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Abstract

Let R be a local Artin ring with residue field k of positive characteristic. We prove that every finite
flat group scheme over R whose special fiber belongs to a certain explicit family of non-commutative
k-group schemes is killed by its order. This is achieved via a classification result which rely on the
explicit study of the infinitesimal deformation theory for such non-commutative k-group schemes.
The main result answers positively in a new case a question of Grothendieck in SGA 3 on whether
all finite flat group schemes are killed by their order.

1 Introduction

Let S be a locally Noetherian base scheme and let G be an S-scheme. Denote by Og and Og their
respective structure sheaves. The S-scheme G is finite and flat if and only if Og is a locally free Og-
module of finite rank. A standard EGA reduction argument (see section 8.9, 8.10 and especially section
9.2 in EGA IV Tome 3 in [Gro66]), allows us to restrict locally and assume that S = Spec(R) for some
local Noetherian ring R and G = Spec(A) where A is a finite and free R-module of finite rank, say the
positive integer nr. By functoriality, the positive integer ng is the restriction to Spec(R) of a locally
constant function say n defined on S with positive integer values. Such function is called the order of
the finite flat S-scheme G.
Assume now that G = Spec(A4) over Spec(R) has the extra structure of an R-group scheme. Note
that in notation and terminology in this article we will say R-group scheme instead of Spec(R)-group
scheme. The category of affine R-group schemes is anti-equivalent to the category of commutative Hopf
R-algebras. This implies that A has a natural structure of Hopf algebra over R. Let now n be the order
of G = Spec(A) over R, i.e. the rank of A as a finite and free R-module. We say that G is killed by its
order if the multiplication-by-n morphism [n] : G — G is the zero morphism of R-group schemes. This
is equivalent to say that the induced morphism of Hopf R-algebras [n] : A — A®™ — A (obtained via
a composition of the diagonal map and the multiplication map on G) satisfies that its kernel Ker([n])
contains the augmentation ideal I = Ker(e : A — R) where & denotes the unit section of G.
Around 1960s, Grothendieck asked if every finite flat group scheme over any base scheme is killed by its
order (see SGA 3, Exp. VIII Rem. 7.3.1 in , see also pag. 145 in m] and the survey article
). This is the generalization in the context of finite flat group schemes of what is well-known in
abstract group theory, i.e. if G is a finite group of order n then for all g € G we have g" = eg. Note
that strictly speaking this fact is an immediate consequence of Lagrange’s theorem, which has indeed
been generalized in the context of finite flat group schemes (see for example [Sha86]). We clarify this
in the hope that the title of the article will be interpreted properly.
Grothendieck’s question has been positively answered in many important cases. When the group scheme
G is commutative, this has been proven by Deligne around 1970. The proof has not been published by
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Deligne himself but it has been reproduced many times in the literature (see for example section 1 in
[TO70], section 3.8 in [Tat97] and section 3.3 in J. Stix’s lecture notes [Sti09]). When the base scheme
is the spectrum of a field, or more generally is a reduced scheme, this has been proven by Grothendieck
in SGA 3 Exp. VII A section 8 (see [DG11] or see also Cor. 2.2 in [Sch01]).

When studying Grothendieck’s question for finite flat group schemes over a local Noetherian ring R,
it is very useful to notice that it is possible to make a further reduction. First, by Krull’s intersection
theorem, we deduce that the question holds if and only if it holds for all local Artin quotients of R, i.e.
we can assume without loss of generality that R is a local Artin ring. This simplification is known to
be very useful as it opens up the possibility of proceeding by induction on the lenght of R, as it will
be done in this article. Moreover, it is clear that the problem of understanding when a finite flat group
scheme G over R is killed by its order can be studied up to faithfully flat extension of R. Thanks to
EGA 3 Tome 1 Prop. 10.3.1 in |Gro61], we have that there exists a faithfully flat local extension of R
such that its residue field k is algebraically closed. This allows one to do a final reduction and assume
that the residue field k of characteristic p is algebraically closed and that R is a strictly Henselian ring.
For the moment, without loss of generality we assume only that k is a perfect field of characteristic p.
Coming back to the state of art of Grothendieck’s question, the best known result in the general case is
due to Schoof (see [Sch01]):

Theorem 1 (Schoof, 2001). Let p be a prime and let R be a local Artin ring with maximal ideal mp
and with residue field k of positive characteristic p. Assume that m', = pmgr = 0, than any finite flat
group scheme G over R is killed by its order.

After reducing the problem to assuming that R is strictly Henselian and & is an algebraically closed field
of characteristic p, the above result is proven by discussing separately two cases depending on whether
the base change G ® g k of G from R to its residue field k (which is a k-group scheme of order say p™*+!,
just for psychological reasons and notation consistency) is killed or not by p™.

Schoof proceeds by showing first that under the strong hypothesis on the lenght of R, the groups G
whose base change G ®g k is already killed by p™ are killed by their order. The proof continues by
showing that G ®g k is not killed by p™ if and only if G ®g k is isomorphic to u,m /k or to the matrix

k-group scheme
(1 o\ Toz\ . ,_ P
G1—<O Mpm>_{<0 y> 2P =0,y —O},

endowed with the usual matrix multiplication. It is interesting to remark that these groups are his-
torically very important in the study of finite group schemes. Indeed, for example when m = 1, we
have the non-commutative k-group scheme G of order p?> whose existence reflects the existence of a
non-trivial action of u, on «, (which are both commutative groups of order p). This phenomenon does
not have any analogue in the classical theory of finite abstract groups where every group of order p? is
commutative.

Note that the group G; is denoted Gy in [Sch01] but it will be clear soon enough why we adopt this
new notation and why it is not an explicit tentative to confuse the reader. Finally, Schoof concludes by
showing that all deformations of G and p,m for some positive integer m are killed by their order.

In other words, because finite flat deformations of p,m over local Artin rings R are well-known to be
trivial (as we see will see later on), Schoof’s strategy is essentially reduced to the following result for
which no restrictions are needed on the length of the local Artin ring R:

Theorem 2 (Schoof, 2001). Let p be a prime and let R be a local Artin ring of residue field k of positive
characteristic p. Any finite flat R-group scheme G such that G @ k = Gy is killed by its order.

