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Abstract

We present the fascinating phenomena of resonant radiation emitted by transient rogue waves
in cubic and quadratic nonlinear media, particularly those shed from Peregrine solitons, one
of the main wavepackets used today to model real-world rogue waves. In cubic media, it turns
out that the emission of radiation from a Peregrine soliton can be attributed to the presence
of higher-order dispersion, but is affected by the intrinsic local longitudinal variation of the
soliton wavenumber. In quadratic media, we reveal that a two-color Peregrine rogue wave can
resonantly radiate dispersive waves even in the absence of higher-order dispersion, subjected to
a phase-matching mechanism that involves the second harmonic wave, and to a concomitant
difference-frequency generation process. In both cubic and quadratic media, we provide simple
analytic criteria for calculating the radiated frequencies in terms of material parameters, showing
excellent agreement with numerical simulations.

1 Introduction

The interest in the generation and manipulation of linear dispersive waves has spiked in recent
years, with areas ranging from optical fibers [1, 2], photonic crystal fibers [3, 4], semiconductor
waveguides [5, 6, 7] to microresonators [8, 9, 10, 11], because of their critical role in supercontinuum
generation[12, 13] and frequency comb generation[14, 15, 16].

Starting from the most studied case of solitons arising from the balance of group velocity dis-
persion (GVD) and cubic (Kerr) nonlinearity, ruled by the nonlinear Schrödinger (NLS) equation,
it is well known that solitons cannot be in resonance with linear waves since their wavenumbers are
intrinsically different. Indeed solitons experience a nonlinear shift of their wavenumber which is of
opposite sign compared to the GVD-induced shift of the wavenumber of linear waves. However,
the situation changes when the contribution from higher-order dispersion becomes effective, which
allows the soliton wavenumber to be equal to that of linear waves with suitable frequency detuning
from the soliton central frequency. When such a resonant condition is fulfilled, linear dispersive
waves at that frequency detuning can grow spontaneously, by taking energy at the expense of re-
shaping of the propagating soliton. This phenomenon is usually termed resonant radiation (RR)
[17, 18, 19, 20, 21, 22] or Cherenkov radiation [23], and its physical origin is essentially the same
(apart from specific details) for solitons which are shape-invariant under unperturbed conditions,
higher-order solitons (breathers with zero-background), breathers standing on non-zero background
(such as the Peregrine solitons discussed in this paper), or cavity solitons. The net effect is that
such wavepackets, which typically show great robustness, give rise to the spontaneous and persistent
emission of linear radiation at certain characteristic frequencies detuned from the soliton spectral
peak, typically ascribed to the presence of higher-order dispersive effects. RR has also been found
to have played a relevant role in four-wave mixing phenomena [24, 25, 26] and in wave-breaking
[27, 28, 29], among others. Furthermore, either built-in or intrinsic periodicity in the system can
enhance the emission of RR featuring characteristic multiple spectral peaks under different pumping
conditions [30, 31, 32].

We first treat the RR in cubic media [22], using the focusing NLS equation. We will focus
on one of the most relevant rational solutions, the Peregrine soliton [33], which was first observed
in nonlinear optics [34] but found to be ubiquitous in many branches of physics, including plasma
physics[35] and hydrodynamics[36]. Peregrine solitons (oftentimes referred to as Peregrine breathers,
as they appear as the infinite period limit for both Akhmediev and Kuznetsov-Ma breathers) are now
thought of as the prototype of realistic rogue waves[37, 38, 39], as they are localized in both space
and time and typically present an amplitude more than twice the significant wave height [34, 40,
41, 42]. Its universality relies also on the fact that Peregrine solitons appear as the local waveshape,
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regardless of the original input shape, in the vicinity of the focusing catastrophe point occurring
when nonlinearity dominates over GVD[43]. At variance with the radiation shed from classical
shape-invariant bright or dark solitons, but similarly to that shed by higher-order solitons[44], for
these exotic localized wavepackets the RR in cubic media is caused by the higher-order dispersions
and affected by the intrinsic local longitudinal variation of the soliton wavenumber. The range of
physical applications of the RR emitted by Peregrine solitons are very similar to those of classical
solitons, but the different conditions for their generation and different regimes in which they operate
may make the former RR more suitable for a given setting[45], thus considerably broadening the
spectrum of applications.

