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Abstract: We study the max-type recursive model introduced by Hu and Shi (J.
Stat. Phys., 2018), which generalizes the model of Derrida and Retaux (J. Stat. Phys.,
2014). We show that the class of geometric-type distributions are preserved by the model
with geometric offspring distribution. The key result is a characterization for the long-
time asymptotic behavior of the marginal distributions. From this result, we derive the
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moment in the critical case.
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1 Introduction

A discrete-time max-type recursive model was introduced by Derrida and Retaux [5] in
their study of the depinning transition in the limit of strong disorder. Let X, be a random
variable taking values in Z, := {0,1,2,---}. By a Derrida-Retaux process, or DR process
for short, we mean a sequence of random variables (X, : n > 0) defined recursively in the
distribution sense by

Xpi £ (X + X, —1)4, n>0, (1.1)

where (z); := max(0, z) and X, is an independent copy of X,,. By (1.1) it is easy to see
that

E(Xn—i-l) < QE(Xn)
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Then the following limit exists:

F = lim 27"E(X,).
n—o0
The limit F, is known as the free energy. The DR process is referred to as pinned if
Fy > 0, and as unpinned if F,, = 0. One main problem in this study is to determine for
which distribution of X, the model is pinned or unpinned. Another basic question is the
asymptotic behavior of the sustainability probability P(X, > 1) as n — oo. The model is
said to be critical if E(2%°) = E(X(2%°) < oo. In this case, it is expected that

4 1
P(X, > 1):ﬁ+o(ﬁ), n - 0. (1.2)

We refer the reader to [1, 4, 5| for the physical explanations of the above prediction.

A number of variations of the DR process have also been studied. Let n be a random
variable taking values in {1,2,---}. Instead of (1.1), we can also define a discrete-time
max-type recursive process (Y, : n > 0) by the formula

Yn+1 i (Yn,l + Yn,2 + -+ Ynm - 1)+> (13)
where {Y,,1,Y,0,...} is a sequence of independent copies of Y,, independent of 7. The
model was first studied by Hu and Shi [7]. Following [7], we call (Y, : n > 0) a generalized
DR process. A scaling limit theorem for the process was proved in [8], which leads to a
generalization of the continuous-time Derrida—Retaux process introduced by Hu et al. [6].
For the generalized DR model, a weaker form of (1.2) was obtained by Chen et al. [3].
Their result is presented in the following theorem:

Theorem (Chen et al. [3]) Suppose that n = m > 2 and E[(m + 0)¥] < oo for some
0>0.If

E(m) = (m — E(Yym™), (1.4)

then

1
P(Yn 2 ]_) = W, n — oQ. (15)
In this work, we study the asymptotic behavior of the discrete-time generalized DR
process with geometric offspring distribution. More precisely, we assume the random
variable 7 in (1.3) satisfies

P(n:k):—(1—i)k_l, k=12 (1.6)

where m > 1 is a constant. Then we have E(n) = m. For this model, the free energy is
defined as the limit:

Fy = lim m "E(Y,).

n— o0



Given the parameters (r,p) € (0,1)%, we denote by v = G(r, p) the geometric-type distri-
bution:

v(dx) = pdp(dx) + T’Z (1 — 7)1, (d),
k=1

where dy is the unit mass at zero. For n > 0 let u, be the distribution of Y,,. Our main
results are as follows.

Theorem 1.1 Suppose that g = G(ro,po) for some (ro,po) € (0,1)%. Then we have
e = G(rp, pn) for n > 1, where {(r,,pn) : n > 1} C (0,1)? is defined recursively by

Tn

) Pny1 = 1- (1 - Tn-i—l)(l - rn+1pn)' (17)

Tny1 =
Tn

Theorem 1.2 Let {(r,,p,) : n > 1} C (0,1)? be defined by (1.7) from any initial value
(ro,po) € (0,1)2. Then the following limits exist:

ry = lim r,, ps:= lim p,. (1.8)
n—oo n—o0
Moreover, one of the following holds:
(D)r.=0andp, =0; 2)1-m'<r.<1landp,=1.
Theorem 1.3 Let (1., p.) be given by (1.8). Then:

(1) (Supercritical case) When r. =0 and p. =0, we have

Fm:%<———)g 1— 1) € (0,00) (1.9)
and, asn — 00,

{rn = F;lm_” +o(m™),

o = F'nm ™" + o(nm™).