We define now a certain family of finite flat group schemes G over k where A € {1,---p™ — 1} and
1 o
0 ppm
Let G be any finite flat multiplicative group scheme over k acting on «,, i.e. we have a non-trivial mor-
phism ¢ : G — Autg(ap) = G,,. Then there exists a unique extension of G by «,, i.e. Ext}a (G,ap) =0

which interpolates G; = ) exactly when A = 1.



(see Cor. 6.4, Chapt. 3 in [DGT70]). This is a consequence of the fact that group extensions can be
embedded in the group of extensions of fpqc sheaves (see Rem. 2.5 in [DG70]) and such group is trivial
under the assumption that & is perfect. More generally, this holds when the base scheme is the spectrum
of a small k-ring R (in the sense of Demazure and Gabriel see [DG70]) such that R/RP = 0. For more
details on the relation between affine group schemes and fpqc sheaves we refer the reader to the nice
summary in [Sti09] and to SGA 1 Exp. VI for a more in depth treatment (see for example section 6 in

[GroT1]).

Taking G = p,m» we have that ¢ is the restriction to p,m of the standard action of G,, on G,
which corresponds uniquely to an element A € {1,---,p™ — 1}. In more precise terms, for every
A€ {l,---,p™ — 1} there is a unique finite flat k-group scheme G corresponding to the unique split

exact sequence 0 — ap, — G — ppm — 0. In other words, the k-group scheme G is the semi-direct
product a; X ppym where the subscript A indicates exactly the action of p,~ which we are using to build
the semi-direct product. To be completely explicit, we have that the k-group scheme G is described
as:

>~ kl’, m
GA—SPGC( [ y]/(xpjyp ))
with group law:
ke, yl/ (2", 9P ) = Kz, yl/ (2P, y") @k Kz, y]/(a?, ")
r— (14+y)e@rt+zel
y—yR1+1y+y®y

More concisely, we adopt the notation (z,y)o (z/,y") = (14+y) 2’ +x,y+y' +yy') for the group law in
G between generic elements h = (x,y) and b’ = (2, 3/). Tt is straightforward to verify that when A =1
one gets exactly the group G described above which appears in |Sch01].

We show that G is a family of finite, flat, non-commutative group schemes of order p”™*! which depend
only on the p-adic valuation of A, and that G is not killed by p™ if and only if A is a unit. Hence, taking
a generic A puts us outside of the range of Schoof’s theorem. The fact that A\ is not in general a unit
presents many subtle challenges which do not allow us to simply extend the proof of Schoof and force
us to find a new and different strategy, especially when one wants to determine explicitly the R-scheme
theoretical structure of the generic deformation of G). However, it is possible to find a way to extend
Schoof’s result without restriction on R and have the following:

Theorem 3. Let R be a local Artin ring of positive residue characteristic p and let X € {1,--- ,p™~1}.
Let G be a finite flat deformation over R of the k-group scheme Gy, then G is killed by its order.

This result constitutes a positive answer in a new case to Grothendieck’s question on whether all
finite flat group schemes over any base scheme are killed by their order. The above theorem is a
direct consequence of the complete classification of all the deformations of the non-commutative k-
group scheme G. On a side note, we mention that one could also consider the case of A = 0, which
corresponds to the case of the k-group scheme Gy = oy x ppm. However, while it is possible to use
the techniques in this article to show that the deformations of Gy in characteristic p are also killed by
their order, this still leaves the problem open. Indeed, the k-group scheme Gy admits deformations in
characteristic zero (because «,, does) which a priori have not a clear R-schematic description. We hope
to come back to this problem later on.

Going back to our original question, the study of the deformation problem for G with A € {1,--- ,p™}
will allow us to prove the following complete and explicit classification:



Theorem 4. Let p be a prime and let R be a local Artin ring of perfect residue field k of positive
characteristic p. Let G be a deformation over R of the k-group scheme G\ = a;, X ) pipm with parameter
xe{l,---,pm—1}.

Then the characteristic of R is p and we have the following classification:

(1) if vp(X) # m — 1, all deformations of G over R are trivial, i.e.
G (ap B ,UJ;Dm) XSpec(k) SpeC(R)7

(ii) if vp(A) = m — 1, all deformations of G,m-1 over R form a 1-dimensional family (over k) of
non-commutative finite flat R-group schemes of order p™+1.

In particular, in (ii), there is a unique a € k such that we have an isomorphism:
G~ H, as R-group schemes,
where H, = Spec(R[z,y]/(x?,y?")) is endowed with the group law:

a:l—>(1+y)pm71®x+x®1+a7er(I®1,1®:1:),
Yy—yR1+1Q0y+y®uy.

. 4+ )P —xP—2'P
for the polynomial Wy (x,z') = %

Remark 1. Note that this results extends to all A € {1,p™ — 1} the proposition 3.3 in [Sch01] where
the specific case v,(A) = 0 is treated. Moreover, even when v,(A) = 0, Theorem 4 ensures us that all
deformations of G are trivial over R rather than potentially trivial after base change to a faithful flat
extension as shown in proposition 3.3 in [Sch01].

Remark 2. Note that the groups H, for a € k are isomorphic to the semidirect product H, Hpm
where H, is the deformation of ,, as described by Prop. [Il where the action of p,m on H, is the one
corresponding to A = p™~1.

In the first section after the introduction, we prove some useful properties concerning the groups Gy
and in the second section we state the main theorem and carry on the study of the deformation problem
for the k-group schemes G. We conclude the second section by stating and proving Theorem [3l

A notation remark, the base change of a R-group scheme via a R-algebra morphism R — S is usually
denoted G Xgpec(r) Spec(S) but sometimes more concisely we adopt the notation G ®r S.
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2 The family of finite flat group schemes G over k

In this short section we summarize the main properties of the family G of finite flat group schemes over
a perfect field k of characteristic p. First, note that the k-group scheme G has order p™*! and it is
killed by its order. This can be checked either by a direct computation or by using the well-known fact
that any finite flat group scheme over a field is killed by its order (see for example SGA 3, Exp. VIIA
Prop. 8.5 in [DG11]]). The family of k-group schemes G also satisfy the following useful properties:

Lemma 1. The k-group scheme Gy (of order p™*1) is killed by p™ if and only if v := v,(\) > 1.



