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Transversal gates on quantum error correction codes have been a promising approach for fault-tolerant
quantum computing, but are limited by the Eastin-Knill no-go theorem. Existing solutions like gate telepor-
tation and magic state distillation are resource-intensive. We present a measurement-free code-switching
protocol for universal quantum computation, switching between a stabiliser code for transversal Cliffords
and a permutation-invariant code for transversal non-Cliffords that are logical Z rotations for any rational
multiple of π. The novel non-Clifford gates enabled by this code-switching protocol enable implementation
of a universal gate set more efficient than the Clifford+T gate set. To achieve this, we present a protocol for
performing controlled-NOTs between the codes using near-term quantum control operations that employ a
catalytic bosonic mode.

I. INTRODUCTION

Transversal gates [1] on quantum error correction (QEC)
codes are the cornerstone of many promising approaches to
realising a fault-tolerant quantum computer [2]. Transver-
sal gates have an elegant structure which makes them fault-
tolerant since they act on groups of physical qubits in par-
allel, thus avoiding a catastrophic spread of single errors
within a code block. While using transversal gates for fault-
tolerant quantum computation is attractive, for any given
QEC code, the Eastin-Knill no-go theorem [1] forbids a uni-
versal set of transversal gates.

In light of the Eastin-Knill no-go theorem, the path to-
wards realising fault-tolerant logical non-Clifford gates can-
not rely on a single QEC code that implements universal
quantum gates transversally. Instead, we need alternative
methods. One such approach is gate teleportation [3, 4],
which consumes magic states. To ensure fault tolerance, the
magic states must have sufficiently high quality, achieved
by distilling cleaner magic states from a larger quantity of
noisy ones [5–11]. However, the magic state distillation
procedure can be costly both in terms of computation time
and the number of qubits used [12–14].

Code-switching [15–18] presents a conceptually sim-
ple alternative to gate-teleportation using distilled magic
states for enabling universal fault-tolerant quantum com-
putations. In code-switching, different quantum error cor-
rection codes are employed for logical Clifford and non-
Clifford gates, which allows all these logical gates to be
performed transversally. While code-switching offers a
straightforward approach to achieve universal quantum
gates fault-tolerantly, it can incur significant measurement
overhead [13]. For instance, in code-switching between
two stabiliser codes [19–22], one performs multiple fault-
tolerant stabiliser measurements to transform one stabiliser
code into another, and the number of these measurements
increases with the number of errors that the stabiliser codes
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can correct. Another solution, amenable to surface codes,
achieves a fault tolerant CC Z gate using local transversal
gates and code deformations over a time that scales with
the size of the qubit array [23].

A recent approach to measurement-free code-switching
uses multi-qubit non-Clifford gates that are not transver-
sal [24]. While elegant, compiling such non-transversal
non-Clifford gates via near-term high-fidelity quantum con-
trol operations can be a challenge. Hence, there remains
the question regarding the possibility of measurement-free
code-switching using only transversal gates.

In our paper, we show how to perform high fidelity
quantum computing with a universal gate set using a
measurement-free code-switching protocol. In our proto-
col, we switch between QEC codes that encode a single log-
ical qubit: a stabiliser code performs transversal logical Clif-
ford gates and a permutation-invariant (PI) code that per-
forms transversal logical non-Clifford gates. The types of
such transversal non-Clifford gates include logical Z rota-
tions for any rational multiple of π. The novel transversal
non-Clifford gates that we introduce allow the implementa-
tion of gates in the binary icosahedral group and also an ap-
proximate τ60 gate [25] to allow the implementation of the
most efficient known single-qubit universal gate set [26].

At the core of our proposed code-switching algorithm
is (1) a measurement-free state-teleportation protocol and
that uses only logical CNOT gates, or equivalent gate set,
between a stabiliser code and a PI code and (2) our compi-
lation of controlled-NOT gates that act between a stabiliser
code and a PI code in terms of near-term quantum con-
trol. The requirements of our protocol are modest. First,
we need strong, linear, coupling between the spins and the
mode. In the case of coupling to a quantized cavity mode
such as an optical or microwave cavity mode, this trans-
lates into the requirement for high co-operativity. Second,
we require that the stabiliser code admits transversal im-
plementations of logical Clifford gates. Third, the stabiliser
code should be an even-odd quantum code meaning its log-
ical zero (one) codeword can be written as a superposition
of even(odd)-weight computational basis states. That is, we
can write the logical zero as |0L〉=

∑

x∈{0,1}n,|x| even ax|x〉 and
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the logical one as |1L〉=
∑

x∈{0,1}n,|x| odd bx|x〉 for some com-
plex coefficients ax, bx. As explained below, stabiliser codes
with the second two properties include 2D-color codes with
even stabiliser weights and an odd number of qubits [2, 27]
such as the Steane code [28], and also Bacon-Shor codes
[29–31] that are concatenations of odd length repetition
codes. Most of the PI codes we consider here will also sat-
isfy the even-odd code property, though we show that it is
possible to switch from an even-odd stabilizer code to a non
even-odd PI code using a non-linear, dispersive coupling to
a mode.

II. CODE SWITCHING VIA SWAPPING

A. Transversal gates on PI codes

PI codes [32–37] allow QEC to be done on quantum
states that are invariant under any permutation of the un-
derlying particles. PI codes are attractive for various rea-
sons. First their controllability by global fields could allow
for their scalable physical implementations [38] in near-
term devices such as trapped ions or ultracold atoms where
addressability is challenging due to cross-talk. Second, PI
codes can correct deletions, i.e. erasures at unknown loca-
tions [39, 40], along with insertion errors [41–43], which
conventional QEC codes cannot correct.

