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POINTWISE DISPERSIVE ESTIMATES FOR SCHRODINGER
AND WAVE EQUATIONS IN A CONICAL SINGULAR SPACE

QIUYE JIA AND JUNYONG ZHANG

ABSTRACT. We study the pointwise decay estimates for the Schrédinger and
wave equations on a product cone (X, g), where the metric g = dr? + r2h and
X =C(Y) = (0,00) xY is a product cone over the closed Riemannian manifold
(Y, h) with metric h. Under the assumption that the conjugate radius € of Y’
satisfies € > 7, we prove the pointwise dispersive estimates for the Schrodinger
and half-wave propagator in this setting. The key ingredient is the modified
Hadamard parametrix on Y in which the role of the conjugate points does not
come to play if € > w. In a work in progress [24], we will further study the
case that € < 7 in which the role of conjugate points come. A new finding is
that a threshold of the conjugate radius of Y for LP-estimates in this setting
is the magical number .
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the pointwise dispersive estimates for the Schrédinger and
wave equations, which continue the investigations about Strichartz estimates carried
out in [18, 52, 53, 54], on the product cone (X, g), where the metric g = dr? + r2h
and X = C(Y) = (0,00) X Y is a n-dimensional product cone over the closed
Riemannian manifold (Y, k) of dimension n—1 with metric h. Let A, be the positive
Laplace-Beltrami operator on X, which is the Friedrichs self-adjoint extension from
the domain CS°(X) that consist of the compactly supported smooth functions on
the interior of the cone. Consider the Schrédinger operator

H=A,+ Vo(y)r—2 (1.1)
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in the coordinator (r,y) of the above product cone (X, g). Our purpose of this paper
is to study the pointwise decay estimates of the associated Schrédinger equation
i0pu(t,r,y) + Hu(t,r,y) =0,
(1.2)
uli=0 = f(r,y)-
As is well known, the free Schrodinger equation in Euclidean space R™ without
potential obeys the decay estimate

€72 fll Lo (ny < CIEI™ 2| fllpaqeny, t#0, (1.3)
where the constant C' is independent of f and ¢. Therefore, the Strichartz inequal-
ities on Euclidean space (e.g. see [27]) reads

1€ fll e Lagxrmy < Cllfll 2@y, (1.4)
where (p, q) is an admissible pair, i.e.
2<pqg<oo, 2/p+n/g=n/2, (p,qn)#(2,00,2) (1.5)

It has been known that the geometry (e.g. trapping geodesic, conjugate points) of
the setting plays important role in the study of the dispersion solution of evolution
equation. For example, the Strichartz estimates in [2] on compact manifolds are
local-in-time and have loss of regularity due to the elliptic trapped geodesics, how-
ever the loss of regularity of the local-in-time Strichartz estimate can be recovered in
[3] if the trapped geodesic is hyperbolic, and further be extended to global-in-time
in [55]. From the results of [18, 53, 54], the conjugate points have no effect on the
Strichartz estimates even though one needs elaborate microlocal arguments. How-
ever, the pointwise decay estimates are more delicate than the Strichartz estimates.
It is known that there is an interesting phenomenon the usual Strichartz estimates
are still true even though the classical pointwise decay estimates fail, which is il-
lustrated by [5, 14] about the inverse-square potential and by [16, 18, 53, 54] about
the conjugate points.

In this paper, we study the pointwise decay estimates for the solution of Schrodinger
and wave equations associated with the conical singular operator H given in (1.1).
More precisely, we aim to detect the quantitative influence of the conjugate points
and the inverse-square potential on the decay rate of dispersive estimates, which is
the motivation of this sequence papers. This operator H has attracted researcher’s
interests from different disciplines such as geometry, analysis and physics. Even for
the operator without potential, the diffractive phenomenon of the wave on conical
manifolds was studied by Cheeger and Taylor [10, 11], and later was generalized
to general cones with several conical ends by Ford and Wunsch [13]. Miiller and
Seeger[33] studied the regularity properties of wave propagation. For the case with
the inverse-square potential, the asymptotical behavior of Schrédinger propagator
was considered in [9, 48] and Riesz transform was studied in [15].

There are also several other related studies on the pointwise decay estimates on
cones in the literature. In [42; 43], Schlag, Soffer and Staubach proved decay esti-
mates (depending on the angular momentum) for Schrédinger and wave equation
on manifolds with conical ends. In [26], Keeler and Marzuola studied the pointwise
dispersive estimates (also depending on the angular momentum) for Schrédinger
equation on product cones, which are hard to sum in the angular momentum. In
[7], Chen proved the local-in-time dispersive and Strichartz estimates on a general
conic manifold without conjugate points. We also refer the survey [44] by Schlag for
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more about the dispersive estimates. In particular, Y = S! = R/2w0Z with radius
o > 0, which is close to the Euclidean cone of cone angle o, Cy, = [0, 00), x (R/aZ)g.
This setting X = C(S}) is a 2D flat Euclidean cone, in which there is no conju-
gate points. The difficulties in summing angular momentum are simplified by the
straightforward structure of Y = S!, in which the eigenfunctions and eigenvalues
on Y are explicit. In [12], Ford proved the dispersive estimates (1.3) for Schrédinger
on the flat cone C(SL). For wave on C(S}), Blair, Ford and Marzuola [4] proved
the decay estimates for sin(t\/Ag)/\/Ay while in [4, (1.7), Conjecture 1.1] they
conjectured a pointwise decay estimates for cos(t\/A_g). Very recently, the last au-
thor [52] constructed the Schwartz kernels of resolvent and spectral measure for the
Laplacian on the 2D flat Euclidean cone, and proved the dispersive estimates for
the Schrédinger and half-wave propagators, which verifies [4, (1.7), Conjecture 1.1]
for wave and provides a simple proof of the results in [12] for Schrodinger. However,
since the pointwise dispersive decay estimates is very sensitive in the geometry prop-
erty and the scaling critical potential perturbation, to our best knowledge, there is
little results about the pointwise decay estimates in a general conical setting.

Motivated by this observation, we aim to study the pointwise decay estimates for
the dispersive equations associated with the operator H on product cone X = C(Y)
with more general closed manifold Y. One challenge is the potential presence of
conjugate points within our general cone settings. In view of the conjugate points,
Hassell and Wunsch [17] pointed out that the Schrodinger propagator U (t)(z, 2)
may fail to satisfy the classical pointwise dispersive estimate |U(t)(z, 2')| < C|t|~3
at some pair of conjugate points. In addition, as mentioned above, the perturbation
of the inverse-square potential is non-trivial since the inverse-square decay of the
potential has the same scaling to the Laplacian operator. Fanelli, Felli, Fontelos
and Primo [14] proved a weighted decay estimates when Vp(y) = a € [-1/4,0)
on R3, and they also addressed an open problem about decay estimates for more
general Vy(y) and high dimension n > 4 in [14, Remark 1.12].

In this paper, we focus on a general product cone X = C(Y) on Y whose
conjugate radius € > 7 where the conjugate radius € is defined by

e = inf{d(y1, y2) : pairs (y1,y2) where geodesics emanating from y; focus at ys}.

In future papers, we will consider the complicated case that conjugate radius of
Y, ¢ < m which includes the most interesting case ¢ = w. In fact, we expect the
dispersive estimate (1.7) below to fail generically in its current form in this setting.
This is because that the geodesic flow on X is expected to govern the propagation
phenomena of A,. Thus the dichotomy according to the existence of conjugate
point pair within distance 7 can be seen from the structure of the geodesic flow on
metric cones. Let z = r~! and y still be a coordinate system on Y. Suppose (see
[31, Section 2,3] for more details)

(z,y,7, 1)

are coordinates of the scattering cotangent bundle **7*X of X, then the rescaled
geodesic flow of g = dz—ﬁz + m% takes the form:

T = — sin(s + sg), 7 = cos(s+ sg), || = sin(s + so),
o sin(s + 50) (s -+ 50), Il = sins + 0) e

(y, /1) = exp(sH 1) (Yo, fo), s € (—s0, =0 + ),



4 QIUYE JIA AND JUNYONG ZHANG

where i = |u|;,1l w. In particular, this rescaled flow has a global source-sink struc-
ture with the location where s + so = 0 being the source and the location where
s+ sg = m being the sink. The important feature of this rescaling is that on the one
hand the flow has unit speed on Y, while on the other hand the entire travel time
of this flow is always 7. Thus, the geometric information on Y that can be detected
through the geodesic flow on X is ‘within distance n’. And the geometric informa-
tion is exp(sH 1 1), whose non-degeneracy, which is equivalent to our no conjugate
point assumption, is crucial in the Hadamard parametrix construction. Though
one can still construct parametrix with the presence of conjugate points in the
calculus of Lagrangian distributions, and this degeneracy is harmless to L?—based
estimates, but this is a general phenomena in the theory on the boundedness of
Fourier integral operators that this type of degeneracy (which essentially is the
degeneracy of the projection from the Lagrangian submanifold defined in (3.17) to
the base manifold) is fatal to general LP—estimates.

