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Abstract This paper explores the optimal investment problem of a renewal risk
model with generalized Erlang distributed interarrival times. We assume that the
phases of the interarrival time can be observed. The price of the risky asset is driven
by the CEV model and the insurer aims to maximize the exponential utility of the
terminal wealth by asset allocation. By solving the corresponding Hamilton-Jacobi-
Bellman equation, when the interest rate is zero, the concavity of the solution as well
as the the explicit expression of the investment policy is shown. When the interest
rate is not zero, the explicit expression of the optimal investment strategy is shown,

the structure as well as the concavity of the value function is proved.

Keywords: FExponential utility; Renewal process; Stochastic optimal control;

Hamilton-Jacobi-Bellman equation
1 Introduction

The optimal investment problem of a general insurer has been studied under various settings since
the work of [11]. With the exponential utility, [16] consider the optimal investment strategy for
an insurer with jump-diffusion surplus process when the risky asset follow a Geometric Brownian

motion in which the closed form of the optimal investment strategy is shown. [14] extends the
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results of [16] to the case of multiple risky assets. The optimal investment for an insurer with
cointegrated assets with CRRA utility was studied in [6]. [8] studied the excess-of-loss reinsurance
and investment strategies under a constant elasticity of variance (CEV) model of the insurer. [15]
study the robust optimal portfolio and reinsurance problem under a CEV model.

All above mentioned optimization problems are investigated in the Markovian framework. In
the compound Poisson model, the interclaim times are exponential distributed. But exponential
distributed interclaim times have no memory about the time elapsed since the last claim. To
overcome such drawback, probabilist brought out the renewal process to characterize the surplus
of the insurance company. For example, for the Erlang(n) interclaim times, [1] and [2] calculate the
moment-generating function of the discounted dividends of horizontal barrier strategies and show
that in general horizontal barrier strategies is not the optimal dividend strategy. [10] show that
the optimal dividend strategy is of phase-wise barrier strategy for the Erlang(n) interclaim times.
Later, [3, 4] investigate the optimal investment and dividend problem of the Sparre Andersen model
in the framework of viscosity solution. One can refer [5, 13] for more control studies about renewal
surplus process. As far as we know, the explicit solution of optimal utility of renewal process is
not easy to find, thus, the paper explores the optimal investment problem of Erlang(n) distributed
interclaim renewal process.

Now we describe the renewal claim process formally. Let {J;} be a homogenous Markov chain

on the state space {1,2,--- ,n} with an intensity matrix of the form
A AN O - 0
0 =X X .- 0
An 0 0 - =X
i.e., the process moves through1 -2 — -+ —-n — 1 — .- and stays in state i € {1,2,--- ,n} for

an exponential time with parameter A; — this is often referred to as an exponential clock. When
the exponential clock rings, J; jumps to the next state. Specifically, when the current state is n,
after staying an exponential time with parameter \,, J; will jump to state 1 and a claim occurs.
We also assume that the phases of J; can be observed. It is obvious that if n = 1, then the surplus
process degenerates to the compound Poisson process.

As the Markov chain J; has n states, the Hamilton-Jacobi-Bellman (HJB) equation forms a
system of n-dimensional coupled equation. We divide the optimization problem into two cases: the
first where the interest rate is zero, and the second where the interest rate is non-zero. The solutions

to the Hamilton-Jacobi-Bellman (HJB) equation in these two cases take different mathematical



forms. The main challenge lies in demonstrating that the solution to each HJB equation is concave.
In the first case, when the interest rate is zero, we prove the concavity of the solution using the
Laplace transform of the Markov chain with killing. Additionally, we derive the explicit expressions
for both the value function and the optimal investment strategy. In the second case, where the
interest rate is non-zero, it is more difficult to express the solution to the HJB equation explicitly.
However, we establish the existence of a solution, and rigorously prove the explicit form and
concavity of the value function by decoupling the system of simultaneous equations and applying
the Banach fixed point theorem.

One might compare the Erlang(n) renewal model with the regime-switching model where various
optimization problems have been addressed within the regime-switching framework. For example,
[7] explores an optimal investment problem of an insurance company aiming to maximize the
minimal expected exponential utility with regime switching. Later, [9] investigates an optimal
investment problem of an insurer with risk constraint and regime-switching. Other optimization
problems in this area include [12], which explores the optimal dividend problem for an insurance
company in the presence of regime shifts, and [18], which studies optimal consumption, investment,
and insurance policies under regime switching.

A key distinction between our model and the regime-switching is: in the regime-switching
model, external regime influence variables such as the interest rate, claim intensity, return rate,
and volatility rate and so on. However, regime changes typically do not lead to a lump sum
reduction in wealth. In contrast, in our Erlang(n) model, at the end of phase n, not only the
Markov chain enters a new phase (phase 1), but also a claim occurs, resulting in a lump sum
decrease in wealth. Given these differences, we focus on the optimal investment problem in the
context of Erlang(n) interclaim times.

