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Abstract. We determine the large size limit of a network of interacting Hawkes Processes on an adaptive
network. The flipping of the node variables is taken to have an intensity given by the mean-field of the afferent
edges and nodes. The flipping of the edge variables is a function of the afferent node variables. The edge variables
can be either symmetric or asymmetric. This model is motivated by applications in sociology, neuroscience and
epidemiology. In general, the limiting probability law can be expressed as a fixed point of a self-consistent Poisson
Process with intensity function that is (i) delayed and (ii) depends on its own probability law. In the particular case
that the edge flipping is only determined by the state of the pre-synaptic neuron (as in neuroscience) it is proved
that one obtains an autonomous neural-field type equation for the dual evolution of the synaptic potentiation and
neural potentiation.

THE HYDRODYNAMIC LIMIT OF HAWKES PROCESSES ON ADAPTIVE
STOCHASTIC NETWORKS

JAMES MACLAURIN *

We study stochastic processes on Adaptive Networks, consisting of node variables and edge
variables that evolve stochastically in time [12]. Both the node and edge variables take values in a
finite state space, with Poissonian jumps between states. The intensity of the edge variable flipping
is a function of the states of the nodes at either end, and the flipping of the node variables is a
‘mean-field’ of the states of all edges and accompanying nodes. There are many applications of
this sort of network [11]: including neuroscience (the edge dynamics corresponds to slow synaptic
dynamics and learning), epidemiology (for example, if individuals are more likely to self-isolate if
they get infected).

Despite the many many applications, there does not seem to exist a general ‘Mckean-Vlasov’
type equation that yields the large n limiting dynamics. Previous work, including by this author,
only obtained limiting equations by resorting to implicit delay-stochastic differential equations [15].
There are several studies of related systems, including [10], Many scholars have also considered the
hydrodynamic limit of large networks of interacting neurons on inhomogeneous graphs, including
[7,14, 1, 5, 6, 3].

A very important application of these results is that it yields a general formalism for gen-
erating random graphs, complementing for instance [13]. If, for example, the empirical measure
concentrates at a single value in the large n limit, then it will automatically yield an accurate
understanding of the local structure of the graph. One must also note that there exists a variety
of adaptive network models which are not of the mean-field type, such as the adaptive voter model
formulated by Durrett [4].

0.1. Notation. The index set of the nodes is I,, := {1,2,...,n}. Let I and T'g be discrete
sets, specifying the possible states of the node variables and edge variables. Let D([0,T],T') and
D(]0,T],Tg) specify the set of all cadlag trajectories taking values in (respectively) T' and T'g.
This means that any = € D([0,T],T') must be (i) piecewise constant, (ii) with only a finite number
of discontinuities, (iii) possessing left limits and continuous from the right.

Let Xr C D([0,T],R) consist of all cadlag functions that are (i) non-decreasing, and (ii) equal
to 0 at time 0. For any z,y € D([0,T],T'), define

(0.1) m@wéxm¢%w&

We note that d; generates the Skorohod Toplogy on D([0,T],T'), however d; is not a complete
metric. For a positive integer a, let Zp, consist of all x € D([0,T],T") such that the number of
points of discontinuity is less than or equal to a. One can check that Z7, is a compact subset of
D([0,T],T), and that d; is complete over Zp .

Let dw,r : P(€ x D([0,T],R)) x P(€ x D([0,T],R)) — R be the Wasserstein Distance, i.e

(0.2) dw (p,v) = ir(lf {EC [de (6, 0) + dr(z, y)]},
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where the infimum is over all couplings ¢ € P (€ x D([0,T],R) x € x D([0,T],R)).
Next define ) C [0,1]1'2*T to consist of all (g4, )acrp,acr such that

(0.3) YD gaa=1

a€l'p acel’
Let B.(#) C &€ be the open ball about 6 € £ of radius e.

1. Model Outline. Consider a network of inhomogeneous Poisson Processes on a random
adaptive network. Node j € I,, is assigned a position €7, in a compact Riemannian Manifold £.

HYPOTHESIS 1.1. There exists a measure g € P(E) such that

(1.1) lim n~! Z bpi = He-

n—o0
Jj€l,

It is also assumed that pg is absolutely continuous with respect to the metric measure on &, with
continuous density.

