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PINCHING RIGIDITY OF MINIMAL SURFACES IN SPHERES

WEIRAN DING1, JIANQUAN GE2,∗, AND FAGUI LI3,4

Abstract. In 1980, U. Simon proposed a quantization conjecture about the Gauss-

ian curvature K of closed minimal surfaces in unit spheres: if K(s+ 1) ≤ K ≤ K(s)

(K(s) := 2/(s(s + 1)), s ∈ N), then either K = K(s) or K = K(s + 1). Notice that

the surface must be one of Calabi’s standard minimal 2-spheres if the curvature is a

positive constant. The cases s = 1 and s = 2 were proven in the 1980s by Simon and

others. In this paper we give a pinching theorem of the Simon conjecture in the case

s = 3 and also give a new proof of the cases s = 1 and s = 2 by some Simons-type

integral inequalities.

1. Introduction

In 1967, E. Calabi (cf. [3]) studied minimal immersions of S2 with constant Gauss-

ian curvature K into S
N(1). These immersions were classified up to a rigid motion with

the curvature K corresponding to the following values, K = K(s) := 2
s(s+1) , s ∈ N (cf.

[9]). In 1980, U. Simon made the following quantization conjecture (cf. [13, 17, 25]).

Conjecture 1 (Intrinsic version). Let M be a closed surface minimally immersed into

S
N (1) such that the image is not contained in any hyperplane of RN+1. If K(s+ 1) ≤

K ≤ K(s) for an s ∈ N, then either K = K(s + 1) or K = K(s), and thus the

immersion is one of the Calabi’s standard minimal immersions with the dimension of

the ambient space N = 2s+ 2 or N = 2s.

For minimal surfaces in S
N(1), the curvature K and the squared norm S = |h|2 of

the second fundamental form h are related as follows:

2K = 2− S.

It follows that, by setting

S(s) :=
2(s − 1)(s + 2)

s(s+ 1)
= 2− 2K(s),
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the Simon conjecture above can also be stated as:

Conjecture 2 (Extrinsic version). Let M be a closed surface minimally immersed into

S
N (1) such that the image is not contained in any hyperplane of RN+1. If S(s) ≤ S ≤

S(s + 1) for an s ∈ N, then either S = S(s) or S = S(s + 1), and thus the immersion

is one of the Calabi’s standard minimal immersions with the dimension of the ambient

space N = 2s or N = 2s+ 2.

So far, the Simon conjecture has only been solved in the cases s = 1 and s =

2 (cf. [1, 13]). Remarkably, without the assumption of minimality of the immersion,

Li and Simon gave a generalization of the Simon conjecture in the case s = 1 (cf.

[17]). In fact, the case s = 1 has also been studied in the extrinsic version even

for higher-dimensional minimal submanifolds by Simons-type integral inequalities (cf.

[6, 14, 16, 18, 26], etc.). It shows the pinching rigidity and the first gap of the squared

norm S of the second fundamental form, whereas the case s = 2 shows the second gap

as the well-known Peng-Terng-type second gap theorems for hypersurfaces in the unit

sphere (cf. [5, 8, 15, 21, 31, 32], etc.). More generally, the discrete property of S of

higher-dimensional minimal hypersurfaces in the unit sphere is linked to the famous

Chern Conjecture (cf. [4, 27, 28, 29, 33], etc.). Please see the excellent and detailed

surveys for more developments and references on this type of rigidity problems (cf.

[10, 24]). To the best of our knowledge, the third gap of the Simon conjecture is far

from being solved, although there are indeed many partial results for the case s ≥ 3 of

the Simon conjecture under additional assumptions (cf. [2, 7, 12, 19, 20, 23], etc.).

In this paper, we make progress on the case s = 3 of the Simon conjecture in

its extrinsic version by establishing Simons-type integral inequalities. Specifically, we

prove the following result:

Theorem A. Let M be a closed surface minimally immersed into S
N (1).

(i) If 0 ≤ S ≤ 4
3 , then S = 0 or S = 4

3 ;

(ii) If 4
3 ≤ S ≤ 5

3 , then S = 4
3 or S = 5

3 ;

(iii) If 5
3 ≤ S ≤ 9

5 , Smax = supp∈M S(p) and Smin = infp∈M S(p), then

Smax − Smin ≥ 134− 114Smin +
√
F

108
,

where F = (134− 114Smin)
2 + 864(3Smin − 5)(9 − 5Smin).

Remark 1. By choosing a special frame field on M , Yang (cf. [30]) provided a proof

of the cases s = 1, 2 if M has a flat or nowhere flat normal bundle. We now show that

the ideas there work without the assumption on the flatness of the normal bundle.

Remark 2. Okayasu (cf. [19]) proved a similar result to Theorem A by using a different

method.
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By Theorem A (iii), one has

Corollary B. Let M be a closed 2-dimensional Riemannian manifold. Then there

exists no isometric minimal immersion Φ : M → S
N for any N such that 5

3 ≤ Smin ≤ 9
5

and

Smax < Smin +
134− 114Smin +

√
F

108
,

where F = (134 − 114Smin)
2 + 864(3Smin − 5)(9 − 5Smin).

Remark 3. Let

f(Smin) =
134 − 114Smin +

√
F

108
,

5

3
≤ Smin ≤ 9

5
.

It should be pointed out that we cannot obtain any gaps if Smin = 5
3 or 9

5 , and the gap

exists when 5
3 < Smin < 9

5 . Now,

f ′(Smin) =
1

108





6(3Smin + 599)
√

9S2
min + 3594Smin − 5231

− 114



 ,
5

3
≤ Smin ≤ 9

5
.

Letting f ′(Smin) = 0, we obtain −45(Smin)
2 − 17970Smin + 31211 = 0, from which

we deduce that Smin ≈ 1.72935007 ∈ (53 ,
9
5 ), at which f(Smin) attains its maximal

value (f(Smin))max ≈ 0.00419291. Hence, there exists no isometric minimal immersion

Φ : M → S
N for any N such that 1.72936 < S < 1.73355.

In addition, we also obtain the following integral equations.