We then consider the RR in quadratic media. In the past two decades, soliton-like pulses in
quadratic media have been widely studied in the literature [46, 47, 48, 49, 50, 51, 52], and the RR
from such solitons has been both theoretically predicted[53, 54, 55] and experimentally observed in
bulk BBO crystals in the normal GVD regime and effectively defocusing nonlinearity [56, 57, 58, 59],
as well as in periodically poled lithium niobate [60]. However, all these analytic predictions have
been reliant on the existence of higher-order dispersion. Here we review our recent results on RR
emitted by Peregrine solitons in quadratic media, both in the cascading and the phase-matching
regimes. Contrary to the cubic case, where RR can only be driven by higher-order dispersion, in
quadratic media there exists another potential mechanism responsible for the generation of linear
dispersive waves. In latter situation, the RR occurs first at the second harmonic (SH) component,
by phase-matching its linear frequency with the frequency of the Peregrine soliton, and in turn at
the fundamental frequency (FF) component via a parametric down-conversion process [61, 62].

The subsequent sections are organized as follows. In Sec. 2, we present the Peregrine soliton
solution of the cubic NLS equation containing third-order dispersion (TOD) and discuss the RR
characteristics caused by TOD. In Sec. 3, we provide approximate Peregrine soliton solutions in
quadratic media and demonstrate their RRs in both the cascading and non-cascading regimes.
Finally, we conclude the review in Sec. 4.

2 Cubic media

We consider the following normalized form of the NLS equation, written in the usual notation for
fiber optics:[22]

iψξ −
β1
2
ψττ − i

σ1
6
ψτττ + |ψ|2ψ = 0 , (1)

where ψ represents the (complex) wave amplitude, τ = (t − z/vg)/t0 and ξ = z/znl = zγP where
t and z are the time and distance in the lab frame, and t0 = (|β′′|znl)1/2 and the nonlinear length
znl = (γP )−1 are associated with the power P of the background and the Kerr effective coefficient
γ; vg is the group velocity for a carrier frequency ω0 of the electric field E(T,Z) =

√
Pψ(ξ, τ), and

β1 = β′′/|β′′| and σ1 = β′′′/|β′′|t0 are second and third-order dispersion coefficients, respectively.
In the integrable limit σ1 = 0 under the anomalous regime β1 = −1 (often referred to as focusing

NLS), Eq. (1) admits the following rational Peregrine soliton over the unit background:[33]

ψ(ξ, τ) =

[

1− 4(1 + 2iξ)

1 + 4ξ2 + 4τ2

]

exp(iκbξ) , (2)

where the exponential term comes from the nonlinear Kerr shift of the background. In our normal-
ized setting, the background wavenumber is κb = 1 (which corresponds to κbz

−1
nl prior to normal-

ization), but henceforth we stick to generic κb to track its contribution.
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This solution behaves as an initially weak pulse over the (unit) background that undergoes
a single cycle of compression and growth to finally broaden and decay. This behavior in the time
domain is sustained by a strong spectral broadening in the Fourier domain, which serves as a forcing
mechanism to generate RR when its frequency is phase-matched via higher-order dispersion.

It also presents a localized shift in the longitudinal phase, which we will denote φloc(ξ, τ) with
respect to the background phase κbξ.[36] This deviation, which can be seen as a phase anomaly
arising from the nonlinear nature of the solution, is intrinsically associated to the localized pulse.
Thus, the overall phase of the Peregrine soliton is the sum of the background phase and this local
shift, which reads as

φPS(ξ, τ) = κbξ + φloc(ξ, τ)

= κbξ − tan−1

(

8ξ

4ξ2 + 4τ2 − 3

)

.
(3)