It is assumed that the edges {Jg‘k}jyke]nglgqu take values in a discrete set I'g, and that the
node variables {07 } 1, take values in a discrete state space I'. We assume that the edge-transitions
depend on the states of the end variables, i.e. for h < 1 and o € T'g, if thk = b then

(1.2) P(J/¥, = a | Fi) = hlpesa(0], o) + O(h?).

Define ji, ey = P(T'g x T') to represent the local empirical measure containing information
about the neighborhood of node j. It is such that, writing, for ( € I" and a € I'g,

(1.3) A"’J (a,¢) =n""! Z x{J] = a}x{at = Q}
kel,

It is assumed that the transitions of the nodes are Poissonian, and such that for all @ # 3, there
exists a Lipschitz function

(1-4) fa»—)B Y RT
such that if ¢/ = a then for h < 1,

(1.5) P(o] ), =B | Fi) = hfarss (i) + O(h?).

HYPOTHESIS 1.2. We assume that either (A) with unit probability, for all t > 0, thk = thj,
or that (B) the transitions are independent, i.e. for j # k and any T > 0,
1 ik ik k kj
(1.6) %gr})h P( For some t <T, J}\, # Ji anth_f_h#JtJ):O.
The initial conditions {03 };cs, and {JJ*}; rer, are constants (and they can also depend on n,

although its neglected from the notation), and it is assumed that the empirical distribution of the
initial conditions and spatial locations converges weakly, i.e. it is assumed that

HYPOTHESIS 1.3. There exists a continuous function v : £ X E — P(L x ' x T'g) such that for
any continuous function B: E X EXT xT'x 'g — R,

(1.7) sup sup lim ‘//B(x,y,041,ag,a)vmy(al,ag,a)d,ug(w)dug(y)
ar,az€laclg "0 | Je Je
—n7? Z B 9{1,971,041,042,(1))({06 =ay, 08 = ag,Jgk =a}| =0.
k€L,
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1.1. Main Results. We first state our main result.

THEOREM 1.4. There exists p € P(E x D([0,T],1)) (this is precisely specified in Theorem 2.2
below), such that for any € > 0,
(1.8) lim n~! 1ogP(dW(ﬂ”,u) > e) < 0.

n—oo

The limiting probability law p is (in general) non-autonomous. This makes it difficult to analyze
and identify phase transitions and bifurcations (most of the dynamical systems machinery is geared
towards autonomous systems). However if we make the additional assumption that the transition
rate of the edge J] is independent of o7 (which in general implies that J; k # J, ki ), then we obtain
an autonomous expression. This greatly facilitates an analysis of pattern formation and phase
transitions.

HYPOTHESIS 1.5. Suppose that (A) of Hypothesis 1.2 holds, and that in addition, the intensity
of the connectivity changes only depends on the pre-synaptic activity

(1.9) lbsa (ag,at) = s (Uf).
THEOREM 1.6. Suppose that Hypothesis 1.5 holds in addition to the other hypotheses. For any

continuous function H : E X EXT xT'g— R and any T > 0, P-almost-surely,

(1.10)  lim sup sup sup
N—=0 ocT aelp t<T

/ / H(z,y, @, a)pay(a, a)dpe (x)dpe ()
EJE

—n? Z H(07,08 o, a)x{of = o, JI* = a}| = 0.
j,ke€l,

Here poy. ¢ s the unique solution of the following system of PDEs. For0,n € &, anda €', a € I'g,
(111) p@n,O(aaa) = Z’Uen(ﬂvava’)
Ber

and fort > 0,

(112) %Pen,t (Oé, a) = Z (f(»—)a (Gn,t)pGW,t(Ca a) - fa»—)C(Gn,t)pen,t (Oé, a))
Cer:¢#p

+ Z (Zb»—ﬂz(a)p‘%],t (Oé, b) - iaHb(a)pen,t (aa a))

belE :b#a

where Gy, € P(I' x T'g) is such that for « €T, a € I'g,

(113) Galesa) = [ pun(a,@)de)
£
Remark 1.7. Theorem 1.6 is equivalent to

lim sup {dw (i}, 1)} =0

n—oo t<T

where
~no__ =2 ) )
Ap =172 Gp g it gr € P(EX EXTExT),
j7kel7l

and 1 € P(E x ExTg x I‘) is such that for measurable A, B C £, and any a € I'g and a € T,

V(AX Bxaxa)= /A/Bpgn,t(oz, a)dpg(0)due ().
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We outline the proof of Theorem 1.6.

