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Abstract

We propose a theory for neutrino oscillations, in which the flavour neutrinos are
treated as waves of massless particles propagating in a “refractive quantum vac-
uum” and obeying a relativistically covariant equation of motion. The difference
in strength between weak interactions and mass-generating interactions is argued
to allow for the production and detection of flavour neutrinos in weak interactions
as massless particles. They experience the mass-generating interactions as coherent
forward scattering in the Brout–Englert–Higgs vacuum, which induces macroscop-
ically multi-refringent effects. The flavour neutrino wave is then found to have a
universal effective refractive mass in vacuum and a unique group velocity for a given
energy. The coherence of the wave is manifest throughout and, at every moment
of the propagation, the energy of the waves is the same. The standard oscillation
probability in vacuum is obtained and the effects of matter are incorporated in a
natural way.

1 Introduction

The theoretical description of flavour neutrino oscillations was proposed in its standard
and most concise form in the work of Gribov and Pontecorvo [1]. The formula for the
oscillation probability derived in [1], with amendments for three active neutrinos, has been
the fundamental theoretical tool for the analysis of experimental data (see, for example,
[2]). Ever since, numerous ideas and approaches have been proposed for phenomenological
descriptions of neutrino oscillations, compatible with quantum mechanics and quantum
field theory. Notwithstanding, the question still remains: how do neutrinos oscillate?

The standard theory of neutrino oscillations and most of the other descriptions are
predicated on the assumptions that: 1) the observed flavour neutrino states are coherent
superpositions of massive neutrino states of different masses and 2) the waves correspond-
ing to particles of different masses interfere. Both assumptions are essential for justifying
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the oscillatory patterns of the transition probability from one flavour to another. Never-
theless, both assumptions are in an irreconcilable conflict with quantum mechanics and
quantum field theory. This conflict was analyzed in detail in [3] and we shall not go
through it here. We recall only that any mixture of states of particles of different masses
is by default incoherent [4] in any conceivable version of quantum mechanics or quantum
field theory, and this is true whether the particles are described by plane waves or wave
trains. In a nutshell, the reason is that the physical states of a system are described by
one-dimensional normalized rays in a Hilbert space [5] and a superposition of states of
different masses does not belong to a Hilbert space. Recently, new arguments have been
proposed and debates have arised about the impossibility that antineutrinos emitted in β-
decay be in a coherent superposition of different mass eigenstates (see [6,7] and reference
therein).

In this paper, we propose a novel theory of neutrino oscillations, in which the real
particles, or asymptotic states, are the massless flavour neutrinos of the Standard Model,
propagating through a quantum vacuum that acts as a refractive medium that also mixes
the flavours. Any mass term in a Lagrangian is the effective expression of an interaction.
We will argue that, in the case of neutrinos, due to the feebleness of the mass-generating
interaction as compared to the weak interactions, the effect of the mass terms is refractive
and not kinematic; in other words, the neutrinos remain massless as participants in weak
interactions, but propagate in free space with a definite, calculable speed which is less
than c.

In our framework, the flavour neutrinos are represented as massless waves, whose
quantum mechanical interpretation is that of probability amplitudes. These waves are
refracted just as light waves are in a transparent and dispersive medium, by coherent
forward scattering. This ensures the coherence needed for explaining the flavour oscilla-
tions. Due to the mixing terms in the Lagrangian, the coherent forward scattering can
also change one flavour into another, without altering the energy or momentum of the
neutrino. This is strongly reminiscent of light birefringence1, which was proposed by
Wolfenstein [8] as the correct analogy for neutrino oscillations, but it has so far never
been explored in an adequate theoretical framework.

An essential aspect of birefringence is, as in any refraction phenomenon, that the
frequencies of the incident and emergent waves are always the same, and the refractive
index reflects a change in wave length, due to shifts of phase which happen at each
scattering site [10, 11] (see also [12]). Microscopically, the refracted wave is built up as
an averaged wave created by coherent forward scattering at each scattering center, which
explains why the frequency (equivalent to the energy of neutrinos, in the particle picture)
remains the same [13–15]. For this reason, energy eigenstates, or mass eigenstates, do not
appear at all in this formalism.

Apart from a consistent treatment of flavour neutrinos from production to detec-
tion, the present theory has the merit of describing neutrino oscillations as an essentially
macroscopic wave process, whose particularities are defined by microscopic interactions.
In contrast, the standard analogy by which neutrino oscillations are modeled is with the

1Here, we have in mind the circular birefringence, which takes place when linearly polarized light
propagates in an optically active isotropic and homogeneous solution of an enantiomere of a substance
with chiral molecules. It is different from the type of birefringence which occurs in anisotropic crystals.
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quantum mechanical two-level (or multi-level) systems. In the latter case, the oscillations
take place among states of localized atoms or molecules, i.e., without spatial propagation.
For this reason, the oscillations are customarily treated as a microscopic phenomenon
with a periodicity in time, while its space development is brought into play indirectly,
with the ad hoc assumption that whatever change happens in time will also propagate in
space, because neutrinos move. A paradoxical consequence of the standard treatment is
that the speed of propagation of flavour neutrinos, the very ones that oscillate, cannot be
defined. In our formulation, however, the speed of propagation of flavour neutrinos of a
given energy is perfectly well-defined and unique for all flavours. This is the effect of the
existence of a unique refractive mass, which is given by a combination of all the active
neutrino mass parameters in the effective Lagrangian.

It has been recently proposed that neutrino oscillations could be caused by coherent
interaction of massless flavour neutrinos with dark matter (see, for example, [16–18]). In
the present work, we do not introduce such new interactions between neutrinos and matter.
However, our scheme enables the incorporation of any new interactions for neutrinos,
contributing their effects to the neutrino oscillations and to the universal refractive mass
of neutrinos.

We consider the Lagrangian of the active neutrino fields νℓ(x), where ℓ = e, µ, τ is the
flavour index, to which we add an equal number of right-chirality gauge-singlet fields with
a corresponding flavour index. The Lagrangian is comprised of the Standard Model (SM)
flavour-conserving part and a flavour violating Dirac mass part arising from a Yukawa
coupling with the Brout–Englert–Higgs (BEH) scalar field:

L = L0 + Lmass + LCC + LNC . (1.1)

Here L0 contains the kinetic terms:

L0 = ν̄ℓL(x)i/∂νℓL(x) + ν̄ℓR(x)i/∂νℓR(x), (1.2)

Lmass contains mass and mixing terms:

Lmass = −ν̄ℓ′L(x)Mℓ′ℓνℓR(x) + h.c., (1.3)

where Mℓ′ℓ is, in general, a 3× 3 complex nondiagonal matrix. Its elements are given by

Mℓ′ℓ =
v yℓ′ℓ√

2
,

where v is the vacuum expectation value of the BEH field and yℓ′ℓ are the elements of
the complex nondiagonal matrix of Yukawa couplings. LCC describes the charged current
interactions of neutrinos with the charged lepton fields ℓ(x):

LCC = − g√
2
ν̄ℓL(x)γµℓL(x)W

µ(x) + h.c., (1.4)

and LNC describes the neutral current interactions:

LNC = − g

2 cos θW
ν̄ℓL(x)γµνℓL(x)Z

µ(x). (1.5)
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The mass and mixing terms (1.3) are treated as interaction terms, which produce the
aforementioned coherent forward scattering in the BEH vacuum.

