboux
coordinates,

e.(x, A,k k') =(ex, A, e 1k, k), eeC. (2.9)

The corresponding moment map H : T*.#; — C is nothing but the Serre duality pairing of
(L — E)e HY(X, L?) with ¢, (¢) € H°(X,KL™2). In terms of Darboux coordinates,

N
H (e, 2, kM, k) = x kM = x Kl (2.10)

r=1
By Corollary[2.2] the pull-back of a Higgs field ¢ € T; A" to T(*U_) E)//td is contained in the level
set H~1(0). These pull-backs are C*-equivariant and commute with the pull-backs to T NG

[L—E]
In fact, an open dense subset of T*.4; is symplectomorphic to the quotient of an open dense

subset of H~1(0) by the C*-action, i.e. a symplectic reduction of an open dense subset of T*_#,
(cf. the Appendix B in [[7]]).

!The upper script “H” is meant to suggest that these Darboux coordinates on T*.#, can be regarded as coordinates
of (pull-backs of) Higgs bundles. We will use notations without this upper script for Darboux coordinates in the A-
connections setting (cf. subsection[2.3).
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Fibers of A -—» A" The forgetful map that picks out only E defines rational maps from .4
and A} to the moduli space A" of rank-2 stable bundles with trivial determinant. Denote by i
the map A; --» A. For 1 < —2d < g —1, a dense subspace of the moduli space .4} is defined
by pairs (E, L) with L a subbundle of maximal degree of E. The bundle E in this case is stable
and lies in the stratum

Sq = {E e N| r{lggdeg(L) > d}

of the Segre stratification on A" [[18]. In particular, &/ = S; for —2d = g — 1. The following
results are well-known.

PROPOSITION 2.5. 1. For —2d = g — 1, there is an open dense subset of & = S; elements
of which admit finitely many maximal subbundles [18|] In particular, very-stable bundles,
which are those that admit no nongzero nilpotent Higgs fields and define an open dense subset
of A, admit exactly 28 maximal subbundles [[14].

2. For 1 £ —2d < g—2, there is an open dense subset of Sy elements of which admit exactly 1
maximal subbundle [18]].

It follows from Proposition that for 1 < —2d < g — 1, there is a dense subset JVJm C N
consisting of pairs (E, L) where E is stable and the restriction of the forgetful map i : A ——»> A
to a neighborhood of (E, L) is an immersion (and an isomorphism if —2d = g —1). We denote
by 4™ the image of JVdim.

PROPOSITION 2.6. For 1 < —2d < g — 1, the map i is not an immersion at [x] = (E, L) if and
only if the line bundle Ky L? defines an exceptional divisor on X, i.e. h°(X,KxL?) is larger than its
expected value.

Proof. It follows from Proposition that the kernel of if, . : TpA — T, Ay is isomorphic

(E,.L) " (E,L)
to the space H°(X,KxL?) of nilpotent Higgs fields on E with kernel L. But the expected value
of h°(X,KyL?) is g — 1 + 2d, which is equal to dim(.4") — dim(.A}). 0O

It follows from Proposition [2.6] that, for —2d = g — 1, an open dense subset of T*.4; is the
moduli space of triples (E, L, ¢) with E stable (modulo the loci of unstable bundles and the loci
(E, L) € A; where E has nilpotent Higgs fields with kernel L). For 1 < —2d < g—1, Propositions
[2.4land 2.6 essentially say that, away from the loci (E, L) € A4 where E has more nilpotent Higgs
fields with kernel L than expected, T*.4} is the moduli space of the “lower-triangular part” of
the Higgs fields in local frames adapted to L.

2.2 A-connections in terms of Abelian differentials

An SL,(C) A-connection is a pair (E, V) where E is a holomorphic bundle of trivial determinant
and V, is a holomorphic map V; : E — E ® K such that

* V, induces the trivial connection on &y;

* V, satisfies a twisted Leibniz rule V,(fs) = Adf ® s+ f V(s) for all local holomorphic
functions f and holomorphic sections s of E.

Note that the case A = 0 reduces to that of Higgs bundles. Note also that given a fixed holo-
morphic bundle E, the space of A-connections on E is an affine space modeled over the space
HO(X,Endy(E) ® K) of SL,(C)-Higgs fields.
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The following results concerning A-connections can be regarded as the generalisation of
results for Higgs bundles that we have reviewed to the case A # 0. Given (L — E) = x €
H'(X,L?) and a A-connection (E, V,), the composition

¢ (V): L E S E®K — L7IK (2.11)

is Oy-linear and defines a section of KL™2. It can be regarded as the generalisation of ¢, (¢)
defined in (2.6) for the A-connection setting. When the scaling of the embedding I < E is not
important, we will also write c(E,L,V,). The generalisation of Proposition 2.1 is as follows.
Suppose V, takes the form
wq w_
= 2.12

Vi lx, Aa+(w+ —wo) (2.12)
in some frames adapted to L over Xq. Then w, and w. are Abelian differentials that are holo-
morphic on X, and satisfy the following conditions.

PROPOSITION 2.7. With the above setup, wq, w_ and w., are Abelian differentials satisfying the
following properties:

* Wy €Q_yq404 can be identified with ¢, (V).

* wyEN with residues

q+d+p
—A fory €q,
Reswg=4 A for y €q, (2.13)
’ —x,w.(p;) fory€p.
* w_ € Qypiaq-o4 With the singular part at each p, fully determined by wg, w, and A.

Proof. Using the transition functions (2.3)), one obtains the local form AJd + A of V, in neigh-
borhoods of points in p + q + q where A is the local 1-form

- v -1 2
wo —2|- AZ; 1 ¥ 200 3 and woy— A(gj_—zzj) (g]. —zj) w_ . (2.142)
Ziw, —wo — AZ; (z;—2)) "wy  —wo+Alz;—z)
around ¢; and w, respectively, and
wo— xrw+W71 w_—2x, coowjl — x3w+W72 + Axrwjz (2.14b)
Wy —wq + X, CO+W:1 '
around p,. The proof now follows from regularity of Aat p+q+q. O

The vanishing of sum of residues of w, immediately implies the following.

COROLLARY 2.8. The Serre duality pairing of ¢,(V;) and x =(L — E) is
(cx(Va),x) = Ad. (2.15)

The pairing is the generalisation of the vanishing pairing in Corollary 2.2]to A # 0.
Note that if E is strictly semi-stable with destablising subbundle L then the pairing (2.15) also
vanishes. The following Proposition, which is the affine analogue of Proposition [2.3] follows
immediately.

PROPOSITION 2.9. If E is stable and L has a unique embedding into E up to scaling, then the
projection from the space of A-connections on E to the affine hyperplane in HO(X,KxL™2) defined
by is surjective. In other words, in such a situation, given any element ¢ € H°(X,KL™2)
satisfying (c,x) = Ad, then there exists a A-connection (E, V) such that ¢ = ¢, (V).
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2.3 Symplectic affine bundles on 4 and ./

Affine bundle on .#; We now define an affine bundle ’//l\/{; on #4; modeled over T*.#;. It

will turn out that this affine bundle .# /{1 is an analogue of the Hodge moduli space .#};,4, with
the moment map H defined in the analogue of the twistor parameter A.

The idea of construction is rather straightforward. Recall the moment map H : T*.#; — C,
(x,4,k,x) — x.k, of the C*-action. For a fixed A € C*, consider the affine bundle .#; — A
which is the moduli space of irreducible A-connections with stable underlying bundles. It follows
from Corollary that the pull-back along I : .#; -—> A of .4, defines an affine bundle on
M 4 with fibers identified with H~1(Ad)N T(*LL’ E)//td. By varying A, we can define a bundle with

fibers identified with the complement of H~*(0) in M . The extension of the associated

T(*LL»E)
affine isomorphisms to H~*(0) then defines an affine bundle modeled over T*.#,.