Proof. We prove first the ”if” part. We recall that the group operation on G is as follows:

(z,9) oc, (') = (@' (L +y)* +a,y +y +yy)).
By induction, it is straighforward to check that for all h € Z>( we have that:

p"—1
. h
Py = (o 3 0+ g 1)
i=0
Proving that p™ kills G\, means to prove that [p™](x,y) = (0,0) which boils down to prove that:

-1

P

Y 1+yN=0

i=0

in the ring k[y]/(y?"), because it is clear that (1 + y)?" — 1 = 0. Note first that the positive integer
m — v is the minimal positive integer h such that that (1 4+ )™ = 1. For r < s positive integers denote

S

a(r,s) = Z(l + )™

The claim is to prove that a(0,p™ — 1) = 0. Recall that v := v,(\). We have:
G(O,pm _ 1) — (I(O,pm_v _ 1) + a/(pm—U, 2pm—’u _ 1) + . + a((pv _ 1)pm—’u7p’upm—’u _ 1) —

=a(0,p™ " = 1)+ L+ ™" "a(0,p™ Y = 1) 4+ (L) a(0,pm T — 1) =
=p”a(0,p"7"=1)=0
where the last equality holds because v > 1 and k is of characteristic p.
Now we prove the ”only if” part. Assume by contradiction that [p™](x,y) = (0,0), i.e. that p™ kills
G (where vy(\) = 0, i.e. A is a unit). Since ¥y : ppm — ppm such that Pr(y) = (1 +y)* — 1 is
an isomorphism, we have that Zfzo_l(l +y)* = 0 if and only if Efzo_l(l +9y)* = 0. Denote by
fly) = Ef:o_l(l +y)". We have that f(0) = 0 and that the degree deg(f) = p™~!. However, as

k-vector space we have that dimy(k[y]/(y*")) = p™ so there cannot be any non-trivial zero linear
combination of the standard basis and this gives the desired contradiction. (|

Lemma 2. We have that Gy = G, if and only if vy(A) = vp(p).

Proof. Let u be a positive integer (strictly smaller than p™) such that v,(u) = 0. We have an isomor-
phism of finite flat R-group schemes 1, : ppm — ppm such that ¢, (y) = (1 +y)* — 1, where y is a
chosen variable parametrizing p,m (which is endowed with the group law y - y® 1+ 1Qy+y Qy).
Let now X and g := u), so we have v,(\) = v,(1). Let ¢y and ¢, denote the two actions of ppm
corresponding respectively to the integers A and p. Then a direct computation shows that we have the
following commutative diagram:

Hpm X

7/’1V X
P

pm Xt ap

where 1, x Id is an isomorphism. Via the isomorphism %, x Id, we have that Exty(uym,cp) =
Ext,, (ppm, ap) = 0 (see for example Cor. 6.4 in [DGT70]). In particular, there is a unique extension
which implies that G = G,. On the other hand, if we have such isomorphism it is straightforward to
conclude after comparing the group laws of G and G/,. O



3 Classification of the deformations of G,

In this section, we study the problem of classifying as explicitly as possible all the deformations of the
groups . Deformation theory for general finite flat group schemes is a relatively complicated problem
in the sense that the deformation functor is not always representable. In the case of deformations of
commutative groups, the problem has been solved by Oort and Mumford in a positive way (see [OM6S]).
For example, we mention now a useful result which will be used later on and it concerns the classification
of finite flat R-group schemes of order a prime p. To be precise, Oort and Tate have proven the following
(see [TOT0] or also [Oor7l]):

Proposition 1. Let p be a prime. There exist a polynomial W, € Zy[x,y] such that for all R complete
local Noetherian ring of residue characteristic p and for any finite flat group scheme G over R of order
p, we have that G = Spec(A) where A = R[7]/(7P — aT) with group operation given by:

T = 71+ T2 + bW, (11, 72)
and ab=p € R.

This result is a fundamental step in deformation theory of finite flat group schemes in order to understand
how complicated deformations might be in relation of possible necessary ramification of the base ring
(here represented by the relation ac = p in R). In particular, the above result describes all the possible
deformations of the finite flat group scheme ay. As the k-group schemes in the family G are non-
commutative extra care is needed. We are ready now to present the first main result of the section:

Theorem 5. Let p be a prime and let R be a local Artin ring of perfect residue field k of positive
characteristic p. Let G be a deformation over R of the k-group scheme G\ = oy X ) pipm with parameter
Ae{l,--- p™ —1}. Then the characteristic of R is p and we have the following classification:

(1) if vp(X) # m — 1, all deformations of Gy over R are trivial, i.e.

G= (ap X\ ,UJ;Dm) XSpec(k) SpeC(R)7

(ii) if vp(A) = m — 1, all deformations of G,m-1 over R form a 1-dimensional family (over k) of
non-commutative finite flat R-group schemes of order p™+1.

In particular, in (ii), there is a unique a € k such that we have an isomorphism:
G~ H, as R-group schemes,

where H, = Spec(R[z,y]/(x?,y?")) is endowed with the group law:

x'—>(1+y)pm71®:E+x®1+a7er(:E®1,1®x),
Y= yYR1+1y+y®y.

for the polynomial Wy(x,z') = W

We now proceed in proving the above result in several different steps. The strategy is to proceed by
induction on the lenght of R. When the lenght of R is 1, everything follows by observing that one
can take R = k. Now, assume that we are under the induction hypothesis. Let 7 € Ann(mpg) and let
R’ := R/mR. We have that the length of R’ is strictly smaller than the one of R, so we can apply
the inductive hypothesis. First, this implies that the characteristic of R’ is p, hence there exists an
element v € R such that p = ym. Now, the deformation G over R of G can be described explicitly
(scheme-theoretically) by polynomials f and ¢ inside R[z,y] such that, writing G = Spec(A),

A= Rlz,y]/(a" — nf(z,y), 9" — mg(x,y)).



Now, the Hopf R-algebra structure on A is given by the group law:

($, y) Rle (xlayl) = (:El(l + y))\ +x+ 7Th1 (CE, xlu y7yl)7y + y/ + yyl + 7Th2($, xlu yayl))a

for certain polynomials hy and ho in Rlz,z’,y,y']/(x?, 2P, y?" ,y'P").

