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Qingming Zhao and Wei Wang*

School of Mathematics, Nanjing University, Nanjing 210093, P. R. China

Abstract The small mass limit of the Langevin equation perturbed by [-stable Lévy noise is
considered by rewriting it in the form of slow-fast system, and spliting the fast component into
three parts. By exploring the three parts respectively, the limit equation and the convergence rate
are derived.
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1 Introduction

Smoluchowski—Kramers (SK for short) approximation is initially proposed by Smoluchowski [15]
and Kramers [11] to derive an effective approximation to a Langevin equation which describes the
motion of a particle with small mass. Roughly speaking, the equation

eu€ + uf = b(u) + o (u)W

is approximated, as € — 0, in some sense by the equation

U =b(u) + o(u)W.

Formally, the limit equation is obtained by dropping the term et .

There is fruitful work on SK approximation for Langevin equations with Gaussian white noise
[4-6,12,14,16,17, e.g.]. The case that W is an infinite dimensional Brownian motion is firstly
studied by Cerrai and Freidlin [2,3]. There is also some work concerned with SK approximation
with colored noise which is highly oscillating in time [7, 8] or with Lévy noise [20,21]. In this
paper, we consider the following Langevin equation driven by a stable Lévy process

(1.1)

u(0) = ug, u(0) = vp.

{a;e(t) +ac(t) = f(us(t)) + L),
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Here, 0 < o < 1 1is a constant, and L is a 3-stable process whose properties are detailed in
Section 2. System (1.1) describes the motion of a particle with mass ¢ in an athermal fluctuation
environment. Equation (1.1) can also be seen as a singularly perturbed differential equation with
a random noise, which has attracted many researchers’ interest [18, 19, e.g.]. [§-stable process is
an important class of Lévy processes due to its self-similarity and scaling property [9,10]. One of
the difficulty lies on the fact that, unlike Brownian motions or Lévy processes without big jump,
[-stable processes do not have finite second order moment. Another difficulty is that the Lévy
measure of a J-stable process is infinite.
Formally, the effective approximation model of (1.1) can also be obtained by dropping the eu¢
term, that is,
uc(t) = f(ac(t)) + €*L(t), u(0) = uo. (1.2)

Obviously, the statement above reduces to the classical SK approximation in the case v = 0.
Here we introduce a splitting technique of the solution [19] to show the approximation rigorously.
Moreover, we also obtain the convergence rate.

Rewrite the equation (1.1) as

W (t) = ve(t)
. -1

=

)

—
o~
I

t) + f(uf(8))] + > L(E), (1.3)

—~

Equation (1.3) has a form of "slow-fast system". Inspired by a splitting technique introduced by
Lv et al. [19], we make the following important decomposition, which makes the analysis to (1.3)
considerably more clear

75 (1) = —e (1),

va(t) = —€ o5(t) — f(u“ (D)) (14
U5(t) = —e '05(t) + € FL(t),

0§(0) = evp,  05(0) =0, ¥5(0) =0

Direct calculation yields
0. (1.5)

Then we consider the three parts of v respectively to pass the limit € — 0.

The paper is organized as follows. In Section 2, we impose some assumptions and state the
main result. In Section 3, we give several technical lemmas with proofs in details. After these
preparation, we prove the main result in Section 4.

2 Preliminary and Main Result

Let (€2, F,P) be a complete probability space, on which there is a filtration (F;)o<;<7 satisfying
the usual condition, where 0 < 1" < oo is fixed throughout the paper. Let L be a Lévy process
d

on (2, F, (F;)o<t<r,P). In the rest of the paper, |z| := 1| Y 2? for each x = (z1,...,z4) € RY,
i=1
and ||A]|:= sup |Ax| for each matrix A € R%¥¢,
zER?,|z|=1

We make the following assumptions.



(A1) L is a pure jump isotropic (-stable Lévy process on R? with 1 < 8 < 2, and for each
¢ > 0, the Lévy-It6 decomposition for L is

t t
L(t) = / / aN (dsdz) + / / xN(dsdx) , (2.1
0 Jlz|<e 0 Jlz|>c

with the Lévy measure v(dz) = mﬁd:ﬂ.

