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RIGIDITY OF FIVE-DIMENSIONAL SHRINKING

GRADIENT RICCI SOLITONS WITH CONSTANT

SCALAR CURVATURE

FENGJIANG LI, JIANYU OU, YUANYUAN QU, AND GUOQIANG WU

Abstract. Let (M, g, f) be a 5-dimensional complete noncom-
pact gradient shrinking Ricci soliton with the equationRic+∇2f =
λg, where Ric is the Ricci tensor and ∇2f is the Hessian of the
potential function f . We prove that it is a finite quotient of R2×S3

if M has constant scalar curvature R = 3λ.

1. Introduction

Let (M, g) be an n-dimensional complete gradient Ricci soliton with
the potential function f satisfying

Ric +∇2f = λg(1.1)

for some constant λ, where Ric is the Ricci tensor of g and ∇2f denotes
the Hessian of the potential function f . The Ricci soliton is said to be
shrinking, steady, or expanding accordingly as λ is positive, zero, or
negative, respectively.

A gradient Ricci soliton is a self-similar solution to the Ricci flow
which flows by diffeomorphism and homothety. The study of solitons
has become increasingly important in both the study of the Ricci flow
introduced by Hamilton [24] and metric measure theory. Solitons play a
direct role as singularity dilations in the Ricci flow proof of uniformiza-
tion. In [34], Perelman introduced the ancient κ-solutions, which play
an important role in the singularity analysis, and he also proved that
suitable blow down limit of ancient κ-solutions must be a shrinking
gradient Ricci soliton. In [35], Perelman proved that any two dimen-
sional non-flat ancient κ-soluition must be the standard S2, and he
also classified three dimensional shrinking gradient Ricci soliton under
the assumption of nonnegative curvature and κ-noncollapseness. Due
to the work of Perelman [35], Ni-Wallach [33], Cao-Chen-Zhu [9], the
classification of three dimensional shrinking gradient Ricci soliton is
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complete. For more work on the classification of gradient Ricci soliton
under various curvature condition, see [3, 4, 7, 11, 9, 8, 12, 17, 26, 29,
31, 32, 36, 38, 42, 41, 43].

In general, it is hard to understand the geometry and topology of
Ricci soliton in high dimensions, even in dimension four. Cao [6] and
Koiso [25] independently constructed a gradient Kähler Ricci soliton
on CP

2#(−CP
2) which has U(2) symmetry and Ric > 0. Wang-Zhu

[40] found a gradient Kähler Ricci soliton on CP
2#(−2CP2) which has

U(1) × U(1) symmetry. Feldman-Ilmanen-Knopf [21] constructed the
first noncompact U(2) invariant shrinking Kähler Ricci soliton on the
tautological line bundle of CP1 (we call it FIK soltion in the following)
whose Ricci curvature changes sign. Recently, Bamler-Cifarelli-Conlon-
Deruelle [1] proved the existence of a unique complete shrinking gradi-
ent Kähler-Ricci soliton with bounded scalar curvature on the blowup
of C× CP

1 at one point, called BCCD soliton. Li-Wang ([28]) proved
that any Kähler Ricci shrinker surface has bounded sectional curvature.
Combining the work by Conlon-Deruelle-Sun [14] and Cifarelli-Conlon-
Deruelle [20], they provided a complete classification of all Kähler Ricci
shrinker surfaces.

In this paper, we focus our attention on 5-dimensional gradient
shrinking Ricci solitons with constant scalar curvature. Recall that
in Petersen and Wylie’s paper [36], a gradient Ricci soliton (M, g) is
said to be rigid if it is isometric to a quotient N × Rk, the product
soliton of an Einstein manifold N of positive scalar curvature with the
Gaussian soliton Rk. Conversely, for the complete shrinking case, Prof.
Huai-Dong Cao raised the following

Conjecture: Let (Mn, g, f), n ≥ 4, be a complete n-dimensional gra-
dient shrinking Ricci soliton. If (M, g) has constant scalar curvature,
then it must be rigid, i.e., a finite quotient of Nk × Rn−k for some
Einstein manifold N of positive scalar curvature.

Petersen andWylie [36] proved that a complete gradient Ricci soliton
is rigid if and only if it has constant scalar curvature and is radially flat,
that is, the sectional curvature K(·,∇f) = 0. Particularly, Petersen
and Wylie [36] also showed that the scalar curvature R of a gradient
Ricci soliton is 0 or nλ, if and only if the underlying Riemannian struc-
ture is Einstein. Subsequently, Fernández-López and Garćıa-Rı́o [23]
proved that a complete gradient Ricci soliton is rigid iff it has constant
scalar curvature and the Ricci curvature has constant rank. They also
derived the following results for complete n-dimensional gradient Ricci
solitons (1.1) with constant scalar curvature R: (i) The possible value
of R is {0, λ, · · · , (n − 1)λ, nλ}. (ii) If R takes the value (n − 1)λ,
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then the soliton must be rigid. (iii) In the shrinking case, there is no
any complete gradient shrinking Ricci soliton with R = λ. (iv) Any
four-dimensional gradient shrinking Ricci soliton with constant scalar
curvature R = (n− 2)λ has non-negative Ricci curvature.

Very recently, Cheng and Zhou [19] confirmed Cao’s conjecture in
dimension n = 4, together with works of Petersen-Wylie [36] and
Fernández-López and Garćıa-Rı́o [23]. Precisely, for 4-dimensional
complete shrinking gradient Ricci solitons with constant scalar curva-
ture. By the results stated above, their scalar curvature R ∈ {0, 2λ, 3λ,
4λ}. Moreover, if R = 0 or 4λ, they are Einstein [36]; If R = 3λ, they
are finite quotient of S3×R [23]. If R = 2λ, then they are isometric to
a finite quotient of S2 × R2 [19].

For 4-dimensional complete shrinking gradient Ricci solitons with
constant scalar curvature, Cheng and Zhou [19] handled the most sub-
tle case R = (n − 2)λ = 2λ. In this case, the Ricci curvature is
non-negative by the work of Fernández-López and Garćıa-Rı́o [23]. In
addition, the Riemannian curvature is bounded since Munteanu-Wang
[30] proved 4-dimensional complete shrinking gradient Ricci solitons
with bounded scalar curvature has bounded Riemannian curvature.
However, for n-dimensional (n ≥ 5), we cannot even guarantee the
non-negativity of Ricci curvature and the boundedness of Riemann-
ian curvature. Moreovre, we point out that even if the n-dimensional
(n ≥ 5) shrinking gradient Ricci soliton has non-negative Ricci cur-
vature and bounded Riemannian curvature, Cao’s Conjecture is still
open.

Now we focus on 5-dimensional complete shrinking gradient Ricci
solitons with constant scalar curvature. By the results in [23] and [37]
stated above, their scalar curvature R ∈ {0, 2λ, 3λ, 4λ, 5λ}. Moreover,
there is no any complete gradient shrinking Ricci soliton with R = λ;
if R = 0 or 5λ, they are Einstein; if R = 4λ, they are finite quotient of
S4 × R. Therefore, R = 2λ and 3λ are unknown cases.

In this paper, motivated by the 4-dimension works ([19, 36, 23]),
we study 5-dimensional complete gradient Ricci solitons with constant
scalar curvature 3λ. Our main theorem is as follows.

Theorem 1.1. Suppose (M5, g, f) is a five dimensional shrinking gra-

dient Ricci soliton with R = 3λ, then it is isometric to a finite quotient

of R2 × S3.

Next, we discuss some methods to address this problem. Note that,
as mentioned before, a complete gradient Ricci soliton is rigid if and
only if it has constant scalar curvature and is radially flat ([36]). Fern-
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ández-López and Garćıa-Rı́o [23] proved the radial flatness is equiva-
lent to the constant rank of Ricci curvature. Based on this, it is only
necessary to prove that the Ricci curvature has constant rank for Cao’s
Conjecture.

Recently, Cheng-Zhou [19] proved that 4-dimensional gradient shrink-
ing Ricci soliton with constant scalar curvature 2λ is rigid. They ap-
plied the weighted Laplacian ∆f to the quantity tr(Ric3), the trace
of the tensor Ric3, for 4-dimensional gradient shrinking Ricci soliton
with constant scalar curvature 2λ and then derived the following nice
inequality

∆f

[
f(tr(Ric3)− 1

4
)

]
≥ 9f

[
tr(Ric3)− 1

4

]
.

Using integration by parts, they concluded that tr(Ric3) − 1
4
= 0 over

M , implying that the Ricci curvature has rank 2, and thus they ob-
tained the rigidity result.