The potential to implement PI codes for applications such
as quantum sensing [40, 44] and quantum storage [45] has
been explored. However, it was only recently recognised
that PI codes can also enable the transversal implementa-
tion of logical non-Clifford gates [46, 47]. For simplicity,
we first focus on two PI codes both of which encode a sin-
gle logical qubit and have distance three, one on 7 qubits
[46, 47], and another on 11 qubits [46]. Both of these codes
lie within the family of PI codes recently introduced by Ay-
din et al. [47]. For a definition see Appendix A.

Permutation invariant quantum states on N qubits
are superpositions of the Dicke states |DN

w 〉 =
�N

w

�−1/2∑
x1,...,xN∈{0,1}
x1+···+xN=w

|x1, . . . , xN 〉, of weights w = 0, . . . , N .

The Dicke states span the N + 1 dimensional maximum
spin (J = N/2) angular momentum space of the qubits.
The 7-qubit PI code that we consider has support on four
Dicke states [47, Example 4] and is a multi-spin analog of
the Gross code on a single spin [48, Eq. (14)]. This 7-qubit
code has logical codewords

|0pi7〉 :=
Æ

3/10|D7
0 〉+
Æ

7/10|D7
5 〉

|1pi7〉 :=
Æ

7/10|D7
2 〉 −
Æ

3/10|D7
7 〉, (1)

and has distance three, but note that since the logical code
words are superpositions of Dicke states with different par-
ity weights, this is not an even-odd code. An 11-qubit PI
code with distance three that was introduced in Ref [46]

has logical codewords given by

|0pi11〉=
1
4
(
p

5|D11
0 〉+
p

11|D11
8 〉) (2)

|1pi11〉=
1
4
(
p

11|D11
3 〉+
p

5|D11
11 〉). (3)

This Kubischta-Teixeira PI code supports a transversal im-
plementation of the logical T = Z(π/4) gate, where
Z(θ ) := |0〉〈0| + |1〉〈1|eiθ denotes a qubit rotation opera-
tor about the Z-axis.

We denote a logical Z(θ ) gate as Z̄Γ (θ ) to denote a code
logical operator on a set of physical qubits defined by a sub-
system Γ that has the following action on the codespace
spanned by logical codewords |0Γ 〉 and |1Γ 〉:

Z̄Γ (θ )(c0|0Γ 〉+ c1|1Γ 〉) = c0|0Γ 〉+ c1eiθ |1Γ 〉. (4)

Here, we mostly use A to denote a subsystem that uses a
stabiliser code, and B to denote a subsystem that uses a PI
code, but in general, we only require the codes in subsys-
tems A and B to be even-odd codes. The 7-qubit PI code
admits a logical non-Clifford gate Z̄B(4π/5) = Z(2π/5)⊗7

that is transversal.
Now let us denote the transversal operators on subsystem

Γ as X̄Γ := X⊗|Γ |, ȲΓ := Y ⊗|Γ |, and Z̄Γ := Z⊗|Γ |, where X , Y, Z
denote qubit Pauli matrices and |Γ | is the number of qubits
in Γ . Since Z̄B X̄B|0pi7〉 = |1pi7〉 and Z̄B X̄B|1pi7〉 = −|0pi7〉,
the logical −iY operator on the 7-qubit PI code is Xpi7 :=
Z̄B X̄B = −iȲB.

The Pollatsek-Ruskai code is another 7-qubit PI code of
distance three which is distinct from the 7-qubit code in (1),
since it is an even-odd code [33]. The Pollatsek-Ruskai 7-
qubit PI code admits transversal gates in the group 2I, the
binary icosahedral group with order |2I| = 120 [49]. For
this code, the transversal X and transversal Z operators are
also the logical X and Z operators, and the transversal F
gate is also the logical F gate, where F = HZ(−π/2) and
H denotes the Hadamard operator. Together, the logical X ,
logical Z and logical F gates generate the algebra of a binary
icosahedral group 2I. Combined with the τ60 gate given by

τ60 :=
1
p

5ϕ + 7

�

2+ϕ 1− i
1+ i −2−ϕ

�

(5)

where ϕ := (1 +
p

5)/2, this allows us to obtain the most
efficient known universal single-qubit gate set [49], provid-
ing a factor of ∼ 5.9 complexity saving as compared to the
usual Clifford + T gate set [50].

Turning our attention to the 11-qubit PI code, we see that
X̄B and Z̄B implement the logical X and logical Z operators
respectively. Application of the transversal T gate gives us
a non-Clifford logical gate Z̄B(3π/4) = T⊗11. Thus, we can
obtain a logical T gate by applying Z⊗11(T †)⊗11. Hence we
can obtain a logical T gate by applying Z(3π/4)⊗11.

There are also PI codes that can implement logical Z ro-
tations using transversal gates with different angles. These
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codes have logical codewords

|0b,g〉 := (
p

2b− g|D2b+g
0 〉) +
p

2b+ g|D2b+g
2b 〉)/
p

4b,

|1b,g〉 := (
p

2b− g|D2b+g
2b+g 〉+
p

2b+ g|D2b+g
g 〉)/
p

4b, (6)

where g is a positive integer and 2b ≥ g + 1. We call such
a code a (b, g)-PI code. In Appendix B, we show that is a
special case of the Aydin et al. code [47] that corrects t
errors if g ≥ 2t + 1 and 2b ≥ 2t + g + 1, for instance when
g = 2t + 1 and b ≥ 2t + 1. For this code, the transversal
gate Z(π/b)⊗n applies a logical Z-rotation with angle πg/b
as shown in Appendix C.

When g = 3, the (b, g)-PI code is equal to the Kubischta-
Teixeira PI code on 2b+ 3 qubits and with distance 3 [46].
Hence we can think of the (b, g)-PI code as a generalization
of the (2b + 3)-qubit Kubischta-Teixeira PI code. Note that
the (4,3)-PI code is the 11-qubit PI code. When b = 2r−1 for
r ≥ 3, the Kubischta-Teixeira PI code allows one to imple-
ment a logical gate in the r-th level of the Clifford hierarchy
using transversal gates.