In the following, we are going to explain this construction by first introducing the generali-
sation of the Darboux coordinates k¥, " and x!’ on T*_#, to the A # 0 setting (cf. Proposition
2.4). Given (L — E) € #, and an irreducible A-connection V, on E, the data consisting
of a reference divisor r = p + q and local coordinates around r + q let us define the vectors

k =(ky,...,ky)€CN and £ = (%;,...,%,) € C® where

k, == w.,(p;), g = —2 (wo - )(ql')- (2.162)

2;—%

These quantities are well-defined due to regularity of the 1-form (2.14). We also define xk =
(K1,...,K4) € C& where

g
Ky = (dATY);, i=1,..,g (2.16b)
i=1

here dA™! is the differential of A~! evaluated at A = A(z) (cf. (2.4)). By Corollary [2.8] these
vectors define a map
I)L,r DMy, |E__’ H_l(ld) N T&;,E)/ﬂd

where ., | is the space of irreducible A-connections on E and H!(Ad) is the (Ad)-level set of
the moment map on T*.#, (cf. (2.10)). The image of I, , is an affine space modeled over the
image of the pull-back

Ii: T* A — H'(0)N Ty gy Ha-

It follows from Proposition that I . is surjective, i.e. E € A im "if and only if h°(X,KL?) is
equal to the expected value g —1 + 2d.

Suppose now E € 4™ and so I Ar is surjective. Consider a change of reference divisors
r—r'=p +{d. Interms of r’, let (L’ — E’) be the representative of the same point in ./
defined by (L < E). This means E’ is defined by some transition functions of the form (2.3) with
r—r'andq—q =q;+ - +q;,, where L’ = 0x(q' —q') ~ 05x(q—q) is a subbundle of E’. Let
V', be the A-connection on E’ corresponding to V via an isomorphism E’ = E. By considering
a local form of V, in local frames adapted to L’ over X \ supp(p’ +q’ + q') as in (2.12), one
can similarly define a map I ., : A, |p— H~'(Ad) that associates to V', a set of vectors k’
and 2’. For a fixed A € C*, there is a unique affine automorphism of H~!(Ad) that relate the
two sets of tuples (k, %) and (k’,%") for all irreducible A-connections on E. To see this, let us
choose an irreducible A-connection V.. on E, and let (kf, £,.¢) and (k’ é;ef) be its associated

ref?

vectors w.r.t. the two reference divisors. By Proposition [2.4] the pull-back to T*.#, of the Higgs
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field V; — V¢ has respective fiber coordinates (k — kyef,  — £¢) and (k' —k/, g — %;ef) which

are contained in H~1(0). One then obtains a unique affine isomorphism I a.r,r associated to the

o . v / v/
transition function of T*.#; and maps (kef, Zref) = (Kiop> £pef)-

our — * *
My g — HIADNT oy lly —— Tjy My

\L” l/ll,r,r’ \L: . (2.17)

Iy _
‘/ﬂl |E’ — H 1(Ad)ﬂT&/<_,E/)-//td — Ta/_,E/)'//ld

Clearly a different choice of the reference connection V.. induces the same affine isomorphism.

Consider now the Hodge moduli space #;,q — C of irreducible SL,(C) A-connections on
X. The fiber ., over 0 can be identified with the Hitchin moduli space ., and over a fixed
A € C* the moduli space ., of irreducible A-connections (E, V). Varying A € C* and requiring
stability of E defines an open dense subset ;ﬂ\i C Myjoq |c- Which is a vector bundle

M
l (2.18)
C*x N

whose fiber over C* x {E} is the space /7{; | of irreducible A-connections on E modulo isomor-
phisms for all A € C*. For each (L — E) € .#, with E stable, upon a choice of reference divisor
r and local coordinates, the vectors defined in (2.16) define a map

I : M |p— T( gy Mg \H'(0).

A map I, defined by a different reference divisor r’ commutes with I,. via the collection of affine
automorphisms I, , ., on the level set H ~1(Ad) as defined in (Z.17). These collection of affine

automorphisms extend to an affine automorphism I,. .. of T(*U_) E)'/ﬂd that restricts to the vector

space isomorphism defined by transition function of T*.#; on H™*(0). Let {U,} e+ be an atlas
on ./, such that

« each U, can be equipped coordinates using some reference divisor r ,;

* the images of overlaps U, N Up along I are contained in A im
We then can use the affine automorphisms I, .. ; of T*.#; to define an affine bundle over .,
modeled over T*.#,;. We denote this affine bundle by ;ﬂ? . It follows from (2.17) that the
restriction of ;/};& to the complement of H~*(0) is simply the pull-back of ;/{Vi to .#4. Hence

M f plays the role of an analogue of the Hodge moduli space .#};,4, with the moment map H
encoding the twistor coordinate A.

Symplectic structure It follows from the local identification of .4 f with T* 4, that one can
define local symplectic form by pulling-back the canonical symplectic form on T*.#4. A priori

this local symplectic form on .# f is not unique, i.e. it depends on the local identifications. Using
Proposition 2.4 and (2.16)), we can write this canonical symplectic form as

g N g N
D dz Adii+ Y dx, Adk, =D dA; Adii+ Y dx, Adk, (2.19)
i=1 r=1 i=1 r=1
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in a local neighborhood of (L < E) with E € 4™ It is easy to see that
N N g g
> dx, Adk, = dx/ AdK,, D dz Adg = dz] AdE] (2.20)
r=1 r=1 i=1 i=1

upon a change of reference divisor r — r’. Hence we have a global symplectic form &, on .# /‘11
with local Darboux coordinates (x, 2, k, £) or alternatively (x, A, k, k) defined through (2.3) and
by choosing reference divisors.

We note that for Riemann surfaces with punctures, Pinchbeck in [21]] considered a similar
symplectic structure and showed that it coincides with the pull-back of the canonical symplectic
structure on the de Rham moduli space of holomorphic connections. We expect by adapting
the strategy in [[21[], a similar result in the current setting of compact Riemann surfaces can be
proved.

Symplectic affine bundle on .4; The restriction of ;/l\f{ to {4} x A" is the moduli space .#;
of irreducible A-connections with stable underlying bundles. We denote by .# /{1 the pull-back of
M5 along N --> A Clearly /ﬂf is an affine bundle modeled over T*.4;, and one can regard

this as an analogue of how /F/tj is an affine bundle modeled over T*.#".
Recall that an open dense subset of T* 4 is a symplectic reduction of an open dense subset of
T*.#; by C*-action. Here, we also have an open dense subset of .# f as a symplectic reduction

of an open dense subset of /ﬂf. More precisely, the C*-quotient of the level set H™1(Ad) is
isomorphic to an open dense subset in .# f as complex manifolds, such that the pull-back of the

local symplectic structure defined by local identification with T*.4; to H™1(Ad) coincides with
the restriction of &, to H~1(Ad).

Maps from .#; Denote by ./ |g the fiber of .#; over E € #: in other words, this is the
space of isomorphism classes of irreducible A-connections on E. It is an affine space modeled

over H°(X,Endy(X) ® Kyx) =~ C3¢73, It follows from the construction of /ﬂf that, given x =
(L — E) € My, the diagram defines a map

I |x: oM |p— M |
which upon choosing a reference divisor r coincides with I, ,.. As we vary x along its C*-orbit,

the collections of such maps are equivariant w.r.t. the C*-action on ;/};‘5 and hence descends to
a map

iy ]t A5 |5— A e
where [x] = (L,E) € A is the class of x upon modulo scaling. These two maps are affine
analogues of the point-wise pull-backs

I* | Tp N — Ty, Uy TpA — TrgMa

PROPOSITION 2.10. Let d be in the range 0 < —2d < g — 1. Let V, and V; be two A-connections
onE,andx =(L — E) € /ﬂf. Then

(V) =1L(VY), (V) =1,(V))

ifand only if V; — V’}l is a nilpotent Higgs fields with kernel L. In particular, i, |[,1 is not surjective
if and only if i is not an immersion at [x ], which occurs if and only if K, L? defines an exceptional
divisor on X.
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Proof. By construction, we have I, (V;)—I A(V;L) =", (V A_V;J The statements now follows
from Proposition O

It follows that for —2d = g — 1, the maps i, |[,] are isomorphisms on the open dense subset
A C Ay. Consequently, in this case, similarly to how the restriction of T*.Aj; to A7™ is the
moduli space of triples (E, L, ¢) for (E,L) € dim, we have the restriction of .# f to Jﬁ/(iim is the
moduli space of triples (E, L, V) for (E,L) € A}™.

