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Abstract

Inexact proximal augmented Lagrangian methods (pALMs) are particularly appealing
for tackling convex constrained optimization problems because of their elegant conver-
gence properties and strong practical performance. To solve the associated pALM sub-
problems, efficient methods such as Newton-type methods are essential. Consequently,
the effectiveness of the inexact pALM hinges on the error criteria used to control the inex-
actness when solving these subproblems. However, existing inexact pALMs either rely on
absolute-type error criteria (which may complicate implementation by necessitating the
pre-specification of an infinite sequence of error tolerance parameters) or require an addi-
tional correction step when using relative error criteria (which can potentially slow down
the convergence of the pALM). To address this deficiency, this paper proposes ripALM, a
relative-type inexact pALM, which can simplify practical implementation while preserv-
ing the appealing convergence properties of the classical absolute-type inexact pALM.
We emphasize that ripALM is the first relative-type inexact version of the vanilla pALM
with provable convergence guarantees. Numerical experiments on quadratically regu-
larized optimal transport (OT) problems demonstrate the competitive efficiency of the
proposed method compared to existing methods. As our analysis can be extended to a
more general convex constrained problem setting, including other regularized OT prob-
lems, the proposed ripALM may provide broad applicability and has the potential to
serve as a basic optimization tool.

Keywords: augmented Lagrangian method; proximal term; relative-type error crite-

rion; asymptotically Q-(super)linear convergence rate; quadratically regularized optimal
transport

1 Introduction

Constrained optimization, admitting excellent modeling power for real-world applications
across a wide range of fields, including machine learning and data science, engineering,
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operations research, is a central area in optimization, especially in the current big-data
era [6, 7]. This paper is dedicated to solving the following linearly constrained convex
optimization problem:

mrgﬁr}v f(x), st. Az =0, (1.1)
where f : RV — R U {+oc0} is a (possibly nonsmooth) proper closed convex function,
A € RMXN and b € RM are given data. While we focus on (1.1) in this paper, we would
like to mention that the inexact algorithmic framework along with the associated theory
developed in this paper can be extended to a more general convex constrained optimization
problem studied in [11].

The augmented Lagrangian method (ALM) is recognized as one of the most popular
and effective methods for solving constrained optimization problems [16, 34]. The essential
component of the ALM for solving problem (1.1) involves penalizing the linear constraint
Ax = b to derive the augmented Lagrangian function, defined as

Ly (@,y) = f(@) + (y. Az = b) + 2 Az —b]*, (x,y) RV xRV,

where y € RM is the Lagrangian multiplier associated with the linear constraint and o > 0
is a penalty parameter. Then, for a given sequence of penalty parameters {o;} C Ry, and
an initial Lagrangian multiplier y° € R, the ALM iteratively performs the following steps:

k1 € arg min {Egrim(m,yk)},
zeRN

Y =y + oV L (@ y) = oF + o (A2h T - b)

which consists of minimizing one ALM-subproblem to get ! and one gradient ascent step

k+1 " Since the augmented Lagrangian

(associated with £27™) with step size oy to get y
function £57™(-) is associated with the primal problem (1.1), the above ALM is usually
named as a primal-based ALM. Alternatively, one may also consider a dual-based ALM
which is associated with the dual problem of (1.1) given by (modulo a minus sign)

min ~ f*(ATy) - by, 1.2

Jnin - f (Ay)-by (1.2)
where f* : RY — R U {+00} denotes the conjugate function of f and AT is the transpose of
A. Then, given a penalty parameter o > 0, the augmented Lagrangian function associated
with problem (1.2) is given by (see Section 2 for the detailed derivation)

L3y @) = ~bTy + 5 Hw—i—JAT I - UH(IZHQ—MUf(CC“FUATy)v (x,y) € RY x RY,

where My¢(z) := min {f(y) + 5 |ly — =|*} denotes the Moreau envelope of the function
Yy

of(-) at . Consequently, for a given sequence of penalty parameters {0} C R;; and an
initial point £ € RV, the dual-based ALM reads as follows:

yk+1 € arg IIllIl {ﬁdual y7wk)}7
xhtl = gk + akvmﬁggal( ML ab) = prox,, ;(zF + o ATyF).

The choice between using a primal-based or dual-based approach is problem-dependent. For
example, when f is nonsmooth, but its proximal mapping is easy-to-compute, the dual-based
ALM may be more preferable. This is because, in the dual-based ALM, the optimization
problem for updating y involves minimizing a continuously differentiable objective function,
which can substantially simplify the optimization process.



The applicability of the ALM has been significantly expanded since Rockafellar’s seminal
works [38, 39], which established a deep connection between the ALM and the proximal
point algorithm (PPA). Moreover, the elegant convergence properties of the ALM can be
established under the Lipschitz continuity of a certain solution mapping. Subsequent works
have shown that this stringent condition can be further relaxed; see, for example, [8, 29] and
references therein. Indeed, understanding the convergence properties of the ALM continues
to be a topic of interest in the literature. Apart from theoretical advancements, numerous
studies have demonstrated the remarkable efficiency of the ALM in solving various convex
problems, including conic programming problems [20, 22, 24, 55], statistical optimization
problems [19, 25, 53], optimization problems in machine learning [47, 48] and image/signal
processing [18, 27], to mention just a few. These successful applications highlight the critical
roles of both the solution methods used for solving ALM-subproblems and the error crite-
ria that control the accuracy required for solving these subproblems, while preserving the
appealing convergence properties of the ALM.

To solve ALM-subproblems efficiently, second-order methods, such as Newton-type meth-
ods [35], are strong candidates due to their fast local convergence rates. For example, once
the iterate of a Newton-type method falls into the fast convergence region, only a few more
iterations are needed to achieve a highly accurate solution. However, certain regularity con-
ditions are needed to ensure the nonsingularity of the (generalized) Hessian of the ALM
subproblem’s objective function at its solution point. Theoretically, such regularity condi-
tions are generally not verifiable in advance, except in some special cases [24]. Numerically,
ill-conditioned or singular (generalized) Hessians can lead to unpredictable numerical be-
haviors, resulting in unstable implementations and excessive efforts for parameter tuning.
To enhance the applicability of a second-order method for solving ALM’s subproblems, a
common simple approach is to add a proximal term to the ALM subproblem’s objective
function, resulting in the proximal augmented Lagrangian method (pALM)'. Specifically,
given {7} CR 4, {ox} C R, and (x°,9°) € RY x RM the dual-based pALM iteratively
performs the following steps:

Tk 2
k+1 _ : dual k k
y ! = arg min {07y, a) + oy~ .

bt = b 4 0}, Vo LI (yF+ ! ) = prox,, ;(x + op ATy ).

(1.3)

By incorporating a proximal term, the pALM is able to bypass the regularity conditions
when applying a second-order method for solving its subproblem. This typically results in
more robust implementations with reduced parameter tuning. We refer readers to [9, 10,
15, 17, 21, 23, 25, 26, 33, 51] for successful applications of the pALM in addressing various
important optimization problems.

To make the pALM truly implementable and practical, it must allow approximate so-
lutions to the subproblem with progressively improved accuracy, and the associated error
criterion must be practically verifiable, while preserving desirable convergence properties of
the outer loop. To achieve this, an absolute-type error criterion was introduced by Rock-
afellar for the pALM in [38] and is now widely used in the literature; see, for example,
[21, 23, 25, 26, 33]. However, this absolute-type error criterion requires the specification
of a summable sequence of tolerance parameters, which must be tuned to avoid being too
conservative or too aggressive. As a result, careful parameter tuning of this sequence is often
necessary to achieve superior convergence performance. This process can result in exces-
sive effort and potential inefficiencies in practical implementations. A notable alternative

'The pALM is also known as the proximal method of multipliers; see [38].



is to adopt a relative-type error criterion, which seeks to control the errors in minimizing
the subproblems based on some quantity related to the progress of the algorithm. This ap-
proach eliminates the need for a summable tolerance sequence, thereby enhancing practical
implementability. The adoption of a relative-type error criterion started from the seminal
works of Solodov and Svaiter [44, 42, 43, 45, 46] on inexact versions of the PPA, and has
since influenced the development of inexact versions of numerous algorithms, including the
variable metric PPA [30], ALM [11], ADMM [12], FISTA [3], and the Bregman-type methods
[49, 52]. However, to the best of our knowledge, research on relative-type inexact versions of
the pALM remains in its early stage, with limited exploration in [10, 17, 51]. In particular, all
these inexact versions are derived by applying a (variable metric) hybrid proximal extragra-
dient method [30, 42, 43] to a certain primal-dual solution mapping of the convex constrained
problem, and therefore require an additional correction step to ensure convergence. Conse-
quently, the algorithms developed in [10, 17, 51] essentially deviate from the vanilla pALM
framework (1.3). Moreover, our numerical results also indicate that the correction step tends
to slow down the convergence of the pALM and thus increase the computational cost. These
observations naturally lead us to raise the following question:

Can we design a relative-type error criterion for the vanilla pALM, while preserving
desirable convergence properties?