(A2) f : R? — R%is globally Lipschitz, that is, there exists a constant L ¢ > 0 such that for
all z,y € RY,

[f(z) = f(y)| < Lylz —yl.

Remark 2.1. From (A1) we notice that fly\>1 ly[Pv(dy) < oo if and only if p < [3. This fact is
used frequently in the following part. a

We establish several moment estimates. In the following part, C' denotes constant whose value
may change from line to line. Unless otherwise stated, the value of C' may depend on 7" and the
Lévy measure v, but it never depends on €. We use the notation x < y to indicate that there exists
a constant C' such that z < C'y.

Our main result is the following theorem.

Theorem 2.1. (i) Let 0 < o < 1. Under assumptions (A1) and (Az),

E sup |u(t) —a(t)] < ™. (2.2)
0<t<T

(ii) Let o« = 0. Under assumptions (A1) and (Az),

lim sup El|u®(t) —u(t)| = 0. (2.3)
e—0 0<t<T

Remark 2.2. Obviously, part (i) of Theorem 2.1 does not give a convergence result in the case
a = 0. The reason that causes the difference between cases o = 0 and o« > 0 is presented at the
end of Section 4.

3 Several Technical Lemmas

In this section, we establish several moment estimates, which are used in Section 4. We always
assume that 0 < o < 1 and (A1) and (A2) hold true.

Lemma 3.1. For each 0 < € < 1, the equation (1.3) admits a unique strong solution.

€

Proof. Let¢¢ := (Z ) . The equation (1.3) can be rewritten as

1/;6 — AE’l/JE—i-]:E(’l/JE) +£e, (3.1)

e (0 1d c(u\ 0 . 0 . Lo
where A€ := <0 —elld> , F <v> = (elf(u)> and L := <e°‘1L> . Since f is Lips-
chitz, A€ 4+ F¢ is also Lipschitz which leads to the existence and uniqueness [1]. U



Lemma 3.2. (i) For a € [0, ) and p € [1, ),

E sup |u(t)]P S 1+
ogth’ ( )‘ E(lié)p

(ii) For o € [§,1) and p € [1, ),

sup E sup |u(¢)|P < 1.
0<e<l 0<t<T

Remark 3.1. Obviously the bound in (i) is not uniform in €, but the estimate is enough for our
Sfollowing discussion.

1
Proof. Let v¢ := €'~ B0, then
e = eplge,
€ __ —1[__~e 1-4 a—% 7
=e [-0°+e Ff(u)]+e FL, (3.2)

u(0) = ug, 0°(0) = 61_%1)0.

(SR

Consider the following linear SDE
0= —e I + ea_%l./, n°(0) =€ Buy. (3.3)
Let ¢(z) := (|z|? 4 1)P/2, then there exists a constant C' > 0 such that for all z € R,
Dg(x)| < ClafP™, (3:4)

and
|1D*¢(z)| < C. 3.5)

1. p A " A~
We take ¢ = €# in the Lévy-It6 decomposition, and by 1t6’s formula,

d(n°(s))
= (61 BUO) /(qu( “(s)), _6—1n6(8))d8
/ /||< 3 ol ) — g(n°(s—)) N (dsdz)
L “(s— Eailﬁﬂ - “(s—))N(dsdx
+/ /|m|>€_¢<n< )+ €*Aw) = ¢ (s—))N (dsda)
/ /||< 3 S) 4 €)= d( (s—)) — (Do (5)), > Fa)v(da)ds
G ﬂvo)+ZJ,§(t). (3.6)
k=1

Now we deal with the five terms on the right hand side of the equation above. Note that
1
¢(e Fug) < C, 3.7)

4



a consequence of the fact that 3 > 1. For J§ , since D¢ (y) =
Ji(t)
t € 2
/zz n°(s)] s
o €(In°(s)? +1)t-P/2
t
p € 2 /2 p
< —— 1)P —d
< [ =g @P 1+ Las
t
p p
= ——o(n(s))ds + =t .
|| ot onas + Lt @8

where the last inequality comes from the elementary inequality

Py
(yP+D)T777 °

|z
(e + 1)1 =

Taking expectation and using Fubini theorem,

(Iacl2 + 1P 1.