The main contributions of this work are twofold: 1. The optimal investment problems for the
classical compound Poisson claim process are well-established. The Erlang-distributed interclaim
model extends the classical compound Poisson model. The explicit solutions derived in our study
provide valuable insights for other optimization problems involving renewal processes. 2. To
demonstrate the concavity of the solution to the HJB equation, we employ the Laplace transform
of the Markov chain, decouple the system of simultaneous equations, and apply the Banach fixed
point theorem, showcasing the novelty of the mathematical methodology.

The structure of the paper is organized as follows. Section 2 introduces the surplus process
of the insurance company. The goal is to maximize the exponential utility of terminal wealth by

investment. The problem is then divided into two cases. Section 3 studies the case where the



interest rate is zero, presenting the explicit solution for both the optimal value function and the
optimal strategy. In Section 4, we explore the case where the interest rate is non-zero. In this sec-
tion, we provide the explicit expression for the optimal investment policy and apply the decoupling
equation technique, along with the Banach fixed point theorem, to demonstrate the concavity of
the solution to the HJB equation. Section 5 analyzes the sensitivity of various parameters on the
optimal policy and value function. Finally, Section 6 concludes the paper, while some detailed

proofs are provided in the Appendix.

2 Modelling

We work on a complete probability space (£2,.%,P) which satisfies the usual condition. Let T > 0
be a finite time horizon and .%; stands the information available before time t € [0, T]. The surplus
of the insurer follows

Ny
dCy = cdt —d ) _Y; (2.1)

i=1
where ¢ > 0 is the premium rate, IV; is a renewal counting process representing the number of
claims before time ¢, {Y;}$2, are independent and identically distributed positive random variables
and Y; represents the size of the i-th claim. The interclaim times are independent and follow a
generalized Erlang(n) distribution. As we introduced in the last section, the state of the Markov
chain can be observed. We also assume that the claim size {Y;}$2; are i.i.d random variables which
are independent with the markov chain {.J;}.

The insurer is allowed to invest in a financial market consisting two assets, one risk-free asset

and one risky asset. The price process Sy(t) of the risk-free asset follows
dSO (t) = ?"So (t)dt,

where r > 0 is the risk-free interest rate. We assume that the price process of the risky asset is
driven by the CEV model
dS(t) = S(t)(udt + aS(t)PdW (t)),

where p > 7 is the expected instantaneous return rate of the risky asset; k£ > 0 is a constant; 8 > 0
represents the elasticity parameter; W (t) is a standard Brownian motion which is independent of
the compound renewal process. When 8 = 0, a CEV model degenerates to a geometric Brownian

motion.



The investment strategy is denoted by {a;}o<i<7, where a; € R denotes the total amount of
money invested in the risky asset. Under the strategy a, the surplus process of the insurance

company follows

Ny
dX7 = (rX, + (n—r)a, + ¢)dt + 08, adW, —d Y, (2.2)
i=1

We call a strategy {a:}o<t<r admissible if for any ¢ € [0,T], a; is .%#; progressively measurable,
]E[fo-s_(>o a28(t)?Pdt] < +oco and the equation (2.2) admits a unique strong solution. Denote %4 the
set of all admissible strategies.

We consider the optimal investment problem which aims to maximize exponential utility of the
terminal wealth, mathematically speaking, the utility function of the insurer is defined as

1
Ulx) = ——e™ ™
(€) = ——e,

where m > 0 is a constant. Such an utility function plays an important role in mathematical
finance and actuarial science. The constant m is called the absolute risk aversion parameter. For
any investment strategy {a;}o<i<T € %.q and any initial state (s, x,i), define the utility of the

strategy a as
J(t,x,s,i;a0) = E[UXE)| X = 2,5 =s,J; =1]. (2.3)
The value function is defined as

V(t,z,s,i) = sup J(t,x,s,i;a), (2.4)
{a}E%%aa

The aim of our paper is to find the optimal policy a* € %,q so that J(t,z,s,i;a*) = V(t,x,s,1).
By dynamic programming principle, we derive the HJB equation of the optimization problem (2.4)

which is an n-dimensional coupled equation:
ve(t, 2, 5,1) + SupP,ep {vl(t, x,8,4)(c+alp—r)+re)+ %JQaQSQBUM(t, x,8,1)
+02as? T v, (t,x, 8,1) ) + psvs(t, @, 5,1) + 302220, (¢, 2, 5,1)

+X (vt z, 8,0+ 1) —v(t,z,8,4) =0, i=1,2,--- ,n—1;

2.
vy(t, @, 5,7) + sup,ep {va (£, @, 5,9) (c+ a(p — 7) + rx) + F02a%5% P vy, (t, @, s, 1) =
+02as® T v, (t, @, 8,0) } + psvs(t, 2, s,n) + 3022 20, (¢, 2, 5,1)
+A (Elv(t,z = Y,8,1)] —v(t,z,s,i)) =0, i=mn,
with boundary condition
o(T,x,s,1) = —%e*’m, 1=1,2,3,...,n. (2.6)



We treat the case of r = 0 and r # 0 differently since there is an explicit solution for the case of
r = 0. There is no explicit expression for the case of r # 0 but the structure of the solution can be

expressed. The next section deals with the case of » = 0 first.