In light of this, the primary goal of this paper is to address the above question by designing
a relative-type error criterion for the vanilla pALM (1.3). Note that the relative-type error
criterion proposed by Eckstein and Silva [11] for the ALM innovatively introduces an auxil-
iary error variable to control the inexactness while ensuring convergence. In this work, we
shall demonstrate that a similar idea can be adapted to the vanilla pALM, but with essential
modifications. We should emphasize that the corresponding theoretical convergence analysis
also requires substantial modifications, due to the inclusion of the proximal term. Interest-
ingly, while the initial motivation for considering pALM was to ensure the nonsingularity of
the (generalized) Hessian of the ALM subproblem’s objective function at its solution point,
our analysis reveals that this proximal term can further improve the existing convergence
properties of the relative-type inexact ALM studied in [1, 11, 54]. Specifically, under some
common assumptions, it ensures the convergence of both the primal and dual sequences, as
well as their asymptotically Q-(super)linear convergence rates. The key contributions and
findings of this paper are summarized as follows:

e We develop a relative-type inexact proximal augmented Lagrangian method (ripALM)
to solve the dual problem (1.2). This proposed ripALM is the first inexact version of
the vanilla pALM (1.3). It not only shares the same convergence properties for the
sequence {x*} as the relative-type inexact ALM studied in [1, 11, 54], but also offers
other theoretical advantages in that the sequence {y"*} is guaranteed to converge, and
both primal and dual sequences achieve asymptotically Q-(super)linear convergence
rates under a relatively weaker error bound assumption. These results provide strong
theoretical support for the applicability of ripALM, particularly in scenarios where
accurate solutions of both primal and dual problems are required.

e Numerically, we implement the proposed ripALM and apply it to solve quadratically
regularized optimal transport (QROT) problems. Extensive numerical results validate
the promising performance of the proposed ripALM for solving large-scale QROT prob-
lems. Moreover, comparisons with existing methods underscore our motivation and
contributions in developing a relative-type error criterion for the vanilla pALM. We



also emphasize that our ripALM can be extended to solve optimal transport problems
with other convex regularizers such as the group quadratic regularizer [51], provided
that the regularizers are proximal-friendly and the generalized Jacobians associated
with the pALM-subproblems are easy to compute. Given the growing interests in
developing efficient algorithmic frameworks for computational optimal transport [31],
our work may open up new possibilities for applying the powerful pALM algorithmic
framework in a wide variety of real-world applications.

The remaining parts of this paper are organized as follows. Section 2 describes the
main algorithmic framework of ripALM, whose convergence analysis is conducted in Section
3. Section 4 showcases how to apply the proposed ripALM for solving QROT problems.
Numerical experiments are conducted in Section 5. Finally, some concluding remarks are

summarized in Section 6.

Notation. We use R”, R, R™*" and R}"*" to denote the sets of n-dimensional real
vectors, n-dimensional non-negative vectors, m x n real matrices and m x n real non-negative
matrices, respectively. For a vector & € R™, z; denotes its i-th entry, ||z|| denotes its
Euclidean norm, and ||z||g := +/(x, Hx) denotes its weighted norm associated with a
symmetric positive definite matrix H € R™". For a matrix X € R™*", X;; denotes its
(i,7)-th entry, || X || denotes its Frobenius norm, and vec(X) denotes the vectorization of
X, where [vec(X)];y(j—1ym = Xij for any 1 <7 <m and 1 < j < n. For simplicity, given an
integer n > 0, we use 1,, € R™ to denote the n-dimensional vector of all ones, and use I, to
denote the n x n identity matrix.

For an extended-real-valued function f : R" — [—o00,00], we say that it is proper if
f(x) > —oo for all & € R™ and its effective domain dom f := {x € R" : f(x) < oo} is
nonempty. A proper function f is said to be closed if it is lower semicontinuous. Assume
that f : R™ — (—o00, 00] is a proper and closed convex function, the subdifferential of f at €
dom f is defined by 0 f (x) := {d eR™: f(y) > f(x)+({d, y—=x), Vy € R”} and its conjugate
function f* : R™ — (—o0,00] is defined by f*(y) := sup {(y, ) — f(x) : « € R"}. For any
v > 0, the Moreau envelope of v f at @ is defined by M, () := miny { f(y)+5[ly—=|?}, and
the proximal mapping of vf at @ is defined by prox, ¢(z) := argminy {f(y) + %Hy — ar;||2}

Let S be a closed convex subset of R™. Its indicator function ds is defined by ds(x) =0
if x € S and ds(x) = +00 otherwise. Moreover, we denote the weighted distance of € R”
to S by disty(x,S) := infyes || — y| g associated with a symmetric positive definite matrix
H. When H is the identity matrix, we omit H in the notation and simply use dist(x,S)
to denote the Euclidean distance of @ € R™ to S. Moreover, we use IIs(x) to denote the
projection of  onto S.

2 A relative-type inexact pALM

In this section, we focus on developing a relative-type inexact proximal augmented La-
grangian method (ripALM) to solve the dual problem (1.2). The algorithmic framework is
developed based on the parametric convex duality framework (see, for example, [36, 37] and
[40, Chapter 11]).

We first identify problem (1.2) with the following problem

in  G(y,0 2.1
iy, (y,0), (2.1)

where G : RM x RN — (00, +00] is defined by

Gy, &) = f"(ATy+& by (2.2)



Note that G is proper closed convex since f* is proper closed convex. Then, the (ordinary)
Lagrangian function of problem (1.2) can be defined by taking the concave conjugate of G
with respect to its second argument (see [40, Definition 11.45]), that is,

Uy.@) = inf {G(y.8) ~ (@ &} = by +(z A'y) — f(=). (2:3)

Clearly, ¢ is convex in its first argument and concave in the second argument. For a given
penalty parameter o > 0, the augmented Lagrangian function of problem (1.2) is defined by
(see [40, Example 11.57])

oty @) = sup {4(w.5) ~ |5~ al?

scRN 20
1 1
=—b'y+ oot oAyl — el —Mop(z +0ATy).

From the property of the Moreau envelope (see [2, Proposition 12.30]), we know that £, is
continuously differentiable with respect to its first argument and

VyLs(y,x) = Aprox,; (x+ UATy) —b.

With the above preparations, we are ready to present our ripALM for solving problem (1.2)
in Algorithm 1.

Algorithm 1 A relative-type inexact proximal augmented Lagrangian method (ripALM)
for solving problem (1.2)

Input: p € [0,1), {0k}, is a sequence of real numbers such that inf;>¢{ox} > 0, and
{7}, is a sequence of real numbers such that infz>o{7%} > 0 and sup,>o{m} < oc.
Choose y°, w® € RM and 2° € RV arbitrarily. Set k = 0.

while the termination criterion is not met, do

Step 1. Approximately solve the subproblem:

. T
min Lo (v, k) + ﬁHy -y (24)

to find y*+1 € RM such that

2‘<wk . yk+17 akAkH>| + HUkAkHHQ

k T, k+1 k1|2 k+1 k|2 (2:5)
< ([Iproxy, s (2" + o ATy 1) — 2| 4 myf |yt — %),
where AFT1 .= VyLo, (yr+t =) + 7'147/,;1(1;”“rl —y").
Step 2. Update
htt = proxgkf(:ck + akATka), whtl = wh — g AP (2.6)

Step 3. Set k =k + 1 and go to Step 1.

end while
Output: (y*,z¥)

In line with pALM-type methods, at each iteration, our ripALM in Algorithm 1 approxi-
mately minimizes the sum of the augmented Lagrangian function L, (-, x¥) and a proximal



Tk

term EH ) _ka2

under the error criterion (2.5), followed by the updates of the multi-
plier * and the auxiliary error variable w*. Due to the strong convexity of the objective
function in (2.4), the subproblem (2.4) has a unique solution, denoted as y**
Ak = VyLo, (yF*, k) + Tkalzl(yk’* —y*) = 0. Then, for any minimizing sequence {y*}
for (2.4) converging to y®*, we have that A* .=V, L, (y* x¥) + Tkak_l(yk’t -y =0

, satisfying

and consequently 2’<'wk —yht O'kAk’t>’ + HJkAkthQ — 0 as t — co. Meanwhile, if y* is not
the solution of (2.4) and 7 # 0, the right-hand side of (2.5) cannot be zero. Therefore, in
this case, our error criterion (2.5) must hold after finitely many ¢ iterations, and thus it is
achievable.

Compared to the recent semismooth Newton based inexact proximal augmented La-
grangian (SNIPAL) method developed in [21, Section 3], our ripALM in Algorithm 1 employs
a significantly different error criterion (2.5) for solving the subproblem (2.4). Specifically, in
our context, SNIPAL requires the error term AF+! to satisfy

. 00
(A) “Ak+1“ < wgka €k = Oa ng < 00,
k=0

og?
(2.7)
o (o)
(8 flar) < 2V A AP, 0dc<t Yoh<oe
k=0
with AMFL = 2 — 2% and AP = ¢ — ¢¥ to guarantee an asymptotically Q-

(super)linear convergence rate.” Both error criteria (A) and (B) in (2.7) are of the absolute
type, meaning that they require the pre-specification of two summable sequences of tolerance
parameters, {ex} C [0,00) and {0x} C [0, 1), to control the error incurred in the inexact mini-
mization of the subproblem. Since there is generally no direct guidance on optimally selecting
these tolerance parameters to achieve good convergence efficiency, this absolute-type crite-
rion typically requires careful tuning for the tolerance parameters, which may make SNIPAL
less user-friendly in practical implementations. In contrast, the error criterion (2.5) used in
ripALM is of the relative type, meaning that the error 2|(w* — y**1 o) AF1)| 4 ||op AR H2
is regulated by a tentative successive difference related to the progress of the algorithm.
Moreover, this relative-type criterion only involves a single tolerance parameter p € [0, 1),
thus simplifying the process of parameter tuning both computationally and in terms of im-
plementation, as we shall see in subsection 5.1.

