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ITERATED GENERALIZED COUNTING PROCESS AND ITS
EXTENSIONS

MANISHA DHILLON AND KULDEEP KUMAR KATARIA

ABSTRACT. In this paper, we study the composition of two independent GCPs which we
call the iterated generalized counting process (IGCP). Its distributional properties such
as the transition probabilities, probability generating function, state probabilities and its
corresponding Lévy measure are obtained. We study some integrals of the IGCP. Also, we
study some of its extensions, for example, the compound IGCP, the multivariate IGCP and
the g-iterated GCP. It is shown that the IGCP and the compound IGCP are identically
distributed to a compound GCP which leads to their martingale characterizations. Later,
a time-changed version of the IGCP is considered where the time is changed by an inverse
stable subordinator. Using its covariance structure, we establish that the time-changed
IGCP exhibits long-range dependence property. Moreover, we show that its increment pro-
cess exhibits short-range dependence property. Also, it is shown that its one-dimensional
distributions are not infinitely divisible. Initially, some of its potential real life applications
are discussed.

1. INTRODUCTION

In the past two decades, the time-changed processes have attracted the interest of several
researchers because of their potential applications across various fields such as finance,
biology, hydrology, internet data traffic modeling, etc. The Poisson process time-changed
by an independent stable subordinator (see Orsingher and Polito (2012a)) and by its first
hitting time (see Beghin and Orsingher (2009), Laskin (2003)) are two extensively studied
time-changed processes. These are known as the space fractional Poisson process and the
time fractional Poisson process, respectively.

Di Crescenzo et al. (2016) introduced a generalization of the time fractional Poisson
process which performs independently k£ kinds of jumps of amplitude 1,2, ...,k with pos-
itive rates A1, Ag, ..., Ag, respectively. It is known as the generalized fractional counting
process (GFCP) and we denote it by {M(t)}i>0, 0 < a < 1. Its state probabilities
p*(n,t) = Pr{M"(t) = n} satisfy the following system of differential equations:

k min{n,k}

da (e} « (e} -

et ) == A+ Y Apt(n— i), n>0 (11)
j=1 j=1

with p*(n,0) = §,(0), where 9,,’s are Dirac measures.
The fractional derivative involved in (1)) is the Caputo fractional derivative defined in
([24). Its involvement induces a global memory effect in the system.
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The state probabilities of GFCP are given by (see Di Crescenzo et al. (2016))

n k o\
Pmn=% 3 r!(H %)E@j@(—xta), n>0, (1.2)

r=0 zi1+xz2+-t+TK=T j=1
r14+2x24Fkr=n

where z;’s are non-negative integers and E,’;;i +1(+) is the three-parameter Mittag-Leffler

function defined in (2.2]). Also, its mean is given by

BOI(0) = 3N (1.3

and its variance is given by

. N2 2 1 N
Var(Me(t)) = (;jxﬂs) (r(2a+1) —F2(a+1))+;j Mg 0

For a = 1, the GFCP reduces to the generalized counting process (GCP), denoted by
{M (t)}+>0. Its transition probabilities are given by
1= Nh+o(h), j=0,
Pr{M(h) =j} =S A\jh+o(h), 1 <j <k,
o(h), j > k+1,

where o(h)/h — 0 as h — 0.

For k = 1, the GFCP and the GCP reduces to the time fractional Poisson process
(see Mainardi (2004), Beghin and Orsingher (2009), Meerschaert et al. (2011)) and the
homogeneous Poisson process, respectively. Recently, Dhillon and Kataria (2024) give
martingale characterizations for the GCP and its time-changed variants. For additional
properties of the GCP and its application in risk theory, we refer the reader to Kataria and
Khandakar (2022).

Bochner (1955) introduced the concept of composition of independent processes. Ors-
ingher and Polito (2012b) studied the compositions of two independent Poisson processes
and Di Crescenzo et al. (2015) studied a compound Poisson process time-changed by an
independent Poisson subordinator. They studied the first-crossing time problem through
various types of boundaries of the iterated Poisson process. Recently, Beghin and Orsingher
(2016) introduced and studied the iterated birth process where they considered the linear
birth processes, linear death processes and sublinear death processes time-changed by Pois-
son subordinator. For some recent works on the composition of independent processes, we
refer the reader to Buchak and Sakhno (2017), Meoli (2023), and references therein.

1.1. Potential applications. Here, we discuss some potential real life applications of the
iterated processes studied in this paper.

(i) In a stock market, a trader can buy multiple stocks simultaneously, and also can sell
multiple stocks simultaneously. Consider a trader who sells stocks according to the GCP
{M(t)}+>0, where M(t) denotes the number of stocks sold by time ¢. Also, the trader
buys stocks according the GCP {Mj(t)}4>0 which is independent of {M(t)};>0. Here,
My(t) denotes the number of stocks purchased by time t. Then, the iterated process
{M(My(t)) }+>0 represents the selling of stocks based on the number of stocks purchased
by the trader.

(ii) In oncology, tumor cells often divide uncontrollably and multiple cells may undergo
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mitosis simultaneously. Suppose a patient diagnosed with cancer is under treatment, and
let the growth of cancer cells inside the body of patient is modeled by the GCP {My(?) }+>o0.
During the treatment, the tumor cells get killed according to the GCP {M (t)}+>0 which is
independent of {Mj(t)}:>0. Let Y] denote the severity of regrowth of tumor cells. Then,
the compound process {Zij\i(lMO(t)) Y }>0 models the damage inflicted by the tumor on the
patient where Y;’s are iid random variables independent of { M (My(t)) }i>o-

In this paper, we introduce and study the iterated generalized counting process (IGCP),
which is obtained by the composition of two independent GCPs. First, we give several
distributional results related to the IGCP. We derive explicit expressions for its probability
generating function (pgf) and obtain its state probabilities in terms of Bell polynomials.
Also, we derive the system of differential equations that governs the state probabilities of
IGCP. Moreover, we obtain its associated Lévy measure and calculate mean, variance, and
the distribution of first-passage time. It is shown that the IGCP is identically distributed to
a compound GCP which leads to its martingale characterization. Also, we study a fractional
integral of the IGCP. Further, a non-homogeneous version of the IGCP is considered where
the time-changing component is a non-homogeneous GCP.

Then, we study some extended versions of the IGCP that includes the compound version,
the multivariate version and the g-iterated GCP. Some of their distributional properties such
as pgf, pmf, mean, variance, etc. are obtained. We establish that the compound IGCP is
equal in distribution to a compound GCP which gives a martingale result for the compound
IGCP. It is shown that the multivariate IGCP is a Lévy process and its corresponding Lévy
measure is derived. Later, a time-changed variant of the IGCP is discussed where time-
changing component is an inverse stable subordinator. We establish that the time-changed
IGCP exhibits long-range dependence (LRD) property and its increment process exhibits
short-range dependence (SRD) property. It is shown that its one-dimensional distributions
are not infinitely divisible.

2. PRELIMINARIES

In this section, we give some known results and definitions that will be used in this paper.
Here, R and Ny denote the set of real numbers and non-negative integers, respectively.

Definition 2.1. Let f and g be two positive functions. The function f(t) is said to be
asymptotically equal to g(t) if lim,_,, f(t)/g(t) = 1. It is denoted by f(t) ~ g(t) as t — oc.

2.1. Bell polynomial. The nth order Bell polynomial is defined as (see Comtet (1974))

B,(x)=¢e" Z THI , n>0. (2.1)

2.2. Mittag-Leffler function. The three-parameter Mittag-Lefler function is defined as
(see Kilbas et al. (2006), p. 45)

oo

1 L(j+ d)a?
) 2 T Ga + )

Eg,ﬁ(x) =T r € R, (2.2)

where a > 0, § > 0 and § > 0.
It reduces to two-parameter Mittag-Leffler function for 6 = 1. Further, it reduces to the

Mittag-Leffler function for 6 = g = 1.
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Let g(t) = t°7'EJ 4(xt*). Then, for z € R, the following result holds true (see Kilbas et
al. (2006), Eq. (1.9.13)):

~ _ 1 a
where g(s) denotes the Laplace transform of the function g(t).

2.3. Caputo fractional derivative. The Caputo fractional derivative of the function f(t)
is defined as (see Kilbas et al. (2006))

1 /t _
—— [ (t—s)"*f(s)ds, 0 < < 1,
dtaf() Pl —a) g
f't), a=1.
Its Laplace transform is given by (see Kilbas et al. (2006), Eq. (5.3.3))
h(s) = s*f(s) = s*7'(0), s >0,

(2.4)

where h(t) = 42 f(¢).

2.4. Inverse a-stable subordinator. A a-stable subordinator {D(t)}>0, 0 < o < 1 is
a non-decreasing Lévy process. Its Laplace transform is given by E(e=*P"®) = =" 5 > (.
Its first passage time {Y*(¢)};>0 is known as the inverse a-stable subordinator and it is
defined as

Y(t) = inf{z > 0: D%(x) > t}.

Its mean and variance are given by (see Leonenko et al. (2014))

t o 2 2 1
Figay d Ve = <F(2a+1)_F2(a+1))’ (2.5)

E(Y*(t) =

respectively.
For fixed s and large ¢, the following asymptotic result holds (see Kataria and Khandakar
(2022), Eq. (11)):
1
?(a+1)

where B(a, o + 1) denotes the beta function.