3 When the interest rate is 0

If the interest rate is 0, then equation (2.5) degenerates to the following equations:

ve(t, @, 5,1) + sup,ep {va(t, 2, 5,7)(c+ ap) + F0%a*5% vy, (¢, x, 5,1)

28+1

+02as Vs (L, s,z)} + usvg(t, z,8,1) + %02525“1133@, x,$,1)

+Xi(v(t,z, 8,0+ 1) —o(t,z,s,4) =0, i=1,2,--- ,n—1;
ve(t, @, 5,1) + sup,ep {va(t, 2, 5,1)(c + ap) + 302a*5% vy, (t, x, 5,1)

28+1

+02as Vs (L, s,z)} + usvg(t, z,8,1) + %02525“1133(@ x,$,1)

+A (Ejv(t,x =Y, s, 1)] —v(t,z,s,i)) =0, i=n.

Notice that if there exists a concave solution for (3.1), for each ¢, the maximizer of (3.1) a* (¢, z, s,4) =

_ pug (t,z,5,i)+02s2P 0, . (t,2,s,)

TPy (7 ) . In what follows, we look for a continuously differentiable concave

solution for (3.1). We conjecture that the solution of (3.1) takes the form of
v(t,x, s i):fiexp fmerﬂ—z(th)sfzﬁ vi(t),i=1,2,...,n (3.2)
) i) m 202 ) < ) i

where ;(t),4 = 1,2,--- ,n are some unknown functions which will be determined later. After

direct calculations,

N —op 1 Il —26 (v
v :v(t,x,s,z)rﬂs — —exp —mx—i—ﬁ(t—T)s ' (1),

—mu(t,z,s,1), Ve = m2v(t,z,s,1)

Uy =
vg = 6%.9*%*111(@%5,2'), (3.3)
Vsg = [WS*M*Q - W(Qﬂ +1)s 257 u(t, x, 5, 1),

Ups = —mﬂﬂz(Ti;t)s*w*lv(t,x,s,i).

Substituting

Wt z,s,0) + 0220y, (t, x, 8,1)

(3.4)

*(¢ A
a ( 793737’6) O'QSQBUIQ;(t,m“S,i)



and (3.3) into (3.1) and eliminating same terms show that {i;}? ;| satisfies

W () — (em + ZEFDEBT= 4\ Y (£) + Ayapa(t) = 0,

Py (t) — (em + ZEFVEBTZ L 3oy (£) + Aatps(t) = 0,

(3.5)
oa(8) = (em 4 BEEDEEED 5 )iy (8) + A itin() = 0,
2 —
W (1) — (em + (26+1)”7/3(T 4 An)¥n (£) + At () Ee™ = 0.
Denote L(t) := fot(cm + Wwwu Multiplying e~ on both sides of (3.5) gives
@1(t) — Mpa(t) + Arpa(t) =0,
Py (t) — Aaa(t) + A2 C3(t) =0,
Pn_1(t) = An—19n-1(t) + An—19n(t) =0,
Pn(t) — Anpn(t) + )‘nE(emY)Wl(t) =0,
or equivalently,
e1(t) p1(t)
w5(t) P2(t)
: =Q : : (3.6)
Pn-1(t) pn-1(t)
P (t) en(t)
where
A -1 0 0 0
0 Ay —Ao 0 0
A 0 0 A3 0 0
Q =
EE™) 0 0 -0 An
The boundary condition of ¢;(t) is
0i(T) = e 1) > . (3.7)



As we can see, every element of the matrix Q is constant. Combining the boundary condition

(3.7), the explicit solution of ¢;(t) can be derived.

e1(t) ¢1(T) et
©2(t) ©2(T) e~ M)
— oQU=T) — oQUE=T) , (3.8)
Pn—1(t) en-1(T) e M)
on(t) on(T) e~ 1)
Now we show that the solution ¢;(t),i =1,2--- ,n, are non-negative. To see this, we only need to

show that every element of the matrix eQU=T) jg non-negative.

(t=T)

Lemma 3.1. Every element of the matrix e@ is non-negative.

(t=T) can be seen as the transition matrix of a Markov chain with

Actually, the matrix e@
killing. Thus, the non-negativity of every element is undoubtable. We leave the detailed proof in

the Appendix for the readability of the whole context of the paper.
Lemma 3.2. The function v(t,x, s,1) is concave about x.

Proof. From above calculations, we can notice that the concavity of v(t, z, s,7) is equivalent to the
non-negativity of {¢;(¢)}? ;. By Lemma 3.1, we get that every element of the matrix QT g

nonnegative. The proof is complete. O

Until now, we solve a continuously differentiable concave solution for the HJB equation, i.e.,

1 2
v(t,x,8,1) = —— exp {—mx + QM—Z(t - T)s_m} ¥i(t),i=1,2,...,n, (3.9)
m o

where ;(t) = ;(t)e*®) and ;(t) is given by (3.8).
Now we formulate a verification theorem to show that under suitable conditions, the solution

of the HJB equation (2.6)-(3.1) is indeed the optimal value function when the interest rate is 0.
Theorem 3.3. (verification theorem) Denote Hy(u) = %, if—8H1(u)+16Z—zH12(u) < ﬁ—i
for all w € [0, T), then the value function V (t,x,s,i) = v(t, x,s,1), where v is shown in (3.9). The
optimal investment policy is

_ p+p?B(T —t)

B 02s2bm

a* (t)

The detailed proof is in the Appendix.