Note that, even though the formula for the phase shift appears to present a jump whenever the
denominator vanishes, it is just a consequence of absorbing a change of sign in the bracket in (2)
which does not affect the conclusions, so we will ignore it for the sake of keeping the formulae
simpler. The maximum anomaly is attained at the maximum amplitude of the peak (τ = 0). The
ξ-derivative at τ = 0 provides the nonlinear wavenumber of the Peregrine soliton:

κPS(ξ) = κb + κloc(ξ)

= κb +
4(8ξ2 + 6)

(4ξ2 + 1)(4ξ2 + 9)
,

(4)

which similarly consists on the constant wavenumber of the background κb shifted by a local contri-
bution κloc(ξ). It tends asymptotically to κb as ξ → ±∞, whereas the local contribution is stronger
around ξ = 0.

A good estimation of the radiated frequencies can be provided by phase matching their wavenum-
ber to that of the Peregrine soliton, κRR(ω) = κPS , where κRR denotes the wavenumber of a linear
component wave of the RR at a frequency detuning ω from the soliton. It is worth noting that for
this estimation to be accurate, one must study κRR in a frame making the soliton stationary, hence
we need to change to a moving frame with the velocity vp = dτ/dξ of the Peregrine soliton.

Now, to take into account the effects of the full equation (that is, σ1 6= 0, making the Peregrine
solution an approximate one), we introduce linear waves of the form exp(iκRRξ − iωθ), where
θ = τ − vpξ denotes a retarded time in the moving frame, into Eq. (1), which, as one can easily
check, obey the dispersion relation

κRR(ω) =
σ1
6
ω3−1

2
ω2 − vpω , (5)

This expression must however be completed by a nonlinear correction κNL
RR = 2κb (which cor-

responds to 2κbz
−1
nl = 2γP in real-world units) generated by the cross-phase modulation induced

by the strong background, which serves as the medium in which the linear waves are generated
and propagate. Equating the full form of κRR to the Peregrine wavenumber (4), we obtain the
phase-matching condition

σ1
6
ω3−1

2
ω2 − vpω = ∆κnl , (6)

where the term ∆κnl = κPS − 2κb = κloc(ξ) − κb sums up all the effective nonlinear contributions.
The roots ω = ωRR of Eq. (6) provide the resonant frequencies, which correspond in real-world
units to ΩRR = ωRR/t0 = ωRR(|β′′|znl)−1/2.
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Figure 1: Propagation of a perturbed radiating Peregrine soliton in the cubic case with β1 = −1 and
σ1 = −0.1: (a) pseudo-color plot of spatio-temporal evolution of the intensity |ψ|2, the dashed white
line and dotted red line mark the predicted and numerical Peregrine soliton velocity, respectively;
(b) evolution of the Fourier spectrum (in log scale); (c) output spectrum (in log scale, solid red)
at ξ = 2 superposed to the input spectrum (solid blue). In (b-c) the dashed black line shows the
predicted RR frequency from Eq. (6).
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Figure 2: Same as Fig. 1 for stronger TOD σ1 = −0.5. In (c) the three dashed black lines mark
the three predicted RR frequencies, while the dashed green line marks the first-order approximation
ωRR ≃ 3/σ1.
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Figure 3: Impact of the third-order dispersion in the cubic case: frequencies ωRR1, ωRR2 and ωRR3

against the normalized coefficient σ1; blue dots: numerical data; black dashed lines: theoretical
approximation from Eq. 6; red dashed line: first-order approximation ω̃RR = 3/σ1.

Note that in order for the standard first-order approximation of the RR frequency, ωRR ≃ 3/σ1,
with corresponding physical frequency ΩRR = 3|β′′|/β′′′ (as also estimated from either solitons or
wave-breaking [17, 27, 28]), we need both vp and ∆κnl to be negligible. In any other case, the
phase-matched RR involves the local wavenumber κloc(ξ), unlike the case of both bright and dark
solitons, while the sign of the nonlinear contribution κb changes as compared to the bright soliton
case, [23], due to the strong background, similarly to the RR generated by shock waves.[26] It
should also be noted that, in the anomalous dispersion regime the background plane waves are
modulationally unstable and may eventually generate additional rogue wave-like peaks due to the
introduced perturbations. However, the timespan of these ocurring is much longer than that of the
emission of resonant radiation so for our purposes we will treat their effect as being negligible[63].