We would like to point out that 1
3

[
tr(Ric3)− 1

4

]
= σ3(Ric), (see

equation (3.11) in [19], since 0 is a Ricci-eigenvalue of gradient shrink-
ing Ricci soliton with constant scalar curvature. When the gradient
shrinking Ricci soliton has nonnegative sectional curvature, Guan-Lu-
Xu [22] used a combination of σk(Ric) to prove that Ricci curvature
has constant rank. Naber ([32]) showed that any 4-dimensional non-
flat complete noncompact gradient shrinking Ricci soliton with the
bounded non-negative curvature operator is also rigid.

Our new proof is inspired by the work of Petensen-Wylie [37] . If
the sectional is curvature is nonnegative, it is easy to observe that
Rm ∗Ric ≥ 0, and they applied ∆f directly to the sum of the smallest
k Ricci-eigenvalues, obtaining:

∆f (λ1 + λ2 + · · ·+ λk) ≤ (λ1 + λ2 + · · ·+ λk)

in the barrier sense. Then they derived the desired result by the stan-
dard maximum principle.

In the case of Cheng-Zhou [19], suppose a 4-dimensional gradient
shrinking Ricci soliton has constant scalar curvature 2λ, inspired by
Pertersen-Wylie [36], Ou-Qu-Wu [39] applied ∆f directly to the sum
of the smallest 2 Ricci-eigenvalues and showed it is isometric to a finite
quotient of S2 × R2.

As noted in Cheng-Zhou’s paper [19], in the proof of the nice inequal-
ity, the curvature tensor of M is related with the curvature tensors of
the level sets of f by the Gauss equations. One crucial fact is that the
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level sets of the potential function f is three-dimensional, and their
curvature tensor can be expressed by its Ricci tensor, as their Weyl
curvature is identically zero. Again, this crucial fact also plays an
important role in Ou-Qu-Wu’s calculations of ∆f(λ1 + λ2). However,
difficulties arise in the higher dimensional case. Indeed, as the dimen-
sion increases, it is necessary to handle the terms involving the Weyl
curvature of the level set and the situation becomes more subtle.

The paper is organized as follows. In Section 2, we recall the no-
tations and basic formulas on gradient shrinking Ricci solitons with
constant scalar curvature. In Section 3, we will apply ∆f directly to
the sum of the smallest 2 eigenvalues, denoted λ1 and λ2 and then
derive the estimate of ∆f (λ1 + λ2), which involves the Weyl curvature
of the level set as mentioned before, see Proposition 3.7. In Section 4,
we prove a key estimate of |∇Ric|2. Thanks to the four-dimensional
Gauss-Bonnet-Chern formula on the level set. the key estimate controls
the Weyl curvature effectively, In Section 5, based the point-picking ar-
gument, we prove the Riemannian curvature is bounded. By similar
argument, we can also prove that λ1 + λ2 → 0 and ∇∇fRic also tends
to zero at infinity. In Section 6, we prove Theorem 1.1.

2. Notations and basic formulas on gradient shrinking

Ricci solitons

In this section, we recall the notations and basic formulas on gradient
shrinking Ricci solitons with constant scalar curvature. For details, we
refer to [6, 24, 36, 19].

Let (M, g) be an n-dimensional complete gradient shrinking Ricci
soliton satisfying (1.1). By scaling the metric g, one can normalize λ

so that λ = 1
2
. In this paper, we always assume λ = 1

2
and the gradient

shrinking Ricci soliton equation is as follows,

Ric +∇2f =
1

2
g.(2.2)

At first we recall some basic formulas which will be used throughout
the paper:

dR = 2Ric(∇f, ·),(2.3)

R +∆f =
n

2
,(2.4)

R + |∇f |2 = f,(2.5)
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∆fR = R− 2|Ric|2,(2.6)

∆fRij = Rij − 2RikjlRkl.(2.7)

where ∆f = ∆− 〈∇f,∇〉 is the weighted Laplacian, and ∆f acting on
the function is self-adjoint on the space of square integrable functions
with respect to the weighted measure e−fdv. In general, the weighted
Laplacian ∆f acting on tensors is given by ∆f = ∆−∇∇f .

Next we state the key estimate of potential function f in Cao-Zhou
[10].

Theorem 2.1 ([10]). Suppose (Mn, g, f) is an noncompact shrinking

gradient Ricci soliton, then there exist C1 and C2 such that
(
1

2
d(x, p)− C1

)2

≤ f(x) ≤
(
1

2
d(x, p) + C2

)2

,

where p is the minimal point of f , which always exists.

Remark . Chen [2] proved that any shrinking gradient Ricci soliton
has R ≥ 0. Hence, from R + |∇f |2 = f , we derive that |∇f |(x) ≤
1
2
d(x, p) + C2.

Now we consider complete gradient shrinking Ricci solitons with con-
stant scalar curvature R. In this case, the potential function f is
isoparametric and the isoparametric property of plays a very impor-
tant role. concretely, the potential function f can be renormalized, by
replacing f −R with f , so that f : M → [0,+∞),

(2.8) |∇f |2 = f,

which implies that f is transnormal. Recall (2.4)

(2.9) ∆f =
n

2
−R.

Therefore the (nonconstant) renormalized f is an isoparametric func-
tion on M . From the potential function estimate (2.8), f is proper and
unbounded. By the theory of isoparametric functions, Cheng-Zhou
([19]) derived the following results.

Theorem 2.2 ([19]). Let (M, g, f) be an n-dimensional complete non-

compact gradient shrinking Ricci soliton satisfying (2.2) with constant

scalar curvature R and let f be normalized as

|∇f |2 = f.

Then the following results hold.
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(i) M− = f−1(0) is a compact and connected minimal submanifold

of M .

(ii) The function f can be expressed as

f(x) =
1

4
dist2(x,M−).

(iii) For any point p ∈ M−, ∇2f has two eigenspaces TpM− and

νpM− corresponding eigenvalues 0 and 1
2
, and dim(M−) = 2R.

(iv) Let Da := {x ∈ M : f(x) ≤ a}, for t > 0. Then mean curvature

H(a) of the smooth hypersurface Σ(a) = ∂Da satisfies

H(a) =
(n− 2R− 1)√

a
.

(v) The volume of the set Da satisfies

Vol(Da) =
2k

k
|M−|ωka

k
2 , Vol(Σa) = 2k−1|M−|ωka

k−1

2 ,

where k = n − 2R, |M−| denotes the volume of the submanifold M−,

and ωk−1 is the area of the unit sphere in Rk.

Finally, we recall Naber’s splitting theorem as follows.

Theorem 2.3 ([32]). For any n-dimensional shrinking gradient Ricci

soliton (Mn, g, f) with bounded curvature and a sequence of points

xi ∈ M going to infinity along an integral curve of ∇f , by choosing

a subsequence if necessary, (M, g, xi) converges smoothly to a product

manifold R× Nn−1, where N is a shrinking gradient Ricci soliton.

3. Estimate on the sum of the smallest two

Ricci-eigenvalues of weighted Laplacian operator

In this section, let (M, g, f) be a 5-dimensional complete noncompact
gradient shrinking Ricci soliton satisfying (2.2) with constant scalar
curvature R = 3

2
. We will apply ∆f directly to the sum of the small-

est 2 Ricci-eigenvalues, denoted λ1 and λ2, and derive the estimate of
∆f(λ1+λ2) involving the Weyl curvature of the level set, see Propositon
3.7.
First, we recall the non-negativity of Ricci curvature for 5-dimensional

gradient shrinking Ricci soliton with constant scalar curvature R = 3
2
,

also see [23].
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Proposition 3.1 ([23]). Let (M, g, f) be a 5-dimensional complete

noncompact gradient shrinking Ricci soliton satisfying (2.2) with con-

stant scalar curvature R = 3
2
. Then it has nonnegative Ricci curvature,

the smallest Ricci-eigenvalue λ1 = 0 and Ric(∇f, ·) = 0.

Proof. Let (M, g, f) be an n-dimensional complete noncompact gradi-
ent shrinking Ricci soliton satisfying (2.2) with constant scalar cur-
vature R = n−2

2
, the authors proved that the Ricci curvature is non-

negative In [23], Thus for n = 5 and R = 3
2
, it has nonnegative Ricci

curvature.

(2.3) impiles Ric(∇f, ·) = 0 since the scalar curvature is constant.
Hence λ1 = 0 is the smallest Ricci-eigenvalue corresponding to the
Ricci-eigenvector ∇f .

�

From Proposition 3.1, throughout this paper we alway denote the
eigenvalues of Ricci curvature by

0 = λ1 ≤ λ2 ≤ λ3 ≤ λ4 ≤ λ5.

In the following, we calculate ∆f (λ1 + λ2) in the barrier sense, amd
have the following lemma.