Proof. A consequence of Hypothesis 1.5 is that the function v+ : D([0,t],T) % P(D([O, t], I‘))
( defined in (2.7)) is independent of its first argument, and so we can write

1Ee,t(ﬂ) = 1/19,15("#)-

Lemma 2.3 implies that for any € > 0,

(1.14) Tim n~logP(n™" ) sup dy (7 gy (1)) =€) <0,
jel, "=

and therefore .
lim n~! Z sup dw (ﬂ?’]awgi,t(ﬂ)) =0.

n—oo je[n tST I:[
2. The Hydrodynamic Limit. We must first specify the limiting probability law for The-
orem 1.4. It satisfies a nonlinear implicit equation with delays. We start by specifying how the

average connectivity at time ¢ is determined by (i) the initial value of the connectivity and (ii) the
trajectories of the afferent spin variables upto time ¢.

LEMMA 2.1. For any ¢ € Tg any 6 € &, any z,y € D([0,T],T), there exists a unique
{jo.ntomce € D([0,T),P(TE)), written jo, := (jon,t)t<T such that for allt <T, and all a € T'g,

t
(21) j97],t(a) = U@n(ZOa?JOaa) + Z {j@n,s(b)lea(Zsays) _jGW,S(a)laHb(Zsays)}dS

beT ibsta 0
We write
(2.2) o, : D(0,4],T)? = D([0,4],))
(2.3) Uont(2,y) == Jon-

Furthermore for each T > 0, there exists a constant Cp such that for allt <T,

(2.4 S [Woy0(z.) — o (5,5)] < Or (|2 = 2], + 1o 2, ).
R/

Proof. By definition of D([0,T],T'), both y,z must be piecewise constant, with only a finite
number of discontinuities. One then finds a unique solution to the ODE for jg ,; along any interval
over which both y and z are constant, and iteratively one finds a unique solution upto time 7.

To see why (2.4) is true, write jg, +(a) = g, ¢(Z,%). Then one immediately finds that there is
a universal constant ¢ such that

t

@5)  suplinga(@) = Jopa(@)] < ¢ [ supliny(0) ~Tonl@]ds + ez = 2 + o — ],
Gronwall’s Inequality now implies

(2.6) sup [on.t(a) = Jont(a)] < cexp(ct) (|2 — 2], + cllz — Z, ). il
For 6 € £, we next define

(2.7) Yo D([0,¢],T) x 73(5 X D([O,t],F)) — Y

to be such that for a € 'y and 0 € T,

(2.8) Vo,i(z, p)(a, o) = Elmy)~s [\Ij9ﬁ,t(za y)(a,0)x{y: = UH :

In the following Theorem we outline an implicit definition of the limiting probability law ur €
P (€ x D([0,T],T)).



THEOREM 2.2. Let {Yp,ar>3(t) tocesa,per be independent unit intensity Poisson counting pro-
cesses. For any T > 0, there exists a unique set of T'-valued stochastic processes {zg(t)}oece t<T
that satisfy the following properties. Let {zp0}oce be independent T'-valued variables, such that

(2.9) P(z0(0) = a) = Z Z /ven(a,ﬁ,a)dug(n).
per acly /€

Fort > 0, define z9(t) = a € T precisely when

210) x{z0(0) =+ 3 {una ([ ta0(6) = a5

pa

t
- ye,aaﬁ</ x{z0(s) = o} fasp (we,s(zevﬂs))d‘s>} =1,
0
and in the above ps € P(ExD([0,s],T)) is such that for any measurable A C € and any measurable
B cD([0,s],T),

us(A x B) = /AP(ZQ([O,S]) € B)dug(0).