A typical scenario of RR is shown in Fig. 1, which depicts the Peregrine solution for σ1 = −0.1,
by launching the exact solution at ξ = −2 and integrating numerically Eq. (1) for its evolution. The
RR is noticeable in Fig. 1(a), and even more so in the Fourier spectrum in Fig. 1(b). Note that the
radiating Peregrine soliton drifts slightly with a constant velocity vp 6= 0, which can be estimated
by vp = σ1A

2/6 (plotted in red), where A denotes the peak amplitude of the Peregrine soliton (in
this case, A ∼ 3 for a unit background). The numerical estimation for vp is also shown in Fig. 1
by a dashed white line. Figure 1 shows that the RR is clearly in the normal dispersion regime and
its emission starts when the spectrum of the Peregrine gets broadest, so that it can efficiently seed
the frequency ωRR. The latter can be estimated analytically as the only real root of Eq. (6). The
merit of such estimation is demonstrated in Fig. 1(c), which superposes the analytical estimation
(see dashed vertical line) to the spectrum of the solution at ξ = 2, which features a secondary peak
corresponding to the resonant radiation. A similar analysis for stronger TOD σ1 = −0.5 (see Fig.
2), shows that in this case three different frequencies appear (two of which being at much lower
detunings), which correspond to the the real roots of Eq. (6). In this case the soliton exhibits a
much stronger RR and a much faster drift.

The effect on the RR frequency of the variations of the TOD coefficient is summarized in Fig. 3,
which report the outcome of different numerical simulations for multiple values of TOD. As shown,
the main branch at large detuning ωRR1 exists for any value of TOD σ1, whereas the low-frequency
components only start to appear below a certain critical value σ1 ≃ −0.25, beyond which their
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frequency is almost invariant to the value of σ1. Also note that we have taken the choice of negative
σ1 but positive values are completely equivalent provided the sign of the RR frequencies is reversed,
thus yielding the same physics.

3 Quadratic media

A different situation occurs when dealing with quadratic media. Contrary to the cubic case, where
higher-order dispersion is the driving mechanism that allows for RR to be phase-matched with the
soliton, other mechanisms take place in quadratic media. Indeed, when one computes the equivalent
of Eq. (6) for quadratic media in the cascading regime (where it is possible to reduce the equation
to a cubic one) [55, 56], without higher-order dispersion, it turns out it has no real roots, thus
predicting in principle no RR whatsoever. However, as we will see, a resonance driven by the
optical second harmonic (SH) is able to initiate the radiative process which then involves also RR
around the fundamental frequency (FF) through non-degenerate down-conversion processes [61].
Note that extensive numerical and physical experiments have explored the RR in quadratic media
but always working under the interpretative hypothesis that the radiation is driven by higher-order
dispersive terms [46, 47, 48, 49, 53, 54, 55, 56, 57, 58, 59, 60].

The dimensionless coupled equations for the pulse propagation in dispersive quadratic media
are:[64, 46]

iu1ξ −
β1
2
u1ττ + u2u

∗
1e

−iδkξ = 0 , (7)

iu2ξ + ivu2τ −
β2
2
u2ττ + u21e

iδkξ = 0 , (8)

where u1,2(ξ, τ) are the normalized envelopes of the FF and generated SH in the FF group velocity
frame, respectively. Here ξ = z/zd = z|β′′1 |/t20 is the normalized propagation distance, where
zd = t20/|β′′1 | is the dispersion length. τ = (t − z/v1)/t0 is the time in the FF group velocity
frame, v = zd/zw is the ratio between the dispersion length and the temporal walk-off length
zw = t0/(v

−1
2 −v−1

1 ), with v1,2 = dk/dω|−1
ω0,2ω0

. β1,2 are the GVDs, with β1 = sign(β′′1 ), β2 = β′′2/|β′′1 |
where β′′1,2 = d2k/dω2|ω0,2ω0

. δk = ∆kzd is the normalized wave number mismatch, where ∆k =

2k1 − k2 with k1,2 = k|ω0,2ω0
. Furthermore, u1,2 = χzdA1,2, where |A1,2|2 measures the intensity,

with χ = ω0[2/(c
3ǫ0n

2
ω0
n2ω0

)]1/2d(2) and d(2) is the nonlinear element.

