
ar
X

iv
:2

41
1.

12
37

3v
1 

 [
m

at
h.

A
G

] 
 1

9 
N

ov
 2

02
4

CLASSIFICATION OF THREEFOLD CANONICAL

THRESHOLDS

JHENG-JIE CHEN, JIUN-CHENG CHEN, AND HUNG-YI WU

Abstract. We show that the set T can
3,sm of smooth threefold canonical

thresholds coincides with T lc
2,sm = HT 2, where HT 2 is the 2-dimensional

hypersurface log canonical thresholds characterized by Kuwata [Kuw99a,
Kuw99b]. We classify the set T can

3 of threefold canonical thresholds.
More precisely, we prove T can

3 = {0} ∪ { 4

5
} ∪ T can

3,sm.

1. introduction

We work over the complex number field C.
For a log canonical pair (X,S), the log canonical threshold

lct(X,S) := sup{t ∈ R | (X, tS) is log canonical}

is a natural and fundamental invariant which measures the complexity of
singularities in algebraic geometry (see [Kol97, Kol08]). The set of n-
dimensional log canonical thresholds

T lc
n := {lct(X,S)|dimX = n}

has very interesting properties related to the minimal model program (cf.
[Sho93, MP04, Bir07, HMX14, LMX24]). Note that it is an interesting and
very hard question to describe the set T lc

n explicitly. Certain classifications
in n ≤ 3 were investigated (cf. [Ale93, Sho93, Kuw99a, Kuw99b, Kol08]).

We consider an analogous notion. Let X ∋ P be a germ of complex
algebraic variety with at worst canonical singularities and S ∋ P be a prime
Q-Cartier divisor. The canonical threshold of the pair (X,S) is defined as

ct(X,S) := sup{t ∈ R | the pair (X, tS) is canonical}.

For every natural number n, the set of canonical thresholds is defined by

T can
n := {ct(X,S)|dimX = n}.

It is known that T can
2 = {0}∪ { 1

k}k∈N where N denotes the set of positive
integers. In this paper, we focus on the classifications in the case n = 3.

Canonical thresholds appear naturally and play crucial roles in the Sark-
isov program. Recall that every canonical threshold ct(X,S) ∈ T can

3 is com-
puted by some divisorial contraction σ : Y → X (cf. [Cor95] or [Mat02]).
As the remarkable works of classifications of threefold divisorial contractions
to points are completely investigated by Hayakawa, Kawakita, Kawamata,
Mori, Yamamoto, and many others (cf. [Mor82, Kaw96, Hay99, Hay00,
Kwk01, Kwk02, Kwk05, Yam18]), it is then a natural question to describe
the set T can

3 explicitly.
1
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We collect some known results toward the description of the set T can
3 as

follows. Note that certain numbers are in this set, e.g. min{ 1
α + 1

β , 1} (by a

result of Stepanov [Ste11]) for all positive integers α and β. It is also known
that 4

5 ∈ T can
3 [Pro08]. Consider the subset

T can
3,sm := {ct(X,S) | dimX = 3,X is smooth} ⊆ T can

3 .

Prokhorov proves that T can
3 ∩ (56 , 1) = ∅ as well as ct(X,S) ≤ 4

5 when X is

singular [Pro08]. Stepanov proves that T can
3 ∩ (45 ,

5
6) = ∅ [Ste11]. Another

interesting question concerning the set T can
3 is to determine if it satisfies

the ACC. Stepanov obtains that T can
3,sm satisfies the ACC and establishes

the explicit formula for ctP (X,S) when P ∈ S is a Brieskorn singularity
in [Ste11]. Applying Stepanov’s argument, the first named author proves
the ACC for T can

3 [Che22]. He also shows that T can
3 ∩ (12 , 1) coincides with

{1
2 + 1

p}p∈Z≥3
∪ {4

5}. Moreover, Han, Liu and Luo and the first named

author independently prove that the accumulation points of T can
3 coincides

with T can
2 \ {1} and generalized the ACC to pairs in [HLL22, Che22].

We now state the main results of this paper. The first result is an ex-
plicit description of the set T can

3,sm of threefold canonical thresholds. We also

discover T lc
2,sm = T can

3,sm. It is interesting to compare this with the well-known

theorem that the set of limit points of T lc
n+1,sm is T lc

n,sm [dFM09] [Kol08].

Theorem 1.1. (= Theorem 2.2) The set T can
3,sm consists of C ∩ [0, 1] where

C is the following set
{

α+ β

p1α+ p2β

∣

∣

∣

∣

∣

α, β, p2 ∈ N and p1 ∈ Z≥0 such that α ≤ β,
gcd(α, β) = 1 and either p2 ≥ max{α, p1} or p2 = p1

}

.

In particular, we have

T can
3,sm = T lc

2,sm(= HT 2).

The next result characterizes the set of 3-dimensional canonical thresholds
T can
3 . It is plausible that most of the canonical thresholds should come form

the smooth case already. We show that 4
5 is the only non-trivial exception.

Theorem 1.2. (=Theorem 3.15) We have T can
3 = {0} ∪ {4

5} ∪ T can
3,sm.

In what follows, we explain the proof of Theorems 1.1. Suppose that
ct(X,S) ∈ T can

3,sm is a canonical threshold. It is known that ct(X,S) ≤ 1 and

ct(X,S) can be computed as a weighted blow up Y → X = Ĉ3 at the origin

of Ĉ3 with weights w := (1, α, β) for some positive relative prime integers

α and β by Kawakita [Kwk01] such that ct(X,S) = α+β
m where m = w(f)

is the weighted multiplicity of the defining convergent power series f of the
prime divisor S. For simplicity, we assume that 1 < α < β. Y is then a
union of three affine open subsets U1, U2 and U3 such that U1 is smooth,

U2 ≃ Ĉ3/
1

α
(−s, s, 1) and U3 ≃ Ĉ3/

1

β
(t, 1,−t),

where s and t are the positive integers with αt = βs+1. Denote by s̄ := α−s
and t̄ := β − t so that αt̄ = βs̄ − 1. Note that there are two weights
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w2 = (1, s, t) and w3 = (1, s̄, t̄) over X corresponding to Kawamata blow ups
at the origins of U2 and U3 respectively. Comparing w with two auxiliary
weights w2 and w3, [Che22, Lemma 2.1] yields that

⌊
s+ t

α+ β
m⌋ ≥ ⌈

s

α
m⌉ and ⌊

s̄+ t̄

α+ β
m⌋ ≥ ⌈

t̄

β
m⌉.(1)

By [Che22, Proposition 3.3], we have m ≥ αβ. In particular, there exist
non-negative integers p1 and p2 with m = p1α+ p2β and p1 < β. From the
inequalities in (1) and the above identities αt = βs + 1 and αt̄ = βs̄ − 1,
we obtain p2 ≥ p1 (resp. p2 ≥ α if p1 6= p2). Thus, ct(X,S) ∈ C ∩ [0, 1].

Conversely, given a number α+β
p1α+p2β

∈ C ∩ [0, 1] where α, β, p2 are positive

integers and p1 is a non-negative integer with α ≤ β and gcd(α, β) = 1 such
that either p2 ≥ max{α, p1} or p1 = p2. We assume α > 1 for simplicity.
Denote by m = p1α + p2β and weights w = (1, α, β), w2 = (1, s, t) and
w3 = (1, s̄, t̄). We are able to construct a prime divisor S := {f = 0} (near

the origin of Ĉ3) satisfying the following two conditions:

• the proper transform SY of S in Y is smooth except probably the
origins of U2 and U3 (near the exceptional divisor of weighted blow

up σ : Y → X = Ĉ3 with weights w);
• we have the inequalities

s+ t

α+ β
m ≥ w2(f) and

s̄+ t̄

α+ β
m ≥ w3(f)

where m = w(f), w2(f) and w3(f) are the weighted multiplicities.

Thanks to computations of canonical thresholds for terminal cyclic quo-
tient singularities studied by Kawamata [Kaw96, Lemma 7], it follows that

α+β
p1α+p2β

∈ T can
3,sm (see Lemma 2.1). Therefore, we have established T can

3,sm =

C ∩ [0, 1]. It is then straightforward to check that C ∩ [0, 1] coincides with
HT 2 where HT 2 is the set of 2-dimensional hypersurface log canonical
thresholds explicitly classified by Kuwata [Kuw99a, Kuw99b]. Thus, Theo-
rem 1.1 follows.

Theorem 1.2 is basically derived from the argument of Theorem 1.1 and
the classifications of divisorial contractions by Kawakita [Kwk05] which we
explain as follows. Recall that for every projective threefold X with at worst
Q-factorial terminal singularities, ct(X,S) ∈ T can

3 is obtained as ct(X,S) =
a
m for some divisorial extraction σ : Y → X extracting only one irreducible
divisor E and

KY = σ∗KX +
a

n
E and SY = σ∗S −

m

n
E

where a
n (resp. m

n ) is the discrepancy (resp. multiplicity) and n is the index
of the center σ(E) (cf [Cor95] or [Mat02]). We say that ct(X,S) is computed
by σ and denote the weighted discrepancy and weighted discrepancy by a
and m, respectively. As in [Che22], consider

T can
3,∗,≥5 :=







ct(X,S)

∣

∣

∣

∣

∣

ct(X,S) is computed by σ : Y → X with weighted
discrepancy a ≥ 5 contracting a divisor E
to a closed point σ(E) = P ∈ X of type ∗
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where the type ∗ can be cA (resp. cA/m, cD or cD/2) if P ∈ X is a singular
point of type cA (resp. cA/m, cD or cD/2). According to classifications
of threefold divisorial contractions by Kawakita in [Kwk05], we have the
following decomposition :

T can
3 = {0} ∪ ℵ4 ∪ T can

3,sm ∪ T can
3,cA,≥5 ∪ T can

3,cA/m,≥5 ∪ T can
3,cD,≥5 ∪ T can

3,cD/2,≥5 (2)

where ℵ4 := T can
3 ∩ { a

m}a,m∈N, a≤max{4,m}. From Theorem 1.1 and a com-

putation of Prokhorov [Pro08], one has ℵ4∪T can
3,sm = {4

5}∪T can
3,sm (see Remark

2.5). Theorem 1.2 then follows from the inclusions T can
3,∗,≥5 ⊆ C ∩ [0, 45 ] for

∗ = cA, cA/n, cD and cD/2 in Proposition 3.1, 3.3, 3.8 and 3.11. Those
propositions utilize the argument of the inclusion T can

3,sm ⊆ C ∩ [0, 1] in The-
orem 1.1 with more careful considerations.