Theorem C. Let M be a closed minimal surface immersed in S
N (1) with positive

Gaussian curvature. Then we have some Simons-type identities as follows (see Theo-

rems 5, 6 and 8):

∫

M

S(3S − 4) = 2

∫

M

B1 ≥ 0,

∫

M

S(3S − 4)(3S − 5) = 2

∫

M

[B2 −
1

4
S(3S − 4)2 +

1

2
|∇S|2] ≥ 0,

∫

M

S(3S − 4)(3S − 5)(5S − 9) = 2

∫

M

[B3 −
1

8
S(3S − 4)(45S2 − 144S + 116)

+
1

8
(65S − 166)|∇S|2 − 5

8
(△S)2],

where B1 = |∇h|2, B2 = |∇2h|2 and B3 = |∇3h|2 are the squared lengths of the first,

second and third covariant derivatives of h, respectively.



4 W.R. DING, J.Q. GE, AND F.G. LI

2. Notations and Local formulas

Let M be a 2-dimensional manifold immersed in a unit sphere S
N (1). We assume

the range of the indices as follows:

1 ≤ i, j, k, · · · ≤ 2; 3 ≤ α, β, γ, · · · ≤ N ; 1 ≤ A,B,C, · · · ≤ N.

Let {e1, ..., eN} be a local orthonormal frame on T (SN (1)) such that, when restricted to

M , {e1, e2}({e3, ..., eN}) lie in the tangent bundle T (M) (normal bundle T⊥(M)). We

take (ωA) and (ωAB) as the metric 1-form field and connection form field associated with

{e1, ..., eN}. Let Sα = (hαij)2×2, where ωiα = hαijωj. Then, hαij = hαji. In the following,

we will use the Einstein summation convention. The second fundamental form of M

is defined by h = hαijωiωjeα. The mean curvature normal vector field is defined by

H = 1
2h

α
iieα. If the mean curvature normal vector field of M vanishes identically, the

immersion is called minimal. Now we consider minimal surfaces. Define column vectors

a := (aα) ∈ R
p, b := (bα) ∈ R

p, where aα := hα11 = −hα22, b
α := hα12 = hα21 and p = N − 2

is the codimention. We use the following notations:

A := (〈Sα, Sβ〉) = 2aaT + 2bbT, S := trA = |h|2, ρ⊥ :=
∑

α,β

|[Sα, Sβ]|2.

The covariant derivatives hαijk, h
α
ijkl, h

α
ijklm and hαijklmn are defined as follows:

hαijkωk = dhαij + hαmjωmi + hαimωmj + h
β
ijωβα,

hαijklωl = dhαijk + hαmjkωmi + hαimkωmj + hαijmωmk + h
β
ijkωβα,

hαijklmωm = dhαijkl + hαnjklωni + hαinklωnj + hαijnlωnk + hαijknωnl + h
β
ijklωβα,

hαijklmnωn = dhαijklm + hαpjklmωpi + hαipklmωpj + hαijplmωpk + hαijkpmωpl + hαijklpωpm + h
β
ijklmωβα.

For convenience, the following notations are defined by

aαi := hα11i, ai := (aαi ),

and

B1 :=
∑

i,j,k,α

(hαijk)
2, B2 :=

∑

i,j,k,l,α

(hαijkl)
2, B3 :=

∑

i,j,k,l,m,α

(hαijklm)2.

The Codazzi equation and Ricci’s formulas are

hαijk − hαikj = 0,(2.1)

hαijkl − hαijlk = hαpjRpikl + hαipRpjkl + h
β
ijRβαkl,(2.2)

hαijklm − hαijkml = hαpjkRpilm + hαipkRpjlm + hαijpRpklm + h
β
ijkRβαlm,(2.3)

hαijklmn − hαijklnm = hαpjklRpimn + hαipklRpjmn + hαijplRpkmn(2.4)

+ hαijkpRplmn + h
β
ijklRβαmn.(2.5)
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The Laplacians △hαij, △hαijk and △hαijkl are defined by

△hαij =
∑

k

hαijkk, △hαijk =
∑

l

hαijkll, △hαijkl =
∑

m

hαijklmm.

From (2.1), (2.2) and (2.3), we obtain

(2.6) △hαij = hαmmij + hαpiRpmjm + hαmpRpijm + hδmiRδαjm,

and

(2.7)
△hαijk = (△hαij)k + 2hαpjmRpikm + 2hαipmRpjkm + hαijpRpmkm + 2hδijmRδαkm

+ hαpjRpikmm + hαipRpjkmm + hδijRδαkmm.

The Riemannian curvature tensor, the normal curvature tensor and the first covariant

differentials of the normal curvature tensor are given by

Rijkl =
1

2
(2− S)(δikδjl − δilδjk),(2.8)

Rαβkl = hαkmh
β
ml − h

β
kmhαml,(2.9)

Rαβ12k = 2(bβaαk + aαh
β
12k − bαa

β
k − aβhα12k).(2.10)

From now on, we assume that the 2-dimensional manifold M is minimally immersed in

S
N (1). The Simons identity for minimal submanifolds in a unit sphere is

(2.11)
1

2
△S = B1 + 2S − |A|2 − ρ⊥.

We now establish an improved version of Proposition 2.4 of Yang (cf. [30]). The

proof follows the idea there, however, without the assumption on flatness of the normal

bundle of M .

Theorem 1. Suppose that M is a closed surface minimally immersed in a unit sphere

S
N (1) with positive Gaussian curvature. We have

(2.12)
1

2
△S = B1 −

1

2
S(3S − 4).

Proof. Let {e1, · · · , eN} be a local orthonormal frame field on M as before, and we

have

(2.13)

(hαijk△hαij)k =
∑

i,j,α

(△hαij)
2 + hαijkh

α
pikRpljl + hαijkh

α
lpkRpijl + hαijkh

α
piRpljlk

+ hαijkh
α
lpRpijlk + hαijkh

δ
likRδαjl + hαijkh

δ
liRδαjlk.

By (2.6), (2.8) and (2.9), we have

△h
β
11 = aβ(2− S) + bδ(2aδbβ − 2aβbδ),

△h
β
12 = bβ(2− S) + aδ(2aβbδ − 2aδbβ).