Cov(Y(s),Y*(t)) ~ <a52°‘B(oz, a+1)— Liﬂ), (2.6)

(@t1)t—

2.5. Generalized counting process and its compound version. Here, we give some
known results for the GCP and its compound version (see Di Crescenzo et al. (2016) and
Kataria and Khandakar (2022)).

For each n > 0, the state probability p(n,t

~—

= Pr{M(t) = n} of GCP is given by

)™ e, (2.7)

zw

|
11']

Q(kmn) J

where Q(k,n) = {(z1,22,...,x%) : ijl jrj=mn, x; € No}.
Its state probabilities p(n,t) satisfy the following system of differential equations:

min{n,k}

k
——Z)\jp(nt Z Ajp(n—j,t), n>0,
j=1

with initial condition p(n,0) = 0,(0).



The Lévy measure of GCP is given by II(dz) = Zle A;j0;(dz), where §;’s are Dirac
measures. Its pgf and moment generating function are given by

G(u,t) =E (uM(t)) = exp ( — tZ)\j(l — uj)), lu| < 1. (2.8)
and

E(“M() —exp(—tZ)\ (1—e" ),UGR, (2.9)

respectively. Also, its mean and variance are
k

k
E(M(t)) => jAt and Var(M(t)) =Y j2At, (2.10)

j=1 =
respectively.

3. ITERATED GENERALIZED COUNTING PROCESS

In this section, we introduce and study a counting process that is formed by the com-
position of two independent GCPs. We call it the iterated generalized counting process
(IGCP) and denote it by {M(t)}+>0. It is defined as

M(t) == M(My(t)), t >0, (3.1)

where {My(t)}+>0 and {M(t)}+>0 are independent GCPs with positive rates fu, o, - .., fi,
and A1, Ao, ..., A\, respectively.

Let Q(k‘,m) = {({L’l, Lo, ... ,[L’k) : ZL’1+2ZL’2+' : '—l—k’llfk =m, T; € NQ}, A= )\1+)\2+' : "l’)\k,
=y A o A iy and 2z =@y + 29 4 - T

In an infinitesimal time interval of length A such that o(h)/h — 0 as h — 0, the transition
probabilities of IGCP are given by

1 —hp+ hZ;C: 1 ujoe_'j[))\ + O(h’)7 m =0,

)\ A
i Y TT 92 4 o), >0
Q(k,m) j=1

Remark 3.1. For & = ky = 1, the IGCP reduces to the iterated Poisson process studied
by Orsingher and Polito (2012b).

For |u| < 1, the pgf of IGCP can be obtained as follows:
G(u,1) = B(u"') = E(E@u" 0O |Mo(1)))

—E(exp (- Mo()ikj(l—uj)))
—ep (< Yomi(i-ew (A0 W)) 69

Thus, the governing system of differential equations for G (u,t) is given by

_ —f:uj()(l—exp(—jozk:)\j(l—u])>>é( 1), Gu,0)=1.  (3.4)

Jo=1 Jj=1
5
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Similarly, its moment generating function can be obtained in the following form:

E(e“M(t —exp< Z,ujo (1—6Xp<—joz>\ (1—e" ))) u € R. (3.5)

Jo=1

Remark 3.2. By substituting k£ = kg = 1 into (3.3]), the pgf of IGCP reduces to that of
iterated Poisson process given in Eq. (22) of Orsingher and Polito (2012b).

Dhillon and Kataria (2024) showed that the GCP has a unique representation as the
weighted sum of independent Poisson processes, that is,

k
= Zij(t)v t >0,
j=1

where {N;(t) }1>0, 7 = 1,2, ...,k are independent Poisson processes with positive rates A;,
respectively. So, the following result holds true for IGCP:

k
= >Ny (M (1)

where {My(t) }1>0 is independent of {N;(¢)}>0, 7 =1,2,..., k.
In the following result, we show that the IGCP is equal in distribution to a compound
GCP.

Proposition 3.1. Let X, X5, ... be independent and identically distributed (iid) random
variables, such that, X; < M (1). Then,
Mo(t

Z X, 1
Proof. Let Y(t) = X1 + Xo+ -+ XMO(t). Then, its pgf can be obtained as follows:
Gy (u,t) = E(E(u" V| My(t)))

Mo(t)
= E( H Gx, (u, t)), (as X,,’s are independent)

=E((ew (-2
= exp ( - Z,ujot<1 — exp ( —jojé)\j(l —uj))>), lu| <1

jo=1

(1= ))MO(t)>, (using (2.8]))

Mk-

which coincides with (83]). This completes the proof. O

Remark 3.3. For k = kg = 1, the result in Proposition [B.1] reduces to that of iterated
Poisson process (see Orsingher and Polito (2012b), Eq. (23)).

Proposition 3.2. The state probabilities p(n,t) = Pr{M(t) = n}, n > 0 of IGCP satisfy
the following system of difference-differential equationS'

=

d
P 1) = —up(n, 1) + E Hjo€
Jjo=1 m= Oka 7=1

) n —m,t) (3.6)



with initial condition p(n,0) = 6,(0).
Proof. Note that

n

p(n,t +h) = p(n, )p(0, h) + > p(n —m, t)p(m, h) + o(h).

m=1

By using [B.2), we get

n,t+h n,t 0)\ ) A o(h
il i)z il ) p(n,t) +Zﬂyoz Z (H U e ]03>p(n—m,t)+%.

jo=1 m=0Q(km) j=1

On letting h — 0, we get the required result. For an alternate proof, we refer the reader
to Appendix Al. O

Remark 3.4. For k = kg = 1, the result in Proposition reduces to that of iterated
Poisson process (see Orsingher and Polito (2012b), Eq. (27)).

Next, we obtain the state probabilities of IGCP in terms of Bell polynomials.

Theorem 3.1. The state probabilities of IGCP are given by
k n;
)\ 7

ko  .Tj,
~ i Vi o _e—doX s
Bty =3 (] [ #ﬂ) S %e pot1=ONE (TN ), n >0, (3.7)
. _

Q(k‘,n) 7j=1 Zj(()):l Tio=2k jo=1
where B,,(z) is the nth order Bell polynomial defined in (2.1I).
Proof. From ([B1]), we have

pln,t) = Pr{M(s) = n}Pr{M(t) = s}

-3 ( )e utzszws 3 H “ﬂo (38)

’:]w

Q(k,n) j:1 Q(ko,s) Jo=1
k n;
P B ko e—JoA [ t):vjo
= (I3)e X (Zﬂo%) et
o nj. Ijo.
Q(k,n)  J=1 zj, >0 jo=1 jo=1
1<jo<ko
k n; ko .Tj, )
A J Hijol) 0
_ VR PRT 0
= (H 1)6 > (H 1) > H :
Q(kn) J=1 ko s o=1 "jo: zjo>0 jo=1
Jo=1770 1<j0<ko
By using (Z]), we get the required result. O

Remark 3.5. On taking k£ = ky = 1 in (B1), we get the state probabilities of iterated
Poisson process (see Orsingher and Polito (2012b), Theorem 2.1).

Note that the IGCP is a Lévy process as it is the composition of two independent Lévy
processes. Its Lévy measure is obtained in the following result:

Proposition 3.3. The Lévy measure of IGCP is given by

Z%Z 3 (H JOA _]OAj)(sn(dx),

jo=1 n=1Q(k,n) Jj=1
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where 0,,’s are Dirac measures.

Proof. Let p(n, s) and I, (ds) be the pmf and Lévy measure of { M (¢) }+>0 and {My(¢) }+>o0,
respectively. By using Theorem 30.1 of Sato (1999), we have

I, (dz) = /8_ Zp n, s) o, (dz) Iy, (ds)
k 0 ko
-y (1 An? 7)) Y ()

n=1Q(k;n) j=1 Jo=1

which reduces to the required result. O

koo ko o ooy Vo ko koo koo -
Let S = Zj:l ])\J Zj(()):l jouj() a’nd T = ( Zj:l ])\]) ng:l ]SM]O_I_Z]::[ ]2)\] ng:l jolujo'
By using (2.10) and Theorem 2.1 of Leonenko et al. (2014), the mean, variance and covari-
ance of IGCP are given by

E(M(t)) E(M(1))E(Mo(t)) = St, (3.9)
Var(M(t)) = (E(M(1)))* Var(Mo(t)) + Var (M (1))E(Mo(t)) = Tt. (3.10)
Cov(M(s), M(t)) = Var(M(s)) = Ts, 0 < s < t. (3.11)
As Var(M(t)) — E(M(t)) > 0, the IGCP is overdispersed.