Lemma 3.2. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature. Then

(3.10) ∆f (λ1 + λ2) ≤ (λ1 + λ2)− 2
5∑

α=2

K1αλα − 2
5∑

α=3

K2αλα

in the sense of barrier, where Kij denotes the sectional curvature of

the plane spanned by ei and ej, and ei is the orthonormal eigenvectors

corresponding to the Ricci-eigenvectors λi.

Proof. Actually, at x, because R = 3
2
, Ric(∇f) = 0, so we choose

e1 = ∇f

|∇f |
, then extend e1 to an orthonormal basis {e1, e2, e3, e4, e5}

such that {ei}5i=1 are the eigenvectors of Ric(x) corresponding to eigen-
values {λ1, λ2, λ3, λ4, λ5}. Take parallel transport of {ei}5i=1 along all
the geodesics from x, then in a neighborhood B(x, δ) we get a smooth
function u(y) = Ric(y)(e1(y), e1(y)) + Ric(y)(e2(y), e2(y)) satisfying
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u(y) ≥ λ1(y) + λ2(y) and u(x) = λ1(x) + λ2(x). Thus, at x,

∆f (λ1 + λ2)

≤(λ1 + λ2)− 2(

5∑

i=1

K1iλi +

5∑

i=1

K2iλi)

=(λ1 + λ2)− 2

5∑

α=2

K1αλα − 2

5∑

α=3

K2αλα;

this completes the proof. �

Next, we deal with the term
∑5

α=2 K1αλα. First we will give the
following lemma for preparation.

Lemma 3.3. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature. Then

(3.11) K1α =
∇∇fRαα + λα(

1
2
− λα)

f
,

for α = 2, 3, 4, 5.

Proof. From the Ricci identity, we have

−R(∇f, eα,∇f, eβ)

=− (∇βfαk −∇kfαβ) fk

=(∇βRαk −∇kRαβ) fk

=−∇∇fRαβ +∇β(Rαkfk)−Rαkfkβ

=−∇∇fRαβ − Rαk

(
1

2
gkβ − Rkβ

)

=−∇∇fRαβ −
(
1

2
Rαβ −

5∑

k=1

RαkRkβ

)
,

where (2.3) was used in the third equality. Therefore, we see

(3.12) R(e1, eα, e1, eβ) =
∇∇fRαβ +

(
1
2
Rαβ −

∑5
k=1RαkRkβ

)

f

due to |∇f |2 = f . (3.11) holds by setting β = α in (3.12). This
completes the proof of the lemma. �

Lemma 3.4. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature 3
2
. Then we have

−
5∑

α=2

K1αλα = −1

f

5∑

α=2

λ2
α(
1

2
− λα) =

1

f

5∑

α=2

(λα − 1

2
)2λα.
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Proof. First, since the scalar curvature is constant, (2.6) implies

|Ric|2 = R

2
=

3

4
.

This means
∑5

α=2 λα = λ2+λ3+λ4+λ5 =
3
2
and

∑5
α=2 λ

2
α = λ2

2+λ2
3+

λ2
4 + λ2

5 =
3
4
. Hence

5∑

α=2

λα(
1

2
− λα) = 0.

Recall (3.11), and we obtain

−
5∑

α=2

K1αλα

= −1

f

5∑

α=2

[
∇f · ∇λα + λα(

1

2
− λα)

]
λα

= −1

f

[
1

2
∇f ·

5∑

α=2

λ2
α +

5∑

α=2

λ2
α(
1

2
− λα)

]

= −1

f

5∑

α=2

λ2
α(
1

2
− λα)

= −1

f

5∑

α=2

[
−λα(

1

2
− λα)

2 +
1

2
λα(

1

2
− λα)

]

=
1

f

5∑

α=2

λα(
1

2
− λα)

2.

We have completed the proof of this proposition.
�

Subsequently, we consider the level set Σ of the potential function
f to handle the term −2

∑5
α=3K2αλα. For this purpose, recall that

the intrinsic curvature tensor RΣ
αβγη and the extrinsic curvature tensor

Rαβγη of Σ where{α, β, γ, η} ∈ {2, 3, 4, 5}, are related by the Gauss
equation:

RΣ
αβγη = Rαβγη + hαγhβη − hαηhβγ ,

where hαβ denotes the components of the second fundamental form A

of Σ. Moreover,
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Claim

RΣ = R =
3

2
;(3.13)

RicΣ = Ric+
∇∇fRic

f
;(3.14)

|RicΣ|2 = |Ric|2 + |∇∇fRic|2
f 2

.(3.15)

(3.16)

Kαβ =
1

2
(λα + λβ)−

1

4
− 1

2
(K1α +K1β) +

1

4f
[1− (λα + λβ)]

− 1

2f

[
(
1

2
− λα)

2 + (
1

2
− λβ)

2

]
− 1

f
(
1

2
− λα)(

1

2
− λβ) +WΣ

αβ ,

where WΣ
αβ = WΣ

αβαβ denotes the components of the Weyl curvature of
Σ.

In fact, it follows from the Gauss equation that

RΣ
αβ = Rαβ −R1α1β +Hhαβ − hαγhγβ

and the scalar curvature RΣ of Σ satisfies

RΣ = R− 2R11 +H2 − |A|2.
Since R = 3

2
, Ric(∇f, ·) = 0, R1i = 0, i = 1, ..., 5, then

RΣ = R +H2 − |A|2.
Noting

hαβ =
fαβ

|∇f | =
1
2
− λα√
f

δαβ ,

then the mean curvature satisfies

H =
4
2
−
∑

λα√
f

=
1

2
√
f

and

|A|2 =1

f

∑
(
1

2
− λα)

2 =
1

f
(1−

∑
λα +

∑
λ2
α)

=
1

f
(1− 3

2
+

3

4
) =

1

4f
.
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Hence, RΣ = R = 3
2
. Together with (3.12), we see

RΣ
αβ =Rαβ −

∇∇fRαβ +
(
1
2
Rαβ − RαkRkβ

)

f
+

1
2
− λα

2f
δαβ

− (1
2
− λα)(

1
2
− λβ)

f
δαγδγβ

=Rαβ −
∇∇fRαβ

f
+

1

f
[−λα(

1

2
− λα) +

1

2
(
1

2
− λα)− (

1

2
− λα)

2]δαβ

=Rαβ −
∇∇fRαβ

f
,

which implies (3.14) holds.

By |Ric|2 = 3
4
agian, we have Ric · ∇∇fRic = 0.

|RicΣ|2 = |Ric|2 + |∇∇fRic|2
f 2

− 2
Ric · ∇∇fRic

f

= |Ric|2 + |∇∇fRic|2
f 2

.

Finally, recall that the relationship between curvature and the Weyl
curvature

Rijkl = Wijkl +
1

n− 2
(gikRjl − gilRjk − gjkRil + gjlRik)

− 1

(n− 1)(n− 2)
R(gikgjl − gilgjk),

and we get

KΣ
αβ =WΣ

αβ +
1

2
(RΣ

αα +RΣ
ββ)−

1

6
RΣ

=WΣ
αβ +

1

2
(Rαα −K1α +Hhαα − h2

αα +Rββ −K1β +Hhββ − h2
ββ)−

1

4

=WΣ
αβ +

1

2

(
λα + λβ −K1α −K1β +H(hαα + hββ)− h2

αα − h2
ββ

)
− 1

4
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on the hypersurface Σ. It follows from the Gauss equation that

Kαβ =KΣ
αβ − hααhββ + h2

αβ

=
1

2

(
λα + λβ −K1α −K1β +H(hαα + hββ)− h2

αα − h2
ββ

)

− 1

4
− hααhββ +WΣ

αβ

=
1

2
(λα + λβ)−

1

4
− 1

2
(K1α +K1β) +

1

4f
[(
1

2
− λα) + (

1

2
− λβ)]

− 1

2f

[
(
1

2
− λα)

2 + (
1

2
− λβ)

2

]
− 1

f
(
1

2
− λα)(

1

2
− λβ) +WΣ

αβ .

We have completed the proof of equations (3.13)-(3.16) in Claim.

Using equations (3.13)-(3.16), we have the following result.

Lemma 3.5. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature 3
2
. Then

− 2

5∑

α=3

K2αλα

=− 2(λ1 + λ2)[1− (λ1 + λ2)] +
3

2f
∇f · ∇(λ1 + λ2)

− 1

f
∇f · ∇(λ1 + λ2)

2 +
5∑

α=2

K1αλα +
1

f

5∑

α=3

(
1

2
− λα)

2λα

− 2

5∑

α=3

WΣ
2αλα.