2.4 Components of A-connections revisited

We have seen from and how the evaluations of Abelian differentials (zi _wojo)
in relate to Darboux coordinates of the symplectic form &, on Jt;a To prepare for the
proof of the main theorem in Section[4.3] in the following we express w, in terms of the Darboux
coordinates.

Given a pair of distinct points p. on X, recall that the Abelian differential of the third kind
w, _p has simple poles at p. with respective residues £1 and is holomorphic elsewhere. It
is the unique meromorphic differential with this property with vanishing A-cycles. Let us now
similarly define a unique Abelian differential of the third kind w;_pi by imposing a different
normalisation condition. Namely, we require that w;_pi has simple poles at p, with respective
residues %1, is holomorphic elsewhere, and in addition its O-th Laurent coefficient w.r.t. the
local coordinate z; around each ¢; < q is 0. In other words, our normalisation condition is that

wp _, (q) =0 for q; ¢ {ps} (2.21a)

and
q +1
@y, —p =\ +0() |dz for g; € {p.}. (2.21b)

Note that while condition (2.21a) is coordinate-independent, the vanishing of the 0-th Lau-
rent coefficient in is not. Nevertheless, one can find an explicit relation between the two
sets of normalised Abelian differentials. Let co&_pi(qi) be the 0-th Laurent coefficient w.r.t. z;
of w, _p, (q;), namely

0 prr—p,(Zi(qi)) for qi ¢ {p:l:}
Wy, —p (qi) = dz;
v (wp,—p F L) (zi(q))  for q; € {ps).
Then it is straightforward to check that
g
wng_P— = wp+_P— - Z (dAzl)m‘ wg+_p_(qi)wn- (2.22)
i,n=1

Knowing the residues of w, and using the definition of Z; and k; from (2.16), we can write

N g g—d g
1
- q . _ z : Q- E w0
wo = E Xk, o, +A E Wg_p —A Dy T3 K;w;. (2.23)
r=2 i=1 i=1 i=1

P —

This formula gives a concrete way to express w in terms of the coordinates on .# f.
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We can also express w, in terms of its zeroes and poles. Suppose u = u; + - - - + u,,, where
m = deg(KL™2) = 2g — 2 —2d is its zero divisor. It follows from Proposition that

N+g—1
¢ E(Gq )P T B, wy)

—d v
l_ljgzl E(X5 qk)z

w, (x)=ug (o(x))>. (2.24)

Here u, € C* is a scaling factor, and E(p, q) is the prime form on X x X, where X is a fundamental
domain of X obtained by cutting along a basis of canonical cycles. The definition of o(x), which
is a multi-valued (g/2)-differential, in terms of the Theta function and prime forms can be found
in Appendix B of [[7]].

3 Opers with apparent singularities and their moduli

3.1 Basic definition and properties

A branched projective structure subordinate to the Riemann surface X is a collection {(U,,w,}
where {U,} is a covering of X and {w,} a collection of local holomorphic maps from X to P*
whose values are related by Mébius transform. The ramification points of w,, are called apparent
singularities. Two branched projective structures are equivalent if their union is also a branched
projective structures. The analytic continuation of any local map w,, is also called a developing
map, which induces a monodromy representation t; — PSL,(C). Itis clear that the equivalence
class of a branched projective structure is determined by such a developing map.

An equivalent description of branched projective structures is that of a PSL,(C)-oper with
apparent singularities, which we from now on will call oper for short. An oper is a collection 2
of compatible local Schrédinger differential operators 2 = {(U,, D, )} where

D, = Aazi +q,(24), AeC’.

Here, “compatible” means that solutions to D, are sections of a line bundle N of degree 1 —g
(such as K, Y %), namely if f,, is a solution to D,, then Ng, f,, is a solution to Dg [16,[17]. The two
equivalent definitions of branched projective structures are related by taking the ratio f ,/f5 4
of two linearly independent solutions to D, to be w, and by noting that

A2 A2 [ f1,a(24)
qa(za) = ? {Wa(za);za} = ? {f%’za 3.1
2,a\Pa
" 7\2
where {g(z),2} = gg—, — % (%) is the Schwarzian derivative of a function g(z). It follows from

the transformation rule of a Schwarzian derivative upon a change of coordinates z, — z4(z,)
that the potentials of the local Schrodinger equations transform as

/ A
Qﬁ(Zﬁ)(Zﬁ)Z =qq(24)— > {zp,24} - (3.2)

We see that these potentials transform almost as quadratic differentials plus a correction term
scaled with A2. Note that this correction term vanishes if 2p5(2,) is a Mobius transform. Con-
sequently, w.r.t. a coordinate atlas where the coordinate changes are all Mobius transform, the
potentials g, indeed define a quadratic differential (Example 3.1l below gives examples of such
atlases).
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One can show by direct computation from (3.I) that the singularities of q,(2,), i.e. the rami-
fication points of w,(z,), have particular Laurent tail expansion, which ensure that even though
solutions to D, are singular and might have non-trivial monodromy around these singularities,
their ratios are holomorphic there. Consequently, the developing monodromy in PSL,(C) do
not “see” these singularities, hence the name “apparent singularities”. The order of an apparent
singularity is the ramification order of w,,. In this paper, we will restrict ourselves to opers with
simple apparent singularities, namely they are of order 1. It follows from (3.I) and the Taylor
expansion w,(z,) = Zk21 sz§ at a simple apparent singularity that the Laurent expansion of
q4(z,) takes the form

1 3 4
ﬁqa(za) = _@ + z_a tqq0t 0(2,), Vi + a0 =0. (3.3)
a a

We call v, the residue parameter of the apparent singularity z, = 0 of the oper 2 w.r.t. local
coordinate z,,.

ExAMPLE 3.1. The space of opers without apparent singularities on X is an affine space mod-
eled over H(X,K2) ~ C3¢73. Let {U,,z,} be a collection of coordinates charts induced by the
universal covering of X, i.e. the upper-half plane, via the uniformisation theorem. In these co-
ordinates, the “uniformising” oper takes the local form D, = Aazi . If a quadratic differential has

local expression of the form qa(za)dzi then the collection of differential operators Aazi +q4(24)
define a meromorphic oper without apparent singularities. Note that the ratios w, of linearly in-
dependent solutions of any oper without apparent singularity define coordinate atlas {(U,,w,)}
with coordinates changes being Md&bius transforms. In such an atlas, an oper with simple ap-
parent singularity is equivalent to a meromorphic quadratic differential with poles of order 2

satisfying (3.3).

3.2 Moduli of opers

Transformation rules of residue parameters Since the Schwarzian derivative of local co-
ordinates w.r.t. each other is regular, it follows from (3.2) that upon a change of coordinates
zg — %4(2p), the transform vg — v, of the residue parameters associated to a simple apparent
singularity u,, is the same as the transform of residue parameters of a quadratic differential with
a double pole at u,,. By a direct computation one can show that

7 3 Z(/x/ (u)
=W T aE Wy S

where we have evaluated the derivatives of z,(z3) at zg(u). (The invariance of the leading
Laurent series coefficient —3/4 is on the other hand characteristic of quadratic differentials with
double poles.) It will turn out later to be more convenient to use the A-scaled residue parameter

Van = AV, (3.5)

In terms of these parameters, the transformation rule is that of fiber coordinates of T*X plus a
correction term linear in A, namely

_ " 32 2zl (u)
e =) T E @R 3.0)
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Opers in terms of apparent singularities and residue parameters On the other hand, one

. . . " 3g—3 . s
can characterise opers with 3g —3 apparent singularities u = . oy Uy in terms of the positions
and residue parameters of these singularities, provided that these there is no quadratic differ-
ential vanishing at u. The idea in the proof of the following proposition, which uses “building
blocks” of quadratic differentials to control the residue parameters, was first used by Iwasaki in
[16].