4 When the interest rate is not 0

When the interest rate is not 0, the HJB equation is

vi(t, 3,5, 1) + Sup,er {Va(t, @, 5,7) (c+ a(p — 1) + r2) + $0%a*5 vy, (L, 2, 5,1)
+02as? v, (t,x, 8,1) ) + psvs(t, @, s,1) + 3022 20, (¢, 2, 5,1)

+Xi(w(t,zy 8,0+ 1) —v(t,z,8,4) =0, i=1,2,---,n—1;

vi(t, @, 8,9) + sup,ep {va(t, @, 8,9)(c+ a(p — r) + rz) + S0%a®s%P v, (t, 2, 5, 1) oy
+02as? T v, (t,x, 8,1) } + psvs(t, @, s,n) + 3022 20, (t, 2, 5,1)
+A (Elv(t,z = Y,s8,1)] —v(t,z,s,i)) =0, i=mn,
with boundary condition
o(T,x,s,1) = flefmx, 1=1,2,3,...,n. (4.2)
m
In this section, if there exists a concave solution for (4.1), for each ¢, the maximizer of (4.1)
0t 5,8) = (= r)vg(t, @, 8,7) + 0282 o, (¢, , s, z) (4.3)

0252y, (t, 1, 5,14)

Similar with Section 3, we look for a continuously differentiable concave solution for the HJB

equation (4.1)-(4.2). We conjecture that the solution takes the form of

. 1 _ (u—r)? _Ty .

_ _ (T—t) _ 28r(t=T)7 .28 | /.. _

v(t,x,s,1) = exp { maxe” 1025y [1—e Is Pi(t),i=1,2,...,n. (4.4)
where ¥;(t),i =1,2,--- ,n, are some deterministic function which will be determined later. After

simple calculations, we can get that

¢ N = ot 1 r(T—t) (n—r)? 287 (t—T) .—20
vt( ,1’,877,) 7”( y Ly S, ) mrxe + ?6 S

1 — exp { mae"T—1 — 7( —r)? 1- ewr(t—T)]s_Qﬂ} Wi(t) (4.5)
402Br K

—me” } , (4.7)

202 287 (t— T)] —2/3—1}7 (4.8)
vss(t, T, 8,1) = v(t, x,8,1) 4 e2Pr(t=T))25—46— 2}
—r)2 _ Coa
+u(t,z,s,0) {_(25+ 1)%[1 _ 2Ort=T)] =28 2}’ (4.9)

10



2
Vps(t,x, 8,4) = v(t, x, 8,19) {—meT(Tt)(HQ;T)[l - eQBT(tT)]SQﬁl} . (4.10)
o

Substituting (4.3) and (4.5)-(4.10) into (4.4) shows that {t;}?_; should satisfy

P (t) — (eme ™1 4 W[l — 2P 4 )b (t) + Awpa(t) =0,

Wy (t) — (emer =1 4 QEEDGZIT [y 26r(=T)) 1 \o )by (1) + Aoty () = O,

L () = (emerT= 4 COEVW=DT 1y 28r(=T)] 4\ e, 4 (8) 4+ An_19n(t) = 0,

W (1) — (emer =0 4 @OERUIT g 28r(=T)] X yap (8) + Aty (HEe™ <7 = 0,
(4.11)
Together with (2.6) we get that the boundary condition of {;}7 ; is

We need to solve a continuously differentiable and non-negative solution for (4.11)-(4.12). The
non-negativity of the solution is to make sure that the solution of (4.4) is concave. We use the
technique of changing variables can be used to simplify (4.11).

Denote Fj(t) one primitive function of cme™ ™= 4 W[l —e2rt=T) i =1,2,-- n,

or in other words,

Fi(t) = /Ot {cmeT(T_“) + W[l — ezﬁr(“_T)]} du. (4.13)

Multiplying e~ () on both sides of (4.11) gives

e Wyl (t) — e~ 1) (cmeT(Tft) + W[l — 2= 4 >‘1> (1)
+A1epa(t)e 1) =0,

e P2y (£) — e~ F2(®) (CmeT(T—t) + W[l — e2Prt=T)] 4 >\2> Va(t)
Hogps(t)e 20 =0,

e Fri Oy () — e~ Faa(®) (cmeT(T_t) + CEEn) g  2pr(t-T)] ,\n,l) Yn—1(t)
FAn 19 (e 10 =0,

67Fn(t)¢;(t) B ean(t)(Cmer(Tft) + (26+1i7("u7r)2 [1 _ 62ﬁr(t7T)] + /\n)l/fn(t)

+)\n¢1(t)EemY€T(T7”e_F"(t) =0.

