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HARMONIC FORMS ON ALE RICCI-FLAT 4-MANIFOLDS
GAO CHEN AND HAO YAN

ABSTRACT. In this paper, we compute the expansion of harmonic functions and 1-forms on
ALE Ricci-flat 4-manifolds.

1. INTRODUCTION

This paper studies ALE Ricci-flat 4-manifolds. In [BKN89], Bando, Kasue, and Naka-
jima studied the expansion of the metric near infinity and provided a conjecture that all
simply-connected ALE Ricci-flat 4-manifolds must be hyper-Kéahler, which has been classi-
fied by Kronheimer, see [Kro89a] and [Kro89b]. There has been only a little progress on
this conjecture; see [LVI16] and [Li23]. More recently, in [BH23], Biquard and Hein im-
proved the expansion of the metric near infinity and proved that the renormalized volume
V = limp_o Vol(Br, gx) — Vol(Bg, grar) is non-positive. They used a function with a
constant Laplacian to prove their results.

In [BH23], Biquard and Hein also sketched the computation of expansions of harmonic
1-forms asymptotic to z'dx/ — z7dx?, and used this to study Killing fields. The main goal of
this paper is to generalize their result to harmonic 1-forms asymptotic to z'da’.

Our first theorem deals with functions

Theorem 1.1. We fize € (0,1). For any a;; € R, 4,5 =1,--- .4, such that a;; = aj;, such
that Z?,j:l aijx'x? is invariant under T, there exists a unique smooth function u, on X such
that

4
T u, — Y ajz'as’ € W (R'\Byz(0)) (1)
ij=1
for allk >0, and Axu, = (ddx + dxd)u, = —2 Zijzl a;;0;; on X. Moreover, the expansion
of uq is given by the following:
4
H*Cb*ua — Z A5 (ZL’il’j - 771']‘ +

4,j=1

where = /S0 (21)2, 7 is defined in (T8) and (89).

We have a similar result for 1-forms.

Theorem 1.2. We fizre € (0,1). For any a;; €R, i,j =1,---,4, such that Z?,j:l a;jrtd?
1s invariant under T, there exists a unique smooth 1-form w, on X such that

[TV

2m2p2

) € WH, (RY\ Byg(0)), (2)

4
I ®*w, — Z aga'de? € WFS, (RM\ Byg(0)) (3)

1,7=1
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for allk >0, and Axw, = (dox + dxd)w, = 0 on X. Moreover, the expansion of w, is given
by the following:
4
mro*w, — Z oy (9: da’ — fu;j + Z
ij=1 k=1
where fi;; is defined in ([I54), and Conli, j, k1] satisfies the equations in (223), (224) and
appendix A.

Conli, j, 1, k2"
4

dz') € W (RN Byr(0),  (4)

1.1. Acknowledgements. The authors would like to thank Xiuxiong Chen, Hans-Joachim
Hein, Mingyang Li, and Bing Wang for numerous helpful discussions.

2. THE SETTINGS OF ALE-MANIFOLDS

In this part, we prepare the basic elements for our calculation.
Let (X, g) be an ALE Ricci-flat 4-manifold. This means that there exists a finite subgroup I'
of SO(4) acting freely on S?, together with a quotient map I : R*\ B(0) — (R*\ Br(0))/T,
and a diffeomorphism ® : (R*\ Bg(0))/T — X\U for some bounded open subset U C X
such that for all k € Ny,

Vo (I ®%g — go)lg, = O(r™7") as 7 — o0, (5)

where gy denotes the Euclidean metric on R*.
From Theorem B in [BH23|, for any ko € N, there exists a decomposition

M'd*g — gy = h+ I, (6)
where the leading term
h: R\ Bg(0) — Sym’R* (7)
is a ['-equivariant harmonic function that decays at infinity, and
ko
h=ht+h7 Y rF|VE 1, < Clke)r™ (8)
k=0

for any given kg € N.
In the formula above, h™ is a symmetric 2-tensor on R*\ Bz(0) of the form

3
—=r°ht = (1 (207 — oF — a3) + (2205 — o — of) + (33(205 — of — a3) 9)

2
+ Giz2(0n © a2) + Gz © ag) + (s © ag), (10)

Where f ® g = f® g+ g® f denotes the symmetic product, a;; = [j(rdr)ﬁ, and (Iq, I, I3)
is the standard triple of complex structures on R* given by the following:

Il(Il,ZL’z,LEB,LEA) = (_x2’x17_x47$3)7 (11)
I2(I1ax27$3>$4) = (—1'3,1’4,1'1,—1’2), (12)
[3 == [1[2. (13)

!Actually, one should understand this as 2?21 2:viI]’-‘ (dz®), and one can omit the 2 for simplicity, and
remark that since I3 = I1 15, we have I3 = IS I7.
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and where ((;;) is any symmetric 3 x 3 matrix, and h~ = R*h* for some h* of the form
above and some R € O(4)\SO(4).

Now we choose a particular R = diag(1,—1,—1,—1), and use £ to denote the other (
appearing in h~ = R*h". Thus we have the following explicit expression of h* and h~ as a
matrix w.r.t the basis {dz’ ® dz7} in the region {r > R}:

(—§r6h+)11 = (962)2(2C11 — Coo — (33) + 6$2(§12373 - §13x4)—

2
(2)*(Ci1 — 2oz + C33) — 6Casx®x® — (2M)(Ci1 + o2 — 233),
(—=r%h" )10 = o' (2 (—2C11 + Co2 + G33) — 3C122” + 3(i32?)

-3 (C13I29€3 + Crax®zt + (o3(2”)? + (oot — (aza’a? — §23($4)2) )

14
15

16

17

(—§T6h+)13 = 2 (—=3C127” + 2° (11 — 2Ca2 + G33) + 3Cazz?)

2
+3 ((13(332)2 + Co3x?a® + 2?2 (G — Ca3) + 2 (Cran® — (13$4)) )

18

19

(_27’6h+)14 = 32%(Ciaz’ + 2% (Co2 — (1) — Cosz?) + (s’ a® + ' (Cuy + Coo — 2(33)

+ 3C2(2?)? + 323 (Cizz? — (o),

20

21

(—§r6h+)22 = (2")%(2C11 — Co2 — C33) + 62" (C132” + Crax®) — (2%)%(Cu1 + Co2 — 233)

2
+ 6Cosr’s™ (21)(Ci1 — 2Ca2 + Ca3),
(—;T6h+)23 = 3(12(371)2 - 3552((13551 + C231'4) + 3I1(C23I3 + $4(C22 — (1))
+ 2223 (C11 + oo — 2Ga3) — 32 (Gia2® + Crax?),

(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(—gr6h+)z4 = —3Cu3(2")? = 32 (Cra2® + 2°(Cs3 — 1) + Cosx®) — 3(aga’a® (26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)