Thanks to the advantage of eliminating the need to select an infinite sequence of tolerance
parameters, various versions of relative error criteria have been widely adopted in numerous
well-known algorithms (e.g., PPA; ALM, ADMM, FISTA, etc) to approximately solve sub-
problems over the past two decades. This trend began with the seminal works of Solodov
and Svaiter [42, 43, 44, 45, 46], which has since inspired the development of numerous algo-
rithms; see, for example, [3, 11, 12, 30, 49, 51, 52]. Following the same research theme, Yang
et al. [51] recently developed a corrected inexact proximal augmented Lagrangian method
(ciPALM) for solving a class of group-quadratic regularized optimal transport problems. The
error criterion used there can be described as follows: choose p € [0,1), at each iteration,
approximately solve the subproblem (2.4) to find a point y**1! such that

AL = v, L, (G 2F) + o L (R - b,

_ 2 2 (28)
HakAk+1H2 < pmin (7%, 1) Hproxakf(wk + akATng) — :ckH + T Hng — ka )

2Note that the error criterion (A) in (2.7) alone is sufficient for establishing the global convergence of the
SNIPAL; see [21, Section 3].



When (2.8) is satisfied, the multiplier is updated as usual: 2*! = proxakf(a:k+akAT§k+1).
This is then followed by an extra correction step: y*+! = y* — Ty Lo (A:c’”rl — b). After
these updates, the algorithm proceeds to the next iteration. One can see that the error
criterion (2.8) used in the ciPALM is also of the relative type and looks even simpler than
(2.5) used in our ripALM. However, we should point out that the ciPALM requires an extra
correction step to guarantee the convergence, and hence it may only be viewed as a pALM-
like algorithm. In contrast, our relative error criterion (2.5) is designed for the vanilla pALM,
where the error variable w" is used solely in the construction of the error criterion (2.5) and
does not directly influence either the objective function in (2.4) or the updating rules of
the primal and dual variables. Our experimental results also show that the correction step
tends to slow down the convergence of the pALM, whereas our ripALM can offer greater
robustness and efficiency; see subsection 5.1 for numerical comparisons.

Our relative error criterion (2.5) is inspired by Eckstein and Silva’s practical relative error
criterion [11], which was developed for the approximate minimization of the subproblems in

the vanilla ALM (i.e., without the proximal term 277’1 Hy—yk H2 in the subproblem (2.4) in our

context). Unlike their work, we suggest incorporating 2% Hy —yF H2 in the subproblem (2.4).
This proximal term guarantees the existence and uniqueness of the optimal solution of the
strongly convex subproblem (2.4). Introducing the proximal term also ensures the positive
definiteness of the generalized Hessian of the objective function in (2.4), thereby facilitating
the application of the semi-smooth Newton method to solve the subproblem (2.4) effectively,
as shown in Section 4. In addition, as we will see later in the next section, our ripALM
not only shares the same convergence properties for the sequence {z*} as Eckstein and
Silva’s relative-type inexact ALM developed in [1, 11, 54], but also offers other theoretical
advantages in that the sequence {y*} is guaranteed to converge, and both primal and dual
sequences achieve asymptotically Q-(super)linear convergence rates under a relatively weaker

error bound assumption.

3 Convergence analysis

In this section, we study the convergence properties of ripALM in Algorithm 1. Before
proceeding, we recall the definition of G from (2.2) and further define F : RY x RM =
RY x RM to be the concave conjugate of G:

F(0,z):= inf Gy, &) — (0,y) — (x,6)), 3.1
O2)i= _int  {G(,€) - (0.5) - (2.6)} (3.1)
which is a closed (upper semicontinuous) concave function. Then, the dual problem of (2.1)
is given by

ma; F(0,x), 3.2
max  F(0,) (32)

which can be rewritten as problem (1.1). Next, let 0G : RM x RV = RM x RY and
OF :RM x RN = RM x RY denote the subgradient maps of G and F, respectively, that is,

(0,x) € 9G(y.€) & GY,€)>G(y, &) +(0,y —y)+(z.& - &), V(y.¢),
(y,£) €0F(0,x) < F(O,2)<F@0,z)— (y,0 —0)— (&,x' —z), VO, ).

We also recall the definition of ¢ from (2.3) and let 9¢ : R x RY = RM x R¥ denote the
subgradient map of £, that is,

(y,%) + <07y/ - y>7 vy/ € RMa

Uy z) >
<l(y,x) — (£, 2' —x), V' € RV,

l
(6,6) € 0l(y,w) = {g(y’m,) ,



By this definition, one can verify that

dl(y,x) == {Azx — b} x {v —ATylve af(m)}.

Moreover, all the subgradient maps G, OF and 0¢ are maximal monotone operators, and
satisfy that (see also [11, equation (23)]):

(0,x) € 0G(y,§) & (0,§) cdl(y,xz) & (y,§) €0F(0,x). (3.3)

If (y*,z*) € RM x RY satisfies (0,0) € 94(y*,x*), then y* solves problem (2.1) (i.e.,
problem (1.2)) and a* solves problem (3.2) (i.e., problem (1.1)). In this case, we call (y*, *)
a saddle point of the Lagrangian function ¢(y, ). If such a saddle point exists, then strong
duality holds, that is, the optimal values of problems (2.1) and (3.2) are finite and equal,
ie, G(y*,0) = F(0,x*). Moreover, the set of saddle points can be written as Y* x A* C
RM x RN where Y* is the solution set of problem (2.1) (i.e., problem (1.2)) and X'* is the
solution set of problem (3.2) (i.e., problem (1.1)).

With the above preparations, we are now ready to establish the convergence results of
the proposed ripALM in Algorithm 1. The analysis is inspired by [1, 11, 54], but is more
involved. We need to be particularly careful in establishing a proper recursive relation with

respect to ¥, y* and w*, due to the inclusion of the proximal term 2e|ly — y* %

Theorem 3.1. Let the functions G, F' and ¢ be defined as in (2.2), (3.1) and (2.3), respec-
tively. Let p € [0, 1), {or} C Ryt be a positive sequence satisfying that oy > omin > 0 for
all k>0, and {71} be a positive sequence satisfying that

Tk > Tmin > 0, Tpp1 < (L 4+vp)71  with vy >0 and > 77 v < +00.

Let {y*}, {AF}, {wF} € RM and {x*} C RY be sequences generated by Algorithm 1. If ¢
admits a saddle point (i.e., (0¢)71(0,0) # (), then the following statements hold.

(i) The sequences {y*}, {wF} and {x*} are bounded.

(ii) lim A*! =0, lim 8" =0 and lim &' =0, where 81 and ¥ are defined by
k—s00 k—s00 k—ro0
o+t = ARFL 7790,;1(;1/"‘“‘+1 —y*) and €= lel(mk — MY vk >o.

(iii) Both the sequences {G(y*™',&* 1)} and {F (0!, 1)} converge to the common
optimal value of problems (2.1) and (3.2).

(iv) Any accumulation point of {y*} is an optimal solution of problem (2.1) (i.e., problem
(1.2)), and any accumulation point of {x*} is an optimal solution of problem (3.2)
(i.e., problem (1.1)).

(v) The sequence {x*} converges to an optimal solution of problem (3.2).

Proof. See Appendix A.1. a

We next study the asymptotically Q-(super)linear convergence rate of our ripALM under
an error-bound condition presented in Assumption A. As noted in [21, Lemma 2.4], this
error-bound condition is weaker than the local upper Lipschitz continuity of (9¢)~! at the
origin. The latter condition was used in [54] to establish the asymptotic Q-(super)linear
convergence rate for Eckstein and Silva’s relative-type inexact ALM, while the former, weaker
condition has also been employed in [21] and [51] to establish the asymptotic Q-(super)linear
convergence rate for the SNIPAL and ciPALM, respectively.



Assumption A. For any r > 0, there exist a constant k > 0 such that, for any (y,x) €
{(y,2) e RM xRV | dist ((y,2), (80)7'(0,0)) <7},

dist ((y, ), ((%)_1(0,0)) < kdist ((0,0), 0l(y,x)) . (3.4)

Theorem 3.2. Under the same assumptions as in Theorem 3.1, suppose additionally that
Assumption A holds, and the sequences of parameters p, {o}} and {1} satisfy that

2K +/Tmax (p + \/pmax {1, Tmax})
Vo~ 2P |
where ¢ > 1 is an arbitrarily given positive constant and Tmax = 70 [ [peo(l + vg). Let
AF .= Diag(tpIar, IN), Tr := max {1, 7} and
e (1 20/75 (p + V/TR) + 20007) 2
Tk Th K2 (Vo +VTh) T

VTmin — 2¢/p >0 and hgmnf op > c- (3.5)
—00

Then, the following statements hold.

(i) For any sufficiently large k, we have that vy, > 0 and

dist ki1 ((yk+1,mk+1), (ae)—l(o,O)) < dist px ((yk,:ck), (az)—l(o,())) :

: [1+vg
lim sup { [RES }<1
e L+

(ii) The sequence {y"*} is convergent.

where

Proof. See Appendix A.2. a

Remark 3.1 (Comments on ug). One can see from the expression of vy that, after a finite
number of iterations, v becomes proportional to the penalty parameter oy, provided that p,
{or} and {r.} satisfy conditions in (3.5). Therefore, if \/Tmin — 24/p > 0, the coefficient
ui can be less than 1 when oy is sufficiently large, and it approaches 0 as oy, tends to 4+o00.
This readily demonstrates that the sequence {(yk,cck)} converges to the set of saddle points
at a Q-(super)linear rate if oy, is sufficiently large and \/Tmin — 2¢/p > 0. In practical
implementations, one could simply choose an increasing sequence of {ox} with o T +o0,
and set Tmin > 4 to ensure that \/Tmin —2,/p > 0 for any p € [0,1). In contrast, as discussed
in [51, Remark 2.1], the ciPALM (which is also of relative-type but uses the error criterion
(2.8)) should require p < % to guarantee an asymptotically Q-(super)linear convergence rate
under the same error bound condition. This highlights another advantage of our ripALM, as
it offers greater flexibility in choosing p.