6 W.R. DING, J.Q. GE, AND F.G. LI

The first term on the right-hand side of (2.13) becomes

(2.14)

∑

i,j,α

(△hαij)
2 = 2

∑

α

(△aα)2 + 2
∑

α

(△bα)2

= S(2− S)2 +
1

2
(5S − 8)(−S2 + |A|2 + ρ⊥).

By (2.8) and (2.9), the second, the third and the sixth terms are

(2.15)

hαijkh
α
pikRpljl + hαijkh

α
lpkRpijl + hαijkh

δ
likRδαjl

= (2− S)B1 +
∑

α,δ

4(aα1 a
δ
2 − aα2a

δ
1)Rδα12

= (2− S)B1 + 16〈a, a2〉〈b, a1〉 − 16〈a, a1〉〈b, a2〉.

By (2.8), the fourth and the fifth terms are equal to

(2.16) hαijkh
α
piRpljlk + hαijkh

α
lpRpijlk = −hαijh

α
ijkSk = −1

2
|∇S|2.

By (2.10), the last term becomes

(2.17)

hαijkh
δ
liRδαjlk = 2(bδaα1 − aδaα2 )Rδα121 + 2(aδaα1 + bδaα2 )Rδα122

= −1

2
SB1 +

1

4
|∇S|2 + 16〈a, a2〉〈b, a1〉 − 16〈a, a1〉〈b, a2〉.

Combining (2.13), (2.14), (2.15), (2.16) and (2.17), we get

(2.18)

(hαijk△hαij)k =
1

2
(4− 3S)B1 + (2− S)2S +

1

2
(5S − 8)(−S2 + |A|2 + ρ⊥)

− 1

4
|∇S|2 + 32〈a, a2〉〈b, a1〉 − 32〈a, a1〉〈b, a2〉

=
1

2
(2− S)S2 + (2− S)(S2 − |A|2 − ρ⊥) +△S − 3

8
△S2

+ 8(〈a, a2〉+ 〈b, a1〉)2 + 8(〈a, a1〉 − 〈b, a2〉)2,

where in the last equality, we used the equation (2.11) and the relation

S△S =
1

2
△S2 − |∇S|2.

Integration over M on both sides of (2.18) gives

0 =

∫

M

(

1

2
S2(2 − S)− (2− S)(−S2 + |A|2 + ρ⊥)

)

+

∫

M

8(〈a, a2〉+ 〈b, a1〉)2 + 8(〈a, a1〉 − 〈b, a2〉)2).

Therefore,

(2.19)

∫

M

(2− S)(−S2 + |A|2 + ρ⊥) ≥
∫

M

1

2
(2− S)S2.

On the other hand, we have the following relation by direct computation:

(2.20) −S2 + |A|2 + ρ⊥ ≤ 1

2
S2,
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where the equality holds if and only if a ⊥ b and |a| = |b|. The positivity of Gaussian

curvature implies that S < 2. Therefore,

(2.21)

∫

M

(2− S)(−S2 + |A|2 + ρ⊥) ≤
∫

M

1

2
(2− S)S2.

By (2.19), (2.20) and (2.21), we get

(2.22) −S2 + |A|2 + ρ⊥ =
1

2
S2.

Combining (2.11) and (2.22), we complete the proof. �

Corollary 2. Suppose that M is a closed surface minimally immersed in a unit sphere

S
N (1) with positive Gaussian curvature. Under the foregoing assumptions and nota-

tions, we have

〈a, b〉 = 0, |a|2 = |b|2 =
1

4
S,(2.23)

△a =
1

2
a(4− 3S), △b =

1

2
b(4− 3S),(2.24)

△a1 =
1

2
a1(14− 9S) +

7

4
(−aS1 + bS2),(2.25)

△a2 =
1

2
a2(14− 9S)− 7

4
(bS1 + aS2),(2.26)

|A|2 = 1

2
S2 and ρ⊥ = S2.

Proof. On one hand, (2.23) is obtained by (2.18) and (2.22) in the proof of Theorem 1.

On the other hand, (2.24) can be calculated directly by (2.6), (2.8), (2.9) and (2.23).

Also, (2.25) and (2.26) can be calculated directly by (2.7), (2.8), (2.9), (2.10) and (2.23)

in a similar way. Finally, by definition, we have

|A|2 =
∑

(2aαaβ + 2bαbβ)2

=
∑

(4|a|2|a|2 + 4|b|2|b|2 + 8〈a, b〉2)

= 8|a|4

=
1

2
S2

and

ρ⊥ =
∑

|[Sα, Sβ]|2 = 8
∑

(aαbβ − aβbα)2

= 8
∑

(|a|2|b|2 + |a|2|b|2 − 2〈a, b〉2)

= 16|a|4

= S2,

which prove the corollary. �
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Remark 4. Theorem 1 can also be proved by using the method of holomorphic func-

tions (cf. [11]). We will use this method to prove Lemma 1 and Proposition 4 in the

following.

Lemma 1. Suppose that M is a closed surface minimally immersed in a unit sphere

S
N (1) with positive Gaussian curvature. We have

〈a1, a2〉 = 0 and |a1|2 = |a2|2 =
1

8
B1.

Proof. Define

φ := (|a1|2 − |a2|2 − 2 i〈a1, a2〉)dz6.

Then, φ is a differential form of degree 6. It can be verified that φ is independent of

the choice of the vector field. We now prove that φ is actually holomorphic by showing

that it satisfies Cauchy-Riemann equations. First we have

e1(|a1|2 − |a2|2) + e2(2〈a1, a2〉)
= 2(〈a1, a11〉 − 〈a2, a21〉) + 2(〈a12, a2〉+ 〈a1, a22〉)
= 2(〈a1,△a〉 − 〈a2,△b〉)
= 0,

where we used (2.1) and (2.24) in the last equation. By the same process, it can be

shown that e2(|a1|2 − |a2|2) − e1(2〈a1, a2〉) = 0. Therefore, φ is holomorphic. But the

holomorphic differential on a 2-dimensional sphere must be zero. The result follows. �

Corollary 3. Suppose that M is a closed surface minimally immersed in a unit sphere

S
N (1) with positive Gaussian curvature. Under the foregoing assumptions and nota-

tions, we have

(i)

(2.27)
〈a, a1〉 = 〈b, a2〉 =

1

8
S1,

〈a, a2〉 = −〈b, a1〉 =
1

8
S2,

(ii)

(2.28)

〈a, a11〉 = 〈b, a21〉 =
1

8
(S11 − B1),

〈a, a22〉 = −〈b, a12〉 =
1

8
(S22 − B1),

〈a, a12〉 = 〈b, a22〉 =
1

8
S12,

〈a, a21〉 = −〈b, a11〉 =
1

8
S21,
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(iii) and

(2.29)

〈a1, a21〉 = −〈a2, a11〉,
〈a1, a22〉 = −〈a2, a12〉,

〈a1, a11〉 = 〈a2, a21〉 =
1

16
(B1)1,

〈a1, a12〉 = 〈a2, a22〉 =
1

16
(B1)2.