23

24
25

+ 2224 (Cry — 2Co0 + Ca3) + 323 (Ci32® + Crot), 27
(—§T6h+)33 = — ((&")*(C1i1 — 2Ca2 + (33)) — 63" (Co3a® + Croa™)
— (2®)* (i1 + oo — 2¢33) + 63z’ + (2)*(2¢1 — Coo — G33),
3

(—57’6h+)34 =3 ($1$2(C33 - C22) + Il((135134 - §23$1) + C23($2)2 + §12I2964)

28
29

30

+ 23(3C10x" — 3C137* + 2 (—2¢1 + Coz + (33)), 31

(—§r6h+)44 == ((1’1)2(411 + G2 — 2(33)) + 2! (6C232” — 6¢137°)

2
5 3

— (2®)*(Cin — 2oz + C33) — 6C1a2%2® + (2%)2(2¢11 — Coo — C3), 33
(—27’%_)11 = (2%)%(2&11 — &9 — &€33) + 627 (E107” — E137) — (2)2 (€11 — 2600 + E33)

— 6832z — (2)?(&11 + Eon — 2833),

3

(_§T6h_)12 = z' (2®(—261 + a2 + &33) — 3E122” + 3E137)

34
35
36

+3 (5131'2233 + Epa®at + Eo3(27)? + et — Egpatat — 523(554)2) ; 37
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3

(—57’%_)13 = ' (=3&100% + 2% (€11 — 2602 + E53) + 3Easa’) (38)
— 3 (&i3(2®)? + &2 + 272 (&1 — &33) + 2 (En2a® — &i32Y)) (39)
(—;7’%_)14 = 3% (&ax! + 27 (611 — Ea2) + Eozt™) + Basw'a® + 2 a (€11 + Eap — 2633)  (40)
— 31(2?)? + 327 (E102° — E132Y), (41)
(‘%7’%_)22 = (¢1)%(2601 — &2 — Ea3) — 62 (E132” + E1o™) — (2°) (€01 + o2 — 2633)  (42)
+ 693a°2" — (2)% (61 — 2600 + E33), (43)
(—gr6h_)23 = 3&12(2")? + 3&3x'a® — 3&sr' 2’ 4 3t (&1 — &0) (44)
+ 222 (§11 + Eon — 2853) — 3ozt — 3at(&u32® + E102), (45)
(—gr6h_)24 = —3&3(x")? + 32t (Erax® + 23(E33 — £11) + Eozrt) — BEpan?a® (46)
+ 2?2t (€ — 260 + E53) + 327 (E132” + Eppa?), (47)
(—g S )ss = — ((')*(Enr — 2602 + &33)) + 62" (a3a” + Ero2?) (48)
— (%)% (€11 + a2 — 2633) + 6&izz°x" + (27)%(260 — €2 — Eas), (49)
(—2rh Yoa = —3%(Enswt + Ers®) + 30 (2 (€ — ) + Eno) (50)
— 3zt (Ex3xt 4 E137%) + 3E93(2?)? + 232t (=261, + Eog + E33), (51)
(—;7’%_)44 = — ((&")*(&11 + &oo — 2633)) + 63" (132" — Eo32?) (52)
— (#%)% (€11 — 2600 + E33) — 6&107°2° + (2°)%(2601 — €2 — Eas)- (53)

With the basic metric structure, we use the standard cut-off trick to extend r as a smooth
function on X such that » > 1 on X. Then one can define the weighted Sobolev norm

k
ol = [ R dvole,  lelBeg = IVl (59
m=0

where w is a tensor field on X.

We need the following results in our proof, which are well-known to experts in this field.
For example, see [Mel93] for the proof. Note that in a slightly different setting, the first
author and his collaborators have provided a self-contained proof of a similar result, see
Proposition 4.5 in [CVZ23].

Proposition 2.1. Let (X, g) be an ALE manifold of order 4. Then the following properties
hold.

(1) For any v € R\ Z and k € N, there exist constants R(X,v) > 0 and C(X,v, k) >0
such that for any p-form w € Wk22(X),

[wllrrazy < C - (1AxWIynz o) + lWll2r<srycx))- (55)
(2) For any v € R\ Z and k € N, the operator
Ay WE2H(X) —» WiA(X) (56)
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is a Fredholm operator. Then for any p-form w € W% (X)),

AxT=w (57)
has a solution T € WF22(X) if and only if for all v € H?,_,(X),
/ (w, @D)XdVOlX = 0, (58)
X

where H” ,_,(X) is the space of all harmonic p-forms on X in L?, ,(X). Note that
HE, (X)) C WFEE (X)) for all k > 0 by elliptic estimates.

(3) For anyv € R\Z, k € N, and p-form w € W**(X), there exists some 7 € W 7% (X)
such that ApaT = w when r > 2R.

(4) Let v, € R\ Z and v — V' € (0,1). Consider any form w € W*2(R*\ B(R)) such
that Agsw = 0 when v > 2R. IfZN [/, v] = 0, then w € W*(R*\ B(R)). If there
is some q € Z N (V,v), then w can be written as the sum of a R*-harmonic form
D i< iy TU(0)dz A A da'r and an element in WE52(R*\ B(R)), where 8 denotes

the coordinate on S3.

3. HARMONIC FUNCTIONS

In this section, we prove Theorem [T} for simplicity, we assume that I' = {1}, other cases
are all similar.

3.1. Case 1. We first consider the functions (z°)?. Recall the formula (here we will denote
the (i, j)—term of II*®*g as g¢;;, and the determinant of (g;;) as G).

1 gy T — g
Ay = _\/—@ai(@g 9;), Iy = \/581(\/5) (59)
We get
Ax((@)?) == ((Th;9" + 05(9™) 0 + 9" 0;0) (a")? (60)

= — (D0 + 05(¢7")) 22 — 24" (61)
In the previous expansion ([B), h = O(r~*), b’ = O(r=?), so we could do Taylor expansion
to get the leading term, i.e.

g9 = b5 — hay — W, + O(r ™). (62)
Thus
1
FZ]. = §gkl(gkl7j + Gk — gkj,l) (63)
1
- 5(% — hia = i) ((haag + Py g) + (hguge + Ry ) = (g + R ) +O0™") (64)
1
- §5kz (haay + hji — hyg) +0(~°) (65)
1
= §hkk,j +0(r %), (66)
and

0;(g"") = —hji; + O(r™°). (67)
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We get

Ax(($2)2) = — Z (%hkk,z — hkz,k) QI’Z — 2(1 — h“) + O(T_5). (68)

k=1

Note that Zi:l Mg = Zi:l hiix = 0. One can get this by direct calculation, or by noticing
that h is trace-free and divergence-free.