Now we state our main results.

Theorem 1.1 (Pointwise estimates for Schrodinger propagator). Let zq4 = (r1,y1)
and zg = (r2,y2) be in product cone X = C(Y) of dimension n > 3 and let H
be the Schrodinger operator given in (1.1), where Vy(y) € C=°(Y) such that P =
Ap +Vo(y) + (n —2)%/4 is a strictly positive operator on L*(Y). Assume that the
conjugate radius € of Y satisfies € > m, then, for t # 0, the Schwartz kernel of the

Schrédinger propagator e (21, z3) satisfies that
; n (m)inTﬁJruo rira < .
‘eltH(zl,z2)| < Clt|72 x 2t ’ 2t~ (1.7)
L > 1

where vy is the positive square Toot of the smallest eigenvalue of the positive operator
P on the closed manifold Y.

Remark 1.2. In particular, the result applies when Y is a sphere with radius
larger than 1, a closed Riemannian manifold with non-positive sectional curvature,
or their product.

Remark 1.3. It would be interesting to study the same problem when Y is
the unit sphere S"~! whose conjugate radius equals 7. This is closely related
to the Schrédinger operator with inverse-square potentials —A + Vo (y)r=2 (where
y € S"1) in the Euclidean space R™. There is an analogue of the open problem
addressed in [14, Remark 1.12]. In spirt of this, we can not prove the global point-
wise dispersive estimate, but we are able to prove microlocalized decay estimates
and global Strichartz estimates for the scaling critical electromagnetic Schrodinger
equation in [25].

For much of what follows, it is convenient to introduce a different parameteriza-
tion of the operator H

a=—(n-2)/2+ vy, (1.8)

where v is given in Theorem 1.1, the positive square root of the smallest eigenvalue

of the positive operator P = Ay + Vo(y) + (n — 2)?/4 on the closed manifold Y.

Define
0o, «>0;
= ’ = 1.9
a(@) {—g, “(n-2)/2<a<0, (1.9)
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and let ¢’(a) be the dual number of g(«) such that
1 1

@ 7@

=1.

As a directly consequence of Theorem 1.1, we have the following results.

Corollary 1.4. Let a be given in (1.8) and t # 0. If « > 0, then there exists a
constant such that

e | L1 x)noe(x) < CJE[ 72, (1.10)
and
Irr ey | L xy e x) < CJE 72 (1.11)
If—"T_2 < a<0, then
[+ 7)™ (L +r8) i (x)mre(x) < CIE72 (L4 [E]7). (1.12)

Remark 1.5. If the potential Vj is positive, then o > 0, hence one has the classical
dispersive estimates (1.10) and gain more decay in (1.11) by compensating some
weight.

Theorem 1.6. Let o be given in (1.8) and t # 0. If o > 0, then there exists a
constant such that

i _n(1_2
||eZtH||L<1'(X)—>L4(X) <C7E0TD, g e[2,4o0q). (1.13)
If——";2 < a <0, then

i _n@_2
le tH”Lq’(X)an(X) <Clt7E07D, ge(2,q(a). (1.14)

Remark 1.7. The first estimate (1.13) has been proved by directly interpolating
(1.10) and the L?-estimates. In contrast to the direct interpolation result, the
second estimate (1.14) is improved by removing the weight. Thus, for (1.14), we
need additional argument more than the interpolation, see Proposition 6.1.

Remark 1.8. An analogue of (1.14) was proved by Miao, Su and Zheng [29] for the
Schrédinger operator with inverse-square potentials —A + Vo(y)r—2 with Y = §"~!
and Vp(y) = a € [—(n —2)?/4,0) in the Euclidean space R™.

Remark 1.9. One can produce the Strichartz estimates by using the above de-
cay estimates and Keel-Tao’s abstract methods in [27]. The Strichartz estimates
for Schrodinger and wave in a general conical setting (without assumption on the
conjugate radius of Y') have been proved by Zheng and the last author in [53, 54].
The method studied the pointwise decay estimates here is quite different from the
one therein.

Next we state our results for wave equation.

Let o € C(R\ {0}), with 0 < p <1, suppp C [3/4 8/3], and
Do =1, i\ = e277N), F €L, do(N) =Y @277N).  (L15)

JEZ 3<0
Definition 1.10 (Besov spaces associated with H). For s € R and 1 < p,r < o0,
the homogeneous Besov norm of || - || By (X) is defined by
o 1/r
1ls; o = (302 IesVED flliny) (1.16)

JEZL
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In particular, p = r = 2, we denote the Sobolev norm
1 1 x) == [ 1L, ) (1.17)

Theorem 1.11 (Decay estimates for half-wave propagator). Let z; = (r1,y1) and
zo = (ra2,y2) be in product cone X = C(Y) of dimension n > 3 and let H be the
Schrédinger operator of Theorem 1.1. Assume that the conjugate radius € of Y
satisfies € > 7, then, for t # 0, there exists a constant C such that

i _n-1
el iy < O M o s (1.18)

provided that o > 0; If —(n — 2)/2 < a < 0, for 2 < ¢ < q(«), then

. _n—l_ 2
™ fll Lagxy < ClHI~ T D ] N L L (1.19)

o2 )

Remark 1.12. In particular, when Y = S! in which there is no conjugate points,
Blair, Ford and Marzuola [4] proved the decay estimates for sin(t\/Ag)/v/Ag,
while in [4, (1.7), Conjecture 1.1] they conjectured a pointwise decay estimates for

cos(ty/A,). This result generalizes their result to half-wave operator eitVH

The plan of the paper is the following. Section 2 is devoted to construction of
the kernel of the Schrodinger propagator, while in Section 3 we provide the proof
the parametrix construction. In Section 4, we prove the main Theorem 1.1. The
Littlewood-Paley theory associated with the Schrodinger operator H is established
in Section 5 and the decay estimates in Corollary 1.4 and Theorem 1.6 are proved
in Section 6. Finally, we prove the decay estimates for wave in Section 7.

Acknowledgments. The authors would like to thank Andrew Hassell for his
helpful discussions and encouragement. The last author is grateful for the hos-
pitality of the Australian National University when he is visiting Andrew Has-
sell at ANU. J. Zhang was supported by National key R&D program of China:
2022YFA1005700, National Natural Science Foundation of China(12171031) and
Beijing Natural Science Foundation(1242011); Q. Jia was supported by the Aus-
tralian Research Council through grant FL220100072.

2. THE CONSTRUCTION OF THE SCHRODINGER PROPAGATOR

In this section, we construct the representation of Schrédinger propagator in-
spired by Cheeger-Taylor [10, 11]. More precisely, we prove

Proposition 2.1 (Schrodinger kernel). Let H be the Schrédinger operator given
in (1.1) and let z1 = (r1,y1) € X and z3 = (ra2,y2) € X. Then the kernel of
Schrodinger propagator can be written as

eitH(Zla 22) = eitH(Tlayla 2, Y2)
r24r3
_n=2e "zt 1 [T rira
— 2 - > cos(s)
= (ri72) o (W/o ez cos(sV'P)(y1,y2)ds (2.1)

™

B M /oo o 721;2 cosh Se—S\/F(yl y2)d8)
0

where P = Ap, + Vo(y) + (n —2)%/4.
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Proof. We construct the Schrodinger propagator by using Cheeger’s functional cal-
culus for which we refer to [10, 46]. We write the Schrédinger operator on X

_ n—1 Ap + W
H= 0 +Vo(y)r? = =0f = ——0, + = —

)

where Ay, is the Laplacian operator on Y. Since Y is a compact Riemannian mani-
fold, by the spectrum theory, there exist discrete eigenvalues pj and eigenfunctions
vi(y) of operator Ay, such that

(An +Vo(y)er(y) = urer(y), keN:={0,1,2,...}, (2.2)
where we repeat each eigenvalue as many times as its multiplicity. Define
vk = Ve + (n—2)2/4, (2.3)

then

Por(y) = vivr(y), P:Ah+Vo(y)+@, keN={0,1,2,...}. (2.4)

By Cheeger’s separation of variables functional calculus (e.g. [46, (8.47)]), we obtain
the kernel K (t, 21, z2) of the operator e

K(t,Zl,ZQ) = K(t7rlaylar27y2)

= (7"17”2)7%2 > er@)er(y2) Koy (tm1,72), (2:5)
keN

where P, means the complex conjugation of the eigenfunction ¢ and

Ky (t,71,72) :/ e~ 1, (r1p)Ju, (r2p) pip. (2.6)
0

By using spectral theory, if F' is a Borel measure function, we identify the operator
with its kernel as in [46] to obtain