(2) (Subcritical case) When 1 —m™ < r, < 1 and p, = 1, we have Fy, = 0 and, as
n— 0o,

po= 1= TT o ot (= )P+ o1 = ).



(3) (Critical case) When r, =1 —m™ and p, = 1, we have F,, =0 and, as n — oo,

S
: m+mn 3m(m —1) n?

2 1 8(m+1) logn (bﬂ)

R
P (m—1)2n%2  3m(m—1)3 n?

1 21  4(m+1) logn (logn)
n? J’

n3

As consequences of Theorem 1.3, for the generalized DR model at criticality we have
the following:

Corollary 1.4 Under the assumptions of Theorem 1.3, in the critical case, conditionally
on Y, > 1, the random wvariable Y, converges weakly to the limit Y., with geometric
distribution:

k=1,2,---. 1.10
k=1 (110
Corollary 1.5 Under the assumptions of Theorem 1.3, in the critical case we have, as
n — 0o,

P(Yn>1):Li+o( ! ) (1.11)

= (m —1)2n? n?

Corollary 1.6 Under the assumptions of Theorem 1.3, in the critical case we have, as
n — 0o,

E(Y,) = (m2_7m1)3% + 0(%) (1.12)

We mention that (1.10) agrees with Conjecture 2 of Chen et al. [2], but the coefficients
in (1.11) and (1.12) do not agree exactly with those in Conjectures 1 and 3 of the same

paper.

Remark 1.7 The results of Theorem 1.3 are not quite satisfactory as the supercritical,
subcritical and critical regimes are characterized only by the limit (r,, p.) = lim,,_ (7, Pn)-
By (1.7) the sequence {r,} C (0, 1) is strictly decreasing. Then we have lim,,_,, r, = r, =
0if 0 < 79 < 1 —m~'. Consequently, the model belongs to the supercritical regime if
(ro,po) € D := (0,1 —m~'] x (0,1). There seems a decreasing function r — g(r) at the
interval [1 —m™! 1) with g(1—m™"') = 1 so that the supercritical, subcritical and critical
zones &, % and € of the model are given respectively by

P =DU{(rp) :1-m't<r<1,0<p<g(r)},
U ={(r,p):1—m "t <r<lg(r)<p<l1},
€ ={(rp):1-m'<r<lp=g(r}

We have not been able to find an accurate expression of the function g.
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Remark 1.8 Given the parameters (A, p) € (0,00) x (0,1), we denote by u = E(X,p)
the exponential-type distribution given by:

p(dx) = pdy + (1 — p)he™dx, 2 >0,

where &y is the unit mass at zero. As in the proof of Theorem 1.1, one can show that if
to = E(Xo,po) for (Ao, po) € (0,00) x (0,1), then p, = E(\,,pn) for n > 1, where the
sequence {(A,,pn) :n > 1} C (0,00) x (0,1) is defined recursively by

e\,
1—(1-e)p,

)\’I’L n
A1 = +71p>

; Pni=1-— e At <1 - N,

All the results obtained this note can be extended to the exponential-type marginal dis-
tributions by similar arguments.

The rest of the note is organized as follows. The basic structures of the geometric-
type marginal distributions are discussed in Section 2, where the proofs of Theorems 1.1
and 1.2 are also given. The proof of Theorem 1.3 is given in Section 3.

2 Geometric-type marginal distributions

Proof of Theorem 1.1. We show p,, = G(ry,,p,) by induction. Suppose this is true for
some n > 0. Then

(1 - pn)rns _ Pn + (Tn - pn)s
1—(1—=ry)s 1—(1=ry)s

E(sy”) =p, +

Write &,41 = > ", Yo, By the independence of 7, and {Y},;}, we see that

- Tn — Pn)S1k
E(S_§7L+1) _ Zm—l(l . m—l)k—l prlz i’ Eln_ Tp;z ]
k=1 n
_ mp, + (rp — pa)s]/[1 — (1 —ry)s]
1= (1—=m Y [py+ (rn—pu)sl/[1 — (1 —1,)s]
P+ (Tn — Pn)s
mfl — (1 —ry)s] = (m —1)[pn + (rn — pn)s]
P+ (Tn — Pn)s
m—(n— Ups — (1~ 1) + (D~ p)ls
Pn+ (T — pn)s
m—(m—1)p, —[m—(m—1)p, —r,ls