Thus
Ax((z")?) = =24 2hyu + O(r™®). (69)
By Proposition 2], for any v ¢ Z, the Laplacian
Ax : WPX) = Ly _5(X) (70)
is a Fredholm operator. Let y be a cutoff function on X such that
{0V sk )

We claim that there exists a function wu; on X, such that x(z%)* —uy; € W22(X) for v to be
determined, and

Ax(x(x")? = ui) = 24+ Ax(x(x")?) = 2hy; + O(r™?). (72)

That is, 2 + Ax(x(2%)?) € image(Ax) C L2_,(X).
To see this, we first note that there must be

12+ Ax (x(@))l2_yx) < 00, (73)

which holds if and only if v < 0.
By Proposition 2] it suffices to make H”, ,(X) = 0. By standard elliptic estimate, one
gets

HP, (X) =ker(Ax : WFR2 (X)) — WH 22(X)). Yk > 0. (74)

—2—v

In this section, p = 0. By the maximum principle, in order to make ker(Ax) trivial, it
suffices to make the L?—norm of w decay, that is, v > —2. Thus, in the following, we will
take v = —2 + ¢, where 0 < € < 1. In the next section, p = 1, we take v = —3 4+ €. Then for
H?, , = HY _ by Proposition 2] the leading order must be dz’. As long as I is non-trivial,
such a thing cannot be I'—invariant. So the leading term vanishes, and it decays. Now we
apply the Bochner formula

—%AXM? — (Aw,w) + |Vel? + Ric(tw, fw) (75)
= |Vw[* >0, (76)
where we used the fact that w is harmonic and X is Ricci-flat.
With the expansion of the metric, one can easily replace Ax with Ags, that is,
Aga(x(2")? = us) = 2hy + O(r™°). (77)
One can verify that

7“2

i = hii - —
g 1
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satisfies Agan;; = 2h;;. Therefore
i\ 2 - -5 2,2
ARLL(X(ZEZ) — Uy — 77m') = 0(7“ ) € W_5+E, r > 2R.

By Proposition 2.1}, one can find 7j;; € WE’;FE such that AR4(ﬁii) = Apa(x(2%)? —us — 1), 7 >
2R. That is,

—~
~
=)

~—

Aga((2')? = wgy — i — 1) =0, r > 2R. (80)
By Proposition 2.1l one can get

(29)? — wy; — i — M = (r~2 ordered homogeneous harmonic function) + O(r—3)  (81)

Cii

:—T—;”+O( %), r>2R. (82)
Therefore one finally gets
; Cii _
Wii = (;UZ)2 — ’f]n + F + O(T 3+€), T Z QR, (83)

where we have omitted 7:7“

3.2. Case 2. As for the harmonic functions of type z’27, the calculation is similar.
Ax(xa's’) = (F’ézg“ +ai(g")) 2! (F’zlg“ +a(g")) a’ —2¢" +0(0™°)  (84)
4 4
— Z hkk i + hkz k LL’] Z hkk] + hk] k)x + 2}2,@] + O( _5) (85)
k=1

hij +0(r™®), r > 2R. (86)

By the arguments above, one can find a function v;; € W25, (X), such that Ax(xa's’) =
Ax(v;j). Moreover, one may get the harmonic function

uy; = ya'tz! — Vi (87)
o Ch
=z'a) — 7 + r—; +O(r=%), r > 2R, (88)
where
- r

satisfies AR‘lﬁij = 2}1,@3

3.3. Determine the constant. Integrating AxF on the region Q, such that II*®*(Q2, —
U) = [=p,p]' — Br(0), one gets

/ AdeVOlX (90)
Qp

Qp
_ / bx (— #x dsx dF) (92)

_ / dsx dF (93)
Qp
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= —/ *xdF. (94)
09,
With the convention that
w A *xn = (w,n)dVolx, (dr' dz’) = g", (95)
we get
«xdF = Zakg’ﬂf 1 dat A Adad A+ Ada? (96)

7,k=1

where G = det(g;;) = 1+ >, hi + O(r™®) = 1+ O(r~°) because h is trace-free. Combine
this with ¢ = 6;; — hy; + O(r™°), one get

1 7 4
/aQ,, xxdF = Z/a <8xﬂ Z Kigk ) Y ldat A ANdad A - A d (97)
+ O( —1+5) (98)

3.4. Case 1. We integrate on both sides of the equation
C..

Ax (i) = Ax (x(2")? = 7 + T_;Z) +O0(r7). (99)
On the LHS, we get
/ A (ug)dVolx = —2Volx (2,). (100)
Qp
Denote w; = (—=1)7 " *dzt A+ A dai A -+ Adz*. On the RHS, we get
: Cii _
[ (ax0 =i+ G+ 0670 ) v (101)
Qp
i\2 ~ Cii —1+4e€
= - o xxd((x")” — i + —2) +O(p™ ™) (102)

4

= _21/89 (%((W — i+ — Zh% - >% +0(p7*)  (103)

j=
0 )

_ 47‘(‘20“ 2V0lg0 —pP, P + Z/ (a 3 nu + Z h'k]a J ( 2)2)> Wy (104)

+ O( 1+e) (105)

o9,
where we have used

S [ g == S [ (@ = <2Vely (—ppl) (106)

J
=1 a9, or

Notice that the leading terms of 52 ((27)? — f;; + %) — S5, hujzer ((2)?) are all -3-ordered,
thus by letting p — oo, the errors vanish, and the integral left stays invariant, and we may



HARMONIC FORMS ON ALE RICCI-FLAT 4-MANIFOLDS

replace €2, with Q = ;.
Now we claim that

—zz/

=1 =1 R

<3x ) +Zh’“aaﬂ e i>2)> v

o, - —~
_Z/2+ )y (01’3 (i) +th38 j ((z 2)2)> (=17 Yda' A AdaT A
+

~ a . _
N Z/+ <@(7hz) - thﬁﬁ((z’ )2)> drt - dai - dr?
j=1 "% k=1
4 0 Lo, N
2 / (@(ﬁ“’) 2 hka’@((ﬂﬁ%) dat - dad - - dat
J=1"" k=1

where o = {a! = +1} x [-1,1%, e.g. Bf = {a' =1} x [-1,1]%.
For convenience, we denote

4

Qi = 7722 Z ]8 ]

Without loss of generality, we set ¢ = 1, and we have

A dx*

2
r9Qy, = gCllIl (4z'2® — 22" (2® + 2*) — 2(2®)? + 62°2° — 62°2" + (2°)* + (2*)?)

+ %mel (—22'2” — 22" (2" — 22°) + (27)* — 62%2° — 2(2°)* + 62”2 + (2*)?)
+ %Cg,ga:l (—2z'2® — 22" (2% — 22%) + (27)* + 62%2" + (2°) — 62”2 — 2(2*)?)
+ %fllzl (4z'2® — 22" (2® + 2*) — 2(2*)? — 62°2° + 62°2" + (2°)” + (2*)?)