F(VP) =) Fwr)or(y1)er(v2), (2.7)

keN

which gives an operator on Y. In this sense, let v = P = \/Ah +Voly) + (n_42)27

then we define K, (¢,71,72)

_n=2
Ky (tr1,me) = (r1r2) = Y or(y)@n(y2) Koy (t71,72)
keN

n—2

= (r1r2) 2/ e_itp2Jl,(r1p)J,,(r2p)pdp (2.8)
0

n—2 Sy .
= (rir2) 7 lim [ eS0T (1) J, (rap) pdp.
E\‘O 0
By using the Weber second exponential integral [47, Section 13.31 (1)], we show,
fore >0

o) _ T%*f%
7(E+it)p2‘] J d _ e A(etit) I 1792 (29)
/0 € V(Tlp) V(TZP)P P 2(e—|—it) V(2(6+it))’

where I,,(x) is the modified Bessel function of the first kind

oo

1 v+2j
L@ =3 e 7
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We have two ways to see the Schrédinger kernel (2.5). On one hand, from (2.5)
and (2.9), we have

_ i3
- e 4(e+it) r,'-l TQ )

n—2
K(t = T I v
( 7211,22) (T1T2) ;N<Pk(yl)@k(y2) el\(r% 2(6 + ’Lt) k (2(6 + Zt)

(2.10)

= ()" 7 o > k) (2 (—0) ", (o2,

2t
keN

where we use the formula I, (iz) = i¥J,(x). Even (2.10) is not need for the proof
of (2.1), we record it here for the purposes of the subsequent sections.

Define
rir2

2(e +it)’
and recall the integral representation (see [47, Page 181] or [34, III, Page 186]) of
the modified Bessel function

1 - o ‘
I(2) = —/ e?cos(s) cos(vs)ds — M/ g7 coshs g —sv g
0 0

Ze = e >0,

T T
then

_ri+rd
_n—2 . e Aletit) 179
Ku ta 5 = 1 . v ;
(tr1,r2) = (rar) % lim 2(c + it) (2(6+zt))

5 _r%+T% 1 - (2 11)
_n-2 it o '
= (rir2) 2 67(;/0 e 7t °0) cos(vs)ds
_ Sin(l/ﬂ) /OO e 172 cosh se—sud8)7
™ 0
which implies (2.1) since v = /P = \/Ah + Vo(y) + @. 0

3. THE PARAMETRIX CONSTRUCTION

We consider the parametrix construction for the even wave propagator cos(sx/ﬁ)
and the Poisson wave propagator e(=s+imVP ip the terminology of Zelditch in [51].
The construction is essentially the Hadamard parametrix construction, but the
main point proven is that they and the composition of P~ can be represented as an
oscillatory integral with certain specific phase function with symbolic amplitudes,
and such a representation is needed in the proof of our main theorem.

Lemma 3.1 (Hadamard parametrix I). Let dj, = di(y1,y2) be the distance between
two points y1,y2 € Y and assume the conjugate radius of Y satisfies € > w. Then,
for |s| < and VN > n +2, the kernel of cos(sv/P) can be written as

cos(sVP)(y1,y2) = Kn(s:y1,y2) + B (s:91,2), (3.1)
where Ry (s;y1,y2) € CN7"72([0,7] x Y x Y) and
Kn(siy1,92) = (QW)"_I/ el vt Ea (s, 1, a3 |€]) cos(s|€])dé

n—1
B (3.2)

= / b (pdn)e™ M a(s, yu, ya; p) cos(sp)p™ dp
+ 0
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with 1 = (1,0,...,0) and a € S°:
0y a0 a(s,y1,y2: p)| < Cap(1+p) 7", (3.3)

and
0Fbs(r)| < Ch(l+7)""= %, k>0 (3.4)

Remark 3.2. The reason for calling this index NN instead of using N —n — 2
directly is that K is the sum of first (N + 1)-terms in the Hadamard parametrix
construction, which makes N a conceptually more transparent index to use. In
addition, Ry satisfies

102y o B (5391, )| < Cs*NF37nlel) (3.5)

when |a| < N —n—1, which follows from the same proof as [41, Equation (3.1.25)].

Proof. Ky is constructed through the Hadamard parametrix construction, see [41,
Chapter 2][20, Chapter XVII] for standard facts of this method. The concrete form
of the parametrix we adopt here is constructed in [37, Appendix A]. As indicated
in Hérmander [20, Chapter XVII], this method is robust under sub-leading order
(in the differential sense) perturbations, and we explain below why we can use the
same phase function and why the properties of the amplitudes are not affected.

First of all, the phase function is not changed since those perturbations doesn’t
enter the eikonal equation, which determines the phase. (From the point view of
Fourier integral operators, those perturbations don’t change the Lagrangian sub-
manifold that is carrying the wavefront set of this parametrix, hence we can use the
same phase function.) In addition, the smoothness of amplitudes is not affected as
well: in the construction of Hadamard parametrix, the original transport equation
for non-perturbed operator is [41, (2.4.15)-(2.4.16)], which are

pag = 2(x, Vzap), a0(0) = 1
as well as o, (z), ¥ = 1,2, 3.. so that
2uey, — poy, + 2(x, Vaau) + 28g00,-1 =0,

where o, are undetermined coefficients in the parametrix construction, and

n—1 n—1
p(z) = Z hij(0)a* (x)x; = Z hij(z)a" ()25, (3.6)

Jik=1 J.k=1

with a(2) = —|h(z)| =2 3720 h7* ()05 (|h(2)['/2).

In our case, the new transport equation for the perturbed operator would be
poy = 2(x, Vzap), ap(0) =1
as well as «, (z), ¥ = 1,2, 3.. so that
2uay, — pay, + 2(x, Vea,) + 20001 +2(Vo + (n —2)%/4) - o, -1 = 0.

Thus two solutions to the transport equations only differ in o, (z), v = 1,2,3..,
which is the reason why (4.12) is true. We also refer the reader to Hérmander [20,
§17.4] for the parametrix of a general second order differential operator with lower
order perturbations.

The last equality of (3.2) follows from the fact that

/Sni2 eldn(uLy2)Plw gy = zi: b (pd (y1, y2))ePnwrv2) (3.7)
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which is due to [40, Theorem 1.2.1]. O

Next we show that P~ cos(sv/P) and e(=s£™)VP p=m can be written as the
same type of oscillatory integral as above, but with the amplitudes a replaced by
Gm, & 2m-th order symbol.

Lemma 3.3 (Modified Hadamard parametrix II). Let dj, = dp(y1,y2) be the dis-
tance between two points y1,y2 € Y and assume the conjugate radius of Y € > m.
Then, for |s| < m, ¥m > 0 and VN > n + 2, the kernel of P~™ cos(sv/P) can be

written as
P cos(sVP)(y1,y2) = KN (siy1,y2) + Ry (s; 91, 92), (3.8)
where RY(s;y1,y2) € CN="2([0,7] x Y x Y) and

KR (591, 42) = (2m)" / I g (s, 1, g [€]) cos(s €] d

o _ (3.9)
= / b (pdp)e™ ™ ap, (s, 91, y2; p) cos(sp)p™ 2 dp
+ 0
with 1 = (1,0,...,0) and a,, € S™2™ symbol satisfies
108 41 2 05 am (5,91, 25 p)| < Ca (14 p) 72" 7H, (3.10)
and
08D (r)] < Cx(1+7) 7" 7%, k>0, (3.11)

In addition, for s > 0,Vm > 0 and VN > n+2, the kernel of Poisson-wave operator
e(=sEMVP p=m can be written as

Prme— VP = KR (5190, 40) + R (5351, 12), (3.12)
where RY(s;y1,y2) € CN="72([0,+00) X Y x Y) and

f(ﬁ(s;yl,yg) = (27.‘.)71—1/ 1 eidh(yhyz)lv&&m(s,yhyz; |§|)e—(sq:iw)\5\d§
Rn—

o | _ (3.13)
=>. / b (pdn ) €=t (5,1, 25 p)e” TP " 2dp
+ 0
with 1 = (1,0,...,0) and a,, € S™2™ symbol satisfies
Bgyl)yzaﬁdm(s, y1,Y2;0)] < Ca (1 + p)_2m_k. (3.14)

Proof. We give the parametrix constructed in Lemma 3.1 a Fourier integral operator
interpretation, so that the fact that P~™ cos(sv/P) can be written as an oscillatory
integral of the same form becomes clear.