Although we do not specifically consider the Majorana neutrinos, the scheme works
as well for any seesaw Lagrangian which leads to Weinberg’s dimension 5 operator:

LWeinberg = − 1

Λ
L̄ℓ(x)H̃(x)yℓℓ′H̃

T (x)CL̄T
ℓ′(x) + h.c., (1.6)

where Lℓ(x) is the SM massless left-handed leptonic doublet of flavour ℓ, H(x) is the
Higgs doublet, C is the charge conjugation matrix, and Λ is the seesaw scale (the cutoff
scale of the effective theory).

In Sec. 2 we present our description of neutrino flavour oscillations in the refractive
vacuum. The refractive index and oscillation/survival probabilities of flavour neutrinos
in the BEH vacuum are found in Sec. 3, using the forward scattering amplitude derived
in Appendices A and B. The speed and effective mass of neutrinos are obtained in Sec. 4.
The effect of matter on neutrino oscillations is considered in Sec. 5. In Sec. 6 we argue that
for neutrinos the mass-generating interaction is much weaker than the weak interaction,
which justifies the assumption that the asymptotic flavour neutrino states are considered
to be massless. Finally, the results are discussed in Sec. 7.

2 Flavour oscillations in the quantum vacuum

In this section, we shall develop the theory of flavour oscillations for neutrinos in anal-
ogy with the circular birefringence. The general framework is the theory of multiple
scattering of waves [10, 11, 13], which is used to derive the wave equation for the flavour
neutrinos. The neutrino waves experience multirefringence by interaction with the back-
ground vacuum expectation value of the BEH field; this mixes the flavour components
and consequently causes the oscillation of the flavours. We also find that the neutrinos
gain a universal effective (refractive) mass and group velocity, which are the same for all
flavours.

Our assumptions are the following:

1. Every neutrino is produced in weak interactions as a massless particle in a definite
flavour state, with definite energy E and momentum p, satisfying the dispersion
relation E = |p|. The implicit assumption is that weak interactions strictly conserve
flavour, as in the Standard Model. It follows that the free massless neutrino flavour
waves are plane waves,

ψ0(x, t) = e−i(Et−p·x), E = |p|, (2.1)

satisfying the Helmholtz equation

(∇2 + E2)ψ0(x, t) = 0. (2.2)

From the quantum mechanical perspective, this is the Klein–Gordon equation for
the massless case, (

∂2

∂t2
−∆

)
ψ0(x, t) = 0, (2.3)
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obtained from the dispersion relation2 E2 = p2, with E = i ∂
∂t

and p = −i∇. Eq.
(2.2) is compatible with the Weyl equation for massless spinors. ψ0(x, t) is the
analog of the incident (linearly polarized) wave which enters a medium in the case
of circular birefringence.

2. The mass-generating interactions (1.3) are ”switched on” and start taking effect after
the production of the massless flavour neutrino, inducing multiple coherent forward
scatterings3. We assume an isotropic distribution of scatterers and weakly scattering
media, such that the first Born approximation can be applied. The assumption is
realistic, due to the homogeneity and spatial uniformity of the background field v,
and because the interaction of neutrino with the v-field is much more feeble then
their weak interactions. The scatterings cause a change of phase as well as a change
of flavour, without causing any change in energy – see Fig. 1.

y∗ℓℓ′′ yℓ′ℓ′′

νℓL νℓ′′R νℓ′L

v v

(a)

M∗
ℓℓ′′ Mℓ′ℓ′′

νℓL νℓ′′R νℓ′L

(b)

Fig. 1: (a) The interaction of the left chiral Weyl neutrino field with the constant scalar field v
causes a change of flavour. (b) This is equivalent to mass insertions.

3. Through multiple coherent forward scatterings, the neutrino wave builds into an
averaged coherent wave with three flavour components Ψνℓ(x, t). Each component
represents the probability amplitude that the neutrino has a certain flavour at the
point x and time t. Since only forward coherent scattering is possible in the BEH
vacuum, the averaged coherent neutrino wave travels with unchanged energy, or
frequency, and without attenuation throughout its macroscopic propagation length.
When the neutrino is detected, it will have the same energy and momentum as when
it was created, though the flavour can be different.

4. The averaged coherent neutrino wave Ψνℓ(x, t) in the BEH vacuum satisfies the rel-
ativistic wave equation with source, just like a light wave propagating in a dielectric
medium [13]. In a homogeneous dispersive medium with the number density of
scatterers N , this is:[(

∇2 + E2
)
δℓ′ℓ + 4πNfℓ′ℓ(0)

]
Ψνℓ(x, t) = 0, (2.4)

2We cannot use the linear dispersion relation E = |p| to derive the differential equation linear in time
derivatives i ∂

∂tψ0(x, t) = | − i∇|ψ0(x, t), because the latter gives inconsistent results for the negative
energy solutions.

3In Sect. 6 we argue why this separation between weak interactions and mass generating interactions
is plausible.
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where fℓ′ℓ(0) is the transition amplitude of the forward scattering from flavour ℓ to
ℓ′ [11, 14]. As explained above, the wave has the definite energy E, such that we
can separate the variables:

Ψνℓ(x, t) = e−iEtΨνℓ(x). (2.5)

If there are several types of scatterers with different scattering amplitudes and den-
sities, formula (2.4) correspondingly takes into account all of them separately:[(

∇2 + E2
)
δℓ′ℓ + 4πNαfα

ℓ′ℓ(0)
]
Ψνℓ(x, t) = 0, (2.6)

where α identifies each type of scatterer [11]. Eq. (2.6) will be used in Sect. 5,
where propagation through homogeneous matter will be considered.

In the rest of this section we shall use these assumptions to find the transition ampli-
tudes and probabilities for the case of purely forward scattering as is the case in the BEH
vacuum. For simplicity we consider the case of two flavours, for example ℓ = e, µ. The
results are easily generalised to more flavours at the end of the section.