Proof. It follows from (3.16) that

− 2

5∑

α=3

K2αλα

=−
5∑

α=3

(λ2 + λα)λα +
1

2

5∑

α=3

λα +

5∑

α=3

(K12 +K1α)λα − 2

5∑

α=3

WΣ
2αλα

+
1

2f

5∑

α=3

[
(
1

2
− λ2) + (

1

2
− λα)

]
λα − 2

f
(
1

2
− λ2)

5∑

α=3

(
1

2
− λα)λα

+
1

f

[
(
1

2
− λ2)

2
5∑

α=3

λα +
5∑

α=3

(
1

2
− λα)

2λα

]
.
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Next, we handle these items one by one. First, we see

−
5∑

α=3

(λ2 + λα)λα +
1

2

5∑

α=3

λα

=− λ2(
3

2
− λ2)− (

3

4
− λ2

2) +
1

2f
(
3

2
− λ2)

=− 2λ2(1− λ2),

Notice that
∑5

α=3 λα = 3
2
− λ2 and

∑5
α=3 λ

2
α = 3

4
− λ2

2, it is easy to
check

1

2f

5∑

α=3

[
(
1

2
− λ2) + (

1

2
− λα)

]
λα

− 2

f
(
1

2
− λ2)

5∑

α=3

(
1

2
− λα)λα +

1

f
(
1

2
− λ2)

2
5∑

α=3

λα

=− 1

f
λ2(

1

2
− λ2)(

3

2
− 2λ2).

It follows from (3.11) that

5∑

α=3

(K12 +K1α)λα

=K12(
3

2
− 2λ2) +

5∑

α=2

K1αλα

=(
3

2
− 2λ2)

1

f

[
∇f · ∇λ2 + λ2(

1

2
− λ2)

]
+

5∑

α=2

K1αλα

=
3

2f
∇f · ∇λ2 −

1

f
∇f · ∇λ2

2 + λ2(
1

2
− λ2)(

3

2
− 2λ2) +

5∑

α=2

K1αλα

Therefore, we have

− 2

5∑

α=3

K2αλα

=− 2λ2(1− λ2) +
3

2f
∇f · ∇λ2 −

1

f
∇f · ∇λ2

2

+

5∑

α=2

K1αλα +
1

f

5∑

α=3

(
1

2
− λα)

2λα − 2

5∑

α=3

WΣ
2αλα.

The proof of Lemma 3.5 was thus completed. �
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We have the following two basic inequalities to obtain our desired
estimate.

Lemma 3.6. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature 3
2
. Then

(3.17) (
1

2
− λα)

2 ≤
5∑

α=3

(
1

2
− λα)

2 = λ2(1− λ2)

for α = 3, 4, 5.

(3.18)

5∑

α=3

(
1

2
− λα)

2λα ≤ λ2(1− λ2)(
3

2
− λ2).

(3.19)

5∑

α=3

(
1

2
− λα)

2λ2
α ≤ λ2(1− λ2)(

3

4
− λ2

2).

Proof. It follows from (2.6) that

0 =

5∑

α=2

λα(
1

2
− λα)

=−
5∑

α=2

[
(
1

2
− λα)

2 +
1

2
(
1

2
− λα)

]

=−
5∑

α=2

(
1

2
− λα)

2 +
1

4
,

which yeilds that

5∑

α=3

(
1

2
− λα)

2 =
1

4
− (

1

2
− λ2)

2

=λ2(1− λ2).

Therefore, we have

5∑

α=3

(
1

2
− λα)

2λα

≤λ2(1− λ2)(λ3 + λ4 + λ5)

= λ2(1− λ2)(
3

2
− λ2).

Similarly, (3.19) holds.
�
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Finally, we have the following proposition.

Proposition 3.7. Let (M5, g, f) be a five dimensional shrinking gra-

dient Ricci soliton with constant scalar curvature R = 3
2
. We have the

following inequality holds in the barrier sense,

∆f (λ1 + λ2)

≤− (λ1 + λ2) + 2(λ1 + λ2)
2 +

3

2f
∇f · ∇(λ1 + λ2)

− 1

f
∇f · ∇(λ1 + λ2)

2 +
2

f
(λ1 + λ2)[1− (λ1 + λ2)]

[
3

2
− (λ1 + λ2)

]

− 2
5∑

α=3

WΣ
2αλα

on M \D(a) for some a > 0.

Proof. By inserting equations from Lemma 3.5 and 3.4 into (3.10), we
obtain:

∆f (λ1 + λ2)

≤λ2 − 2

5∑

α=2

K1αλα − 2

5∑

α=3

K2αλα

=− λ2 + 2λ2
2 +

3

2f
∇f · ∇λ2 −

1

f
∇f · ∇λ2

2

+
2

f

5∑

α=3

(
1

2
− λα)

2λα − 2

5∑

α=3

WΣ
2αλα

≤− λ2 + 2λ2
2 +

3

2f
∇f · ∇λ2 −

1

f
∇f · ∇λ2

2

+
2

f
λ2(1− λ2)(

3

2
− λ2)− 2

5∑

α=3

WΣ
2αλα,

where (3.18) was used in the last inequality, and the proof of this
proposition was completed. �

Remark. In Proposition 3.7, the estimate of ∆f(λ1 + λ2) involves
the term related to the Weyl curvature of the level set, which does
not appear in the case of 4-dimensional gradient Ricci solitons, thereby
making the higher-dimensional case more difficult.

4. A key estimate of |∇Ric|2

In this section, we will derive a key estimate of |∇Ric|2, focusing on
effective control of the Weyl curvature.
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Next, we proceed to calculate |∇Ric|2.

Lemma 4.1. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature R = 3
2
. Then we have

|∇Ric|2 = 2
5∑

α,β=2,α6=β

Kαβλαλβ −
3

4

Proof. Notice that |Ric|2 = 1
2
R = 3

4
agian, we start with

1

2
∆f (|Ric|2) = Rij∆fRij + |∇Ric|2,

which implies

|∇Ric|2 = −
5∑

i,j=1

Rij∆fRij

=

5∑

i,j=1

Rij(2RikjlRkl − Rij)

= 2
5∑

α,β=2,α6=β

Rαβαβλαλβ − |Ric|2

= 2

5∑

α,β=2,α6=β

Kαβλαλβ −
3

4
.

This completes the proof. �

Subsequently, we deal with the right hand side of the equation in
Lemma 4.1, and have the following key estimate of |∇Ric|2.

Proposition 4.2. Let (M5, g, f) be a five dimensional shrinking gra-

dient Ricci soliton with constant scalar curvature R = 3
2
. There exists

a constant C > 0, such that

|∇Ric|2 ≤ C(λ1 + λ2) +K12 + C|WΣ(s)|2

on M \D(a) for some a > 0 and s ≥ a.
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Proof. It follows from (3.16) that

|∇Ric|2 =

5∑

α,β=2,α6=β

2Kαβλαλβ −
3

4

=

(
5∑

α,β=2,α6=β

(λα + λβ)−
1

2

)
λαλβ −

3

4

−
5∑

α,β=2,α6=β

(K1α +K1β)λαλβ

+

5∑

α,β=2,α6=β

1

2f
[(
1

2
− λα) + (

1

2
− λβ)]λαλβ

−1

f

5∑

α,β=2,α6=β

[
(
1

2
− λα)

2 + (
1

2
− λβ)

2

]
λαλβ

−2

f

5∑

α,β=2,α6=β

(
1

2
− λα)(

1

2
− λβ)λαλβ + 2

5∑

α,β=2,α6=β

WΣ
αβλαλβ.

Next, we handle these terms one by one.
Claim 1.

I :=

(
5∑

α,β=2,α6=β

(λα + λβ)−
1

2

)
λαλβ −

3

4

≤ −3

2
(λ1 + λ2) + 6(λ1 + λ2)

2 − 6(λ1 + λ2)
3 + 6(λ1 + λ2)

3

2 .

In fact, we rewrite I as follows,

(4.20)

I =2

5∑

α,β=2,α6=β

λ2
αλβ −

1

2

5∑

α,β=2,α6=β

λαλβ −
3

4

=2

5∑

α=2

λ2
α(
3

2
− λα)−

1

2

5∑

α=2

λα(
3

2
− λα)−

3

4

=− 2
5∑

α=2

λ3
α +

7

2

5∑

α=2

λ2
α − 3

4

5∑

α=2

λα − 3

4

=− 2
5∑

α=3

λ3
α − 2λ3

2 +
3

4
.
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Here we used the facts

5∑

α=2

λα =
3

2
and

5∑

α=2

λ2
α =

3

4

in the last equality.