Proof. First, (2.27) can be obtained by differentiating (2.23). Second, by differentiating

(2.27) and using Lemma 1, we can obtain (2.28). Finally, (2.29) can be obtained by

differentiating the equations in Lemma 1. �

Similar to Lemma 1, we obtain the following proposition.

Proposition 4. Suppose that M is a closed surface minimally immersed in a unit

sphere S
N (1) with positive Gaussian curvature. We have

(i) 〈a11, a21〉 = 0 and

|a11|2 = |a21|2 =
1

16
B2 −

1

32
(3S − 4)(S11 − S22),

(ii) 〈a22, a12〉 = 0 and

|a22|2 = |a12|2 =
1

16
B2 +

1

32
(3S − 4)(S11 − S22).

Proof. Define

φ1 := (|a11|2 − |a21|2 − 2 i〈a11, a21〉)dz8.
Then φ1 is a differential form of degree 8. It can be verified that φ1 is independent of

the choice of the vector field. We now prove that φ1 is actually holomorphic by showing

that it satisfies Cauchy-Riemann equations. First we have

e1(|a11|2 − |a21|2) + e2(2〈a11, a21〉)
= 2〈a11, a111〉+ 2〈a11, a212〉+ 2〈a21, a112〉 − 2〈a21, a211〉
= 2〈a11,△a1〉 − 2〈a21,△a2〉
= 0,

where we used (2.25), (2.26) and the relations

aα212 = aα122 +
3

2
aα1S − 3

2
bαS2 − 2aα1 ,

−aα112 = aα222 +
3

2
aα2S +

3

2
aαS2 − 2aα2 ,

which can be obtained by using (2.2). By the same process, it can be shown that

e2(|a11|2 − |a21|2)− e1(2〈a11, a21〉) = −2〈a11,△a2〉 − 2〈a21,△a1〉 = 0.
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Therefore, φ1 is holomorphic. Similarly, by defining

φ2 := (|a22|2 − |a12|2 + 2 i〈a22, a12〉)dz8,

it can be shown that φ2 is also holomorphic. But the holomorphic differential on a

2-dimensional sphere must be zero. Then we obtain 〈a11, a21〉 = 0, 〈a22, a12〉 = 0,

|a11| = |a21| and |a22| = |a12|. By (2.2), we have

aα12 − aα21 = hαp1Rp112 + hα1pRp112 + h
β
11Rβα12

= bα(S − 2) + 2aβ(aβbα − aαbβ)

=
1

2
bα(3S − 4).

Then, with Theorem 1 and (2.28) we obtain

|a12|2 = 〈a12, a12〉

= 〈a21 +
1

2
b(3S − 4), a21 +

1

2
b(3S − 4)〉

= |a21|2 + 2〈a21,
1

2
b(3S − 4)〉+ 1

4
〈b(3S − 4), b(3S − 4)〉

= |a21|2 +
1

8
(3S − 4)(S11 − B1) +

1

16
S(3S − 4)2

= |a21|2 +
1

16
(3S − 4)(S11 − S22).

Therefore,

B2 =
∑

4
[

(hα1111)
2 + (hα1112)

2 + (hα1121)
2 + (hα1122)

2
]

= 8
(

|a12|2 + |a21|2
)

= 16|a21|2 +
1

2
(3S − 4)(S11 − S22)

= 16|a12|2 −
1

2
(3S − 4)(S11 − S22),

which completes the proof. �

3. The Simon conjecture in the cases s = 1, 2

3.1. The first Simons-type identity.

Theorem 5. Let M be a closed minimal surface immersed in S
N(1) with positive

Gaussian curvature. Then
∫

M

S(3S − 4) = 2

∫

M

B1 ≥ 0.

In particular, if 0 ≤ S ≤ 4
3 , then S = 0 or S = 4

3 .
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Proof. Integrating on both sides of (2.12) and combining B1 ≥ 0, we obtain

(3.1)
1

2

∫

M

S(3S − 4) =

∫

M

B1 ≥ 0.

If 0 ≤ S ≤ 4
3 , then S(3S − 4) ≤ 0. Combining (3.1), we arrive at S(3S − 4) = 0. It

follows that S = 0 or S = 4
3 . �

3.2. The second Simons-type identity.

Theorem 6. Let M be a closed minimal surface immersed in S
N(1) with positive

Gaussian curvature. Then
∫

M

S(3S − 4)(3S − 5) = 2

∫

M

[B2 −
1

4
S(3S − 4)2 +

1

2
|∇S|2] ≥ 0.

In particular, if 4
3 ≤ S ≤ 5

3 , then S = 4
3 or S = 5

3 .

Proof. By (2.7), We have

(3.2)
hαijk△hαijk = (hαijk△hαij)k −

∑

(△hαij)
2 + 2hαijkh

α
pjRpikmm + hαijkh

α
ijpRpmkm

+ 4hαijkh
α
pjmRpikm + 2hαijkh

β
ijmRβαkm + hαijkh

β
ijRβαkmm.

By (2.24), we get

(3.3)
∑

α

(△hαij)
2 = 2

∑

α

[(△aα)2 + (△bα)2] =
1

4
S(3S − 4)2.

By (2.8), it follows that

(3.4)

2hαijkh
α
pjRpikmm = −hαijkh

α
pj(δpkδim − δpmδik)Sm

= −hαijmhαijSm

= −1

2
|∇S|2,

and

(3.5) 4hαijkh
α
pjmRpikm + hαijkh

α
ijpRpmkm = 5(1− S

2
)B1.