_ In+1 X ("nt1 — Gnr1)s
1—(1=rp1)s 1= =ruq)s




Tn+18

= Qp+1 + (1 - Qn-i-l)

1 — (1 — ’r’n_i_l)sj
where
, _ T'n _ Pn _ T'n+1Pn
ntl = (m— Dpy’ An+1 m— (m — 1)pn e

Then &, 1 follows the geometric-type distribution G(r,11, ¢,+1), that is,

P (&1 € d2) = Gua00(d2) + (1= Guga)rar Y (1 = 7o) (d).
k=1

By the total probability formula and the memoryless of the geometric distribution, we

have

P(Yo1 € dz) = P&t 2 2)P(§un — 1 € dzf€prn = 2) + P(§npr < 1)do(da)

o0

= (1= gua) (1= ng1) D rusa (1= mgn)* 10 (de)

T = (1= )1 = guan)dolda),

where

Tn n
(1= ui) (1 = 1) = (1= rg) (1= ) =1

Then we have i1 = G(Fas1, Pui1)- 0

Proposition 2.1 Let {(r,,p,) : n > 1} be the sequence defined by (1.7). Then for any
n > 0 we have

( Lo )zm(l—rn+1)( ! —i). (2.1)

T'n+2 Tn+1 Tn+1 Tn

Proof. From the first equality in (1.7) it follows that

T'n
m—(m—1)p, =~ " (2.2)

and hence

1 r
1— nzi( n —1). 23
s | b (2.3)

By (2.2) and the second equality in (1.7) we have

T'n+1Pn )
T'n

Pn4+1 = 1- (1 - Tn+1)<1 -

6



= 1= (=) (1- — )

It follows that
Tn
1 — Pn4+1 = m(l - pn) 7’+1 (1 - Tn—l—l)

This proves (2.1). O

Proposition 2.2 Let {(r,,p,) : n > 1} be the sequence defined by (1.7). Then for any
n > 0 we have

Pny1 Pn

T'n4+1 Tn

=m(l —p,). (2.5)

Proof. By (2.2) and (2.4) it follows that

m(1 —pp) + pn — m(l —rn410)(1 — pp)

Pn+1 =

m(l - pn)rn + Pn Tn+1
= == 1-— n)T'n n
m—(m — Dps - [m(1 = pa)rn + pal
= Tn+1 [m(l - pn) + %} .
Then the desired relation holds. ]

Proposition 2.3 Let {(r,,p,) : n > 1} be the sequence defined by (1.7). Then for any
n > 0 we have

mE(Y,) = (i - rlo) ﬁ(1 ). (2.6)

m—1 71 iy
1=

Proof. By Theorem 1.1 we know that Y,, has the geometric-type distribution G(r,, p,).
From (2.1) it follows that

! _%:mnﬁ@_m(l—i), (2.7)

Tn+1 1 To
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Then we can use (2.3) to see that

B(Y,) = L Fo_ 1 (1 _i>

Then we have the expression (2.6). O

Proof of Theorem 1.2. By (1.7) it is easy to see the sequence {r,} is strictly decreasing.
Set r, = lim,, o 7,. We claim that either r, = 0 or 7, € [l —m™!, 00). Otherwise, we
have r, € (0,1 —m™!), and so there exists N > 1 such that 0 < r, <7, <1—m™! for all
n > N. In this case, it follows from (2.1) that

1 1

T'n42 T'n+1

1 1

)
T'n4+1 Tn

which is in contradiction to the existence of the limit lim,, o, 1/r, = 1/7.. Therefore, we
must have r, =0 or 7, € [l —m™!, 00). We next examine the convergence of the sequence
{pn} in the two cases.

(1) In the case r, = 0, the sequence 1/r, strictly increases to oo as n — oo. By
applying the Stolz—Cesaro theorem in conjunction with (2.1) we get

1 1 1

. Tn+1 . . T To— . _ _ _
lim = lim 2~ = lim 22— = limm '(1-r,) ' =m™" (2.8)
n—oo T, n—00 —

Then p, = lim,, o p, = 0 by (2.2).