We first prove that the characteristic of R is p, i.e. every deformation of G lives in positive characteristic
p. Consider two generic points h = (x,y) and A’ = (2/,y') in G and impose that h og h' is still an
element in G to deduce relations concerning the polynomials f, g, h1 and ho.

The following conditions have to hold:

[’ (1+ )+ + 7P —7f(@' (1 +y)* +2+7h,y+y +yy +7h) =0
ly+y +yy +mhel?" —mga’ 1 +y)* +a+mhi,y +y +yy +mha) =0

Since 72 = 0 and since R/7R has characteristic p we have that:

[’ (L +y)* + 2 = f (@' A+ y) + 2,y +y +yy) =0

y+y +yylP" —mgl@(L+y)> +a,y+y +yy) =0
because 7 f(z+mhy, 2 +wha) = 7f(z,2"). Now, since g and ¢’ belong to G we have that 2P — 7 f(x,y) =
2" —wf(2',y") = 0 and focusing on the first equation in the above system we have:

p—1
2P (14 y)* + Z <Z> [’ (14 2P f P —af@ A+ y) +z,y+y +yy) =0
k=1

so we deduce that:

mf(@,y )1+ + [/ (L+y) + 2] — 2P A+ y) P —aP + 7 f(z,y) —7f (@' 1+y) +z,y+y +yy) = 0.

(x4 )P—2P—z'P

Denoting by W, (x, ") >

, the expression becomes:

yWy(a, o' 1+ 9)Y) = f@ (L +y) + 2y +y+yy) + fle,y) + f@,y) 1+ )] =0
imposing y = 3y’ = 0, we get:
W[FYW;D(IaI/> - f(:E + :ZT/,O) + f({E,O) + f(iZ?/,O)] =0

Note that inside the square parenthesis, there is the monomial y2’2P~! (coming from the polynomial
W,) and it is the only monomial of that type because deg, (f(z,y)) < p—1. We deduce that v € mp and
as a consequence, since 7y = p and since 7 € Ann(mp) we deduce that p = 0in R, i.e. char(R) =p > 0.
This completes the first part of the proof.

Remark 3. It is interesting to notice that the above computation still holds when A = 0, i.e. if we
were in a situation where G is a deformation of the k-group scheme Gy =2 o, X ppm. However, it is clear
that deformations of o, X p,m exists also over some ring characteristic 0, e.g. H X pp= where H is a
deformation of a, (described by Oort and Tate in [TO70]) and all groups are taken over a ring R over
which p ramifies. Indeed, the issue is in the assumption that a generic deformation G are only of the
form considered in this article. This fact is indeed false when A = 0.

Taking up again the system of equations of before, and implementing the new information that the
characteristic of R is p, we have that:

~

J@ A+ +zy+y +yy) = flay) + f@,y) A +y)*?
g@(1+ ) +a,y+y +yy) =g(z,y) + 9, y)



for the second equation we have used that:

+y +yy)P" —mg@1+y)  +a,y+y +yy) =0

and so

m

gyt Py g A+ )+ ay+y +yy) =0

and substituting inside

P —mg(x,y) = g - mg(z’,y") = 0.
In order to understand the underlying R-scheme structure of G, we have to classify all the possible
polynomials f, g € R[x,y], knowing that the characteristic of R is p. It might be possible that a direct
computational approach allows one to classify f and g by imposing that the couple f, g has to satisfy
that if h and h' are two generic points in G then the coordinates of h og h’/ have also to satisfy the
equations 2P — 7 f(x,y) = y*" — mg(x,y). We prefer here to proceed in a more conceptual way. Before
going deeper in such approach we take a little detour to introduce cohomology of linear representation
of finite flat group schemes (in terms of Hochschild cohomology) which will play a central role in what
follows. Consider the following general situation. Let R be a sufficiently nice ring, e.g. in order to cover
all the situations we have to deal with it is enough to take the class of ”models” in the sense of Demazure
and Gabriel (see the beginning of [DG70]). These rings form a full subcategory of the category of rings
which is exactly the subcategory of U-small rings where U is a certain Grothendieck universe.
Let H be a finite, flat group scheme over R and let V' be a projective R-module of finite type. Denote
by GL(V) be the R-group functor sending each R-algebra S to GI(V ®g S) (where Gl is the usual
general linear group). A linear representation of G in V' is a natural transformation (i.e. a morphism
of functors) p : G — GL(V). Equivalently, writing G = Spec(A) for the R-Hopf algebra A, the mor-
phism p corresponds to a R-linear map A, : V — V ®pr A such that for all v € V we have that
A,(v) = p(go)va € V ®r A (here va = v ®g 14) where gy € G(A) is the element corresponding to the
identity map on A. Of course, the map A, also reflects other functorial relations corresponding to the
fact that A is a R-Hopf algebra. The point of view of considering A, instead of p is useful as it allows
explicit computations as we will see later on. Now, starting from an R-module V', we denote by V the
commutative R-group functor on the category of R-algebras sending S +— V,(S) =V ®g S.
For all positive integers n, we define the n-cohomology group H"(G,V) := Hj,.(G, V,) where Hf; (G, V,)
denotes the Hochscild cohomology of the G-module V,,. An important point is that the groups H"(G, V)
depend only on the action of G on V. To be precise, there exists a complex C*(G, V) where C"(G,V) =
V®rA---®rA (ntimes ®gA) whose boundary maps depend only on A, and such that H"(G,V) =
H™(C™(G,V)). For more information on this, we refer the reader to the book of Demazur and Gabriel
(see section 3 Chapt. 2 in [DGT0]).
Another tool we need for studying deformation of non-commutative schemes is the adjoint representa-
tion of a finite flat group scheme: As we will see later on, such special representation plays a central role
in deforming group structures. Let R(e) be the R-algebra of dual R-numbers, i.e. R[T]/(T?). Denote
by p: R(e) = R the projection which sends p(1) =1 and p(e) = 0. The Lie group of a finite flat group
scheme G over R is defined as Lie(G)(R) = Ker(p : G(R(e)) — G(R)). The group G acts functorially
on Lie(G) in the following way, called adjoint representation of G:

Ade : G(R) — GL(Lie(G)(R))
g (z—i(g)zi(g)™")

where i : G(R) — G(R(e)) is induced by the injection i : R — R(e) such that i(1) = 1.