Lp p
Emwg/-—mm¢@m3+4. (3.9)
o 2€ €

The martingale property leads to
EJs(t) =0. (3.10)

We next establish the estimate for J5. By making a change-of-variable y = e_%:c, we have
v(dz) = Luv(dy) due to the fact that v(dz) = de. By the isometry property of Poisson
integral, Taylor’s formula, Cauchy—Schwarz inequality and (3.4)

E.J5(t)
- / / —) + €%y) — B (s=))| 2w (dy)ds
ly|>1 €
= _1IE/ . (Do(n(s—) + 0e*y), e*y)v(dy)ds
!
< E// 5=) + 0yl [ yl(dy)ds

— ol (s— e v S
_ oI / /y|>1|D¢(77( )+ 0%y lylv(dy)d

g / / )+ By Pyl (dy)ds
|>1

e [ ] e e e [ egp vl
y|>1 y\>1

= Cet! / lylv(dy)E / e (s)P~Lds + Cer! / yPu(dy)t
0 0 ly|>1

t
ealE/O §|776(S)|p—|—0d8+06ap71t

IN

IN

IN

a—1

re / Eo(n(s))ds + (C + Ce™? Lyt

IN

P
4e

IN

Egb( “(s))ds + Ct + Ce 't (3.11)



For Jj, the change-of-variable y = eféx, Taylor’s formula and (3.5) yield

- // 1@ ) +€%y) — ¢(n€(s—))—(D¢(s),e°‘y)]%u(dy)ds
ly|<

B / / 162(171]-)2(@5(776(5—) + 0e®y) (y @ y)v(dy)ds
ly|<

/ / 3Ly 2w (dy)ds

S 204 1t

IN

Taking expectation,
EJS(t) < Ce** 1t < Ce Mt

Taking expectation on both sides of (3.6), and combining estimates (3.9)—(3.13),

Eot (1) < -1 | Eot (s + 0t + L

Differentiating on both sides and using the comparison principle, we derive that

sup sup E(n'(t)) < C.
0<e<10<t<T

Let £&¢ = v° —n°. By (3.2) and (3.3),
t
£(t) = eﬁee_lt/ ee_lsf(ue(s))ds.
0
By the Lipschitz continuity of f, equation (3.2), Fubini theorem and the fact that 8 > 1,
(@)l
1 —1y t -1 1 -1 t -1
< € Be € / e Clut(s)|ds+e€ Be € / e ‘ds
0 0

1 _ t _ 1
< e Be € 1t/ e’ 18|ue(s)|ds—|—el_5
0
S R L 1o [, 11
< e Be € /eE *lug + €78 / “(r)dr|ds +¢ 5
0
-1 —e 1t ¢ e ls -1t e ls 1—1
< € Pe / luo|ds + ! // 5¢(r)|drds + €'~
0

t
< elllf|u0|+ele€_lt/ |z76(7")|/ ¢ Sdsdr 4 ¢
0 r
1-1 t 1—1
< € ﬁ|u0|—|—/ [0€(r)|dr + ¢ 7
S |UO|+/| |d’l“—|—1
t
< Juol + / €(r)ldr + / ()l + 1
0 0
t t
< / €<(r)ldr + / ()l + 1.
0 0

6

(3.12)

(3.13)

(3.14)

(3.15)



Then by Holder’s inequality, taking expectation and (3.14)

BEOP S [ Bewpar+1,
which yields, by Gronwall’s inequality,
El&()P < C. (3.16)
As a consequence of (3.14) and (3.16), we conclude that

El5 (t)]P < C. (3.17)

1
Now for each 0 < ¢ < T, by the fact that u¢ = 6571’56,

T
(P < Juol? + e“*””/o 5 (t) Pt

which yields

1
E sup [uf(t)]P S 1+ €5 P,
0<t<T

by Gronwall’s inequality, taking expectation and (3.17). The proof of (i) is complete. In order to
prove (ii), one should work with equations (1.3) instead of (3.2). The result follows from a similar
argument, which is easier since the noise behaves less singularity. We omit the detail. U

Next we treat the velocity part.