Theorem 3.2. Let 7}, := inf{s > 0 : M(s) = n} be the first-passage time of IGCP for any
state n > 1. Then, its distribution is given by
(T)\])mj ) 6—7")\
Tl

Pr{T, Gds}—ZMjo wdsZZ 2 (ﬁ

jo=1 m=1r=0 Q(k,n—m) Jj=1

Ead

Proof. We have

Pr{T, € ds} = > Pr{M(Mq(s)) = n — m, M(My(s + ds)) = n}

m=1

— Z Pr{M(My(s)) = n —m, M(Moy(s) + dMy(s)) = n}

- Z 11j,ds Z Pr{M(My(s)) = n —m, M(My(s) + jo) = n}.  (3.12)

Jjo=1

Observe that the process {M(t)}>o performs jumps of size 0 < n—m < n — 1 in time
interval (Mo(s), Mo(s) + jo). Also,

Pr{M(My(s)) =n —m, M(My(s) + jo) = n}

= Pr{M(r) =n—m, M(r+ jo) = n}Pr{My(s) = r}
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-y (f[(]b)‘jo n) —joA Z H S,Um e, (3.13)

Qk,m) =1 Q(ko,r) Jo=1
By using (B13) and [3I2), we get the required result. O

Corollary 3.1. For n = 1, we have

Pr{T} € ds} = Zumds Z]O)\le JoAr=TA Z H S’LLJO e~ SHio |

jo=1 Q(ko,r) jo=1
Thus,
Pr{T1<oo}—Z j)\e 30’“26‘” Z 2k 'H(M”) —
jo=1 Q(ko,r) jo=1

Remark 3.6. For k = ky = 1, the result in Theorem reduces to that of iterated Poisson
process (see Orsingher and Polito (2012b), Theorem 2.2).

3.1. Martingale characterization for IGCP. Here, we give a martingale characteriza-
tion and related results for the IGCP. First, we observe that the converse part of result in
Proposition 2 of Kataria and Khandakar (2022) holds true.

Proposition 3.4. The process {M(t)}1>0 is a GCP with positive rates \;, j =1,2,...,k
iff {M(t) — Zlej)\jt}tzo is a {F;}i>o-martingale, where F; = o(M(s), s < t).

Proof. Let {N(t)}+>0 be a Poisson process with rate A = Ay + Xy +---+ A\;. For v =1in
Eq. (2.6) of Di Crescenzo et al. (2016), we have

N(t)

ZXZ,

where X;’s are iid random variables such that Pr{X; =i} = \;/\, i =1,2,... k and are
independent of { N (¢) }+>0. That is, the GCP is equal in distribution to a compound Poisson
process. The result follows from Theorem 5.2 of Zhang and Li (2016). O

Next, we give a martingale characterization for the IGCP.

Proposition 3.5. Let {M(t)}1>0 be a point process such that M (0) = 0. Then, {M (£)}1>0
is IGCP iff the process

Y(t)zexp( Z,um (exp(—]OZ)\ (1 —e" )—1)),u€R,t20

Jo=1
is a {F;}e=o-martingale, where F, = o(M(s), s < t).

Proof. Let {M(t)};>o be IGCP. Then, we just need to show the martingale property for
Y (t) = exp (uM(t) — Z]O 1,umt(exp ( — Jo Z?:l (1 — e“j)> — 1)) For 0 < s < ¢, we
9



have

E(Y ()| F,) = E(e“10- |.7:)exp<uM Zujot<exp<—j(]2)\ (1—ew )—1))

Jo=1

:E(e“(M(t_s)))eXp( Z“JO (exp(—]OZ)\ 1—ew )—1))

:exp( JOZ_MJO (exp(—on)\ (1—e" )—1)>,

where we have used the independent and stationary increments of {M (£)}¢o.
Conversely, let {Y'(t)}i>0 be a {F; }1>o-martingale. Then, we have E(Y (¢)) = E(Y(0)) =1
for all t > 0. Thus,

E(e “M(t))—exp<z,ujo (exp(—jOZA (1—e" ))—1))

Jjo=1

From (33), it follows that {M ()}, has same distribution to that of the IGCP.
For 0 < s <'t, by using the martingale property of {Y(¢) }+>0, we have

(10— 5o (53 00-) )
:eXp< Zum (exp(—]OZ)\ 1— e )—1)).

Jo=1

So,

E(e w(M (1) V| F,) —exp<z,ujo (exp(—jOZ)\ (1—ev )—1)). (3.14)

Jjo=1

Now, by taking expectation on both sides of ([B.14]), we get

E(e“(M(t)_ —exp(Zu]O (exp(—]()z}\ (1—e" ))—1))

Jo=1

This establishes that {M(t)},>¢ exhibits stationary increments, that is, M(t) — M(s)
M(t —s).
For0<ty<t; <---<t, <oo, we have

E(eZimt w(M (1) =M (ti0)y = B(E(eXimr M E)-Mt))| 7, )
= E(e ?:11u@'W(ti)—M(tz—fl>>)E(eun(M(m—M(tnfl)))

_ HE( wi (M (t;)—M (ti- 1)))‘

i=1
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Thus, {M(t)};>0 has independent increments. Hence, {M (t)}s0 is an IGCP. This com-
pletes the proof. O
Proposition 3.6. The process {M(t)};o is IGCP iff {M(t) — Zlejkj Z?gzljoﬂjot}tzo
is a martingale with respect to natural filtration F;, = o(M(s), 0 < s < t).

Proof. By using Proposition Bl the IGCP is equal in distribution to a compound GCP.
Further, by using Remark 4.2 of Khandakar and Kataria (2024), the IGCP is equal in

distribution to a compound Poisson process. Finally, the result follows on using Theorem
5.2 of Zhang and Li (2016). This completes the proof. O

Remark 3.7. On substituting & = ky = 1 in Proposition and Proposition [B.6] we
obtain the corresponding results for iterated Poisson process.

3.2. Fractional integral of the IGCP. Here, we study the Riemann-Liouville fractional
integral of IGCP defined as follows:
N 1 t -
Rot) = —/ (t— $)" NI(s)ds, a >0, > 0. (3.15)
I'(a) Jo

For « = m € N, the Riemann-Liouville fractional integral defined in (B:lﬂ) reduces to

)Em(t)—( ! —) /(t—s)m LM (s ds—/ d51/ dsy -+ / M ($p)dS .

Orsingher and Polito (2013) studied the fractional integral of time fractional Poisson
process. The motivation to study such integrals lies in the fact that the integrated count-
ing processes often arise in epidemic model, biological sciences, etc. (see Pollett (2003),
Vishwakarma and Kataria (2024a), (2024b), and references therein).

By using ([39), the mean of fractional integral of IGCP can be obtained as follows:

321 — L t — 5 a—l Y S S
E(2(0) = £ /0 (t—s)*"E(M(s))d
IS t ol B Sta+1
_@/O(t_s) Sds_r(a+2)' (3.16)

Also, by using (B9) and (BI1), we have

E(X°(t))* = % /t /t(t — )2t — w)*E(N (s) M (w)) dw ds
" 2(a / / —w)*"H(Ts + S*ws)dw ds

F2(a)/ s(t =)™ 1(jls/st(lﬁ—w)a‘ldw

Tt2a+l (Sta+l)2
T Ra+rD)a+ 1) Ta+2)
Thus, by using (316) and BI7), the variance of {M®(t)}i=0 is given by
Tt2a+1

a4+ DI (a+1)
11
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Proposition 3.7. The conditional mean of the fractional integral of IGCP is given by

n T4
—pt Jo

E(;ea(t)m(t):n)zr(l )Zpr{j\ze Z M) =r} 30 (Hum)

Q(ko,z)  jo=1 "o’

-iPr{M( )=n-—r} Z ( 1 Mﬂ)to‘H”B(r—l—l,ale%
y=0

|
k‘o y jo:l l]O.
where r =1y +ro+ - 41y, | =0 + 1o+ -+, and B(a,b) denotes the beta function.
Proof. From ([B.15]), we have

E(X* ()M (t) = n)

1 t o1
F(a)/a—s) E(N1(s)|NI(1) = ) ds

F(la Z / (t—5)"" 1PI{M( )—T|M()—n}d8

n

1 s)°7 y =n-—r}ds
F(a) ZPr{M —n}/ PT{M( ) =r}Pr{M(t—s) = }ds.

The result follows on using (3.8]). O

For a = 1, the integral in (3I5]) reduces to the following integral:
t
:/ M(s)ds, t > 0. (3.18)
0

Note that the bivariate process {M (), X (t)}1>0 is a Markov process. Its joint distribution
g(n,z,t) = Pr{M(t) = n,X(t) < z|M(0) = 0}, n > 0, > 0 solves the following
differential equation:

k
%d(nmtﬂna%d(n,x,t) —pg(n, x,t +Zﬂme jox Z 3 (H

jo=1 m=0 Q(k,m) j=1

)dn —m,2,1)

with ¢(0,0,0) = 1.
Also, its joint pgf, that is,

. & 0
G t) = E "v*—q t)d
lnvg / gn,z,t)dr, 0<u<1l,0<v<1

is the solution of the following differential equation:

gG(u v, t) ( ,u—l—z [Ljo€ JO)‘ZU

jo=1 Q(k,m)  j=1
12
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ou




with @(u,v,O) = 1. Thus, the cumulative generating function K'(H,qﬁ, t) = In G(ee,e(b,t)
solves

O k.0,1 D= it S e mk}:aw > (19

z;j 0 -
)+¢>—K(e, 6.1)  (3.19)
. ! 0
Jo=1 = Q(k,m) =1

with K(6,¢,0) =
Now, on substituting the following expression of the cumulative generating function (see
Kendall (1948), Eq. (35)):