PROPOSITION 3.2. [55) [16/] Let Zigg u, be a reduced divisor on X such that there is no quadratic
differential vanishing at u. Then there exists coordinate neighborhoods (U,,z,) of each u,, n €

{1,...,3g — 3}, and an injective map of sets
(U1 X oo X U3g_3) x (C)*$73 — {opers with 3g — 3 simple apparent singularities}/ ~
W, %) — 2, %)

=, . =, / /
such that the oper 9(u’, v) associated to (u’, V) = (uj, ..., U,
singularity at each u and associated residue parameters v, w.r.t. the local coordinates z,.

V1, .- V34—3) has a simple apparent

Proof. The idea is that due to our hypothesis on Zigg u,, we can find local neighborhoods
U, of u, such that points in U; x ... x Us,_3 also define divisors uj +--- +uj g3 at which no
quadratic differential vanish. Choose an oper without apparent singularity and equip U, with
local coordinate g, induced by this oper (cf. Example B.I). We now describe 9(W, ) by a
quadratic differentials with double poles u/, € U, and Laurent expansion in z, satisfying (3.3).
To this end, we can use quadratic differentials with Laurent tails

) 1 / € 1

S =14 0(z,—z,()), =
e 78 A L T 7y

around u; and vanish at u;( for k # n. These quadratic differentials are actually unique. The

quadratic differential

+0(z, —2,(1))

3g—3 3g—3
3% @57 g0 4 g©
B 4 r=1 qu;l ’ r=1 vrquil +q(J/:?’)

where qg)?) » is the unique holomorphic quadratic differential that solves the nondegenerate

linear system

(0) 2 _ —
q(J/’m(zn) |y T, =0, n=1,...,3¢g—3, (3.7)
then defines 9, ;). The injectivity of the assignment W, ) — 9 is obvious. O

Q-generic and Q-special divisors The hypothesis on u in Proposition[3.2]is a case of the notion
of Q-generic divisors [|5} [6]. We say that an effective divisor u = > u, on X is Q-generic if
the space

Qu ={q € H'(X,K3) | u < div(q)} U {0}

of quadratic differentials vanishing at u, with multiplicity counted, is of expected, i.e. minimal,
dimension
max{0,3g —3 —deg(u)}.

We say that u is Q-special otherwise. For deg(u) > 3g—3, this means u is Q-special if and only if
there is a quadratic differential vanishing at u. Note that the space of solutions to (3.7), if they
exist, is an affine space modeled over Q,,.
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It follows from the constructive proof in Propostion that whenever u is reduced and
dim(Q,) > 0, there exist families of opers with simple apparent singularities at u and the same
residue parameters. Such families are affine spaces modeled over Q,,. For example, such are
generic cases for deg(u) < 3g — 3. The following proposition follows by combinning this obser-
vation with the proof of Proposition

PROPOSITION 3.3. [[5] [16l] For m < 3g—3, let Zf;l u, be a reduced Q-generic divisor on X. Then
there exists local coordinates z, around u,, and a non-canonical injective map of sets

((C)f"’g_3 x Q, — {opers with 3g — 3 simple apparent singularities at u}/ ~
(7, Aq) — 2(9,Aq)

such that the oper 2(7, Aq) has associated residue parameters v, w.r.t. the local coordinates z,,.

REMARK 3.4. 1. Proposition [3.2]does not hold for a Q-special divisor u’ = Zig 13 ) : in fact,

for most vectors ¥ € C3¢73, there is no oper with apparent singularities at u w1th residue
parameters defined by 7 since the system has no solution. On the other hand, there
exist families of opers with apparent singularities at u’ with the same residue parameters.
These families are affine spaces modeled over the vector space Q.

2. It can be checked using that upon a Mobius transform of local coordinates, the
residue parameters can be put to 0. This means that fixing an oper without apparent
singularity in the proof of Proposition does not yet fix the choice of the oper 2(i, 0)
for each fixed «’. Rather, 2(u, 0) depends on the choices of the coordinates z, themselves.

3. In contrast with the Riemann-Hilbert correspondence between isomorphism classes of flat
connections on vector bundles and conjugacy classes of monodromy representations in
e.g. SL,(C), in general there exist non-equivalent opers with apparent singularities with
the same monodromy representation in PSL,(C).

Moduli of opers with apparent singularities Proposition and the transformation rule
(3.6) motivate us to consider the affine bundle .# ép — X modeled over T*X with transition
function defined as in (3.6). Let

M= ()" IS (3.8)

One canregard .# g’; as an affine analogue of the symmetric product (T*X )[m], which is recovered
at the limit A — 0.
For m = 3g — 3, it follows from Proposition that, away from the diagonals

{[(u1, 1), ..., (usg—3, v35—3)] | up, = uy for some n # k} C Op 2 (3.9)
and the loci defined by Q-special divisors
383
{{(u1,v1); ..., (usg—3, v34-3)] | Z u, is Q-special} C A ;, (3.10)
n=1
we have .4 ”; as the moduli space of opers with 3 g — 3 simple apparent singularities which do
not form Q-special divisors. The locus defined in (3.10Q) signifies the presence of wobbly bundles,
which are stable bundles that admit nonzero n11potent Higgs fields; we refer to section[5.1]for a
more elaborate discussion For 2g—2 < m < 3g—3, it follows from Proposition [3.3] that away
from the loci (3.9) and (3 , up to a choice of a quadratic differential, //t " is the moduli
space of opers with m 51mple apparent singularities which do not form Q- spec1a1 divisors.



17 Separation of Variables as a Poisson map

Poisson structure There exists a natural closed 2-form on //{(:’; , defined away from the diag-
onals which locally take the form

m
> dz, Adv, (3.11)
n=1

in the coordinates defining //l(:’;’k. It is easy to see from (3.4) that the local 2-form B.I1) is
invariant upon a change of coordinates and hence extends to a global closed 2-form on .# ;’;, 2
away from the diagonals (this observation was first made by Iwasaki [[16]]).

Note that in the non-compact Riemann surface setting, Iwasaki [[17]] showed that (B.11)
defines a symplectic form which coincides with the pull-back of the canonical symplectic form
in the character variety

Hom(7,, PSL,(C))/ ~

along the monodromy map. We expect an analogous result holds in the compact Riemann sur-
face setting.

4 Separation of Variables as a Poisson map

4.1 From triples (E,L,V;) to opers

Two methods of inducing opers Given data (I — F,V,), we discuss in the following two
methods to induce an oper with apparent singularities. The opers defined by these two methods
are equivalent.

The first way is geometric: by projectivising the flat bundle FV* defined by (F, V), one gets
a flat PSL,(C)-bundle P(FV*) with P!-fibers. projectivising further the sub-line bundle of FV*
induced by L yields a section of P(FV*). This section provides local maps to P! whose values
are related by constant Mobius transform.

The second method is analytic and gives explicit expression of the induced opers in terms of
local Schrodinger equations w.r.t. local coordinates. Suppose in local frames adapted to L and
in local coordinate z we have

a(z) b(z) ) . @.1)

VA(Z) = A@z + (C(Z) —a(z)

Consider the local function g,(z) = a(z) — % CC/((ZZ)) and the local differential operator A2 822 +q(2)

where

q(2) = b(2)c(z) + (g2(2))* + Ag; (2)

B A 8,¢(2))? A d,c(2)
= b(z)c(z) + (a(z) — Em) + A0, (a(z) — Em) . (4.2)

It is straightforward to check that g(z) is invariant upon a change of local frames adapted to L
w.r.t. the local 1-forms a(z), b(z) and c(z) are defined. One can also check that, upon a change
of coordinates and transformations of 1-forms

a(ze) — a(za(2p))25(2p),  b(za) — b(za(2p))7,(2p),  c(2a) — c(za(zp))z, (2p),

we have q(z) transform as in (3.2)). We conclude that the collection of local differential operators
12822 + g(z) defines an oper on X. It is straightforward to check that the apparent singularities
of this oper are defined by the zeroes of ¢(L — E, V;) with mulitiplicities counted.
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PROPOSITION 4.1. Consider an irreducible A-holomorphic connection (E, V ;) together with a sub-
bundle L < E. Then the oper 2 = {12822+q(z)} with q(z) defined in is equivalent to the oper
defined by projectivising the data (L — E,V ;). In particular, for A =1, the PSL,(C)-monodromy
representation of 9 is the projection of the SL,(C)-monodromy representation of (E,V,) up to
conjugation.