With these considerations, we write the averaged coherent wave equation (2.4) in the
matrix form:[

∇2 + E2 + 4πN

(
fee(0) feµ(0)
feµ(0) fµµ(0)

)](
Ψνe(x, t)
Ψνµ(x, t)

)
= Df

(
Ψνe(x, t)
Ψνµ(x, t)

)
= 0, (2.7)

with the initial conditions(
Ψνe(0, 0)
Ψνµ(0, 0)

)
=

(
1
0

)
or

(
0
1

)
, (2.8)

since the neutrinos are produced strictly in one of the flavour states. To reiterate, the
coherent waves Ψνℓ′

(x, t) represent the probability amplitude to find a neutrino of flavour
ℓ′ at the point x at time t, assuming that the neutrino was produced in a given initial
state of flavour ℓ:

Ψνℓ′
(x, t) =

∑
ℓ

Aνℓ→νℓ′
(x, t)Ψνℓ(0, 0). (2.9)

We diagonalize the differential hermitian operator Df with the unitary matrix U :

U †DfU = D′
f , U =

(
cos θ − sin θ
sin θ cos θ

)
, (2.10)

where

D′
f =

[
∇2 + E2 + 4πN

(
f1(0) 0
0 f2(0)

)]
. (2.11)

Since we discuss two-flavour Dirac neutrino mixing, it is sufficient to take U as a rotation
matrix. The general case will be covered later, when we consider an arbitrary number of
flavours.
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In the new basis,

U †
(
Ψνe(x, t)
Ψνµ(x, t)

)
=

(
Ψ1(x, t)
Ψ2(x, t)

)
, (2.12)

we get the decoupled wave equations[
∇2 + E2 + 4πN

(
f1(0) 0
0 f2(0)

)](
Ψ1(x, t)
Ψ2(x, t)

)
= 0, (2.13)

with the obvious plane-wave solution

Ψi(x, t) = e−i(Et−p′
i·x), i = 1, 2, (2.14)

where
p′2
i = p2 + 4πNfi(0), E2 = p2, i = 1, 2. (2.15)

We emphasize that fi(0) do not represent forward scattering amplitudes of any physical
processes and, as a matter of fact, do not have a physical meaning. They are just notations
for the eigenvalues of the nondiagonal matrix of forward scattering amplitudes4 that
appear in (2.7). Consequently, we will not attach any physical meaning either to the
waves Ψi(x, t).

We define the refractive indices

n2
i =

p′2
i

p2
= 1 + 4π

Nfi(0)

E2
, i = 1, 2. (2.16)

In the limit Nfi(0)
E2 ≪ 1,

ni = 1 + 2π
Nfi(0)

E2
, i = 1, 2. (2.17)

The flavour neutrino wave is, using (2.12) and (2.14),(
Ψνe(x)
Ψνµ(x)

)
= U

(
Ψ1(x)
Ψ2(x)

)
= U

(
ein1p·(x−x0) 0

0 ein2p·(x−x0)

)
U †
(
Ψνe(x0)
Ψνµ(x0)

)
, (2.18)

namely(
Ψνe(x)
Ψνµ(x)

)
=

(
ein1p·x cos2 θ + ein2p·x sin2 θ (ein1p·x − ein2p·x) sin θ cos θ
(ein1p·x − ein2p·x) sin θ cos θ ein1p·x sin2 θ + ein2p·x cos2 θ

)(
Ψνe(0)
Ψνµ(0)

)
.

(2.19)
Let us consider that an electron neutrino was produced at x = 0, t = 0. Then, our

initial condition is (
Ψνe(0, 0)
Ψνµ(0, 0)

)
=

(
1
0

)
. (2.20)

4In the case of the interaction with the BEH vacuum, discussed in this work, the eigenvalues fi(0) are
negative. In general, when other possible interactions with matter are considered, fi(0) can be positive
or even complex, when there is absorption.
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With this initial condition, we find the transition amplitudes to be:(
Aνe→νe(x, t)
Aνe→νµ(x, t)

)
=

(
Ψνe(x, t)
Ψνµ(x, t)

)
= e−iEt

(
ein1p·x cos2 θ + ein2p·x sin2 θ
(ein1p·x − ein2p·x) sin θ cos θ

)
= e−i(Et−n̄p·x)

(
cos
(
∆n
2
p · x

)
+ i cos 2θ sin

(
∆n
2
p · x

)
i sin 2θ sin

(
∆n
2
p · x

) )
, (2.21)

where n̄ = n1+n2

2
and ∆n = n1 − n2.

The survival and transition probabilities at a distance L = |x| from production, in the
direction of propagation, x = L p

|p| , are

Pνe→νe(L,E) = |Aνe→νe(L, t)|
2 = 1− sin2 2θ sin2

(
∆n

2
EL

)
, (2.22)

Pνe→νµ(L,E) =
∣∣Aνe→νµ(L, t)

∣∣2 = sin2 2θ sin2

(
∆n

2
EL

)
, (2.23)

where E = |p| is the energy of the neutrino.
It is now easy to see how this scheme is formally similar to the circular birefringence:

the flavour neutrino waves Ψνℓ(x, t), ℓ = e, µ, are the analogues of two orthogonal linear
polarization, of which one enters the medium. The optically active medium mixes the
two linear polarizations through the coherent scatterings that take place inside it. The
waves Ψi(x, t), i = 1, 2 are the analogues of the left- and right-circular polarizations,
which have definite but different refraction indices, nL and nR. As a result, their optical
paths corresponding to a certain traveled length L are different and, when light exists the
medium, it is still linearly polarized, but on a different direction. The angle of rotation
of the polarization plane is given by ∆ϕ = ∆nLE/2, with ∆n = nL − nR.

In the case of circular birefringence, the stereoisomers composing the medium are chiral
molecules and the phenomenon reflects the parity breaking; in the same way, neutrino
oscillations reflect the flavour violating interactions. Although the vacuum does not violate
flavour, it is nevertheless blind to flavour, because the flavour quantum number does not
determine a superselection rule in the Hilbert space of massless neutrinos.

Generalization to more flavours: We consider now F > 2 flavours mixing. The
two-dimensional rotation matrix in (2.10) is replaced by a unitary F × F matrix U with
components Uℓi. The averaged coherent neutrino waves are obtained as

Ψνℓ′
(x, t) =

∑
i

∑
ℓ

Uℓ′iU
∗
ℓi e

−i(Et−nip·x) Ψνℓ(0, 0)

= e−i(Et−n̄p·x)
∑
i

∑
ℓ

Uℓ′iU
∗
ℓi e

i
F

∑
j ̸=i ∆nijp·xΨνℓ(0, 0)

(2.24)

where n̄ = 1
F

∑F
i=1 ni and ∆nij = ni−nj. The amplitude for a neutrino νℓ at (x = 0, t = 0)

to transition to a neutrino νℓ′ at (x, t) is

Aνℓ→νℓ′
(x, t) = e−i(Et−n̄p·x)

∑
i

Uℓ′iU
∗
ℓi e

i
F

∑
j ̸=i ∆nijp·x. (2.25)
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Noting that

1

F

(∑
k ̸=i

∆nik −
∑
l ̸=j

∆njl

)
= ∆nij, (2.26)

the transition probability at the distance L in the direction of propagation is found to be