K(0,¢,t) = 9E(M(t))+qu()?(t))+%2Var(M(t))+¢2 Var(X(t))+60¢p Cov(M(t), X(t))+. ..
(3.20)
in ([B.19), we get
0 . 6)2 ¢2 .
= (PEQT(2) + GE(R (1)) + 5 Var(31(8)) + S Var(R(1)) + 09 Cov(M (1), X(1)) + .. )
= (o oS O S (TIH247)) + 0B + 0 var(ie)
jo=1 m=0 r=0 Q(kym)  j=1 J
+ ¢ Cov(M(t), X(t)) +.... (3.21)
On comparing the coefficient of 8¢ on both sides of ([B.21]), we get
< Cov(NI(1), (1)) = Var(NI(t)) = Tt
with Cov(M(0), X(0)) = 0. So,
Cov(NI(t), X(£)) = Var(VI(£)) = TTt

2
k .
Here, T' = (ijﬂ)‘j) Zgo 1]0MJ0+2J VTP 290 1 Jokjo-

3.3. Non-homogeneous IGCP. Here, we study a non-homogeneous version of the IGCP.
It is obtained by considering a non-homogeneous version of the time changing component

process {Mo(t) }i>o in (B)).
Let {My(t)}+>0 be a non-homogeneous GCP with time-dependent rate functions p;, (¢) :
[0,00) = [0,00), jo =1,2,...,ky. We consider the following time-changed process:
M(t) == M(My(t)), t >0,

where {M(t)}+>0 is independent of the GCP {M(¢)}+>0.
By using the conditional argument, the pgf of { M(¢)};>¢ can be obtained in the following
form:

E(UM(t —exp( ijo (1—exp(—jOZ)\ 1—u])>>), lu| <1,

Jo=1
where pj, (t fo fj,(s) ds is the cumulative rate function. Also,
Mo
Z X, t>0, (3.22)

13



where X;’s are iid random variables which are equal in distribution to that of M(1). The
proof of ([8.22)) follows similar lines to that of Proposition Bl Further, its state probabilities

G(n,t) = Pr{M(t) = n}, n > 0 can be obtained as follows:

=Y Pr{M(m) = n}Pr{My(t) = m} (3.23)
m=0
_ J 2k , =AM QO —pjq (t)
= > (T155) Xmee H
Qkn) =1 77" m=0 Q(k,m) jo=1
. " (Joxjo)"™0 s i —pie (D)
Y (I12) X % sl W e mmrmer
! - =1 dorbio:
k) I 1<]]oi(l]co ZJO 1 Tjo =Rk Jo=1
k )\”J 810 () (1—e=ioN) \
_ J — e -
=Y (M) X = 1% Bry (1)),
Q(kvn) .7:1 Z?g:l TjO:Zk ]O 1
where z;, = ny +ng + - - - + ny and pj, (¢ fo i, (s) ds. In the second step, we have used

the pmf of non-homogeneous GCP {/\/lo( ) H>o (see Katarla et al. (2022), Section 3).
Next, we obtain the system of differential equations that governs the state probabilities
of non-homogeneous IGCP as follows:
On differentiating (3.:23)) and by using Eq. (3.6) of Kataria et al. (2022), we get

t):f:,ujo (i (n,m)Pr{M,(t) = m—jo}—é(n,t))

jo—l

=S (Z (r,do) Y pln—rm = jo)Pr{Mo(t) = m = jo} = d(n,1))

Jo=1 =0 m=jo
:Z,Ujo (Zprjo (n—rt)— Q(n,t)>,n20
Jo=1

with initial condition ¢(n,0) = 6,(0).
Its mean and variance are given by

Z])‘ Z ]Opjo

Jo=1

and

Var(M(t)) = (Z )Zyopﬂ) +ZM Zyomo

Jo=1 Jjo=1

respectively. )
Let 7, = inf{t > 0: M(t) = n}, n > 0. Then, its distribution F, (t) = Pr{7, <t} is
given by

F, (t) = Pr{M(t) > n} 4
1



k m;
N o  eion »
S Y (IIE) R a TR e, g e,

= i— J* k
m OQ(kvm) J 1 ngzlrjozzk ]O 1

Observe that F, (t) is a distribution function if and only if p;,(¢)’s satisfy the conditions
stated in Remark 5 of Leonenko et al. (2017).

Moreover, on following along the similar lines to the proof of Proposition B.6l it can be
shown that the process {M(t) — Z; ey ZJO 1 JoPio(t) }e=0 is a martingale with respect
to natural filtration F, = o(M(s), 0 < s < t).

For v > 0, the increment process of non-homogeneous IGCP is defined as

[(t,0) = M(Mo(t +v)) — M(Mo(v)) £ M(Iy(t,0)), t >0,

where {Iy(t,v)}1>0 is the increment process of non-homogeneous GCP {M(t)}i>o (see
Kataria et al. (2022)). Its marginal distribution §,(t,v) = Pr{l(t,v) = n}, n > 0 can be
obtained as follows:

= Z Pr{Iy(t,v) = m}Pr{M(m) = n} (3.24)
k n; 00
A t+ v))%o
_ 2k, —MmA p]() U, —pjo (v,t4v)
—Z(Hn.)Zm’“e Z(H )
Qkn) =177 m=0 Q(ko m)  jo=1 Jo
k TL TJO
- Z (H ) Z z 'H TO e™Pio(t)(A=eT0? )Brm (e7% s (v, t + ),
Qkn)  j=1 ko _ jo=1 30

Zjo:l Tjo =%k

(3.25)

where ij(U,t+ U) = f;—i—v Iujo(g) ds and Zr =N+ nNa+ -+ ng.

Remark 3.8. On substituting v = 0 in (B.28), we obtain the state probabilities of IGCP
given in (B.1]).
On differentiating ([3.24]) and by using Remark 3.5 of Kataria et al. (2022), we get

dqn t,v) Zp n,m Zujo (t +v) (Pr{[o(t v) =m — jo} — Pr{ly(t,v) :m}>

dt —
— Z o (t + v)( Z Zp(ﬁ Jop(n — rym — jo)Pr{ly(t,v) = m — jo} — dalt, v))
ko
— Z’u” (t+v) (Zp T, 70)Gn—r(t,v) — qu(t, v)), n>0

with initial condition ¢,(0,v) = 6,(0).

4. SOME EXTENSIONS OF IGCP

Here, we study few extended versions of the IGCP, namely, the compound IGCP, the

multivariate IGCP and the g-iterated GCP. First, we consider a compound version of it.
15



4.1. Compound iterated generalized counting process. Khandakar and Kataria (2024)
introduced and studied a compound version of the GCP, namely, the compound general-
ized counting process (CGCP). We denote it by {W(t)}i>0,. It is defined as follows (see
Khandakar and Kataria (2024)):

M(t)

ZX,,t>0

where X; are iid random variables mdependent of the GCP.
Here, we define the compound IGCP {Z(t)}:>0 as a time-changed variant of the CGCP
by subordinating it with a GCP {Mj(t) }+>0. That is,

M()(t

Zt) =W Z X, t>0, (4.1)

where {W (t) }+>0 is independent {My(t) }>o-
The pgf of CGCP can be obtained as follows:

G (u,t) = E(E(u" | M(t)))

=Y (E(u™))"Pr{M(t) = m}, (as X,’s are iid random variables)
m=0 .
= exp (= D Apt(1 = (B@)))), (42)

J=1

where in the last step we have used (2.8]). Its distribution function is given by

= Z Pr{M(t) = m}H;((T) (w)

= Lpusoye ™ + Y Pr{M(t) = myHE™ (w), (4.3)

where H;((fn)() is the m-fold convolution of the distribution function Hy,(-) of Xj.

Remark 4.1. For k£ = ky = 1, the compound IGCP reduces to the compound iterated
Poisson process. If X; has an atom at 1, that is, Hx,(z) = Ij;>13 then the compound
IGCP reduces to the IGCP and the compound iterated Poisson process reduces to the
iterated Poisson process.

For the subsequent results, we recall A, p, 2, and Q(k, m) from Section

Proposition 4.1. The distribution function H(w,t) = Pr{Z(t) < w} is given by
ko

H(w,t) = [iw>0y €xp ( — Z Hiot(l — e_j())‘)>
Jjo=1
.- *(m) A t 4o te=i0? i3 o
PP Y () 5 a6, .
m=1 Q(kym) =1 7 ko jo=1 o'

2 jo=1"do =%k

where B,,(x) is the nth order Bell polynomial defined in (2.1).
16



Proof. By using (41)) and (43]), we get

w,t) = ZPr{Mo(t) =n}Hwy(w,n)

= Tusop 9 Pr{Mo(t) = n}ye ™" + 3" Pr{Mo(t) = n} Y Pr{M(n) = m}H"™ (w)
m=1

n=0 n=0
ko 00 00
= Iy>0y €xp ( — Z i t(1 — e_”’\)> + Z H}(m) (w) ZPr{Mo(t) =n}Pr{M(n) = m},
Jo=1 m=1 n=0
where we have used (Z.8) in the last step. Finally, the result follows by using (3.7]). O

Remark 4.2. If X;’s are absolutely continuous random variables with probability density
function (pdf) hx(-) then the absolute continuous component of the pdf of {Z(t)}i>0 is
given by

o) k
H=> n"w Y (11
m=1 j=1

Q(k,m)

m;

A jT’Jo i \
J —put Jo o te70A —JoA,, .
j!>e E 2! I | =t By, (€77 pjot)

kq o jo=1 ]O
Zj0:1rlo_zk

and its discrete component is given by

ko
Pr{Z(t) = 0} = Z Pr{Mo(t) = m}Pr{W(m) = 0} = exp ( — S pt(1 - e_j‘)’\)>.