To do this, we observe cos(s|¢]) = & (e%l¢l + e~I¢l), from (3.1) and (3.2), so the

part Kn(s,y1,y2) in cos(syv/P) can be written as
Ly+L_,
where

Li=C ei[dh(yl;y2)1'5:’:5|£”a/0(87y17y2; |€])dE, (3.15)
Rnfl
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with the same amplitude ag = a in (3.2). Next we show that Ly are Fourier integral
operators associated to £y :

Licel T(RXY xY, %), (3.16)

where the Lagrangian submanifolds are given by
Ly ={(s,y2,y1, T, o, —p1) ET* R XY xY): (3.17)
7= —|pal, (Y2, p2) = exp(£sHp) (y1, 1)}

Here we use p = |u|? to denote the homogeneous principal symbol of P, and

Hy = (2l A, (3.18)
is the rescaled Hamilton vector field. The order —1 of (3.16) is because ag € S°((Rx

Y xY)xR" ) and 0 = —1 + W — 221 (see [21, Proposition 25.1.5]
for details of this numerology). So it remains to prove that the phase functions in
(3.15)

¢+ (5,91, 42;) = (& L)dn(y1,y2) F s[¢] (3.19)
parametrizes £y of (3.17) respectively in the sense that .Z; are images of the map

Ay TR XY xY)

3.20
(S7y17y2;§) — (87y17y27ds,y1,y2¢i)7 ( )
where the critical set
Ap = {(s5,92,5156) € Rx Y xY) x (R"71)\ {0}) : de¢px = 0}.
We only prove ¢ parametrizes £, that is,
L ={(s,y2,y1, T, o, — 1) ET* R XY xY):
= {(s, 92,91, 7, 2, — 1) ( ) (3.21)

T = d5¢+7 H1 = _dy1¢+a H2 = dy2¢+7 df¢+ = O}a

since the other case about ¢_ and .Z_ can be shown similarly. Then

G+ (8,y1,92:€) = (£ 1)dn(y1,y2) — sl (3.22)
which is equivalent to:

dn(y1,y2) — 85—1 =

i S >0 (3.23)

0, s = >
I3

And this is in turn equivalent to

€ =1¢](1,0,...,0), s = dn(y1,y2). (3.24)

Recalling the assumption that the conjugate radius of Y e > 7 and s = dp(y1, y2)
in (3.24), we can use the geodesic normal coordinate system centered at y; so that
Y2 — y1 = dn (Y1, y2)fi1 = sfir, fir = p1/|pa] € S"2, (3.25)

provided dp, (y1,y2) < 7. In addition, we can make a change of coordinates on Y’
(and change coordinates on momentum variables according to its symplectic lift)
so that

Now we verify that the characterization of momentum variables in (3.21) coin-
cides with that in (3.17): using (3.25), we have

dyl(dh(y17y2>) = (—1,0, "'70)a dyz(dh(ylny)) = (170a aO) (327)
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Thus we further see

T=ds¢ = _|§| = _|M1|7
1 = —dy, by = [€](1,0,...,0), (3.28)
H2 = dyz¢+ = |€|(1507 "'70)5

which implies that requirements in (3.21)(3.17) are equivalent (since we are using
geodesic normal coordinates with y; = 0), hence ¢4 parametrizes Z; .

Let U™ (Y') denote the class of m-order pseudodifferential operators on Y. Since
P is elliptic (due to the smallest eigenvalue 13 > 0), we can find a microlocal
parametrix P! € U~2(Y) of P such that P~! and P~ differ only by a smooth-
ing error. (In fact one can take P! = P! gince P is strictly positive, see [39,
Theorem 8.2].) Notice that the canonical relation associated to a pseudodifferen-
tial operator is the identity map, then by the composition law of Fourier integral
operators (see [23, Section 4]), we know

(PY"Ly e 72" 5 (R XY x Y, %), (3.29)

and in addition they can be written in the form (3.15) with the same amplitude
modulo smoothing terms. This follows from the reduction process from the expres-
sion of the composition:

[(P~HY™Li](y1,v2)

B / I (g1, 1)V D ag (s, 4 o, [€])dp dy de, (330
where §_, is the left full symbol of (P~1)™ and £ is the same as in (3.15). The
reduction process from (3.30) to the form with ¢+ being the phase function is a
stationary phase argument with respect to the p’,y’—integral. In particular, this
does not involve the s|{|—term in ¢4, which is the only difference between L.
Thus, the final amplitude obtained from this reduction process for Ly and L_ are
the same, but with phase functions ¢+ respectively. The error term in the stationary
phase expansion is collected into the R} —part and modulo such a smooth term we
can rewrite (3.30) as

[(pfl)mLi} (y1,92) :/ (v 8T slellq (5 41,405 €)dE, (3.31)
Rn—1
where a,, € S72™((R x Y x Y) x R*71), which follows from the order in (3.29).
Thus they can be summed (notice e+ 4 ¢i®~ = 2¢idn(¥'¥2)1-E cog(5|¢])) to give
(3.2).

In addition, we can replace a,, by an amplitude that depends only on [£|, which
we still denote by a,,, modulo a smooth error term, which we collect in the R7}-term.
This is because one can apply the method of stationary phase again to the £-variable
as in the derivation of (3.24), and the only critical point is at £ = |¢|(1,0, ...,). Thus
the expansion only has contributions from a,, and derivatives of itself and the phase
function, at this point, which depends only on |£], s, y1, yo.

For the statement about e(_Sii”))\/ﬁP_m, we prove it for P=me(=sHmVP for
definiteness, and the proof with the other sign is similar. We consider the case
m = 0 first. We define I]} (R x Y x Y; %), where & stands for the part of £
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with s = 7, to be the class of operators that has Schwartz kernel of the form

of — ldh(Ul;U2) (S Y1, Y2, |€|) s+i7r)‘5‘d§, (332)
Rn—1

modulo a smooth function, and a € S™(R x Y x Y x R"1) that is symbolic in £.
And in turn we call

om()=a] € STR xY xY x R*1)/gm~1 (3.33)
its principal symbol. And by definition
om (/) = 0 if and only if &7 € I (R X Y X V;.%). (3.34)

We will write a for the equivalence class [a] when there is no confusion. We
call this space of &/ as the damped Fourier integral operators associated to L.
We are not investigating a geometrically invariant calculus of this type of integral
operators, but only following parametrix construction for (95 + v/P) in a fixed
coordinate chart:

(85 + \/F)K(Sa ylva) € I;pm(R XY x Y;fﬂ')a K(Oa ylva) = eiﬂ-\/ﬁa (335)
where I; (R x YV x Vi.%) = N,ez IL(R x YV x Y;.%,), and e™VP has the

representation
eimVP _ (27T)"_1/ eidh(ylva)l'fdo(ﬂ-, Y1, Y2; |§|)ei”|£|d§ + Ry (3.36)
Rn—1

with Ry € CN"""2(Y x Y), by the same argument as above for cos(sv/P). In
addition we have I3 (R x Y x Y;.%;) C C*([0,00) x Y x Y) since differentiation
only introduces |£|-factors, which can be absorbed by the amplitude, which has
arbitrarily high polynomial decay.

Then we construct the solution to (3.35) by a similar argument to the Hérmander
type parametrix construction through an asymptotic sum:

K=Y Kj, (3.37)
§=0
where
K; = (2m)" / et A (s, s [E)e T g, (3:38)
Rn—1

where A; € 577, Ao (0, y1, y2; [€]) = ao(m, y1,y23 [€]), 4 (0, y1, yas [€]) = 0 for j > 1,
and most 1mportantly

N
@ +VP) (D K)) e I NRxY x YV L) (3.39)
7=0

Now we construct Ky inductively. Since (3.39) is equivalent to
N—1

,N((as+\/F)KN) - _U,N((as+f (0. +vVP) S K; ) (3.40)
7=0

and this becomes a transport equation of o_ 5 (Kx) by the same argument as in the
real phase case because our phase function satisfies conditions in [30], thus we can
apply [30, Theorem 2.3], which is the stationary phase lemma with complex phase
to the composition vVPK;. More concretely, by the result of [38], VP € ¥'(Y).
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Denoting the variables of the Schwartz kernel of vP by (y1,%}) and that of K
by (y1,y2) as above, then we apply the stationary phase lemma to the y-integral.
Thus Ay exists for s € [0, 1] with d; independent of N.

Notice that the contribution of the oscillatory integral outside any neighborhood
of 0 is a smooth function, thus one can extend Ay above smoothly while remaining
in the same symbol class and keep the parametrix property to hold.

The only thing remain to show is that K only differ to e(=s+imVP by a smooth

term. Denote
R(s) =K — e(—sHimVP

)

then it solves

(0s +VP)% = f, %(0)=0, (3.41)
where f € C*([0,00) x Y x Y). Applying (9s — v/P) to both sides, we have
02— Py =F, #(0)=0, (3.42)

where f = (8, — VP) .

Next we show that |¢1] is comparable to |&;| near WF(e(—sH™VP) \here ¢; are
dual variables to y;.