4 Application to the QROT problem

In this section, we will present the application of ripALM in Algorithm 1 for solving quadrat-
ically regularized optimal transport (QROT) problems. As a significant variant of the classi-
cal optimal transport problem, the QROT problem has garnered notable attention in recent
years; see, e.g., [4, 13, 28] for more details. Mathematically, the QROT problem is given as
follows:

A
min {ZIX|3+(C, X) | X1y =a, X1, =8, X >0}, (4.1)
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where A > 0 is a given regularization parameter, C € RTX" is a given cost matrix, o :=
(a1, o) € Ly and B := (B, ,B,)" € X, are given probability vectors with ¥,,
(resp., Xy,) denoting the m (resp., n)-dimensional unit simplex, and 1,, (resp., 1,) denotes
the m (resp., n)-dimensional vector of all ones.

To apply our proposed ripALM, we first reformulate (4.1) as follows:

, — M2 _ Ty _
min {fq(X) = SIXIG + (€. X) + Gggn(X) | X1y =, X1, = 5}. (4.2)

Clearly, it falls into the form of problem (1.1) (upon vectorization of X). Further, one can
show that the dual problem of (4.2) is given by (modulo a minus sign)

min  fy (ulz + lmvT> —a'u—B"v, (4.3)
u,v

and its associated augmented Lagrangian function is given by (using the similar deduction
as Section 2)

1 2
Lo(u,v,X) =— a'u— ﬂTU + % HX +o (ulz + lmvT> HF
o

1
— 5 IX I =M, (X 40 (wl] +1007)),

where v € R™, v € R” are the Lagrange multipliers corresponding to X1, = « and
X T1,, = B, respectively, and the conjugate function Jq admits the following expression:

f;(Z) = 1 2

= HHRTM (Z - O)HF, if A > 0.

Thus, given an arbitrary initial guess (uO,UO,X O) € R™ x R™ x R™*"™ the basic iterative
scheme of our ripALM for solving (4.3) reads as follows:

(uk+1,vk+1> ~ argmin {Vg(u,v)}, (4.4a)
ueR™ veR”
Xkt — Prox,, r. <Xk + ok (ukHlTTL + 1m(0k+1)T)> ) (4.4b)
where 9 2
Tk k Tk k
S LR P
r(u, v) o (W, v )+ S0y U—u + %0, vV—v

To truly implement our ripALM for solving problem (4.2), it is essential to efficiently
solve the subproblem (4.4a) to find (u*+!, v**1) satisfying the error criterion (2.5). In the
following, we shall describe how to apply a semismooth Newton (SSN) method to achieve
this goal. For simplicity, we drop the index k and explicitly rewrite the subproblem (4.4a)

as follows:
T T L 5 T T\ |2 L 52
I R R A b e (T M MR B
min ,
RS Mgy (Ko (wl] 1m0 T) ) o o o - o)

where @, v and X are given. From the property of the Moreau envelope (see, for example,
[2, Proposition 12.30]), we see that W is strongly convex and continuously differentiable with
the gradient

<prongq (X +0(ul) + lmvT))) 1, —a+70 ! (u—1u)

VY (u,v) = - T
(prongq (X +0(ul,) + lmvT))) 1, —B+710" ! (v—2)

11



Note that the proximal mapping prox, fq(') can be easily computed as follows:

1

prox,; (Z) = mHRTXn (Z—-0C), VZeR™"
Then, from the first-order optimality condition, solving problem (4.5) is equivalent to solving

the following non-smooth equation:
V¥ (u,v)=0. (4.6)

In view of the nice property of V¥, we are able to follow [19, 21, 22, 51] to apply a globally
convergent and locally superlinearly convergent SSN method to solve (4.6). Specifically, let
W(u,v) := X + 0 (ul,) +1,v" —C) and define the multifunction 5(V\I/) R xR* =
Rm+n)x(m+n) a5 follows:

-
= BDiag(vec(Q))BT + —Ipman,
B(VU)(u,v) = { H € Rm+m)x(m+n) 1+ Ao ~Amt |
VQ S 8HRT><7L(W(’U/”U))

] € RUmFm)xmn with “®” denoting the Kronecker product, vec(f)

denotes the vectorization of Q with [vec(2)];(j—1)m = Qi for any 1 < i < m and 1 <
j < n, Diag(z) denotes the diagonal matrix whose ith diagonal element is given by z;, and
6HRTXTL(Z ) denotes the generalized Jacobian of the Lipschitz continuous mapping HRTXn at
7, which is defined by

{1}, if Z; >0,
OMgrmxn(Z) 1= 4 RER™™ | Q5 € §[0,1], if Z;; =0,
(0}, if Zij <0,

Then, using similar arguments as in the proof of [51, Proposition 4], one can show that V¥(-)
is strongly semi-smooth with respect to 5(V\If)(), and thus the SSN method is applicable.
More importantly, for any (u,v) € R™ xR", all elements of (V¥)(u, v) are positive definite.
This ensures the direct applicability of the SSN method without the need for a specific
regularity condition, such as the primal constraint nondegeneracy condition [55], highlighting
the advantage of incorporating a proximal term. The detailed description of the SSN method
for solving equation (4.6) is presented in Algorithm 2. We refer readers to [19, Theorem 3.6]
for its detailed convergence results.

5 Numerical experiments

In this section, we conduct numerical experiments to evaluate the performance and validate
the efficiency of our ripALM in Algorithm 1 for solving the QROT problem (4.1). Specifically,
we will conduct experiments from the following two aspects:

e In Section 5.1, we compare our ripALM with SNIPAL [21] and ciPALM [51], which rep-
resent the latest absolute-type and relative-type inexact pALMSs, respectively. These
comparisons aim to illustrate how different error criteria with different tolerance pa-
rameters influence the practical numerical performance of the inexact pALM.

e In Section 5.2, we compare our ripALM with Gurobi and a dual alternating direc-
tion method of multipliers (1AADMM, see Appendix B for more details) for solving

12



Algorithm 2 A semismooth Newton (SSN) method for solving equation (4.6)
Input: Choose ji € (0,1), u € (0,1], 7 € (0,1/2), § € (0,1), and an initial point (u’,v°) €
R™ x R™. Set t = 0.
while the termination criterion is not met do
Step 1. Compute V¥ (u!,v') and choose an element H' € O(V¥)(u,v"). Solve the
linear system

H'd' = -V (u', "), (4.7)

nearly exactly by the (sparse) Cholesky decomposition with forward and backward sub-
stitutions, or approximately by the preconditioned conjugate gradient (CG) method to
find d' := (d!,, d}) such that

Htht —i—V\IJ(Ut,Ut)H < min {/]7 HV\I/(ut’vt)Hl—f—u}.

Step 2. (Line search) Find a step size a; := §%, where 4; is the smallest non-negative
integer such that

U (u' +6"dl, v+ 6dL) — U(u',v') < ns" (VI (u' 0, d).

Step 3. Set u!™! = u! + qdl, v = vt + ydl, t =t +1, and go to Step 1.
end while

large-scale QROT problems. Gurobi represents one of the state-of-the-art commercial
solvers, while the dADMM is a widely used first-order method for solving large-scale
constrained convex optimization problems; see, for example, [5, 14].

All experiments are run in MATLAB R2023a on a PC with Intel processor i7-12700K@3.60GHz
(with 12 cores and 20 threads) and 64GB of RAM, equipped with a Windows OS. The im-
plementation details are given as follows.

Termination conditions. Let Z(u,v,X) := C + AX —ul,] —1,v". The Karush-
Kuhn-Tucker (KKT) system for problem (4.1) and its dual (4.3) is given by

Xl,=a, X'"1,,=08, (X, Z(u,v,X)) =0, X>0, Z(u,v,X)>0. (5.1)

Note that (u, v, X) satisfies the KKT system (5.1) if and only if X solves (4.1) and (u,v)
solves (4.3), respectively. Based on (5.1), we define the relative KKT residual for any
(X, u, v) as follows:

Akt (u, v, X) = max {A,(X), Ag(u,v, X), Ac(u,v, X)},

where
|X1, —al [|[X"1, -] ||min{X,0}|r
Ay(X) = max{ , ; )
P 1+ [l 1L+ 8 1+ [ X|F
| min{ Z(u, v, X), 0}||p (X, Z(u, v, X))|
Ag(u, v, X) := , Ad(u, v, X) = .
a2, v, X) T+ [Cllr (w2 X) = el

Moreover, we define the relative duality gap as follows:

SRR 14 [pobj (X)| + [dobj (u, v)
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where pobj(X) := fq(X) and dobj(u,v) = —f§ (ul) +1,v") + a'u + B'v. Using
these relative residuals, we will terminate our ripALM when it returns a point (u¥, v*, X*)
satisfying

Ak

res

= maX{Akkt(uk, vk, XF), Agap(uk, o¥, Xk)} <1076,

Initial points. For the experiments in Section 5.1, we simply initialize all inexact pALMs
at the origin to amplify the impact of inexactness. For the experiments in Section 5.2, we will
employ a warm-start strategy for more efficiency. Indeed, our numerical experience (see, e.g.,
[21, 23, 51]) have suggested that a reasonably good initial point would benefit the practical
performance of such a “pALM + SSN” algorithmic framework. Therefore, for the experiments
in Section 5.2, we first employ an inexact Bregman proximal gradient method (iBPGM)
with Sinkhorn’s algorithm as a subsolver for solving the QROT problem (4.1) to generate an
initial point for our ripALM; see Appendix C for more details. Specifically, we terminate this
iBPGM as long as it produces a point (u*, v, X*) such that Ak < 1073, or it reaches the
maximal number of iterations 500. Note that the time consumed during the warm-starting
phase is included in the total computational time for our ripALM. Additionally, the initial
error variable w® in our ripALM is always set to 0.