It follows from the appendix of Cheng-Zhou’s paper [19] that

−2σ3 = σ1
3 − 3σ1σ2 − 6λ3λ4λ5,

where σi =:
∑5

α=1 λ
i
α for i = 1, 2, 3. Therefore, by using the facts

5∑

α=3

λα =
3

2
− λ2 and

5∑

α=3

λ2
α =

3

4
− λ2

2

again, we have

−2

5∑

α=3

λ3
α =

(
5∑

α=3

λα

)3

− 3

(
5∑

α=3

λα

)(
5∑

α=3

λα

)2

− 6λ3λ4λ5

= (
3

2
− λ2)

3 − 3(
3

2
− λ2)(

3

4
− λ2

2)− 6λ3λ4λ5.

It can be calculated directly that

λ3λ4λ5

= (λ3 −
1

2
)(λ4 −

1

2
)(λ5 −

1

2
) +

1

2
(λ3λ4 + λ3λ5 + λ4λ5)

−1

4
(λ3 + λ4 + λ5) +

1

8

= (λ3 −
1

2
)(λ4 −

1

2
)(λ5 −

1

2
) +

1

4

[
(λ3 + λ4 + λ5)

2 − (λ2
3 + λ2

4 + λ2
5)
]

−1

4
(λ3 + λ4 + λ5) +

1

8

= (λ3 −
1

2
)(λ4 −

1

2
)(λ5 −

1

2
) +

1

4
(
3

2
− λ2)

2 − (
3

4
− λ2

2)

−1

4
(
3

2
− λ2) +

1

8

= (λ3 −
1

2
)(λ4 −

1

2
)(λ5 −

1

2
) +

1

2
λ2(λ2 − 1) +

1

8
.
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Hence, plugging the above two equalities into (4.20), we obtain

I = (
3

2
− λ2)

3 − 3(
3

2
− λ2)(

3

4
− λ2

2)− 6(λ3 −
1

2
)(λ4 −

1

2
)(λ5 −

1

2
)

−3λ2(λ2 − 1)− 3

4
+

3

4

= −3

2
λ2 + 6λ2

2 − 6λ3
2 − 6(λ3 −

1

2
)(λ4 −

1

2
)(λ5 −

1

2
).

Moreover, |λα − 1
2
|2 ≤ λ2(1 − λ2) ≤ λ2 holds for α = 3, 4, 5 due to

(3.17), and thus

I ≤ −3

2
λ2 + 6λ2

2 − 6λ3
2 + 6λ

3

2

2 .

We have completed the proof of Claim 1.

Second, we would like to handle the term

II := −
5∑

α,β=2,α6=β

(K1α +K1β)λαλβ.

Claim 2.

II ≤ 2
|∇Ric|2

f
+ C(λ1 + λ2) +

1

2
K12.

In fact, we rewrite this term as follows

II = −
5∑

α,β=2,α6=β

(K1α +K1β)λαλβ

= −2

5∑

α,β=2,α6=β

K1αλαλβ

= −2

5∑

α=2

K1αλα(R− λα)

= −3

5∑

α=2

K1αλα + 2

5∑

α=2

K1αλ
2
α

= −3
5∑

α=2

K1αλα + 2

[
5∑

α=2

K1α(λα − 1

2
)2 +

5∑

α=2

K1αλα − 1

4

5∑

α=2

K1α

]

= −
5∑

α=2

K1αλα + 2
5∑

α=2

K1α(λα − 1

2
)2.
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where

5∑

α=2

K1α = R11 = 0

was used in the last equality. Due to Lemma 3.4 and (3.18), we obtain

−
5∑

α=2

K1αλα =
1

f
[(λ2 −

1

2
)2λ2 +

5∑

α=3

(λα − 1

2
)2λα]

≤ 1

f

[
(λ2 −

1

2
)2λ2 + λ2(1− λ2)(

3

2
− λ2)

]

≤ C
λ1 + λ2

f
.

It follows from (3.11) that

2

5∑

α=2

K1α(λα − 1

2
)2

= 2K12(λ2 −
1

2
)2 + 2

5∑

α=3

K1α(λα − 1

2
)2

≤ 2K12(λ
2
2 − λ2 +

1

4
) +

5∑

α=3

K2
1α +

5∑

α=3

(λα − 1

2
)4

≤ 2K12(λ2 − 1)λ2 +
1

2
K12 +

5∑

α=3

K2
1α +

5∑

α=3

(λα − 1

2
)4

≤ K2
12 + (λ2 − 1)2λ2

2 +
1

2
K12 +

5∑

α=3

K2
1α +

[
5∑

α=3

(λα − 1

2
)2

]2

=
5∑

α=2

K2
1α +

[
(λ2 − 1)2λ2

2 + (1− λ2)
2λ2

2

]
+

1

2
K12

≤ 2
|∇Ric|2

f
+ C(λ1 + λ2) +

1

2
K12

for some constant C. Here the following inequality was used in the last
equality,
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(4.21)

5∑

α=2

K2
1α =

1

f 2

5∑

α=2

[
∇f · ∇λα + λα(

1

2
− λα)

]2

≤ 2

f 2

[
5∑

α=2

(∇f · ∇λα)
2 +

5∑

α=2

λ2
α(
1

2
− λα)

2

]

≤2
|∇Ric|2

f
+

2

f 2

5∑

α=2

λ2
α(
1

2
− λα)

2

≤2
|∇Ric|2

f
+

2

f 2

[
λ2
2(
1

2
− λ2)

2 +

5∑

α=3

λ2
αλ2(1− λ2)

]

≤2
|∇Ric|2

f
+

2

f 2
λ2

[
λ2(

1

2
− λ2)

2 + (
3

4
− λ2)(1− λ2)

]

≤2
|∇Ric|2

f
+

C

f 2
(λ1 + λ2)

due to the boundedness of Ricci curvature. In conclusion, we obtain

II ≤ 2
|∇Ric|2

f
+ C(λ1 + λ2) +

1

2
K12.

Thus, we have completed the proof of Claim 2.

Claim 3.

III :=

5∑

α,β=2,α6=β

1

2f
[(
1

2
− λα) + (

1

2
− λβ)]λαλβ

−1

f

5∑

α,β=2,α6=β

[
(
1

2
− λα)

2 + (
1

2
− λβ)

2

]
λαλβ

−2

f

5∑

α,β=2,α6=β

(
1

2
− λα)(

1

2
− λβ)λαλβ

≤ C2

f
(λ1 + λ2).
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In fact, we rewrite the first two term of III as follows,

1

f

5∑

α,β=2,α6=β

(
1

2
− λα)λαλβ −

2

f

5∑

α,β=2,α6=β

(
1

2
− λα)

2λαλβ

=
1

f

5∑

α=2

(
1

2
− λα)λα(

3

2
− λα)−

2

f

5∑

α=2

(
1

2
− λα)

2λα(
3

2
− λα)

=
1

f

5∑

α=2

(
1

2
− λα)λα(

3

2
− λα)(1− 1 + 2λα)

=
2

f

[
5∑

α=2

λ2
α(
1

2
− λα) +

5∑

α=2

λ2
α(
1

2
− λα)

2

]

=
2

f

[
−

5∑

α=2

λα(
1

2
− λα)

2 +
1

2

5∑

α=2

λα(
1

2
− λα) +

5∑

α=2

λ2
α(
1

2
− λα)

2

]

∑5
α=2 λα(

1
2
− λα) = 0 since

5∑

α=2

λα = R = 2|Ric|2 = 2

5∑

α=2

λ2
α.

It follows from (3.18) and (3.19) that

|
5∑

α=2

λα(
1

2
− λα)

2| ≤ λ2(
1

2
− λ2)

2 + λ2(1− λ2)(
3

2
− λ2)

= λ2

[
(
1

2
− λ2)

2 + (1− λ2)(
3

2
− λ2)

]

and
5∑

α=2

λ2
α(
1

2
− λα)

2 ≤ λ2
2(
1

2
− λ2)

2 + λ2(1− λ2)(
3

4
− λ2

2)

= λ2

[
λ2(

1

2
− λ2)

2 + (1− λ2)(
3

4
− λ2

2)

]
.

Hence,

1

f

5∑

α,β=2,α6=β

(
1

2
− λα)λαλβ −

2

f

5∑

α,β=2,α6=β

(
1

2
− λα)

2λαλβ

≤ C

f
(λ1 + λ2)
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for some constant C, since the Ricci curvature is nonnegative and
bounded.
We consider the third term of III as follows,

−
5∑

α,β=2,α6=β

(
1

2
− λα)(

1

2
− λβ)λαλβ

= −1

2

5∑

α,β=2,,α6=β

(
1

2
− λα)λαλβ +

5∑

α,β=2,α6=β

(
1

2
− λα)λαλ

2
β

= −1

2

5∑

α=2

(
1

2
− λα)λα(

3

2
− λα) +

5∑

α=2

(
1

2
− λα)λα(

3

4
− λ2

α)

= −3

4

5∑

α=2

(
1

2
− λα)λα +

1

2

5∑

α=2

(
1

2
− λα)λ

2
α

+
3

4

5∑

α=2

(
1

2
− λα)λα −

5∑

α=2

(
1

2
− λα)λ

3
α

=

5∑

α=2

λ2
α(
1

2
− λα)

2

≤ λ2

[
λ2(

1

2
− λ2)

2 + (1− λ2)(
3

4
− λ2

2)

]
,

which implies that

−2

f

5∑

α,β=2,,α6=β

(
1

2
− λα)(

1

2
− λβ)λαλβ ≤ C

f
(λ1 + λ2).

for some constant C, since the Ricci curvature is nonnegative and
bounded. Therefore we have

III ≤ C

f
(λ1 + λ2).