Proof. Let A; C 73(5 x D([0, ], I‘)) consist of all probability measures p such that, writing u
to be the law of (6, z), (i) it holds that for any measurable set B C &,

(6 € B) = pe(B).

w must also be such that (ii)

(2.11) 1 € B,zo =) = Z /gvgn(a,ﬁ,a)dug(n).

BeT,acl'E

Finally it is required that (iii) we have the following uniform bound on the expected number of
transitions: for all 6 € &,

(2.12) Br[[{s<t:z(s7)#z(s)}| | 0] <t sup sup fasp(y)
a,Bel yey

where we recall that f,., s is defined in (1.4) and gives the transition intensities.
For some ¢t > 0, let u,i € A; be any two probability measures. We are going to define
inhomogeneous counting processes {zg(t), Zg(t) }ocs. Write

(2.13) 9o,s =o,s(20, 1)

(2.14) Go,s =V0,s(Zo, ).

Now define

(2.15) Uga(t, 0) = foalge.r)x{ze(t) = B}
(2.16) sa(t,0) = fra(do)x{Z0(t) = B}
(2.17) Upsa(t,0) = inf {uga(t,0), Upa(t,0)}
(2.18) Ugsa(t,0) = ugsalt,0) — Upsa(t, 0)
(2.19) Ugsa(t,0) = ugsalt,0) — Ugsalt, 0).
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For independent unit-intensity Poisson counting processes {YgHaﬁg(t),Y@_)aﬁ(t),Y/@_)ayg(t)

}668’
we define

t

(2.20) Zgsa,6(t) = Ypisa, e(/ Upsra(s, 0)d )

(2.21) ZAB,_W 9 YB'—W 9( uB'—W S, 0 dS)

(2.22) ZB'—W 9 YB'—W 9( uB'—W S, 0 dS)

(2.23) Zprad(t) = Zprao(t) + Zpsa,o(t)

(2.24) Zgsan(t) = Zosao(t) + Zosao ().

Finally it is stipulated that z¢(t) = g if and only if

(2.25) x{20(0) = B+ D (Zaspo(t) = Zposan(t)) = 1.
a#pB

This is well-defined because the LHS of the above equals the number of transitions to 5 upto time
t, minus the number of transitions away, plus one if the initial value is equal to 8. We similarly
stipulate that Zg(t) = § if and only if

(2.26) x{20(0) = B} + D (Zarspo(t) = Zpsap(t)) = 1.
oy

Write ,ugl),ﬁgl) € P(€ x D([0,t],T')) to be the respective probability laws. That is, for any
measurable A C £, and any measurable B C D([0,¢],T),

V(A x B) = /Ap(z@ € B)dpe(6)
i B) = [ B2 € B)duc (o)
We next claim that there exists a constant C' > 0 such that
(2.27) /gE[dt(zg,zg)} < Ctdw (e, fig)-

With an aim of proving (2.27), it follows from the definitions that there exists a constant ¢ > 0
such that for all t < T,

(2.98) /]E[ g0 — o0l 146 < c/ E[ |12 — Zll, 146 + cdy (e, fe).
I £

Substituting the definitions, and employing Gronwall’s Inequality, we then find that there is a
constant C' > 0 such that for all t < T,

sup / E[ZB._W,@(IS) + Zv,gﬁaﬂ(t)} de < C/O /SIE[x{z.g(s) # Zg(s)}]|dbds + Cdw (pu, fir)

a#p Je
(2.29) :C/ E [dy (2, Z0)]d0 + Cdyy (s, fie)
&
Notice finally that
(2.30) / B[d: (20, 2) b < TP sup / E[Zsmas(t) + Zosao(t)] d6
& « &
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We can thus conclude that (2.27) holds. (2.27) implies that

(2.31) dw (1", itV) < tCdw (e, fir).

The fixed point theorem then implies that for small enough ¢, there is a unique p; such that
1
( )= Mt
We can then iterate this method for larger and larger ¢, obtaining a unique fixed point upto

time 7. O

2.1. n-dimensional Approximation. We now define an n-dimensional system that approx-
imates the original system, except that the intensity of the flipping of the node-variables 57 (t) is
independent of &% if k # j, with the same intensity function as the limiting law x defined in Theo-
rem 2.2. This intermediate approximation will serve as a bridge between the original n-dimensional

system and the final limiting law. To this end, let {&{ } el be mdependent jump-Markov Processes

such that (i) 67 = o , (i) JI* = J3*, and (iii) for b # a, if 57 = a then

(2.32) P(6],, =B | Fi) = hfass(Gl) + O(h?)
where
(2.33) Gl =y (67, )

and i, € P(€ x D([0,],T)) is defined in Theorem 2.2.