Lemma33. E sup |e=! [} 75(s)ds| Se.
0<t<T

Proof. From (1.4) )
o (t) = evge™© . (3.18)

t
-1
= ‘/voe € sds‘
0

As a consequence, forall 0 <t <T',

t
‘671 / vi(s)ds
0

T -1
< ool / e ¢ “ds
0
< €lvgl. (3.19)
Taking supremum and expectation yields the result. U

Lemma 3.4. (i) For a € [0, %)’

=

eE sup [05(t)| Se+e
0<t<T

(ii) For a € [, 1),
eE sup |v5(t)| Se.
0<t<T



Proof. From (1.4),

t
oS5(t) = e te 6lt/ eeilsf(ue(s))ds. (3.20)
0
Thanks to the Lipschitz continuity of f, forall0 <¢ < T
E10]
1 _lt t —1 1 —lt t —1
< € e € / e Plu‘(s)lds +€ e € / e ®ds
0 0
< ele ' sup |uc(t |/ “lsds + 1
0<t<T
< sup Ju()]+1, (321)

0<t<T
from which we obtain
E sup |[05(¢) SE sup |u(t)]+ 1.
0<t<T 0<t<T
Multiplying both sides by e,

€E sup |05(t)] S €E sup |u(t)| + e.
0<t<T 0<t<T

Now we are in a position to prove both cases of this lemma right after using the Lemma 3.2. [

1
Lemma 3.5. sup |efE sup |0§(t)|| < oo.
0<e<1 0<t<T

Proof. Let T(t) := ¢ 5(t) , then
(1) = —¢ 1o (t) + L(1).
Next we show the following more general statement

sup E sup [05(t)|]P <oo, 1<p<g.
0<e<l 0<t<T

Similar to the proof of Lemma 3.2, by applying Itd’s formula for ¢(z) = (|z|> + 1)?/? and
choosing ¢ = 1 in the Lévy-Itd decomposition (2.1),

o(v4(t))
— 1+/0 (Do(05(s)), —€ u5(s))ds

—i—/o /x<1 o(v5(s—) + x) — ¢(v5(s—))N(dsdz)
+/0 /quﬁ(vi(s—) + ) — ¢(v(s—))N(dsda)
[ otwis) +a) ~ 6(55(e) — (D(Ei(), 2)vld)ds

4
= 14> Hi(t) (3.22)



Since
py

Doly) = W+ )i

one immediately obtain

s|2

t _
. —p|v(s)

HS(t) = ds <0
i) /0 (5 (s)2 + 1)1 P2 =

and

E sup Hi(t) <0. (3.23)
0<t<T

By Burkholder—Davis—Gundy inequality [13], Jensen’s inequality, Taylor’s formula and (3.4),

E sup Hs5(t)
0<t<T

T
E\/ /0 /|| (55 (5—) + ) — BT (s—)) 2N (dsd)
T
< \/E / /x<1|¢(z‘;§(s—)+x)—gb(@j(s—))PN(dsdm)
- \/ / / 80505 )~ 60 P
— \/E/O /x<1](D¢(v§(s)—i—@x),x)]%(dx)ds

N

T
< \/E/ / 15 () + 0 |2-2|a]2v(dz)ds
|z|<1
< / / $)[2P=2|z|?v(dx) ds—|—/ / |z|?Pv(dx)ds
\x\<1 |z|<1
<

E/ / |55 (5) %P2 |z|?v(dx)ds + / / |z|?Pv(dx)ds + 1
0 lz|<1 0 lz|<1

T
< /0 E|o5(s)[2P~2ds + 1

T
< / E sup ¢(v5(s))dt +1 (3.24)
0

0<s<t

where we have used /2 < z+ 1 and 2p — 2 < p.
For HS, we have

E sup H;(t)
0<t<T

T
E /0 /mzl (T (s—) + ) — (3 (s—)) |V (dsda)

IN

T
- E /0 /M 6(5(s) + ) — S5 ()| (dr)ds. (3.25)



Then by the same procedure that derives (3.11), we further have

T T
E sup Hs5(t) 5/0 Ep(vg(s))ds +1 §/0 E sup ¢(v5(s))dt + 1.