We have completed the proof of Claim 3.

Finally, we consider the term IV := 2
∑5

α,β=2W
Σ(s)
αβ λαλβ .

Claim 4.

IV ≤ 17

4

[
ǫ(λ1 + λ2) +

1

ǫ
|WΣ(s)|2

]

for any constant ǫ > 0 satisfying 17
4
ǫ ≤ 1

4
.
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In fact, we rewrite the first two term of IV as follows,

IV =4W
Σ(s)
23 λ2λ3 + 4W

Σ(s)
24 λ2λ4 + 4W

Σ(s)
25 λ2λ5

+ 4W
Σ(s)
34 λ3λ4 + 4W

Σ(s)
35 λ3λ5 + 4W

Σ(s)
45 λ4λ5

=4λ2(W
Σ(s)
23 λ3 +W

Σ(s)
24 λ4 +W

Σ(s)
25 λ5)

+ 2λ3(W
Σ(s)
34 λ4 +W

Σ(s)
35 λ5)

+ 2λ4(W
Σ(s)
34 λ3 +W

Σ(s)
45 λ5)

+ 2λ5(W
Σ(s)
35 λ3 +W

Σ(s)
45 λ4).

Using the fact that
∑5

α=2W
Σ(s)
3α = 0 again, we have

2λ3(W
Σ(s)
34 λ4 +W

Σ(s)
35 λ5)

= 2λ3

[
W

Σ(s)
34 (λ4 −

1

2
) +W

Σ(s)
35 (λ5 −

1

2
)− 1

2
W

Σ(s)
32

]

≤ 2(|WΣ(s)
34 |2 + |WΣ(s)

35 |2) 1

2

[
(λ4 −

1

2
)2 + (λ5 −

1

2
)2
] 1

2

−W
Σ(s)
23 λ3

≤ 2|WΣ(s)|λ
1

2

2 −W
Σ(s)
23 λ3

≤
(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
−W

Σ(s)
23 λ3

for any ǫ > 0, where we used the fact

(λ4 −
1

2
)2 + (λ5 −

1

2
)2 ≤ λ2(1− λ2) ≤ λ2

in the second inequality. Similarly,

2λ4(W
Σ(s)
34 λ3 +W

Σ(s)
45 λ5) ≤

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
−W

Σ(s)
24 λ4

and

2λ5(W
Σ(s)
35 λ3 +W

Σ(s)
45 λ4) ≤

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
−W

Σ(s)
25 λ5.

Therefore,

IV ≤ 4λ2

5∑

α=3

W
Σ(s)
2α λα + 3

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
−

5∑

α=3

W
Σ(s)
2α λα.



26 FENGJIANG LI, JIANYU OU, YUANYUAN QU, AND GUOQIANG WU

Next, we would like to deal with the term
∑5

α=3W
Σ(s)
2α λα. Since the

Weyl curvature is tracefree, we see

5∑

α=3

W
Σ(s)
2α =

5∑

α=3

W
Σ(s)
2α2α = 0,

and then

(4.22)

|WΣ(s)
23 λ3 +W

Σ(s)
24 λ4 +W

Σ(s)
25 λ5|

=|WΣ(s)
23 (λ3 −

1

2
) +W

Σ(s)
24 (λ4 −

1

2
) +W

Σ(s)
25 (λ5 −

1

2
)|

≤|WΣ(s)|[(λ3 −
1

2
)2 + (λ4 −

1

2
)2 + (λ5 −

1

2
)2]

1

2

=|WΣ(s)|[λ2(1− λ2)]
1

2

≤|WΣ(s)|λ
1

2

2

≤1

2

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
.

Therefore, we see

IV ≤ 2λ2

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
+ 3

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)

+
1

2

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)

≤ 17

4

(
ǫλ2 +

1

ǫ
|WΣ(s)|2

)
,

due to the fact 4λ2 ≤ R = 3
2
. We have completed the proof of Claim

4.

Consequently, from Claims 1–4, we obtain that

|∇Ric|2 = I + II + III + IV

≤ −3

2
(λ1 + λ2) + 6(λ1 + λ2)

2 − 6(λ1 + λ2)
3 + 6(λ1 + λ2)

3

2

+2
|∇Ric|2

f
+ C(λ1 + λ2) +

1

2
K12 +

C2

f
(λ1 + λ2)

+
17

4

(
ǫ(λ1 + λ2) +

1

ǫ
|WΣ(s)|2

)

≤ 2
|∇Ric|2

f
+ C(λ1 + λ2) +

1

2
K12 + C|WΣ(s)|2,
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for some constant C and small ǫ satisfying 17
4
ǫ ≤ 1

4
.

Hence

|∇Ric|2 ≤ C(λ1 + λ2) +K12 + C|WΣ(s)|2

on M \ D(a), where C and a > 0 are constants. We have completed
the proof of Proposition 4.2.

�

5. Curvature bound and uniform decay of λ1 + λ2

In this section, based the point-picking argument, we will prove the
Riemannian curvature is bounded. This is because

∫
Σ
|W |2 tends to

zero at infinity, which implies the blowing up limit must be flat. By
the similar argument, we can also prove that λ1 + λ2 → 0 and ∇∇fRic

also tend to zero.

In order to prove the curvature bound, we continue to handle the
term K12 in Proposition 4.2 and have the following lemma.

Lemma 5.1. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature R = 3
2
. There is some

constant C > 0, such that

|∇Ric|2 ≤ C(λ1 + λ2) + C|WΣ(s)|2 + C

on M \D(a) for some a > 0 and s ≥ a.

Proof. We need to rewrite the equation in Propositon 4.2 in the follow-
ing way.

|∇Ric|2 ≤ C(λ1 + λ2) +K12 + C|WΣ(s)|2

≤ C(λ1 + λ2) +K2
12 +

1

16
+ C|WΣ(s)|2

From equation (4.21), we have

K2
12 ≤ 2

|∇Ric|2
f

+
C

f 2
(λ1 + λ2)

Thus, we have

|∇Ric|2 ≤ C(λ1 + λ2) + 2
|∇Ric|2

f
+

1

16
+ C|WΣ(s)|2,

which yields

|∇Ric|2 ≤ C(λ1 + λ2) + C|WΣ(s)|2 + C

for some constant C. �
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Next, we have the relationship between
∫
Σ(s)

|WΣ(s)|2dσ and the Ricci

curvature by the Gauss-Bonnet-Chern formula.

Lemma 5.2. Let (M5, g, f) be a five dimensional shrinking gradient

Ricci soliton with constant scalar curvature R = 3
2
. Then we have

(5.23)

∫

Σ(s)

|WΣ(s)|2dσ = 2

∫

Σ(s)

|∇∇fRic|2
f 2

dσ ≤ 2

∫

Σ(s)

|∇Ric|2
f

dσ.

Proof. Recall the Gauss-Bonnet-Chern formula: for a closed, oriented
4-dimensional Riemannian manifold (N4, g),

χ(N4) =
1

4π2

∫

N4

[
1

8
|Wg|2 −

1

12

(
∆gRg − R2

g + 3|Ricg|2
)]

dV,

where χ(N4) is the Euler characteristic ofN4, Wg, Rg, Ricg are its Weyl
curvature, scalar curvature and Ricci curvature, respectively, ∆g is the
Laplacian operator with the metric g, and dV is the volume element
of N4.
On a five dimensional simply connected shrinking Ricci soliton with

R = 3
2
, it follows from Proposition 2.2 that the zero set f−1(0) is a

three dimensional simply connected closed manifold. Actually, f−1(0)
is the deformation contraction of M5, hence has to be diffeomorphic to
S
3. Because

f(x) =
1

4
d(x, f−1(0))2, f = |∇f |2

and the exponential map is a local diffeomorphism, it is easy to see
that f−1(s) is diffeomorphic to S1 × S3 when s is small and positive.
Hence all the level set of f are diffeomorphic to S1 × S3 since f has no
critical point away from f−1(0). Therefore,

χ(Σ(s)) = χ(S3 × S
1) = 0,

where Σ(s) = f−1(s) for s > 0.
As for

∫
Σ(s)

|WΣ(s)|2dσ, putting equations (3.13) and (3.15) into the

Gauss-Bonnet formula, we get
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∫

Σ(s)

|WΣ(s)|2dσ

=

∫

Σ(s)

2

[
|RicΣ(s)|2 − 1

3
(RΣ(s))2

]
+ 32π2χ(Σ(s))

=

∫

Σ(s)

2

(
|Ric|2 + |∇∇fRic|2

f 2
− 3

4

)
dσ

= 2

∫

Σ(s)

|∇∇fRic|2
f 2

dσ

≤ 2

∫

Σ(s)

|∇Ric|2|∇f |2
f 2

dσ

= 2

∫

Σ(s)

|∇Ric|2
f

dσ,

where the fact |∇f |2 = f was used in the last equality. �

Combining the above two lemmas, we have the following proposition.