The transitions of the connectivities {jtjk }j.ker, aresuch that for h < 1 and « € I'g, if jt]k =b
then

(2.34) P(J/Y, = a | Fi) = hlpsa(5,6F) + O(h?).

Define the associated empirical measure

(2.35) fi =" by g €P(ExD(0,4],T)).
jel,
Define also, t <T, a € ' and a € I'g,
(2.36) GI(a,a) =n~" Z x{&i =, JI' = a}
iel,

Lets first notice that the empirical measure generated by this system converges to the same
limiting law.

LEMMA 2.3. For any € > 0, define the event

(2.37) u' = {dw (A7 pr) < 6}-
Then for any € > 0,

(2.38) lim n~'log P((U)°) < 0.

n—oo
Furthermore, for any e > 0,

(2.39) lim n~* 1ogIP’< Sup sup  sup ]Gg (a,a) — GI(a, a)’ > e) < 0.

=00 j€I, t<T a€Tl'g,a€l
7



Proof. The variables {57} ¢y, are independent, and the probability law of 7 depends con-
tinuously on 6. It is known that the law of i} satisfies a Large Deviation Principle, with rate
function Z : P(D x D([0,T],T')) +— R, defined as follows. Suppose first that v is such that for
any measurable A C & and any measurable B C D([0,7],T'), there exists a measurable map
0 — vy € P(D([0,T],T)) such that

v(Ax B) = /AV(;(B)dug(G).

In this case, the rate function is such that

(2.40) 7() = [ Rivolluo)in (9)

If v does not admit this decomposition, then Z(v) = co. See for instance [?] for a proof.
Since Z has a unique zero at p, we may conclude that (2.38) holds. It remains to prove (2.39).
Define p/* € Y to be such that pi*(J3¥) = 1 and pi¥(a) = 0 for a # JZ*, and for all a € T'g,

(2.41) @) =pf @+ Y /{pz’%b)zma(ag,as)pz%a)zmwg,as)}ds.

beT ibta Y

Notice also that, since the evolution of {5'};c;, is independent of the evolution of {J7*}; ey, , for
a € FE,

(2.42) ") =B(J)* =a| {5'}er,).

Substituting definitions, we find that

(2.43) Gl(a,a) — Gi(a,a) =n~? Z x{6F = a}J7*(a) where
kel,

(2.44) jtjk(a) = X{jt]k =a}— ]P’(jtjk =a ’ {5’l}161n).

Now

IP’( supsup sup |Gl(e,a) — G{(e,a)| > e) <n? sup {]P’(V?*j (T(p — 1)/n)>

j€l, t<T a€l'g,a€el’ 7,pELn
+|T||Tg| sup ]P’< sup ‘é{(a,a) - G{(a,a)‘ > e/2>}
a€lg,ael’ (p—1)T/n<t<pT/n

and we have defined the event, for j € I,,,

(2.45) VI (t) = { sup |C~¥{(oz,a) - G{(a,aﬂ > 6/2}.

a€l,ael'rg

Employing a Chernoff Bound, for a constant 8 >,

POri) s 3 E|ew (53 ol —a)ia)

a€l,ael'rg kel,
+ exp ( - B Z x{ek = a}jtjk(a))} exp ( - nﬁe/2)
kel,
(2.46) <2|T||Tg|exp (Crnp* — nBe/2)
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for some constant Cp that is independent of n and 8 (as long as 3 is sufficiently small). Substituting
B =¢/(4Ct), we obtain that