We recall that there are two compatible operation on Lie(G)(R) by R and by G(R). Now, we have
a canonical isomorphism as R-modules (see for example section 4 Chapt. II in [DG70]) Lie(G)(R) =
D,(wagk)(R) = Mody(wagk, R). Moreover, since G is finite flat we have that such R-module is also

canonically isomorphic to Modg (Ig/I%, R) where I is the augmentation ideal of G. Using the additive



notation for the elements of the Lie group of G (namely x = e%*), we have that the explicit adjoint
representation as R-module:

Adg : G(R) — GL(Mody (I /1%, R))
is determined by the formula ge?/g~! = e49¢(9)/ for all g € G(R) and all f € Mody(Ig/I%, R). We
denote with Vg = Mod (I, / IéA,R) the adjoint representation of G. Finally, we are ready continue

our study of the scheme structure of the deformations G over R of G. Because of what has been done
previously, we know that:

G = Spec(R[z,y]/(«" — 7 f(z,y)), 4" —7mg(z,y))

with group law depending on the parameter A € {1,...,p™ — 1} _and certain polynomials hy and hs in
R[z,2',y,y']. Define the vector F(z,y) = (f(z,v),g9(x,y))T and F(z,y) := F(x,y) mod mg. Consider
now as usual two generic elements h = (z,y) and b’ = (2/,y) in G, we have:

Floct') = F((oioa, ('.0) = (102 20 (510 wmod m = (16504 IV E0™) o e =

= (Je) (4 9) (1) oty

hence we deduce the relation:

Flhoa, W) =F(h) + (“ o (1)) T

Define now the k-vector space V = ke @ ke over which G acts via:
AV%V@kk[x“y]/ p ,p"
(P, y"")

where A(e1) = e; ® (1 +»)* and A(ez) = es.

The relation proven above for F(z,y) is equivalent to say that F is a crossed homomorphism from Gy
to V and as such, we can identify it with a 1-cocycle for the representation V, i.e. F' € H'(Gy,V).
We recall now that G = oy, Xy ppm, i.e. it fits into a split exact sequence 0 — a, = Gy — ppm — 0.
The action of G\ on V factors via the quotient y,=. Now, diagonalizable group schemes, such as jipm,
satisfy the following useful property (on which we rely also later on, so we state it properly):

Proposition 2. Let H be a diagonalizable k-group scheme and p : H — GL(V') a linear representation
of H then for all m > 0 we have that H"(H,V) = 0.

Proof. See for example Prop. 4.2, Sec. 3, Chapt. II in [DG70]. This result holds for any base R which
is a "model” in the sense of [DGT()]. O

Moreover, we can combine the above result with the following:

Proposition 3. Let G be a finite flat k-group scheme and let N be a finite flat normal subgroup scheme
inside G. Let W be any G-module and assume that G/N (which is as well a finite flat k-group scheme)
1s diagonalizable. Then for all i > 0 we have isomorphisms:

HY (G, W) = H(N, W)/,

Proof. This is a consequence of proposition 2l applied to Grothendieck’s generalization of the Lyndon-
Hochschild-Serre spectral sequence. See for example Corollary 6.9 in |Jan87]. O



We recall that the action of G on the cohomology groups H*(N, W) is deduced by the action of G on
the cocycles C* (N, W) = W @ O(N)®* which comes from the action of G on N via conjugation and on
W via its G-module structure (see for example section 6.7 in [Jan87]). Finally, we have that Proposition
Bl allows us to compute explicitly:

Proposition 4. Let A € {1,--- ,p™ — 1}, we have HY(G,,V) = 0.

Proof. First, we recall that the G -representation V decomposes as a direct sum L & G, (with L = G,
as k-group schemes) where the action of a generic element g = (z,y) € G on L is given by the
multiplication by (1 +y)*? and it is the trivial one on the second factor G,. By Proposition B we have
that:

H' (G, V) 2 H(G, L) © H'(Gx, Ga) = H' (0, L) & H (0, G )™,

We have that H'(G,,G,) = Gri(G,,G,) is the k-group scheme of endomorphisms of G, which is
isomorphic to the group {p(z) = > .-, @iz? with a; € k} with the usual addition of polynomials
(see for example sec. 3.4 in Chapter 2 in [DG70]). Hence, we have that any 1l-cocycle ¢ : a, — Gy
corresponds to a polynomial p.(x) = a.x for some a. € k. A direct computation shows that both
actions of ppm of L and the trivial one on G, are incompatible with the conjugation on N (which

corresponds to sending a generic element x of a; in (1 + y)*z). As a consequence, we have that
H(ap, L™ = HY(ap, Gy )Ho™ = 0. O

We deduce then that F is a l-cobord, or equivalently, there exists (c,d) € k? such that for every
h = (z,y) € G we have that F(h) = p(h) - (¢,d)T — (¢,d)T. After making the representation p explicit,
we have that there exists some polynomials z; and z5 in R[z,y] with coefficients in mpg such that

Fla,y) = <f(x,y)> _ (C[(l +y)r 1] +Zl) |

g(z,y) z2

Since m € Ann(mpg), we deduce that 7 f(z,y) = er[(1 +y)* — 1] and 7g(x,y) = 0. Finally, we conclude
that the underlying R-scheme structure of the generic deformation G over R of G has to have the form:

6 = svec( W an _cnf(1-4-47 —1).57™)
Note also that (since char(R) = p) (1 +y)*? = 1+ y*? if and only if X is a power of p. Hence, we
first simplify a bit the expression cr[(1 + y)*? — 1] by using the results in section 2. By Lemma B we
have indeed that without loss of generality we can assume that A = p¥ for a certain integer v > 0 and
so er[(1 4 y)™® — 1] = ery?”" . Summarizing what we have proven until now, we have that for every
deformation G of G\ we have the following isomorphisms of R-schemes:

G = Spec (R[I’ y]/(

v+41 m
2 —emy? P )) for some c € k

Our goal is to prove the following stronger description:

Proposition 5. For all A € {1,---,p™ — 1}, we have that every finite flat deformation G over R of
G is isomorphic as R-scheme to Spec(R[x’y]/(Ip ypm)), i.e. to the base change Gy ®j R.