By (2.9), we obtain

(3.6) 2hαijkh
β
ijmRβαkm = 16(aα1 a

β
2 − aα2a

β
1 )(a

βbα − aαbβ) = −1

2
|∇S|2.

By (2.10), we get

(3.7)

hαijkh
β
ijRβαkmm = hαij1h

β
ijRβα122 − hαij2h

β
ijRβα121

= 4(aα1 a
β + aα2 b

β)(aβ2 b
α − aβaα1 − aα2 b

δ + aαa
β
1 )

− 4(aα2 a
β − aα1 b

β)(aβ1 b
α + aβaα2 − aα1 b

β − aαa
β
2 )

= −1

2
SB1.
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Combining (3.2), (3.3), (3.4), (3.5), (3.6) and (3.7), we obtain

(3.8) hαijk△hαijk = (hαijk△hαij)k +
5

2
△S − 3

4
△S2 +

1

2
|∇S|2 − 1

4
S(3S − 4)(9S − 14).

Also, with (3.3) we can give a representation of B2 as

(3.9)

B2 = 4
∑

[

(aα11)
2 + (aα22)

2 + (aα12)
2 + (aα21)

2
]

= 2
∑

[

(aα11 + aα22)
2 + (aα12 − aα21)

2
]

+ 2
∑

[

(aα11 − aα22)
2 + (aα12 + aα21)

2
]

= 2
∑

[

(△aα)2 + (△bα)2
]

+ 2
∑

[

(aα11 − aα22)
2 + (aα12 + aα21)

2
]

=
1

4
S(3S − 4)2 + C1,

where

C1 = 2
∑

[

(aα11 − aα22)
2 + (aα12 + aα21)

2
]

= B2 −
1

4
S(3S − 4)2 ≥ 0.

By (3.8) and (3.9), we conclude that

(3.10)

1

2
△B1 = hαijk△hαijk + B2

= (hαijk△hαij)k +
5

2
△S − 3

4
△S2 +

1

2
|∇S|2 − 1

2
S(3S − 4)(3S − 5) + C1.

Integrating on both sides of (3.10), we get

(3.11)

1

2

∫

M

S(3S − 4)(3S − 5) =

∫

M

(C1 +
1

2
|∇S|2)

=

∫

M

[B2 −
1

4
S(3S − 4)2 +

1

2
|∇S|2]

≥ 0.

If 4
3 ≤ S ≤ 5

3 , then S(3S − 4)(3S − 5) ≤ 0. Combining (3.11), we arrive at S(3S −
4)(3S − 5) = 0. It follows that S = 4

3 or S = 5
3 . �

Remark 5. By (2.18), (2.22), (2.23) and (3.8), we conclude that

(3.12)
1

2
△B1 =

7

2
△S − 9

8
△S2 +

1

2
|∇S|2 − 1

4
S(3S − 4)(9S − 14) + B2.

4. The case s = 3

We now consider the case s = 3.

4.1. The lower bound of B3.

Lemma 2. Suppose that M is a closed surface minimally immersed in a unit sphere

S
N (1) with positive Gaussian curvature. Under the foregoing assumptions and nota-

tions, we have

B3 =
∑

(hαijklm)2 =
1

4
(45S2 − 144S + 116)B1 +

13

8
(7S − 8)|∇S|2 + C2 + C3,

where C2 = 2
∑

[

(aα111 − aα122)
2 + (aα211 − aα222)

2
]

and C3 = 2
∑

[

(aα112 + aα121)
2 + (aα212 + aα221)

2
]

.
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Proof. By (2.25), (2.26) and Corollary 3, we have

∑

[

(△aα1 )
2 + (△aα2 )

2
]

=
∑

[

(

1

2
aα1 (14− 9S) +

7

4
(−aαS1 + bαS2)

)2

+

(

1

2
aα1 (14− 9S) +

7

4
(−aαS1 + bαS2)

)2
]

=
1

16
(9S − 14)2B1 +

7

32
(25S − 28)|∇S|2.

Then we obtain

(4.1)

4
∑

[

(aα111)
2 + (aα122)

2 + (aα211)
2 + (aα222)

2
]

= 2
∑

[

(aα111 + aα122)
2 + (aα211 + aα222)

2
]

+ 2
∑

[

(aα111 − aα122)
2 + (aα211 − aα222)

2
]

= 2
∑

[

(△aα1 )
2 + (△aα2 )

2
]

+ C2

=
1

8
(9S − 14)2B1 +

7

16
(25S − 28)|∇S|2 + C2.

By (2.3) and (2.9), we have

4
∑

[

(aα112)
2 + (aα121)

2 + (aα212)
2 + (aα221)

2
]

= 2
∑

[

(aα112 − aα121)
2 + (aα212 − aα221)

2
]

+ 2
∑

[

(aα112 + aα121)
2 + (aα212 + aα221)

2
]

= 2
[

(3hαp11Rp112 + h
β
111Rβα12)

2 + (3hαp12Rp112 + h
β
112Rβα12)

2
]

+ C3

= 2
[

(3hα211R2112 + h
β
111Rβα12)

2 + (3hα212R2112 + h
β
112Rβα12)

2
]

+ C3

= 2

[

(3aα2 (
S

2
− 1) + a

β
1Rβα12)

2 + (3aα1 (1−
S

2
) + a

β
2Rβα12)

2

]

+ C3

= 18(1 − S

2
)2(|a1|2 + |a2|2) + 2(aβ1Rβα12)

2 + 2(aβ2Rβα12)
2 + 24aα1 a

β
2 (1−

S

2
)Rβα12 + C3

= 18(1 − S

2
)2
1

4
B1 +

1

32
S|∇S|2 + 1

32
S|∇S|2 − 3

4
(1− S

2
)|∇S|2 + C3

=
9

2
(1− S

2
)2B1 +

1

16
(7S − 12)|∇S|2 + C3.

Combining these two parts gives that

B3 =
∑

(hαijklm)2

= 4
∑

[

(aα111)
2 + (aα122)

2 + (aα211)
2 + (aα222)

2 + (aα112)
2 + (aα121)

2 + (aα212)
2 + (aα221)

2
]

=
1

8
B1(9S − 14)2 +

7

16
|∇S|2(25S − 28) +

9

2
B1(1−

S

2
)2 +

1

16
(7S − 12)|∇S|2 + C2 + C3

=
1

4
(45S2 − 144S + 116)B1 +

13

8
(7S − 8)|∇S|2 + C2 + C3,

which completes the proof. �
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4.2. Laplacian of B2.