(2.47) PV (t)) < 2|0|[Tg|exp ( — ne*/(8Cr))
Observe that

(2.48) sup |G§ (o, a) — G(ay, a)| <
(p—)T/n<t<pT/n

nt Z {ij # J(J: 1)1/ for some t € [(p— l)T/n,pT/n]}

kel
For a constant 5 > 0,
IP’( sup |C~¥{(a,a)—é’{(a,a)| 26/2) <
(p—1)T/n<t<pT/n

[exp (ﬁ k; {JJ’“ T ypyn for some t € [(p—1)T/n,pT/n] })} exp (— Ben/2)

Now the probability that Ji* J(]: T /n

universal constant ¢. We thus find that

for some ¢ € [(p — 1)T'/n,pT’/n] scales as c¢T'/n for a

]P’(( sup |Gl (a,a) — G{(e,a)| > e/2> < (1 +cT'/n(exp(B) — 1))nexp (— Ben/2)

p—1)T/n<t<pT/n
< exp (cT(exp(B) -1) - 6671/2).

Choosing 8 = logn, we find that for large enough n,

sup ]P’( sup ’é{(a,a)fég(a,a)’ 26/2) <exp(—n)
p,j€ln (p—1)T/n<t<pT/n

Combining the above estimates, we find that

fis o o (supsup suwp_ [Gl(ava) - Gllena)] > €] <0,
nree jEIL, t<T €T g,a€T

as required. O

2.2. Coupling of Systems. Next, we outline a coupling of the n-dimensional systems in the
same space (this roughly means that the probability laws of {07} };jes, and {6]}jer, remain the
same, but the system is constructed to maximize the correlations as much as possible). To do this,
we will employ the time-rescaling formalism that has been extensively employed by Kurtz [9] and
Anderson [2] (amongst others).

To this end, let

(249) {Yo{.—w(')a YgHﬂ(')v Y/(){’_)B(')}a,ﬂel—‘$a7ﬁﬂ$j61n - D([Oa OO), ZJr)

be independent unit intensity Poisson Processes. For the edge dynamics, we analogously let

k ik ik
(2'50) {Yaj»—>b Y;Hb( ) Yaj»—>b( )}a7ber‘E;a7&b;j7ke[n

be another set of mutually independent unit intensity Poisson Processes. We are going to define
the stochastic processes {07,657, G} ,}jer, cee to be functions of the above processes. To this end,
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we first note that the initial conditions are as previously specified, i.e. J{J = 00, J3 ik = J". ko As
previously, we define

(2.51) Gl =gy (67, 1)

We next define {ZiHB (t), ZiHB (t), ZiHB (t), ZuiHB (t) }jeln to be counting processes, and such that

(2.52) ZiHB( ) _Zgﬁ—)ﬁ(t) + Yiaﬁ(/ot fi»—)ﬁ(s)ds)
(2.53) ZiHB( ) Zi»—;ﬁ(t) + Yo{»—;ﬁ(/t fi»—)ﬁ(s)ds)

(2'55) Zi»—>,8 ou—>,8</ fcw—>,8 >

(2.56) ZHﬁ(t —mf{fw—h@ GJ)X{Ut = a}, faHB( X{Ut = a}}
(2.57) s (®) =Jamp(GDX{01 = 0} = oy 5(0)

(258) Vga—w(t) fa»—)B( )X{Ut - a} fi}—)ﬁ(t)'

The edge variables are coupled in an analogous manner to the node variables.

Rs0) 20 =20+ 5 / st
=ik Yk ik 77

(2.60) Z W) =20, (1) + Y5, laHB( s)ds

t
61 20 =25 ([ Z;’;b<s>ds>

0

t
(262) 20 =¥ ([ 0L 0005 )
(2.63) % (t) = inf {Lawss(0f, SEVAT = b, LG, 5T = a})
(2.64) 7% (6) =lars(of ST = a) — %, 1)
(2.65) DF () =lasy(37, 5 XLT)™ = a} = TF,, (1),

We then stipulate that, for any o € T,
(2.66) o) = « if and only if
(2.67) (@) =x{oh =a}+ > (Z5,.(t) = Z]_4(1) =1

Ba

Note that only one of {77 (@)}aer can equal one, and the rest must be zero. This is because ~7 (a)
counts the net number of transitions to the state oo minus the number of transitions away, plus 1
if o is a. We similarly stipulate that

(2.68) &7 = o if and only if
(2.69) xog=ay+ > (Zh,.(t) = Z15(1) = 1.
o
10



For the edge variables, we stipulate that, for any a € I'g

(2.70) JIF (t) = a in and only if
(2.71) " =a}+> (25,0 - Z35,(1) =1
b#a

and we stipulate that
(2.72) JIF . (t) = a if and only if

(2.73) T =al+> (23,0t — 225, (1) = 1.
b#a

LEMMA 2.4. The above system is well-defined and consistent with the earlier definitions.