1.1. Acknowledgement. The first named author was partially supported
by the National Science and Technology Council of Taiwan (Grant Numbers:
112-2115-M-008 -006 -MY2 and 113-2123-M-002-019-). We would like to
thank Professors Jungkai Chen, Hsueh-Yung Lin, Jihao Liu, and Dr. Iacopo
Brivio for some helpful conversations and encouragement.

2. Classification of T can
3,sm

The aim of this section is to classify the set T can
3,sm of smooth threefold

canonical thresholds. We begin with the following lemma using the com-
putation of canonical threshold for terminal cyclic quotient singularity by
Kawamata in [Kaw96].

Lemma 2.1. Let µ1 : Y → X = Ĉ3 ∋ P be a weighted blow up with weights
w = (1, α, β) and exceptional divisor E1 where β > 1. Let S be a prime
divisor of X defined by a power series f . Let s̄ and t̄ be positive integers
with αt̄ = βs̄− 1 (resp. s and t positive integers with αt = βs+1 if α > 1).
Define m = w(f) and m3 := w3(f) where w3 = (1, s̄, t̄) (resp. m2 := w2(f)

where w2 = (1, s, t)). Suppose that s̄+t̄
α+βm ≥ m3 (resp.

s+t
α+βm ≥ m2 if α > 1)

and the proper transform SY is non-singular on Y near E1 except probably
the origin of U3 (resp. U2 if α > 1). Then ctP (X,S) = min{α+β

m , 1}.

Proof. The proof actually follows from [Kaw96, Lemma 6 and argument of
Lemma 7].

Since ct(X,S) ∈ [0, 1], we may assume α+β
m < 1. Suppose that α > 1.

Recall that Y is a union of three open charts U1 ≃ Ĉ3, U2 ≃ C3/ 1
α(−1, 1,−β)

and U3 ≃ C3/ 1
β (−1,−α, 1). Let µ2 : Y2 → Y be the Kawamata blow up

(with weights v2 =
1
α(s̄, s, 1)) at the origin of U2 with exceptional divisor E2.

Let µ3 : Y3 → Y2 be the Kawamata blow up at the origin of U3 with weights
v3 = 1

β (t, 1, t̄) and exceptional divisor E3. Let n ≥ n0 ≥ 1 be integers

such that µi : Yi → Yi−1 are Kawamata blow ups for i = 1, 2, ..., n0 (resp.
usual blow up at smooth point or along smooth curve for i = n0 + 1, ..., n),
Yn0

is non-singular and the composition σ := µn ◦ · · · ◦ µ2 ◦ µ1 : Yn → X
is a log resolution of (X,S) near P ∈ X. Note that we set Y1 := Y and
Y0 := X. Write KYn = σ∗KX +

∑n
j=1 ajEj and σ∗S = SYn +

∑n
j=1mjEj



CLASSIFICATION OF THREEFOLD CANONICAL THRESHOLDS 5

with exceptional divisor Ej of µj : Yj → Yj−1 where m1 := m = w(f). For
every j = 1, ..., n, denote by σj := µn ◦ · · · ◦ µj+1 : Yn → Yj the induced
morphism and write

KYj
= µ∗

jKYj−1
+ ājEj , µ∗

jSYj−1
= SYj

+ m̄jEj and σ∗
jEj = Ej +

∑

j<k

αjkEk

for non-negative rational numbers αjk. Then we have aj = āj +
∑

i<j aiαij

and mj = m̄j +
∑

i<j miαij.

As µ3 : Y3 → Y2 is a weighted blow up with weights v3 = 1
β (t, 1, t̄) and

w3 =
t̄
βw + 1

β (t, 1, 0), we see α13 =
t̄
β and ā3 =

1
β . From

s̄+ t̄

m3
=

a3
m3

=
ā3 + α13a1
m̄3 + α13m

=
ā3 + α13(α + β)

m̄3 + α13m

and α13 ≥ 0, it is easy to see that the assumption s̄+t̄
α+βm ≥ m3 is equivalent

to ā3
m̄3

≥ α+β
m = a1

m1
. Similarly, the assumption s+t

α+βm ≥ m2 is equivalent to
ā2
m̄2

≥ α+β
m = a1

m1
.

It remains to show
aj
mj

≥ a1
m1

for every j = 1, ..., n. It is obvious when

j = 1. From the assumptions s̄+t̄
α+βm ≥ m3 and s+t

α+βm ≥ m2, we may

assume that j ≥ 4. By induction hypothesis, we assume that ak
mk

≥ a1
m1

for

k = 1, ..., j − 1. Denote by σ3(Ej) the center of Ej on Y3.

Case 1: σ3(Ej) is contained in E3. By [Kaw96, Lemma 6], one has
āj
m̄j

≥ ā3
m̄3

.

Thus, we see
āj
m̄j

≥ ā3
m̄3

≥ a1
m1

. In particular, we observe

aj
mj

=
āj +

∑

i<j aiαij

m̄j +
∑

i<j miαij
≥

a1 +
∑

i<j aiαij

m1 +
∑

i<j miαij
≥

a1 +
∑

i<j a1αij

m1 +
∑

i<j m1αij
=

a1
m1

,

where the last inequality follows from induction hypothesis.
Case 2: σ3(Ej) is contained in E2. We may apply the same argument in
Case 1 to obtain

aj
mj

≥ a1
m1

.

Case 3: σ3(Ej) is contained in E1 and not contained in E2 ∪E3. From the
assumption that SY is non-singular on Y (near E1) except the origins of U2

and U3, we see that m̄j ∈ {1, 0} and āj = 1 or 2. Thus
āj
m̄j

= āj ≥ 1 >
α+β
m = a1

m1
or m̄j = 0. In particular,

aj
mj

≥ a1
m1

by induction hypothesis.

Suppose that α = 1. Then U2 ≃ C3 is non-singular. Replacing j by j − 1
for j ≥ 3 above. We divide it into two cases that σ2(Ej) is contained in E2

or E1 \ E2. The above arguments yield the same inequality
aj
mj

≥ a1
m1

. We

finish the proof of Lemma 2.1. �

Let f be a non-zero holomorphic function near 0 ∈ C2. Recall that
c0(C

2, f) := sup{c| |f |−c is locally L2 near 0}. Following Kuwata [Kuw99a]
and [Kuw99b], we define

HT 2 := {c0(C
2, f) : f 6= 0 is holomorphic near 0 ∈ C2}.
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Theorem 2.2. The set T can
3,sm consists of C ∩ [0, 1] where C is the following

set
{

α+ β

p1α+ p2β

∣

∣

∣

∣

∣

α, β, p2 ∈ N and p1 ∈ Z≥0 such that α ≤ β,
gcd(α, β) = 1 and either p2 ≥ max{α, p1} or p2 = p1

}

.

In particular,

T can
3,sm = T lc

2,sm(= HT 2).

Proof. We first show T can
3,sm ⊆ C ∩ [0, 1]. Suppose that ct(X,S) ∈ T can

3,sm. By
[Cor95, (2.10) Proposition-definition] and [Kwk01], the canonical threshold

ct(X,S) = α+β
m is realized by a weighted blow up σ : Y → X = Ĉ3 with

weights w = (1, α, β) where α and β are relative prime integers with 1 ≤
α ≤ β and m is the weighted multiplicity of S with respect to σ.

In the case α = β = 1, every positive integer is of the form p1α+ p2β for
some non-negative integers p1 and p2. Thus, we may assume that α < β. As
gcd(α, β) = 1, there exists positive integers s̄ and t̄ with αt̄ = βs̄− 1 (resp,
positive integers s and t with αt = βs + 1 if α > 1). Define w3 = (1, s̄, t̄)

and σ3 to be the weighted blow up at the origin of X = Ĉ3 with the weights
w3. Similarly, define w2 = (1, s, t) and σ2 to be the weighted blow up at the

origin of X = Ĉ3 with the weights w2 if α > 1. Let m3 (resp. m2 if α > 1)
denote the weighted multiplicity of S with respect to σ3 (resp. σ2 if α > 1).
From [Che22, Lemma 2.1], one has

⌊
s̄+ t̄

α+ β
m⌋ ≥ m3 ≥ ⌈

t̄

β
m⌉.

Similarly, in the case α > 1, we have

⌊
s+ t

α+ β
m⌋ ≥ m2 ≥ ⌈

s

α
m⌉.

By [Che22, Proposition 3.3] and ct(X,S) ≤ 1, we see m ≥ αβ. As m is
an integer greater than αβ − α− β, one may write m = p1α+ p2β for some
non-negative integers p1 and p2. Rewriting

m = p1α+ p2β = (p1 − β⌊
p1
β
⌋)α+ (p2 + ⌊

p1
β
⌋α)β,

one may assume that p1 < β. It remains to show the following two claims.

Claim 2.3. We have p2 ≥ p1.

Proof of the Claim. Since αt̄ = βs̄− 1 and we assume that p1 < β, one has

⌈
t̄

β
m⌉ = ⌈

t̄

β
(p1α+ p2β)⌉ = ⌈p1s̄+ p2t̄−

p1
β
⌉ = p1s̄+ p2t̄.