0<t<T 0<s<t

Lastly we turn to H§ . By Taylor’s formula and (3.5),

sup Hj(t)
0<t<T
< J/ /£ﬂ<1 5) +2) — $(T5(5)) — (DS(5(5)), 2)|v(da)ds
2
< / /|m|<1 |D*¢(v5(s) + 0x)(z @ z)|v(dx)ds

N

/O /|$|<1 |z|?v(dx)ds

< 1

)

which means

E sup Hi(t) <1
0<t<T

Taking supremum and expectation in (3.22) and using (3.23)—(3.28),
T
B sup o(ui(t) S [ B sup o(ui(s))dt + 1
0<t<T 0  0<s<t

and we end our proof by Gronwall’s inequality.

Lemma 3.6. sup sup E[v5(t)] < oco.
0<e<10<t<T

(3.26)

(3.27)

(3.28)

1
Proof. Applying 1td’s formula to ¢(z) = (|=|> + 1)?/2 and choosing ¢ = €7 in the Lévy-Ito

decomposition (2.1) ,
P (v3(t))
- /www»—ﬂ@@m

/ /x«% =)+ va) — ¢(v5(s—)) N (dsdz)
/ /xw <) e ) — $(5(s—)) N(dsde)

+/0 /KE% ¢(T5(s) + € Fa) — o(05(s)) — (D(T5(s)), € Fa)v(dw)ds

4
= 14> M(t)
k=1

By the same way which leads to (3.8), we derive that

EM;(t <——/¢ ))ds + t

10

(3.29)

(3.30)



EM;(t) = 0,
due to the martingale property. Similar to the argument which derives (3.11) and (3.13),

! Ct
EM(0) < 1 [ Ba(as(a)as + .

and o1
EM;(t) < —.
€
Combining (3.30)—(3.33),
—€ ! —€ (7t
E¢(v5(1) < =1 | Eo(w5(s))ds + —.
€ .Jo €

(3.31)

(3.32)

(3.33)

Differentiating on both sides and using the comparison principle, we obtain the desired result. [

4 Proof of the Main Result

With the preparation made above, we are in a position to prove our main result. From (1.3)

and (1.5) we have

W (t) = ug + ! /t 5 (5)ds + /t 5 (s)ds + @1 /t 5 (s)ds.
By (1.4), : . : 0
5(0) = [~ 5 - (sl
Combining the two equations above,
u(t) = ug + e ! /Ot v1(s)ds + /Ot f(uf(s))ds — evs(t) + otEl /Ot v5(8).
From (1.2) and (4.1) we deduce that
|u(t) — u(t)]

61/0 vi(s)ds
4

=: Zfz(t)
k=1

As a consequence of Lemma 3.3,

IN

+‘/ Ful(s)) — F(@(s))ds| + |5 (8)] +
0

E sup Ii(t) Se.
0<t<T

Due to the fact that f is Lipschitz, forall 0 < ¢ < T,

[ o - st

IN

AMW@w¢W@wS
T
SA sup |f(us(r)) — F(@(r))|ds

0<r<s

N

T
/ sup |u(r) — a(r)|ds.
0

0<r<s

11

t
51 / (s) — e L(1)
0

4.2)

4.3)



Taking supremum and expectation and using Fubini theorem,

T
E sup I5(t) 5/ E sup |uf(s) — u(s)|dt. (4.4)
0<t<T 0 0<s<t

Now we deal with I§ . From (1.4),

t
eFT(t) = L(t) — ep " / 5 (s)ds, 4.5)
0
so as a consequence Lemma 3.5, there exists a constant C' > 0 such that forall 0 < e <1,

t
E sup |L(t) —eél/ v5(s)ds| < C.
0<t<T 0
Multiplying both sides by €%,
t
E sup Ii(t) =E sup |e*L(t) —EOH_%_l/ v5(s)ds| < Ce”. (4.6)
0