3.1 Cascading regime

At large mismatches |δk| ≫ 1 (the so-called cascading regime, where the quadratic nonlinearity

mimics the cubic one [46]), by using the SH asymptotic expansion u2 =
∑∞

n=0 u
(n)
2 /δkn and the

method of repeated substitution [64], retaining leading-order terms, we arrive at a single FF evolu-
tion equation (obtained at n = 2 order):

iρξ −
β1
2
ρττ + κ|ρ|2ρ+ iγ|ρ|2ρτ = 0, (9)

where for simplicity we have defined u1 = ρ, u2 ≃ 1
δkρ

2eiδkξ+ 2iv
δk2ρρτ e

iδkξ, κ = 1/δk, and γ = 2v/δk2.
We emphasize that the mapping of the FF wave evolution of Eqs. (7) and (8) into Eq. (9) is only
valid with large mismatch δk, and also with large walk-off v compared to dispersions β1,2. Under
such conditions, the role of the dispersion β2 becomes negligible, and the SH wave evolution can be
also dictated by Eq. (9) through the above mapping relation.
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Eq. (9) is known as the integrable Chen-Lee-Liu (CLL) equation[65], which when γ = 0 reduces
to the integrable NLS equation.

Therefore, we emphasize that approximate two-color quadratic solutions [u1(τ, ξ), u2(τ, ξ)] (so
called because of the FF and SH components) of CLL soliton type ρ(τ, ξ) can be written as:

u1(τ, ξ) = ρ(τ, ξ),

u2(τ, ξ) =
1

δk
ρ(τ, ξ)2eiδkξ +

2iv

δk2
ρ(τ, ξ)ρ(τ, ξ)τ e

iδkξ.
(10)

Using the CLL chirped Peregrine solution, obtained via a gauge transformation[66], one can
write the quadratic Peregrine soliton as

u1(τ, ξ) =



1−
2i

(

γθ
β1

+ κξ
)

+ 1
(

κ− γ2

β1

)(

κξ2 − θ2

β1

)

+ 1
4 + iγ(γξ+θ)

β1



 eiκξ , (11)

u2(τ, ξ) = κu21(τ, ξ)e
iδkξ + 2ivκ2u1(τ, ξ)u1(τ, ξ)τ e

iδkξ, (12)

where we have further defined θ = γξ − τ , subject to the constraint δkβ1 < 0, necessary for
compensating GVD and nonlinearity. Note that the background of u1 was set to have unit value
without loss of generality. Different kinds of Peregrine solitons exist for various choices of the
mismatch δk, the GVD β1 and the walk-off v.[67, 68]

As expected, when reducing it to the focusing NLS equation via the choice of parameters γ = 0
and β1 = −1, the Peregrine soliton component at the FF reads

u1(τ, ξ) =

[

1− 4(1 + 2iκξ)

1 + 4κ2ξ2 + 4κτ2

]

eiκξ , (13)

which coincides with Eq. (2) except for the influence of the variable κ.
In general, one of the defining characteristics of solitons in integrable systems is that they do

not couple energy into linear waves. However this fact usually does not hold when taking into
consideration higher-order terms in the equation which breaks the integrability (and, in this case,
soliton solutions may be only approximate solutions). Based on the fact that the existence of the
Peregrine soliton is supported by the interplay between the Kerr-like nonlinearity and the GVD at
the FF (where the integrable limit is represented by the NLS equation), we want to seek for RR
generated by GVD of the same leading order at the SH in Eqs. (7-8).