Lemma 3. Let M be a closed minimal surface immersed in S
N (1) with positive Gauss-

ian curvature. Then we have

hαijklh
α
ijlk = B2 −

1

4
S(3S − 4)2,(4.2)

hαijkkh
α
ijll =

1

4
S(3S − 4)2.(4.3)

Proof. The second identity can be obtained by (3.3) directly. For the first identity, by

using (2.2) we obtain

hαijklh
α
ijlk = hαijklh

α
ijkl + hαijkl(2h

α
ipRpjlk + h

β
ijRβαlk)

= B2 + 2(hαij12 − hαij21)h
α
ipRpj21 + h

β
ij(h

α
ij21 − hαij12)Rβα12

= B2 + 2(2hαiqRqj12 + h
β
ijRβα12)h

α
ipRpj21 + h

β
ij(2h

α
ipRpj21 + h

γ
ijRγα21)Rγα12

= B2 + S(1− S

2
)(3S − 4)− 1

4
S2(3S − 4)

= B2 −
1

4
S(3S − 4)2,

which completes the proof. �

We now derive the Laplacian of B2.

Theorem 7. Let M be a closed minimal surface immersed in S
N(1) with positive

Gaussian curvature. Then

1

2
△B2 = (hαijkl△hαijk)l − (21S2 − 64S + 49)B1 + 7(1 − S

2
)B2 +

1

4
S(3S − 4)2(7S − 12)

− 7

2
(7S − 8)|∇S|2 − 〈∇B1,∇S〉+ 1

4
(△S)2 − 1

2
|Hess S|2 + B3.

Proof. By (2.5), (2.6) and (2.7), we get

△hαijkl = hαijklmm

= (hαijkml + hαpjkRpilm + hαipkRpjlm + hαijpRpklm + h
β
ijkRβαlm)m

= hαijkmlm + (hαpjkRpilm + hαipkRpjlm + hαijpRpklm + h
β
ijkRβαlm)m

= hαijkmml + hαpjkmRpilm + hαipkmRpjlm + hαijpmRpklm + hαijkpRpmlm + h
β
ijkmRβαlm

+ (hαpjkRpilm + hαipkRpjlm + hαijpRpklm + h
β
ijkRβαlm)m

= (△hαijk)l + 2hαpjkmRpilm + 2hαipkmRpjlm + 2hαijpmRpklm + hαijkpRpmlm

+ hαpjkRpilmm + hαipkRpjlmm + hαijpRpklmm + h
β
ijkRβαlmm + 2hβijkmRβαlm.
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It follows that

(4.4)

hαijkl△hαijkl = hαijkl(△hαijk)l + 6hαijklh
α
pjkmRpilm + hαijklh

α
ijkpRpmlm

+ 3hαijklh
α
pjkRpilmm + 2hαijklh

δ
ijkmRδαlm + hαijklh

δ
ijkRδαlmm

= (hαijkl△hαijk)l −
∑

(△hαijk)
2 + 6hαijklh

α
pjkmRpilm + hαijklh

α
ijkpRpmlm

+ 3hαijklh
α
pjkRpilmm + hαijklh

δ
ijkRδαlmm + 2hαijklh

δ
ijkmRδαlm.

By (4.1), the second term is equal to

(4.5)
−
∑

(△hαijk)
2 = −4

∑

(△aα1 )
2 + (△aα2 )

2

= −1

4
(9S − 14)2B1 −

7

8
(25S − 28)|∇S|2.

By (4.2), (4.3) and the minimality, the third term and the fourth term are

(4.6) 6hαijklh
α
pjkmRpilm + hαijklh

α
ijkpRpmlm = 7(1− S

2
)B2 − 3S(1 − S

2
)(3S − 4)2.

By Lemma 1, the fifth term is equal to

(4.7)

3hαijklh
α
pjkRpilmm = 3hαijklh

α
ljkRlilii + 3hαijkih

α
mjkRmiimm

= −12(hα111h
α
1121S2 + hα112h

α
1112S1)

= −3

4
((B1)2 + S2(3S − 4))S2 −

3

4
((B1)1 + S1(3S − 4))S1

= −3

4
〈∇B1,∇S〉 − 3

4
(3S − 4)|∇S|2.

By Lemma 1 and (2.2), the sixth term is

(4.8)

hαijklh
δ
ijkRδαlmm = hαijklh

δ
ijkRδα122 + hαijk2h

δ
ijkRδα211

= 2hδijk(h
α
ijk1(h

α
12h

δ
112 − hα111h

δ
11 − hα112h

δ
12 + hα11h

δ
111)

− hαijk2(h
α
12h

δ
111 + hα112h

δ
11 − hα111h

δ
12 − hα11h

δ
112))

= −1

4
〈∇B1,∇S〉 − 1

8
(3S − 4)|∇S|2 − 1

4
S(3S − 4)B1.

The final term is

(4.9)

2hαijklh
δ
ijkmRδαlm = 64(〈a, a11〉〈a, a22〉+ 〈b, a11〉〈b, a22〉)

= (S11 − B1)(S22 − B1)− (S12)
2

= (B1)
2 − 1

2
S(3S − 4)△S − 1

2
|Hess S|2

=
1

4
S2(3S − 4)2 +

1

4
(△S)2 − 1

2
|Hess S|2.
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Combining (4.4), (4.5), (4.6), (4.7), (4.8) and (4.9) gives that

hαijkl△hαijkl = (hαijkl△hαijk)l −
1

4
(9S − 14)2B1 −

7

8
(25S − 28)|∇S|2 + 7(1 − S

2
)B2

− 3S(1 − S

2
)(3S − 4)2 − 3

4
〈∇B1,∇S〉 − 3

4
(3S − 4)|∇S|2 − 1

4
〈∇B1,∇S〉

− 1

8
(3S − 4)|∇S|2 − 1

4
S(3S − 4)B1 +

1

4
S2(3S − 4)2 +

1

4
(△S)2 − 1

2
|Hess S|2

= (hαijkl△hαijk)l − (21S2 − 64S + 49)B1 + 7(1− S

2
)B2 +

1

4
S(3S − 4)2(7S − 12)

− 7

2
(7S − 8)|∇S|2 − 〈∇B1,∇S〉+ 1

4
(△S)2 − 1

2
|Hess S|2.