(2) In the case r, € [1 —m™', o0), we have lim, .o (r,/rns1) = 1 and hence p, =
lim,, oo P = 1 by (2.3). O

3 Asymptotic behavior of the dynamics

Lemma 3.1 Suppose that r, =1 —m™' and letv, =r, — 1, =1, — 1 +m~ L. Then we
have
2 m 2
lim nv, = —, lim n*(v, — Vpp1) = lim —n?v0,0 = —. (3.1)
n—00 m n—00 n—oo 2 m

Proof. To simplify the presentation, we introduce the difference operator A in the fol-
lowing way: For any sequence {a,} write Aa,, = a,+1 — a, and

A?a, = A(Aay) = Gpyg — 2ap41 + .



By (2.1) we have

which implies

Auvy,. (3.2)

It follows that

Av,, — Av,

Un42 — Un
= (1 = mv, (1 —)—1An
{( Mn1) I — } !

Un — Up
= |: — MUpi11 -+ (1 - mvn+1)ﬁ] AUn. (33)

Note that v, strictly decreases to zero as n — oo. By applying the Stolz—Cesaro theorem,

—1

. Unyl . Avy Upro +1—m
lim —— = lim —= -

n—oo U, n—o0o A’Un - nh—>nolo(1 N mvn_H) v, +1— m—1 =L
Then we deduce
1 Up+2 — Up
lim — | (1 — mw, <1++—> -1
nl_)oo Un, [( ! +1> Uy, + 1-— m_l
n n n - 1 n~ Un n
g (-l 2/ T el ) gy (34)
n—sc0 Vp  UpF+l—-mt v, +1-m"1 v,

By (3.2) the sequence —Awv,,; strictly decreases to zero. Then we can use (3.4) and the
Stolz—Cesaro theorem to obtain

. Up+1Un . Up+1 (Un+2 - Un)
lim —————— = lim

n—=00 Uy — Un41 n—00 (Un—l—l - Un+2) - (Un - Un—l—l)
~ im Una1(Av, + Avyiq)

n—00 — A%y

~ im —p (1 + Av,i1/Avy,) _

2
00 (1 — muyg) (14 F222=ms) — 1 m’

By another application of the Stolz—Cesaro theorem we get

. . . UnUn+1 2
lim nv, = lim ——— = lim ———— = —.
n—00 n—00 — — — n—00 —
Un+1 Un ,Un 'Un—i-l m
This gives the limits in (3.1). O



Lemma 3.2 Suppose that r, =1 —m™" and let v, =\, — 7. =1, — 1 + m~'. Then we
have
: m 4(m+1)
T 7 (00 = tnea = et ) = 5 (3:5)
Proof. In view of (3.1), as n — oo we have
2m~! 1 2m ! 1
Uy = m +0<—>, Av, = — m +0<—). (3.6)
n n n? n?
Then by Taylor’s expansion for the function 1/(1 4 z) we see that
Upto — Un m 1
Uy +1—m™! m—l( tn U+1)1+mvn/(m—1)
m m 1
m
— (A + Avng) + O(E).
Substituting the above expression into (3.3) we obtain
9 m 1
A%v, = —muy 1 Av, + ———(Av, + Avyg1)Av, + O(—)
m—1 nd
It follows that
A<Avn + %Un-i-lvrz) = A2'Un + %Un-i-lAvn-i-l + %Un-i-lA'Un
= —TvnHAvn + L(Avn + Avyyq)Av,
2 m — 11
m
+ Evn—HAvn—l—l + O(E)
1
1 A0, + " (Awy + Avpsr)Av, + 0(—)
2 ) m—1 nd
m m 1
= _TUEL-HAUn + m(A’Un + AUn_H)AUn + O(ﬁ)
41 . 8 1 n O( 1 )
~ mnt m(m—1)nt nd
4 1) 1 1
_Amt+D 1 o(=).
m(m — 1) n* n®
By applying Stolz—Cesaro theorem we deduce that
4(m+1) 1
lim n3 (Avn + Tvnvnﬂ) = lim ( T 2 T +1) = lim ng(Ti)l):
n—o00 2 n—o00 GEE T WP n—o00 EEsyta
4(m+1)
_ gy me  _ Am+1)
T Do nlnd—(n41)3] T Bm(m — 1) ’
(1)
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This proves the desired result. 0