As ⌊ s̄+t̄
α+βm⌋ ≥ m3 ≥ ⌈ t̄

βm⌉ where

⌊
s̄+ t̄

α+ β
m⌋ = ⌊

s̄+ t̄

α+ β
(p1α+ p2β)⌋ = p1s̄+ p2t̄+ ⌊

p2 − p1
α+ β

⌋,

we conclude p2 ≥ p1. �

Claim 2.4. Either p2 ≥ α or p1 = p2.
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Proof of the Claim. The argument is similar to the claim above. We may
assume that α > 1. Since αt = βs+ 1, we have

⌊
s+ t

α+ β
m⌋ = ⌊

s+ t

α+ β
(p1α+ p2β)⌋ = p1s+ p2t− ⌈

p2 − p1
α+ β

⌉

and ⌈
s

α
m⌉ = ⌈

s

α
(p1α+ p2β)⌉ = p1s+ p2t− ⌊

p2
α
⌋.

As we have ⌊ s+t
α+βm⌋ ≥ m2 ≥ ⌈ s

αm⌉, one sees

p2
α

≥ ⌊
p2
α
⌋ ≥ ⌈

p2 − p1
α+ β

⌉ ≥ 0,

where last inequality follows from Claim 2.3 above. Thus, we conclude
p2 ≥ α or p1 = p2. �

Conversely, suppose that we are given α, β, p2 ∈ N and p1 ∈ Z≥0 with
α ≤ β, gcd(α, β) = 1 satisfying either p2 ≥ max{α, p1} or p1 = p2. We shall

show that α+β
p1α+p2β

∈ T can
3,sm if α+β

p1α+p2β
≤ 1.

If α = β = 1, we take S = (xm + ym + zm = 0) and σ : Y → X = Ĉ3

to be the smooth blow up at the origin where m is a positive integer. As
(Y, SY ) is log smooth for m ≥ 2 (resp. (Ĉ3, S) is log smooth when m = 1),
we see ct(X,S) = min{ 2

m , 1} by [Ste11, Theorem 3.6].

From now on, we may assume β > 1. Let σ : Y → X = Ĉ3 be the
weighted blow up with weights w = (1, α, β). Define s̄ and t̄ to be positive
integers with αt̄ = βs̄ − 1. Similarly, in the case α > 1, we define positive
integers s = α − s̄ and t = β − t̄ so we have αt = βs + 1. Note that Y is
covered by three affine open subsets U1, U2, U3 where U1 ≃ Ĉ3 and

U3 ≃ Ĉ3/
1

β
(−1,−α, 1) ≃ Ĉ3/

1

β
(t, 1,−t) and

U2 ≃ Ĉ3/
1

α
(−1, 1,−β) ≃ Ĉ3/

1

α
(−s, s, 1) if α > 1.

Define

v2 =
1

α
(s̄, s, 1), v3 =

1

β
(t, 1, t̄), w2 =

s

α
w+

1

α
(s̄, 0, 1), w3 =

t̄

β
w +

1

β
(t, 1, 0).

Then w2 = (1, s, t), w3 = (1, s̄, t̄) and the weighted blow up σ′
3 : Z3 → U3

(resp. σ′
2 : Z2 → U2) at the origin of U3 (resp. U2) with weights v3 (resp.

v2 if α > 1) is Kawamata blow up.
Define m := p1α+ p2β and express

p2 = α⌊
p2
α
⌋+ q

where q ∈ [0, α − 1] is an integer.

Case 1: α|p2. Define S to be the Cartier divisor f = 0 in Ĉ3 where

f = xm + yp1zp2 + y
p2
α
β+p1 + zm.

Note that m = w(f), and

w3(f) = min{w3(x
m), w3(y

p1zp2), w3(y
p2
α
β+p1), w3(z

m)} = w3(y
p1zp2) = p1s̄+p2t̄
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and S is only singular at the origin if p1 + p2 ≥ 2. In particular, the divisor
S is prime. In the open chart U1 ≃ Ĉ3 of Y , the proper transform SY of S
in Y is defined by

1 + yp1zp2 + y
p2
α
β+p1 + x(β−1)mzm = 0,

which is non-singular. Similarly, in the open chart U2 ≃ Ĉ3/ 1
α(−1, 1,−β) if

α > 1 (resp. U2 ≃ Ĉ3 if α = 1), SY is defined by

xm + zp2 + 1 + y(β−1)mzm = 0,

which is non-singular. In the open chart U3 ≃ Ĉ3/ 1
β (−1,−α, 1), SY is

defined by

xm + yp1 + y
p2
α
β+p1 + z(β−1)m = 0,

which is only singular at the origin if p1 > 0 (resp. is nonsingular if p1 = 0).
If p1 > 0, then the weighted multiplicity of SY with respect to Kawamata
blow up σ′

3 : Z3 → U3 is

β · v3(x
m + yp1 + y

p2
α
β+p1 + z(β−1)m) = p1.

By assumption that p2 ≥ p1, we have

α+ β

p1α+ p2β
≤

1

p1
,

where 1
p1

is the canonical threshold of (U3, SY |U3
) near the origin of U3 if

p1 > 0 by [Kaw96]. Note that

s̄+ t̄ =
1

β
+

t̄

β
(α+ β) and w3(f) = p1s̄+ p2t̄ =

p1
β

+
t̄

β
(p1α+ p2β).

The above inequality α+β
p1α+p2β

≤ 1
p1

gives α+β
p1α+p2β

≤ s̄+t̄
w3(f)

. It is then easy to

see ct(Ĉ3, S) = min{ α+β
p1α+p2β

, 1} by Lemma 2.1.

Case 2: α ∤ p2 and p1 6= p2. Define S to be the Cartier divisor f = 0 in

Ĉ3 where

f = xm + yp1zp2 + y⌊
p2
α
⌋β+p1zq + ym + zm.

It’s not hard to see that S has only isolated singularities, say Q1, ..., Qn. In
particular, the divisor S is prime. Without loss of generality, we assume
that Q1 is the origin of X = Ĉ3. Note that m = w(f) and

w2(f) = w2(y
⌊
p2
α
⌋β+p1zq) = s(⌊

p2
α
⌋β+p1)+tq and w3(f) = w3(y

p1zp2) = p1s̄+p2t̄.

As the above computation, outside the singular set {Q2, ..., Qn}, the proper
transform SY of S in Y is non-singular in U1 and is only singular at the
origin U3 (resp. U2), where we have

α+ β

p1α+ p2β
≤

s̄+ t̄

w3(f)
.

In the open chart U2 ≃ Ĉ3/ 1
α(−1, 1,−β), SY is defined by

xm + zp2 + zq + y(α−1)m + y(β−1)mzm = 0,
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which is only singular at the origin of U2 and Q2, ..., Qn. Then the weighted
multiplicity of SY with respect to Kawamata blow up σ′

2 : Z2 → U2 is

α · v2(x
m + zp2 + zq + y(α−1)m + y(β−1)mzm) = α · v2(z

q) = q,

where v2 = 1
α (α − s, s, 1) and q ∈ (0, α − 1] is an integer. Recall that

p2 − q = α⌊p2α ⌋ is a multiple of α. As p1 6= p2, we have p2 ≥ max{α, p1} by
assumption. In particular, p2 − q = α⌊p2α ⌋ ≥ α and

(p2 − q)β + p1α ≥ αβ + p1α > qα and thus
α+ β

p1α+ p2β
<

1

q
,

where 1
q is the canonical threshold of (U2, SY |U2

) near the origin of U2 by

[Kaw96]. Note that

s+ t =
1

α
+

s

α
(α+ β) and w2(f) = s(⌊

p2
α
⌋β + p1) + tq =

q

α
+

s

α
(p1α+ p2β),

and the inequality α+β
p1α+p2β

< 1
q implies α+β

p1α+p2β
< s+t

w2(f)
. It is then easy to

see ct(Ĉ3, S) = α+β
p1α+p2β

by Lemma 2.1.

Case 3: α ∤ p2 and p1 = p2. Define S to be the Cartier divisor f = 0 in

Ĉ3 where

f = xm + yp2zp2 + ym + zm.

Similarly, S is only singular at the origin and thus is prime. Note that

m = w(f), w2(f) = w2(y
p2zp2) = (s+t)p2 and w3(f) = w3(y

p2zp2) = (s̄+t̄)p2.

Then the proper transform SY is non-singular in the open chart U1 and is
only singular at the origin of U2 (resp. U3). As p1 = p2, we have α+β

p1α+p2β
=

1
p2

where 1
p2

is the canonical threshold of (U3, S
′) (resp. (U2, S

′)) near the

origin by [Kaw96]. It is then easy to see ct(Ĉ3, S) = α+β
p2α+p2β

= 1
p2

by Lemma

2.1. Thus, we have proved T can
3,sm = C ∩ [0, 1].

It remains to show C ∩ [0, 1] = HT 2. Recall that HT 2 consists of 1 and

c1 + c2
c1c2 + a1c2 + a2c1

for some non-negative integers a1, a2, c1, c2 with a1 + c1 ≥ max{2, a2} and
a2 + c2 ≥ max{2, a1} by [Kol08, (3.2)] (cf. [Kuw99a, Theorem 7.1]).

Suppose first that 1 > α+β
p1α+p2β

∈ T can
3,sm. If α + β divides p1α + p2β, we

put c1 = c2 = 1, a1 = p1α+p2β
α+β , a2 = a1 − 1 ≥ 1. One sees α+β

p1α+p2β
=

1+1
1+a1+(a1−1) ∈ HT 2. If α+β does not divide p1α+p2β, one has p2 > p1 and

p2 ≥ α. Let l be the non-negative integer with

(α+ β)l < p2 − p1 < (α+ β)(l + 1).

We put c1 = α, c2 = β, a1 = p2 − αl − α and a2 = p1 + βl. It is easy to see
a1 + c1 ≥ max{2, a2} and a2 + c2 ≥ max{2, a1} and thus α+β

p1α+p2β
∈ HT 2.

Conversely, suppose that 0 6= c1+c2
c1c2+a1c2+a2c1

∈ HT 2. If ci = 0 for some

i = 1, 2, we put p1 = p2 = ai. Then c1+c2
c1c2+a1c2+a2c1

= 1
ai

∈ T can
3,sm. Thus we

may assume that both c1 and c2 are positive. Let d = gcd(c1, c2) and α = c1
d
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and β = c2
d . We put α = c1, β = c2, p1 = a2 and p2 = c1 + a1. Then we see

c1+c2
c1c2+a1c2+a2c1

= α+β
p1α+p2β

∈ T can
3,sm. This completes the proof of Theorem 2.2.