Pνℓ→νℓ′
(L,E) =

∣∣Aνℓ→νℓ′
(L, t)

∣∣2 =∑
i,j

Uℓ′iU
∗
ℓ′jU

∗
ℓiUℓj e

i∆nijEL. (2.27)

3 Refractive indices and flavour oscillation probabil-

ities in the BEH vacuum

In the theory of multiple scattering of waves, the scattering amplitude fℓ′ℓ(0) for the for-
ward scattering process νℓL → νℓ′L is related to the differential cross section of interaction
by the formula

|fℓ′ℓ(0)| =
√
dσℓ→ℓ′

dΩ

∣∣∣
θ,ϕ=0

, (3.1)

which is the well-known relation from quantum mechanical scattering theory. The forward
scattering amplitudes arising from the mass-generating interactions in the BEH vacuum
are calculated in Appendix A. Using eq. (A.4), we obtain

4πNfℓ′ℓ(0) = −2
(
MM †)

ℓ′ℓ
, (3.2)

where we have taken the number density of scatterers as N = 1
V
, in agreement with the

definition of the normalization volume. Then, the flavour neutrino waves will satisfy the
relativistic wave equation (2.6) with invariant scattering term5,[(

∇2 + E2
)
δℓ′ℓ − 2

(
MM †)

ℓ′ℓ

]
Ψνℓ(x, t) = 0. (3.3)

The complex nonsingular mass matrix M (with the notation in (1.3)) is diagonalized
by a biunitary transformation:

U †MV =Mdiag =
1√
2
diag(m1,m2, . . . ,mF ), (3.4)

therefore

U †MM †U =
1

2
diag(m2

1,m
2
2, . . . ,m

2
F ).

The scaling factor 1√
2
in (3.4) is included so that m2

i , i = 1, 2, . . . , F , are the eigenvalues

of the matrix 2MM † in (3.2)6. The decoupled waves Ψi(x, t) = U∗
ℓiΨνℓ(x, t) satisfy the

wave equations (2.13), with

4πNfi(0) = −m2
i , i = 1, 2, . . . , F. (3.5)

5We emphasize that the scattering cross-section given by eq. (A.3) and the density of scatterers
N = 1/V are not observables quantities, because they both depend on the normalization volume. The
observable of this formalism is the product given by (3.2). This quantity ultimately leads to the phase
shift and the measurable refractive index.

6The parameters mi do not represent masses of particles in our approach. We adopt this notation
because it is consacrated in the literature and it makes the comparison with known results straightforward.
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Hence, the eigenvalues of the refractive indices are

n2
i = 1− m2

i

E2
, i = 1, 2, . . . , F. (3.6)

The refractive index that defines the propagation velocity of the flavour neutrino wave
(2.24) is the arithmetic mean n̄ of ni. For neutrinos with energies satisfying E2 ≫ m2,

n̄ = 1− m2

2E2
, m2 =

1

F

F∑
i=1

m2
i . (3.7)

The amplitudes (2.25) of the flavour waves (2.24),

Ψνℓ′
(x, t) =

∑
ℓ

Aνℓ→νℓ′
(x, t)Ψνℓ(0, 0),

for neutrinos with the refractive index (3.7) are

Aνℓ→νℓ′
(x, t) = e−i(Et−n̄p·x)

∑
i

Uℓ′iU
∗
ℓi e

− i
F

∑
j ̸=i

∆m2
ij

2E2 p·x, (3.8)

where ∆m2
ij = m2

i −m2
j . For two flavours mixing, with the initial condition (2.20), the

transition and survival amplitudes are illustrated in Fig. 2.
The flavour transition probabilities (2.27) become:

Pνℓ→νℓ′
(L,E) =

∑
i,j

Uℓ′iU
∗
ℓ′jU

∗
ℓiUℓj exp

(
−i

∆m2
ijL

2E

)
, (3.9)

or, in a form which is more convenient for studying the CP properties,

Pνℓ→νℓ′
(L,E) = δℓℓ′ − 4Re

∑
i>j

Uℓ′iU
∗
ℓ′jU

∗
ℓiUℓj sin

2

(
∆m2

ijL

4E

)
+ 2 Im

∑
i>j

Uℓ′iU
∗
ℓ′jU

∗
ℓiUℓj sin

(
∆m2

ijL

E

)
. (3.10)

Antineutrinos have the same refractive indices, as can be easily seen from formula
(A.4). The decoupled antineutrino wave modes are defined by

Ψi(x, t) = UℓiΨν̄ℓ(x, t), (3.11)

since the forward amplitude (A.4) for antineutrinos is diagonalized by U∗. For antineu-
trinos the transition probability is obtained by replacing U with U∗ in (3.9),

Pν̄ℓ→ν̄ℓ′
(L,E) =

∑
i,j

U∗
ℓ′iUℓ′jUℓiU

∗
ℓj exp

(
−i

∆m2
ijL

2E

)
. (3.12)

When putting the above formula in a form similar to (3.10), the last term containing
imaginary part gets a negative sign. The probabilities for the transitions ν̄ℓ → ν̄ℓ′ and
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Fig. 2: An illustration of two flavour oscillations, given by eqs. (2.21), with n̄ = 1− m2
1+m2

2
4E2 and

∆n = (m2
2 −m2

1)/2E
2. The real and imaginary components (blue and green, respectively) of

the survival and transition amplitudes (top and bottom, respectively) for an electron neutrino
initially at L = 0 and t = 0, as a function of the distance L, are shown. The following numerical
values are used: E = 10 eV, m1 = 0 eV, m2 = 5 eV and θ = 0.6 radians. An energy that is
much smaller than in usual experiments is used for visual reasons. For realistic energies the
wavelength of the underling wave is much smaller than the length of modulation.

νℓ → νℓ′ are equal, Pν̄ℓ→ν̄ℓ′
= Pνℓ→νℓ′

, when the imaginary parts are zero, but they are
different from each other Pν̄ℓ→ν̄ℓ′

̸= Pνℓ→νℓ′
when the mixing matrix contains phases that

cannot be factorized, which is the case when CP is violated. The whole analysis of CP
violation proceeds from here in the standard way.

The probabilities for the transitions ν̄ℓ → ν̄ℓ′ and νℓ′ → νℓ are equal, Pν̄ℓ→ν̄ℓ′
= Pνℓ′→νℓ ,

which is a consequence of the CPT invariance.

4 Speed of the neutrino waves and effective mass of

flavour neutrinos

Eq. (2.25) shows that all the transition/survival amplitudes Aνℓ→νℓ′
(x, t) have the same

space-time evolution, governed by the phase

e−i(Et−p′·x) = e−i(Et−n̄p·x), (4.1)

to which all the refraction index eigenvalues contribute through the average n̄. If we
consider the medium to be the BEH vacuum, then n̄ is given by (3.7) when E2 ≫ m2,
and the energy dependence indicates that the medium is dispersive. As the refraction
index is subunitary, the phase velocity is greater than the speed of light in vacuum,
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vp > c. This is the result of the negative phase difference induced by the interaction
with the BEH vacuum, which makes the forward-scattered wave advanced (leading) with
respect to the incident wave, as depicted in Fig. 3. The coherence throughout propagation
is automatically ensured.