B. Even-odd quantum codes

Many PI codes are even-odd quantum codes. Indeed for g
odd, the family of (b, g)-PI codes introduced above and the
family of (g, n, u)-PI codes described in Ref. [34] are even-
odd quantum codes. We now show that many stabilizer
codes share this property as well. Bacon-Shor codes [29–
31] that are concatenations of odd length codes are even-
odd quantum codes. The logical zero and one of a repetition
code are |0〉⊗n and |1〉⊗n respectively, which have even and
odd weight computational basis states for odd n. Moreover,
in the Hadamard basis, the logical zero and one also are
superpositions of only even and odd weight computational
basis states for odd n. Since the concatenation of an even-
odd quantum code with an even-odd quantum code results
in an even-odd quantum code, the Bacon-Shor codes that
are the concatenation of odd length repetition codes in the
standard basis and the Hadamard basis must also be even-
odd quantum codes.

The 2D-color codes with even stabiliser weights and an
odd number of qubits are also even-odd quantum codes.
Such codes have stabilisers generated by Paulis operators
with only X -type stabilisers and Z-type stabilisers, and ad-
mit transversal Clifford gates as their logical gates. Note
that we can write the logical zero of such a code to be pro-
portional to the state

∑

P∈S P|0〉⊗n, where S denotes the
stabiliser of the code. The X -type generators have even
weights, which implies that the logical zero operator must
be a superposition over even weight computational basis
states. Since the transversal X gate is the logical X gate
which takes the logical zero state to the logical one state
and there is an odd number of qubits, the logical one state
must be a superposition over odd weight computational ba-
sis states. Hence such 2D-color codes are even-odd quan-
tum codes.

C. High-level code-switching protocol

One measurement-free approach to swap two qubits is to
apply three controlled-NOT (CNOT) gates. The following
circuit shows how to swap a pair of qubits with two CNOT
gates if one of the states is known [4, Eq (1)]:

|ψ〉A • |0〉A
|0〉B • |ψ〉B

(7)

For our code-switching protocol, we treat system A as the
stabiliser code on |A| qubits, and system B as a PI code on
|B| qubits. Based on (7), we can write the logical variant
of the swap circuit using two CNOT gates and a known PI
ancilla prepared in the |0B〉. Using this idea, starting from a
stabiliser code where we can perform logical Clifford gates
transversally, we switch to a PI code to perform a logical
non-Clifford gate transversally before switching back to the
stabiliser code. We can achieve this using the following pro-
tocol:

|ψA〉 • • Z̄A(ω′)|ψA〉

|0B〉 • Z(ω)⊗|B| • |0B〉

Using the 11-qubit PI code, we can obtain the logical T gate
on the stabiliser code with ω= 3π/4 and ω′ = π/4. Using
the 7-qubit PI code, we can obtain a logical non-Clifford on
the stabiliser code with ω= 2π/5 and ω′ = 4π/5.

Since both of these codes have distance equal to 3, they
both allow the correction of any single-qubit error on the
logical information.

We can code-switch to PI codes with larger distance,
and which admit transversal implementation of other ex-
otic non-Clifford gates. Now let g and b be coprime so that
there exists an integer k such that mod(kg, b) = 1. Then
the (b, g)-PI code on (2b+ g) qubits can implement the log-
ical Z(πu/b) gate transversally on the stabiliser code with
ω= ukπ/b for any integer u, while allowing the correction
of ⌊(min{g, 2b − g} − 1)/2⌋ errors. For example, using an
11a-qubit (4a, 3a)-PI code, we can obtain a logical T on the
stabiliser code withω= 3π/4 that corrects ⌊(3a−1)/2⌋ er-
rors. When r ≥ 2, the (2r a, 3a)-PI code on (2r +3)a qubits
allows us to obtain the logical Z(π/2r) gate transversally
with ω = kπ/2r a and mod (3k, 2r) = 1 while correcting
⌊(3a− 1)/2⌋ errors.

III. GEOMETRIC PHASE GATES

Our proposed mechanism to process quantum informa-
tion in PI codes uses geometric phase gates (GPGs) arising
from coupling quantum spins to a coherently controllable
bosonic mode [51, 52]. This flavor of GPG is a standard
tool for entangling gates in trapped ion quantum proces-
sors [53], where the bosonic mode is a quantized motional
mode. Other suitable architectures, as outlined in Ref. [54],
include trapped atoms in optical cavities [55], supercon-
ducting qubits coupled via a driven microwave resonator
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[56], or polar molecules coupled to microwave stripline
cavities [57].

To understand the action of the gate, consider the spin
operator ŵΓ =

|Γ |
2 1− Ĵ z

Γ that counts the Hamming weight of

spin states, where Ĵ z
Γ =

1
2

∑|Γ |
j=1 ZΓ , j is the collective angular

momentum operator. Here, ZΓ , j applies a phase flip on the
jth qubit of system Γ and applies the identity operator on
all other qubits of Γ . We describe three types of GPGs here.
The first two use an interaction between the spins in Γ and
the mode that is linear in the creation and annihilation op-
erators of the mode, while the third other uses a dispersive
interaction that is quadratic in bosonic operators:

U =







eiφŵ2
Γ Linear GPG-A [51]

e−i I/(δ−ŵΓ g2/∆) Linear GPG-B [54]
e−i2χ sin(θ ŵΓ+β) Non-linear GPG [58]

(8)

In the Linear GPG-A gate, also known as the Mølmer-
Sørensen gate, the angle φ ∈ [0,2π) is fully tunable
through the control pulses used in the implementation. Re-
cently it has been shown using optimal control methods that
this gate together with global rotations of the spins provides
for efficient exactly universal state and unitary synthesis in
the Dicke state space [59–61]. In the Linear GPG-B gate
introduced in Ref. [54] the relevant parameters are inten-
sity I , and the detunings δ,∆ which are tunable within a
range whereas the coupling strength g between the spins
and cavity is usually treated as constant. This gate enables
a broader class of entangling gates like the multi-controlled
phase gate CN−1(Z). For the non-linear GPG, the angles
χ,θ ,β ∈ [0,2π) are fully controllable through a combi-
nation of dispersive interaction evolutions punctuated by
displacement operations on the mode. Complemented by
global spin rotations this gate is also exactly universal for
state and unitary synthesis in the Dicke space [38].