For s > 0, e(=sTmVP has smooth kernel, and for s = 0, it follows from the
oscillatory integral representation (3.36) and a non-stationary phase argument (see,
for example, the proof of [23, Proposition 2.5.7]) with respect to the y;, yo-regularity.
In addition, the regularity in s can be transferred to the regularity in y; since
dye(—sHmMVP — _\/Pe(=s+imVP  The same argument applies to WF(K), showing
that €| is comparable to |€2| near it. Consequently, |€1] is comparable to |£2| near
WF(Z) and 92 — P is elliptic near it. Thus one can select & that is fully elliptic
(not only when |£;] is comparable to |£;]), but coincide with 92 — P near WF (%),
and [20, Theorem 17.3.2] to it. Though the theorem there is local in in (y1,y2), but
that is sufficient for us since we are only concerning smoothness, and in fact the
control can be upgraded to a global one by the compactness of Y x Y. In addition,
the cited theorem only concern up to the second order derivatives, but one can
apply 9s, VP iteratively to both sides of (3.42) to obtain the same form of equation
for P*%, 0%, and conclude arbitrary order of smoothness of .

Finally, the integral representation of P’me(’Si”))ﬁ, or equivalently P—me(—s=m)VP ¢
Igpzm (RxY xY;.%:), follows from the application of [30, Theorem 2.3] as above,

with /P replaced by P~ ([

4. THE PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1 by using Proposition 2.1 and the properties
of the Hadamard parametrix on Y shown in Section 3. To this end, we divide this
section into two parts. The first part is devoted to deal with the case that T‘ltrf <1
by establishing Proposition 4.1 , and in the second part, we prove Proposition 4.2
in the case that B2 > 1 under the assumption that the conjugate radius € of Y’

[t]
satisfies € > .

4.1. Part I: The case that Tlltrf < 1. By (2.10), Theorem 1.1 is a consequence of

the following proposition.
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Proposition 4.1. Let P be the operator in Proposition 2.1 and let z1 = (r1,y1)
and zy = (r2,y2) in X = C(Y). Suppose that z := St S 1, then there exists a
constant C' such that

> o)) (i) T (G2)| < G700y
keN

-2
A

where oy (y) is the eigenfunction of the operator P corresponding eigenvalue vi and
Vg 1s the positive square Toot of the smallest eigenvalue of the operator P.

The proof of Proposition 4.1. We mainly use the asymptotic estimates of eigenfunc-
tion and Bessel function to prove (4.1). Recall (2.2) and the eigenfunction estimate
(see [41, (3.2.5)-(3.2.6)])

n—2

ler@llLery € CL+1g) T, (4.2)
and the Weyl’s asymptotic formula (e.g. see [50])
- n=2
vi v (L+ k)7, k21 = lop®)iey) < CA+E)=. (4.3)

For our purpose, we recall that the Bessel function J,(r) of order v > —1/2 satisfies

Czv 1
I z)] = 2'T(v+ $)I(3) (1 *y + %)’ (4.4)

where C is an absolute constant independent of z and v. Therefore, from (4.3) and
the facts that z < C and v, > vy, we have

o vk

24D (v + 3)

n—2

LHS of (4.1) < Cz™ 2 Z(l + k)a=t
keN

< Camtitn g (LR O/
- D(v + %) '

keN

Recall that vy ~ (1 + k)ﬁ, then the summation in k¥ € N converges. Hence we
complete the proof of (4.1). O

4.2. Part II: The case that Tmz > 1. In this subsection, we mainly use (2.1) to
> 1. We want to prove

T17T2

prove Theorem 1.1 in the case 7

Proposition 4.2. Let P be the operator in Proposition 2.1 and let z1 = (r1,y1)
and zo = (ra2,y2) in X = C(Y). Suppose that z := T;ﬁf > 1, if the conjugate radius
€ of Y satisfies € > m, then there exists a constant C such that

_n—2

z

L[
< / eszCOS(S) Cos(s\/ﬁ)(ylvy2>ds
0

™
. }) oo
_ sin(rv/P) / et e VP(y, yo)ds| < €
0

™

(4.5)

Proof. The proof is more delicate than the above case that z < 1. To this end, we
introduce a smooth cutoff function xs € C°°([0, 7]) with small 0 < 6 < 1 such that

X5<s>={;: B O (4.6)
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We aim to consider three terms:

Ig(zy1,y2) =

/ e\ ¢ (1 — 5) cos(sV/P)ds, (4.7)
0

™

- sin(ﬂ'\/ﬁ)/ e’ COSh(S)X(;(s)e*Sﬁds),
0

2
e L
Iep(zy1,y2) = (/0 e~ =3 5 (1 — 5) cos(sV P)ds
(4.8)

and

n-2 . o0
27 sin(nV'P) / ¢ e (s)eVPds. (49)
0

Ip(z;y1,2) == — . Xs

Therefore, the Proposition 4.2 is proved if we could prove that the three terms
Ic(z91,92), Iap(z;91,y2) and Ip(z;y1,y2) are uniformly bounded when z > 1.
O

The rest of subsection is to prove the three terms I (z; y1,v2), Iap(2;y1,y2) and
Ip(z;y1,y2) are uniformly bounded when z > 1.

The contribution of (4.7). By using the Hadamard parametrix (3.1), we need to
consider two terms associated with Kn(s;y1,y2) and Ry (s;y1,y2) respectively. It
is easy to see the contribution of the term associated with Ry is

/ e—iz cos(s)Xg(Tr _ S)RN(S;yl,yQ)dS 5 1 (410)
0

n—2

VA 2

due to the fact that one can choose N large enough such that
|Rn(s,y1,52) < [sPNT27" <1, 0<s<m

Now we consider term associated with Ky (s;y1,y2). Recall (3.2), we want to
estimate

n—2

/ efizcos(s)xg(ﬂ, _ S)
0

o0
X / b (pdp )P a(s, y1, yo; p) cos(sp)p™ 2dpds| < C
0
To this end, we need a lemma about the integration.

Lemma 4.3. Let z > 1, dp, = dp(y1,y2). For k > 0, suppose that

0Fba ()] < Cu(147) 777 F, (4.11)
and let and a € S° zero order symbol in sense that
|8;y1,yga§a(57yla y27p)| < O(l,k(l + p)_k' (412)

Then there exists a constant C independent of z,y1,y2 such that
‘/ﬂ- efizcos(s)xg(ﬂ_ _ S)
0
oo

x/ b (pdp )= a(s,y1, yo; p) cos(sp)p™~2dp ds <0z,
0

(4.13)
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The proof of Lemma 4.3. Let us fix a bump function 8 € C§°((1/2,2)) satistying

i B(27¢s) =1, s>0, (4.14)

l=—00

and we set

Bi(s) = B27"s) € C5°((0,27H1)),

e<J
for J € N to be determined. To prove (4.13), we consider two cases.

Case 1. dp(y1,y2) < Clz_%. In this case, we take J large enough so that
27-1 > 20, and we want to show that

NI CHELSEND i EREe)
0 N iz 41 (4.15)
></ b (pdp)e™ ™ a(s, y1,ya; p) cos(sp)p" *dpds| S 1.
0

n—2

VA 2

For the term associated with S, we have |s| < 277 < 1 due to the compact
support of 8. If we also have p < 42'/2 thus the integral in (4.15) with 3, is
always bounded by

s|Sz7 2 p<4z2

On the other hand, if we have p > 42'/2, we do integration by parts in ds. Notice
that the terms at the boundary (s = 0, 7) vanish, then each time we gain a factor
of p~! from the function cos(sp), and we at most lose a factor of

zsins, or 21/2,

which is always less than 21/2 up to a constant. Indeed, furthermore, we have
d\N s
(%) (7= Oxgm =98, (/%)) | < Oz
s
So, after integration by parts N times for N > n, the integral in (4.15) is bounded
by

N
2

oo
Zf%dzfl/ZZN/Q/ p”*Q*Ndp <1
21/2

In sum, we have proved

n—2

P / eﬂ'zcos(s)xg(ﬂ'—s)ﬂ(](zl/zs)
0

. (4.17)
X / b (pdi)e =™ a(s, y1,ya; p) cos(sp)p™ dpds| < 1.
0

For the terms with $(2772/2s),7 > J, we have 2/ 1271/2 < 5 < 27+1,71/2 and
27 < z1/2 on the support of this f—factor. In this case, we will show that

/ €_iZCOS(S)X§(TF _ S)ﬁ(2_j21/28)
0

n—2

z 2

. (4.18)
X / b (pdp) e P a(s, y1, y2; p) cos(sp)p™ 2dpds| < 277 (=2
0
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which would give us desired bounds after summing over j when n > 3. Now we
repeat the previous argument, if in this case we have p < 27721/2 then we do not
do any integration by parts, the integral in (4.18) is always bounded by

Z_nTiz (Z_%2J)(2_]Z%)n_l 5 2_j("_2) .