For the SSN method in Algorithm 2, we will initialize it with the origin at the first pALM
iteration and then employ a warm-start strategy thereafter. Specifically, at each pALM
iteration, we initialize the SSN method with the approximate solution obtained by the SsN
method in the previous pALM iteration.

Hyperparameters. Our ripALM as well as SNIPAL and ciPALM require appropriate
choices of {0} and {71} to achieve superior performance. In our experiments, for all algo-
rithms, we simply set o = min {104, max {10’4, 1.5k}} and 7, = 5 for all £ > 0. These
choices of {7} and {o}} can satisfy the required conditions in Theorems 3.1 and 3.2; see also
Remark 3.1. Moreover, we would like to emphasize that more sophisticated updating rules
for o} and 7, are possible and may lead to improved numerical performance. In addition,
for the SSN method in Algorithm 2, we set n = 1074, 6 = 0.5, 1 = 1073 and p = 0.2.

5.1 Comparison with SNIPAL and ciPALM

In this part of experiments, we compare our ripALM with SNIPAL [21] and ciPALM [51]
for solving the QROT problem (4.1) to illustrate how different error criteria with different
tolerance parameters influence the numerical performance of the inexact pALM. Note that
both our ripALM and the ciPALM are of relative-type and only require a single tolerance
parameter p, as shown in (2.5) and (2.8), respectively, while the SNIPAL is of absolute-type
and requires two summable tolerance parameter sequences {ex} and {0}, as shown in (2.7).
For simplicity, in our comparisons, we set e = €o/(k + 1)P, dx = do/(k + 1) with eg = §p €
{0.01, 1} and p,q € {1.1, 2.1, 3.1} (hence, there are 18 combinations in total) for SNIPAL.
For our ripALM and the ciPALM, we consider p € {0.01,0.05,0.1,0.3,0.5,0.7,0.9,0.99,0.999}
(hence, there are 9 choices).

We use images from the ClassicImages class in the DOTmark collection [41], which
serves as a benchmark dataset for the OT problem and its variants, to generate the QROT
instance. Note that the images in the ClassicImages class consist of ten different images,
each with different resolutions of 32 x 32, 64 x 64, 128 x 128 and 512 x 512. Thus, for each
resolution, we can pair any two different images and compute the QROT problem, resulting
in 45 QROT problems. Moreover, the cost matrix C' is obtained by calculating the squared
Fuclidean distances between pixels.

Tables 1 and 2 present the average results (over 45 instances) for 64 x 64 resolution
with the regularization parameter A € {1, 0.1}. From the results, one can see that the
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performance of all algorithms depends on the choices of tolerance parameters, and with
proper tuning, their performances can be comparable. This is indeed expected since all the
algorithms essentially employ the same “pALM + SSN” framework, but differ in their error
criteria for solving the subproblems. Notably, since our ripALM and the ciPALM involve
only a single tolerance parameter p € [0, 1), they are more user-friendly and easier to tune
since a simple 1-D grid-search strategy is sufficient. We also observe that the number of
pALM iterations for the three methods remains unchanged (e.g., 17). However, using an
absolute-type error criterion often leads to redundant efforts in solving the subproblems.
In contrast, a relative-type error criterion has the potential to alleviate this issue. This
supports the main motivation for developing a relative-type error criterion. Moreover, one
can see that our ripALM always outperforms the ciPALM in terms of the total number of the
SSN iterations, resulting in a substantial reduction in computational time. This is because
the ciPALM requires an extra correction step to guarantee the convergence, which tends to
increase the number of SSN iterations® needed to achieve its error criterion (2.8), though this
excessive cost does not contribute to the progress of pALM iterations. These observations
further support the use of vanilla inexact pALM, as advocated in this paper. Clearly, our
ripALM exhibits greater robustness and efficiency, as shown in Tables 1 and 2. Moreover,
observe that the performance of ripALM is relatively stable across different parameter values
of p, with slight advantage for p > 0.5.

5.2 Comparison with Gurobi and dADMM

In this part of experiments, we compare our ripALM with Gurobi (version 10.0.1) and
dADMM for solving large-scale QROT problems. For our ripALM, we set p = 0.99 based
on the numerical observations from the previous section. For Gurobi, we use its default
termination conditions and set the corresponding termination tolerances as 10, aligning it
with our tolerance. For dADMM, we initialize the penalty parameter as oo = 0.01||C||z*, and
dynamically adjust it based on the primal-dual residuals, following the approach described
in [50, Section 5.1], to achieve superior empirical performance. Moreover, we will terminate
dADMM when it returns a point (uf, v*, X*) satisfying A%, < 107¢, or its number of
iterations reaches 10000.

We follow [52, Section 5.1] to generate a random QROT instance. Specifically, we first
generate two discrete probability distributions {(ai, p)) ER. xR3 i =1,--. ,m} and
{(bj, gj)) ERy xR3:j =1, ,n}. Here, a := (a1, --,a,,)" and b := (by,---,b,)" are
probabilities/weights, which are generated from the uniform distribution on the open interval
(0, 1) and further normalized such that »7" a; = > 7 b; = 1. Moreover, {p;} and {g;} are
support points whose entries are drawn from a five-component multivariate Gaussian mixture
distribution, with a mean vector (—20, 10,0, 10, 20)T and a variance vector (5,5,5,5,5)",
using randomly generated weights. Then, the cost matrix C' is generated by ¢;; = ||p; — q;*
for 1 <i <m and 1 < j < n and normalized by dividing (element-wise) by its maximal
entry.

We then generate a set of random instances with m = n € {1000, 2000,...,10000}.
For each m, we generate 10 instances with different random seeds, and present the average
numerical performances of our ripALM, dADMM and Gurobi in Table 3 and Figure 1, with
A € {1, 0.1}. It can be observed that both ripALM and Gurobi are able to solve the tested
problems accurately, in the sense that the residual A,es is smaller than 1076. In contrast, the
dADMM, even after 10000 iterations, can only produce lower-quality solutions, especially

30ne possible reason is that the variable derived from performing the corrected step is no longer a good
initial point for the SSN method in the next iteration.
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Table 1: Comparisons between ripALM, SNIPAL and ciPALM under different choices of
tolerance parameters, where A = 1 and the instances are generated using images with the
resolution of 64 x 64 in the ClassicImages class from the DOTmark collection. In the
table, “ALe” denotes the terminating AX_; “#” denotes the number of iterations (the total
number of the SSN iterations is given in the bracket); “time” denotes the computational
time in seconds.

SNIPAL
(0=00,p,q)  Ares # time  (e0=00,p,q) Ares # time
(1,1.1,1.1)  7.85¢-07 17 (52) 9.56 (0.01,1.1,1.1) 7.85¢-07 17 (61) 11.12
(1,1.1,2.1)  7.85e-07 17 (55) 9.97 (0.01,1.1,2.1) 7.85¢-07 17 (63) 11.36
(1,1.1,3.1) 7.85e-07 17 (58) 10.33 (0.01,1.1,3.1) 7.85e-07 17 (64) 11.57
(1,2.1,1.1)  7.85¢-07 17 (52) 9.55 (0.01,2.1,1.1) 7.85¢-07 17 (61) 11.12
(1,2.1,2.1)  7.85¢-07 17 (55) 9.98 (0.01,2.1,2.1) 7.85¢-07 17 (63) 11.36
(1,2.1,3.1) 7.85e-07 17 (58) 10.33 (0.01,2.1,3.1) 7.85e-07 17 (64) 11.56
(1,3.1,1.1) 7.85e-07 17 (52) 9.55 (0.01,3.1,1.1) 7.85e-07 17 (61) 11.13
(1,3.1,2.1)  7.85e-07 17 (55) 9.99 (0.01,3.1,2.1) T7.85e-07 17 (63) 11.36
(1,3.1,3.1) 7.85e-07 17 (58) 10.34 (0.01,3.1,3.1) 7.85e-07 17 (64) 11.57
ripALM ciPALM

p AN # time p Aes # time
0.999 7.85e-07 17 (47)  8.86 0.999 7.85e-07 17 (68) 15.49
0.99 7.85e-07 17 (47) 8.86 0.99 7.85e-07 17 (68) 15.53
0.9 7.85e-07 17 (47) 8.86 0.9 7.85e-07 17 (68) 15.17

0.7 7.85e-07 17 (47)  8.99 0.7 7.85e-07 17 (66) 14.08

0.5 7.85e-07 17 (48)  9.07 0.5 7.85e-07 17 (63) 12.95

0.3 7.85e-07 17 (49) 9.21 0.3 7.85e-07 17 (60) 11.51

0.1 7.85e-07 17 (50)  9.45 0.1 7.85e-07 17 (57) 10.65
0.05 7.85e-07 17 (51)  9.61 0.05 7.85e-07 17 (56) 10.51
0.01 7.85e-07 17 (53)  9.94 0.01 7.85e-07 17 (58) 10.76

when the problem size becomes large. Moreover, we have also observed that Gurobi can be
rather time-consuming and memory-consuming for large-scale problems. As an example, for
the case where m = n = 10000, a large-scale QP containing 10® nonnegative variables and
20000 equality constraints was solved. One can see that Gurobi is around 2~4 times slower
than our ripALM. In addition, Gurobi may lack robustness, especially for solving large-scale
problems. Indeed, as observed from Figure 1, the computational times taken by Gurobi can
vary a lot among the 10 randomly generated instances. In conclusion, our ripALM shows
potential for greater efficiency and robustness in solving large-scale QROT problems.