Proof. The fact that the variables {Zaﬁﬁ t), Zgﬁﬁ( ), Zgﬁﬁ( ), ZiHB( ),07,61 }jeln are well-
defined follows from the fact that the counting processes (2.49) - (2.50) are piecewise-constant,
with only a finite number of jumps over a finite time interval. For the time-intervals between
jumps, there is thus existence and uniqueness due to the Picard-Lindelof Theorem for ODEs. We
note also that these stochastic variables are adapted to the same filtration. O

We need to control the distance between the two systems. To this end, for ¢ < T, define

(2.75) = Z S (ZLsW+ 7 4(1)

Jj€l, a,Bela#p

(2.76) ul =3 Y (ZE+ 2, 0)

kel, a,belg:a#b

(2.77) o =n"?u}" where

(2.78) uy = Z Z (szz{:b( )+ Zar—>b( ))

J.k€I, a,beT gra#b

(2.79) np=n"tY |G =G|

Jjeln
The main result that we must prove in this section is the following Lemma.

LEMMA 2.5. For any € > 0, there exists € > 0 such that
(2.80) lim n~! logP(6} > € , supny <€) <O0.
n—00 t<T

We next notice how Lemma 2.5 implies the veracity of Theorem 1.4.

Proof. Thanks to the triangle inequality

dw (i, pr) < dw (@, pr) + dw (@, i)

Hence

(2.81) limn~! 1ogP(dW ([L?,MT) > e,sggnf < é) <
t<

n—roo

n—00

max{ lim n~! 1ogIP’(dW(/l’%,,uT) >e€/2,supn < €>,
t<T

lim n~ "' log]P’(dw (g, i) > ¢/2,sup1 < e)}
t<

n—00
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Thanks to Lemma 2.3, the first term on the RHS is negative. Lemma 2.5 implies that the second
term on the RHS of (2.81) is negative. We therefore find that

n@on—l log P(dw (i}, pr) = e,fggnf <§) <0. 0

The rest of this paper is dedicated to proving Lemma 2.5. To this end, we must first prove that
the intensities of the ‘remainder’ Poisson Processes can be uniformly bounded in terms of 6;' and

n,j
Pe -
LEMMA 2.6. There exists a constant cp (the constant is independent of n and j) such that for
allt<T,alljel,,

(2.82) nt Y (s fals®) < er (57 + @ + )

kel, a,BeT : a#pB

(2.83) n2 N ST (W, +EE 1) < er (87 + o)

J,k€Il, a,beTE : a#b
Proof. Since the function f,.,g is Lipschitz and bounded, there is a constant ¢ > 0 such that
284) 'Y > (Fass®) F Fans®) <n e > (1GE = Gl +x{of #61)
kel, o,Bel : a#p kel,

Furthermore

n~t Y x{of #61} <|Ulo}

kel,,
Furthermore, thanks to the triangle inequality,
k_ Ak Ak Ak E_ Ak
IGF = Gl <IGY = GEll+ 1GF — Gl
<||G¥ — G¥| + Const x n~! Z {od # 52} 4 Const x n~tu"*

q€ly
(2.85) <||GF — G¥|| + Const x n~'u™* + Const x 67
Combining these bounds, we obtain (2.82). The proof of (2.83) is analogous. O
For € > 0, define the event
(2.86) Whe= {sup ny < é}
t<T

Now suppose that y(t),¢(t) are independent unit intensity counting proceses, and for a constant
¢ > 0, define the counting processes to be such that

(2.87) Zu(t) =y (ncT€ + c/ot {Z.(s) + n—lan(s)}ds)
(2.88) i (t) =q (c /Ot nZn(s)ds + &n(s)ds>