Proof. It suffices to prove equivalence in a neighborhood U C X that contains no apparent sin-
gularity. Let w be the ratio of local solutions to 12822 + q(2). Refining U if necessary, we can
use w as a local coordinate on U w.r.t. which the oper can be represented by the differential
operator aj. On the other hand, upon choosing a square-root 4/ c(w), observe that the effect of

-1/
the holomorphic gauge transformation G, = (c(wg) " C(W(;l/z) (1) gl&””)) is that

b —
V,(w)=2a, + (Ccl((x)) _(%3)) s 3, + ((1) q(()w)) (4.3)

where q(w) is defined by the same formula as in (4.2). This implies that g(w) = 0. Then ((1)) and
(_Wl) are local parallel sections. In the local frame defined by these two sections, a generator of

LV takes the form
-1

The local function defined by P(LV) is hence —w. O

REMARK 4.2. 1. Itis well-known that gauge transformations of the form G, put holomorphic
connections to the canonical form (4.3) (In the g = O setting this defines a map preserving
the canonical symplectic structures related to the Schlesinger and Garnier systems [[10]]).
In fact it is this gauge transformation that motivates our definition of induced opers in
([4.2). Note that while we might need to pick a system of branch cuts to define the gauge
transformation around the zeroes of c(E, L, V), our definition of oper in (4.2), does not
depend on such choices.

2. Twisting the data (L — E,V,) by a square-root of 0y induce opers up to equivalence.

Induced residue parameters At a simple zero u, of c¢(E,L,V;) the potential g(z) has the
Laurent expansion

—3)2 1
4 (z—2(u,))?

¢’ (uy)
4c’(uy)

2
] +0(z—2(u,)). (4.4)

+A [a(un)—l ¢’ (un) ] !

— -2
46/ (u) | 5 —2(a) ot
In the conventions of (3.3) and (3.5), we have

C//(un)
4c'(up)”

Van =Avy=alu,)— A (4.5)

Note that a scaling of the embedding L < E does not change the residue parameter. It follows
from Proposition that from the data of a generic point x = (L < E) € .#, together with a
A-connection V; on E one can induce a unique oper which is invariant along the C*-orbit.



19 Separation of Variables as a Poisson map

Inverse construction The construction of opers from triples (E, L, V) can also be inverted.

PROPOSITION 4.3. For an even positive integer m, let 2 = {D, = 12822 +q,(2,)} be an oper with m
simple apparent singularities. Then there exists a triple (E, L,V ;) that induces an oper equivalent
to 9 by the operation described above. Furthermore, for A =1, if (E, V) is irreducible then such
a triple is unique up to tensoring with a square-root of Oy.

Proof. (Sketch) See Proposition 5.6 in [5] for a detailed constructive proof for the case A = 1.
The case for A € C* can be generalised in a straight-forward manner. The idea is to apply Hecke
transformation of bundles to a split bundle at the apparent singularities of 2. The choices of
the flags at which we do Hecke transformation can be chosen such that the residue parameters
and the components a(z), c(z) of V, satisfy (4.5). This defines the bundle E and the embedding
of L into E. The component b(z) of V, can be defined by inverting (4.2). The uniqueness
statement follows from the Riemann-Hilbert correspondence for G = SL,(C) and the fact that
the monodromy representation of 2 has 228 lifts to SL,(C). O

We note that the triple (E, L, V, ) constructed from 9 is such that V, is not L-invariant, but
a priori is not necessarily irreducible. However, for a fixed reduced divisor u = ", u, with
m < 3g—3, thena generic choice of opers with apparent singularities at u will be induced by
(E,L,V,) with irreducible (E, V;).

4.2 Construction of the Separation of Variables maps

We now briefly review construction of Baker-Akhiezer divisors from triples (E,L,¢) and the
map SoV for Higgs bundles from [7]]. The purpose is to show that the apparent singularities and
residue parameters of opers constructed from triples (E, L, V, ) are analogues of Baker-Akhiezer
divisors. We then construct SoV,, the analogue of SoV for holomorphic connections.

Baker-Akhiezer divisors of triples (E,L,¢) Let (E,¢) be a rank-2 SL,(C)-Higgs bundle and
suppose the quadratic differential g = det(¢») has only simple zeroes. The spectral curve § — X
is a subset of T*X defined by taking the square-roots of q, i.e. solving for the eigenvalues of ¢.
There is the involution o : S — S that acts on the fibers of 7 exchanging the two square-roots. By
solving for the eigenvectors of ¢, one can define a line bundle £ ) on S called the eigen-line
bundle. One can recover the Higgs bundle by taking the direct image of £ 4)® 7*(K) along 7.
Hence up to isomorphisms, Higgs bundles (E, ¢) with det(¢p) = g are in 1-1 correspondence with
line bundles on S (of appropriate degrees) — this is known as Hitchin’s spectral correspondence
for smooth spectral curves [[15]].

Given a line bundle L with an injection L. — E (which possibly has zeroes), we can consider
on S the composition

n* (L) — n* (E) — z(;} o) (det(E)) (4.6)
where the second map is the quotient of the embedding £z ) < 7*(E). The zero divisor of
this composition consists of the pull-back of the zero divisor of L. — E and points where 7*(L)
coincide with £z 4) as subbundles of 7*(E).

2Recall Proposition[3:3t opers with apparent singularities at u can be classified by their residue parameters and
holomorphic quadratic differentials vanishing at u. Genericity then can be defined w.r.t. this classification.
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DEFINITION 4.4. Let (E, ¢) be a Higgs bundle on X with non-degenerate spectral curve § = X
and L a line bundle with an injection . — E. The Baker-Akhiezer (BA) divisor associated to
the data (L — E, ¢) is the involution of the zero divisor of the composition 7* (L) — ©*(E) —

251 (det(E)).

BA divisors can be characterised concretely if L is a subbundle of E, namely the injection
L — E is nowhere vanishing. Recall the section c(E, L, ¢) of the line bundle KL 2 det(E) from
(2.6), and suppose ¢ takes the form (‘C’Z _bga ) in local frames adapted to L. The preimages along
S 5 X of a zero u, of ¢, = c(E, L, ¢) consist of two points (counted with multiplicity), labeled
by the eigenvalues *a,(u,) of ¢ at u,. Then the BA divisor of (E, L, ¢) is &t = Y. i, where ii,,
is the point labeled by

v, = a,(u,). “4.7)

We see that the apparent singularities and the projection to X of BA divisors are respectively the
zeroes of ¢(E,L,V,) and c(E,L,¢). The residue parameter v, in (3.5) can be regarded as a
deformation of v, by a term linear in A.

We refer to [[5] [7] for the proof of the following proposition.

PROPOSITION 4.5. Let il be the BA divisor of (L — E, ¢) on a nondegenerate spectral curve S — X,
and u = 7t(i1). Then:

1. i has a summand of the form w*(u’) if and only if L — E vanishes at u’, counted with
multiplicity. In particular, @ contains no summand equal to the pull-back of a divisor on X if
and only if L is a subbundle of E.

2. The projection u satisfies Oy(u) ~ KL ?det(E). If L in particular is a subbundle of E, then
u coincides with the zero divisor of c;(¢).