Proposition 5.3. Suppose (M5, g, f) is a five dimensional shrinking

gradient Ricci soliton with R = 3
2
, then

∫

Σ(s)

|WΣ(s)|2dσ ≤
∫

Σ(s)

C

s
dσ ≤ C√

s
.

Proof. It follows from the above two lemmas that
∫

Σ(s)

|WΣ(s)|2dσ ≤ 2

∫

Σ(s)

|∇Ric|2
f

dσ

≤ 2

∫

Σ(s)

1

s

[
C(λ1 + λ2) + C|WΣ(s)|2 + C

]
dσ

≤ 2

∫

Σ(s)

C

s
dσ +

∫

Σ(s)

C

s
|WΣ(s)|2dσ

because of bounded Ricci curvature. Hence∫

Σ(s)

|WΣ(s)|2dσ ≤
∫

Σ(s)

C

s
dσ

for enough large s.
From item (v) in Poposition 2.2, the volume of Σ(s) satisfies

Vol(Σ(s)) = c
√
s
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for some constant c. Hence∫

Σ(s)

C

s
dσ ≤ C√

s
,

and we have completed the proof of this proposition. �

In order to prove the curvature bound, we recall the following results.

Lemma 5.4 ([18]). Given a complete noncompact Riemannian man-

ifold with unbounded curvature, we can find a sequence of point pj
divergent to infinity such that for each positive integer j, we have

|Rm(pj)| ≥ j and

|Rm(x)| ≤ 4|Rm(pj)|
for x ∈ B(pj ,

j√
|Rm(pj)|

).

Theorem 5.5. Suppose (M5, g, f) is a five dimensional shrinking gra-

dient Ricci soliton with R = 3
2
, then its curvature is bounded.

Proof. Suppose not, by Lemma 5.4, then there exists a sequence of
point pj divergent to infinity such that for each positive integer j, we
have |Rm(pj)| ≥ j and

|Rm(x)| ≤ 4|Rm(pj)|
for x ∈ B(pj,

j√
|Rm(pj)|

).

By the κ noncollapsed theorem in [27] and the scalar curvature is
bounded for (M, g), we get that Vol(B(pj, 1)) has a uniform positive
lower bound [27]. Then we can apply Hamilton’s compactness theorem

to obtain that the rescaled manifolds

(
B(pj , g,

j√
|Rm(pj )|

), |Rm(pj)|g, pj
)

converge to a smooth complete Riemannian manifold (M∞, g∞, p∞)
with |Rm(p∞)| = 1 which is Ricci flat because (M5, g) has bounded
Ricci curvature and |Rm(pj)| → ∞, moreover (M∞, g∞, p∞) has Eu-
clidean volume growth.

Since the integral curves of f passing through pj is a geodesic with
respect to (M, g), the geodesic segment of these curves contained in

B

(
pj,

j√
|Rm(pj)|

)
will converge to a geodesic line in (M∞, g∞), then

Cheeger-Gromoll’s splitting theorem ([15]) implies that M∞ = R×N4,
where N4 is Ricci flat and of Euclidean Volume growth.

Because (Σ(s), g) has the second fundamental form

h =
1
2
g − Ric

|∇f | ,
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which tends to zero as f → ∞, so the second fundamental form of

B

(
pj, g,

j√
|Rm(pj)|

)
∩ Σ(f(pj)) with metric |Rm(pj)|g converges to

zero. This implies the level set B

(
pj , g,

j√
|Rm(pj)|

)
∩ Σ(f(pj)) with

the induced rescaled metrics |Rm(pj)|g will converge to N4.

On the other hand, we have the key estimate by Proposition 5.3,
∫

Σ(s)

|WΣ(s)|2 ≤ C√
s
→ 0

as s → ∞.

It is known that integral of the weyl curvature is scaling invariant in
dimension 4. All the above implies that

∫

B(pj ,|Rm(pj)|g,j)∩Σ(f(pj))

|WΣ(f(pj))|2 ≤ C√
f(pj)

→ 0.

So N4 has vanishing weyl curvature, hence it is flat. This contradicts
the fact that |Rm(p∞)| = 1. �

Theorem 5.6. Suppose (M5, g, f) is a five dimensional shrinking gra-

dient Ricci soliton with R = 3
2
, then λ1 + λ2 → 0 at infinity.

Proof. Suppose on the contrary, then there exists a sequence of qj di-
vergent to infinity with (λ1 + λ2)(qj) ≥ δ for some δ > 0.

As [32], define fj(x) =
f(x)−f(qj )

|∇f(qj)|
. By Theorem 5.5, we have the

curvature is bounded, so the pointed manifolds (M, g, qj) converge in
Cheeger-Gromov sense to (M∞, g∞, q∞). Since |∇fj(qj)| = 1,

∇2fj =
∇2f

|∇f(qj)|
=

1
2
g − Ric

|∇f(qj)|
tends to zero at infinity, fj converges to a smooth function f∞ with
|∇f∞|(q∞) = 1 and ∇2f∞ = 0. Hence M∞ = R × N4, where N4 is a
four dimensional complete Riemannian manifold with Ric ≥ 0 and of
constant scalar curvature 3

2
. Moreover, λ1(q∞) ≥ δ.

Again as the above theorem, (Σ(s), g) has second fundamental form

h =
1
2
g − Ric

|∇f | ,

which tends to zero as s → ∞; this implies the level set Σ(f(qj)) with
the induced induced metric will converge to N4 with λ1(q̃∞) ≥ δ, where
q∞ = (0, q̃∞).
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Proposition 5.3 gives∫

Σ(f(qj))

|WΣ(f(qj))|2 ≤ C√
f(qj)

→ 0

as s → ∞. So N4 has vanishing Weyl curvature. Since Vol(Σ(s)) =
c
√
s, N4 must be noncompact.

Thanks to the classification of complete locally conformally flat man-
ifolds with nonnegative Ricci curvature by Zhu [44] and Carron-Herzlich
[13], N4 is one of the following:

(1) N is non-flat and globally conformally equivalent to R
4;

(2) N is globally conformally equivalent to a space form of positive
curvature;

(3) N is locally isometric to the cylinder R× S3;

(4) N is isometric to a complete flat manifold.

If case (1) happens, then there is a positive function u such that
gN = u2gE has constant scalar curvature 3

2
, where gE is the Euclidean

metric. Equivalently,

∆u+
1

4
u2 = 0 on R

4.(5.24)

By Caffarelli-Gidas-Spruck [5] or Chen-Li [16], the solution to (5.24)
has been classified, and none give a complete metric. Contradiction.
Case (2) is impossible, since N is noncompact. If case (3) happens,
it contradicts with λ1(q̃∞) ≥ δ. Case (4) can not happen, since N is
nonflat.
In all, the Weyl curvature of N4 couldn’t be zero, contradiction. �

Similarly, we have the following corollary.

Corollary 5.7. Suppose (M5, g, f) is a five dimensional shrinking gra-

dient Ricci soliton with R = 3
2
, then

∇∇f
Ric → 0

and

Ric− 2Rm ∗Ric → 0

at infinity.

Proof. The proof is similar to the above theorem, and notice that

∆Ric = 0

and

Ric− Rm ∗Ric = 0
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on R× R× S3.
Combining with

∆fRic = ∆Ric−∇∇fRic = Ric− Rm ∗Ric

gives the desired result.
�

6. The Proof of Theorem 1.1

In this section, we improve the estimate on
∫
Σ(s)

|WΣ(s)|2, then we

show λ1 + λ2 = 0 by the integral method, thereby proving Theorem
1.1.

To complete the proof of Theorem 1.1, we address |∇Ric|2 in Propo-
sition 4.2 and present the following results.