RR generated by phase matching of this kind of solution was studied in Ref. [61]. For the FF
component in Eq. (7), the condition for the presence of RR was found to be

β1
2
ω2
1 − ω1vp = κ+ κloc , (14)

where vp is the velocity of the Peregrine soliton, vp = 2v/δk2(= γ), and

κloc =
8κβ1 − 24γ2

3β1
, (15)

while for the SH component in Eq. (8), the resonant condition was found to read as

β2
2
ω2
2 − ω2(vp − v) = δk + 2κ+ 2κloc . (16)
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Figure 4: Pseudo-color plot of the spatio-temporal evolution of intensities (a) at FF |u1|2 and (b) at
SH |u2|2 components of a typical walking Peregrine soliton in the (τ, ξ) plane. (c,d): corresponding
evolution of the FF (c) and SH (d) Fourier spectra (in log scale); the dashed black line marks the
predicted resonant frequencies ω+

1,FC in (c) and ω+
2,RR in (d). Here β1 = β2 = 1, v = 7.5, δk = −15.

In both cases the method employed to find such conditions was to look for matches between the
wavenumber of potentially growing linear wave components of the form exp(iκlin,{1,2}ξ − iω1,2τp),
where τp = τ − vpξ corresponds to the Peregrine moving frame, with nonlinear wavenumbers κnl of
the Peregrine soliton (i.e., similar to the cubic case [17, 18, 23], though taking into account linear
waves around both the FF and the SH). This amounts to neglect nonlinear terms in the interaction
between the linear waves and the soliton driving wavepackets. Note that, as compared with Ref.
[61], we have added the local correction κloc due to nonlinearity for consistency with the derivation
for the cubic case. However, as evidenced below by Eq. (17) and due to the fact that |δk| ≫ |κloc|
in the cascading regime, its role in this analysis turns out to be negligible.

As expected, the condition on ω1, Eq. (14), does not yield real solutions, consistently with the
fact that, in the NLS equation, solitons are not in resonance with linear waves unless higher-order
dispersion is present. Conversely, the condition on ω2, Eq. (16), does yield real roots, which read

ω±
2,RR =

(vp − v)±
√

(vp − v)2 + 2β2(δk + 2κ+ 2κloc)

β2
. (17)

Similarly to the cubic case, such two resonant frequencies are not symmetric around the soliton
frequency (they readily become symmetric for stationary solitons, vp = 0, implying v = 0). Also
note that, for small values of the group-velocity mismatch v, the constraint β1β2 < 0 holds, which
requires GVDs of different signs. This constraint, however, is no longer required as the walk-off v
increases. Indeed, for sufficiently large values of v, real solutions ω±

2,RR do exist for GVDs of the
same sign, as shown in the example of Fig. 4.

In Fig. 4(a) and (b) we display the evolution of a typical radiating Peregrine soliton in the
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Figure 5: RR frequencies ω2,RR = ω±
2,RR versus GVD at SH β2 at v = 5, comparing theoretical

predictions (dashed black curves) and numerical simulations (blue dots). Here β1 = −1, δk = 20.

(τ, ξ) plane for both the FF and the SH, as obtained by integrating numerically Eqs. (7) - (8)
with initial value given by the exact solution [Eqs. (11) - (12)] at z = −30. In Fig. 4(c) and (d)
we show the corresponding Fourier spectral evolutions. In all this example we set β1 = β2 = 1/2,
v = 7.5 and δk = −15 (and hence κ = −1/15 and vp = 1/15). We see significant RR at the SH,
emitted at the peak intensity of the Peregrine soliton at z = 0, preferentially towards positive times.
The corresponding frequency detuning, highlighted in Fig. 4(d), is ω+

2,RR = −2.4. The other root,

ω−
2,RR = −12.4 is too far detuned to have a noticeable effect on the spectrum.
Once the RR is emitted around the SH, a corresponding radiation arounds the FF can be

generated via frequency conversion processes of non-degenerate downconversion type, which can be
described as follows. By conveniently introducing the real-world detunings Ω1,2 = t−1