Our aim is now to prove that as R-schemes, we have that G is isomorphic to Spec(R|[z, y]/(«?,y?")), i.e.
¢ = 0. This point of the proof is the most delicate as the situation is substantially different from the one
treated in [Sch01] where v,(A) = 0 and a new approach is necessary. Indeed, if v,(\) = 0, it is possible to
directly conclude by a linear isomorphic substitution after observing that 2P —cr[(1+y)? —1] = (z—wy)P
after suitably extending R finitely flat by adding the element w such that w? = cw. However, when
vp(A) > 1, the situation is much more subtle because such substitution is not available. Our first goal
is to determine the possible values of the constant ¢ € k and the possible polynomials h; and ho up
to automorphisms. Since G is a R-group scheme with neutral element (0,0) we have that in order
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for the group axioms to be satisfied we have that h;(x,y,0,0) = h;(0,0,2',y") = 0 for ¢« = 1,2. The
strategy is to use the inductive hypothesis on R/mR and k to transport certain group structures from
the infinitesimal deformations (i.e. deformations over R/mR where 72 = 0) to G over R. In order to

deal with infinitesimal deformations, we rely on two results. The first one deals with deformations of
group laws (this is a specialization of Theorem 3.5 in [DG11] SGA 3 Exp. III):

Theorem 6. Let S be a scheme and let I and J be two quasi-coherent ideals such that J C I and
I-J =0 defining respectively closed sub-schemes Sy and S;.

Let X be a finite flat S-scheme and denote by Xj and Xy the S-subschemes of X obtained by base
change via natural projections modulo the ideals I and J. Assume that Xy has the structure of S-group
scheme and denote by Lo the commutative So-group functor given by the derivations of Xo/So, i.e.

Homsg, (x, Lo) :== Home, (w%(O/SO ®0s, O, J R0og, Ox).

The So-group functor Lo acts on Xg via its adjoint representation. Moreover, the existence of a struc-
ture of S-group scheme on X is equivalent to the following two conditions:

(i) there exists a S-scheme morphism P : X x X — X which induces modulo J the group law
Py of X,

(ii) a certain obstruction class ¢(P;) € H3(Xo, Lo) (corresponding to the associativity property which
P has to satisfy) is zero.

In addition, if the conditions (i), (ii) are both satisfied, the set E of group laws of X (modulo S-
automorphisms of X ) inducing the group law Py on X is a principal homogeneous space for the abelian
group H?*(Xo, Lo).

The proof of this result is particularly useful as it allows explicit computations. Indeed, we want to use
this result to impose explicit conditions on the possible group laws on G, which amount to imposing
conditions on the polynomials h; and hy. Let E be the set of R-automorphisms orbits of group laws P
on G such that after reducing modulo (7) we have that P coincides exactly with the group law of G
over R/mR (by inductive hypothesis). By the above result, we know that F is a principal homogeneous
space for the abelian group H?(G)/k,Vaq) where Vaq is the k-adjoint representation of Gy /k. Note
that for this fact we are using that the groups involved are finite and flat. Denote the action of an
element § € H2(Gy/k,Vaq) on an element p € E by § - u. Now, in order to make things explicit we
consider the action of H?(G)/k,Vaq) on E on points. Set a coefficient ring, say the R-algebra S. We
have that for all g, ¢’ € G(S) and for all u, ' € F(S) we have that:

1 (g,9") = (s 1) (905 90) - 11(9: ") = 1109, 9") + D,y (90.91) € G(S) = Homp aig(A4, S)

where the derivation D, ,7)(go,g;) i the derivation associated to the image of (g0, g4) via the 2-cocycle
§(u,p') € H*(Gx,Vaq) which is the one corresponding to the couple (i, ') (note that we are using
that F is a principal homogeneous space, i.e. the action of the abelian group H?(Gy,Vaq)) is free
and transitive which grant the existence and unicity of ¢ in function of p and p’). Note also that as
k-module homomorphism, the image of D, ,.)(go,g;) 18 contained in the ideal () in R. This is indeed
a fundamental point which ensures that the R-algebra homomorphism determined by p(g,¢’) plus the
R-module homomorphism Dy, 117)(go,g,) 18 still an R-algebra homomorphism.

Another result which allows us to transport group structures via infinitesimal deformations concerns
lifts of group morphisms. To be precise, we have the following (this is specialization of Theorem 2.1 in
IDG11], SGA 3 Exp. III):

Theorem 7. Let S be a scheme and let I and J be two quasi-coherent ideals such that J C I and
I-J =0 defining respectively closed sub-schemes Sy and S;.
Consider the following:

11



(i) X an S-group scheme,
(i1) Lo the commutative So-group scheme given by the derivations of Xo/So, i.e.

Homsg, (*, Lo) :== Home, (w%(O/SO ®0s, O, J ®0g, Ox),

(i4) Y a flat S-group scheme and fj :Y; — X; a morphism of Sj-group schemes.

Then we have that fj lifts to a S-group scheme morphism f : Y — X if and only the following
two statements hold:

(1) fr lifts to a S-scheme morphism f:Y — X,
(2) a certain obstruction class c(fy) € H?(Yo, Lo) is zero.

As explained before, using the additive notation for the elements of the Lie group of G (namely x = e*),
we have that the explicit adjoint representation as R-module:

Adg : G(R) — GL(Mody(I /I3, R))

is determined by the formula ge/g=! = e“496(9)/ for all g € G(R) and all f € Mody(Ig/I%, R). Let
now consider the case where G = G defined over a finite perfect field k of positive characteristic p. We
know that:

=Sl )

with group law given by (z,y) og, (2/,¢) = (2'(L+y)* + 2,y + ¥+ yy').
Let g = (2/,9') and denote by g=! = (2”,y"). The following relations hold:

(1 4 y/)kx// + 1,/ =0
y/ + y// + y/y// -0

Let f(z,y) = agz + bpy € Mody(Ig, /1%, , R) where Ig, = (x,y) as an ideal inside O(Gy). Now, we

impose that gecfg—1 = e44c(9)f  In other words, we have to compute gecf g~ = flgo(z,y)og™t) as

an element in Mody(Ig, /1%, , R). We have that:

f@ ) o (y)o (@ y") = F(A+ ) MA+y) " +al+ 2y +y+y" +u”" + v w+y" + "))

Now, using the relations between g and g~! and that we are doing computations modulo the ideal (z,y)?

inside O(Gy) = k[z,y](zP,y*" ), we conclude that the above expression is equal to:

F(L+ ) = My, y) = f( ((1 +Oy’)A _)1\3:’) G) )

where we used that (1+y)* = 1+ Ay mod (z,y)?. We deduce finally that the a adjoint representation
of GG is the representation:

Adg, : GA(R) = GL(Mody(Ic, /1I&,, R))
P

We have now enough information for computing the cohomology of V,q with respect to the Gx-action.
To be precise, we have the following;:

12



Proposition 6. Let A € {1,--- ,p"™ — 1} and let V,q be the adjoint representation of Gy over k.
We have that:
(Wp) if vp(A\)=m—1,

0 otherwise;

H?*(Gx,Vaa) = {

where the class W, represents the polynomial Wy(z,z') = <[(z + 2")P — 2P — 2'P].