+ §£222L’1 (—22'2” — 22" (2" — 22°) + (2%)% + 62%2° — 2(2”)* — 672" + (2*)?)
+ gfggl’l (—2z'2® — 22" (2% — 22%) + (27)® — 62”2 + (2°)* + 62”2 — 2(2*)?)
- %Clgl’l (6z'2? + 62'2° — 6(2”)* — 62°2° + 62”2 + 6(2”)* — 62”2

+ gguxl (62'2* + 62'2® + 6(2*)* — 62°2° — 62°2" — 6(2°)* + 62°z")

3

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)
(115)
(116)
(117)
(118)
(119)
(120)

(121)
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- %CngEl (—6 z'zt — 6(2%)? + 62%2° + 6272 — 622" + 6(2)?) (122)
+ %513:51 (=6z'2? — 62'a* + 6(2*)* — 62°2° + 62°2" + 62°2" — 6(2*)?) (123)
+ ggml (—2z"(32® + 3z*) — 62°2” + 622" + 6(2%)” + 62°z* — 6(z*)?) (124)
+ %523:51 (—22'(32° + 32") + 6272 — 62%2" — 6(2%)* + 622" + 6(z")?) , (125)
Q0 = %gu (—2(x +2(2?)® — 2% (4(2%)* + 4(2")?)) (126)
¥ 3G (0" P o (242 - 5(2%))) (127)
+ ;)@,3 ((«! )P —2* ((2°)* = 5(2")?)) (128)
+ ;gn (—2(z +2(2?)® — 2% (4(2%)” + 4(2")?)) (129)
NG P (242 — 5(2%))) (130)
+ ;)533 ((«! )P —2? ((2°)? = 5(2")?)) (131)
+ 5 (B + 9% — 0% () + (') (132)
+ :1))@3 (3(z")*z* — 9(2?)%z* + 32* ((2°)* + (2%)?)) (133)
+ ot (<30 9GP =3 (9 + (1) (134)
F 26 (3t 9Pt + 30 () + (') (135)
— 4¢gr” e’ (136)
— 4osz? et (137)

r%Q1 3 and r®Q; 4 are similar to r°Q; 5, and thus omitted. Then one can fine the integrals
equal zero by noticing their oddity.
Thus we finally get

A72Cy = lim 2(Voly, ([—p. p]*) = Volx (2,)) =: —2V, (138)

p—00
where V is the renormalized volume, which is finite according to Biquard and Hein’s works
[BH23].

3.5. Case 2. Integrate both sides of the equation
AX(XZZ,’in - Uij) =0. (139)
That is, integrate both sides of the equation

Ci; e
2+ 0(r ). (140)

Ax(xz'z?) = f;; —
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Notice that the integral of the 1-order term Z; e (i) (1) dzt A A dzi A -+ Adat
is obviously zero, and all the other leading terms are of -3-order, thus by a similar procedure,
we get

—

4 4
J d ,
2m*Cyj = E /2+ (@(%) + E hkj@(x x’)) dz' - dad - dz? (141)
7j=1 J k=1
wi - dat. (142)

4 0 S N N
J= i _

Thus one can determine Cj; by calculating the integral on the RHS. By calculations similar
to case 1, they are zero.

QU

4. HARMONIC 1-FORMS

In this part, we consider the (invariant) harmonic 1-forms on ALE manifolds. Namely, we
only need to consider z**dx®. For simplicity, we still assume that T' = {1}.

4.1. Find the expansions. The process is similar to that described in section 2.1, but it
requires more calculation. Before proceeding, let’s determine our convention for the Hodge
stars, i.e.

kx(da™ Ao Ada') = Z VGghin ... gidng, o dadtr Ao A dadn (143)

'jk+’1< ~<Jn,
Jr#js for v#s

where €;,...;, is the Levi-Civita symbol with €;..,, = 1 and ¢;,...;, # 0 if and only if every j,
are different with each other, and we will omit this restriction when writing our followinng
summation for simpliciy. We begin with Proposition Bl to get @, € W2, (X) that
satisfies

Axiyiy = Ax(xa"dz™) = (dox + dxd)(xz" dz"). (144)
Firstly we notice that, for a 1-form © = &;dz?, dx@& = —%%(@igij\/a). Thus

1

) ) 0 L

ox (xa"dz®) = —ﬁ@(%@“gm\/@) (145)
a i1 127 -5

= —%(Xff g*) +0(r™) (146)

4
= —52'12'2 + hi1i2 + Z LL’il hi2j7j + 0(7’_5), T Z 2R, (147)

j=1

and therefore
1y 4
déx (xa"dz™?) = Z 8— hijiy + Zx“hizjd)dzzk + 0% ,r > 2R. (148)
k=1 j=1
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For the second term, we notice that for a 2-form & = 37, - @;;dz’ A dv’, we have
Sy = %% ((J)kl — d}lk)gikgﬂ\/@> Gimdx™. Thus

) ) 1 0 L
(SXd(SL’ZldSL’w) = T—] ((6i1k5i21 - 5i1l5i2k)g2kg’l\/5> glmdl’m (149)
. )
Z Zlk(sml “léwk)a - (5zkh']l + hlkéﬂ) dx’ + O( ), r>2R. (150)
=1
As a result, we get
15 4
Ax(Xl’“dl’m) - Z @ iliz + Zzllhi2j7j)d$k (151)
k= j=1
. )
+ > (BinBiak — 0irrligt) 5= 5 (Ohj + haxdn) d' + O(r~°) (152)
i,5,k, =1
= Lilig + O(’f’ ), T Z 2R. (153)
One can verify that
_ r?
Pvie = Liiy - 75 (154)
satisfies Agafli i, = Lijiy-
By Proposition 2.1l we get the expansion
wmz L= Xl’ildl'iz — "‘Njhiz = ildl’i2 — ,LNLZ'”'2 (155)
- Z Con| “’ZQ’Z’k] da' + O(r~—**9), r > 2R. (156)

k=1

4.2. Determine the relation of the constants. In this section, we will derive the restric-
tion equations using divergence arguments and integration.

We first consider divergence arguments. For the harmonic 1-form wy,;, = Y2 dz? — 044y,
dxwi, i, 1s a decaying harmonic function plus —d;,4,. By applying the maximum principle,

OxWii, = —04,i,- Note that because w;,;, is of order -3, one can calculate the divergence of
W;,i, Using the Euclidean divergence. That is,
OXWiyiy + Oiyiy = Ox (X2 2™ — Giyiy) + Oy (157)
4 4 .
0 . Conliy, iy, [, k2"
= Z @(/’Lili%l + Z A ) + Piyiy (158)
=1 k=1
4
+ ) @' hyy + O (159)
j=1
=0. (160)
Take wys for example, and one will get
0= —-3Con[1,2,1,1] + Con|[1,2,2,2] + Conl1,2,3,3] + Con[1, 2,4, 4]; (161)