3. The eigen-line bundle £ 4 of (E, ¢) is isomorphic to 7* (LK_l) ® Os(11). In other words,
(E, ¢) is isomorphic to the direct image of m* (L) ® Os(i1).

Let us define an isomorphism class [L — E, ¢ ] of the input data of BA divisors by saying that
two representative data are isomorphic if there are isomorphisms of the underlying bundles and
line bundles that commute with the injections and Higgs fields B, Clearly BA divisors defined by
isomorphic data coincide. The following theorem summarizes the invertible properties of the
construction of BA divisors. We refer to the discussion following the proof of theorem 8.1 in
Hitchin’s original work [[15]] for an abstract proof and [|5, [7]] for a more explicit proof in terms
of Abelian differentials.

THEOREM 4.6. Let q be a quadratic differential whose zeroes are all simple and S = X its corre-
sponding spectral curve. Then the construction of BA divisors and remembering the line bundles
define a bijection

{[L —E,¢]| det(¢p)=gq }%{([L],ﬁ) G effective on S, }

KL% det(E) ~ 0x(n(i1))

In particular, in the inverse direction, the injection
L — E~L®n,(0s(i)), (4.8)

is obtained by taking the direct image of the canonical section of Og(i1).

3Since scalings are isomorphisms of line bundles, scaling the injections from line bundles to rank-2 bundles will
define the same isomorphism class [L — E, ¢ ].
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The map SoV For 0 < —2d < g — 1, consider a cotangent vector on A4, at (E, L) which is
the pull-back of some Higgs field ¢ on E via i* : TN — T, (Z,L)‘/Vd where the spectral curve
Sy associated to (E, ¢) is smooth. We then can assign a BA divisor on S, which defines a
configuration of m points in T*X. If i*(¢) = i*(¢") for another Higgs field ¢’ on E, then ¢ — ¢’
is a nilpotent Higgs field. The BA divisor on S,/ then defines the same configuration of points in
T*X. Restricting to the locus of T*.4; where the zeroes of the corresponding c(E, L, ¢) are all

simple, we can define a rational map
SoV: T* Ay ——» (T*x)m, m=2g—2—2d.

The following is the main result in [[7]].

THEOREM 4.7. (Theorem[LI)) SoV is a dominant Poisson map w.r.t. canonical symplectic structures
whose generic fibers are 228 : 1.

On one hand, the map SoV is the high genus generalisation of the Separation of Variables
technique applied to the classical Gaudin model, which is a variant of the Hitchin moduli space
for g = 0 [125] 26]]. On the other hand, it can be regarded as the classical limit of Drinfeld’s
approach to the geometric Langlands correspondence adapted to G = SL,(C) setting [7, [9, [12]].

The map SoV, We have seen that from the data (E, L, V) where ¢ = ¢(E, L, V;) has simple
zeroes, one can induce an oper with simple apparent singularities at div(c) and residue param-
eters (4.5). By the same argument in defining SoV (cf. Proposition 2.1Q), for 0 < —2d < g—1
and fixed A € C*, we can define a rational map

SoVy 1 M5~ M, m=2g—2-—2d.

In the next subsection, we will show that SoV, is a Poisson map w.r.t. the Poisson structures
we have defined on ./ f and .#™ .. To this end, it is more convenient to consider its lift to

op,A°
H™Y(Ad), namely

—_— ’Sw
M3 S HTAD) =22y
5 Top,
l -7 . (4.9
-7 Sov,
d -
M
4.3 Proof of Poisson property
Let us state again the main theorem of this paper.
THEOREM 4.8. (Theorem[L.2) For 0 < —2d < g — 1, the map
SoVy 1 M5 > M, m=2g—2—2d, (4.10)

is a dominant Poisson map.

The proof of Theorem [4.§] closely mirrors that of Theorem [T.1] in [7]], except that there
are additional A-dependent terms in several formulas. In the following we shall outline these
formulas to keep track of these terms and to show that in the key step (Lemma([4.9), these terms
do not pose any significant challenges.



Separation of Variables as a Poisson map 22

The idea of the proof is to write the map SoV, rather explicitly, upon choosing a reference
divisor r, in terms of the Darboux coordinates (x, A, k, k) of .4 /{1. To this end, we again express
the data (E, L, V,) in terms of the restriction of V, to the open dense set X, C X,

_ (&) w_
Vilx, =29 + (w+ _wo),

(cf. (2.12) and Proposition [2.7)). Recall from section that the Abelian differential w, can be
expressed as

N g g—d g
1
wo = —Zxrkr cogr_p1 + AZ cogi_pl — AZ a)gi_pl —3 Z K;w; 4.11)
r=2 i=1 i=1 i=1
where cog_y is an Abelian differential of the third kind whose 0-th Laurent coefficient at g;

vanishes (cf. (2.21)). The scaled residue parameter v, , associated to the apparent singularity
u, is defined by

! (uy)

—_— n=1,...,m, 4.12
4, ) @12

vl,n = wo(un) —A

where have taken derivative and evaluations of w, using some chosen local coordinates around
u,. For this, we can write w,(u,) even more explicitly by plugging the chain rule

dq;(n) & 9q;
Py

i=1 t

an
Au) 3 un

1 g
- —QZ(dA_l |z)l-j w;(up), (4.13)
i=1

Up

in equation (2.22) that relates wz_y with the canonical Abelian differentials of the third kind
wy_, whose A-cycles vanish. We then have

N g daq.
q
wolty) == err(wpr_pl(un) +2) 0, (4)5 )
r=2 j=1 Un

g

g g—d
1
q _ q i L
+ AZII wl_ —2 le Oy =5 DI (4.14)
1= 1=

i=1

Recall from (2.24) that the Abelian differential w, can be expressed in terms of the prime
forms on a fundamental domain of X from its zero divisor u = Z;nzl u, and pole structure (cf.
Proposition [2.7)). Its evaluation at p, hence is

N+g—1
igzl E(pnqi(u))z k:+1g E(pnuk)

kr =Uy
—d v
S E(y, Qi)

(o(p,))? (4.15)

The key step in the proof is the following lemma.

P —

LEMMA 4.9. Let F be a complex-valued function on an open set in M f equipped with local Darboux
coordinates (A, x, K, k) satisfying {k,,F} =0 and {A;,F} = 0. Then

0 F(Au), k() =—{vy,F}, n=1,...,m;
du, ’
3
ug=—F(A(u), k(W) = {v)0,F}, vio:=A2d. (4.16)

auO
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Proof. On one hand, it follows from that

l akr — 0 logE(pr’un) +2i 0 logE(pr)qi) aqi(un).

k, du, du, p— aq; du,

We then can write

oF N ok, OF <94, OF Yok, 0F 1< oF
du, Zaunakr Zaunaxi ;aunakr 22”1(””)%

r=1 i= —
N g g
> 0 log E(p,, un) 2 1ogE(p,,q;) 3qi) F 1 OF
N +2 ko — = > wi(uy) = 1
r—1( 3un ; aqi aun r akr 2 - wl(un)ali 4.17)

Note that this means the LHS of the first relation in (4.16) is not A-dependent.
On the other hand, in computing {v, ,, F} we can make use of the relations erv:1 x. k., =Ad
and w, _, (x) =d,logE(p,,x)—d,log E(p_, x) to rewrite the first term in (4.14) as

N N
= kX0, (W) == D kx,dy I E(py, %) |y, +(Ad) di 108 E(p1,X) |y, -
r=2 r=1

Note also that when computing {v, ,,F} using (4.12) and (4.14), the only contribution comes
from the Poisson brackets

OF JF
akr—{xr,F}, ———{Ki,F}.