Fig. 3: Illustration of a leading scattered wave. The incoming blue wave scatters from the black
dot. The scattering causes a negative shift in phase, but without a change in frequency, namely
the green wave. The scattered wave is leading and the phase seems to travel faster than the
speed of light. The actual speed of the wave formed by the superposition of the incident and
emergent waves is the group velocity.

The speed of the neutrino waves is the group velocity, vg = ∂E/∂p′. Noting that
p′ = n̄(E) p = n̄(E)E, we find:

vg =

(
∂p′

∂E

)−1

=
1

n̄(E) + E ∂n̄(E)
∂E

=
1

1 + m2

2E2

< 1. (4.2)

We may define a so-called “refractive mass” of the flavour neutrinos, by comparing
the dispersion relation of neutrinos:

p′ = E

(
1− m2

2E2

)

with the dispersion relation of a ultrarelativistic particle of mass m and energy E:

p = E

(
1− m2

2E2

)
.

The refractive mass of flavour neutrinos is then

m2
refr = m2. (4.3)

This is a universal effective mass for all flavour neutrinos in vacuum, corresponding to a
universal speed for all the neutrinos of a given energy (4.2).
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Low-energy neutrinos: The framework that we have proposed works reliably when
the interaction can be treated as perturbation. In the following, we shall explore the
obtained formulas in the low-energy regime, with the understanding that at least the
general features will survive in a more careful treatment.

For neutrinos with energies comparable to or below m2, we have to use the average
refraction index according to the formula (3.6), namely,

n̄ =
1

F

F∑
i=1

(
1− m2

i

E2

)1/2

. (4.4)

The group velocity is

vg =
1

1
F

F∑
i=1

(
1− m2

i

E2

)−1/2
, (4.5)

where the denominator is the arithmetic mean of 1
ni
.

When the neutrinos are emitted with energy E < min (m1,m2, . . . ,mF ), the refractive
index is purely imaginary, the neutrino wave becomes evanescent and the neutrinos do
not propagate. Their ”penetration depth”, i.e. the distance after which the probability
to find the neutrino drops by 1/e is δ = 1

2E|n(E)| .
If the energy E is in between some mass eigenstates, for example m1 < E < m2, the

refractive index is complex, and the probability that the wave will propagate becomes
subunitary.

The evanescence of low-energy neutrinos is analogous to the evanescence of electro-
magnetic waves in plasma, when their frequency is less than the plasma frequency. In our
quantum mechanical scheme, this feature is connected with tunneling through a potential
barrier, which is in this case produced by the BEH vacuum.

5 Oscillations in matter of constant density

Here we shall sketch the case of oscillations in matter, which follows broadly the vacuum
case described above. For definiteness, we shall consider two-flavour mixing and the effect
of matter made up of electrons, protons and neutrons. The number densities of the
matter constituents is assumed to be constant and the number densities of electrons and
protons are assumed to be equal. The neutrinos interact with the matter through the
charged-current (CC) and neutral-current (NC) weak interactions and it is assumed that
the neutrino energy is much below the mass of the W boson.

Now with multiple types of scatterers we have to use the wave equation with multiple
sources (2.6). The wave equation for Ψνℓ , where ℓ = e, µ, will read:[
∇2 + E2 + 4π

(
Nfee(0) +Nef

e,CC
ee (0) +Nnf

n,NC
ee (0) Nfeµ(0)

Nfeµ(0) Nfµµ(0) +Nnf
n,NC
µµ (0)

)](
Ψνe(x, t)
Ψνµ(x, t)

)
= 0,

(5.1)
where fℓℓ′(0) are given by (A.4), N = 1/V , Ne is the density of electrons, Nn is the density
of neutrons, and

f e,CC
ee (0) = − 1√

2π
GFE, fn,NC

ee (0) = fn,NC
µµ (0) =

1

2
√
2π
GFE, (5.2)
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are the charged-current and neutral-current forward scattering amplitudes of the processes
νe+e→ νe+e and νℓ+n→ νℓ+n, respectively, in the low-energy limit (Fermi’s interaction
approximation), E ≪MW [19]. The NC contributions from electrons and protons cancel
each other, since the densities of electrons and protons are equal and the NC forward
scattering amplitudes are opposite.

Assuming that electron neutrinos of energy E are produced at x = 0, t = 0, and the
density of electrons is constant, the transition amplitudes become:(

Aνe→νe(x, t)
Aνe→νµ(x, t)

)
=

(
Ψνe(x, t)
Ψνµ(x, t)

)
= e−i(Et−n̄p·x)

(
cos
(
∆n
2
p · x

)
+ i cos 2θm sin

(
∆n
2
p · x

)
i sin 2θm sin

(
∆n
2
p · x

) )
, (5.3)

where

n̄ =
n1 + n2

2
, ∆n = n1 − n2,

n2
1,2 = 1− 1

2E2

[
m2

1 +m2
2 + ACC − ANC ∓

√
(∆m2 cos 2θ − ACC)2 + (∆m2 sin θ)2

]
,

ACC = 2
√
2GFNeE, ANC = 2

√
2GFNnE, ∆m2 = m2

2 −m2
1,

tan 2θm =
∆m2 sin 2θ

∆m2 cos 2θ − ACC

. (5.4)

For sufficiently high energy neutrinos, such that E ≫ mi, E ≫ GFNe and E ≫ GFNn,

n̄ = 1− m2
1 +m2

2

4E2
− GF (Ne −Nn)√

2E
, (5.5)

the refractive mass of neutrinos becomes

m2
refr = m2 +

√
2GF (Ne −Nn)E, (5.6)

while the group velocity does not receive any additional contribution due to matter,

vg =
1

n̄(E) + E ∂n̄(E)
∂E

=
1

1 + m2

2E2

< 1. (5.7)

Once more, the energy of the flavour neutrinos during propagation in matter is the energy
with which they are produced at the vertex; the introduction of ”energy eigenstates in
matter” is not necessary. Nevertheless, the mixing angle in matter is modified and the
phenomenon of resonant enhancement of oscillations is also present for neutrinos, but
not for antineutrinos, which have opposite sign for the transition amplitude in matter
compared to (5.2). The evanescence for low-energy neutrinos occurs as well, but the
cutoff energies depend on the properties of the medium, as can be seen from (5.4).