Jjo=1
Remark 4.3. If X,’s are discrete random variables then the pmf of {Z(¢)}:>¢ is given by
ko
PH{Z(t) = n} = Tpopexp (= 3 ujpt(1 — 7))

Jo=1

mj ko .1

00 k
n Z W;{(m) Z (H ) —put Z 2! H Jo eumte 30X B., (e~ mumt),
m=1 Q(k,m)  j=1 S0 =z, do=1 Tjo!
(4.4)
where \If}(m)(n) =Pr{Xi+Xo+ -+ X,,=n},neZ
Example 4.1. Let {M(t)}:>0 be a GCP with positive rates (i, 52, ..., (. such that

X; £ M(1). Then,

\I];'(m)(n) — Pr{Xl 4 X2 + -+ Xm = n} = Z H we_mﬁj7 n Z 07 (45>

. I'j.
O(rm) j=1

where ©(r,n) = {(v1, 22, ..., 2,) : D_5_, jz; =n, z; € No}. On substituting (L3) in (@4,
we get

Pr{Z(t) = n} = Iju—0) exp ( Z pigt(1 — e7%) ) Z Z H ( mﬁj _mﬁj>

jo=1 m=10(r,n) j=1
k )\mj ko jT’jO .
_ . te—J —j
. § <| | j—)e pt E 2! | | 40 pHjote™0 Brj (e Jo)\,ujot)‘
. mj! : Tj()! 0
Qk,m)  J=1 Z?g—l Tjo =2k Jo=1



For n = 0, we have

,_.
o}
s
-
<
Il
—
S

Jo=1 m=

Jo’ e—70> —j
Z Zk H 0 ettt T’Jo(e ]O)\’ujot)’

258:1 Tjo =2k
where § =01 + B2 + -+ + [y

Example 4.2. Let X; has geometric distribution with parameter p € (0, 1]. Then,
x(m) n—1 m n—m
Uy, —<m—1)p (I=p)"™™, n>m.
Thus,

Pr{Z(t) = n} = [{—0y exp ( — i 11, t(1 — e—jok)) + i (Z: 11)pm(1 _

Jo=1 m=1
k )\mj

. Z (H#ﬂ)e—ut Z 2! H ]g euyote J0A BTJO( _jO)\/ijOt)-

Q(km) Jj=1 ngzl Tjo =%k
Next, we obtain the finite dimensional distribution of compound IGCP.

Theorem 4.1. Let 0 =ty < t; <--- <t, =t be a partition of [0,¢] and h}(m)(~) denotes
the m-fold convolution of the density function hx,(-) of X;. Then, the finite dimensional
distribution of compound IGCP has the following form:

Hy0),2(t2), 2(t0) (@1, T2y ) = (H muAtz)

ml>0
1=1,2,....n

ul u Un n
/ / / l_Ih}(1 )dyndyn 1...dy;, (4.6)
—o0 J—00 0 =1

where Aty =t —t; y and u, =2, — (Y1 + Y2+ -+ Yr_1).

Proof. As {M(t)},0 has independent and stationary increments, we have M (t,) = M(At;)+
M(Aty) +---+ M(At,), r=1,2,...,n. Let

X(m)=X1+Xo+ -+ Xppy,

X(m2) = Xm1+1 + Xm1+2 + e+ Xm1+m27

X (ma) = X tmattmui+1 T Xonytmottma_i+2 T 0+ Xyttt -

H 20).20)....2() (X1, T2, -, Tp)

= PI‘{Z(tl) < Ty, Z(tg) < T2, ..., Z(tn) < .Z’n}
18



n
mi-+ma2 lel my

> Pr{iXinl, S Xi<wm, Y Xinn}f[ﬁ(ml,Atz)
i=1 i=1

m;>0 i=1 =1
1=1,2,....,n

= Z Pr{X(ml)le,X(m1)+X(m2 < xa,... ZX my) <In}ﬁ (my, At))

ml>0 =1

1=1,2,....,n

n T2—Y1 Tn—> 1 1 n
= > (IToeman) DN (L7 00) v,

m; >0 =1
1=1,2,....,n

Finally, the change of variables gives the required result. U
<

Remark 4.4. For n = 1, (4.0 reduces to the marginal distribution f[z(t)(x) = Pr{Z(t)
x} of compound IGCP, that is,

=Y p(m,1) / ™ (y)dy.

m>0

Example 4.3. If X; has exponential distribution with parameter A > 0 then the marginal
distribution of compound IGCP is given by

HZ(t met / *(m y)dy _Z’ym)\z (m, 1),

m>0
where (s, t) = fot e % 'dx, t > 0 is the incomplete gamma function.
By using (1)) and (£2), the pgf Gz(t) (u) = E(u?®) can be obtained as follows:
Gz (u) = E(E(" 00| My (1))

= 5" Pr{My(t) = m}E(u" ™)

k

- i Pr{My(t) = m} exp ( — Z )\jm<1 - (E(uxl))J>>
— exp ( . i ,%t(1 —exp ( A ixju - (E(qu))ﬂ')))), | < 1.

Thus, it satisfies

2 G S (- (s Z N(1 = (B@™)P)))Ga(w), Gaolw) =1

Jo=1

By using Theorem 2.1 of Leonenko et al. (2014), the mean and variance of compound
IGCP are given by

E(Z(t)) = E(W(1))E Z A Z]o,ujotE X1)
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and

Var(Z(t)) = (E(W(l)))2Var(Mo( )) + Var(W(1))E(Mo(t))

k ko k
= (Z]}\]E(Xl ) Z]O,Ujot‘l’ Z]OM]O (Var Xl Z])\ ‘|— Zj2)\j),
j=1 Jjo=1 Jjo=1 7j=1

respectively. Here, we have used the mean and variance of CGCP (see Khandakar and
Kataria (2024), Section 4).

Remark 4.5. The following limiting result holds true:

k ko
. Z(t , . : -
}E?o Q = E 1 JA E ljolujotE(Xl) with probability 1
j= jo=

which follows by using the strong law of large numbers.

Proposition 4.2. Let X;’s be iid random variables such that Pr{X; =i} =a4,i=0, 1,
2, ... and D(t) = Zf\i(lt) X;. Then, the pgf GYD(t) (u) = E(uP®) is given by

Gp(t)(u):exp(—tf:,um< exp(—jOZ)\ Za (1—a' ))), lu| <1,

Jjo=1
where a:(j) = Z Wy Oy - - Q.
an:l Tm=1
rm€Np
Proof. See Appendix A3. 0

Remark 4.6. Let {Z,};>1 be a sequence of iid random variables such that Pr{Z, =i} =
%Zle )\ja:(”. Also, let {My(t)}i>0 be a GCP with positive rates pq, po, ..., fg, and

{Y;}i>1 be a sequence of iid random variables such that Y; 2 szi(f ) Z;, where {N(t)}1s0 is
a Poisson process with parameter A\ and independent of Z;’s. Then, we have

Mo (t)
apIRe
i=1
where Y;’s are independent of the GCP {My(?) }+>o0.

Next, we give a martingale characterization of the compound IGCP {D(t)};>¢ defined
in Proposition [£.2]

Theorem 4.2. Let {X;};>1 be a sequence of iid random variables with non-negative integer
support. Then, the process D(t) = Zf‘i(f XZ, t > 0, where X,;’s are independent of

{M(t)}tzo is a compound IGCP iff {D(t) — Z; 1IN 2]0 Lottt E(X7) hiso 1s a {Fihiso-
martingale, where F; = o(D(s), s <1t).

Proof. From Remark .6, the compound IGCP {D(t)}:>o is equal in distribution to a
compound GCP. So, the proof follows on using Remark 4.2 of Khandakar and Kataria

(2024) and Theorem 5.2 of Zhang and Li (2016). O
20



4.2. Multivariate IGCP. Let {M;(t)}1>0, {Ma(t) }i>0, - - -, {M,(t) }+>0 be ¢ independent
GCPs such that {M;(t)}+>o performs k; kinds of jumps of size j; with positive rate \;j,,
Ji = 1,2,...,k;. Kataria and Dhillon (2024) defined a multivariate version of the GCP as
follows:

M(t) = (My(t), Ma(t),..., M,(t)), t > 0.
It is called the multivariate GCP.

Here, we study a multivariate version of the IGCP which is a time-changed variant of
the multivariate GCP. It is defined as follows:

M(t) = (Mi(Mo(t)), Ma(Mo(t)), .. ., Mo(Mo(t))), t = 0,

where {My(t)}1>0 is a GCP with positive rates p;,, jo = 1,2, ..., ko and it is independent
of {M;(t)}1>0. We call it the multivariate IGCP. )
The following notations will be used: Let 0 = (0,0,...,0), 1 = (1,1,...,1) and i =

(n1,na9,...,n,) be g-tuple vectors. For all i = 1,2,...,¢q, if n;, > m,; then we denote it by
n > m. Also, n = m ( n < m) stand for n;, > m; (n; < m;) for all i = 1,2,...,¢ and
n # m.

Let A = Z Z] -1 )\ij and Q(l{:z,ml) = {(I‘il,l’ig, ey xzkl) : Zfz:l jZIZ]Z = my, .flfiji -
No}.