FIG. 1. (a) Two registers of qubits are coupled to a common cavity
mode with strength g. The cavity mode decays at a rate κ, while
the spins decay from their excited state states at a rate γ. The cav-
ity acts as a mediator of interactions between the qubits, allowing
the two registers to influence one another through their coupling
to the same cavity mode. (b) Illustration of a closed trajectory in
phase space of a coherent state α(t) of the cavity mode associated
to an eigenspace of the spin operator ŵΓ for a Linear GPG. After
the gate, the mode and the spins are disentangled and the phase
accumulated on the eigenspace depends on the area of the trajec-
tory.

IV. PI ANCILLA STATE PREPARATION

Logical state preparation of a target PI state |Ψt〉 can be
achieved using the linear GPG-A gate, which we simply de-
note (l-GPG) [60, 61]. Starting in the product state |DN

0 〉,
one applies a sequence of gates:

|Ψ〉=
P
∏

p=1

[R(θp,ξp,γp)U(φp)]|DN
0 〉 (9)

that prepares an output approximating |Ψt〉, where P de-
notes the number of pulses. The GPGs U(φp) are inter-
leaved with global rotations around an arbitrary axis as

R(θp,ξp,γp) = Rz(θp)R y(ξp)Rz(γp)

= eiθp Ĵ z
eiξp Ĵ y

eiγp Ĵ z
. (10)

The parameters θp, ξp, γp and φp are chosen numerically
to minimize the infidelity 1 − |〈Ψ|Ψt〉|2. Here, for simplic-
ity, instead of using the definition of the l-GPG above with
U(φ) = eiφŵ2

Γ , we exploit the decomposition

eiφp ŵ2
Γ = eiφp(

|Γ |2
4 −|Γ |Ĵ

z
Γ+Ĵ z2

Γ ), (11)

and instead define U(φp) = eiφp Ĵ z2
Γ , since the constant and

the Ĵ z
Γ term in the exponent can be absorbed into the global

rotation R during the optimization. This allows us to treat
the contribution by evolution generated by Ĵ z

Γ as part of a
uniform rotation without affecting the overall dynamics of
the system.

We now discuss the state preparation using l-GPGs in the
presence of errors. We assume that the rotations are noise-
free, as they can typically be performed fast relative to the
spin mode coupling g. We apply the error model presented
in Ref. [54] in the presence of losses from cavity mode decay
at rate κ and the spontaneous emission of the spin excited
state at rate γ. In the Dicke subspace, the ideal pth l-GPG
U(φp) is modified to the erroneous mapping as

E(φp,ρp−1) =
N
∑

n,m=0

〈DN
n |ρp−1|DN

m〉 fn,m(φp)|DN
n 〉〈D

N
m |, (12)

where

fn,m(φp) =e
−(m−n)2

|φp |
2

Ç

2(1+2−N )
C −(m+n)

|φp |
2

1p
2C(1+2−N ) e−i(n2−m2)φp

(13)

and C = g2/κγ is the cooperativity of the cavity supporting
the mode. Here, we apply the absolute value on the pa-
rameter φp as it can take negative values during numerical
optimization.

The full preparation is a concatenation of erroneous
GPGs E(φp,ρp−1) interleaved with error-free rotations
R(θp,ξp,γp), which is written as,

El−GPG = E P
l−GPG ◦ E

P−1
l−GPG ◦ · · · ◦ E

1
l−GPG, (14)
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where E p
l−GPG = R(θp,ξp,γp)E(φp,ρp−1)R†(θp,ξp,γp). We

apply Eq. (14) to the initial state ρ0 = |DN
0 〉〈D

N
0 | and use

infidelity 1 − 〈Ψt|ρP|Ψt〉 as the cost function, where ρP is
the output state after P number of pulses are applied, and
|Ψt〉 is the target state. In our optimization, we fix the total
number of pulses P and utilize MATLAB’s built-in toolbox,
which employs the Sequential Quadratic Programming
(SQP) method, to minimize the cost function and obtain
lists of parameters θp, ξp, γp and φp. It should be noted
that the optimization method applied is non-deterministic.

V. IMPLEMENTING ENTANGLING LOGICAL GATES

The different GPG’s discussed above enable different log-
ical operations to be used for code switching. The non-
linear GPG can implement logical CNOT gates between a
non even-odd PI code, like the PI-7 code, and an even-odd
stabilizer code (see Appendix E). However, the dispersive
interactions between the spins and the cavity mode neces-
sary to instantiate the non-linear GPG are less directly ac-
cessible in physical systems [38], and the dispersive inter-
action strengths tend to be smaller than linear interaction
strengths implying slower gates. We therefore focus most
of our analysis on using linear GPGs.