6 Masslessness of asymptotic flavour neutrino states

A key assumption of the present theory of flavour neutrinos is that the asymptotic flavour
neutrino states are massless. These are the only physical states of the theory. The
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effective mass of the propagating flavour neutrinos appears due to their interaction with
the vacuum BEH field, which leads to the refractive index of the vacuum (as given in
Sec. 3). Here we aim to establish that the flavour neutrinos are created and annihilated
in weak interactions as massless particles by arguing that the mass-generating interactions
described by the Lagrangian (1.3) are much more feeble than the weak interactions that
create and annihilate the neutrinos.

We argue this point in analogy with the standard theory of K0 − K̄0 mixing and
oscillations (for a review, see [20]): the K0 mesons are produced by strong interaction,
neglecting the strangeness-violating effect of the weak interaction [21,22]. Insofar as weak
interactions are neglected, K0 and K̄0 are completely stable mass-degenerate particles7

[23]. The weak interaction takes effect after a K0 has been created, producing coherently,
by virtual processes, the antiparticle K̄0 (see Fig. 4c). The same weak interactions lead
to the appearance of the tiny split between the propagation eigenstates (KL, KS) and the
consequent K0 − K̄0 strangeness oscillations (see also [24]). The strong interactions are
associated with characteristic lifetimes of 10−23 s, while weak interactions are associated
with characteristic lifetimes of about 10−8 s. Consequently, the probability that weak
interactions affect the production of a particle by strong interactions is indeed negligible.

K0 K0

π

π

(a)

K̄0 K̄0

π

π

(b)

K0 K̄0

π

π

(c)

Fig. 4: The virtual weak interaction processes by which a K0 beam creates K̄0 in a coherent
manner, after K0 had been produced in strong interactions.

We shall use a similar argument in the case of neutrinos. Lifetime is defined as
the inverse of the decay rate for an unstable particle. Similarly, we shall define the
characteristic time τm as the inverse of the interaction rate for mass-generating interactions
(A.5):

τm =
1

Γm

. (6.1)

The interaction rate depends on the normalization volume V , therefore it is not really an
observable, but with a reasonable choice of V , it can provide a sensible result and term
of comparison.

7For this reason, the measurements of the mass difference between K0 and K̄0 are used for imposing
bounds on CPT violation.
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The normalization volume is customarily taken to infinity, since its “boundary” repre-
sents the space limits at which the interaction drops to zero and particles are represented
by asymptotic states. Intuitively, V is physically and not mathematically infinite and,
for interactions of very short range, like the weak interactions, the “infinite” V can be
actually extremely small. The range of the weak interactions is given by the inverse of
the W -boson mass, according to the Yukawa potential formula

V(r) = −g2W
e−MW r

r
.

At a distance RW = 1/MW , the potential drops by about 1/e, and this is what we call
the range, i.e. the spatial extension within which the weak interactions are significant in
strength. If we consider a distance R = 102RW , the potential drops by more than e−100,
which can be safely considered a vanishing potential, satisfying the condition of “infinite”
V . We shall therefore estimate V to be the volume of a sphere of radius R:

V =
4π

3
R3 =

4π

3

106

M3
W

. (6.2)

The common intuitive description of particle interactions is via the adiabatic hypoth-
esis: the initial particles start infinitely far apart as asymptotic states, essentially eigen-
states of the free Hamiltonian. They come close together in an infinite time, they interact
in a certain space domain Ω, and then the final states separate in infinite time and space,
becoming eventually asymptotic states, when they do not feel the interaction anymore.
In this picture, the interaction region is like a black box, about which we do not have
any knowledge. As the mass of particles is an effective manifestation of some interaction
in all the theories of the Standard Model kind, the region Ω in which particles interact
is the region in which the final particles also have to get their kinematic mass. In other
words, the mass-generating interactions do take place with high probability within the
region in which particles interact by the other processes which are under study. Normally,
we consider implicitly that the mass generation takes place with unit probability, which
is a good approximation if the strength of the mass-generating process is bigger than the
strength of the studied interaction.

Let us calculate the characteristic time of the mass-generating interaction of neutri-
nos. Assuming the eigenvalues of the mass matrix to have typical absolute values of the
order mν = 0.1 eV, and considering the volume in which the weak and mass-generating
interactions take place as in (6.2), we obtain the interaction rate:

Γν
m =

4

3
106

m4
ν

M3
W

∼ 0.2 · 10−39 GeV. (6.3)

Inverting it, we find the characteristic time for the mass generation of neutrinos in a
volume one million times bigger than the region in which the weak interaction takes
place:

τ νm ∼ 3 · 1015 s ∼ 108 years. (6.4)

In other words, neutrinos are enormously “stable” as massless particles, and reluctant to
acquire kinematical mass during their production in weak interactions.
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We can repeat the whole argument for the case of the other weakly-interacting parti-
cles. Among them, the electrons have the smallest mass, me ≈ 5 · 106 mν . Consequently,
we find the characteristic time for the mass generation of electrons

τ em ≈
(
5 · 106

)−4
τ νm ≈ 3 · 10−12 s, (6.5)

which is similar to the lower end of the characteristic time for weak interactions, justifying
the fact that the electrons and all the other elementary particles are observed to have
kinematical masses.

Thus, we can affirm that the mass-generating interactions have an insignificant effect
during the weak interaction processes, where neutrinos are created and annihilated, but
become significant during the propagation of the neutrinos. This supports the assump-
tion that the neutrinos participate in weak interactions as massless flavour particles, and
acquire an effective refractive mass during propagation over macroscopic distances.

We do not presume to have explained the mechanism by which particles get mass or
part of their mass by interaction. This mechanism involves a change between orthogonal
vacua, with the second vacuum being a condensate of pairs of particles pertaining to
the first vacuum [25]. Such subtleties are hardly ever addressed or even considered in the
analysis of processes with massive particles. Our argument above, essentially based on the
interpretation of kaon mixing extended to neutrinos, indicates that in the circumstances
in which two interactions are many orders of magnitude apart in strength, the vacuum of
the stronger interaction is not shifted by the weaker one.

7 Discussion and outlook

We have presented a theory for neutrino oscillations in vacuum, where the flavour neutri-
nos are described as waves of massless particles and the flavour oscillations are explained
by the refractive index of the quantum vacuum, which is nondiagonal with respect to the
flavour components of the wave. The effect of a nondiagonal index of refraction for the
flavour waves is to rotate the flavour just as an optically active medium rotates the plane
of polarization, which is in agreement with Wolfenstein’s proposal that flavour oscillations
in matter are analogous to optical birefringence [8] (see also [9]). We propose that flavour
oscillations are generally produced in this way, regardless of whether matter is present or
not.

1. We have argued that flavour neutrinos are created and annihilated in weak inter-
actions as massless particles, since the mass-generating interaction for neutrinos is
significantly weaker than the weak interaction. Therefore, we treat all the mass and
mixing terms in the Lagrangian (1.3) as interactions. At the microscopic level, the
nondiagonal (flavour-changing) refractive index for the flavour waves is produced
by the coherent forward scatterings of massless flavour neutrinos on the vacuum
BEH field. The refractive properties of the vacuum, as well as of matter, can be
calculated using quantum field theory and the multiple scattering framework.