6 Conclusions

In this paper, we developed a relative-type inexact proximal augmented Lagrangian method
(ripALM) for solving a class of linearly constrained convex optimization problems. The pro-
posed ripALM is the first relative-type inexact version of the vanilla pALM with provable
convergence guarantees. By employing a relative-type error criterion, it simplifies implemen-
tation and parameter tuning, compared to the absolute-type inexact pALM. We conducted
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Table 2: Same as Table 1 but for A = 0.1.

SNIPAL
(e0=00,p,q)  Ares # time  (g0=0o,p;q) Ares = time
(1, 1.1,1.1)  6.43e-07 19 (92) 28.48 (0.01,1.1, 1.1) 6.43e-07 19 (101) 30.04
(1,1.1,2.1)  6.43¢-07 19 (95) 28.91 (0.01,1.1,2.1) 6.43¢-07 19 (103) 30.31
(1,1.1,3.1)  6.43¢-07 19 (98) 29.26 (0.01,1.1,3.1) 6.43¢-07 19 (105) 30.50
(1,2.1,1.1)  6.43¢-07 19 (92) 28.49 (0.01,2.1,1.1) 6.43e-07 19 (101) 30.06
(1,2.1,2.1)  6.43¢-07 19 (95) 28.91 (0.01,2.1,2.1) 6.43¢-07 19 (103) 30.28
(1,2.1,3.1)  6.43¢-07 19 (98) 29.27 (0.01,2.1,3.1) 6.43¢-07 19 (105) 30.47
(1,3.1,1.1)  6.43¢-07 19 (92) 28.49 (0.01,3.1,1.1) 6.43e-07 19 (101) 30.02
(1,3.1,2.1)  6.43e-07 19 (95) 28.92 (0.01,3.1,2.1) 6.43¢-07 19 (103) 30.29
(1,3.1,3.1)  6.43¢-07 19 (98) 29.28 (0.01,3.1,3.1) 6.43e-07 19 (105) 30.48
ripALM ciPALM

P Avres # time P Avres # time
0.999 6.43e-07 19 (86) 27.77 0.999 6.43e-07 19 (108) 34.70
0.99 6.43e-07 19 (86) 27.78 0.99 6.43e-07 19 (108) 34.71
0.9 6.43e-07 19 (86) 27.78 0.9 6.43e-07 19 (107) 34.11
0.7 6.43e-07 19 (87) 27.88 0.7 6.43e-07 19 (106) 33.29

0.5 6.43e-07 19 (87) 27.95 0.5 6.43e-07 19 (103) 32.10

0.3 6.43e-07 19 (88) 28.10 0.3 6.43e-07 19 (100) 30.60

0.1 6.43e-07 19 (90) 28.32 0.1 6.43e-07 19 (97) 29.66
0.05 6.43e-07 19 (91) 28.47 0.05 6.43e-07 19 (96) 29.45
0.01 6.43e-07 19 (92) 28.83 0.01 6.43e-07 19 (98) 29.73

a thorough convergence analysis and demonstrated the competitive efficiency of our ripALM
through numerical experiments on solving quadratically regularized optimal transport prob-
lems. Since our algorithm is applicable to a more general linearly constrained convex opti-
mization problem, future work may explore potential applications of this framework to other
practical problems, including general regularized optimal transport problems studied in [51].

A Missing Proofs in Section 3

A.1 Proof of Theorem 3.1

Proof. Statement (i). First, recall that £(y,x) = —b"y + (x, ATy) — f(x), which is convex
in y and concave in @. We see that 9¢(y, ) = {Az — b} x {v — ATy | v € Of(x)}. By using
the relations in (2.5) and (2.6), along with some manipulations, we can obtain the following
results for all k£ > 0:

(A — o My =), o (et -2t T) € de(yt 2, (A.la)
2|<,wk — gkt akAkH)\ + HakAkHH? < p(HwkH _ wkHZ + TkHka _ ka2)7 (A.1b)
wh !t = wk — g AR (A.1lc)

Let (y*,z*) € RM x RY be an arbitrary saddle point of £ and hence (0,0) € 94(y*, x*).
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Table 3: Numerical results of Gurobi, dADMM, and ripALM. In the table, “A,es” denotes
k. “#” denotes the number of iterations (the total number of the SSN

res’

the terminating A
iterations is given in the bracket); “time” denotes the computational time.

Gurobi dADMM ripALM
m=mn Aves # time Ares # time Aves +# time
A=1
1000 2.70e-07 32 4.53 2.71e-06 10000 15.21 5.36e-07 16 (48) 1.29
2000 3.61e-07 38 22.15 1.20e-05 10000 99.73 6.89e-07 17 (62) 6.12
3000 2.61e-07 40 60.87 2.11e-05 10000 240.03 5.47e-07 17 (70) 15.93
4000 4.23e-07 43 125.35 4.68e-05 10000 431.83 6.19¢-07 17 (78) 29.84
5000 4.22e-07 45 205.56  7.32e-05 10000 678.86 6.66e-07 17 (82)  49.36
6000 5.07e-07 45 312.47 1.04e-04 10000 979.18 6.11e-07 17 (86) 72.30
7000  5.54e-07 45 407.12 1.32¢-04 10000 1337.06 5.25e-07 18 (90) 104.18
8000 5.17e-07 48 625.94 1.56e-04 10000 1746.24 4.75e-07 18 (96) 147.89
9000 1.47e-06 50 842.62 2.16e-04 10000 2208.15 6.03e-07 18 (98) 185.94
10000 5.63e-07 49 1031.17 2.53e-04 10000 2724.33 6.09e-07 18 (98) 240.24
A=0.1
1000 2.55e-07 33 4.63 3.17e-05 10000 15.31 7.50e-07 18 (83) 1.65
2000 5.55e-07 38 22.26 1.39e-04 10000 100.22 5.77e-07 19 (107) 8.76
3000 1.75e-06 41 57.58 2.78e-04 10000 238.54 5.29e-07 19 (119) 22.82
4000 6.43e-07 43 118.20 5.01e-04 10000 430.89  6.85e-07 19 (129) 44.08
5000 4.71e-07 45 191.02 7.26e-04 10000 678.03 5.49e-07 20 (141) 78.06
6000 5.57e-07 47 298.67 1.08e-03 10000 977.75 5.92e-07 20 (148) 125.25
7000 6.98e-07 49 437.49 1.30e-03 10000 1332.25 6.21e-07 20 (149) 173.81
8000 7.95e-07 49 629.63 1.62e-03 10000 1740.13 7.59e-07 20 (157) 240.14
9000 5.87e-07 51 794.23  2.15e-03 10000 2202.89 6.03e-07 21 (168) 346.25
10000 6.02e-07 52 1073.12 2.43e-03 10000 2718.42 4.96e-07 21 (176) 462.52
For all £ > 0,
Hmk _ m*HQ — ||:Bk . mk—i—l + mk—i—l o w*HQ
= flah - a2 4 20t ot ah ) g et a2
By letting £FH1 = o*,;l(ack — x#+1), the above equation can be reformulated as
Hmk+1 - 33*||2 — ||£I}k _ w*H2 _ 20’k<113k+1 _ 113*, £k+1> . Hkarl _ wkH2 (AQ)
Then, using the relation w**! = w* — g, A¥*! (by (A.1c)), we see that
g2 = [k — oAy
ok |2 k * k+1 k12
= |[|w" — —2{(w" —y*, oA + ||lopA
ik — g P - 20" — g7, LA + o A "

= flw* — 42 — 2{wt — g, o AR oy AR

o 20k<yk+1 o y*, 0k+1> _ 27_k<yk+1 o y*7 yk—i-l . yk>.
where @511 := AFFL — 7 51 (yF+1 — yF). Similarly,

TkHyk-i-l - y*H2 _ TkHyk - y*H2 - Tk”yk-i-l o kaQ + 2Tk<yk:+1 o y*, yk—i-l o yk:> (A4)
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Figure 1: Comparisons among ripALM, Gurobi, and dADMM for the QROT problem with
m = n € {1000, 2000, ...,10000}. The shaded region indicates the maximum and minimum
computation times taken to solve the ten instances for each problem dimension.

By summing (A.2), (A.3) and (A.4), we have that

Hwk+1 _ m*HZ + H,warl o y*HZ + TkHyk+1 _ y*HQ

= [lz® — 2| + " -y |* + 7lly® - 7)1

A5
— %0, <<yk+1 — oy, OFFYY (Rt g £k+1>) — 2wk — yk L g AR (A-5)
+ oA — [l — 2 -yt g2
Note from (A.la) that
(ek-‘rl’ €k+1) e ag(ykﬁ-l’wk-‘rl), (AG)

which, together with 0 € 9¢(y*, *) and the monotonicity of 0/, yields
<yk+1 _ y* 0k+1> + <mk+1 — ot €k+1> > 0.
Moreover, by using (A.1b), we see that

2wt — g, oA + o AR < 2w — g g AT o A

< p (2" = @b + 7yl - ).

Substituting the above two inequalities into (A.5), we obtain a key inequality for the subse-
quent convergence analysis:

Hwkz-ﬁ-l - 33*”2 + Hwk—‘rl o y*H2 + TkHyk-i-l o y*HQ
<2* — 2P + w” — v + mlly* — v (A7)

— (1= p) (It = @b + ey - yF)2).