�

Remark 2.5. Suppose that α and β are two relative prime positive integers
with α < β. If m is an integer greater than (β − 1)α + (β − 2)β, then
α+β
m ∈ T can

3,sm. Indeed, as (β − 1)α + (β − 2)β ≥ αβ − α − β, there exist
non-negative integers p1 and p2 satisfying m = p1α + p2β and p1 < β. We
have

p2β = m− p1α > (β− 1)α+(β− 2)β− p1α ≥ β(α+β− 2)−βα = (β− 2)β,

whence p2 ≥ β − 1 ≥ max{p1, α}. Therefore, α+β
m ∈ T can

3,sm by Theorem 2.2.

In particular, 3
m ∈ T can

3,sm (resp. 4
m ∈ T can

3,sm) when m ≥ 3 (resp. m ≥ 6). It is

also easy to see 2
m = ct(Ĉ3, S) ∈ T can

3,sm by considering S := {xm+ym+zm =

0} in C3 (see [Ste11, Theorem 3.6]) when m ≥ 2. Therefore, every number
in ℵ4 with the exception of 4

5 is contained in T can
3,sm(= C∩[0, 1]). Recall that 4

5
is a canonical threshold indicated in [Pro08, Example 3.11]. We can rewrite
decomposition in (2) as

T can
3 = {0} ∪ {

4

5
} ∪ T can

3,sm ∪ T can
3,cA,≥5 ∪T can

3,cA/m,≥5 ∪T can
3,cD,≥5 ∪T can

3,cD/2,≥5 (3).

3. Classification of T can
3

In this section, we shall establish the inclusion T can
3,∗,≥5 ⊆ C∩ [0, 45 ] for each

∗ = cA, cA/n, cD and cD/2 where

C =

{

α+ β

p1α+ p2β

∣

∣

∣

∣

∣

α, β, p2 ∈ N and p1 ∈ Z≥0 such that α ≤ β,
gcd(α, β) = 1 and either p2 ≥ max{α, p1} or p2 = p1

}

in Propositions 3.1, 3.3, 3.8 and 3.11. The arguments are based on the idea
of the inclusion T can

3,sm ⊆ C ∩ [0, 1] in the proof of Theorem 2.2 and reduc-
ing to coprime weights. Moreover, we will need to consider semi-invariant
conditions in the non-Gorenstein cases in Propositions 3.3 and 3.11.

Proposition 3.1. We have T can
3,cA,≥5 ⊆ C ∩ [0, 45 ].

Proof. Let ct(X,S) ∈ T can
3,cA be a canonical threshold. We have ct(X,S) ≤ 4

5

by [Pro08]. By [Cor95, (2.10) Proposition-definition] and Theorem 1.2(i)
in [Kwk05], there exists an analytical identification P ∈ X ≃ o ∈ (ϕ =

xy + g(z, u) = 0) in Ĉ4 where o denotes the origin of Ĉ4 such that the
canonical threshold ct(X,S) is computed by a weighted blow up σ : Y → X
of weights w = wt(x, y, z, u) = (r1, r2, a, 1) satisfying the following:

• w(g(z, u)) = r1 + r2 = ad where r1, r2, a, d are positive integers with
a ≥ 5;

• zd ∈ g(z, u) and hence w(g(z, u)) = w(zd);
• gcd(r1, a) = gcd(r2, a) = 1;
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• ct(X,S) = a
m where m = nw(f) and S is defined by the formal

power series f = 0 analytically and locally.

We may assume d ≥ 2 since otherwise P ∈ X is nonsingular and is treated
in the previous section. Without loss of generality, we may assume r1 ≤ r2.
As gcd(a, r1) = gcd(a, r2) = 1, there exist non-negative integers s∗i < ri such
that 1+ airi = as∗i for i = 1, 2. Note that s∗i = 0 if and only if ri = 1. From
assumption that a ≥ 5, we see r2 ≥ (r1 + r2)/2 = ad/2 > 1. Define

w2 = (r1−a2d+s∗2, r2−s∗2, a1, 1) (resp. w1 = (r1−s∗1, r2−a1d+s∗1, a2, 1) if r1 > 1).

Since w1 �
r1−s∗1
r1

w and w2 �
r2−s∗2
r2

w, by [Che22, Lemmas 2.1 and 4.1], we
see that

⌊
a1
a
m⌋ ≥ ⌈

r2 − s∗2
r2

m⌉ (resp. ⌊
a2
a
m⌋ ≥ ⌈

r1 − s∗1
r1

m⌉ if r1 > 1).

Denote by h = gcd(r1, r2). As the positive integer r
′
i = ri/h has no common

divisor with a, there exist non-negative integers s∗
′

i < r′i and a′i < a such

that 1+a′ir
′
i = as∗

′

i for i = 1, 2. Again, it follows from the assumption a ≥ 5
that r′2 > 1. Note that a1 + a2 = a.

Claim 3.2.

⌊
s∗

′

2

r′2
m⌋ ≥ ⌈

a′2
a
m⌉ (resp. ⌊

s∗
′

1

r′1
m⌋ ≥ ⌈

a′1
a
m⌉ if r1 > 1).

Proof of Claim 3.2. It follows from

• r2 = hr′2, and
• 1 + a2r2 = as∗2 and 0 < a2 < a and 0 < s∗2 < r2 and

• 1 + a′2r
′
2 = as∗

′

2 and 0 < a′2 < a and 0 < s∗
′

2 < r′2

that there exists a non-negative integer b2 with s∗2 = b2r
′
2 + s∗

′

2 and thus

1 + a2r2 = as∗2 = ab2r
′
2 + as∗

′

2 = ab2r
′
2 + 1 + a′2r

′
2.

This yields a2hr
′
2 = a2r2 = r′2(ab2 + a′2). In particular, a′2 = a2h− ab2.

From ⌊a1a m⌋ ≥ ⌈
r2−s∗2
r2

m⌉ and a = a1 + a2, one has ⌊
s∗2
r2
m⌋ ≥ ⌈a2a m⌉. Let

η2 be an integer with ⌊
s∗
2

r2
m⌋ ≥ η2 ≥ ⌈a2a m⌉. Then we see

s∗
′

2

r′2
m =

s∗2 − b2r
′
2

r′2
m =

s∗2
r′2

m− b2m =
s∗2
r2

mh− b2m

≥ η2h− b2m ≥
a2
a
mh− b2m =

a′2 + ab2
a

m− b2m =
a′2
a
m.

where η2h− b2m is an integer. This gives the inequality ⌊
s∗

′

2

r′
2

m⌋ ≥ ⌈
a′
2

a m⌉.

Similarly, the above argument shows that the inequality ⌊a2a m⌋ ≥ ⌈
r1−s∗

1

r1
m⌉

implies ⌊
s∗

′

1

r′
1

m⌋ ≥ ⌈
a′
1

a m⌉ if r1 > 1. If r′1 = 1, then a′1 = −1, s∗
′

1 = 0 and thus

⌊
s∗

′

1

r′
1

m⌋ = 0 ≥ ⌈
a′
1

a m⌉. We complete the proof of Claim 3.2. �
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From [Che22, Proposition 4.2], we have dm ≥ r1r2 if r1 > 1. Note that
1 ≥ ct = a

m = r1+r2
dm , we have dm ≥ r2 = r1r2 if r1 = 1. Now dm is an

integer greater than r1r2 − r1 − r2, so there exist non-negative integers p1
and p2 with dm = p1r1 + p2r2. Dividing h = gcd(r1, r2), we have

d′m = p1r
′
1 + p2r

′
2 where d′ =

d

h
.

Replacing d′m = p1r
′
1 + p2r

′
2 by d′m = (p1 − r′2⌊

p1
r′
2

⌋)r′1 + (p2 + ⌊p1r′
2

⌋r′1)r
′
2,

one may assume that 0 ≤ p1 < r′2. From r′1 + r′2 = ad′, we rewrite d′m =
p1ad

′ + k1r
′
2 where k1 = p2 − p1 is an integer. We have d′|k1r

′
2. Since

gcd(r′1, r
′
2) = 1 and r′1+ r′2 = ad′, we observe gcd(d′, r′2) = 1 and hence d′|k1.

Now

a′2
a
m =

a′2
ad′

(p1ad
′ + k1r

′
2) = a′2p1 +

as∗
′

2 − 1

ad′
k1 = a′2p1 +

s∗
′

2 k1
d′

−
k1
ad′

,

s∗
′

2

r′2
m =

as∗
′

2

d′r′2
p1d

′ +
s∗

′

2 k1
d′

=
1 + a′2r

′
2

r′2
p1 +

s∗
′

2 k1
d′

= a′2p1 +
p1
r′2

+
s∗

′

2 k1
d′

and d′|k1, one has

⌈
a′2
a
m⌉ = a′2p1 +

s∗
′

2 k1
d′

+ ⌈−
k1
ad′

⌉ and ⌊
s∗

′

2

r′2
m⌋ = a′2p1 +

s∗
′

2 k1
d′

+ ⌊
p1
r′2

⌋.

From Claim 3.2, we have ⌊
s∗

′

2

r′
2

m⌋ ≥ ⌈
a′2
a m⌉. It is then the same to ⌊p1r′

2

⌋ ≥

⌈− k1
ad′ ⌉. Since p1 < r′2, we see k1 ≥ 0 and hence p2 ≥ p1.
Suppose that r1 > 1. We rewrite d′m = k2r

′
1+p2ad

′ where k2 = p1−p2 =
−k1 is a non-positive integer divisible by d′. Note that

a′1
a
m =

a′1
ad′

(k2r
′
1 + p2ad

′) =
as∗

′

1 − 1

ad′
k2 + a′1p2 =

s∗
′

1 k2
d′

−
k2
ad′

+ a′1p2,

s∗
′

1

r′1
m =

s∗
′

1 k2
d′

+
s∗

′

1 a

d′r′1
p2d

′ =
s∗

′

1 k2
d′

+
1 + a′1r

′
1

d′r′1
p2d

′ =
s∗

′

1 k2
d′

+ a′1p2 +
p2
r′1

and d′|k2, so

⌈
a′1
a
m⌉ =

s∗
′

1 k2
d

+ a′1p2 + ⌈−
k2
ad′

⌉ and ⌊
s∗

′

1

r′1
m⌋ =

s∗
′

1 k2
d′

+ a′1p2 + ⌈
p2
r′1

⌉.