LEMMA 2.7. As long as the constant ¢ > 0 is sufficiently large, it holds that

(2.89) P(max{(s;k, Yy >, Wn,g> < ]P’(max{n_lén(T),n_zﬂn(T)} > e)

12



Proof. We define ¢ = c¢p, where cp is specified in Lemma 2.6. Now z,(t) and u,(t) are
inhomogeneous counting processes (i.e. they increase by increments of 1, with random intensities).
Substituting the upper bounds for the intensities that are obtained in Lemma 2.6, we obtain (2.87)
- (2.88). This implies the Lemma. O

For a large positive integer m, let tl(.m) = iT/m and for any t € [0,T], t™ := sup {s<t:s=
tz(-m) for some i < m}. Write
(2.90) P (t) = max{n =12, (t),n %, (t)}
For a constant a > 0, let €, > 0 be such that (i)
€m > Té/m+ Teexp (aT)/m
and (ii) limy,— 0 €y = 0. Define the stopping times
T =inf {t <T ¢ Z,(t) — 2, (t™)) > né, and Z,(t) < &y, + eexp(al)
(2.91) or Uy (t) — Gy (t(m)) > n?Ey, and Gy, (t) < &, + eexp(al)}
(2.92) Frp =inf {t <T : t=t{™ and p,(t) > eexp(at)}

LEMMA 2.8. For all m > 2,

(2.93) lim n~! 1ogIP’< sup sup  {Z,(t) — Z, (tl()m))} > ném or
n—o00 0<b<m—1 te[tz(>M)7tl(7Ti]

sup sup {ﬂn(t) — ﬂn(tgm))} > n2é,, , andt < TA %m) < 0.
0<b<m—1 g [¢{m) 4]

Proof. For all times ¢t < 7 A Ty, Zp, (t) — Zn (tl()m)) is Poissonian, with intensity upperbounded
by
n(€m + eexp(al)).

Similarly, 4, (t) — Up, (t,()m)) is Poissonian, with intensity upperbounded by
n*(€n, + eexp(al)).

Since €, > % (€m + eexp(aT)), the result is now a standard result from Poisson Processes. O
COROLLARY 2.9.
lim n~! 1ogP(Tm < T) < 0.
n—00

LEMMA 2.10.

lim n~* 1ogP(7~'m <T and 7y, > T) < 0.

n—roo

Proof. For all times t < 7,,, Z,(t) is Poissonian, and is such that

Zu(t) <y (2cn (6m +ea™ exp(at))).

Similarly, for all times ¢ < 7,,, %,(t) is Poissonian, with intensity upperbounded by

Un(t) < q<2cn2 (€T3+ ea”? exp(at))>.



Standard Poisson Identities dictate that, as long as (i) 2cé€,, < eexp(aT) and (ii) a is such that
2¢/a < 1/2, it must hold that

(2.94) lim n~* 1ogP< For some t = tl()m), y<20n(€m +eat exp(at))) >en exp(at)) < 0.

n—oo

Similarly,

n—oo

(2.95) lim n~! 1ogP< For some t = tl()m), q<2cn2 (€m +ea? exp(at))) > en? exp(at)) <0. O

Observe that the intensity of the process over the time interval

LEMMA 2.11. For any € > 0,

(2.96) lim n~! 1ogIP((5§1 +o7) > e) <0.

n—o0

Proof. For the constant ¢z > 0 of Lemma, define the counting process zf € D([0,T1,Z) to be
such that zg = 1, and for independent unit-intensity counting processes {y?(-)}jer.,

t
(2.97) 2] = y<20T/ zgds).
0

We next claim that

|Terén]

(2.98) IP’(((S% + o) > e} < e) < IP’( oA > ne) O

j=1

Let m > 1 be a positive integer, and write tz(.m) = 4T /m. For some € < 1, define the stopping
time

(2.99) h=inf{t<T : 7 =eor g =e}

LEMMA 2.12. For any e < 1, writing qi* = n= (2 + u}), it holds that

(2.100) lim n~'logP(  sup (q:(,i)1 — qm) 2 2¢/m) < 0.

n—oo 0<a<m—1
Define the stopping time, for a constant ¢ > 0

(2.101) Fr=inf{t <"}
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