0 =41 — 2(Coa + (33 — 2611 + a2 + &35 + 18Con[1,2,1,2] + 18Con|[1, 2,2, 1]); (162)
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0= Cia + &12 — 6(Con[1,2,1,3] + Con[1, 2,3, 1)); (163)
0= Ci3+ &3+ 6(Con[l1,2,1,4] + Conl1,2,4,1]); (164)
0= —2C11 + Co2 + (33 — 2611 + Ea2 + &3 + 9C0n[1,2,1,2] 4+ 9Con[1, 2, 2, 1]; (165)
0= Con[1,2,1,1] — 3Con[1,2,2,2] +C’0n[1 2,3,3] + Con|L, 2,4, 4]; (166)
0= (13— &3 —6(Con[1,2,2,3] 4+ Con[1,2,3,2]); (167)
0= (12 — &2 — 6(Conll,2,2,4] + Conl[1,2,4,2)); (168)
0= G2 + &2 — 6(Con|l, 2 1,3] + Conl1, 2 3,1]); (169)
0= (13— &3 —6(Con[1,2,2,3] 4+ Con[1,2,3,2]); (170)
0= 2Co3 — 283+ 3(Con[1,2,1,1] + C’on[l, 2, 2,2] =3Con|[1,2,3,3] + Con[1,2,4,4]); (171)
0= Cop — (a3 — Eaz + g3 — 6Con[L, 2,3, 4] — 6Conl[1,2,4,3]; (172)
0= Ci3+ &3+ 6(Con[l1,2,1,4] + Conl1,2,4,1]); (173)
0= (2 — &2 —6(Con[1,2,2,4] + Con[l,2,4,2]); (174)
0= Cap — Gz — Eaz + €33 — 6Con[1, 2,3, 4] — 6Con[L, 2, 4,3]; (175)
0= —2(3 + 283 + 3(Conll1,2,1,1] 4+ Con[1,2,2,2] + Con[1, 2, 3, 3] (176)

—3Conl1,2,4,4]). (177)

Next , we consider the integral. For two harmonic 1-forms w;,;, and wj,;,, combined with the
divergence arguments, we have

0= /(AxwiliQ,wiSi4>dV01X - /(Axwi3i4,wi1i2)dVolX (178)
Q Q
= (/ s x dwiy iy N Wigiy +/ *x0d *x Wigiy A *xWigiy ) (179)
oN 0N
— (/ * x AWigiy N Wiyiy + / kxd *x Wigiy N *xWiyiy) (180)
0N o
- / *deilig A wi3i4 - / *dei3i4 A wilig (181)
oN oN

:/ ai1i2i3i4 _/ ai3i4i1i2' (182)
o0 o0

Where we have used the leading term arguments, and the «;,;,i,;, denotes the leading term
of *xdwj,i, N wiy,. Besides, one can calculate a;,;,i4:, explicitly, say,

4 ..
Conliy,ig, 7, klz* . .
Qiyigizgia = — Z Z (8 s :ulllz rt Z ra )SL’ 352‘41‘/5%‘157‘]‘2 (183)
73<J4, r,s,t=1 k=1
Jr#js for r#s
Conliz, iy, t, k]a®
+ 04y s0igr (fligigt + Z i )05j1 01 (184)
k=1
+ 5i135i2rxi35i4thsj1 57‘]'2 +5i135i2rxi35i4t53j1 h”f‘jQ) €j1j2j3j4dxj3 A dxj4 A dxt‘ (185)

For example, take (iy,1,173,74) = (1,2,3,4), then we will get the expression of ays34, which
is a 6-page-long equation.
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In this enormous equation, the terms with nonzero integrals are similar to the following
types:

2,14 2(.1\2( .32

L (fg ) dz' A da® A da?, %d:ﬂl Adzd A dx?, (186)
213 (.12 2\5

%dml A daz® A da?, (:);“8) dat A da?® A da?, (187)

integrated on 3. (188)

In addition, the exterior normal vector of X3 and ¥, has opposite orientations. Thus, after
letting 22 = 41 and integrating respectively, one will get the same result. For example,

2(,.1y4 2(,.1)4 1y4
/ v dz' A da® A dat = / v(@) dz' A dz® A da? :/ (Ig) dz'drds*. (189)
=3

8 _ 8
T 22 T [_1’1]3 T

Therefore, let’s denote our integrals as (here r? = 1+ (21)% + (23)2 + (2)?)

14
o = / %dmld:csd:c‘l, (190)
[_1’1]3 T
1\2(,.3)2
oy = / deldx?’dx‘*, (191)
[_1’1]3 T
1)2
o3 = / @d:cldxgdx‘l, (192)
[-1,1)3 7"8
1
o4 = / —deld:c?’d:c‘l, (193)
[_1’1]3 T
and we will get the following equation:
0 =8(o1 + 209 + 03)Conll,2,3,4] — 8201 + 409 + 503 + 04)Con|[1,2,4, 3] (194)
- 8(0’1 + 20’2 + 0'3)0072,[3, 4, 1, 2] + 8(20’1 + 40’2 + 50’3 + O'4)COTL[3, 4, 2, 1] (195)
We point out that
8(301 + 609 + 603 + 04) = 27°. (196)
To see this,
(30’1 +60’2 +60’3 —|—0'4) (197)
14,2 1\2(,.3)2.,.2 1\2(,.2)3 215
[—1,1]3 r2=1

:/[_11]3:—8<x2<2<f>4+ > 2w (199)

i#2 i<, #2572

+> 2(2')(2?) + (x2)4)> da' da®da? (200)
i7#2 r2=1
1'2
= / = dz'dx’da’. (201)
1,13 T lp2=
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Thus
8(30’1 + 60’2 + 60’3 + 0’4) (202)
de'da®da? (203)

_g / x’
[-1,1]3 rd 22=1

4 .
’ —
:Z/+ﬁdzzl---d:)ﬂ ~da* —Z/ —dx 179 - - dz’ (204)

j=1"%;
1 1
- d(= 205
1 1
= - Aga(— 206
3] A (206)
1 / 1
= - Ara(— 207
3,0 ) (207)
1 0,1
= - [ —Z(2)dS 208
2 Js3 87"(7"2) (208)
:L/’dsuz\g3\::2ﬁ2. (200)
S3
Applying the previous fact that
Conl[1,2,3,4] 4+ Con[1,2,4,3] = Con[3,4,1,2] + Con|[3,4, 2, 1], (210)
one gets
0 = 27%(Con[1,2,3,4] — Con[3,4,1,2]). (211)

Gathering the two parts, we will get a massive system of equations about 256 variables
Conli, j, k,1].

5. THE MASSIVE SYSTEM OF EQUATIONS ABOUT 256 VARIABLES

The variables can be categorized into 5 types by symmetry:

I.Conli,1,1,1]; (212)
II.Conli,i,1, j], Conli, i, j,i], Conli, j,i,], Con[j, 1,1, i]; (213)
II1.Conli, 1, j, j], Conli, j,1, j], Conli, j, , i]; (214)
IV.Conli, i, j, k], Conli, j, i, k], Conli, j, k,i], Conlj, k,i,i], Con|j, i, k,i|, Conlj, i, 1, k]; (215)
V.Conli, j, k,]. (216)

The system consists of three parts: divergence arguments, integrals, and function differen-
tials. We will make full use of them to simplify our results.