A. Using linear GPGs with the PI-11 code

Instead of the switching circuit shown in Sec. II C, we dis-
cuss a variation of it, with the idea that logical CZ gates
are easier to be implemented than CNOTs. In what follows
we show how to implement the following circuit for code
switching between the Steane code (system A) and the 11-
qubit PI code (system B):

|ψA〉 • H • • H • R̄z(ω)|ψA〉

|+pi11〉 • H • R̄z(ω) • H • |+pi11〉

1. Implementing the CA(B)ZB(A) gate

To realize the CZ, which acts symmetrically on the control
and target, it suffices to construct a gate that up to global
phase on the logical subspace, applies a minus sign on the
logical basis state |1〉A|1〉B and acts trivially on the other
logical basis states. When both A and B are even-odd quan-
tum codes, as is the case here, then we have the following
decomposition in terms of three l-GPGs

CZ= ei π2 ŵ2
A∪Be−i π2 ŵ2

Ae−i π2 ŵ2
B . (15)

Here an l-GPG involving the operator ŵA∪B = ŵA + ŵB can
be obtained by coupling all the spins constituting codes A

FIG. 2. Process infidelity 1− Fpro(EH ,H) for implementing the log-
ical Hadamard gate (orange, triangles), and state infidelity 1 −
〈+pi11|ρ|+pi11〉 for preparing the logical |+pi11〉 state (blue,circles),
using GPGs as a function of cooperativity C . In both cases P = 10
gate sequences are used for the state preparation steps.

and B to the same bosonic mode. The process infidelity for
performing each of the three l-GPGs in this sequence is [54]

1− F =
π|Γ |

2
p

2(1+ 2−|Γ |)C
. (16)

.

2. Implementing the logical H gate

Next, we discuss a way to implement a logical Hadamard
gate H for the PI-11 code. In the code space, the eigenval-
ues of H are ±1 with corresponding eigenstates:

|λ+〉=
1
Æ

2(2+
p

2)
[(1+
p

2)|0pi11〉+ |1pi11〉],

|λ−〉=
1
Æ

2(2−
p

2)
[(1−
p

2)|0pi11〉+ |1pi11〉]. (17)

We can use the method of PI state preparation to con-
struct a unitary on the entire Dicke space which acts cor-
rectly in the logical subspace. Using the spectral decompo-
sition, H must have the form,

H = |λ+〉〈λ+| − |λ−〉〈λ−|+
∑

s

eiβs |βs〉〈βs|, (18)

here {|βs〉} are any set of orthonormal vectors which are
contained completely in the ortho-complement to the code
space, and {βs} are any eigenvalues of on those states. We
can construct this gate with linear GPGs using the method of
state preparations adapted for subspaces [62]. Specifically
we can write

H =Weiπ|DN
N 〉〈D

N
N |W † (19)
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where W is any unitary extension of the state preparation:
W |DN

N 〉 = |λ−〉. The diagonal phase gate eiπ|DN
N 〉〈D

N
N | is the

CN−1(Z) gate, where N = 11 for the PI-11 code. This gate
can be synthesized from linear GPG-B gates using the meth-
ods in Ref. [54].

We characterize the performance of the implemented
Hadamard gate described by Eq. (19) in the presence of
losses using the fidelity-based measure Fpro(EH ,H) pro-
posed in Ref. [63] to compare the performance of actual re-
alized process EH against the ideal unitary process H(ρ) =
H ideρH

†
ide, where H ide is the ideal Hadamard gate in logi-

cal subspace. The actual process for the implementation of
logical Hadamard gate is given by

EH = El−GPG ◦ Eph ◦ ER
l−GPG, (20)

where Eph(ρ) = FphCN−1(Z)ρC†
N−1(Z) is the erroneous map

of the middle phase gate in Eq. (19). El−GPG (ER
l−GPG) is the

(reverse of) preparation mapping associated with W (W †)
in the presence of losses, as detailed in Eq. (14). Here, for
simplicity, we optimize parameters solely for the prepara-
tion process and apply the same parameters to the reverse
mapping without additional optimization. The fidelity mea-
sure Fpro(EH ,H) is computed based on process matrices,
which necessitates the superoperator formalism for each
mapping in Eq. (20). The detailed calculations are provided
in Appendix D.

In Fig. 2, we plot the infidelity for: the implementation
error of the Hadamard gate (orange), and the preparation
error (blue) for the PI-11 code as a function of the cooper-
ativity C . The simulation is performed in the presence of
loss errors as described in Eq. (12). Following the approx-
imation in Ref. [54] (Eq. (25)), the infidelity of the H im-
plementation can be estimated as 1− Fpro(EH ,H)∼ 21.78×
N/
p

C , where we consider 18 non-trivial GPG operations
for the preparation step and its inverse, with θ = π/2.
The infidelity for the middle CN−1(Z) gate is approximated
by 1.8 × N/

p
C . Similarly, the infidelity for state prepara-

tion is estimated by 1 − 〈+pi11|ρ|+pi11〉 ∼ 9.99 × N/
p

C ,
where 9 non-trivial GPG gates are considered, again with
θ = π/2. Our simulation results indicate a somewhat better
performance with the infidelity scaling as 1− Fpro(EH ,H)∼
8.29×N/C0.4985 and 1−〈+pi11|ρ|+pi11〉 ∼ 2.80×N/C0.4953,
indicating lower infidelity compared to the approximation.

VI. APPROXIMATION OF THE SUPER GOLDEN GATE

The most efficient single-qubit gate set is given by repre-
sentations of the binary icosahedral group 2I (which can
be implemented with the Pollatsek-Ruskai code) and the

super golden gate τ60 given in (5). Here we give an ap-
proximate decomposition of τ60 which can be achieved by
code-switching between bg-PI codes, the Pollatsek-Ruskai
code that implements 2I, and PI codes that implement the
transversal T gate.

Let S = Z(π/2), and T = Z(π/4). Let H denote the
Hadamard gate, and Z denote Z(π). Noting that the super
golden gate squares to the identity, we can write it in an
Euler decomposition as

τ60 = e−i π8 Z e−iθY e−i 3π
8 Z ,

where θ = cos−1 2+ϕp
5ϕ+7

. We can further simplify

τ60 = Te−iθY Z T †

= TSHe−iθ Z HS†Z T †.