From Claim 3.2, we have ⌊
s∗

′

1

r′
1

m⌋ ≥ ⌈
a′1
a m⌉. This is the same with

⌊
p2
r′1

⌋ ≥ ⌈−
k2
ad′

⌉ = ⌈
p2 − p1
ad′

⌉.

From the discussion above that p2 ≥ p1, we conclude that either p1 = p2 or
p2 ≥ r′1 holds.

Suppose that r1 = 1. As we have shown p2 ≥ p1 is an integer where d′m =
p1r

′
1 + p2r

′
2 is positive, we have p2 ≥ 1 = r′1. The proof is completed. �

Proposition 3.3. We have T can
3,cA/n,≥5 ⊆ C ∩ [0, 45 ].
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Proof. The argument is similar but more subtle than that of Proposition
3.1.

Let ct(X,S) ∈ T can
3,cA/n be a canonical threshold. We have ct(X,S) ≤ 4

5

by [Pro08]. By [Cor95, (2.10) Proposition-definition] and Theorem 1.2(i) in
[Kwk05], there exist an analytical identification

P ∈ X ≃ o ∈ (ϕ : xy + g(zn, u) = 0) ⊂ C4/
1

n
(1,−1, b, 0)

where o denotes the origin of C4/ 1
n(1,−1, b, 0) and a weighted blow up σ :

Y → X of weights w = wt(x, y, z, u) = 1
n(r1, r2, a, n) at the origin satisfying

the following:

• nw(ϕ) = r1+ r2 = adn where r1, r2, a, d, n are positive integers with
a ≥ 5 and n ≥ 2;

• zdn ∈ g(zn, u);
• a ≡ br1 (mod n) and 0 < b < n;

• gcd(b, n) = gcd(a−br1
n , r1) = gcd(a+br2

n , r2) = 1.
• ct(X,S) = a

m where m = nw(f) and S is defined by the formal
power series f = 0 analytically and locally.

By interchanging r1 and r2, one may assume r1 ≤ r2. As a ≥ 5 and
r1 + r2 = adn, r2 > 1. On the open subset Y ∩ {ȳ 6= 0}, Y is defined by

x̄+ g(z̄nȳa, ūȳ)/ȳad = 0 ⊂ Ĉ4/
1

r2
(−r1, n,−a,−n),

which is isomorphic to Ĉ3/ 1
r2
(n,−a,−n). By terminal lemma, one has

• gcd(r2, an) = 1 and hence gcd(r1, an) = 1.

The conditions gcd(b, n) = gcd(r1, an) = 1 and a ≡ br1 (mod n) imply

• gcd(a, n) = 1.

In what follows, we construct two auxiliary weights w1 and w2 (cf. [Che14,

3.5]). Put s1 := a−br1
n and s2 := a+br2

n . As gcd(ri, si) = 1 for i = 1, 2, we
have:















a = br1 + ns1;
1 = q1r1 + s∗1s1;
a = −br2 + ns2;
1 = q2r2 + s∗2s2

for some integer 0 ≤ s∗i < ri and some integer qi. Denote by

δ1 := −nq1 + bs∗1, δ2 := −nq2 − bs∗2.

Then we obtain the following useful identities

• δiri + n = as∗i , for i = 1, 2, with each δi 6= 0 by [Che14, Claims 1,2
in 3.5].

Since 5dn ≤ adn = r1 + r2 and we have assumed r1 ≤ r2, one sees δ2 > 0.
Define

w2 =
1

n
(r1 − δ2dn+ s∗2, r2 − s∗2, a− δ2, n)

(resp. w1 =
1

n
(r1 − s∗1, r2 − δ1dn+ s∗1, a− δ1, n) if δ1 > 0).
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Note that w1 �
r1−s∗

1

r1
w and w2 �

r2−s∗
2

r2
w. By [Che22, Lemmas 2.1 and 5.1],

we see that

⌊
a− δ2

a
m⌋ ≥ m2 ≥ ⌈

r2 − s∗2
r2

m⌉ (resp.⌊
a− δ1

a
m⌋ ≥ m1 ≥ ⌈

r1 − s∗1
r1

m⌉ if δ1 > 0),

where m2 := nw2(m2) (resp. m1 := nw1(m1)) is a weighted multiplicity for
some monomial m2 ∈ f (resp. m1 ∈ f if δ1 > 0). Note that

m2 = nw2(m2) ≡ (r2 − s∗2)r
−1
2 nw(m2) ≡ (r2 − s∗2)r

−1
2 nw(f)

≡ (r2 − s∗2)r
−1
2 m ≡ (a− δ2)a

−1m (mod n),

where a−1 (resp. r−1
2 ) denotes the inverse of a (resp. r2) modulo n. Simi-

larly, m1 ≡ (r1 − s∗1)r
−1
1 m (mod n) if δ1 > 0.

Claim 3.4. Suppose that a ∤ m. Then m ≥ r2.

Proof of Claim 3.4. Let ξ := m−m2 where m2 is an integer above with the
properties that

⌊
a− δ2

a
m⌋ ≥ m2 ≥ ⌈

r2 − s∗2
r2

m⌉ and m2 ≡ (a− δ2)a
−1m (mod n).

We have

⌊
s∗2
r2

m⌋ ≥ ξ ≥ ⌈
δ2
a
m⌉ and ξ ≡ δ2a

−1m (mod n).

Suppose on the contrary that a ∤ m and m < r2. Denote by t1 and t2 the
positive integers with m = r2t1 − at2 and a − 1 ≥ t1 ≥ 1. Note that t1 is
the smallest positive integer with t1 ≡ mr−1

2 (mod a) where r−1
2 denotes the

inverse of r2 modulo a. From the equation r2δ2 + n = as∗2, one sees

δ2
a
m =

δ2
a
(r2t1 − at2) =

(as∗2 − n)t1
a

− δ2t2 = s∗2t1 − δ2t2 −
nt1
a

,

which implies

ξ ≡ δ2a
−1m ≡ a−1(as∗2t1 − aδ2t2 − nt1) ≡ s∗2t1 − δ2t2 (mod n).

As n > nt1
a > 0 and ξ ≥ ⌈ δ2a m⌉ where ξ ≡ δ2a

−1m (mod n), this gives
ξ ≥ s∗2t1 − δ2t2. On the other hand, we have

s∗2
r2

m =
s∗2
r2

(r2t1 − at2) = s∗2t1 −
(r2δ2 + n)t2

r2
= s∗2t1 − δ2t2 −

nt2
r2

≤ ξ −
nt2
r2

< ξ,

where the last inequality holds as r2t1 − at2 = m < r2. This leads to a

contradiction that ⌊
s∗
2

r2
m⌋ ≥ ξ >

s∗
2

r2
m ≥ ⌊

s∗
2

r2
m⌋. The proof of Claim 3.4 is

finished. �

Claim 3.5. Suppose that a ∤ m. Then m ≥ r1r2
dn .

Proof of Claim 3.5. Suppose that δ1 < 0. Then r1 ≤ (−δ1)r1+as∗1 = n ≤ dn
and hence dnm ≥ r1m ≥ r1r2 by Claim 3.4.
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We may thus assume that δ1 > 0. It follows from [Che14, Remark 3.3]
that δ1 + δ2 = a. Since gcd(b, n) = 1 and a ∤ m where m is an integral
combination of r1, r2, a, n, one has that a ∤ δ1m. One sees that

⌊
a− δ1

a
m⌋+ ⌊

a− δ2
a

m⌋ = ⌊
a− δ1

a
m⌋+ ⌊

δ1
a
m⌋ = m− 1.

Recall that mi ≡ (ri − s∗i )r
−1
i m ≡ (a − δi)a

−1m (mod n) for i = 1, 2.
Therefore

m1 +m2 ≡ (2a− (δ1 + δ2))a
−1m ≡ aa−1m ≡ m (mod n).

Together with m− 1 = ⌊a−δ1
a m⌋+ ⌊a−δ2

a m⌋ ≥ m1 +m2, one observes

m− n ≥ m1 +m2 ≥ ⌈
r1 − s∗1

r1
m⌉+ ⌈

r2 − s∗2
r2

m⌉.

Note that

r1s
∗
2 + r2s

∗
1 =

a(r1s
∗
2 + r2s

∗
1)

a
=

r1(r2δ2 + n) + r2(r1δ1 + n)

a
= r1r2 + dn2.

Suppose on the contrary that m < r1r2
dn . Then we obtain

⌈
r1 − s∗1

r1
m⌉+ ⌈

r2 − s∗2
r2

m⌉ ≥ ⌈
r1 − s∗1

r1
m+

r2 − s∗2
r2

m⌉

= ⌈2m−
r1s

∗
2 + r2s

∗
1

r1r2
m⌉ = ⌈m−

dn2

r1r2
m⌉ = m− ⌊

dnm

r1r2
n⌋ ≥ m− n+ 1

which contradicts to m−n ≥ ⌈
r1−s∗1
r1

m⌉+ ⌈
r2−s∗2
r2

m⌉. The proof of Claim 3.5
is finished. �

Denote by h := gcd(r1, r2) and b′ the smallest positive integer with b′ ≡ bh
(mod n). Let d′ and r′i be positive integers with d = d′h and ri = r′ih for

i = 1, 2. Put s′1 =
a−b′r′

1

n and s′2 =
a+b′r′

2

n . Since the integer a is relatively
prime to ri = hr′i, we have the following:















a = b′r′1 + ns′1;

1 = q′1r
′
1 + s∗

′

1 s
′
1;

a = −b′r′2 + ns′2;

1 = q′2r
′
2 + s∗

′

2 s2

for some integer 0 ≤ s∗
′

i < r′i and some integer q′i. Let

δ′i := −nq′i + b′s∗
′

i , for i = 1, 2.