The inequality (A.7), together with p € [0,1) and 711 < (1 + vg)7 with v, > 0 and
> v < oo for all k£ > 0, implies that

l*t — a2 4 " =y ey -y

] ) ) (A.8)
< (1 we) (l2* = 2 + lw® = )7 + melly® - y)1)
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Since {vy} is a non-negative summable sequence, it then follows from [32, Lemma 2 in
Section 2.2] that the sequence {||z* — x*||> + ||w* — y*||? + 7% ||y* — y*||?} is convergent.
This together with 7 > Tyuin > 0 implies that all sequences {z*}, {w*}, {y*} are bounded.

Statement (ii). Using (A.7) again with 7441 < (1 + vg)7 with v, > 0 and ) v; < oo for
all £ > 0, we have that

0< (1= p)(1+w) (25 = 2|2+ mlly™*! — g |12)
< (1 w) (et = 277 + lwk = y*)? + milly® -y (A.9)

_ (Hkarl o .’13*”2 + ”,wk+1 _ y*”Q + Tk+1H’yk+1 _ y*H2> )

Since {|lz* — *||> + |w* — y*||* + 7 |y* — y*||*} is convergent, v — 0 (due to v > 0 and
Y v < o0) and p € [0,1), it then follows from (A.9) that

klirn |zFtt —x¥| =0 and hm IvR(y* ™t —y®) =o0. (A.10)
—00

Note that both sequences {0} and {7} are bounded away from 0. Thus, we further have

that lim £&+1(:= o, '(xF — ")) = 0 and lim |y**! — y*| = 0. Moreover, using (A.10)
k—ro0 k—ro0

together with (A.1b) implies that

lim [(w* — y** o AR =0 and  lim [jopAFTH2 =0
k—ro0 k—oc0

Since {0} is bounded away from 0, we then obtain that lim ('wk — yFL AR = 0 and

khm AR+ = 0. Finally, recall again that 7,1 < (1+v4)7% Wlth v > 0and > v; < oo for all
—00

k > 0. Thus, 7 must be bounded from above and hence TkO'k_ is also bounded from above.

Consequently, we can obtain that lim Tkakfl(yk*l —y*) =0 and hence lim 6! = 0.
k—o0 k—o0

Statement (iii). We first study the limit of {F (6!, £*™1)}. Using relations (A.6) and
(3.3), we have that (y**1 &*1) € 9F (051, 2**1). Then, by the concavity of F, it holds
that, for all k£ > 0,

F(O, m*) < F(0k+1, wk+1) + <yk+1’ 0k+1> + <£k+1’ mk—&—l *$*>.

Since khm o+l =0, hm ¢kl =0, and the sequences {x*} and {y*} are bounded, we can

obtain from the above mequahty that

liminf F (08!, 1) > F(0, =*). (A.11)

k—o00

On the other hand, since {ack} is bounded, it has at least one accumulation point. Suppose

that ™ is an accumulation point and {x*} is a convergent subsequence such that lim x*i =
1—00

k+1 _ = x*°. Thus, by passing

x¥|| = 0, we also have that lim xFit+!
71— 00

to a further subsequence if necessary, we may assume without loss of generality that the
subsequence {F (%!, gFt1)} satisfies

. Since lim ||z
k—ro0

lim F(Gk i+l k"“) = lim sup F(0k+1, wkH).
i—00 k—o0

Note that F' is closed upper semicontinuous concave (see, for example, [37, Theorem 7]),

and thus dom F is closed. This together with (0, ) = lim (@71, z**1) induces that

11— 00
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(0, z*°) € dom F'. Then, we see that

F(0, ¥)
> F(0, ™) (since &* is optimal for problem (3.2))
= F< lim @%*1 lim :1:]““) (since lim @*+! =0 and lim zF+! = )
> limsup F (0ki+1, mkiH) (since F' is upper semicontinuous)
1—00
= limsup F(0"*!, 7). (by the choice of subsequence {x**1})
k—oo

This together with (A.11) implies that

lim F(6", 1) = F(0, =*). (A.12)
k—00
We next study the limit of {G(y**!,£&¥+1)}. Since —F and G are convex conjugate
and (081, ht1) € OG(y" !, €¥1), we can get the following equality by using the Fenchel
equality (see, for example, [36, Theorem 23.5]):

G(ka, £k+1) — F(0k+1, mk+1) + <0k+1’ yk+1> + <$k+1, €k+1>.

Since klim o+l = o, klim gkl = 0, and the sequences {x*} and {y*} are bounded, we
—00 —00
obtain that
lim G(y**', ") = F(0, %) = G(y*, 0).

k—o0

This proves statement (iii).

Statement (iv). We first prove that any accumulation point of {g*} is an optimal solution
of problem (2.1). Since {y*} is bounded by statement (i), the sequence {y*} has at least one
accumulation point. Suppose that y* is an accumulation point and {y*} is a convergent

k+1

subsequence such that lim y* = y>. Since klim ly*+t! — y*|| = 0, we also have that
— 00

J—00

lim y**1 = y>. Then, using the fact that G is lower semicontinuous and convex, and
J]—00

lim &+ =0, we obtain that

k—o0

G(y™,0) = G(lim y" ™, lim €%T) <liminf G(y" ™!, €71 = G(y*,0).
j—o0 J—00 J—00

This implies that y> is an optimal solution of problem (2.1). Similarly, using the upper
semicontinuity of F' and analogous manipulations, we can prove that any accumulation point
of {¥} is an optimal solution of problem (3.2). This proves statement (iv).

Statement (v). We next prove that the whole sequence {z*} is convergent. Let

Dy (wh,y%), ) = inf {J — |2+ milly* — v}
y*ey*
and define that
¢ := liminf D,, ((wk, b, y*) ,

k—o0
where J* is the solution set of problem (2.1) (i.e., problem (1.2)). Since {w*}, {y*} and

{7x} are bounded, we see that 0 < ¢ < oo and there exists a subsequence {(w*,y", 7 )}
such that

lim Dy, ((wkf,ykj), y*) = ¢.

j—o0
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Then, by passing to a further subsequence if necessary, we may also assume without loss of
generality that the subsequence {x¥} C {x*} converges to some accumulation point x>,
which, in view of statement (iv), belongs to X* (the optimal solution set of (3.2)). Thus, for
such > and any y* € V*, using (A.8) with some manipulations, we can obtain that, for all
k> ]{3]’,

2" — 2 + |w* — y*|* + 7]l y* — v
k—1
< H (1 + Vi) (Hmkj _ :1:00”2 + ”,wkj _ y*||2 +Tijykj _ y*H2>.
i=k;

Since 0 < ¢ < likminf{Hwk —y*||? + 7lly* — y*||2} for any y* € Y*, passing to the limit
— 00

superior when & — oo on the both sides of the above inequality, we obtain that, for any
y el

¢ + lim sup {Hmk — :BOOHQ}
k—o0

< lim sup {H:L'k —z>|? + ||'wk -y * + TkHyk - y*||2}

k—o0
oo
[T+ )| (Ileh =22 + flwh -y | + 7 9™ - yI2) . i = 0.

i=k;

IN

Taking the infimum in y* € Y* on the right-hand side of the last inequality, we have that

lim sup {||ack - a:°°||2}

k—o00
< [TTa+w ) le 2=+ | [T +w) | Ds, ((wh,55),¥) =6, vjzo0.
i=k; i=k; '

Since In (H;ﬁkja + yz-)) = Y2 (1 +13) < X% v and lim Y, v = 0 (due to the
j—o0
summability of {vy}), we see that lim H;’ikj(l + ;) = 1. Using this fact, we can observe
j—o0

that the right-hand side of the above inequality converges to 0 as j — oco. Then, we conclude

that lim x* = 2>, which completes the proof. O
k—o0

A.2 Proof of Theorem 3.2

Proof. Statement (i). For the sake of clarity, we will present our proof in three steps.

Step I. Let (y*,z*) € RM™ x RY be an arbitrary saddle point of £. Similar to the proof
of Theorem 3.1(i), we combine (A.2) with (A.4) to obtain that

||$k+1 k+1

—y*|?
ot @l - 7P 200 (6 -y, 85H) 4 (@ -, )

+ 20_k<yk+1 o y*,AkH) . ||:12k+1 . wk”Z - TkHyk—H o yk||2.

— " + mlly

Since (0,0) € 9l(y*, x*) and (OFF1, £F+1) € Oe(yF+1 2k +1) it then follows from the mono-
tonicity of 0¢ that
<yk+1 _ y*, 0k+1> + <wk+1 _ CU*, €k+1> > 0.
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Thus, we conclude that

% 2
\Fy —y)|” |Vt =)
xh — phtl ac*
L (A.13)
Ty
k * k
> VT 2] - ot -t

Define the sequences {*} C RM and {&*} C RY as follows:
M=y (y*) and =" :=Ix-(xF), V>0,

where )* is the solution set of problem (2.1) (i.e., problem (1.2)), X* is the solution set of
problem (3.2) (i.e., problem (1.1)), and IIy:(y*) (resp. Iy (")) denotes the projection of
y" (resp. =) onto set Y* (resp. X*). Since (A.13) holds for any y* € Y* and z* € X'*, we
can replace y* and * with g* and Ek, respectively, to obtain that

_ 2
\/*y _y \/* k+1 _ )
33 —$ k’-i-l Ek
Ykt 2
> [V O oyt - wak.