All A-dependent terms in v, , hence do not contribute to {v, ,,F}. The first relation in (4.16)

ok, _ ks
= o and hence

N N N
oF dk, OF oF
Ad F = k F = k = T'_= _—
{ b } {;xr T } ; rak ;u()auo akr anuo

r

now follows from direct comparison. For the second relation, note that

Proof. (Proof of the main theorem) The relations

{un, vl,m} = 5nm5 {uO, vl,O} = Uy

follow from Lemma The relations {u,,u,,} = 0 follow from observation that u,, = u,(4, k)
while A,,...,4,,ky,...,ky are Poisson commuting. The relations {vj ,, v3 ,,} = 0 follow from
an argument using grading on the algebra of polynomial functions in variables k, and x; (cf.
[7Z]D. This shows that é?ﬁ,{ and consequently SoV, are Poisson maps. That these maps are

dominant follows from Proposition [4.3] O

5 Discussion

5.1 Relation to wobbly bundles

In constructing an analytic space that parametrises opers with n4+3g—3 apparent singularities on
Riemann surfaces with n punctures, Iwasaki identified and removed the singular loci. This locus



Discussion 24

is defined by effective divisors of degree n + 3g — 3 such that there exist quadratic differentials
vanishing there and having poles at the specified punctures (cf. equation (6.3) in [[16]]). In the
compact Riemann surfaces setting, the analogous locus is formed by

3g—3
/ﬂ(i,g_g(Q) ={[(u1, v),...,(usg—3, v35-3)11 Z u, is Q-special} C //lflf‘?’- (5.1

n=1

This is a regular locus in the affine bundle .# (:g’l defined explicitly via but needs to be
removed if one wants to have a regular space that parametrises opers with 3g — 3 apparent sin-
gularities. A quick argument to convince oneself is to observe that the nonhomogeneous linear
system becomes degenerate at this locus: not all vectors ¥ give opers with corresponding
residue parameters, and in case there is an oper with such residue parameters it is not unique.

The locus //ljf,g_s(Q) defined in (5.) is related to one component of the so-called wobbly
divisor on 4. A bundle E is called very stable if it does not admit nonzero nilpotent Higgs fields,
and wobbly if it is stable but not very stable [[8]]. Laumon showed that very stable bundles are
stable, and it was conjectured by Drinfeld that the wobbly locus # is a divisor on the moduli
space of stable G-bundles for general Lie group G. Pal-Pauly [)20]] proved this conjecture for
G = SL,(C), namely for the case of stable rank-2 bundles having fixed determinant A which can
be assumed to be of degree 0 or 1. They furthermore showed that

W =

{‘/ﬁdeg(/\) U W deg(r)+2Y U W, for g = deg(A) mod 2, 5.2)

Waegn) YU Waeg(n)+2U - U Wy for g =deg(A)—1 mod 2,

where % is the closure in 4} of the locus of bundles admitting some subbundle L such that
deg(KL?A™1) = k. All # are irreducible divisors except for #, which is an union of 22¢ irre-
ducible divisors. The following result from [[6]] gives a criterion for producing wobbly bundles
by taking direct images of distinguished line bundles from a spectral curve.

THEOREM 5.1. [6]] Consider a smooth spectral curve S — X defined by a quadratic differential on
X, and u an effective divisor on X such that u = n(u) is Q-special and 2g — 2 < deg(u) < 4g — 4.
Then the rank-2 bundle 7,(0g(1)) on X is wobbly, provided that it is stable (which is the generic
case). In this case, upon a twist by a line bundle to adjust the determinant, 7, (0s(11)) is contained
n W4g—4—deg(u)'

For S C ./ , denote by i o SoV; 1(S) the locus in A4 defined by projecting SoV, ~}(S) to
A5 and then to 4. We have the following.

PROPOSITION 5.2. 1. If (E, L,V ;) produces an oper with 3g — 3 simple apparent singularities
that are zeroes of a quadratic differential, then E is wobbly with L the kernel of some nilpotent
Higgs fields on E.

2. The closure in A of the locus i o SoV,fl(//l(?pg_S(Q)) is the wobbly component #y_.

5.2 Families of A-connections

In this section, we will attempt to have a rather preliminary discussion on the space of Higgs
bundles (E, ¢) € Ay (A-connections (E,V;) € .#;) that is the preimage along the map SoV
(respectively, SoV;) of the subset of (T*X)[3¢73] (respectively, /ﬂfg‘?’) defined by fixing a di-
visor u on X. We will sketch a relation between these two spaces and draw comparison to the
Lagrangian leaves defined by the C* on the Hodge moduli space .#;,4 of A-connections.



25 Discussion

5.2.1 Lagrangian leaves and the conformal limit

Lagrangian upward flows in Hitchin moduli space Recall from [[15]] that the Hitchin moduli

space . admits a C*-action that scales the Higgs fields. A Higgs bundle & = (Ey, ¢o) €

//lg* has an upward flow Wg consisting of Higgs bundles (E, ¢p) with lirr(l) [(E,ep)] =[&]. For
€—

example, for & = (E,,0) with E, stable, we have Wé(,,) consist of Higgs fields on E;, and for
& = (E,y, ¢o) with E, destabilised by a subbundle L,, we have Wé? consist of Higgs bundles
(E, ¢) where E is also destabilised by L, and the zero divisor of c(E, L, ¢) coincides with that
of C(EO, LO, ¢0)

On the other hand, the C*-action acts linearly on Ty #;;. Consider the weight decomposition
T My = ®rey(Ts M), Where (Tg My ), is the weight space in which e € C* acts as X, and let
Vg := ®>o(Tg Ay ), be the positive weight subspace.

PROPOSITION 5.3. [[I} ? ]If & is stable then th ~ V, &~ C3872 gs varieties with C*-action. Further-
more, Wé9 is a Lagrangian in #y.

Note in particular that the C*-fixed point & is naturally identified with the origin in V, ~
c383,

Lagrangians in moduli space ./, of A-connections Simpson studied the C*-action on the
Hodge moduli space .#};,4 of A-connections with varying A € C and similarly define the upward
flows W, to C*-fixed points & = (Ey, ¢¢) in My = M. For E, stable and ¢, = 0, W, consists
of all irreducible A-connections on E,, and for E, destabilised by subbundle L, W, consists of
(E,V,) where E is also destabilised by L and the zero divisors of ¢(L,E,V,) and c(L, Ey, ¢¢)
coincide. The restriction of Wy to .4y = #,—, defines the upward flows W?; we similarly
denote by W’l the restriction of Wy to the moduli space .#; of A-connections with fixed A € C*.

For A #0, Slmpson conjectured that the leaves W7L are closed in .« 2 = Mgg-

Conformal limit and biholomorphism between Lagrangian leaves Let us recall from [[3],[22]]
that the nonabelian Hodge correspondence is a diffeomorphism between the Hitchin and de
Rham moduli spaces

NAH : My = My — Mag = My

obtained by solving Hitchin’s self-duality equations which define stable Higgs bundles. It is
known that for a C*-fixed stable Higgs bundle &,

NAH(§) € Wy.
In [2]], Collier-Wentworth showed that there is a biholomorphic embedding
PhHod : Ve X C — W, (5.3)

The restrictions pgod and pﬁod of piroq to Ve x {0} and V, x {A} for some A € C*

p’ﬂ’/ de (5.4)

are biholomorphisms satisfying

“The construction of Lagrangian leaves hold for all ranks. Simpson’s conjecture on the closed-ness of Wé’} forA#0
was proved for the rank-2 cases in [4]].
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. pgo 418 the isomorphism V, ~ W, in Proposition [5.3}
* plog° (@Y, )71(&) corresponds to NAH(&) scaled by A.
We then see that the map

CLy = pI)-LIod © (p}?Iod)_1 : Wé(”) - Wé%

is a biholomorphism that can be constructed in two steps:

1. Use (the scaling of) NAH(&) as a “reference connection”, i.e. a counter-part of the “origin”
&;

2. Use V, as a deformation space on both .#}; and . to cover Wg and Wé% respectively.

We have used the notation CL, as this map is related to the fi-conformal limit defined by
Gaiotto [[13], [1T]], which is the limit of a family of flat connections, i.e. elements of .# 5 = 1,
induced by the nonabelian Hodge correspondence of a Higgs bundle (E, ¢). Collier-Wentworth
showed that for any Higgs bundle (E, ¢) with stable C*-limit, its i-conformal limit is equal to
n1.CL,((E, ¢)). Note that in the formulation of the conformal limit, the technical step is to show
existence of the limit of the families of flat connections and then compute this limit [[2], T1]]. On
the other hand, in the work of Collier-Wentworth [2[], the technical part was to show existence of
a deformation space V, that can be embedded in both .#}; and .# 5 to carry out Step 2 above.