Now θ/π can be approximated by a rational. Defining

τ̃60(γ) = TSHRZ(γ)HS†Z T †

= T F †RZ(γ)F Z T †

we find ∥τ̃60(γ)−τ60∥F < 1.88× 10−6 for γ = π334
1408 , where

∥ · ∥F denotes the Frobenius norm. This could be achieved
using: a (1408, 334)−PI code for the small angle Z rota-
tion, a smaller (b, g)−PI code for transversal T gates, and a
PI code like the Pollatsek-Ruskai code admitting transversal
gates in the group 2I (noting F2 = F † up to a global phase).

VII. CONCLUSION

We have presented a method for code switching between
a stabilizer code and a permutation invariant code, and
along the way have introduced a family of PI codes with a
tunable set of transversal, non-Clifford gates. It is notewor-
thy that our measurement-free code-switching scheme is
also applicable to transitions between two stabiliser codes,
provided they satisfy the even-odd quantum code structure.
In comparison to the measurement-based approach, our
scheme eliminates the overhead associated with measure-
ments and reduces the gate operation complexity by utilis-
ing collective gate implementations. We leave an analysis
of to what extent our method can be made fault tolerant to
future work.
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Appendix A: AAB+ code

The AAB+ type code is specified by three integer param-
eters g, m and δ, with logical codewords given by

|0(g,m,δ,+)〉=
∑

l even

γbl |Dn
gl〉+
∑

l odd

γbl |Dn
n−gl〉, (A1)

|1(g,m,δ,+)〉=
∑

l even

γbl |Dn
n−gl〉+
∑

l odd

γbl |Dn
gl〉, (A2)

where bl =
Ç

�m
l

�

/
�n/g−l

m+1

�

and γ=
Ç

�n/(2g)
m

� n−2gm
g(m+1) , and n=

2gm+ δ + 1. The code corrects t errors when g ≥ 2t + 1,
m≥ t and δ ≥ 2t.

In Appendix B, we show that the (b, g)-PI code is the
(g, 1, 2b − g − 1) AAB+ code. From the property of the
AAB+ code, the (b, g)-PI code corrects t errors if g ≥ 2t+1
and 2b− g − 1≥ 2t.

Next we turn our attention to the transversal non-Clifford
gate. We consider the gate Tb = Z(π/b). Then we see that

T⊗n
b |0b,g〉= |0b,g〉, (A3)

T⊗n
b |1b,g〉= ei gπ/b|0b,g〉. (A4)

From this, we see that the transversal gate T⊗n
b gate applies

a logical Z-rotation with angle πg/b.

Appendix B: Proof that the (b, g)-PI code is an AAB+ code

To have the (b, g)-PI code, the parameter m in the AAB+
type code must be equal to 1, because each logical code-
word is a superposition of two Dicke states. By setting
m= 1, we have

b0 = 1/

√

√

�

n/g
2

�

= g/
Æ

n(n− g)/2, (B1)

b1 = 1/

√

√

�

n/g − 1
2

�

= g/
Æ

(n− g)(n− 2g)/2, (B2)

γ=

√

√ n
2g
δ+ 1

2g
=
Æ

n(δ+ 1)/(2g). (B3)

Then we have

γb0 =
Æ

n(δ+ 1)/
Æ

2n(n− g) =

√

√ δ+ 1
2(n− g)

, (B4)

γb1 =
Æ

n(δ+ 1)/
Æ

2(n− g)(n− 2g) =

√

√ n(δ+ 1)
2(n− g)(n− 2g)

.

(B5)

Now consider having n = 2b + g for some positive integer
b so that δ = 2b− g−1, n− g = 2b, n−2g = 2b− g. Then

γb0 =

√

√2b− g
4b

=

√

√1
2
−

g
4b

, (B6)

γb1 =

√

√ n(2b− g)
4b(2b− g)

=

√

√2b+ g
4b

=

√

√1
2
+

g
4b

. (B7)
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This shows that the (b, g)-PI codes are just (g, 1, 2b−g−1)-
AAB+ codes. The condition for (b, g)-PI codes to correct t
errors is that g ≥ 2t + 1 and that 2b − g − 1 ≥ 2t. The
second condition is equivalent to 2b ≥ g + 2t + 1.

When g = 3, m = 1,δ = 2r − 4, the AAB+ code can im-
plement the logical gate for T 23−r

transversally for r ≥ 3
[47].

Appendix C: Transversal non-Clifford logical operations on
(b, g)-PI codes

Our code supports transversal X as the logical X . If n is
odd (which is when g is odd), then the transversal Z is the
logical Z . If n is even (when g is even), the transversal Z
gate stabilizes the code.

Whenever b and g are coprime, we can imple-
ment the logical πk/b rotation transversally for any
k = 0, . . . , b − 1. For the (b, g)-PI code to correct t errors,
it suffices to have b ≥ g+1

2 + t and g ≥ 2t + 1. When b
and g are coprime, we can implement a logical T k

b gate
transversally for any k = 0, . . . , b − 1 by setting g as the
smallest coprime number to a fixed b.