Moreover, from the definitions of ¥* and Z*, we have that ||y"™ — "1 < ||y*T! — 7¥||
and ||e* ! — ZFH1|| < ||z*T! — Z*||. These, together with the above inequality, yield that

k+1 k+1
NG y —y VTk 1k
H Ky ] H S
k 5 (A.14)
vV Tk +_ ) _9 k1 _ k| AR+
k+1 mk oklly il I

Step II. We next derive an upper bound for ||y*+! — ¥ ||||A*+1|. On the one hand, we
have from (A.1b) that

GRIAF2 < p (Il = 2F |+ g™ -y ),

which implies that

jas) < Y2 VT ) (A15)
On the other hand, we see that
ly* ' =g < g™ - g+ llﬂk+1 e A i o Vi
<yt — g + kf;”l - y*) ’ (A.16)

where the second inequality follows from the non-expansiveness of the projection operator
Ty« (-). Moreover, since {y*} and {x*} are bounded (by Theorem 3.1(i)), there must exist
a positive scalar r such that

dist((y", =), (9¢)71(0,0)) <r, Vk>0.
Thus, we apply Assumption A with this » and know that, there exists a k > 0 such that

dist <(yk+17mk+1), V* x x*> < kdist ((0,0), aﬁ(yk—kl,mk—&—l)) <k H(0k+1’ £k+1)H 7
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where the last inequality is due to (A.6) (i.e., (01, €¥F1) € o(yF+!, k1)) with @1 =
ARFL Tkak_l(ykJrl —yF) and €FH1 .= Uk_l(wk — ¥+1). This inequality further implies that

k —k = -
Iy =g\l — g ek - a2

P Al IS TNV TS
> Jk—l(mk ) > k1 _ gk R
= 1
o (k) o YT ViR = uh) 0
> ox Zhl gk
R (VP + VD) VA )
ok k+l mk ’

where T}, is defined as 7j, := max {1, 7;} and the last inequality follows from (A.15). Now,
combing (A.15), (A.16) and (A.17), with some manipulations, we can obtain that

Hyk-i—l o kaHAk—i-lH < H\/> (,0 + \/,F —|— Gk\[ f k+1 _ )
- Uk\/> xh Tl

Then, substituting this inequality into (A.14) yields that

2

wk

‘\Fy fy Hf yht — gkt
ok — 5k k+1 _ gkt
, (A.18)
o (1 2T+ VT + 200D |yt - )
= Ukﬁ k+1 ZDk

Step III. In the following, we will establish the convergence rate based on (A.18). First,
by recalling the conditions on {7x}: 7% > Tmin > 0 and 7,41 < (1 4 )7, with v > 0 and
Y pe o Vk < +00, we know that there exists Tmax := ([]peo(1 + v&)) 7o such that 0 < Tyin <
Tie < Tmax < F00 for all & > 0. This together with condition (3.5) implies that there exists
a positive integer kg such that

26y/Tk (P + VPTk)
VTE=2yp

VTE—2y/p >0 and o >c VEk > ko,

where ¢ > 1. Hence, one can verify that

2 2 -1 min — 2

<1 KT (0 VTk) + Uk\f) S T VT VP L0 VE> ke (A19)
O'k\/i & \/ﬁ

which means that the factor in the right-hand side of (A.18) will be positive when k > k.

On the other hand, using (A.17) again, we deduce that

2

H\/» Ykl — 2 N o2 yhtl gt
k+1 wk = 2 (\/ﬁ—f— 5)2 a:k—i-l _Ek—i-l
_ 2
- ok VIR(yET =gt
= 9 —\ 2 _ mk-&-l _§k+1
K (\/ﬁ—i— \/Tk) Tk
This, together with (A.18) and (A.19), yields that
k _ 2k |2 yhtl gt
Tre(y" —
’ \/;ggy_ Eky ) (1+ k) ‘\/»k-&-l —k+1 ) » Yk = ko, (A.20)
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where

. <1 26T (p+ VPTR) + 20k\/ﬁ> ol
o/ () T

2
~ O
2 c ——2_
K2 (\/,5 + v Tmax) Tmax
60'2
> Ymin = min > 0, Vk > ko.

K2 (/P + /Tman) Trnaax

Let AF := Diag(r,Iar, In). Since {73} is bounded away from 0 and satisfies that (1 +vy)7, >
Te41, we have that (1 +vg)AF = A*1 = 0. Then, one can obtain from (A.20) that

(A.21)

k412

k+1

-y
-

k+1
v

> (1 + )

)
Ak+1

which readily implies that
distyen (4,54, (90)7(0,0)) < prdistys (6", 2"), (90)71(0,0)),

1+4vg

I+, °

limsup {pr} < 1. Thus, we obtain the desired results in statement (i).
k—o00

Statement (ii). Using (A.18) and (A.19) again, we see that

where i := Since v, — 0 and v > Ymin > 0 for all k& > ko, one can verify that

ETminHyk—i_1 - kaQ +1 :Ek < diStAk ((yka wk)7 (6()_1(0’ 0)) s

g

for any k > k. Using this inequality and the fact that the sequence {dist AR ((yk, x¥), (90)~1(0,

is asymptotically Q-(super)linear convergent, we can conclude that there exist a positive in-
teger k1, 0 < 8 <1 and C > 0 such that

ly*tt —y¥| < CBF, VE >k,

which further implies that > 70 ||[y**! —y¥|| < co. Consequently, {y*} is a Cauchy sequence
and hence convergent. Therefore, the proof is completed. O

B A dual ADMM for QROTSs

In this section, we present the alternating direction method of multipliers (ADMM, see, e.g.
[5, 14]) for solving the dual problem (4.3), which can be reformulated as:

min {f;(W) —a'u—-B"v | ul] + 10" = W}. (B.1)
weR™ wER™ WeRM X7
Given a penalty parameter o > 0, the augmented Lagrangian function of (B.1) is
Ly (u,v,W;X)
o 2
= fq(W) — o'u—pBTv+ <X7 ul! +1,v" - W> + 3 Hul,TL + 10" — WHF

Then, the ADMM for solving (B.1) can be described as in Algorithm 3.

25

0))}



Algorithm 3 ADMM for solving (B.1)
Input: a penalty parameter o > 0, and initializations u® € R™, v € R", W9, X0 ¢ Rm*",
Set k= 0.
while the termination criterion is not met, do
Step 1. Compute

(ukH, ka) = arg min Ea(u,v,Wk;Xk).

u,v

Step 2. Compute
Whtt = argmwi/n Eg(ukH,UkH,W;Xk).

Step 3. Set X" = X* 4+ 70 (w1 4 1, (0F )T — WHH) | where 7 € (O, Lf) is
the dual step-size that is typically set to 1.618.
Step 4. Set k + k+ 1 and go to Step 1.

end while
Output: (uk,vk,Wk,Xk).

Both subproblems in ADMM can be solved efficiently. Specifically, (uk“, ka) can be
obtained by solving the following unconstrained convex minimization problem:

2
min hy(uw,v) = —a'u—B v+ g "u,l;Lr + 1,0 — SkH ; (B.2)
u,v 2 F

where S¥ := W* — ¢=1X*, From the first-order optimality conditions of (B.2), we see that
solving problem (B.2) is equivalent to solving the equation Vhg(w,v) = 0. This, in turn,
reduces to solving the following linear system

nu+ (1, 0)1, = o la + S¥1,,, (B.3a)
(1) w1, + mv =018+ (S%)"1,,.. (B.3b)
With some algebraic manipulations, it is not difficult to show that
“la+ 5k1
wity = 2T Ly VieR,
n
—1 Sk T]_ ]_T *(¢
vi(t) = 0 BH(SY) In  1yu ()1n, VteR.
m m

solves the above linear system. Thus, we obtain a solution pair (u*(t),v*(¢)) with any ¢ € R.
It can be routinely shown that (u*(t),v*(t)) satisfies the linear system (B.3a) and (B.3b),

and therefore solves problem (B.2). On the other hand, W**! can be obtained by computing
—1 px*
q 9

C — Hymxn (C—-@Q"), A=0,

the proximal operator of the function o ie.,

WHH = prox, 1. (Q%) =
%3 Q" = (14 20) Mgpen (Q° =€), A >0,

where Q¥ := w11 + 1,, (") T + 071 X*.

C An iBPGM for QROTSs

In this section, we briefly discuss how to employ an inexact Bregman proximal gradient
method (iBPGM) with Sinkhorn’s algorithm as a subsolver for solving the QROT problem
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(4.1). We refer readers to [52, Section 5] for more details. Specifically, the iBPGM with the
entropy kernel function for solving (4.1) can be given as follows: let X° > 0 and ¢(X) :=
>_ij ij(logzij — 1), at the k-th iteration, compute

XEH n}}n{<0+)\X’“, X) + DX, X*) | X1, =, X1, :B}, (C.1)

where 1, > A is a positive proximal parameter, and Dg(U, V') denotes the Bregman distance
between U and V associated with the kernel function ¢ which is defined as Dy(U, V) :=
o(U) — (V)= (Vo(V), U — V). Problem (C.1) can be rewritten as

m)}n {(Mk, X) + pr Doy wij(log iy — 1) | X1, = a, X", = ,6}, (C.2)
where M* := C' + AX* — p; log X*. Note that problem (C.2) has the same form as the en-
tropic regularized optimal transport problem and hence can be readily solved by the popular
Sinkhorn’s algorithm; see [31, Section 4.2] for more details. Specifically, let ZF := =M ",
Then, given an initial positive vector v*?, the iterative scheme is given by

b = (B, WM = B (EY M), Vi 0, (C:3)

where “./” denotes the entrywise division between two vectors. When a pair (u®?, v®?)
is obtained based on a certain stopping criterion, an approximate solution of (C.2) (and
hence (C.1)) can be recovered by setting X** := Diag(u*?) ZF Diag(v**). Meanwhile, a pair
of approximate dual solutions can be recovered by setting f** := u;logu®t and gFt :=
wilog vt In our experiments, we simply execute Sinkhorn’s iteration (C.3) only once for
each subproblem, and observe that this is sufficient for obtaining a promising initial point
for warm-starting our ripALM.
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