On the other hand, if we have p > 277212 we write cos(sp) = %(eis” + e‘iSp),
then we do integration by parts in dp instead, then each time we gain a factor of
p~1, and we at most lose a factor of (s &= dj)~!. Recalling that J is large enough
so that 2772 is larger than C, then we have

. -1 . -1 .
(stdy) ' < ((2J—1 - cl)z—%) < ((2J—2 yol-2 cl)z—%) ~27ig3,
so after integration by parts N times for N > n, the integral in (4.18) is bounded
by

z_%(z_%?)(?_jz%)]v/ Pt Ndp S 270,
2

—iz1/2
Case 2. dp(y1,y2) > Clz_%. In this case, taking J = 0, we will show that

/ eizeos(s)y e s)(ﬁo(zdh|s —dn])+ Y B2 zdn]s — dhl))
§>1

0

n—2

z 2

_ (4.19)
X / bi(pdh)eii”dh'a(s,yl,yg;p) cos(sp)p”ddpds‘ <1,
0

where fy and 8 are same to the above ones (4.14).

For the term associated with Sy, we have |s — dj,| < (zdj,)™! < 272 due to the
compact support of Sy. If we also have p < zd},, thus the integral in (4.19) with Sy
is always bounded by

n—2

2 / ds/ (1+ pdy) =% p"2dp
[s—dp|S(zdp) 1 p<zdp (4_20)

- —2

=g T <1

< P (zdp) " (zdp)
On the other hand, if we have p > zdj, we do integration by parts in ds. Due to
the support of x§(m — s), the term at the boundary s = 7 still vanishes. While at
s = 0, the boundary term also vanishes. Indeed, due to the support of 3y, one has
|s — dp| < 2(2dp,) "' < 2072712 which implies s > Cy (1 — 2C7%)27Y2 > 0/if ¢4
is large enough. So each time we gain a factor of p=! from the function cos(sp),
and we at most lose a factor of

zsins, or zdp,
which is always less than zd; up to a constant due to that
zsins S z(dp, + z_%) < zdp,.

Indeed, furthermore, we have

d N —1z cos(s) ., ¢
’(E) (e X5 (m — 5)Bo(=dnls dh|))’ < Cn(zdp)™.
So after integration by parts N times for N > n, the integral in (4.19) is bounded
by

n— _n-2 =
P (zdp) "M (zdp)Nd, 2 / pT2*Ndp S L
zdp,
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In sum, we have proved

/ e COS(S)X(C;(W — 8)Bo(zdr|s — dn|)
0

_n=2

z 2

. (4.21)
X / b (pdi)e™ ™ a(s, yy1,y2; p) cos(sp)p™ dpds| < 1.
0

For the terms associated with 3(277zdp|s — dp|),7 > 1, we have |s — dj| ~
27 (zdp) 1, due to the support condition of 3, and 27 < zd), since s, dj, are bounded.
In this case, we will show that

/ e 1% cos(s)xg(ﬂ. _ S)B(Q*jzdhb — dh|)
0

n—2

A 2

. (4.22)

. -n—2

X/ b (pdn)e™ ™ a(s, y1, ya; p) cos(sp)p™ 2dpds| S 27777,
0

which would give us desired bounds (4.19) after summing over j > 1. Now we
repeat the previous argument, if in this case we have p < 277zd},, then we do not
do any integration by parts, the integral in (4.22) is always bounded by

n—2

|s—di|~23 (zdy) 1 J p<2-3 2,

_n—=2 n—2 —2 n—2

< T ((2dy) T 2) (2T 2dy) T N, < 270

On the other hand, if we have p > 277zd),, we write cos(sp) = & (€' + e~%¢),
then we do integration by parts in dp again, then each time we gain a factor of p~!,
and we at most lose a factor of

(S + dh)_l 5 2_j2dh,

so after integration by parts N times for N > n, the integral in (4.22) is bounded
by

27%2j(2dh)71(27jzdh)]v/ pnngNd;%dp
2=Jzdy,
n— . . . n—2 _ Cn—
< (2dp) "7 2 (27 2dy) Y (27 2d) T TN <27t
Therefore we have proved (4.13). O

The contribution of (4.8). We remark that this term contains the boundary term
s = m which does not vanish. In contrast to (4.7), the proof needs to overcome
the issues from the first term when s — 7 and the second term when s — 0. The
fortunate fact is that the boundary term of the first term at s = 7 is same to the
boundary term of the second term at s = 0, which leads to the cancellation of the
singularity at the boundary.

Recall

1 (™ i cos
Iep(z;y1,92) ::;/0 e85y s(m — s) cos(sV P)ds
(4.23)

s

SiH(W\/F) /OO eizcosh sxts(s)e—sﬁd&
0

Before estimating it, we use the integration by parts to obtain the following property
of Iap (21, 12)-
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Proposition 4.4. For any m € N, it holds that
Iep(2:91,92)

= PR

— Sin(w\/ﬁ) AOO (%)27” (eizcosh SX5(S)) er ds,

T
where P = Ap + Vo(y) + —('n,742)2.

The proposition is a direct consequence of the following lemma and the spectral
expansion.

Lemma 4.5. For any m € N, then we can write

L™ il cos i iz cos
— / e 1z cos SX5(7T _ S) COS(VS)dS _ sm(wr) / et? cosh ng(s)e_s"ds
0 0

s s

= D T (2 iy ) 5 (429

s 0s
sV

Sin(Vﬂ') > 8 2m 1z cosh s €
— /0 (%) (e h X‘S(S)) 1/2m ds.

™

Proof. This lemma, a variant of [36, (5.30)], can be proved by using integration by
parts and the induction argument. We first verify m = 1. By integration by parts,
we have

1 (™ iscos i iz cos
— / et cos SX6(7T _ S) COS(VS)dS _ Sln(Vﬂ') / et? cosh SX(;(S)G_SVdS
T 0 T 0
( —iz coss ﬂ_ _ S)) Sin(I/S) s=m
v s=0

( . 1) /O (85)(67izcossxé(ﬂ__ s))Sin(Tys)ds
-5V |00 B sin(vm) /(;OO (%) (eiz COSthg(S)) e

—Sv

ds.

sin(wr) iz cosh s €
G ) T Ml

14

We note that the boundary term

1 i 3 i s=T i . . —5V 00
—(e_lZCObS)@(W - S))M 4 M(ezzc%h SX(S(S)) e

" v =0 0 vV 1s=0
— 1 (e—iz cos SX(S(W _ S)) SiH(VS) _ M( i co:,hs )

& 14 s=m T

By integration by parts again, we have

1T (™ i cos i % s eos
- / e—zzcossxé(ﬂ_ _ 8) COS(VS)dS _ sm(wr) / ezzcosh SX(;(S)G_SUCZS
™ ™ 0
1 —1z cos S COS(VS) s=T
;( ) ( ﬂ- S)) V2 s=0
7ZZCOSS COS(VsS
/ xs(m — s)) 1/(2 )ds
Sln 9 iz cosh s I sin(wr) A iz cosh s e
(8 ) x5 (5)) V2 ls=o0 ™ 0 (35) (c X (5)) V2
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If the derivative hits e =% and e?*°°shs it will brings sin s and sinh s respectively,
the boundary term vanishes due to the fact sinm = sinh0 = 0 and v > 1y > 0.
More precisely we observe that the boundary term

—Sv

1 8 —12 COS S COS(VS) s=T Sin(Vﬂ') a 1z cosh s € o
= (G (et =) = = () () T
1 a —12 COS S COS(VS) Sin(Vﬂ') a 1z cosh s e
- ; (%) (6 Xé(ﬂ- B S)) V2 s=m B e (%) (6 ) Xé(S)) V2 s=0

vanishes due to the fact sinm = sinh 0 = sinhse_”s‘szOo = 0. Therefore, we have
proved (4.25) with m = 1. Now we assume (4.25) holds for m = k, that is,

1 Sl
/ ezzcoshsxé(s)e—suds
0

- / e Zeos sy s(m — 5) cos(vs)ds —

0

(_1)k 0Nk —iz COS S COS(VS)
= —/0 (&) (e Xg(w—s)) TS ds

sin(v)
T

s
s

174

sin(wr) > 9\ 2k iz cosh s e
SR () o) G

s

we aim to prove (4.25) when m = k + 1. To this end, it suffices to check the
boundary terms vanish. Indeed,