Then, we obtain

1

2
△B2 = hαijkl△hαijkl + B3

= (hαijkl△hαijk)l − (21S2 − 64S + 49)B1 + 7(1 − S

2
)B2 +

1

4
S(3S − 4)2(7S − 12)

− 7

2
(7S − 8)|∇S|2 − 〈∇B1,∇S〉+ 1

4
(△S)2 − 1

2
|Hess S|2 + B3,

which completes the proof. �

4.3. The third Simons-type identity. The following integral equality is the key to

proving Theorem A (iii).

Theorem 8. Let M be a closed minimal surface immersed in S
N(1) with positive

Gaussian curvature. Then
∫

M

S(3S − 4)(3S − 5)(5S − 9) =

∫

M

[

3

2
(11S − 21)|∇S|2 − 5

4
(△S)2 + 2C2 + 2C3

]

= 2

∫

M

[

B3 −
1

8
S(3S − 4)(45S2 − 144S + 116)

+
1

8
(65S − 166)|∇S|2 − 5

8
(△S)2

]

,

where C2 = 2
∑

[

(aα111 − aα122)
2 + (aα211 − aα222)

2
]

and C3 = 2
∑

[

(aα112 + aα121)
2 + (aα212 + aα221)

2
]

.

Proof. By (2.12) we obtain

(4.10)
1

2
△B1 =

1

4
△2S +

3

4
△S2 −△S.

Combining (3.12) we obtain

(4.11) B2 =
1

4
S(3S − 4)(9S − 14) − 1

2
|∇S|2 + 15

8
△S2 − 9

2
△S +

1

4
△2S.



PINCHING RIGIDITY OF MINIMAL SURFACES IN SPHERES 17

First, by (2.12) and Lemma 2, we obtain

(4.12)

− (21S2 − 64S + 49)B1 + B3

=
1

4
(−39S2 + 112S − 80)B1 +

13

8
(7S − 8)|∇S|2 + C2 + C3

=
1

8
S(3S − 4)(−39S2 + 112S − 80) +

13

8
(7S − 8)|∇S|2

− 39

8
S2△S + 14S△S − 10△S + C2 + C3.

Second, by (4.11) we obtain

(4.13)
7(1 − S

2
)B2 =

7

8
S(2− S)(3S − 4)(9S − 14) +

7

4
(S − 2)|∇S|2 + 105

8
△S2

− 105

16
S△S2 − 63

2
△S +

63

4
S△S +

7

4
△2S − 7

8
S△2S.

Also, trivial calculations give that

(4.14)

1

8
S(3S − 4)(−39S2 + 112S − 80) +

7

8
S(2− S)(3S − 4)(9S − 14)

+
1

4
S(3S − 4)2(7S − 12)

= −1

2
S(3S − 4)(3S − 5)(5S − 9).

Therefore, combining Theorem 7, (4.12), (4.13) and (4.14), we obtain

(4.15)

1

2
△B2 = (hαijkl△hαijk)l −

1

2
S(3S − 4)(3S − 5)(5S − 9)− 1

8
(91S − 92)|∇S|2

− 39

8
S2△S +

119

4
S△S +

105

8
△S2 − 105

16
S△S2 − 83

2
△S

+
7

4
△2S − 7

8
S△2S − 〈∇B1,∇S〉+ 1

4
(△S)2 − 1

2
|Hess S|2 + C2 + C3.

To continue, we first have

S△S =
1

2
△S2 − |∇S|2,

S△S2 =
2

3
△S3 − 2S|∇S|2,

and

S2△S =
1

3
△S3 − 2S|∇S|2,

which can be obtained by easy calculations. Next, since we have

div(△S∇S) = (△S)2 + 〈∇S,∇(△S)〉

and

△(S△S) = (△S)2 + 2〈∇S,∇(△S)〉 + S△2S,

we obtain

S△2S = △(S△S)− 2div(△S∇S) + (△S)2.
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Also, since we have

B1△S =
1

2
(△S)2 +

3

2
S2△S − 2S△S

and

div(B1∇S) = B1△S + 〈∇B1,∇S〉,

we obtain

−〈∇B1,∇S〉 = −div(B1∇S) +
1

2
(△S)2 +

3

2
S2△S − 2S△S.

Hence, we have

−39

8
S2△S = −13

8
△S3 +

39

4
S|∇S|2,

119

4
S△S =

119

8
△S2 − 119

4
|∇S|2,

−105

16
S△S2 = −35

8
△S3 +

105

8
S|∇S|2,

−7

8
S△2S = −7

8
△(S△S) +

7

4
div(△S∇S)− 7

8
(△S)2, and

−〈∇B1,∇S〉 = −div(B1∇S) +
1

2
(△S)2 +

1

2
△S3 − 3S|∇S|2 −△S2 + 2|∇S|2.

Therefore,

1

2
△B2 = (hαijkl△hαijk)l −

1

2
S(3S − 4)(3S − 5)(5S − 9)− 1

8
(91S − 92)|∇S|2

− 39

8
S2△S +

119

4
S△S +

105

8
△S2 − 105

16
S△S2 − 83

2
△S

+
7

4
△2S − 7

8
S△2S − 〈∇B1,∇S〉+ 1

4
(△S)2 − 1

2
|Hess S|2 + C2 + C3

= (hαijkl△hαijk)l −
1

2
S(3S − 4)(3S − 5)(5S − 9)− 11

2
△S3 + 27△S2 − 83

2
△S

+
7

4
△2S − 7

8
△(S△S) +

7

4
div(△S∇S)− div(B1∇S) +

1

4
(34S − 65)|∇S|2

− 1

8
(△S)2 − 1

2
|Hess S|2 + C2 + C3.

Integrating on both sides, we obtain

(4.16)

∫

M

1

2
S(3S − 4)(3S − 5)(5S − 9)

=

∫

M

[
1

4
(34S − 65)|∇S|2 − 1

8
(△S)2 − 1

2
|Hess S|2 + C2 + C3].