5.1. Type I. Recall our expansion:

i CM —
wi = (2')” — i + =) + O(r=3%), (217)

Ci=C="

5 (i=1.2.3.4) (218)
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. Conliy, ia, 1, k2"
Wirio = XLU“d.C(ZZ2 — (Dhiz = " dx"? — ﬂi1i2 — Z 1’75’ ’ d.ﬁ(fl + O(T’_4+E). (219)
k=1

We differentiate the first equation and get

duy; =d (( N2 — i + C—) + 0™, r > 2R. (220)

On the other hand, duy; is a harmonic 1-form asymptotic to 2z'dz®. Thus we get
that is,

C [, k|x Cii
<M“+ Z onZ,Z, ; d l) +d< 77“+T—) = 0. (222)

k=1

Routine calculations give

S V
Conli,i,i,i] = —C = ~52 (223)

5.2. Type II. Not only do we get Conli,,1,1i], but we also get
Conli,i,i,j] = Conli,i,7,i] = 0, Conli, j,i,i + Conlj,i,i,i = 0. (224)
5.3. Type III. Without loss of generality, we set ¢ = 1, 7 = 2. We immediately obtain
18C + 2¢11 — (oo — (33 + 2811 — &2 — &33 + 18Con[1,1,2,2] = 0. (225)

However, Con[1,2,1,2],Con[1,2,2,1],Con[2,1,2,1] and Con[2,1,1,2] are interconnected.
In fact, they satisfy the following equations:

—2(11 + Co2 + (33 — 2&11 + &o2 + &33 + 18Con|[1, 2,2, 1] + 18Con|2,1,2,1] = 0; (226)
—2C11 + Coz + (33 — 2811 + o + E33 + 18Con|[1, 2 1, 2] + 18Con|2, 1, 1, 2] = 0; (227)
—2C11 + Coo + (33 — 2&01 + Exo + &33 + 18C0on[1,2,2, 1] + 18Con[1,2,1,2] = 0; (228)
—2(11 + Cog + (33 — 2&11 + a9 + &33 + 18Con[2,1,2,1] + 18Con[2,1,1,2] = 0, (229)

where the third and fourth equation come from divergence arguments. The rank of the
matrix

0110
1 001
1100 (230)
0011

is 3, therefore one can use Conl[1,2,1,2], (;;, and &; to express the other 3 variables. Indeed,

Con[1,2,1,2] = Con[2,1,2,1]; (231)
Con[1,2,2,1] = Con[2,1,1,2] (232)
_ —COTL[]., 2’ 1’ 2] + 2Cll - <22 - C33 ]‘_;2611 - 522 - 633’ (233)

and one can’t get any more information from inner product arguments.
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5.4. Type IV-i. We point out that
Conli, j, i, k], Conli, j, k, 1], Conlj, i, k, iJandConl[j, i, i, k] (234)

are interconnected.
Without loss of generality, let i = 1,5 = 2,k = 3. Consider the 8 variables, say,

Conl[1,2,1,3],Con[2,1,1,3],Con[1,3,1,2],Con[3,1,1, 2], (235)
Conl[1,2,3,1],Con[2,1,3,1],Con|1, 3,2,1],Con[3, 1, 2, 1]. (236)

They satisfy

(12 + &2 — 6(Con|1,2,1,3] 4+ Con[2,1,1,3 : 237

Ci2 + &2 — 6(Con|1,3,1,2] 4+ Conl3,1,1,2 : 238

Cia + &2 — 6(Con[1,2,3,1] + Conl2,1,3,1 : 239

(1o + &2 — 6(Conl1,3,2,11+ Con|3,1,2,1 : 240
,2,1,3]+ Conl1,2,3,1

(1o + &2 — 6(Conl1,3,1,2] + Conl1,3,2,1
G2 + &2 —6(Con(2,1,1,3]+ Con[2,1,3,1
Crg + &2 —6(Conl3,1,1,2] + Con[3,1,2,1

[\
g
[\

Y

[\)
o~
w

I

]
]
]
]
]
]
]
]

AN N N N N N N /N
©) ©
g NG
=~ —
S N e e N N N

(Conll, ] [ ) =0;
(Con| ] [ )=0;
(Conl1 ] 2 ) =0;
(Con| ] [ ) =0;
G2 + &1z — 6(Conll ] 1 ) =0;
(Con| ] [ )=0;
(Con|2 ] 2 ) =0;
(Con| ] [ )=0.

The rank of the matrix

100 01O0O00O0
01 00O0T1O0O0
00100001
00010O0T1O0
10100000 (245)
01010000
000O0T1O0O01
0 0O0O0OO0OT1T1TFPO0
is 6. We solve the linear equations, and get
Con[2,1,3,1] = Con|1,2,1, 3]; (246)
Conl[3,1,2,1] = Con|1,3,1,2]; (247)
Con[1,2,3,1] = Con[2,1,1,3] = %—Con[l,&lﬂ]; (248)
Ci2 + &12
Conll1,3,2,1] = Con|3,1,1,2] = T—Con[l,Q,l,B]. (249)

Thus, only Conl1,2,1,3] and Con|[1, 3, 1, 2] remain, and it’s time to make use of the equations
from the inner product:

0 =8(o1 + 209 + 03)Conll,2,1,3] — 820y + 409 + 503 + 04)Con|[1,2,3, 1] (250)
- 8(0’1 + 20’2 + 0'3)0072,[1, 3, 1, 2] + 8(20’1 + 40’2 + 50’3 + 0'4)0071[1, 3, 2, 1], (251)

which implies Con[1,2,1,3] = Con|[1, 3,1, 2].
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5.5. Type IV-ii. Similarly, Conli, i, j, k] and Conlj, k, i, ] are interconnected.
Without loss of generality, let ¢ = 1,5 = 2,k = 3. Consider the 16 variables, say,

Conl[1,1,2,3],Conl1,1,3,2],Con|2,3,1,1],Con[3,2,1, 1],
Con2,2,2,3], Con[2,2,3,2], Con[2,3,2,2], Con[3,2,2,2],
Con[3,3,2,3], Con[3,3,3,2], Con2,3,3,3], Con[3, 2,3, 3],
Conl[4,4,2,3],Con[4,4,3,2],Con[2,3,4,4],Con|[3, 2,4, 4].