1
P
Proof. When v,(A) = 0, the claim has been proven by Schoof (see Lemma 3.2 in [Sch01]). Assume now
that v,(\) > 1. Tt is well-known that H?(ay,,G,) = (W,) (see for example Cor. 4.8 in section 3 in
chapter 1T in [DG70]). By Proposition Bl we have that:

H?(G, Vaa) = H?(ap, Vaa)"r™ 22 H (0, ') @ H? (0, Ga) ™

where L' =2 G, (as k-group schemes) has a p,m-module structure given by the action of y,m sending x
to (1 + y)*z and where the action of p,m on G, is the trivial one. It is straightforward to check how
Hpm acts on every 2-cocycle ag — G, by directly checking how it acts on the 2-cocycle given by W),.
In order to find the p,m-invariants, we have to impose that the 2-cocycle W), is invariant under the
simultaneous action of p,m via conjugation on ), and the adjoint representation action on either the
first factor L’ or the second factor G,. A direct computation shows that only one case is non-trivial.
Indeed, let v € p,m represented by the variable y. Then considering the trivial action of ji,m on G, we
have:
Wy(y(@,2')) = Wy((1 + )2, (L +9)*0) = (1+ 1) Wy (a,2).

Hence, we have that H?(a,, G,)*»™ is different from zero if and only if
W;D(’Y(Ia II)) = Wp(xv .I/)

which happens, by the above computation, if and only if v,(A) = m—1 (note that we are assuming A > 1).
We deduce that H?(a,, L')"»™ =0 and H?(ap, Go)*»™ =2 (W,) (if and only if v,(A) =m — 1). O

As a consequence of proposition [l we can completely classify all group structures of the generic defor-
mation of G\ by describing explicitly the polynomials h; and hs. To be precise, we have the following:

Lemma 3. The polynomials hy and hy in Rlz,y,2’,y'] satisfy the following properties:
if vp(X) #m —1, then hy =hy =0,
if vp(\) =m — 1, then hy € (Wy(z,2")) and hy = 0.

Proof. We have that the action of H?(G),Vag4) on the principal homogeneous space E of group laws
on G depends only on the derivations evaluated in «,. A direct computation shows that for g = (z,y)
and ¢’ = (2/,y’) the morphism po(g,q’) := (x + ',y + ¥’ + yy’) defines a group law on G, i.e. pg € E,
and because of Theorem [0] any other group law p is uniquely obtained by translations via derivations,
ie. 1(9,9") = po(g9,9") + Duo,u(90, 9y) where go and g are the reductions mod k of g and ¢’ and are
generic elements of G. Finally, since the derivation D, (g0, 9j) has image living in the ideal (7) and
depends only on = and 2/, in the only non-zero case (i.e. when v,(A) = m — 1) we have that the image
of Dy 1(90, 90) is exactly arWp(z,z’) for some a € k.

([l

Note that in all cases we have h;(z,0) = h;(0,2”) = 0 for i = 1,2 because of the axiom for the neutral
element. We recall that now we restrict our attention to the case v,(\) # m —1. Consider the R-scheme

morphism:
v+41 m

¢ : N := Spec(R[z]/(z")) — G = Spec(R[z,y]/(« —cmy” ,y""))

where ¢ corresponds to the natural projection for y = 0.
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Lemma 4. For all A € {1,--- ,p™ — 1}, the R-scheme N has a group law for which it is a normal
R-subgroup scheme of G with the closed immersion given by the R-group morphism ¢ and N = o, as
R-group schemes.

Proof. By inductive hypothesis, we know that after taking a base change to R/mR, we have that
H ® R/7R has the structure of an R/mR-group scheme isomorphic to ppm/R/7R and ¢ @ R/7R is a
R/mR-group scheme homomorphism. The idea now is to use the results from SGA mentioned above
to transport these group structures from the infinitesimal deformations over R/mR to R. Note the
fundamental fact that N is a flat R-scheme of finite type over R.

According to Theorem [l in order to prove that N has the structure of group scheme we have to verify
two statements. First that there exists a R-scheme morphism Py : N x N — N which specialize to
the group law of a;, after base change to R/mR and second, that a certain class ¢(Py) € H3(ap/k, Vaa)
(corresponding to the associativity property of Py) is zero. For the first part, note that G as a R-
group scheme has its group law which can be seen as a R-scheme morphism P : G x G — G which
induces the usual group law on G after base changing to R/mR (by inductive hypothesis). Because
of Lemma [3 taking the restriction of P to generic elements of N we get that P((z,0),(z,0)) =
(x + 2’ + why1,0). Hence, defining Py as the restriction of P to N we get a well-defined R-schemes
morphism Py : N x N — N satisfying the required properties. Now, the class ¢(Py) € H?(ap, Vaa)
which corresponds to the associativity property of Py is nothing else than the image of the respective
class ¢(P) € H3(G), Vaa) under the group homomorphism H?(Gy, Vaa) — H?(ay, Vaa) induced by the
inclusion ¢y, — G (because Py is defined as the restriction of P to N x N). Since P is a group law, we
have that ¢(P) = 0 which implies that ¢(Py) = 0. We conclude that N has the structure of a finite flat
group R-scheme. Now, applying Theorem [7l to the R-scheme morphism ¢ together with the (necessary)
induction hypothesis that ¢ ® R/mR is the closed immersion corresponding to the projection y = 0, we
can conclude that ¢ is also a closed immersion R-group scheme morphism.