We have considered here only Dirac mass terms in the Lagrangian, which come
together with a sterile right-handed neutrino field. In our scenario, the sterility of
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νℓR is indeed perfect, and the corresponding degrees of freedom do not couple ever
(before or after diagonalization) to theW and Z bosons. Consequently, right-helicity
neutrinos and left-helicity antineutrinos cannot be created in weak interactions.

2. As it was mentioned in the Sect. 1, the same theory of oscillations will work also
for the case in which Majorana mass terms for neutrinos are engendered by any
of the seesaw mechanisms compatible with SM gauge symmetry. Ultimately, they
represent also a propagation in the BEH vacuum, though intermediated by some
very heavy particles whose fields, in turn, are treated classically. This would give the
oscillations that we observe in experiments, with neutrinos whose energy is much
lower than the masses of the seesaw particles.

3. We have obtained a universal speed (4.2) for high-energy neutrinos of a given energy
in vacuum. The effect of matter is obtained by adding the relevant sources to
the averaged wave equation (2.6). As an example, in Sec. 5 we considered the
flavour oscillations in constant density matter for neutrinos with energies much
below the W -boson mass scattering on electrons. In that particular case, the speed
of neutrinos is not affected by matter due to the linear dependence of the forward
scattering amplitude (5.2) on energy. It remains for the future to study, in the
multiple scattered coherent wave framework, the case of variable density and the
analogue of adiabatic conversion and the Mikheyev–Smirnov–Wolfenstein effect.

4. The formalism can be extended to the oscillations of massive particles of any spin
(mesons or neutrons, for example). The spin has no bearing in this procedure,
because the only process involved besides free propagation is coherent scattering,
which does not change any kinematic properties of the particles. For relativistic
particles, the equation of motion is Klein–Gordon equation, to which we add a
mass term. The masses of K0- or B0-mesons, as well as neutrons, are large or very
large, therefore these particles are considered to be emitted massive. Then weak
interactions or some BSM interactions, in the case of neutrons, mix the particle and
antiparticle and produce the tiny shifts in the phases of the wave function, which
account for the flavour oscillations. In all cases of particle-antiparticle oscillations,
the mixing angle is π/4, as expected.

In the case of nonrelativistic particle oscillations, we use the Schrödinger equation,
which is also written as Helmholtz equation, but with different dispersion relation.
For example, the analogue of eq. (2.4) is:[(

∇2 + p2
)
δf ′f + 4πNFf ′f (0)

]
Ψf (x, t) = 0, p2 = 2ME, (7.1)

where M is the mass of the meson or neutron, E is its nonrelativistic energy, with
which it is emitted, f, f ′ are flavour indices (for particle, antiparticle, and possibly
mirror particles) and Ff ′f (0) is the transition amplitude of the coherent forward scat-
tering produced by the specific interaction which mixes the flavours (for simplicity,
we ignore here the imaginary part of the transition amplitude, which is associated
with the decays). Supposing that we have only two flavour mixing, i.e. particle and
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antiparticle, the two eigenvalues of the refractive index will be given by:

n2
i = 1 + 2π

NFi(0)

M E
, i = 1, 2. (7.2)

Evanescence can occur if Fi(0) is negative andN |Fi(0)|/M > E/2π. SinceN |Fi(0)|/M
is an extremely small number, the evanescence occurs for such low speed, that it is
observationally compatible to the rest state.

5. Measurements of the speed of neutrinos have long been considered as a way to
detect the effect of neutrino masses. There are mainly two approaches for analyzing
the effect of the neutrino mass. We can consider the spread of flight times of
neutrinos with different energies, assuming that the neutrinos respect the relativistic
dispersion relation, for example from supernovae [26]. Alternatively, in order to
obtain the deviation of the speed of neutrinos from the speed of light, we may
compare the flight times of neutrinos to the flight times of photons originating
from the same source [27, 28]. Moreover, several terrestrial reactor or accelerator
neutrino experiments for measuring the speed of neutrinos have been carried out.
In our theory, flavour neutrinos in vacuum respect the ultrarelativistic dispersion
relation with the refractive mass m2, and hence the speed of neutrinos is determined
by the refractive mass and the energy (4.2). Thus, the measurements of the speed
of high-energy neutrinos can be used to constrain the value of m2.

6. In the standard phenomenological treatment of neutrino oscillations, where the
flavour neutrinos are thought to be produced in weak interactions as a linear su-
perposition of states of different masses, considerable efforts have been invested in
understanding the decoherence of neutrinos. Since the wave packets that describe
the neutrinos of different masses propagate at different speeds, the separation of
the wave packets eventually destroys the coherence of the flavour neutrinos and
hence the pattern of neutrino oscillations. In our framework, the flavour neutrinos
do not lose their coherence during propagation in vacuum. The conservation of
coherence is a significant difference compared to the standard description of oscil-
lating neutrinos, which may provide a way to test our proposal. We stress that the
distance-dependent and energy-dependent flavour oscillations (3.10) can still be sup-
pressed by other factors, e.g. by averaging over energy or momentum or dissipative
interactions producing quantum decoherence (see, for example, [29]). Indeed, such
questions regarding the oscillations of flavour neutrino wave trains and the source
of their suppression in experimental settings need to be analyzed further.

7. Since the standard description of neutrinos involves interference of waves of particles
of different masses, which is a deviation from standard quantum field theory, several
discussions and debates on the description and interpretation of such interference
has occurred. As an example, it has been posited that the massive states that
describe a flavour neutrino state should have the same energy in order for their
interference to be observable [30] (see also [31]), while other authors have held that
interference is observable regardless of whether the energies (or momenta) are equal,
as the massive neutrinos must be described as wave packets that contain a range
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of energies [32]. We shall not revisit those discussions here. Instead we note that
our proposal shows that massive neutrinos of different masses are not necessary for
the description of oscillating neutrinos. We can describe neutrinos as flavour waves
which have a common dispersion relation (see Sec. 4) and which have a distance-
dependent and energy-dependent envelope.

8. Experiments for a kinematic determination of the neutrino mass are conducted using
a β-decay or an electron capture process of nuclei with preferably a low energy release
(Q-value). Since in such processes the produced neutrino takes away at least the
energy stored in its kinematic mass, the high-end of the electron energy spectrum
would be affected by the neutrino mass. Currently, the most sensitive experiment
of this kind is KATRIN, where an upper bound on the kinematic mass of electron
neutrino has been obtained asmνe < 0.45 eV [33] (with the projected final sensitivity
of the experiment in the vicinity of 0.2 eV). Since in our proposal flavour neutrinos
are produced in weak interactions as massless particles and subsequently gain their
refractive mass due to the interactions with the vacuum BEH field (and matter if
it is present), the effect of the universal refractive mass of neutrinos can only be
observed in experiments where neutrinos are detected after they have propagated for
some considerable macroscopic distance. When the consequences of our framework
for low energy neutrinos are understood, experiments like KATRIN, which probe the
creation of low energy neutrinos, can be used to test our proposal. Our prediction
is that the kinematical flavour neutrino mass in weak interaction will be zero, and
this is compatible with any upper bound that KATRIN might produce.