08 (0o o)
i sin(vm) ( 9 )2k (eiz coshsxé(s)) e

T 0s v2k+1s—9

= ﬂ(%)%(e,izcossxé(w _ s))M

T p2k+1

B sin(vm) ( 0 )2k (e“ COShSX(;(S)) e

. Os p2k+1

S=T

s=0

—SV 100

S=T
sV

s=0
and

(_1)k+1 0\ 2k+1 —iz CoS S COS(VS) s=T
e (5) - 9) Tt

sin(wr) iz cosh s e ™
(e X5(S)) 2hA2 | g

2k+1 cos(vs
) (e ZZCObSX&(T"_S)) V2£+1)

s=0
oo

2k+1
+ )

9
T Os

_ (_17)(k+1 ( o
in(vm)

ds
9 21 iz cosh s e
(7)) o

where we used following facts similar to equations in [36, Pag. 420]:

S=T

sin(

= ()7
s=0

s

(_1)k(%)2k (e,izcossxé(ﬂ B s)) = (%)% (eiZCOShSX6(S)) . (4.26)
and
(_1)k+1 (%)2k+1 (e—izcossxls(ﬂ_ B S)) = (%)2k+1 (eiZCOShsxlg(s)) B
(4.27)

Since both equations concern only the jet structure of these functions on the left and
right hand sides at m and 0 respectively, near which the ys—factors are identically
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1, hence having no effect. Thus we only need to show identities without ys. Now
setting
E,(s) :=e"°"%, (4.28)
then we have
ezeoshs — B (is + 7). (4.29)
By the even property of E, at 7, and correspondingly the even property of E, (is+)
at 0, we know that the odd order terms vanishes, hence (4.27) holds. And (4.26)
holds by the fact that the 2k—th term in the Taylor expansion of E,(s) at m and
E.(is + ) at 0 differs by a i2* = (—1)*—factor. O

By (2.7), for a fixed k to be chosen later, we introduce an operator
X101 (VP) =Y X0, (i) o (1) 2 (12),
keN

to split the kernel Igp(z;y1,y2) into two parts
Iep(z3y1,92) = 155 (291, 92) + 155 (2591, 92) (4.30)

where

1 [ .
ISH(z3 91, 42) ZX[O,K](\/ﬁ) (; / eSS s(m — 8) cos(sx/ﬁ)ds
: (4.31)

s

SiH(W\/F) /OO eiZCOShsxg(S)e_S\/ﬁdS)
0

and

125 (zy1,92) = (1= X(0,9 (VP)) (l /O” e85y s(m — ) cos(sV/P)ds

s

i P) [ . s
_Sln(ﬂ'\/—)/ ezzcoshsxé(s)e—sﬁds)

™ 0

—(1- X[o,n](\/ﬁ))((_}r)m /O’T ( 0 )2m (e~ <055 x5 (m — s))%:n/ﬁ)ds

ds Jz
Sin(’n—\/ﬁ) > 6 2m ’iz COSh S e_S\/ﬁ
_VIvVa) /0 (g) (e xs(s)) P ds).

™

(4.32)

To control the contribution of (4.8), as arguing (4.7), we need the Hadamard
parametrix. Notice that

sin(m/ﬁ)e_s‘/ﬁ =Im (e(_sﬂ'ﬂ))\/ﬁ),

we need the Hadamard parametrix of the even-wave operator P~™ cos(sv/P) and
the Poisson-wave operator p—me(—s+im)VP respectively, which are considered in
Lemma 3.3.

Now we return to the proof of the uniform boundedness of (4.8). Similarly
as in the proof of the uniform boundedness of (4.7), we consider two cases that
dn(y1,y2) < Cy2~% and dn(y1,y2) > Cy2~2 where C; > 1. In each case, we choose
different k in the argument.

Case 1. dj(y1,y2) < Cy2~%. In this case, we take Kk = 42%. We first consider
IS5 (Z;91,y2). For this low frequency term, since we do not do integration by parts
in ds (the boundary issue mentioned above will not be involved), so we use the
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modified Hadamard parametrix with m = 0. For the first term of (4.31), we can
use the same argument as arguing (4.15). For the second term of (4.31), by using
the modified Hadamard parametrix, we need to consider two terms associated with
K (s;91,y2) and R (s;y1,y2) respectively. Tt is easy to see the contribution of the
term associated with R is

e / et# cosh ng(s)]:?gv(s;yl,yg)ds <1. (4.33)
0

For the term associated with K¢, we want to show that

/ eiZCOShSXJ(S)(/BJ(Zl/QS)+ Z ﬂ(2szl/25))
v J2J+1 (4.34)
></ bi(pdh)eﬂpd*"ao(s,yl,yz;p)e’(Si”)pp”’dedSI <1,
0

n—2
A 2

where 3 and 3, are in (4.14) with 2772 > Cj. For the term associated with 3, we
have |s| < 272 < 1 due to the compact support of 3. Due to that p < k = 421/2,
thus the integral in (4.34) with 8 is always bounded by

__/ <1 ® / P p S T T S (43)
s|<Sz7 2 p<4z2

For the terms with 8(2772/2s),j > J, we have s ~ 27272 and 27 < 2'/2, due to
the compact support of 8. In this case, we will show that

/ eiZCOShSX§(S)B(27j21/28)
o (4.36)
></ b (pdn) e ag (s, y1, yo; p)e~ CEP o 2dp ds| S 27772,

0

n—2

z

which would give us desired bounds after summing over j. Now we repeat the
previous argument, if in this case we have p < 2772'/2, then we do not do any
integration by parts, the integral in (4.36) is always bounded by

2T (pm ) (27Tl S 2 (D),

On the other hand, if we have p > 27721/2 we use the factor e~ 5F™r to do
integration by parts in dp instead, then each time we gain a factor of p~—*

, and we
at most lose factors of

|s £im| =t dp S 1

so after integration by parts N times for N > n, the integral in (4.36) is bounded
by

27"7*2 (27%2” /Oo p"fQ*Ndp < Z7"T72(27jzl/2)n727N < 9—i(n—2)
2—J 21/2
due to that 27 < 21/2,
Next we consider IZf(z;y1,y2). For this high frequency term, we use the mod-
ified Hadamard parametrix with m large enough. For the first term of (4.32), by
using the modified Hadamard parametrix, since the term R (s;y1, y2) is smoothing
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as before, we only need to consider the term associated with K3 (s;y1,y2). We aim
to show that

AN —iz cos(s .
LGt - 9) (3,610 + 3 pam)
0 = (4.37)
X/ bi(pdh)eiipdham(s,yl,yz;p) COS(Sp)pn—dedS} 5 1.

n—2

z

For the term associated with 8, we have |s| < 272 < 1 due to the compact
support of 3;. Therefore, we have

d N2 —1iz cos(s m m
So for 2m > n, the integral in (4.37) is bounded by

n—2

oo
P Z*l/QZm/ pn7272mdp§ 1.
21/2

In sum, we have proved (4.37) with 3.

For the terms with 6(2_j21/2s), we have 2171;71/2 < g < 29+1,-1/2 gnd 27 <
21/2 on its support. And by our construction we have j > J + 1, hence 2072 > (1.
Therefore, we have

’(d%)zm (efizcos(s)x(;(ﬂ — S))’ < O (28ins)™ < (0, 22m3 2m.

In this case, we will show that
O\ —iz cos(s —J
/ (35) (= =Oxs(r =) B(2772/%)
0

></ b (pdp)e= a, (5,91, Y25 p) cos(sp)p"_zdpds} < 27in=2)

_n=2

z

(4.38)

which would give us desired bounds after summing over j. Now we modify the

previous argument, since p > k = 42'/2, we write cos(sp) = %(e”p + e*””), then

we do integration by parts in dp instead, then each time we gain a factor of p~!,

and we at most lose a factor of (by our choice of J, s will dominate dp,)
(stdp) ' <27722,

so after integration by parts N times for N > n + 2m, the integral in (4.38) is

bounded by

n—2

z‘T(Z—%Qj)(22mjzm) (2—j2%)N/°° ph22m=Ng, < 9—i(n=2)
4z1/2

which proves (4.37) for n > 3.

To treat the second term of (4.32), we closely follow the above argument but
with minor modifications. By using the modified Hadamard parametrix, since the
term with Rﬁ(s, y1,y2) is easy as before, we only consider the term associated with
K7 (s;y1,92). We aim to show that

O y
/ (50) (== mos(e) (Ba(1/2) + Y B2724%))
0 = (4.39)
></ bi(pdh)eiipdham(s,y17y2;p)e—(siiw)pn_gdpds‘ <1

_n=2
272
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For the term associated with 8, we have |s| < 272 < 1 due to the compact
support of 3;. Therefore, we have

d 2m .
‘(£> (GZZCOShSX[;(S))‘ < szm
So for 2m > n, the integral in (4.39) is bounded by

n—2

o
Zszfl/QZm/ pn7272mdp 5 1.
21/2

For the terms with 3(2772'/2s), we have s ~ 272~1/2, and 27 < 2'/2, due to the
compact support of 3. Therefore, we have

dyem, |

‘(d_> (e”COthXti(S))‘ < Cm(Z sinh 8)2m < Cm22m]2m,
S

/2 we use the factor e~(**i™) to do integration by parts in dp

1 and we at most lose factors of

Since p > k = 4z
instead, then each time we gain a factor of p~

(sdim)™ dy <1<27923,

so after integration by parts N times for N > n + 2m, the integral in (4.39) with
B(27721/25) is bounded by

/0” (%)M (e e oxs(s)) B(27721/25)

x / b (pdp)eX P ay, (s, 91,y p)e” ™ p"2dp ds

_n—=2

z

< Z—"T%(Z—%2j)(22mjzm) (2—]‘Z%)N /oo pn—2—2m—Ndp S 2—j(n—2).
4

~ 21/2
which would give us desired bounds (4.39) after summing over j provided n > 3.