Alternatively, it can be checked by formulas that the R-scheme morphism ¢ preserves the group law
via a direct computation as everything is explicit. Finally, because the group law of N is explicit,
another direct computation shows that N is a normal R-subgroup scheme inside G. This concludes the
lemma. |

Now that we endowed N with a finite flat R-subgroup scheme structure which makes it normal inside
G, which allows us to take the quotient. As this procedure is usually delicate because the category of
finite flat affine group schemes over an arbitrary R is not an abelian category, we state precisely a result
of Grothendieck which grants us the existence of the quotient of G by N as a finite flat group scheme
over R (note the fundamental hypothesis that N is normal) (see for example section 3 in |[Tat97] , or
sec. 6.3 in [Sti09] or [Sch0qQ]):

Theorem 8. Let N be a finite flat closed normal subgroup of an affine finite group scheme G over
R. Then the quotient group fpqc sheaf G/N is representable by an affine finite group scheme H, which
coincides with the categorical cokernel for the inclusion N C G with the natural projection G — G/N
being finite and faithfully flat.

Moreover, if G = Spec(A) and N = Spec(A/J) is commutative then G/N = Spec(B) where the R-
algebra B is described explicitly by B = {a € A : ¢(a) = 1 ® a mod (J @ A)}, where ¢ denotes the
co-multiplication on A.

The fact that the natural projection G — G/N is finite and faithfully flat implies in particular that G
is finite flat if and only if G/N is finite and flat (note that we are assuming as hypothesis that N is
already finite and flat). Coming back to our case, since G is a finite flat deformation of G we have
that G/N is a finite flat R-group scheme. Moreover, we have that N = Spec(R[z]/(a?)) with the group
law mentioned above is commutative because it is a finite flat group scheme of prime order (this is a
result of Oort and Tate, see for example |[TO70]). Hence, G/N is isomorphic Spec(B) where B is the

R-subalgebra of Rz, y]/(a? — cmy?”",y?™) such that

+1

B ={a € Rlz,y]/(«? — emy?” ,y”m) ie(a) =1®amod ((y) ® A)}
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where as usual, the group law of G is determined by ¢(r) = (1+y)*@r+r®1 and c(y) = 1Qy+yR1+y®
(after Lemmaf3)). Tt is straightforward to check that B is the R-subalgebra of R[z,y]/(zP — cry?" gy yP")
generated by the elements P and y with relation 2P — c7rypv+l = 0. Indeed we have that because the
formulas for ¢ holds as above, the element 2 does not belong to B but the elements 2P and y do (and
no smaller power of = belongs to B). Note also that (2P)? = 0 because 72 = 0. If ¢ # 0, the relation
xP — c7rypv+1 = 0 prevents the R-algebra B to be free (note that R is local) which would contradict the
fact that Spec(B) is a finite and flat R-group scheme. This allows us to conclude directly that ¢ must be
zero. Another equivalent way to prove that ¢ = 0 comes from the deformation theory of y,m. Indeed,
the finite flat R-group scheme G/N is a deformation of ppm, i.e. G/N Qg k = ppm /k (because base
change of algebraic groups preserves exactness under flatness hypothesis). However, the k-group scheme
tpm does not admit non-trivial deformations over a local Artin ring R, i.e. we have the following:

Proposition 7. Let R be a local Artin ring. Let H be a finite flat R-group scheme such that H Qg k =
ppm then we have that H = ppm /R. In other words, all deformations of ppm are trivial for all positive
integers m.

Proof. This is a direct consequence of the fact that the category of R-group schemes which are of
multiplicative type and finite over R is equivalent to the same category over R/mgrR = k, and we know
that H ® pk = ppm is of multiplicative type. This implies that H and p,m over R have to be isomorphic.
See for example Cor. 2.3 and 2.4, Rem. 4.0.1 and Lemma 4.1 in SGA 3 Exp. X. in |Art+64). O

We conclude that we have the isomorphism G/N 2= p,m as R-group schemes, which implies that
B = R[y]/(y*") which holds if and only if ¢ = 0. Finally, for all A\ we have that:

G = Spec(R|z, y]/(xp,ypm))
with group law given for a certain a € k by:
(x,9) o (2'y) = (1 +9) 2’ + 2 + axWy(z,2'),y + ¥ + yy/).

By Lemma Bl we conclude that if v,(A) # m — 1 there are no non-trivial deformations of G over R,
ie. G =G\ @ R ap, ) pym which explicitly is the R-scheme R[z,y]/(zP,y?") with group structure
given by (2,y) og, (¢',y') = (1 +y) 2" + 2,y +y +yy). )

If v,(A) = m — 1, we have that the deformations of G form a 1-dimensional family H, (with parameter
a € k) of non-commutative R-group schemes of order p™*!. We have that the family of finite flat
R-group schemes H, can be explicitly described as:

m

H, = Spec(R[z,y]/(x",y""))
with group law given by:
(2,9) o (2',y) = (L +y)"" 2’ + 2+ axWy (2, 2"),y +y' +yy').

This concludes the proof of Theorem[il Finally, we can apply Theorem[Elto the problem of understanding
if any finite flat deformation G over R of GG is killed by its order. In particular, we conclude with the
following:

Theorem 9. Let R be a local Artin ring of positive residue characteristic p. Let G be a deformation
over R of the k-group scheme G for any A € {1,--- ,p™~1}. Then G is killed by its order.

Proof. By Theorem [ if v,(\) # m — 1, we have that G = (o, X\ fpm ) Xgpec(k) SPec(R) over R and we
conclude that also G is killed by its order.
Now, assume that v,(\) = m — 1. By Theorem [3, for any deformation G over R of Gpm-1 there exist
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a € k such that we have that G = H,. We can perform now computations as the group law is also
explicit in this case. Indeed, given a generic element h = (z,y) € H,, we have that

m_q

[p"](2,y) = (I > a +y)’“”m71,ypm)

k=0

because W, (x,x) = 0 since 2P = 0. Since y?" = 0 the second component is zero. Finally, the same
exact computation performed in Section 2 can be repeated here which grants us that also the first

component is indeed zero because Zizal(l + y)’“l’mf1 =pm! Zi;é(l + y)kpm*l = 0 because R is of
characteristic p. This proves that [p™] kills H, and in particular we deduce that G is killed by its order.
This concludes the proof of the theorem. O
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