9. By extrapolating the results for the refractive index to the very low energy, we have
obtained an evanescent behaviour of neutrinos. This is a direct effect of the fact
that we worked with the proper relativistic wave equation, which always leads to
a formula for n2, and not for n. The same is true also for massive nonrelativistic
waves treated by Schrödinger’s equation, which becomes the Helmholtz equation in
the momentum space [10, 11]. The evanescence of quantum mechanical probabil-
ity waves is related to the tunnel effect. Since the energies of the neutrinos where
evanescence appears are so small, it is unlikely that any terrestrial experiment could
test this effect, possibly with the exception of PTOLEMY. However, very low energy
neutrinos have huge implications in structure formation and other cosmological phe-
nomena [34]. Also in very dense matter, the evanescence cutoff energy can change
a lot. These aspects need to be further studied.
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A Forward scattering amplitude in BEH vacuum

The scattering amplitude fℓ′ℓ(0) for the forward scattering process νℓL → νℓ′L is related
to the differential cross section of interaction by the formula

|fℓ′ℓ(0)| =
√
dσℓ→ℓ′

dΩ

∣∣∣
θ,ϕ=0

. (A.1)

Hence fℓ′ℓ(0) can be calculated from quantum field theory up to a phase. Treating (1.3)
as an interaction leads to invariant transition matrix elements between flavour neutrinos
(for details of calculation, see [3]). To lowest order, these are

iMνℓL→νℓ′L
=
∑
ℓ′′ p

νℓL

p

νℓ′′R

p

νℓ′L = −2i
(
MM †)

ℓ′ℓ
,

iMν̄ℓR→ν̄ℓ′R
=
∑
ℓ′′ p

ν̄ℓR

p

ν̄ℓ′′L

p

ν̄ℓ′R = −2i
(
MM †)∗

ℓ′ℓ
, (A.2)

where L and R denote helicities. The 1-particle-to-1-particle differential scattering cross
section of a massless particle in a normalization volume V and during a very long but
finite time interval T is

dσ

dΩ
=
V

T

d

dΩ

∫
V d3p′

(2π)3
(2π)4δ4(p′ − p)V T |M|2 1

2EV

1

2E ′V

= V

∫
dE ′E ′2(2π)δ4(p′ − p)|M|2 1

4E ′E

=
π

2
V δ3(p′ − p)|M|2

∣∣∣
|p′|=|p|

, (A.3)

where E = |p|, E ′ = |p′| and the incident neutrino flux is 1/V (massless neutrinos
propagate with the speed of light). Using formulas (A.1), (A.2), (A.3) and δ3(0) = V

(2π)3

leads to the following result for the forward transition amplitudes:

fℓ′ℓ(0) = − V

2π

(
MM †)

ℓ′ℓ
, for neutrinos,

f̄ℓ′ℓ(0) = − V

2π

(
MM †)∗

ℓ′ℓ
, for antineutrinos, (A.4)

with the phase determined in Appendix B.
Incidentally, we can also define an interaction rate, namely the probability of interac-

tion per unit time:

Γνℓ→νℓ′
m =

1

T

∫
V d3p′

(2π)3
(2π)4δ4(p′ − p)V T |M|2 1

2EV

1

2E ′V

= 2π2δ3(p′ − p)|M|2
∣∣
|p′|=|p|

=
V

π

∣∣(MM †)ℓ′ℓ
∣∣2 . (A.5)

This has the dimension of a decay rate and is used in Sect. 6 to define the characteristic
time of mass-generating interactions.
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B Phase of the forward scattering amplitude

The phase of the forward scattering amplitude fℓ′ℓ(0) is determined by comparing the
S-matrices of quantum mechanics and quantum field theory. The quantum mechanical
S-matrix is

⟨f |S |i⟩ = δfi − 2πiδ(Ef − Ei)Tfi, Tfi = ⟨f |T |i⟩ , (B.1)

where |i⟩ and |f⟩ are the initial and final free particle states, Ei and Ef are the correspond-
ing energy eigenvalues, and Tfi is the transition matrix. In the first Born approximation,
corresponding to first order perturbation theory, the transition operator T is equal to the
interaction Hamiltonian (i.e. the classical potential).

In quantum field theory, we define the S-matrix in terms of the Feynman amplitude
Mfi as

⟨f |S |i⟩ = δfi + (2π)4δ4(pf − pi)
1√

2V Epf

1√
2V Epi

iMfi. (B.2)

For coherent forward scattering with pf = pi = (Ep,p), δ
3(p− p) = V

(2π)3
, we have

⟨f |S |i⟩ = δfi + 2πiδ(Ep − Ep)
Mfi

2Ep

. (B.3)

Therefore, from the comparison of (B.1) and (B.3), we have the correspondence

Tfi = −Mfi

2Ep

. (B.4)

In the multiple scattering theory [11], the averaged transition operator T̄ enters the
Helmholtz equation for averaged wave Ψ(x) as(

∇2 + p2 − CT̄
)
Ψ(x) = 0, (B.5)

where C is a positive parameter.8 Comparison with the wave equation (2.4) gives that
the forward scattering amplitude f(0) is equal to −T̄ up to a positive factor (of mass
dimension −2),

4πNf(0) = −CT̄ . (B.6)

In our case, the transition matrix for neutrinos is given by (A.2) and (B.4) as

Tℓ′ℓ = − 1

2Ep

MνℓL→νℓ′L
=

1

Ep

(
MM †)

ℓ′ℓ
, (B.7)

and its relation to the forward scattering amplitude is given by (B.6) as fℓ′ℓ(0) = − C
4πN

Tℓ′ℓ.
Since the absolute value of the forward scattering amplitude is given by (A.1), and with
the number density of scatterers taken as N = 1

V
, we have C = 2Ep. Thus, we obtain

that the forward scattering amplitude has opposite sign compared to the transition matrix
(B.7):

fℓ′ℓ(0) = −V Ep

2π
Tℓ′ℓ = − V

2π

(
MM †)

ℓ′ℓ
. (B.8)

8In Ref. [11], this is derived in the context of the Schrödinger equation for nonrelativistic particles, but
the discussion is actually the same for massless particles, like the photon, as shown in Ref. [13] (Chapter
13), because the Helmholtz equation is formally the same and the conditions of applicability are in both
cases similar, namely those for the validity of the first Born approximation.
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