By Reilly’s formula (cf. [22]), we obtain
∫

M

[

2(△S)2 − 2|Hess S|2 + (S − 2)|∇S|2
]

= 0.
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Therefore, (4.16) becomes

∫

M

1

2
S(3S − 4)(3S − 5)(5S − 9) =

∫

M

[

3

4
(11S − 21)|∇S|2 − 5

8
(△S)2 + C2 + C3

]

.

Combining Lemma 2, we obtain

∫

M

S(3S − 4)(3S − 5)(5S − 9) = 2

∫

M

[B3 −
1

8
S(3S − 4)(45S2 − 144S + 116)

+
1

8
(65S − 166)|∇S|2 − 5

8
(△S)2],

which completes the proof. �

4.4. Proof of Theorem A. First, we give an upper bound of the integral of |∇S|2.

Lemma 4. Let M be a closed surface minimally immersed into S
N(1). If 5

3 ≤ S ≤ 9
5

and Smin = infp∈M S(p), then

∫

M

|∇S|2 ≤
∫

M

S(3S − 4)(S − Smin).

Proof. Since div(S∇S) = S△S + 〈∇S,∇S〉, then using (2.12) we obtain

∫

M

|∇S|2 =
∫

M

−S△S

=

∫

M

−S(2B1 − S(3S − 4))

=

∫

M

(−2SB1 + S2(3S − 4))

≤ −2Smin

∫

M

B1 +

∫

M

S2(3S − 4)

=

∫

M

S(3S − 4)(S − Smin),

which proves the lemma. �

By Theorems 5 and 6, Theorem A (i)-(ii) is true. It remains to prove Theorem A (iii).

Notice that
∫

M

(△S)2 = 2

∫

M

B1△S −
∫

M

S(3S − 4)△S

= 2

∫

M

B1△S − 3

∫

M

S2△S + 4

∫

M

S△S

= 2

∫

M

B1△S +

∫

M

(6S − 4)|∇S|2.
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By the divergence theorem and (3.12) we obtain

1

2

∫

M

B1△S =
1

2

∫

M

S△B1

=

∫

M

(

−7

2
|∇S|2 + 11

4
S|∇S|2 − 1

4
S2(3S − 4)(9S − 14) + SB2

)

≤
∫

M

(

(
11

4
S − 7

2
)|∇S|2 − 1

4
S2(3S − 4)(9S − 14) + Smax(

1

4
S(3S − 4)(9S − 14)− 1

2
|∇S|2)

)

.

Then

2

∫

M

B1△S ≤
∫

M

(11S − 14− 2Smax)|∇S|2 −
∫

M

S(3S − 4)(9S − 14)(S − Smax).

Combining these calculations gives that

(4.17)

∫

M

(△S)2 ≤
∫

M

(17S − 18− 2Smax)|∇S|2 −
∫

M

S(3S − 4)(9S − 14)(S − Smax).

Inserting (4.17) into Theorem 8 and using Lemma 4 give that

0 ≥
∫

M

S(3S − 4)[−1

2
(3S − 5)(5S − 9) +

5

8
(9S − 14)(S − Smax)]

+

∫

M

(−19

8
S − 9

2
+

5

4
Smax)|∇S|2

≥
∫

M

S(3S − 4)[−1

2
(3S − 5)(5S − 9) +

5

8
(9S − 14)(S − Smax)]

+

∫

M

(−19

8
S − 9

2
+

5

4
Smax)S(3S − 4)(S − Smin)

≥
∫

M

S(3S − 4)[−1

2
(3S − 5)(5S − 9) +

5

8
(9S − 14)(S − Smax)]

+

∫

M

(−19

8
Smax −

9

2
+

5

4
Smax)S(3S − 4)(S − Smin)

=

∫

M

S(3S − 4)[
1

2
(3S − 5)(9 − 5S) +

5

8
(9S − 14)(S − Smax) + (S − Smin)(−

9

8
Smax −

9

2
)]

=:

∫

M

S(3S − 4)
A
8
,

where A = 4(3S− 5)(9− 5S)+5(9S − 14)(S −Smax)+ (S−Smin)(−9Smax− 36). Here,

with the condition 5
3 ≤ S ≤ 9

5 , we used the relation

−19

8
S − 9

2
+

5

4
Smax < 0.

Assume that A > 0. Then, with S > 4
3 , we have

0 ≥
∫

M

S(3S − 4)A > 0,



PINCHING RIGIDITY OF MINIMAL SURFACES IN SPHERES 21

which creates a contradiction. Hence, A cannot be identically positive. To estimate A,

we have

A = 4(3S − 5)(9 − 5S) + 5(S − Smax)(9S − 14) − (S − Smin)(9Smax + 36)

≥ 4(3S − 5)(9 − 5S) + 5(Smin − Smax)(9Smax − 14)− (Smax − Smin)(9Smax + 36)

= 4(3S − 5)(9 − 5S)− (Smax − Smin)(54Smax − 34).

Suppose that Smax − Smin < ε, where 5
3 ≤ S ≤ 9

5 . Then

A > 4(3S − 5)(9 − 5S)− ε(54Smax − 34)

> 4(3S − 5)(9 − 5S)− ε(54(Smin + ε)− 34)

> 4(3Smin − 5)(9− 5Smax)− ε(54Smin − 34)− 54ε2

> 4(3Smin − 5)(9− 5(Smin + ε))− ε(54Smin − 34) − 54ε2

= 4(3Smin − 5)(9− 5Smin) + ε(134 − 114Smin)− 54ε2.

Then we obtain that

A1 := 4(3Smin − 5)(9 − 5Smin) + ε(134 − 114Smin)− 54ε2

cannot be identically nonnegative. Let

F = (134 − 114Smin)
2 + 864(3Smin − 5)(9 − 5Smin).

If
(134 − 114Smin)−

√
F

108
≤ ε ≤ (134 − 114Smin) +

√
F

108
=: ε0,

then A > A1 ≥ 0, which creates a contradiction. Choosing ε = ε0, one has

Smax − Smin ≥ ε0.

Therefore, we proved Theorem A. �
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