11



Denote
@i(t) == e T ®y(t),i =1,2,3,...,n. (4.14)
It turns out that

1) = A1 (t) + Mz (t) =0,

©5(t) = A2pa(t) + A2ps(t) =0,

(4.15)
Pn-1(t) = An—19n—1(t) + An—190(t) = 0,
@lt) = Anpn(t) + ME(E™ " )u () =0,
or equivalently,
1 (1) pu(t)
5 (t) pa(t)
=Q(t) : : (4.16)
Pn-1(t) Pn—1(t)
() en(t)
where
A1 A0 0 0
0 Ay =g 0 0
0 0 A3 0 0
Q) =
0 0 0 )\nfl _>\n71
“Apz(t) O 0 - 0 An
is a n x n matrix and z(¢) := E(emyer(T%)). The boundary condition is
@i(T) = e~ F:(1) >, (4.17)

The ordinary differential equations (4.15) looks quite simple and the existence as well as unique-
ness of the solution is undoubtable. But showing an explicit expression of the solution is not easy

since Cayley—Hamilton theorem is not applicable due to the fact that for some u,t € [0, T,

Q()Q(u) # Qu)Q(?).

12



We show that the solution of (4.15) {¢;(¢)}~, is non-negative. The non-negativity is to verify the
concavity of the solution of the HJIB equation.

Denote z(t) := E(e™Y¢
For a given § < %, we divide the time interval [0,T] into the N subintervals [0,7 — (N —
1)6],---,[T — k6, T — (k — 1)d], such that T < N§. Now consider the system (4.15) in the time

interval [T — k4, T — (k — 1)d]:

NT*”) for simplicity. Denote z := sup ¢o 7 [2(s)| and A i=max{A, -, A}

(t) = Arp1(t) + Arpa(t)

¥ =0,
(t) = Aagpa(t) + X2C3(t) = 0,

13

NS =~

te T —ks, T — (k—1)d), (4.18)
o1 () = An—19n—1(t) + A—1n(t) = 0,
w;z(t) - An@n(t) + Anz(t)tpl (t) =0.

Consider the non-negative valued continuous function space C([T'—kd, T — (k —1)d]; R4) equipped

with the supremum norm |vlec := SUPse(r_po,r—(k—1)s) [v(8)| which is a Banach space. If k = 1,
then the boundary condition is ¢;(T — (k — 1)8) = e (T) > 0. If k # 1, we assume that the same
system defined in the former time interval [T'— (k—1)d,T — (k — 2)d] admits a unique non-negative

solution @;(t) € C([T — k6, T — (k — 1)6]; R>), then let ;(T — (k — 1)) := @;(T — (k — 1)J).
Lemma 4.1. Foranyk =1,---, N, the equation system (4.18) admits a unique solution (1, , Pn)
such that p;(t) € CH([T — k8, T — (k — 1)0;R,) for alli=1,--- ,n.
Proof. We decouple the system (4.18) by constructing a map ® : C([T — k6, T — (k — 1)];R4) >
o1 — 1 € C([T — ko, T — (k—1)d];Ry) as follows
@1 (t) = A1 (t) + Arpa(t) = 0,
©5(t) — Aawpa(t) + Aaps(t) =0,

(4.19)
Pn_1(t) = A—19n-1(t) + An—190(t) =0,

@;z(t) - An@n(t) + )‘nz(t)(ﬁl(t) =0,

Since ¢1(¢t) and z(t) are non-negative functions, it is easy to show that
T—(k—1)6
on(t) = e M T=(k=10=) 5 (T _ (k= 1)8) + A, / e MG 2 (5) g1 (s)ds > 0. (4.20)
¢

Hence @, (t) belongs to C([T — ké, T — (k — 1)d]; R4). We conduct this procedure to the equation
of Yn—1, -+ ,p1 one-by-one. It can be shown that the system of (4.19) admits a unique solution

(p1,++ ,n), and all the entries belong to C([T —kdé, T — (k—1)6]; Ry). Therefore ® is a self-map.

13



If we consider another input ¢5(¢) to the system,

(01)'(t) — Mpi(t) + Ap5(t) = 0,
(03)'(t) — A2p5(t) + A2p5(t) = 0,

(4.21)
(Pr—1) (1) = A1 1 (8) + An—195,(t) = 0,

(052)" (1) = Angpi () + Anz(t)i(t) = 0,

The last equation can be written as

T—(k—1)5
O (t) = e T DG(T — (k—1)8) + A / e M7 5 ()5 (s)ds. (4.22)

t

We take the difference of (4.20) and (4.22),

T—(k—1)5 -
P (t) — on(t) = An/ e 0T 2(5) (§5(s) — @1(s)) ds < OXZ]| 35 — i loc-
t
For the second-to-last equation, we have
T—(k—1)5
Faa® = (O =hr [ L) (4 0) — lt) ds
t
<ONz]|@7, = Pnlloo < O7A2Z2(|9T — @1l co-
We take this procedure to other equations in systems (4.19) and (4.21) to deduce that
€ YN SN[ AE P 1 ~E -
197 = prlloc < 0" A2 |G = Pulloc = 5o l19T = Pulloc- (4.23)

Hence the map & is contractive map. By the Banach fixed point theorem, there exists a unique

fixed point @1 € C([T — k6, T — (k — 1)d]; Ry) such that ®(p1) = ;1. Until now, we proved that

the equation system (4.18) admits a unique solution (1, - ,¢,) such that, for any i = 1,--- , n,
vi(t) € C([T — k6, T — (k — 1)0]; R4). By the continuity of z(t), the system (4.18) further shows
that each ¢;(t) € CH([T — k6, T — (k — 1)6]; R,.). O

Theorem 4.2. The equation system (4.15) admits a unique solution (Y1, - ,¢n) such that @;(t) €
CY[0,T|;Ry) foralli=1,--- ,n.