In an infinitesimal time interval of length A such that o(h)/h — 0 as b — 0, the transition
probabilities of multivariate IGCP are given by

1- hZJo 1 Mjo(l - e_jOA) + O(h)7 m = 67

_ — ki
Pr{M(t + h) =n+m|M(t) =n} = WY ped Y H 11 JO/\m "L o(h), = 0
]0 0 ) .

km)z 17:,=1
i=1,2,....q

Remark 4.7. For ky = ky = --- = k; = 1, the multivariate IGCP reduces to the multi-
variate version of iterated Poisson process.

Let po(+,t) be the pmf of {My(t)}+>0 and G(a,t) be the pgf of multivarite GCP. Then,
for [u;] < 1, the pgf G (@, t) = (M) MMo®) u;‘”q(MO(t”) of multivariate IGCP
can be obtained as follows:

A

GM (ﬂ, t) = Z G(ﬂ, m)Po(mv t)

m=0
q ki
= Z exp ( m Z Z Aij, (1 — U?))I?O(”% t)
i=1 ji=1
q ki
:eXp( Z/Lgo ( —eXp ]OZZ)‘ZJz(l_uzZ))>’
Jjo=1 =1 j;=1

where the penultimate step follows by using Eq. (3.5) of Kataria and Dhillon (2024), and
the last step follows by using (2.9). Thus,

ko ‘ . .
%GM(a,t):—(Zujo( — exp( gOZZAW >GM( 1), Gu(@0)=1. (47

Jo=1 i=1 ji=1
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Proposition 4.3. The pmf p (7, t), 7 > 0 of {M(t)}i>0 solves the following system of
differential equations:

k:() k()
d . ,_ I S N ] >\z 9
pPm(t) = - D i (1= NP (A, )+ > pg(—mm, t) > pjpe >~ H H Uodus )™
jo=1 =0 jo=1 Q(ki,my) i=1 ji=1
1=1,2,...,q
with initial condition p (7, 0) = §;(0).
Proof. The proof follows similar lines to that of Proposition B.2l Thus, it is omitted. For
an alternate proof, we refer the reader to Appendix A2.

Theorem 4.3. The pmf of multivariate IGCP is given by

p(nt) = Z <ﬁ ﬁ (AZ ”Z> ime DIRET I Z ﬁ We—wot’ n>0
ij;e ; Jjo*

Q(kl,nl) i=1 ji:
i:1727"'7q

e}
=
T
S
3
<
S
Il
-

where Q(]{?Z, nl) = {(nil, N2,y ... ,niki) . Efﬁ:l .]anjz = N, Ny, c No}

Proof. Let p(n,t) be the pmf of multivariate GCP. By using Eq. (3.7) of Kataria and
Dhillon (2024), we get

b t) = 3l m)Pr{M (1) = m)

m=0

(TR S5 e -
195 ° m=0

Qking) =1 ji=1

. ko A .
(AP T M O
Q(king) m=0 i=1 j;=1 iji - Jo
7;:1,27___7(1

where the last step follows by using (2.7)). This completes the proof. O

Corollary 4.1. The pmf of multivariate IGCP has following equivalent form:

7‘]0

patr = X (M%) ¥ (1T )HB% pade st
k

Qk;, i=1 ji=1 o0 _ "
i= (1 é,m,)q g 2jo=1"Tio=%k 7=

where B,,(z) is the nth order Bell polynomial.
Proposition 4.4. The Lévy measure of multivariate IGCP is given by
: O God)™
RIS ST DD D | () L et F
Jo=1 =0 Q(king) =1 ji=1 Wit

i:1727"'7q

Where Q(k’z, nz) = {(n,-l, iy ... ,niki) . Zf;:l jznm = Ny, n,-jl. € N()}
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Proof. Let Il () be the Lévy measure of {My(t)}:>o and p(n,t) be the pmf of MGCP. By
using Eq. (30.8) of Sato (1999), the Lévy measure of multivariate IGCP can be obtained
as follows:

M(Al XA2><--. / an S HH{nzGA })HMO dS)
)
IS (M TT 22 0) $ i 00)
n>OZQ(1k2 T)q i=1 Ji=1 Jo=1

Finally, the result follows on integrating with respect to d;,(-), that is, [ f(z)d;,(dz) =
f(Jo)- O

Proposition 4.5. For 1 < ¢ < g and 1 <[ < g, the covariance of {M;(My(t))}:>o and
{MI(MO(t))}tZO is given by

Cov(M;(Mo(t)), My(Mo(t))) = Tje l}ZyouthW+ZJ,A%ZMMZMO

Jo=1 Ji=1 Ji=1 Ji=1 Jo=1
Proof. For i = [, we have

Cov(M;(Moft)), Mi(Mo(t))) = Var(M;(Mo(t)))

ki ko ki , ko
= ij)\ijz‘ Z Joktjet + (Zji)\iji) Z Jottjet (4.8)

which follows by using (BI0). For i # [, we have
E(M;(Mo(t))Mi(Mo(t))) = E(E(M;(Mo(t ))MI(MO( NIMo(t)))

= <Z]z>‘zj Z]l)\lyl MO )

Ji=1

- Zl:ji)\,-ji Zjl)\ljl ( Z Jotjot + ( i jouj°t>2>

Ji=1 Ji=1 Jo=1 Jo=1

which follows from (2I0). So, by using ([33)), we have

Cov (M;(Mo(t)), Mi(Mo(t) Z]Z)\Uz Z]l)‘lyz Z]oﬂjo (4.9)
Ji=1 Jo=1
Finally, the proof follows by using (£.8)) and (4.9). O

Proposition 4.6. For any 1 < i < g and 1 <[ < ¢, the codifference of {M;(My(t))}i>0
and {M;(My(t))}i>o is given by

T(M;(Mo(t)), M; (Mot Z o <2 — exp ( ZJO)‘W Wi — ) + exp ( Ekl:jox\ljl(e_wjl _ 1)))

Jo=1 Ji=1 Ji=1
ko

3% (1o (e 1)+ 3o =)
Jo=1 Ji=1
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Proof. For i # [, we have
(e (M: (Mo (8) =My (Mo (1)) :E(E( w(M:(Mo(1)=Mi(Mo()) | 01 (¢ )))

(e B )

Ji=1
ko
:eXp(— Zujot( eXp(Zjox\w +Zjokzﬂ - ))))
Jjo=1 Ji=1 Ji=1
which follows by using the (Z8). For i = [, we get E(e?Mi(Mo®))=M(Mo(®)) — 1. Finally,
the result follows by using Eq. (1.7) of Kokoszka and Taqqu (1996). O

4.3. g-iterated GCP. Let us consider ¢ independent GCPs {M;(t)}1>0, {Ma(t) }+>0, - -,
{M,(t)}+>0 such that {M;(t)};>0 performs jumps of size j; with positive rate \;,, j; =
1,2,..., k;. The g-iterated GCP {M%(t)};>¢ is defined as follows:

NI(E) == MM, (Ms(.... (M,(t))...)), t >0, (4.10)

where {M(t)}+>0 is a GCP with positive rates A;, j = 1,2,...,k and it is independent of
{M;(t) }>0,1=1,2,...,q.

Remark 4.8. For ¢ = 1, the g-iterated GCP reduces to the IGCP. For k = k| = ky =
-+ =k, = 1, the process defined in ([£I0) reduces to the g-iterated Poisson process.

Let p?(n,t) = Pr{M4(t) = n}, n > 0 denote the state probabilities of ¢-iterated GCP.
For ¢ =1, we have

p(n,t) = Pr{M(M(t)) = n}

= Pr{M(t) = s }Pr{M(s;) = n}

s1=0

AN It L pe—itr _
=Y (IT5)e X al TT e B, e )
! I

Qkn) j=1 7

which follows from (B.7).
Now, for ¢ = 2, we have

=) Pr{My(t) = s3}Pr{M(M;(s5)) = n}

s2=0
=) Pr{My(t) = s}
s2=0
k )\@j - k1 ]7"]1
> (I15)er= X aIlien  By W)
Q) =1 Zéfll:lrjl_zk ji=1 7t

Also, for ¢ = 3, we have

= Z Pr{Ms(t) = s3} Z Pr{M;(s3) = sy }Pr{M(M,(s2)) = n}

s3=0 s2=0
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=) > Pr{Ms(t) = s3}Pr{Ma(ss) = s2}Pr{M(M(s)) = n}

s2=0 s3=0
n]2 ks .rjs )
_ Z Z (H o ) —Ast Z 2, J3' /\jgteﬂsAgB%(e—ngQAjat)
52=0 Q(ka,n2) Jj2=1 g, k3 ja= e

ng:l Tjg :Zk2

k
Z (H ) —us2 | Z 2! H %eﬂjltehABﬁl (e_jl/\/tj182)-

k) 7=1 ST
Proceeding inductively, we can obtain the following result:

Proposition 4.7. The state of ¢-iterated GCP are given as follows: For ¢ even, we have

0 -1 koi Tz
= Z PI‘{Mq(t) = Sq}( H Z ( H ﬁ) eXp(—)\Qi+182(i+1)) Z Zk%!
5q=0 i=1 Q(kos,s2;) J2i=1 2t k2iq1

Z]21+1 1 Ti2i41 = %ka;

k2iv1  Tigiqa
2141

exp(/\j2i+1 82(i+1) exp(_j%"'l )/\2i )BTj2i+1 (6_47'2i+1 Az )\j21+1 82(i+1) ))