Proof of Theorem 1.3. (1) Consider the supercritical case, where r, = 0 and p, = 0.
From (2.8) we see that

O<H(1—rn) < 0.
n=1

Then (1.9) follows from (2.6). Since 1/r, strictly increases to oo as n — oo, in view of
(2.7) and (2.8), we can use the Stolz—Cesaro theorem to see that

lim = lim - = lim —5———

n—oo M~ n—oo — n—00 - =

Tn Tn+1 Tn
o

—1
- 71"1 1 H(l—rn)_legl,

(57 =)

n+l _ m" " m—1
= l1im
Tn+1 Tn

Tn

which gives the asymptotics of r,,. By using (2.5), (2.8) and the Stolz—Cesaro theorem,
we see that

Pn
lim 2% = Lim ™= = lim (M—Zﬁ) = lim m(1 —p,) = m.

n—o0 NIy, n—o00 N, n—00 \ T'p41 T, n—00

This proves the asymptotics of p,.

(2) Consider the subcritical case, where r, > 1 —m™ and p, = 1. By (2.6) we have
Fo = lim, .o m"E(Y,) = 0. From the relation (2.1) it follows that

Tn — Tne1 = m(l — rn):n—ﬂ(rn_l —Th)- (3.7)
n—1

Then an application of the Stolz—Cesaro theorem leads to

. Tn+1 — Tx . Tne1l — Tn
lim —— = lim ———
n—oo T, — Ty n—00 1, — I'p_i

Tn+1

= 1li 1—r,

=m(l—r,) <1,

which implies that

= ]-_Ti
O<H1_T*<O°‘
i=1

By using (3.7) again we deduce that

n
Tn = Tpi1 = ! (ro —11) H(l = 7i)
o1 i=1
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= (1 =) - ) T 1-n (3.9)

It follows that

_ (ro—m)r? ﬁ 1—r
B ToT1 .

. 1-— Ty
i=1
By using the Stolz—Cesaro theorem we obtain

. T'n — T« . 'n — Th+l
lim = lim

(1= ) L= m(1 =)l = )]

(ro —ri)r

1 — T
[1—m(l—r.)]ror 211 1—r,

2 [ee]
*

and, also using (2.3) and (3.8),

These give the asymptotics of (1, pn)-

(3) Finally, we deal with the critical case, where r, = 1 —m~! and p, = 1. By (2.6) we
have F,, = lim,, _ oo m"E(Y,) = 0. Write v, =r, —r, =7, — 1 + m™!
and 3.2. By (3.1) and (3.5),

( 1 1 ) m 1 ( m ) m(m + 1) N (1)
- ) == Up — Upg1 — —UnUp =———" +o—).
Upt1  Un 2 UpUpi1 T i 3(m—1)n n

as in Lemma 3.1

Applying Stolz—Cesaro theorem again we have

e b
n—o00 logn n—oo log(n + 1) —logn
1 1 m

N ety |

o log (1+ 1)
1




It follows that

1 7717’L_|_7n(7’n+1)1 + ologn)
— =—+4+ ——Llogn+o(logn
Un, 2 3(m —1) & 1),

and hence
1
T o log )
P)

Up =

J— mn

L ()

By Taylor’s expansion for the function 1/(1 + x),

2 ) 2(m+ 1) logn +O<logn)}

R 3(m—1) n n
~ 21 4(m+1) logn <logn) (3.9)
~mn 3m(m—1) n2 n? /)’ '

This leads to the asymptotics of 7,. By (3.5) and (3.9) we have

4(m+1) 1 1
B T g | P 0(?)

21 8(m+1) logn logn
T omn? ( n3 )

= 3.10
mn?  3m?(m—1) n3 (3.10)

In view of (2.3) and (3.10), we have

D —1— Un — Un41 —1_ m Un — Un41
" (m—1)1—m"+v,41) (m—1)214v,41/(1 —m™1)
m 21 8(m+1) logn <logn 1

(m—12lmn2  3m2(m—1) n3 n3 )]1+vn+1/<1—m—1)‘

—1-

Then we get the asymptotics of p, by (3.9) and Taylor’s expansion for the function
1/(1+x). O
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