Proof. We paste all the solutions in the N subintervals [T' — kd, T — (k — 1)d] together to obtain
the solution to system (4.15). O

The non-negativity of ¢; implies the concavity of v(t, z, s,4) about x. In summary, we construct

a continuously differentiable concave solution v(t, x, s,¢) for the HIB equation (4.1)-(4.2). In what
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follows, a verification theorem is provided to show that under suitable conditions, a continuously

differentiable solution of the HJB equation is indeed the optimal value function defined in (2.4).

Theorem 4.3. (verification theorem) For the case of interest rate not being 0, let v(t,x,s,1)
defined in (4.4) be the solution of HJB equation (4.1)-(4.2), and the parameters satisfy that for all
w e [0,T), —16(p — r)Q(u) + 64Q(u)? < p2, where Q(u) = (u—7r) + (1 — ewr(T—u))%, the
optimal value function V(t,x,s,i) = v(t,x,s,i). The optimal investment policy is

T—t)y (p—r)?
e (=) 4 (12T Y) (4.24)
- 02528 mer(T—1) :

Detailed proof is shown in the Appendix.

5 Sensitivity Analysis

This section explores sensitivity of the optimal policy and the optimal value function about different
parameters. We assume that the interclaim times follow Erlang (2) distribution and claim size
follows the uniform distribution on [0,1]. Unless otherwise stated, the parameters are shown in

the following table.

H r B T X A o m c s

02 018 1 2 05 2 03 1 25 1

Q

:
ozo\
015“1
aowo\,’
005
0.0

COO0O0000O

OO
OO ON P~

‘ ‘ ‘ ‘ - S
10 12 14 16 1.8 20

Figure 5.1: The optimal strategy a* about Figure 5.2: The optimal strategy a* about

stock price s at time ¢t = 1. stock price s and time t.

From the explicit expression we can see that the optimal policy is irrelevant with the current

surplus x, the current phase ¢. The optimal policy is correlated with current time ¢, the stock

15



price s, the interest rate r, the drift p and the volatility o of the stock price. Figure 5.1 shows
the effect of stock process s on the optimal investment policy a* when t = 1. We can see that the
investment amount on stocks is decreasing with the increasing of stock price. This phenomenon
is in line with intuition since as stock price increasing, the cost of holding stocks will be higher.
The volatility decreases when the stock price increases, thus, holding a large amount of stocks can
not produce high profits. Eventually, when the stock price is high, the optimal policy should be
decreasing the amount of money invested in stocks. Figure 5.2 is a 3-dimensional picture showing
the effect of time ¢ and stock price s on the optimal investment policy a* from which we can see
that the amount of investment increases as the time ¢ increases which means as t approaches to

the terminal time, the insurer tends to take more risk in order to get higher returns.

w r BT X X o m ¢ s

02 018 1 2 05 2 03 1 25 1

t -0.006 — V(1,2,s,1)

-0.007

-0.02

-0.04

-0.008
-0.06

-0.08 -0.009

-0.10
— V(t,2,1,1) -0.010
012 V({£,2,1,2)
-0.14 0.12 0.14 0.16 0.18 0.20 s
Figure 5.3: The value function V about Figure 5.4: The value function V about
time ¢t at x =2 and s = 1. stock price s at time t = 1,2 = 2.

Figure 5.3 shows the value function about variable ¢ when = = 2,s = 1. It is obvious the
value function is negative-valued and decreasing with respect to ¢. From the picture we can also
see that V(t,z,s,1) > V(t,z,s,2). This cames from the fact that the state 2 is more “close”
to the claim time, i.e., when the insurer is in state 2, the insurance company need to undertake
upcoming claims. Figure 5.4 shows the picture of V' about the variable s when ¢t = 1 and x = 2
from which we can see that the value function is decreasing with respect to s. This is because
we adopt the exponential utility which means the decision-maker’s attitude toward risk does not
change with wealth levels. Thus, when the stock prices is increasing, the volatility risk of stocks is

also increasing leading to that the utility of the insurer decreases.
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6 Conclusion

This paper copes the optimal investment of the renewal surplus process in which the interclaim
times are Erlang(n) distributed. As there are n state in the Markov chain, Laplace transform of the
Markov chain, decoupling the n—dimensional coupled equation and Banach fixed point theorem
are used to prove the concavity of the value function. Our results show that the optimal policy
is irrelevant with the wealth and the current phase of Erlang(n) distribution. The utility of the
insurer decreases when the current time is close to the next claim. We further focus on the optimal

investment of renewal process when the phase of Erlang(n) distribution can not be observed.