Proposition 6.1. Let (M5, g, f) be a five dimensional shrinking gradi-

ent Ricci soliton with R = 3
2
. Denote u = λ1+λ2, h = f + 3

2
log f − 40

f
,

then ∫

M\D(a)

∆hu · e−h ≤ −0.1

∫

M\D(a)

u · e−hdvol ≤ 0.

where a is sufficiently large.

Proof. First, we claim that

(6.25)

∫

M\D(a)

|WΣ(s)|2 · e−hdvol

≤
∫

M\D(a)

[
C(λ1 + λ2)

f
+

2∇f · ∇(λ1 + λ2)

f 2

]
· e−hdvol.

In fact, due to λ1 + λ2 → 0 at infinity, it follows from Proposition 4.2
that

|∇Ric|2 ≤ C(λ1 + λ2) +K12 + C|WΣ(s)|2,
for some constant C. Then by Lemma 5.2

∫

Σ(s)

|WΣ(s)|2 ≤
∫

Σ(s)

[
C(λ1 + λ2)

f
+

K12

f
+

C|WΣ(s)|2
f

]
.

By the absorbing inequality,
∫

Σ(s)

(1− C

f
)|WΣ(s)|2 ≤

∫

Σ(s)

C(λ1 + λ2)

f
+

K12

f
.

for s ≥ a with a large. Thus, we immediately derive that
∫

Σ(s)

|WΣ(s)|2 ≤
∫

Σ(s)

C(λ1 + λ2)

f
+ 2

K12

f
.
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Combining this with equation (3.11), we see that
∫

M\D(a)

|WΣ(s)|2 · e−hdvol

≤
∫

M\D(a)

[
C(λ1 + λ2)

f
+ 2

K12

f

]
· e−hdvol

≤
∫

M\D(a)

[
C(λ1 + λ2)

f
+

2∇f · ∇(λ1 + λ2)

f 2

]
· e−hdvol.

Noticing that λ1 + λ2 → 0 at infinity and substituting inequality
(4.22) into Proposition 3.7, we get

∆f(λ1+λ2) ≤ −0.9(λ1+λ2)+
3

2f
∇f ·∇(λ1+λ2)+ǫ|WΣ|2+ 1

ǫ
(λ1+λ2)

for any ǫ > 0. Together with (6.25), taking ǫ = 20, it is easy to see
that

∫

M\D(a)

∆f (λ1 + λ2) · e−hdvol

≤ −0.9

∫

M\D(a)

(λ1 + λ2) · e−hdvol

+

∫

M\D(a)

3∇f · ∇(λ1 + λ2)

2f
· e−hdvol

+ε

∫

M\D(a)

|WΣ(s)|2 · e−hdvol +
1

ε

∫

M\D(a)

(λ1 + λ2) · e−hdvol

≤ −0.8

∫

M\D(a)

(λ1 + λ2) · e−hdvol

+

∫

M\D(a)

3∇f · ∇(λ1 + λ2)

2f
· e−hdvol

+ǫ

∫

M\D(a)

2∇f · ∇(λ1 + λ2)

f 2
· e−hdvol

≤ −0.8

∫

M\D(a)

(λ1 + λ2) · e−hdvol

+
3

2

∫

M\D(a)

∇ log f · ∇(λ1 + λ2) · e−hdvol

+40

∫

M\D(a)

∇f · ∇(λ1 + λ2)

f 2
· e−hdvol.
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for sufficiently large a > 0. Then we obtain
∫

M\D(a)

∆h(λ1 + λ2)e
−h ≤ −0.8

∫
M\D(a)

(λ1 + λ2) · e−hdvol,

where

h = f +
3

2
log f − 40

f
.

For simplicity, we denote u = λ1+λ2, and then the above inequality
becomes∫

M\D(a)

∆hu · e−h ≤ −0.8

∫

M\D(a)

u · e−hdvol ≤ 0,

where a is sufficiently large. Thus, we have completed the proposition.
�

Proposition 6.2. Let (M5, g, f) be a five dimensional shrinking gra-

dient Ricci soliton with R = 3
2
. Then

∫

M\D(b)

∆hu · e−h ≥ 0

for some b ≥ a, where u = λ1 + λ2, h = f + 3
2
log f − 40

f
and constant

a is the same as in Proposition 6.1.

Proof. Notice that
∫

M\D(b)

∆hu · e−h = −
∫

Σ(b)

〈∇u,
∇h

|∇h| 〉 · e
−h,

so it sufficies to prove
∫

Σ(b)

〈∇u,
∇h

|∇h|〉 ≤ 0(6.26)

for some b ≥ a.

For this purpose, we consider the following one parameter family of
diffeomorphisms, 




∂F
∂s

= ∇f

|∇f |2
,

F (x, a) = x ∈ Σ(a).

Then ∂
∂s
f(F (x, s)) = 〈∇f, ∇f

|∇f |2
〉 = 1, and the advantage of F is that

it maps level set of f to another level set, in particular f(F (x, s)) = s

for any x ∈ Σ(a).
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Suppose {x1, x2, x3, x4} are local coordinate chart of Σ(a), on Σ(s),

let g( ∂
∂xi

, ∂
∂xj

) := g( ∂F
∂xi

, ∂F
∂xj

), dσΣ(s) =
√

det(gij)dx, where dx = dx1 ∧
dx2 ∧ dx3 ∧ dx4. Next we compute the derivatives of dvolΣ(s).

∂

∂s
dvolΣ(s) =

∂

∂s

√
det(gij)dx

=
1

2
· 2gij〈∇ ∂F

∂xi

∂F

∂s
,
∂F

∂xj

〉dσΣ(s)

=gij〈∇ ∂F
∂xi

∇f

|∇f |2 ,
∂F

∂xj

〉dσΣ(s)

=
1

|∇f |2g
ij∇2f(

∂F

∂xi

,
∂F

∂xj

)dσΣ(s)

=
1

|∇f |2g
ij

(
1

2
g(

∂F

∂xi

,
∂F

∂xj

)−Ric(
∂F

∂xi

,
∂F

∂xj

)

)
dσΣ(s)

=
1

|∇f |2 (2−
3

2
)dσΣ(s) =

1

2s
dσΣ(s).

Hence, it is easy to check that

∂

∂s

(
1√
s
dσΣ(s)

)
=

(
−1

2
s−

3

2 +
1√
s

1

2s

)
dσΣ(s) = 0.

Again, recall the volume of Σ(s) satisfies Vol(Σ(s)) = c
√
s for some

constant c by Poposition 2.2, and then

∂

∂s
(dσΣ(s)) =

c

2
√
s
dσΣ(s).

Next, define a function

I(s) =

∫

Σ(s)

u · 1√
s
dσΣ(s).

and then we can compute the derivative of I(s) as follows:

I ′(s) =
∂

∂s

∫

Σ(s)

u · c

2
√
s
dσΣ(s)

=

∫

Σ(s)

〈∇u,
∇f

|∇f |2 〉
1√
s
dσΣ(s) +

∫

Σ(s)

u
∂

∂s

(
1√
s
dσΣ(s)

)

=

∫

Σ(s)

〈∇u,
∇f

|∇f |2 〉
1√
s
dσΣ(s)

=
1

s

∫

Σ(s)

〈∇u,
∇h

|∇h|〉dσΣ(s),

where ∇f

∇f
= ∇h

|∇h|
and |∇f | = √

s were used in the last equality.
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Moreover, since I(s) tends to zero as s → ∞, there exists b > a such
that I ′(b) ≤ 0, i.e.

∫

Σ(b)

〈∇u,
∇h

|∇h| 〉dσΣ(b) ≤ 0;

this finish the proof of (6.26). �

The Proof of Theorem 1.1. Notice that Prosition 6.1 also holds
on M \D(b), together with Prosition 6.2 implies that

λ1 + λ2 = 0

on M \D(b) for some b. This implies that

λ3 = λ4 = λ5 ≡
1

2

on M \D(b). Hence the function

G = tr(Ric3)− 1

2
|Ric|2,

is 0 on M \D(b).

Because G is an analytic function, has to be zero, we obtain that
G ≡ 0 on M . Moreover, the equation 0 = ∆fR = R − 2|Ric|2 implies
that

G = tr(Ric3)− |Ric|2 + 1
4
R

=
∑5

i=1(λi − 1
2
)2λi = 0.

Finally we get λ1 = λ2 ≡ 0 and λ3 = λ4 = λ5 ≡ 1
2
due to Ric ≥ 0 and

the continuity of λ1+λ2. This implies the Ricci curvature has constant
rank 3. Therefore, any 5-dimensional shrinking gradient Ricci soliton
with R = 3λ is rigid isometric to a finite quotient of R2 × S3 by [23].
We have completed the proof of Theorem 1.1. �
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