As above, we observe the following

• δ′ir
′
i + n = as∗

′

i and 0 6= δ′i < a for i = 1, 2.
• δ′2 > 0 and a|δ′1 + δ′2.
• if δ′1 > 0, then a = δ′1 + δ′2.

Claim 3.6. There exists an integer ξ2 with

⌊
s∗

′

2

r′2
m⌋ ≥ ξ2 ≥ ⌈

δ′2
a
m⌉ and ξ2 ≡ s∗

′

2 (r
′
2
−1

)m (mod n).
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Similarly, in the case δ1 > 0, there exists an integer ξ1 with

⌊
s∗

′

1

r′1
m⌋ ≥ ξ1 ≥ ⌈

δ′1
a
m⌉ and ξ1 ≡ s∗

′

1 (r
′
1
−1

)m (mod n).

Proof of Claim 3.6. It follows from

• r2 = hr′2 and gcd(a, r2) = 1 and
• δ2r2 + n = as∗2 and 0 < s∗2 < r2 and

• δ′2r
′
2 + n = as∗

′

2 and 0 < s∗
′

2 < r′2

that there exists an integer b2 with s∗2 = b2r
′
2 + s∗

′

2 and thus

δ2r2 + n = as∗2 = ab2r
′
2 + as∗

′

2 = ab2r
′
2 + δ′2r

′
2 + n.

This yields δ2hr
′
2 = δ2r2 = r′2(ab2 + δ′2). In particular, δ2h = ab2 + δ′2.

Recall that ⌊a−δ2
a m⌋ ≥ m2 ≥ ⌈

r2−s∗2
r2

m⌉ where m2 ≡ (r2 − s∗2)r
−1
2 m (mod

n). Then we see

s∗
′

2

r′2
m =

s∗2 − b2r
′
2

r′2
m =

s∗2
r′2

m− b2m =
s∗2
r2

mh− b2m

≥ (m−m2)h− b2m ≥
δ2
a
mh− b2m =

δ′2 + ab2
a

m− b2m =
δ′2
a
m.

Denote by ξ2 = (m−m2)h− b2m. Then

ξ2 = (m−m2)h−b2m ≡ s∗2r
−1
2 mh−b2m ≡ s∗2r

′
2
−1

m−b2m ≡ s∗
′

2 r
′
2
−1

m (mod n).

Suppose that δ1 > 0. The above argument works by interchanging indices
1 and 2. We complete the proof of Claim 3.6. �

From Claim 3.5, we have dmn ≥ r1r2. So there exist non-negative integers
p1 and p2 with dmn = p1r1 + p2r2. Dividing h = gcd(r1, r2), we have

d′mn = p1r
′
1 + p2r

′
2.

Replacing by d′mn = (p1−r′2⌊
p1
r′
2

⌋)r′1+(p2+⌊p1r′
2

⌋r′1)r
′
2, one may assume that

0 ≤ p1 < r′2. From r′1 + r′2 = ad′n, we rewrite d′mn = p1ad
′n + k1r

′
2 where

k1 = p2 − p1 is an integer. Note that

δ′2
a
m =

δ′2
ad′n

(p1ad
′n+ k1r

′
2) = δ′2p1 +

r′2δ
′
2k1

ad′n
= δ′2p1 +

k1(as
∗′
2 − n)

ad′n

= δ′2p1 +
s∗

′

2 k1
d′n

−
k1
ad′

and
s∗

′

2

r′2
m =

s∗
′

2

d′nr′2
(p1ad

′n+ k1r
′
2) =

as∗
′

2 p1
r′2

+
s∗

′

2 k1
d′n

=
(δ′2r

′
2 + n)p1
r′2

+
s∗

′

2 k1
d′n

= δ′2p1 +
s∗

′

2 k1
d′n

+
np1
r′2

.

Claim 3.7. d′n|k1.

Proof of Claim 3.7. As d′mn = p1ad
′n + k1r

′
2, we have d′n|k1r

′
2. Since

gcd(r′1, r
′
2) = 1 and r′1 + r′2 = ad′n, it follows that gcd(d′n, r′2) = 1 and

hence d′n|k1 and the claim is verified. �
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From Claims 3.6 and 3.7, there exists an integer ξ2 with

ξ2 ≡ s∗
′

2 (r
′
2
−1

)m ≡ r′2
−1

(r′2(δ
′
2p1 +

s∗
′

2 k1
d′n

+
np1
r′2

)) ≡ δ′2p1 +
s∗

′

2 k1
d′n

(mod n).

Let l2 be the integer with ξ2 = δ′2p1 +
s∗

′

2
k1

d′n + nl2. Then the inequalities

⌊
s∗

′

2

r′
2

m⌋ ≥ ξ2 ≥ ⌈
δ′2
a m⌉ in Claim 3.6 is then the same to ⌊np1

r′
2

⌋ ≥ nl2 ≥ ⌈− k1
ad′ ⌉.

As p1 < r′2, we see k1 ≥ 0 and hence p2 ≥ p1.
Suppose that δ1 < 0. Then r1 ≤ −δ1r1 = n − as∗1 ≤ n. If p2 ≥ n, then

we get the desired inequalities p2 ≥ n ≥ r1 ≥ r′1. We shall rule out the case
p1 < p2 ≤ n− 1. By Claim 3.4, we have

dnr2 ≤ dmn = p1r1 + p2r2 ≤ (n− 1)(r1 + r2).

So ((d − 1)n + 1)r2 ≤ (n − 1)r1. As we have assumed r1 ≤ r2, one has
d = 1. Thus, d′ = 1 and n|k1 = p2 − p1 by Claim 3.7. However, this leads
to a contradiction n ≤ k1 = p2 − p1 ≤ n − 1 − p1 ≤ n − 1 provided that
p1 < p2 ≤ n− 1.

Suppose that δ1 > 0. Write d′nm = k2r
′
1 + p2ad

′n where k2 = −k1 =
p1 − p2. Note that

δ′1
a
m =

δ′1
ad′n

(p2ad
′n+ k2r

′
1) = δ′1p2 +

r′1δ
′
1k2

ad′n
= δ′1p2 +

(as∗
′

1 − n)k2
ad′n

= δ′1p2 +
s∗

′

1 k2
d′n

−
k2
ad′

and
s∗

′

1

r′1
m =

s∗
′

1

d′nr′1
(p2ad

′n+ k2r
′
1) =

as∗
′

1 p2
r′1

+
s∗

′

1 k2
d′n

=
(δ′1r

′
1 + n)p2
r′1

+
s∗

′

1 k2
d′n

= δ′1p2 +
s∗

′

1 k2
d′n

+
np2
r′1

.

From Claims 3.6 and 3.7, there exists an integer ξ1 with

ξ1 ≡ s∗
′

1 (r
′
1
−1

)m ≡ r′1
−1

(r′1(δ
′
1p2 +

s∗
′

1 k2
d′n

+
np2
r′1

)) ≡ δ′1p2 +
s∗

′

1 k2
d′n

(mod n).

Let l1 be the integer with ξ1 = δ′1p2 +
s∗

′

1
k2

d′n + nl1. Then the inequalities

⌊
s∗

′

1

r′
1

m⌋ ≥ ξ1 ≥ ⌈
δ′1
a m⌉ in Claim 3.6 are then the same to ⌊np2r′

1

⌋ ≥ nl1 ≥

⌈− k2
ad′ ⌉. As −k2 = k1 ≥ 0, we see np2/r

′
1 ≥ n and hence p2 ≥ r′1 provided

that p2 > p1. We complete the argument of Proposition 3.3. �

Proposition 3.8. we have T can
3,cD,≥5 ⊆ C ∩ [0, 45 ].

Proof. Given a canonical threshold ct(X,S) ∈ T can
3,cD,≥5. By [Pro08], we see

ct(X,S) ≤ 4
5 . By [Cor95, (2.10) Proposition-definition] and the classification

of Kawakita [Kwk05, Theorem 1.2], one sees that ct(X,S) is realized by a
divisorial contraction σ : Y → X classified in Case 1 and Case 2.
Case 1. There exists an analytical identification:

(P ∈ X) ≃ o ∈ (ϕ : x2 + xq(z, u) + y2u+ λyz2 + µz3 + p(y, z, u) = 0) ⊂ Ĉ4,
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where o denotes the origin of Ĉ4 such that σ : Y → X is a weighted blow
up of weights w = wt(x, y, z, u) = (r + 1, r, a, 1) with center P ∈ X and

• 2r + 1 = ad where d ≥ 3 and the integer a ≥ 5 is odd,
• ct(X,S) = a

m where m = w(f) and S is defined by the formal power
series f = 0 analytically and locally.

Let σ1 : Y1 → X (resp. σ2 : Y2 → X) be the weighted blow up with
weights w1 = (r+ 1− d, r− d, a− 2, 1) (resp. w2 = (d, d, 2, 1)) at the origin
P ∈ X. By [Che22, Lemma 6.3] (see also [Che15, Case Ic]), the exceptional
set of σ1 is a prime divisor. From the computation in [Che22, Claim 6.6],
the defining equation of the exceptional set of σ2 is x

2+ηzd with odd integer
d ≥ 3 for some nonzero constant η and hence the exceptional set of σ2 is a
prime divisor. As 2r + 1 = ad, it yields

w1 �
r − d

r
w and w2 �

d

r + 1
w.

It follows from [Che22, Lemma 2.1] that

⌊
a− 2

a
m⌋ ≥ m1 ≥ ⌈

r − d

r
m⌉ and ⌊

2

a
m⌋ ≥ m2 ≥ ⌈

d

r + 1
m⌉ †1

where m1 := w1(f) and m2 := w2(f) denotes the corresponding weighted
multiplicities.

Claim 3.9. 1 If a ∤ m, then dm ≥ r(r + 1).