We already known that
Conl[2,2,2,3] = Con|2,2,3,2] = Con[3,3,2,3] = Con|[3,3,3,2] = 0.
Besides, we have

Ci2 + &2 +6Con|

G2 + &2+ 6Con[1,1,3,2
Cro + &12 — 6Con[4,4, 2,
C1o + &0 — 6COTL[4 4,3,2

1,1,2,

7

7

3] =
] =0
3] =
I =

That is,
CmﬂLZﬂsz@L&ﬂ:_@g&%
Con[4,4,2,3] = Con[4,4,3,2] = SE j(; 512_

Now we deal with Con[2,3,14,i] and Conl[3,2,1,1] (i=1,2,3,4).
We have the following equations:
0 = (o + &2+ 3(Conf2,3,1,1] + Con[3,2,1,1));
0= Con|2,3,2,2] + Conl[3,2,2,2];
0= Con|2,3,3,3] + Conl[3,2,3,3];
0= (o + &2 —3(Conl2,3,4,4] 4+ Con[3,2,4,4]);
0= —2C19 — 2&12 + 3(—3Con[2,3,1,1] + Con|2,3,2,2] + Con[2, 3, 3, 3]
+ Conl2,3,4,4]);
0= Con[2,3,1,1] — 3Con[2,3,2,2] + Con[2,3,3,3] + Con[2, 3,4, 4];
0=Conl[2,3,1,1] + Con[2,3,2,2] — 3Con[2,3,3,3] + Con[2,3,4,4];

0 =2(19 + 2612 + 3(Conl2,3,1,1] + Con[2,3,2,2] + Con[2,3, 3, 3] — 3Con|[2,3,4,4]);

0= —2C12 — 2§12 + 3(—3Con|[3,2,1,1] + Con|[3,2,2,2] + Con|[3, 2, 3, 3]
+ Conl3,2,4,4]);

0= Con3,2,1,1] — 3Con[3,2,2,2] + Con[3,2,3,3] + Con[3, 2,4, 4];

0=Conl[3,2,1,1] + Con[3,2,2,2] — 3Con|[3,2,3,3] + Con[3,2,4,4];

0 =2(19 + 2612+ 3(Conl3,2,1,1] + Con[3,2,2,2] + Con|[3, 2,3, 3] — 3Con|[3,2,4,4]).

263
264
26
26
26
26
269
270
271
272
273
27
275
276

o g O Ot

N

(263)
(264)
(265)
(266)
(267)
(268)
(269)
(270)
(271)
(272)
(273)
(274)
(275)
(276)
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The rank of the matrix

11 0 O O 0 0 ©0
o o0 1 1 0 0 0 O
o 0 o0 o 1 1 0 0
o 0 o0 o o0 0 1 1
-3 0 1 0 1 0 1 0
1 0 -3 0 1 0 1 0
1 0o 1 0 -3 0 1 0
1 0o 1 0 1 0 =3 0
o -3 0 1 0 1 o0 1
o 1 0 =3 0 1 0 1
o 1 0 1 0 -3 0 1
o 1 o 1 o0 1 o0 -3
is 7. Thus we may get
Conl[2,3,1,1] = —=Con[3,2,4, 4];
Con[2,3,4,4] = —Con[3,2,1,1] = Gzt iz Con|2,3,1,1];

Conl2,3,2,2] = Con|2,3,3,3] = —Con[3,2,2,2] = —Con|[3,2, 3, 3]

_ Gz + &2
6

and one can’t get any more information from inner product arguments.

+ Conl[2,3,1,1],

5.6. Type V. Without loss of generality, we consider the 8 variables, say,
Conl[1,2,3,4],Conl1,2,4,3],Con|2,1,3,4],Con|2, 1,4, 3],
Conl[3,4,1,2],Conl4,3,1,2],Con|3,4,2,1],Con[4, 3, 2, 1].

They satisfy

—Cap + (33 + 99 — &35+ 6C0n[1,2,3,4] + 6Con[2,1,3, 4
—Cog + (33 + Eon — E33 + 6C0n[1,2,4, 3] + 6Con[2,1,4,3
—Cog + (33 + &2 — &33 + 6Con[3,4,1,2] + 6Con|4, 3,1, 2
—Coz + 33 + &oo — &33 +6C0n[3,4,2,1] 4+ 6Con[4, 3,2, 1
[ ] [
2 ] [
[ ] [
[ 2] [

7
7

7

—Cog + (33 + €99 — &35 + 6Con[1,2,3,4] + 6Con[1,2,4,3
—Cop + (33 + Eog — E33 +6C0n[2,1,3,4] + 6Con|2,1,4, 3
—(o9 4 (33 + 99 — &33 + 6C0on|3,4,1,2| + 6Con|3,4,2,1
—Ca2 + (33 + &a2 — &33 + 6C0n[4, 3, 1,

Similarly, we solve the equations, and get
Con[2,1,4,3] = Conl1,2,3,4];
Con[4,3,2,1] = Conl3,4, 1, 2];

| =
| =
I =
] =0;
] =0;
] =0;
] =0;
+6Con[4,3,2,1] =

Co2 — (33 — S22 + &33
6

Con|l,2,4,3] = Con[2,1,3,4] =

— Conll,2,3,4];

19

(277)

e R e e e e e
N DN NN NN DN
© 00 00 00 0 oo oo
S © 0 N O Ot

[\]
©
—_
~— — — Y~ ~— ~— ~—

(292)
(293)

(294)
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Co2 — (33 — S22 + &33

Con[3,4,2,1] = Conl4,3,1,2] = — Conl3,4,1,2].

6
By inner product arguments, we get

0 =8(o1 + 209 + 03)Conll,2,3,4] — 8201 + 409 + 503 + 04)Con|[1,2,4, 3]
- 8(0’1 + 20’2 + 0'3)0072,[3, 4, 1, 2] + 8(20’1 + 40’2 + 50’3 + O'4)COTL[3, 4, 2, 1],
which implies Con[1,2,3,4] = Con|[3,4, 1, 2].

APPENDIX A. LISTS OF CONSTANTS
By symmetry, we can compute all the constraints on Conli, j, k, [].

A.1. The full list of constants of type III.
Conl1,2,1,2] = Con|2,1,2,1];
Conl[1,2,2,1] = Con|2,1,1,2]

+ 2Cll - <22 B C33 + 2Sll - 522 - 633

= —Con[l,2,1,2] 0

Conll1,3,1,3] = Con|3,1, 3, 1];
Conll,3,3,1] = Con[3,1,1, 3]

2C22 - Cll - C33 + 2522 - 511 - 533

= —Con[1,3,1,3
On[???]+ ]_8

Conl[l,4,1,4] = Conl4, 1,4, 1];
Conll,4,4,1] = Con[4,1,1, 4]

I 2(33 — Ci1 — Co2 + 2833 — &1 — &2

= —Con|l,4,1,4] 18

Conl2,3,2,3] = Con|3,2,3,2];
Conl2,3,3,2] = Con[3,2,2,3]

2(33 — Ci1 — Co2 + 2833 — &1 — &2

— —Con[2,3,2
Con|2,3,2,3] + 13

Conl[2,4,2,4] = Conl4, 2,4, 2];
Con[2,4,4,2] = Con[4, 2,2, 4]

2C22 - Cll - C33 + 2622 - 511 - 533

= —Con[2,4,2,4
On[’?’]_'_ ]_8

Conl3,4,3,4] = Conl4, 3,4, 3];
Conl3,4,4,3] = Con[4, 3, 3, 4]