7 Appendix

Proof of Lemma 3.1 Denote ¢ := E(e™Y). Without loss of generality, we consider the matrix O

has the form of

M MO 0 0
0 A o 0 0
0 0 —X 0 0
0 0 0 - —Auc1 s

ME 00 0 A

()

and show that for any ¢ > 0, every element of the matrix e%! is non-negative. Consider a Markov

chain jt with the transition matrix

A1 A 0 0 0

0 —X2 Ao 0 0

0 0 —A3 0 0

0 0 0 */\n—l )\n—l
MC 00 0 =Xl

From the transition matrix, we can see that
P(J; =n,t € [0,8]|Jo =n) = e % =1 =\, (s + o(s),

IP’(j[O,S] =i|lJo=14)=1—N\is+0(s),i #n.
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If the initial state i # n, define f;;(t) :== E [1{x,—;3|Xo = i], then

fij(#) = (1= Xis) fij(t — 8) + Nisfiv1,5(t — s) + o(s),

Thus,
fiy() = fis(t =) —Xisfij(t = 5) + Aisfirr,;(t — ) + o(s)
s s ’
Letting s | 0 gives
fi () = =Xifi; () + Aifir1y. (7.1)

If the initial state ¢ = n, define f;;(t) = E M Do 1(ju:i}d“1{xt:j}|Xo = z} We can obtain
that

Faj(t) = e CTD (1 = X\, C8) i (t — 8) + frj (D) AnCs + o(s). (7.2)
Notice that
A (C=Ds — 1 L X (¢ — 1)s + o(s). (7.3)
Substituting (7.3) into (7.2) gives
fai(t) = (L4 A (€ = 1)8)(1 = AnC8) fnj (t = ) + f1;(E)AnCs + o(s)
= (1= Ans)fuj(t = ) + frj(H)AnCs + 0(s),

which gives

Jng (1) = fog(t = 5) _ =Ansfai(t = 5) + fi(DnCs + ofs) (7.4)

Letting s | 0 in (7.4) gives

Fri () = =Anfnj(t) + f15AnC. (7.5)

Combining (7.1) and (7.5), we can see that the matrix {f;;}nxn is the solution of f/'(t) = Of(t)
with boundary condition f(0) = E, where E is the identity matrix, or in other words, f(t) = .
By the definition of f;;(t), we can see that f;;(t) is non-negative, which means that every element
of €% is non-negative. The proof is complete. [ ]

Proof of Theorem 3.3 Denote J; the current state of Erlang (n) distributed interclaim time
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at time ¢. For any strategy {a}, by It6 formula,

T NT
. n 1
U(Tn AT, XTT,,/\Ta S‘rn/\Ta Jrn/\T) = ’U(t, z, Sa]) + / (Ut + (C + Wuﬂ)vz + ,usuvs + 502556+1vss
t

1 T NT
+ 0253’3"’1771,%5 + §vww0253’37ri)du + / asfjwuqu
t

+ Z (U(U,Xu,Su7Ju) —’U('U/,Xu_7Su,Ju_))7

t<u<(t, AT)
(7.6)
where
o = n Ainf{u > t;| X7 (s)] > n} Ainf{u > t;|S(u)| > n}, (7.7)
for n = 1,2,---. Since v is a continuously differentiable solution of the HJB equation, taking

expectation on both sides of (7.6) leads to
Ev(ty, AT, Xr a7y SroaTs Jronr) < 0(t, 2,8, 7).
By Fatou’s lemma, letting n — 400 gives
E[U(XF)] < v(t, 2,5, j).

On the other hand, we choose the strategy a* and denote X*(¢) the corresponding surplus
which is driven by strategy a*. To show E[U(X})] = v(t,z,s,j), we only need to prove that

lim Eov(r, AT, X p,Sronts Jroar) = 0(t, 2,8, 7). (7.8)

n—+oo

To prove (7.8), we only need to show that E[v?(t, X*(t), S(t), J(t))] < +oo.
Combining (3.9), we get that
v3(t, X7 (1), S(2), J (1))
LI X*(t) + %(t —T)S(t)"28 b p2 (1) (7.9)
=g exp m 3 20 .
<M exp{—2mX*(¢t)},

where M7 > 0 is a suitable constant. Substituting a* into (2.2) gives

t t
X =x0+ / (pay, + c)du + / oS(u)PaldW, — Z (Xu— — Xu)X{AX,#0} (7.10)
0 0

0<u<t
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where x is the indicator function. Substituting (7.10) gives

exp {—QmX”* (t)}

¢
:exp{ —2m (xo + / (nal + ¢)du
0

+ /t oS(uw)’akdw, — Z (Xue — Xu)X{AXuio})} (7.11)

0 0<u<t

¢ ¢
<exp { —2m (:Co + / (nay, + c)du + / US(u)ﬁaZqu> }
0 0
¢ ¢
<Ms exp { — Zm(/ pay, du + / aS(u)BadeWU) },
0 0

ptp®B(T—t)