Proof of Claim 3.9. Suppose on the contrary that dm < (r + 1)r. We have

⌈
r − d

r
m⌉+ ⌈

d

r + 1
m⌉ ≥ ⌈

r − d

r
m+

d

r + 1
m⌉ = ⌈m−

dm

r(r + 1)
⌉ = m.

However, a is odd and a ∤ m, hence 2m
a is not an integer. This implies

⌊
a− 2

a
m⌋+ ⌊

2

a
m⌋ = m− 1,

which contradicts to †1. This verifies Claim 3.9. �

From Claim 3.9, express dm = p1r + p2(r + 1) for some non-negative
integers p1 and p2 with p1 < r + 1. Note that

2

a
m =

2dm

ad
=

2p1r + 2p2(r + 1)

2r + 1
= p1 + p2 +

p2 − p1
2r + 1

,

d

r + 1
m =

p1r + p2(r + 1)

r + 1
= p1 + p2 −

p1
r + 1

,

d

r
m =

p1r + p2(r + 1)

r
= p1 + p2 +

p2
r
.

As p1 and p2 are integers, the inequality ⌊ 2am⌋ ≥ ⌈ d
r+1m⌉ then implies

⌊p2−p1
2r+1 ⌋ ≥ ⌈− p1

r+1⌉ = −⌊ p1
r+1⌋ = 0. In particular, p2 ≥ p1. Similarly, the

inequality ⌊a−2
a m⌋ ≥ ⌈ r−d

r m⌉ gives

p1 + p2 + ⌊
p2
r
⌋ = ⌊

d

r
m⌋ ≥ ⌈

2

a
m⌉ = p1 + p2 + ⌈

p2 − p1
2r + 1

⌉.

1Claims 3.9 and 3.10 were first obtained in [HLL22].
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In particular, p2 ≥ r provided that p2 − p1 > 0.
Case 2. There exists an analytical identification:

P ∈ X ≃ o ∈

(

ϕ1 : x
2 + yt+ p(y, z, u) = 0;

ϕ2 : yu+ zd + q(z, u)u+ t = 0

)

⊂ Ĉ5

where o denotes the origin of Ĉ5 such that σ : Y → X is a weighted blow
up of weights w = (r + 1, r, a, 1, r + 2) with center P ∈ X and

• r + 1 = ad where d ≥ 2 and a ≥ 5,
• ct(X,S) = a

m where m = w(f) and S is defined by the formal power
series f = 0 analytically and locally.

Compare the weights w with the weights w1 = (r − d + 1, r − d, a −
1, 1, r − d + 2) and w2 = (d, d, 1, 1, d). By [Che22, Lemma 2.1, Lemma 6.7
and Lemma 6.8], we have

⌊
a− 1

a
m⌋ ≥ ⌈

r − d

r
m⌉ and ⌊

1

a
m⌋ ≥ ⌈

d

r + 2
m⌉. †2

Claim 3.10. If a ∤ m, then 2dm ≥ (r + 2)r.

Proof of Claim 3.10. Suppose on the contrary that 2dm < (r + 2)r. We
have

⌈
r − d

r
m⌉+ ⌈

d

r + 2
m⌉ ≥ ⌈

r − d

r
m+

d

r + 2
m⌉ = ⌈m−

2dm

r(r + 2)
⌉ = m.

However, a ∤ m, hence

⌊
a− 1

a
m⌋+ ⌊

1

a
m⌋ = m− 1,

which contradicts to †2. The proof of Claim 3.10 is complete. �

From Claim 3.10, express 2dm = p1r + p2(r + 2) for some non-negative
integers p1 and p2. Denote by h := gcd(r, r + 2). We have

2dm

h
= p1

r

h
+ p2

r + 2

h
.

By replacing p2 by p2 + ⌊ p1h
r+2⌋

r
h (resp. replacing p1 by p1 − ⌊ p1h

r+2⌋
r+2
h ), we

may assume that 0 ≤ p1 <
r+2
h . Note that

1

a
m =

2dm

2ad
=

p1r + p2(r + 2)

2(r + 1)
=

p1 + p2
2

+
p2 − p1
2(r + 1)

,

d

r + 2
m =

2dm

2(r + 2)
=

p1r + p2(r + 2)

2(r + 2)
=

p1 + p2
2

−
p1

r + 2
,

d

r
m =

2dm

2r
=

p1r + p2(r + 2)

2r
=

p1 + p2
2

+
p2
r
.

Suppose that the integer p1 + p2 is even. The inequality ⌊ 1am⌋ ≥ ⌈ d
r+2m⌉

then implies ⌊ p2−p1
2(r+1)⌋ ≥ ⌈− p1

r+2⌉ = 0. In particular, p2 ≥ p1. Similarly, the

inequality ⌊a−1
a m⌋ ≥ ⌈ r−d

r m⌉ gives ⌊p2r ⌋ ≥ ⌈ p2−p1
2(r+1)⌉. In particular, p2 ≥ r

provided that p2 − p1 > 0.
Suppose next that the integer p1+p2 is odd. Since (p1+p2)r = 2(dm−p2),

r is even and h = 2. The inequality ⌊ 1am⌋ ≥ ⌈ d
r+2m⌉ implies ⌊12 +

p2−p1
2(r+1)⌋ ≥
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⌈12 − p1
r+2⌉ = 1 as p1 <

r+2
h = r+2

2 . In particular, p2 ≥ p1 + r + 1. Similarly,

the inequality ⌊a−1
a m⌋ ≥ ⌈ r−d

r m⌉ yields ⌊12 + p2
r ⌋ ≥ ⌈12 + p2−p1

2(r+1)⌉ ≥ 1. In

particular, p2 ≥
r
2 . The proof of Proposition 3.8 is complete. �

Proposition 3.11. We have T can
3,cD/2,≥5 ⊆ C ∩ [0, 45 ].

Proof. Given a canonical threshold ct(X,S) ∈ T can
3,cD/2. We have ct(X,S) ≤

4
5 by [Pro08]. By [Cor95, (2.10) Proposition-definition] and the classification
of Kawakita [Kwk05, Theorem 1.2], one sees that ct(X,S) is realized by a
divisorial contraction σ : Y → X given in Case 1 and Case 2.
Case 1. There exists an analytical identification:

P ∈ X ≃ o ∈ (ϕ : x2+xzq(z2, u)+y2u+λyz2α−1+p(z2, u) = 0) ⊂ Ĉ4/
1

2
(1, 1, 1, 0)

where o denotes the origin of Ĉ4/1
2 (1, 1, 1, 0) such that σ : Y → X is a

weighted blow up of weights w = 1
2 (r + 2, r, a, 2) with center P ∈ X and

• r + 1 = ad where both a ≥ 5 and r are odd;
• ct(X,S) = a

m where m = w(f) and S is defined by the formal power
series f = 0 analytically and locally.

Denote by σ1 : Y1 → X and σ2 : Y2 → X the weighted blow ups with weights
w1 = 1

2 (r + 2 − 2d, r − 2d, a − 2, 2) and w2 = 1
2(2d, 2d, 2, 2) at the origin

P ∈ X and m1 := 2w1(f) and m2 := 2w2(f) the weighted multiplicities
respectively. By [Che22, Lemma 7.3], the exceptional set of σ1 is a prime
divisor. Note that the exceptional set of σ2 is a Z2 quotient of

{x2 + z2d = 0} ⊂ P(2d, 2d, 2, 2).

It is a prime divisor. By [Che22, Lemma 2.1] and r + 1 = ad, we have

⌊
a− 2

a
m⌋ ≥ m1 ≥ ⌈

r − 2d

r
m⌉ and ⌊

2

a
m⌋ ≥ m2 ≥ ⌈

2d

r + 2
m⌉

with m1 ≡ (a − 2)a−1m ≡ m and m2 ≡ 2a−1m ≡ 0 (mod 2). See Remark
3.14 for an alternative explanation of the inequality ⌊ 2am⌋ ≥ m2.

Claim 3.12. If a ∤ m, then 2dm ≥ r(r + 2).

Proof of Claim 3.12. Since a ∤ m and a is odd, we have m− 1 = ⌊a−2
a m⌋+

⌊2ma ⌋ ≥ m1 +m2. As m1 +m2 ≡ m (mod 2), one has m− 2 ≥ m1 +m2.
Suppose on the contrary that 2dm < r(r + 2). We see

m1 +m2 ≥ ⌈
r − 2d

r
m⌉+ ⌈

2d

r + 2
m⌉ ≥ ⌈

r − 2d

r
m+

2d

r + 2
m⌉

= m− ⌊
4d

(r + 2)r
m⌋ ≥ m− 1,

which leads to a contradiction that m− 2 ≥ m1+m2 ≥ m− 1. This verifies
Claim 3.12. �
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From Claim 3.12, express 2dm = p1r + p2(r + 2) for some non-negative
integers p1 and p2 with p1 < r + 2. Note that

2

a
m =

2dm

ad
=

p1r + p2(r + 2)

r + 1
= p1 + p2 +

p2 − p1
r + 1

,

2d

r + 2
m =

p1r + p2(r + 2)

r + 2
= p1 + p2 −

2p1
r + 2

,

2d

r
m =

p1r + p2(r + 2)

r
= p1 + p2 +

2p2
r

.

Now the integer (p1 + p2)r = 2dm− 2p2 is even where r is odd. This gives
that p1 + p2 is even. The inequalities ⌊ 2am⌋ ≥ m2 ≥ ⌈ 2d

r+2m⌉ then imply

⌊p2−p1
r+1 ⌋ ≥ m2 − (p1 + p2) ≥ ⌈− 2p1

r+2⌉. From the assumption p1 < r + 2 and

that m2 − (p1 + p2) is even, one sees ⌊p2−p1
r+1 ⌋ ≥ 0. In particular, p2 ≥ p1.