2Cll - <22 - C33 + 2Sll - 522 - 633 ‘

= —Con|3,4,3,4
0n[>a>]+ ].8

A.2. The full list of constants of type IV-i.
Con[2,1,3,1] = Con[1,2,1,3] = Con[3,1,2,1] = Con|[1, 3,1, 2];
Conll1,2,3,1] = Con|2,1,1,3] = Con[1,3,2,1] = Con[3,1, 1, 2]

_ G2 +&12
6

— Conll,2,1,3].
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(296)
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Con[2,1,4,1] = Con[1,2,1,4] = Con[4,1,2,1] = Con[1, 4,1, 2];
Con[l,2,4,1] = Con[2,1,1,4] = Con[1,4,2,1] = Con[4,1, 1, 2]

:C”g&3—cmﬂ@JAy

Conl[3,1,4,1] = Con[1,3,1,4] = Con[4,1,3,1] = Con|[1,4, 1, 3];
Con[1,3,4,1] = Con[3,1,1,4] = Con[1,4,3,1] = Con[4,1, 1, 3]
_ Gos &3

— Con[1,3,1,4].
Conl3,2,1,2] = Con|2,3,2,1] = Con[1,2,3,2] = Con[2,1, 2, 3];
Con[2,3,1,2] = Con[3,2,2,1] = Con[2,1,3,2] = Con[1,2,2,3]
_ Gz — &
6

—Conl2,3,2,1].
Conl4,2,1,2] = Con|2,4,2,1] = Con[1,2,4,2] = Con[2,1,2,4];
Con|2,4,1,2] = Con[4,2,2,1] = Con|2,1,4,2] = Con|[1, 2,2, 4]

:C”g&2—cmpA@Jy
Con[4,2,3,2] = Con[2,4,2,3] = Con[3,2,4,2] = Con|2, 3,2, 4]:
Conl[2,4,3,2] = Con[4,2,2,3] = Con|2,3,4,2] = Con|[3,2,2,4]
:%g@—mmAz@

Con[1,3,2,3] = Con[3,1,3,2] = Con[2,3,1,3] = Con[3,2,3, 1];
Con[3,1,2,3] = Con|1,3,3,2] = Con[3,2,1,3] = Con[2,3,3,1]

zig%ﬁﬁ—cm@L&%

Conll,3,4,3] = Con[3,1,3,4] = Con[4,3,1,3] = Con|[3,4, 3, 1];
Con[3,1,4,3] = Con|[1,3,3,4] = Con[3,4,1,3] = Con[4, 3,3, 1]

:ZQ%ﬁE—CMRL&Q

Conl2,3,4,3] = Con[3,2,3,4] = Con[4,3,2,3] = Con|[3,4, 3, 2];
Con[3,2,4,3] = Con[2,3,3,4] = Con[3,4,2,3] = Con[4,3,3,2]
_ Gzt &

6

— Conl3,2,3,4].
Con[1,4,2,4] = Con[4,1,4,2] = Con[2,4,1,4] = Con[4,2,4,1];
Con[4,1,2,4] = Con[1,4,4,2] = Con[4,2,1,4] = Con[2,4, 4, 1]

:%g@—@m¢¢%

Con[1,4,3,4] = Con[4,1,4,3] = Con[3,4,1,4] = Con[4, 3,4, 1];
Conl4,1,3,4] = Con[1,4,4,3] = Con[4,3,1,4] = Con[3,4,4, 1]

_ —Ci3 + &3
6

— Conl4,1,4,3].
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Con[2,4,3,4] = Con[4,2,4,3] = Con[3,4,2,4] = Con[4,3,4,2];
Conl4,2,3,4] = Con|2,4,4,3] = Con[4, 3,2,4] = Con[3,4, 4, 2]

_ Gz + &12
6

— Conl4,2,4,3].

A.3. The full list of constants of type I'V-ii.

Conll,2,3,3] = —=Con[2, 1,4, 4];

Conl1,2,4,4] = —Con|2,1,3,3] = _C%% + Conll,2,3,3];

Con[1,2,2,2] = Con[1,2,1,1] = —Con|2,1,2,2] = —Con|2,1,1, 1]
= _C%T% + Conl[1,2,3,3].

Conll,3,2,2] = —=Con[3, 1,4, 4];

Con[l,3,4,4 = —Con[3,1,2,2] = 13 g 2N Conl1,3,2,2];

Con|1,3,1,1] = Con[1,3,3,3] = —Con[3,1,1,1] = —Con|3, 1, 3, 3]
_ g S5 4 Con[1,3,2, 9]

Conll1,4,2,2] = —Con[4,1, 3, 3];

Con[l1,4,3,3] = —Con[4,1,2,2] = Giz ; Siz Conl[l,4,2,2]:

Con[l,4,1,1] = Con[1,4,4,4] = —Con[4,1,1,1] = —Conl[4, 1,4, 4]
_ b g Sz Conl[1,4,2,2].

Con[2,3,1,1] = —=Con[3,2,4, 4];

Con|2,3,4,4] = —Conl[3,2,1,1] = St ;; iz + Con|2,3,1,1];

Conl2,3,2,2] = Con|2,3,3,3] = —Con[3,2,2,2] = —Con|[3, 2, 3, 3]

_ G g St Con[2,3,1,1].
Con[2,4,3,3] = —Con[4,2,1,1];
Con[2,4,1,1] = —Con[4,2,3,3] = iz ; Sz | Con[2,4,3,3];
Con[2,4,2,2] = Con[2,4,4,4] = —Con[4,2,2,2] = —Conl4, 2,4, 4]
_ G —(ij_ 1z + Conl2,4,3,3].
Conl3,4,2,2] = —Con[4, 3,1, 1],
Con|3,4,1,1] = —Con[4,3,2,2] = Gos 6o Con|3,4,2,2],

Conl3,4,3,3] = Con[3,4,4,4] = —Con[4,3,3,3] = —Conl[4, 3,4, 4]

_ Coz +&23
6

+ Conl[3,4,2,2].
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A.4. The full list of constants of type V.
Con[2,1,4,3] = Con[1,2,3,4] = Con[4,3,2,1] = Con|[3,4, 1, 2],
Conll1,2,4,3] = Con|2,1,3,4] = Con[3,4,2,1] = Con[4, 3,1, 2]

(G - 2088 conn 2,3, 4]

Conl[3,1,4,2] = Con[l1, 3,2,4] = Con[4,2,3,1] = Con[2,4, 1, 3],
Conll,3,4,2] = Con|3,1,2,4] = Con|2,4,3,1] = Con[4,2, 1, 3]
_ (33 — Cui1 — &3 +&u

~—~ o~ —~ ~—~ —~ —~
w
098]
=)

—_ N ~— — = = ~— —

. — Con[L,3,2,4]; 381

Con[4,1,3,2] = Con|l1,4,2,3] = Con[3,2,4,1] = Con|2,3, 1,4], 382

Conl1,4,3,2] = Con[4,1,2,3] = Con|2,3,4,1] = Con|[3,2, 1, 4] 383

_ Cii — Co2 g §i1 + & _ Con[1,4,2,3]. 384
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