25(0)%m into the above inequality,

where My > 0 is a suitable constant. Substituting a*(t) =

we get that

exp {—2mX™(t)}

t 2,3 _ ¢ 2 _ (7.12)
§Mgexp{2/ Pt 52(T u)wa(u)dqu/ qu'uﬂ(Tu)S(u)Bqu}.
0 g 0 g
Notice that Hy(u) := %, then
t t
exp {—2mX*(t)} SMgexp{ —2/ Hl(u)S(u)_wdu—Q/ 'qu(u)S(u)_ﬁqu}
0
t 2
_Mgexp{ —2/ Hy(u)S(u )_Q’Bdu—i—ﬁl/ %H?(U)S(u)_zﬁdu}
oK (7.13)
t 2
exp{ —2/ —H(u Y Pdw, —4/ asz(u)S(u)_Qﬁdu}
o H

;:M2 exp{H1 (t) + HQ(t)}a

where H,(t) = —2 [} Hy(u)S(u) > dut4 [, Z—sz(u)S(u)_Qﬁdu, Hy(t) = =2 [ < Hy (u)S(u)~PdW, —
4 fot Z—ZHf(u)S(u)’wdu. By Holder’s inequality, we get that

_ 1 ; 1

E [exp {—2mX*(t)}] < M, (E [eQHl@D ? (E [eQHQ(f)D 2 (7.14)

Applying Theorem 5.1 of [17], we get that E [ezﬁl(t)} < +00. By Lemma 4.3 of [17], it is known
that 272 is a martingale, then E [eQHZ(t)} < +00. The proof is complete. |
Proof of Theorem 4.24 Similar with the proof of Theorem 3.3, we only need to show that

when applying the optimal strategy a* defined in (4.24), it holds that

lim Evo(r, AT, X} ap,Sroar, Jroar) = 0(t,2,5,7),5 =1,2,--- ,n

n—-+o0o
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i.e., we show that under the strategy a*, V (7, AT, X3 ATy SroaT Jr, ar) is uniformly integrable.

After direct calculation, we get that there exists a constant Ml >0, Mg > 0,

VAt X7 (1), S(1), I (1)

1 *(He” 2(p—r)? r(t— —
=3 exp{ 2mX*( (T-1) _ %Tﬁr)[lfezﬂ (t T)}S(t) Qﬁ}q/’}z’(t)(t)
(4 (7.15)
<M —om, T(T vy Ww—-r 1 — e28r(t=T)1g(4)—28
exp { -amx bl e s
<M2exp{ 2me™ T8 X* (¢ ()}
Substituting 7* into (2.2) gives
t
X; =€z +/ "= — r)al 4 ddu +/ "I oS (u)Pakdw,
0 0 (7.16)
_ Z er(t*“)(Xu, _Xu)X{AXU;éO}'
0<u<t

Substituting (4.24) and (7.16) into (7.15) gives
exp {—QmeT(Tft)X* (t)}
¢
=exp { — 2me" Tt <e”x0 + / " (= r)al + c|du
0

¢
+/ e’"(t’“)aS(u)BaZqu — Z €T(t7u)(Xu— Xu)X{AXu?'fO})}
0

0<u<t
e287(T— u)) (w—r)?

(=) + (1= =

t
<M _9 r(T—t) / r(t—u) _
< 3exp{ me ; e (u—r) 28 () PrmerT—)
¢ _ o26r(T—u)y (n=r)*
_ r(T—t) r(t—u) B ('u’ T) + (1 ) 2r
2me /0 e oS (u) 25 (1) PP mer T aw,,

¢
=M; exp { / (—QmerTQl(u) + 4m262TTQ§(u)) S(u)_zﬂdu
0

) Baw, - / 4m?e T Q3 (u)S ()~ du = My exp{Qa(t) + Qa(D)},

+/Ot —2me" T Qo (u)S(

where M > 0 is a suitable constant and
QBT(T—'U,)) (p=r)*
2r

j— 1 _
Qu(w) o= (u—ry O |
() (1 2Ty o)

Qalu) = omerT 2z —,

t
Q3(t) 5:/ (*ZmerTQl(u) +4m262rTQ%(u)) S(u)’25du’

Ot t
Qa(?) ;:/ - me’"TQ2(u)S(u)—/3qu—/ 4m2e2 T Q2 (u)S ()2 du.
0 0
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By Cauchy-Schwarz inequality,
Eexp {~2me" T X" (1)} < MyE(exp{Qs(t) + Qa()}) < Ms(Eexp{2Qs()})* (Eexp{2Q4()})*.
Applying Theorem 5.1 of [17], it holds that

E[e2?:M] < 4o0.

As —2me" " Qy(u) deterministic and bounded on [0, 7], by Lemma 4.3 of [17] we see that ¢?@+(*) is

a martingale, then
Elexp?@+®)] < 400.

Until now, we show that under suitable conditions, the solution of the HJB equation is indeed
the value function of the optimization problem. The optimal policy is deduced by some direct

calculations of (3.4). |
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