0 ω1,2, the RR
detuned from the SH by Ω±

2,RR corresponds to photons at physical pulsations 2ω0 + Ω±
2,RR. Such

photons can mix through three-photon difference frequency conversion processes (2ω0+Ω±
2,RR)−ω0 =

ω0 + Ω±
1,FC . The conservation of energy, implies equal detunings from the FF and the SH, that is,

Ω±
1,FC = Ω±

2,RR. The RR around the FF, having secondary origin through down-conversion, turns
out to be weaker than that around the SH, but is nevertheless quite prominent as shown in Fig.
4(c). In this case, in terms of the normalized frequencies, we find ω+

1,FC = ω+
2,RR = −2.4, which

agrees quite well with the RR observed numerically in Fig. 4(c,d). We emphasize that the radiative
mechanism turns out to be quite efficient, as the spectrum peaks at the resonant frequency reach
values comparable to those of the Peregrine peak, especially in the SH case.

Additionally, we can study the effect on the resonant frequencies of varying the parameters of
the model. Looking at Eq. (17), it only presents real roots if

β2 ≥ − (vp − v)2

2(δk + 2κ+ 2κloc)
≈ − v2

2δk
. (18)

In Fig. 5 we summarize the outcome of numerical simulations in the range of β2 > 0 at v = 5 (other
parameters in the caption). In this case, the dominant (negative) frequency stays nearly constant
with β2, while the other frequency, turns out to be much more sensitive to β2. As the value of β2
is reduced below a certain threshold, the RR frequency becomes too large to be noticeably excited
since the RR is no longer efficiently seeded by the spectral broadening of the soliton.

Finally, we can study how the walk-off affects the RR by varying v under a set of fixed parameters.
As shown by Eq. (18), for β2 > 0 (normal GVD) there always exist real roots irrespective of the
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-10 0 10

-20

-10

0

10

20

Figure 7: As in Fig. 6 for β2 = −1. Here β1 = −1, δk = 20.

value of v. However, when β2 < 0 (anomalous GVD) real roots exist only under the (approximate)
condition

|v| > vmin ≈
√

2δk|β2| . (19)

Figure 6 shows the variation of the radiated frequency with v for normal GVD at SH (β2 = 1). The
frequency pair is situated centrosymmetrically with respect to v = 0. Numerically, the frequency
pair is excited in the range |v| < 7, beyond which one of the frequencies is too far from the Peregrine
soliton to be excited.

Figure 7 shows the variation for the same parameters except for an anomalous GVD at SH
(β2 = −1). As shown a gap in walk-off exists, i.e. |v| <

√
40, where the quadratic Peregrine soliton

is not resonant with dispersive waves. Interestingly, in this case both resonant frequencies for the
same choice of parameters stand on one side of the pump frequency, both positive when v < 0 and
both negative when v > 0.

3.2 Non-cascading regime

We will now move on to study Peregrine solitons without resorting to the cascading regime. For
that, we will consider an anomalous GVD β1 = −1 for the FF and a normal GVD β2 > 0 for the SH.
In this framework, the resulting Peregrine solitons will be still localized on both time and space, and

10



they will present a peak position with more than twice the amplitude of the background.[34, 40, 41]
This Peregrine solution of Eqs. (7) and (8) can be approximated as[34, 40, 45]

u1(ξ, τ) = A

[

1− 2iγξ + 1/A2

γθ2 + γ2A2ξ2 + 1/(4A2)

]

exp [i(κξ − Ωθ)] , (20)

u2(ξ, τ) = γu21e
iδkξ , (21)

where A is the amplitude of the background, θ = τ − vpξ,

vp =
vβ1

β1 − 2β2
, κ = γA2 −

v2p
2β1

, Ω =
vp
β1
, (22)

and

γ =
vvp − β1δk −

√

8A2β21 + (vvp − β1δk)2

4A2β1
. (23)