Tio. .
Jaip1=1 "J2H1

k )\nj k1 Ty

S (I S (T e,

- g+ k o
Q(k,n)  J=1 Zjllzl i =2k Jj1=1

and for ¢ odd, we have

S £ )‘;‘ljil —tX - J;]q
Z Z ( H ﬁ)e a Z 2,y ! ( exp()\ teJara-1)
$q-1=0Q(kg-1,8q-1) Jq—1=1 T Z;?:ﬂjq:zk, Ja=1 "'
L%J*l 9] kai 721
i=1 52;=0 Q(kpi,s2;) J2i=1 72i! kgiq1

Zj%Jrl =1"Ti2i4+1 = Rka;

kait1  Tigiy:

'Zazz;l' eXp()\j2i+1 S9(i+1) eXp(—j2i+1))\2i)Brj2i+l (e*J2i+1 A2i /\j2«;+1 82(“_1)))
Joir1=1 J2i+1
: /\n] oo | - gt —iA PN
Z (H py ') Z zk.( H - !)exp(e 1Ny 82) By, (€771 N s9).
Qk,n)  J=1 2?11:1 Tj1 =%k n=l1 7

Proposition 4.8. For |u| < 1, the pgf éq(u t) of g-iterated GCP is given by

) = o0 (S (e (0 3 (- (_exp(_jlgj<1_uj>>)...)))).

Jg=1 Jg—1=1

Proof. For ¢ = 1, by using (3.3]), we have

Jji=1
Similarly, for ¢ = 2 and ¢ = 3, we get

E(u MO OR0)) E(exp ( — My (t) i Ajr (1 — exp ( — Zk: (1= “”))))

Jji1=1 j=1
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and
E(UM(Ml(MZ(MS(t)))))

:exp(—Mg(t) ki Ajs (1 —exp(—j2 kzl Aj (1 —exp(—jli/\j(l —uﬂ))))))

J2=1 ji=1
ROTES ST (1 SENCIRY (1 SEN (RO (1 eI ))))))
Jz=1 Ja=1 Jji=1 j=1
respectively. Proceeding inductively, we obtain the required result. 0

By using (ZI0) and Theorem 2.1 of Leonenko et al. (2014), the mean and variance of
g-iterated GCP can be obtained as follows:

E(M1(t)) = E(M(1)E(M; (Ma(.... (My(1)) .)))
= E(M(1)E(M; (1)) E(Ms(Ms(. ... (My(t)) ... )))

and

Var(N9(t)) = Var(My (1)E(Mi (Ma(.... (M (1)) . ..))) + (E(M(1)))? Var(M (Mo(. .. (M, (1)) .. )))

— Var(M, (1))E(M, (M. .. (M,(t)) >>>+<E<M<1)>>2(Lﬁ<E<MT<1>>>2)Var<Mq<t>>
r=1
+ (E(M(1)))? Eq: (Var(Mr(l))(ﬁ(E(Ml(l))F)E(MTH(MT+2(. (My(8) )
r=1 =1
k q ki k q—1 ko
=3 TS )+ () (T (5 5)) St
Jj=1 1=17;=1 j=1 r=1 j,=1 Jg=1
k q—1 r—1
(Zmy (Zm t( (ij) )( H ji ]))
Jj=1 r=1 jr=1 =1 j=1 i=r+1
respectively.

Remark 4.9. As Var(M4(t)) — E(M4(t)) > 0, the g-iterated GCP is overdispersed.

5. A TIME-CHANGED VARIANT OF IGCP

In this section, we study a time-changed variant of the IGCP by subordinating it with

the first hitting time of a stable subordinator. We call it the time-changed IGCP. It is
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defined as follows: R X
M (t) = M((Y*(1))), t = 0, (5.1)
where {Y*(t) }+>0, 0 < @ < 1 is an inverse a-stable subordinator independent of the IGCP

{M(t)}izo.

Remark 5.1. Note that M*(t) = M(Mg(t)), t > 0, where {MZ(t)};>0 is the GFCP. So,
the time-changed IGCP is the GCP subordinated by an independent GFCP {M§(t) }+>o.

The pgf of time-changed IGCP can be obtained as follows:
E(u""") = BE@""O|M5 (1))

<
S
Il

-
<
Il

-

where the last step follows by using Eq. (14) of Kataria and Khandakar (2022).

Theorem 5.1. The state probabilities §%(n,t) = Pr{M*(t) = n}, n > 0 of time-changed
IGCP are given by

k n; k T k 7‘ A\
R A 0 ] Jo 0 JO(ILLJ t&e—Jo ) Jo i
- X (M) 5 a(fTE) 5 (R0 e
g

: , ! , zi !
Qk,n)  j=1 TR0 o=z Jo=1 7" 2;,>0 jo=1 Jo
Jo= 1<jo<ko

where Q(k,n) = {(ny,ng,...,ng) : Z?lenj =n, n; € No}, 2z, =ny +ne+ -+ ny and
ZkOILL’l—'—SL’Q—i""—i‘LL’kO.

Proof. By using (B.1]), we have

§*(n,t) = Y Pr{M(m) = n}Pr{Mg(t) = m}

: )\;LJ - 2k —mA = a (lu’jota)xjo r+41 a
=3 (IT) Xm=emy 3 (L™ ) Eatba ()
Qkn)  J=1 77 m=0 r=0 zi1fzot-FTp, =" jo=1 Jo*

z1+2w2+-+koxk,=m
i ; o A ot o
K JoLjqy Zko- 7o a,zkoa—i-l(_ru’ )7
LT >0 jo=1 jo=1 jo:
1<jo<ko

.

=3 (
Q(k,n)

J

where second step follows by using ([2]) and ([2.7). Finally, the proof follows by using
multinomial theorem. O

For an alternate proof of Theorem [B.1] we refer the reader to Appendix A4.

Proposition 5.1. The state probabilities ¢*(n,t), n > 0 solve the following system of
differential equations
4o N k ;OA
i Zugoq (n,t) +Z/~L]o e Z > ( ) —m,1)
jo=1 jo=1 m=0Q(k,m) J=1

with ¢%(n,0) = 0,,(0). Here, Q(k,m) = {(z1,22,..., %) : ijljzj =m, x; € Ng}.
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Proof. From (5.1]), we have

P (n, 1) = /0 " p(n, 2)h(a. 1) da, (5.2)

where h(x,t) is the density of inverse a-stable subordinator and p(n, x) is the pmf of IGCP.
On taking the Laplace transform of (5.2]), we get

q¢*(n,s) = so‘_l/ p(n, )™ dz = s p(n, s%) (5.3)
0

which follows by using Eq. (3.13) of Meerschaert and Scheffler (2008). Also, on taking the
Laplace transform with respect to ¢ on both sides of ([B.0)), we get

ko ko n k

300 = 5000) = = 309+ 3 e S 0 ([T )it =

which by using (5.3) becomes

k
sq%(n, s)—s*"1§%(n, 0) Z,ujoq (n,s) —I—Z,u e ’OAZ Z (H ‘70/\ ) (n—m,s).

Jo=1 Jo=1 m=0Q(k,m) j=1

On taking the inverse Laplace transform on both sides of the above equation, we get the
required result. ]

For an alternate proof of the Proposition i1l we refer the reader to Appendix A5.
By using Theorem 2.1 of Leonenko et al. (2014), the mean and variance of time-changed
IGCP can be obtained as follows:

B (1) = EQT)E(Y*(0) = s
and
Var(M®(t)) = (E(M(1)))? Var(Y(t)) + Var(M(1))E(Y*(t)) = %’

where we have used (ZH), (89) and (3.10). Here, R = S2<F(2a+l) F2(oll+1))‘

Remark 5.2. Alternatively, by using (2.3]), (L3) and (I.4]), the mean and variance of time-
changed IGCP can be obtained as follows: E(M®(t)) = E(M(1))E(M§ (t)) and Var(M(t)) =
(E(M(1)))* Var (Mg (t)) + Var(M (1))E(Mg (t)).

For 0 < s < t, let the correlation function for a non-stationary stochastic process satisfies
Corr(X(s), X(t)) ~c(s)t™?, ast — oo

for some ¢(s) > 0. Then, the process {X(¢)}+>0 is said to exhibit the LRD property if
6 € (0,1) and the SRD property if 6 € (1,2).

For fixed s and large ¢, the covariance of {M®(t)}+>0 can be obtained as follows:

Cov(M®(t), M®(s)) = Var(M(1)E(Y"(s)) + (E(M(1)))* Cov(Y*(s), Y (1))

which follows by using Theorem 2.1 of Leonenko et al. (2014). Now, by using (2.5), (2.4]),
B9) and B.I0), we get

Cov(M*(s), MO(t)) ~

2 Soe-i—l

Ts* n S?
MNa+1) I'*a+1)

a
(v + 1)t

<a82aB(a,Oé+1) —
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Theorem 5.2. The time-changed IGCP exhibits the LRD property.