Similarly, the inequalities ⌊a−2
a m⌋ ≥ m1 ≥ ⌈ r−2d

r m⌉ are equivalent to

⌊2dr m⌋ ≥ m−m1 ≥ ⌈ 2am⌉. This implies ⌊2p2r ⌋ ≥ m−m1−(p1+p2) ≥ ⌈p2−p1
r+1 ⌉

where the integer m−m1− (p1+ p2) is even. In particular, p2 ≥ r provided
that p2 − p1 > 0.
Case 2. There exists an analytical identification:

P ∈ X ≃ o ∈

(

ϕ1 := x2 + yt+ p(z2, u) = 0
ϕ2 := yu+ z2d+1 + q(z2, u)zu + t = 0

)

in Ĉ5
x,y,z,u,t/

1
2(1, 1, 1, 0, 1) where o denotes the origin of Ĉ5

x,y,z,u,t/
1
2(1, 1, 1, 0, 1)

such that σ : Y → X is a weighted blow up of weights w = 1
2 (r+2, r, a, 2, r+

4) with center P ∈ X and

• r + 2 = a(2d+ 1) where d, r and a ≥ 5 are positive integers;
• ct(X,S) = a

m where m = w(f) and S is defined by the formal power
series f = 0 analytically and locally.

On the open subset U2 = {y 6= 0}, Y is isomorphic to Ĉ3
x,y,z/

1
r (−(r +

2), 2,−a). It follows from terminal lemma that both integers a and r are
odd. Denote by σ1 : Y1 → X and σ2 : Y2 → X the weighted blow up with
weights w1 =

1
2 (r − 2d+ 1, r − 2d− 1, a− 1, 2, r − 2d+ 3) and w2 =

1
2(2d+

1, 2d+1, 1, 2, 2d+1) at the origin P ∈ X respectively. By [Che22, Lemma 2.1,
Lemma 7.6 and Lemma 7.7], there exist two integers m1 and m2 satisfying

⌊
a− 1

a
m⌋ ≥ m1 ≥ ⌈

r − 2d− 1

r
m⌉ and ⌊

1

a
m⌋ ≥ m2 ≥ ⌈

2d + 1

r + 4
m⌉

and m1 ≡ (a− 1)a−1m and m2 ≡ a−1m (mod 2).

Claim 3.13. If a ∤ m, then (4d+ 2)m ≥ r(r + 4).

Proof of Claim 3.13. Since a ∤ m, we have

m− 1 = ⌊
1

a
m⌋+ ⌊

a− 1

a
m⌋ ≥ m1 +m2.

As m1 +m2 ≡ m (mod 2), one has m− 2 ≥ m1 +m2.
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Suppose on the contrary that (4d+ 2)m < r(r + 4). We see

m1 +m2 ≥ ⌈
2d+ 1

r + 4
m⌉+ ⌈

r − 2d− 1

r
m⌉ ≥ ⌈

2d+ 1

r + 4
m+

r − 2d− 1

r
m⌉

= m− ⌊
8d+ 4

(r + 4)r
m⌋ ≥ m− 1.

which leads to a contradiction that m− 2 ≥ m1+m2 ≥ m− 1. This verifies
the claim. �

From Claim 3.13, express (4d+2)m = p1r+p2(r+4) for some non-negative
integers p1 and p2 with p1 < r + 4. Note that

1

a
m =

(4d+ 2)m

(4d+ 2)a
=

p1r + p2(r + 4)

2(r + 2)
=

p1 + p2
2

+
p2 − p1
r + 2

,

2d+ 1

r + 4
m =

(4d+ 2)m

2(r + 4)
=

p1r + p2(r + 4)

2(r + 4)
=

p1 + p2
2

−
2p1
r + 4

,

2d+ 1

r
m =

(4d+ 2)m

2r
=

p1r + p2(r + 4)

2r
=

p1 + p2
2

+
2p2
r

.

Now the integer (p1 + p2)r = (4d + 2)m − 4p2 is even where r is odd.
In particular, two integers p1 + p2 and p2 − p1 are even. The inequalities
⌊ 1am⌋ ≥ m2 ≥ ⌈2d+1

r+4 m⌉ then imply ⌊p2−p1
r+2 ⌋ ≥ m2 −

p1+p2
2 ≥ ⌈− 2p1

r+4⌉. From
the assumption p1 < r + 4 and that

m2 −
p1 + p2

2
≡ a−1m−

p1 + p2
2

≡
p2 − p1
r + 2

≡ p2 − p1 ≡ 0 (mod 2),

one sees ⌊p2−p1
r+2 ⌋ ≥ 0. In particular, p2 ≥ p1.

Similarly, the inequalities ⌊a−1
a m⌋ ≥ m1 ≥ ⌈ r−2d−1

r m⌉ are equivalent to

⌊2d+1
r m⌋ ≥ m−m1 ≥ ⌈ 1am⌉. This implies ⌊2p2r ⌋ ≥ m−m1−

p1+p2
2 ≥ ⌈p2−p1

r+2 ⌉
where

m−m1 −
p1 + p2

2
≡ m− (a− 1)a−1m−

p1 + p2
2

≡
p2 − p1
r + 2

≡ 0 (mod 2).

In particular, p2 ≥ r provided that p2 − p1 > 0. This completes the proof of
Proposition 3.11. �

Remark 3.14. We keep notions in Case 1 of the proof of Proposition 3.11.
As w2 � 2d

r+2w, one sees m2 ≥ ⌈ 2d
r+2m⌉. In what follows, we shall provide

an alternative argument to establish the inequality ⌊ 2am⌋ ≥ m2. Let X =

C4/1
2(1, 1, 1, 0) and σw : Y → X be the weighted blow up with weights w =

1
2(r + 2, r, a, 2). Put ϕ1 = ϕ(x

r+2

2 , x
r
2 y, x

a
2 z, xu)/xr+1. As w(x2) = r + 2

and w(ϕ) = r + 1, x ∈ ϕ1 and hence

Y ∩ U1 ≃ (ϕ1 = 0)/
1

r + 2
(2,−r,−a,−2) ≃ C3

y,z,u/
1

r + 2
(−r,−a,−2),

where U1 := {x 6= 0} ≃ C4/ 1
r+2(2,−r,−a,−2) is an open subset of Y.

Denote by σ : Y → X be the induced morphism with exceptional divisor E.
Let µ : Z1 → Y be the weighted blow up (at the origin of U1) with weights
w2 = 1

r+2(2d, 2d, 1, r + 2 − 2d). Denote by Z1 = YZ1
the proper transform.

Then the induced map µ1 = µ|Z1
: Z1 → Y is Kawamata blow up. In
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particular, the exceptional set of µ1, denoted by E1, is a prime divisor of
Z1. Then we see

KY = σ∗KX +
a

2
E, KZ1

= µ∗
1KY +

1

r + 2
E1,

SY = σ∗S −
m

2
E, SZ1

= µ∗
1SY −

m′

r + 2
E1,

for some non-negative integer m′. Note that it follows from w2 = 2d
r+2w +

1
r+2(0, 2d, 1, r +2− 2d) that EZ1

= µ∗
1E − 2d

r+2E1,. By direct toric computa-
tions, one has

KZ1
= µ∗

1σ
∗KX +

a

2
EZ1

+ (
2d

r + 2
·
a

2
+

1

r + 2
)E1 = µ∗

1σ
∗KX +

a

2
EZ1

+
2

2
E1

SZ1
= µ∗

1σ
∗S −

m

2
EZ1

− (
2d

r + 2
·
m

2
+

m′

r + 2
)E1 = µ∗

1σ
∗S −

m

2
EZ1

−
m2

2
E1,

where m2 = 2w2(f) and the divisor S is defined by the formal power series
f = 0 analytically and locally. As ct(X,S) is the canonical threshold and E1

is a prime divisor over X, 2
m2

≥ ct(X,S) = a
m . In particular, ⌊ 2am⌋ ≥ m2.

Theorem 3.15. We have T can
3 = {0} ∪ {4

5} ∪ T can
3,sm.

Proof. We show non-trivial inclusion T can
3 ⊆ {0}∪{4

5}∪T can
3,sm. Suppose that

ct(X,S) ∈ T can
3 is non-zero. By taking Q-factorization, X can be assumed to

have at worst Q-factorial terminal singularities. From the decomposition in
(3) in Remark 2.5, we may assume ct(X,S) ∈ T can

3,∗,≥5 for some singular type

∗ = cA, cA/n, cD or cD/2. The rest follows from Theorem 2.2, Propositions
3.1, 3.3, 3.8 and 3.11. �

Remark 3.16. It is known that the accumulation points of T can
3 is the set

{0} ∪ { 1
k}k∈Z≥2

by [Che22a] and [HLL22] independently. This result can be

recovered using Theorem 3.15. It is also interesting to study ( 1
k−1 ,

1
k ) ∩ C

for any k ∈ Z≥2. The k = 2 case was explicitly characterized in [Che22].
The set T can

3,sm ∩ (13 ,
1
2 ) was studied by the third named author in his master

thesis [Wu23] and listed in Table 1. These two cases can also be recovered
by Theorems 2.2 and 3.15.
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α β p1 p2 Remark

α β p1 3

ct = 1
3 +

(3−p1)α
3(p1α+3β)

with 0 ≤ p1 ≤ 2,
1 ≤ α ≤ 3,
(2− p1)α < β,
gcd(α, β) = 1

1 1 1 4 ct = 2/5
1 1 0 5 ct = 2/5
1 2 0 4 ct = 3/8
2 3 0 4 ct = 5/12
2 3 1 4 ct = 5/14
2 5 0 4 ct = 7/20
3 4 0 4 ct = 7/16
3 4 1 4 ct = 7/19
3 4 0 5 ct = 7/20
3 5 0 4 ct = 2/5
3 5 1 4 ct = 8/23
3 7 0 4 ct = 5/14
3 8 0 4 ct = 11/32
4 5 0 4 ct = 9/20
4 5 1 4 ct = 3/8
4 5 0 5 ct = 9/25
4 7 0 4 ct = 11/28
4 7 1 4 ct = 11/32
4 9 0 4 ct = 13/36
4 11 0 4 ct = 15/44
5 6 0 5 ct = 11/30
5 7 0 5 ct = 12/35

Table 1. canonical thresholds in T can
3,sm ∩ (13 ,

1
2)
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