The (4a, 3a)-PI code on n = 11a qubits admits (T 9
4 )
⊗n

as the logical T gate, and corrects ⌊(3a − 1)/2⌋ errors.
Proof: We will also find transversal T codes analytically
of higher distances. For this we choose g/b = 3/4. This
allows the logical T gate by applying the π3/4 gate thrice.
Hence b = 4g/3 needs to be an integer. We choose g
to be a multiple of 3. That is g = 3a for some positive
integer a. Then b = 4a. Then for the corresponding AAB+
code, we have δ = 2b − g − 1 = 8a − 3a − 1 = 5a − 1.
So the condition on δ we need is 5a − 1 ≥ t which is
5a ≥ t + 1. This is trivially satisfied from the condition
on g given by 3a ≥ 2t + 1. Hence the codes that imple-
ment the transversal T have length 8a + 3a = 11a, and
correct ⌊(3a − 1)/2⌋ errors. These codes have shorter
lengths than those discussed by Kubischta and Teixeira
[46]. For example to correct two errors, Kubischta and
Teixeira [46] find a 27 qubit PI code. For 3 errors, Ku-
bischta and Teixeira [46] find a 49 qubit code. Here,
a = 1,2, 3 correspond to an 11-qubit code, 22 qubit code
and 33 qubit code that correct 1,2, and 4 errors respectively.

When r ≥ 2, the (2r a, 3a)-PI code on (2r + 3)a qubits
implements the logical T2r gate transversally, and cor-
rects ⌊(3a − 1)/2⌋ errors. Proof: We can also find codes
for transversal gates in the Clifford hierarchy. For this we
choose g/b = 3/2r for r ≥ 2. Then we need b = 2r g/3
to be an integer, and hence choose g to be a multiple of 3.
That is g = 3a for some positive integer a and b = 2r a.
This allows the logical T gate by applying the π3/2r gate
an integer number of times, because there exists an inte-
ger k such that 3k = 1 mod 2r . This is because 3 and
2r are coprime. Now we check the distance condition.
δ = 2b − g − 1 = 2r+1a − 3a − 1 = (2r+1 − 3)a − 1. So

the condition on δ is 2r+1a− 3a ≥ 2t + 1. But when r ≥ 2,
this condition trivially holds when 3a ≥ 2t + 1. Hence the
codes have length 2r+1a + 3a and correct ⌊(3a − 1)/2⌋ er-
rors. When r = 3, a = 1, 2,3 correspond to an 19-qubit
code, 38 qubit code and 57 qubit code that correct 1,2 and
4 errors respectively and can implement a transversal

p
T

gate. When r = 4, a = 1, 2,3 correspond to an 35-qubit
code, 70 qubit code and 105 qubit code that correct 1, 2
and 4 errors respectively and can implement a transversal
T 1/4 gate.

Appendix D: Fidelity measure for Hadamard gate process

In this section, we discuss how to evaluate the fidelity
measure using process matrices. The process matrix gives
a convenient way of describing the evolution of quantum
states, especially when dealing with mixed states or open
quantum systems where the state is described by a density
matrix. In the case of a unitary operation ρ′ = UρU†, if
we vectorize the density matrix ρ using the row-stacking
operation, the action of the superoperator can be expressed
in a matrix form as

|ρ′〉〉= U |ρ〉〉, (D1)

where U = U ⊗ U∗. U∗ is the complex conjugate of U and
⊗ denotes the Kronecker product.

In our case, for the preparation mapping described in
Eq. (14), the global rotations R are unitary and their associ-
ated superoperators are represented in the Kronecker prod-
uct form. Though the erroneous GPG mapping in Eq.(12) is
non-unitary, it does not induce coherence between different
state components, and can thus be constructed as a diago-
nal matrix in the superoperator formalism. Consequently,
the superoperator associated with the preparation mapping
El−GPG is given by

El−GPG =
1
∏

p=P

[R(θp,ξp,γp)⊗ R∗(θp,ξp,γp)]Gp(φp), (D2)

where Gp(φp) is a (N + 1)2 × (N + 1)2 diagonal matrix that
has elements

〈DN
n |〈D

N
m |Gp(φp)|DN

n 〉|D
N
m〉= fn,m(φp) (D3)

on each diagonal position accordingly.
Analogously, the superoperator associated with the re-

verse mapping of the preparation ER
l−GPG is given by

ER
l−GPG =

P
∏

p=1

Gp(−φp)[R
†(θp,ξp,γp)⊗ (R†(θp,ξp,γp))

∗].

(D4)

The middle phase gate in Eq. (19) is unitary but has an
overall fidelity factor Fph. We express its superoperator as

Eph = FphCN−1(Z)⊗ C∗N−1(Z). (D5)
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Thus, the actual mapping for the implementation of the
logical Hadamard gate in the superoperator formalism is
given by

E = El−GPGEphER
l−GPG. (D6)

Since our primary concern is whether the implemented
Hadamard gate acts correctly in the logical subspace,
we project E from the Dicke subspace onto the logical
{|0L〉, |1L〉} subspace, resulting in

EL =









E00,00 E00,01 E00,10 E00,11
E01,00 E01,01 E01,10 E01,11
E10,00 E10,01 E10,10 E10,11
E11,00 E11,01 E11,10 E11,11









, (D7)

where Ex ′ y ′,x y = 〈x ′L|〈y
′
L|E|xL〉|yL〉. Following the method

in Ref. [63], the process fidelity between EH and H can be
simply calculated as

Fpro(EH ,H) =
1
8

∑

j

Tr[H ideU†
j H ideEH(U j)], (D8)

where {U j} are orthonormal bases of unitary operators.
Here, in the logical subspace, we select U0 = I2, U1 =
X , U2 = Y, U3 = Z (where I2, X , Y and Z are the identity
and Pauli matrices). Substitution into Eq. (D8) gives

Fpro(EH ,H) =
1
8
(Tr[EH(I2)] + Tr[ZEH(X )] + Tr[−YEH(Y )] + Tr[XEH(Z)])

=
1
8











�

1 0 0 1
�

EL









1
0
0
1









+
�

1 0 0 −1
�

EL









0
1
1
0









+
�

0 i −i 0
�

EL









0
−i
i
0









+
�

0 1 1 0
�

EL









1
0
0
−1



















=
1
8
(E00,00 + E00,11 + E11,00 + E11,11 + E00,01 + E00,10 − E11,01 − E11,10

− E01,01 + E01,10 + E10,01 − E10,10 + E01,00 − E01,11 + E10,00 − E10,11) (D9)

Appendix E: Non-linear GPGs for switching between an
even-odd code and a non even-odd code

In this section we describe how to directly implement
code switching using logical CNOT gates which works even
when the PI code is not an even-odd code, as is the case
for the PI-7 code. This requires use of non-linear GPGs and
to explain the mechanism we first review how this highly
non-linear spin gate is implemented from elementary inter-
actions.