Proof. For fixed s and large t, we have

. . Tso‘+52<oz32°‘B(oz,oz+1) — %%)
Corr(M“(s), M*(t)) ~ -
Var(Me(s))v Rt?> + Tt
~c(s)t™?,
where
e(s) = Ts°T(a+ DT'(2a + 1) + S%s?°T?(a + 1)
%/2(a 4+ 1)0(2a + 1)4/ R Var(Me(s))

As a € (0, 1), the time-changed IGCP exhibits the LRD property. O

For fixed h > 0, the increment process of time-changed IGCP is defined as
Z2(t) = M(t 4+ h) — M“(t), t > 0.
Proposition 5.2. The increment process {Z2(t)}i=o exhibits the SRD property.

Proof. The proof follows similar lines to that of Theorem 2 of Kataria and Khandakar
(2022). Hence, it is omitted. O

By using ([3.9) and the strong law of large numbers, we get the next result.
Lemma 5.1. The following asymptotic result holds true for IGCP:

M) < o
lim == = "jA; > Jjopj,, in probability.

t—oo ‘ ‘
J=1 Jo=1

Proposition 5.3. The one-dimensional distributions of time-changed IGCP are not infin-
itely divisible.

Proof. By using the self-similarity property of inverse a-stable subordinator, we have

Me(t) £ Mty *(1)).
Thus,
lim M50 @, MEYED))
t—00 t t—o0 e
M(teye(1
= Y°(1) lim Mty (1))

t—00 to‘Yo‘(l)

k ko
d e . .
SYU(1)D N Y dottin,
=1

Jo=1

where the last step follows by using Lemmal[5.1l Let us assume that {M*(¢)},5 is infinitely
divisible. Then, M*(t)/t* is also infinitely divisible. Consequently, Y *(1) is infinitely

divisible since limy_,., M®(t)/t* is infinitely divisible which follows from a result of Steutel

and van Harn (2004), p. 94. This leads to a contradiction as Y*(1) is not infinitely divisible

(see Vellaisamy and Kumar (2018)). O
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Proposition 5.4. Let » > 1. The rth factorial moment ®°(r,t) = E(M(t)(M*(t) —
1)...(M*(t) —r+1)) of time-changed IGCP is given by

T S

1
LT SRR Sl | D3T3 NP Sl | £ VIR
n— (na+ s 17?\% rl=1 jo=1 s=0 Z§:1x§:ml i=1 s j=1
mpe r;€No

where (7)., =j(j —1)...(j —x; + 1) denotes the falling factorial.

Proof. We have ®(r,t) = 5= 2" B (4M*®)|,_,. By using the rth derivative of the composition
of two functions (see Johnson (2002), Eq. (3.3)), we get

(.0 = 3 (3 (0 (02 bt 1) 1)

n= Jo=1
. Br,n< Z MjOtO‘(exp (]0 i)\] —1) ) — 1)) wt’ (5.4)
—~ —
where ’ J
k k
Eénl) ( ZO [t ( exp (90 Z Aj(u’ = 1) ) B 1)) u=1
jo=1 J=1
= n'EZtule ( ZO: [0t ( exp (jo Zk: Aj(w? = 1)> B 1)) u=1
jo=1 J=1
_ P(#'H) (5.5)
and
k k
BT,n( ZO Njota<eXp <~70 Z Aj(u’ —1) ) B 1)) u=1
jo=1 Jj=1
=3 (1) (= m (e (3o 1) 1))
m=0 Jo=1 J=1
dtrr ( i Mot (eXp (jo zk: A = 1)> B 1>)m u=1
jo=1 J=1
— (ot (o (W3- ) -1)|
Jo=1 J=1
Now, by using Eq. (3.6) of Johnson (2002), we get
der ( Z Mol (exp (jo i)\j(uj B 1)> B 1>)m u=1
Jo=1 J=1
n m ko k )
— plgne Z?ﬂzmlzr E mil' ddun; (NZZI [Ljo €XP (jo ; Aj(u! — 1))) 1

m€Ng
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S my=r = M ]O 1 s=0 u=l
ml€N0
n 1 ko AS s 1 de k
I 2 Yo T _0 |
e N Mmoot 3 Mge (v =)l
Zl 1 M= =1 = s=0 > 1:21 =m; =1 j=1
mLENo z;E€Np
s k
na Jo 1
=i Y Z O IND DI | Pp DRt
Sl my=rl= 1 " jo=1 5=0 i ai=my i=1 j=1
m;E€Np z;ENp
Thus,
k
(S (a5 ) )
jo=1 j=1 ‘=
s 1 k
=i ) Hmlzumz it 3 L2600 (656)
Sy my=rl=1 jo=1 s=0 Zf:1mz my =1 j=1
ml€N0 z;€Np
Finally, the result follows on substituting (B.5]) and (5.6]) in (5.4]). O

APPENDIX
Al. Proof of Proposition[3.2 From (B4, we have

9wty = ( - u+zumemzyo > H“’ N

Jo= 1 Z ;1;]_7“.7 1
ko ‘ k ]o)\ uJ
— Y im0+ 3w Y ([T Y wrptn
n>0 jo=1 2;>0  j=1 n>0
1<j<k
ko, v
:Zu"( up(n,t) +Z,ume ”OAZ Z ( ) n—mt)). (5.7)
n20 jo=1 m=0 Q(k,m) j=1
Also, we have
0 Gty = 3w S . 6.9
- u = u —pin . .
or Y Tt

Finally, on comparing the coefficient of ™ over the range n > 0 on both sides of (5.7]) and
(1), we get the required result.

A2. Proof of Proposition[{.3 From (LT), we have
8 _ Zz Z = )\Z zuzl) _
Gl t) = (- S e MZ LIS ) G t)

Jo=1
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- (- zz S|

Jo=1 ! Titretetrg=r  i=1
—JoA - T o ()‘z]zuzz)m”l _
Jo=1 ri20 =1 T @it Fai, =i ji=1 i’
i=1,2,....q
vJi _
( M+Zugoe PNy [ HT>GM(u,t)
Jjo=1 ml>0 Q(ki,mi) i=1 i iji
i=1,2,...,q4i=1,2,....q
ko
>0 =1 jo=1

q q ko
== > (TTw)patat)+ 30 (TT ) 3 e
n>0 =1 n>0 =1 Jjo=1

Also, we have

%GM(U’” - 2 (11?”) %M(n,t)- (5.10)

Finally, the result follows on comparing the coefficient of uj'u3? . .. uy? over the range 1 > 0

on both sides of (9) and (&.I0).

A3. Proof of Proposition[{.% By using [3.3), we get

( (=X
ko k 00
:exp(—tZ:,u]O 1 —exp(—jOZ)\j(l —Zu’Pr{Xl +--- 4+ X :Z}))))
Jo=1 j=1 i=0
ko k 00
= exp ( —tz,u]O 1 —exp < —jOZ)\j<1 — Zu’ Z Oy Oy aT,J))))
jo=1 j=1 =0 S e
T;ENO



exp(—tium(l —eXp<—j0]Z;)\j(1 _guia:(j)>))>

Jo=1
ko k 0o . 00 '
= exp ( —t Z o <1 — exp < — jOZ A Za:m(l — u’)))), (as Za;k(y) —
Jo=1 7=1 1=0 i=0
ko k oo .
= exp ( _tZNjo<1 — exp ( —jOZAjZa:(J)(l — ul))>>
jo=1 =1 =1

This completes the proof.

A4. Proof of Theorem[Z 1t Let h(x,t) be the density of inverse a-stable subordinator and
p(n, ) be the pmf of IGCP. Then, from (5.1I), we have

q*(n,t) = /Oooﬁ(n, s)h(s,t)ds

X (1) 3 (15 £ (120 [
) : 0

! ! T
Qk,;n) =1 ko . _ jo=1 7 ;0 >0  jo=1 Jo
’ Xjo=1"Tio =%k 702

1<jo<ko

(5.11)
On taking Laplace transform on both sides of (5.11]), we get

q(n,w) Z (Hi\zj) k Z 2! (Jl_:[ ) Z (H ume “IoNyE )/Ooosz’%e*”swaflefswads

Q(k,n) j=1 Jjo=1

0 —
. rio=z
Z]O 1 g0 k 1<]0<k0

k j ko .7 ko T —j . _

_ (H i) 2 |( 1_0[ ](:70 ) ( 1_0[ xjgo (:u‘j()e JOA)OUJO ) w® 1F(Zk0 + 1)

=2 n;! > ’“' ! > Tjo! (1 +we) o tT
=1 e do=1 9077 2 S0 jo=1 do p

Ljo=1"i0 =7k 1<]o <ko

Now, on taking the inverse Laplace transform on both sides of the above equation, we get

ke ng k T k Tj o —JoA\T;
PV 0 Jjo [ x_JO(H_ t%e 70 ) Jjo
~Cx o j Jo jo 70 Zpo +1 o
cmn= 3 (II75) X =(I12) X (II -~ )z Bl (=t
k jo=1

Q(kn) =1 0 2520 Jjo=1
Zig=1"i0 ="k 1<jo <ko

where in the last step, we have used (2.3]). This completes the proof.

A5. Proof of Proposition[5.1: By using (5.1]), we have
=Y Pr{M(m) = n}p®(m,t).
m=0

So, by using (L1]), we get

« ©© ko
o0, = 3 Pe(M(m) = ) - 2 1) = )
ko ko
T Z :ujoqa(na t) + Z :ujopr{M(m) = n}pa(m - jo’ t)
== D> o0 t) + 3 gy D Pr{M(jo) = }q"(n = 1,1)
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which reduces to the required result on using (2.7]).
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