Proceeding as in the cascading limit, we introduce plane waves of the form exp(iκlin,{1,2}ξ− iω1,2τp)
and equate their wavenumber to that of the nonlinear waves, κlin,1 = κ+κloc, κlin,2 = δk+2κ+2κloc
(also known as the phase-matching condition for the RR),[23] where the local correction κloc reads

κloc =
8A2γ

3
. (24)

The resulting conditions read

γA2 −
v2p
2β1

=
β1ω

2
1

2
− ω1vp , (25)

δk + 2γA2 −
v2p
β1

=
β2ω

2
2

2
+ ω2(v − vp) . (26)

Also similarly to the previous case, the condition for the FF component does not yield real roots
whereas frequencies must be real quantities. Therefore the RR will be generated via frequency
down-conversion from the RR driven by the SH, which admits the real roots

ω±
2 =

2vp
β1

±
√

2(2A2β1γ − vvp + β1δk)

β1β2
. (27)

Applying a process analogous to the one employed in the cascading limit, the down-converted RR
around the FF is found to occur at frequencies

ω+
1 =

3ω+
2 − ω−

2

4
, ω−

1 =
3ω−

2 − ω+
2

4
. (28)

Note that both for the FF and the SH the resonant frequencies are located symetrically with respect
to the central frequencies Ω = vp/β1 and 2Ω = 2vp/β1, respectively.

In Fig. 8 we show the RR of a Peregrine soliton under the phase-matched condition δk = 0,
with a large temporal walk-off v = 3. The analytic solutions presented above are consistent with
the numerical results, even in the central peak, which exhibits the higher compression. Strong RR
appear after the central peak ξ = 0, both in the SH component and later on in the FF component
via downconversion. Its frequency is consistent with our predictions, which for these values of the
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Figure 8: Optical RR emitted by the PS under phase-matching δk = 0, with a large temporal
walk-off v = 3, β1 = −1, β2 = 1/4 and A = 1. (a,b): Temporal evolutions of intensities at FF, SH,
respectively; (c,d): spectral (log scale) evolutions at FF, SH, respectively, compared with predictions
(dashed black vertical lines) from Eqs. (24-25).

parameters translate into ω+
2 = 3.11 and ω−

2 = −11.11 for the SH, and ω+
1 = 5.11 and ω−

1 = −9.11
for the FF, which are highlighted by the dashed vertical black lines in Fig. 8(c) and (d).

This strong RR may be related to the transient property of the Peregrine solitons, which under-
goes and intense compression at the peak to then radiate as it recovers from it. It is worth noting
that more resonant frequencies that are not predicted by our computations appear in Fig. 8(c) and
(d), which require further research.

4 Conclusions

To summarize, we have provided our recent advances in understanding the RR emitted by Peregrine
solitons in either cubic or quadratic media, with extra new numerical simulations.

In the case of cubic media, we have shown that Peregrine solitons can emit linear dispersive
waves at certain resonant frequencies in presence of higher-order dispersion, similarly to the case
with classical bright and dark solitons. However, unlike the latter soliton case, the radiated frequency
can be effectively affected by the local contribution to the intrinsic wavenumber of the Peregrine
soliton. This contribution is not unique to the Peregrine soliton, instead it is shared by other kinds
of rogue-type solutions, in particular, Akhmediev breathers and Kuznetsov-Ma solitons, possibly
describing other rogue wave dynamics.

In the case of quadratic media, our results offer a wider perspective of the phenomenon of soliton
RR, showing that it can be driven by the GVD of the SH component and then occurs simultane-
ously on the FF component as well via concomitant difference-frequency generation processes. Our
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analytical criterion obtained from the phase-matching condition can accurately predict the resonant
frequencies at which the linear dispersive waves are emitted. Different from other RR mechanisms,
typically driven by higher-order dispersions, the present mechanism can also be employed for the
case of spatial solitary waves, which are described by coupled second-harmonic generation equations
but with anomalous GVD replaced by the spatial diffraction. Thus, the introduced mechanism can
lead to a rare case of radiating spatial solitons, as well as induce reshaping of the spectrum of
spatio-temporal bullets in bulk media.
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