1. Implementing the non-linear GPG

The dispersive interaction between spins and the bosonic
mode we consider takes the form H = gâ†â ⊗ ŵΓ . Evolv-
ing the dispersive interaction H for a time t generates the
operator R(θ ŵΓ ) := eiθ ŵΓ⊗â† â where θ = g t. This applies
a rotation in phase space by an amount proportional to the
eigenvalues associated to eigenspaces of the Hermitian op-
erator ŵ acting on subsystem Γ . Note it is possible to gen-
erate R(−θ ŵΓ ) by reversing the coupling strength g → −g
which can be done in some physical setups by e.g. chang-
ing the sign of detuning of the cavity mode from the spin
transition frequency.

Under conjugation by rotations, displacements can be
made conditional on the spin states:

D(αeiθ ŵΓ ) = R(θ ŵΓ )D(α)R(−θ ŵΓ ). (E1)

We can similarly make mode rotations conditional on the
spin states using the operator

ΛΓ (α,θ ) := D(α)R(θ ŵΓ )D(−α)R(−θ ŵΓ ). (E2)

A composition of displacement and conditional displace-
ment operators around a closed trajectory in phase space,
provides for an identity operator on the mode and a geo-
metric phase gate on the spins:

UGPG(θ ,φ,χ) = D(−β)R(θ ŵΓ )D(−α)R(−θ ŵΓ )
× D(β)R(θ ŵΓ )D(α)R(−θ ŵΓ )

= e−i2χ sin(θ ŵΓ+φ).

φ = arg(α) − arg(β). If the mode begins as the vacuum
state then the first rotation operator is not needed.

a. Implementing the CBXA gate

First, consider the gate CBXA which has the PI code as
control and a stabiliser code as target. The stabiliser code
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is assumed to be an even-odd code, while The PI code has its
logical zero codeword |0B〉 and logical one codeword |1B〉
consisting of superpositions of states with Hamming weight
0 mod q and s mod q respectively. In the case of the PI-7
code, q = 5 and s = 2.

Here, we construct a controlled geometric phase gate that
traverses a path in phase space with zero area if the control
has weight 0 mod q, while producing the area required to
generate a transversal X gate on the target if the control has
s mod q.

If we pick γ = sπ/q, then the action of the controlled
displacement operator ΛB(α, sπ/q) on the codespace of the
PI code is

ΛB(α, sπ/q)(c0|0B〉+ c1|1B〉)⊗ |ψmode〉

=c0|0B〉⊗|ψmode〉+ c1|1B〉⊗D(α(1− e2isπ/q))|ψmode〉.
(E3)

We can use these controlled displacements between the PI
code and the mode to produce a GPG on the stabiliser code
conditional on the logical state of PI code:

ΛB(UGPG(θ ,φ,χ)) :=ΛB(−β , sπ/q)R(θ J z
A)ΛB(−α, sπ/q)

× R(−θ J z
A)ΛB(β , sπ/q)R(θ J z

A)
×ΛB(α, sπ/q)R(−θ J z

A), (E4)

where χ = |αβ ||1 − e2isπ/q|2 = 4|αβ | sin2(sπ/q) and φ =
arg(α)− arg(β). The action of this conditional GPG on the
codespace of the PI code and stabiliser code is

ΛB(UGPG(θ ,φ,χ))(c0|0B〉+ c1|1B〉)⊗ |ψA〉

=c0|0B〉 ⊗ |ψA〉+ c1|1B〉 ⊗ e−i2χ sin(θ Ĵ z
A+φ)|ψA〉. (E5)

We pick α= β so that φ = 0. With the choice θ = π, when
the control is in |1B〉, the mode experiences a trajectory in
phase space that is a rotated square with area χ, and when
the control is in |0B〉 the trajectory has zero area. If we
further pick χ = π/4, i.e. α =

p
π/(4| sin(sπ/q)|), then

e−i2χ sin(θ Ĵ z
A) = i
∏7

j=1 Z j = i Z̄A, where Z̄A is the logical Z
operator on the stabiliser code.

The final gate is then

CBXA = S̄AH̄AΛ1(UGPG(π, 0, π4 ))H̄A, (E6)

where H̄A = H⊗|A| is the transversal logical Hadamard and
S̄A = Z̄S⊗|A| is the logical S = Z(π/2) gate on the stabiliser
code.

b. Implementing the CAXB gate

Second, consider the gate CAXB which has the stabiliser
code as the control and the PI code as target. We can use
the same procedure as in Sec. E 1 a, with the roles of A and
B reversed, except we choose gτ= γ = π and for the rota-
tion operator we use ŵB = Ĵ y

B =
1
2

∑

j∈B Yj . In this case the
action angle in phase space will be χ = 4|α|2 and the geo-
metric phase gate will have the parameters φ = π, θ = π,
and α= β =

p
π/4. This will achieve the operation −iȲB if

the control is in |0A〉. In summary,

CAXB = ΛA(UGPG(π,π, π4 ))
= ΛA(−

p
π

4 ,π)R(πĴ y
B)ΛA(−

p
π

4 ,π)
×R(−πĴ y

B)ΛA(
p
π

4 ,π)R(πĴ y
B)

×ΛA(
p
π

4 ,π)R(−πĴ y
B).

(E7)
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