Examples of conformal limit

EXAMPLE 5.4. Let E, = E a fixed stable bundle for all A € C, and Vrlef the holomorphic con-
nection defined by the nonabelian Hodge correspondence of the Higgs bundle (E,0). For each
A € C, define fo = A.Vrlef; in particular Vgef is the Higgs bundle & = (E,0). The deformation
space is Ve = HY(X,End,(E)) ~ C3472, and so the deformation § € V, are trace-free Higgs fields
on E. The assignment

CLy : W2 — w}
(E,5) — (E, V5 +5)

then defines a biholomorphic map between the space of Higgs fields on E and the space of
irreducible A-connections on E.

EXAMPLE 5.5. For A € C*, let E’ be the bundle realised as the non-trivial extension of K, 1/2 by
K}l(/z, which is unique up to scaling, and let E, = K)l(/2 @K;Uz. Let & = (Eo, o) with po = (99),
and denote by (E’, V;ff) the A-scaling of the nonabelian Hodge correspondence (E’, Vrlef ) of &.
Note that (E’, Vrff) is often called the “uniformising oper”, which in coordinates on X induced
by coordinates on its universal covering — the upper-half plane — takes the form Vrff =d+ ((1) 8)
in local frames adapted to K)l(/ . Let Ve be the space of quadratic differentials on X and, for
q € Vg, abusing the notation denote by 6, = (g g) both the corresponding Higgs fields on E and

E’. The assignment
CLy : W2 — W}
f
(EO’ b0 + 5q) — (El’ Vi + 5q)

SMore precisely, the family of flat connections is induced by applying two scaling to the nonabelian Hodge corre-
spondence: one by the C*-action on ./} and one by the so-called real twistor line in #};,,.
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defines a biholomorphic map between the Hitchin section and the space of A-opers

N (R R )

(upon choosing a square-root K)l(/ 2).

5.2.2 Families of A-connections with fixed zero divisor c(E, L, V)

Examples and [5.4] demonstrate the fact that for a family {(E;, V;)},ec of A-connections, if
one wants to keep fixed one of the data

* the zero divisor of c = c(Ly — E;, V),
* the isomorphism class of E,

for all A € C, then the other data has a “jump” as A — 0 (cf. (2.15)). In particular, if the family
is defined by C*-action, then ¢ # 0 and div(c) is fixed only if E; are destabilised by L.

Let us observe that, however, we could define a family {(E,, V )}, cc Where div(c) is fixed
and E, are generically stable for all A € C provided that we are willing to let E; vary. The
following is a simple example.

EXAMPLE 5.6. Let E = E, be a stable bundle, . a maximal subbundle of E,, and ¢ a Higgs field
on E. Denote by x, = (L — E) € H'(X, L?) an extension class realising E and ¢ = c(x, ¢). Pick
an extension class x; € H'(X, L?) which satisfies (x1,c) = 1 (so in particular it not contained
in the hyperplane ker(c) c H(X, L?)). For A € C, consider a family of bundles E, realised by
extension classes x ; where

x, =x¢+ Adeg(L)x4, AeC. (5.6)

A generic element E; in this family is stable and admit L as a maximal subbundle [[18]]; in this
case, E, is in particular not “overcounted” in H'(X, L?), namely h°(X, L™ E,) = 1. Suppose that
the condition h®(X, L™ E,) = 1 holds for all A € C. It follows from Proposition that we can
define a family {(E;, V; )} ec Where c¢(E;,L,V,) =c.

Note that this family is not unique as the choice of x; is not unique — one can in fact form
a basis for H'(X,L?) consisting of such elements — and even upon fixing such x; there exist
different choices of V; whose difference is an L-invariant Higgs field — these are of dimension
hO(X,E*LK) (cf. Propositions [2.3]and
Deformation spaces in the Hitchin moduli space Consider a reduced divisor u = Zigg u,
onX,i.e. all u,, have multiplicity 1. The deformation space associated to u is the space .4 (u) C
My defined by

My(u) :={(E,¢) € My | IL — E, div(c(E,L, p)) = u}.

The subbundle L in the definition of ./ (u) is a square-root of Ky ® 0y (—u). For each (E, ¢p) €
My(u) there exists a unique subbundle L of E such that ¢(E, L, ¢) has zero divisor u, and
so .y (u) has 228 connected components each corresponding to a choice of the square-root.
Consider the dense subset ./, (u) C .#y(u) defined by smooth spectral curves. The composition
of SoV with the pull-back of (E, ¢) € #y(u) to T(*E’ L)A{i defines a map

SoV(u) : A (u) — C,
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where
3g—3

Coi=[ [ x>
i=1

is a Lagrangian in (T*X)[®5]. Denote by .#5(u) the open dense subset in ./ (u) defined by
Higgs bundles (E, ¢) where E is stable.

3g—3
n=1

PROPOSITION 5.7. Letu= Y, u, be a Q-generic divisor. Then

1. The map SoV(u) is a 228 : 1 unbranched holomorphic covering onto its image which is dense
in C,.

2. M;;(u) is a Lagrangian in M.

Proof. 1. Observe that any point in C, defines a spectral curve, and in particular an open
dense subset of C,, defines smooth spectral curves. The claim now comes from the invert-
ibility of the construction of Baker- Akhiezer divisors (cf. Theorem [4.6))) up to tensoring
with square-roots of 0.

2. The symplectic structure of ./} at the loci defined by (E, ¢) where E is stable coincides
with the canonical symplectic structure of T*.4". The claim now follows from the Theorem
[L.Iland the fact thati : A} -—» A is a local isomorphism away from the loci that makes u
a Q-special divisor (cf. Proposition 2.6)).

(I

REMARK 5.8. 1. Given a Higgs bundle (E, ¢) € #;; (u), its scaling €.(E, ¢) for some € € C*
is also contained in .#}; (u). The closure of .#}; (u) in ./}, therefore contains the C*-fixed
point (E, 0) in the nilpotent cone.

2. It is natural to expect that the Lagrangian property of .#;; (u) extends to all of .y (u).

Analogues of deformation spaces in the moduli space of A-connections? For a fixed A # 0,
in the moduli space .#, of A-connections one can consider an analogous subspace

My(u) :={(E,V;) € M, |IL — E, div(c(E,L,V;)) =u},

which also has 22¢ connected components corresponding to square-roots of Ky ® Ox(—u). The
map SoV, then allows us to define the analogue of SoV(u), namely

3g—3
SoV,(u) : A, (0) — Cj 4 := l_[ //lép lu;
i=1

where //lép is the affine bundle on X modeled over T*X defined via (3.6)). By construction, the
target space C, , is an affine space modeled over the vector space C, =~ 3473 and defines a
Lagrangian in /ﬂfg -,

Suppose now u is Q-generic. Note that by Proposition 3.2} a point in C,, corresponds
uniquely to an oper with apparent singularities at u. By Proposition [4.3] one can find a A-
connection (E, V,) that induces such an oper, and if (E,V,) € ., (i.e. it is irreducible) then
there are exactly 228 such A-connections, which differ from each other by a twist by a square-
root of Ox. Denote by Cj, C C, the image of .#},(u) along SoV(u) (note that 0 ¢ C;,). We expect
that there exists a dense subspace Y C C, , such that
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* Y is biholomorphic to C};

* the preimage ./ /’1(u) := (SoVy(u))"1(Y) is a Lagrangian in ./, and is biholomorphic to
M (u).
If this is true, then we can regard C;, as a deformation space which is holomorphically embedded
in both .4y and ;. A (non-canonical) choice of family of A-connections as in Example [5.6]
would then define an analogue of the embedding py;,4 defined in (5.3).
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