0<t<T 0<t<T

For I35, inthe case 0 < o < %, we have by Lemma 3.4 (i),

1

E sup I5(t) Se+e€b. 4.7)
0<t<T
Taking supremum and expectation on both sides of (4.2) and combining (4.3)—(4.7),
E sup |u(t) —u“(t)]
0<t<T
T 1
< / E sup |u(s) —a(s)|dt + €+ €™ +€P
0  0<s<t
T
< / E sup |u(s) — uf(s)|dt + €, (4.8)
0 0<s<t

where the last inequality follows from the fact that 0 < o < % < 1. By Gronwall’s inequality,

E sup |uf(t) —u(t)] < €.
0<t<T

In the case % < a < 1, from Lemma 3.4 (ii),

E sup I5(t) Se. 4.9)
0<t<T

Taking supremum and expectation on both sides of (4.2) and combining (4.3)—(4.6) and (4.9),

E sup [uc(t) — a(t)]

0<t<T
T
< / E sup [u(s) —uf(s)|dt + €+ €*
0 0<s<t
T
< / E sup |u(s) —uf(s)|dt + €, (4.10)
0 0<s<t

12



where the last inequality follows from the fact that 0 < o < 1. By Gronwall’s inequality,

E sup |uf(t) —a(t)] < €™
0<t<T

Combining the two cases above, we finish the proof for part (i) of Theorem 2.1.
Let us turn to the proof of part (ii) of Theorem 2.1, which is more subtle. In this case, from
(4.2)-(4.3), (4.5), (4.7) and the Lipschitz property of f,

t
Bluc(t) ~ a(0)] £ | Bluc(s) - w(s)ds + e+ ¢ + Blebai(o),
0
which means

sup EJuc(t) — a (1)

0<t<T
T 1 1
< / Elu(t) — u(t)|dt + €+ €5 + sup E|esv5(t)]
0 0<t<T
T 1
< / sup E|u®(s) — u(s )]dt—i—e—i—eﬂ + sup E|esu5(t)]. 4.11)
0 0<s<t 0<t<T
Then we have
lim sup Elu®(t) —a(t)| =0
e=00p<<T
provided that
1
lim sup El|eFv5(t)| =0, (4.12)
e=00p<t<T
which is an immediate consequence of Lemma 3.6. The proof is complete. O

We point out that, it is not clear for us whether the stronger convergence

ImE sup |uf(t) —a(t)] =0,
=0 o<t<T

is true, but we can give a necessary and sufficient condition for it. From (4.2)—(4.5) and (4.7),

T
E sup |u(t) —a(t)] < / E sup [u(s) —u(s)|dt + € + €5 +E sup ]eéﬁg(t)]
0<t<T 0  0<s<t 0<t<T

Then we have

HImE sup |u(t) —a(t)] =0
=0 o<t<T

provided that
IimE sup \eﬁvg(t)\ =0. (4.13)
=0 o<
Conversely, from (1.2), (4.1) and (4.5),
ut(t) —af(t)
1

= [ uitepas+ / F(s)) = S ()ds =€)+ 47 [ a505) = L0
. 1/0 ds+/f F(@€(s))ds — etS(t) + e3T(1).



Now we take vg = 0 and f = 0. From (3.18) and (3.20),

The equation above, together with our previous analysis, implies that

ImE sup |u(t) —u ()] =0
i E sup (1)~ (1)

if and only if (4.13) holds.
However, to our best knowledge, it is unclear whether (4.13) holds true.

Remark 4.1. We can also consider the situation when assumption (A1) is replaced by

(Ag3) L is a pure jump Lévy process without big jump, that is, the Lévy-Ité decomposition

reads

t
L(t) = / / xN (dsdz), (4.14)
0 Jlz|<e

for some constant ¢ > (.

Theorem 2.1 is true under (Ag) and (Ag). To prove the theorem in this case, one can take

B =2in(1.4)and (1.5), write Lemma 3.1-3.6 in a similar manner, and obtain the convergence
rate by repeating the procedure in this section. Again, the case o = 0 needs a finer analysis.
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