Case 2. dp(y1,y2) > Cyz~%. In this case, we take k = zdy and J = 0 in 8
(4.14). We first consider IS5} (2;y1,y2). As in the proof of (4.19), one can control
the first term of (4.31), since we do not use the integration by parts in ds. We
omit the details. For the second term of (4.31), by using the modified Hadamard
parametrix, we repeat the above argument to estimate the term associated with
K (s;91,12) only. We want to show that

n—2

z 2

/ eizcoshsy (g) (BO(Zdh|3 —dp|) + Zﬁ(2‘jzdh|s — dh|)>
0 i1 (4.40)

K
></ bi(ﬂdh)eimd”ao(saylayz;ﬂ)ef(siiﬂ)ppnddpds‘ S L
0

For the term associated with Sy, we have |s —dp| < (zdj) ™' < 272 < 1 due to the
compact support of Sy. Due to that p < k = zd},, thus the integral in (4.40) with
Bo is always bounded by

n—2

P ds/ (14 pdy) "= p"2dp
[s—dn|S(zdn) 1 p<zdp (4.41)

n—2

ZHg T <.

n

< i (zdh)fl (zdp)
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For the terms associated with 3(277zdy|s — dy|), we have |s — dp| ~ 29(zd)) 7!,
j > 1 and 2/ < zdy, due to the compact support of 8. In this case, we want to
show that

)
A 2

[ e enas)z adls - da)

o (4.42)

. . sn—2

X/ b (pdn)e= ag (s, y1, ya: p)e” CEMP o 2dpds| < 27077
0

which would give us desired bounds (4.40) after summing over j. If in this case we
have p < 277zd},, then we do not do any integration by parts, the integral in (4.22)
is always bounded by

n—2

|s—di|~2 (zdy) 1 J p<2-3 2,
2

n—2 rn—=<

<2 T ((2dy) 1Y) (2 2dy) T, T < 270

~

On the other hand, if we have p > 277zdy, we use the factor e~ (5+™) to do
integration by parts in dp instead, then each time we gain a factor of p~!, and we

at most lose factors of
(sxim) ™t dp <1< 277 2dy,

so after integration by parts N times for N > n, the integral in (4.42) is bounded
by

n— _n=2
p T NG T dp

27%22j(zdh)71 (27jzdh)N /

27 Zdh

< () T Y (22 (27 2a) T TN g2

Next we consider IZF(2;y1,y2). For this high frequency term, we use the mod-
ified Hadamard parametrix with m large enough. For the first term of (4.32), by
using the modified Hadamard parametrix, since the term with R} (s;y1,y2) is easy
as before, we only need to consider the term associated with K3} (s;y1,y2). We aim
to show that

/0 (2N (et — ) (Bolednls — dul) + 3 B2 zdnls — )

Jjz1

_n—2

A 2

X / b (pdn)e™ M an (s, y1, y2; p) cos(sp)p™ 2dp ds

<1
(4.43)

For the term associated with Sy, we have |s —dj| < (zdj) ™' < 272 < 1 due to the
compact support of By. Therefore, s = dj, + (zdp) ™!, we have

d \ 2m —izcos(s) ‘ . 9 2
iz cos(s _ < m < m.
’(ds) (e Xs(m s)) < C(zsin8)™™ < (zdp)
So for 2m > n, the integral in (4.43) is bounded by

27 (2dp) " Nzdn)2™ [ (L4 pdy) T p 22y <1

zdp,
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Hence, we have proved (4.43) with 3. For the terms with 3(277 zdp,|s—dy|), we have
|s — dp| ~ 27 (2dp)~ ", and 27 < zdp, due to the compact support of 3. Therefore,
s =dp + 2/ (zdy) "1, we have

’(%)27” (e—iZCOS(s)X(;(ﬂ' — S))’ < Cp(zsin S)?m < Co (2 + 2jZ(Zdh)_l)2m7

which is less than (zdp,)2™ + (2722)2™. In this case, we will show that

[ ()" (=t — ) 2 zdls — i)
0

n—2
z 2

(4.44)
< 27i(n=2),

oo
X / b (pdn)e™ ™ ap, (s, y1,y2; p) cos(sp)p™2dp ds
K

which would give us desired bounds after summing over j. Now we modify the
previous argument, since p > k = zdy,, we write cos(sp) = 3 (e**# + =), then we
do integration by parts in dp instead, then each time we gain a factor of p~!, and

we at most lose a factor of
(s+dp) "t <279z2dy,

so after integration by parts N times for N > n + 2m, the integral in (4.38) is
bounded by

oo

27%(2j(zdh)*1) [(zdh)2m + (2jzé)2m] (27jzdh)N/ 1+ pdh)f"T*?pn72—2mdep
zdp
< 9—d(N=2m—1)

Therefore, we have proved (4.37) for n > 3.

To treat the second term of (4.32), we closely follow the above argument but
with minor modifications. By using the modified Hadamard parametrix, since the
term with R3(s; 41, ya) is easy as before, we only consider the term associated with
K7 (s;y1,92). We aim to show that

| () o) (Boteanls = i) + 3 52 7zl - )

Jjz1

x / by (pdn)e M an, (s, y1, y2; p)e” ™ " 2dp dS’ <L

n—2
A 2

(4.45)

For the term associated with Sy, we have |s —dj| < (zdj) ™' < 272 < 1 due to the
compact support of 3. Therefore, s = dj, + (2dy) ™! < dp,, we have
2m .
}(%) (SZZCOShSX(;(S)) ’ < Cm(zdh)Qm'
So for 2m > n, the integral in (4.39) is bounded by

z_%ﬁ(zdh)_l(zdh)zm/ P Ap < 1.

zdp

For the terms with 3(277zdy|s — dy|), we have |s — dy| ~ 27(2dp,) "1, and 27 < zd,
due to the compact support of 3. Therefore, s = dj, + 27(zdy,)~* € [0, 6], we have

‘(%)2"1 (eiz COSh(S)X(;(S))‘ < Gy (zsinh 8)2™ < Oy (zdn + 2 2(2dn)~1)2™,



28 QIUYE JIA AND JUNYONG ZHANG
which is less than (zdp,)2™ + (2722)2™. In this case, we will show that

/ (%)Qm (e ) x5(5)) B2 zdp]s — dn)
0

_n—2
2

z

o (4.46)
X/ b (pdp) e ay (s, 41, y2; p)e” CE™Ppn2dp ds| < 2717

which would give us desired bounds after summing over j. Now we modify the
previous argument, since p > k = zdp,, we use the factor e~ =™ to do integration
by parts in dp instead, then each time we gain a factor of p~!, and we at most lose
factors of

(sim)™t, dp <1<2772dy,
so after integration by parts N times for N > n 4 2m, the integral in (4.46) is
bounded by

oo

z*%@j(zdh)*l)[(zdh)m + (2jz%)2m] (2*jzdh)N/ (1+ pdy)~ "2 p"=272m=Ngp

zdp
< 27j(N72m71) )

which would give us desired bounds (4.39) after summing over j providedn > 3. O

The contribution of (4.9). This term is easier than the above two terms. By the
definition of Ip(z;y1,y2) in (4.9), it is a direct consequence of the following lemma.
Indeed, for n > 3, we have

In(zy1,p2) S 27 / e EmVP g <51,
)

by following lemma:

Lemma 4.6. Let dp, = dp(y1,y2) be the distance on'Y. If s > 6 where 0 < 6 < 1,
then the Poisson-wave operator satisfies that

. —3tl S<s<on
—(siur)\/ﬁ < s 2 ) =9 = 5 4.47
e 5 {anrl, s> 2. ( )

Proof. We recall the classical subordination formula:

o0 52
e VT = 2;9/?/0 e Te "0 2do, s,x>0. (4.48)

We extend s in the complex plane to ( = s — b with s > 0 to obtain
oo 2
e VT = %/0 e ire "o 3 do, Re(¢),z > 0. (4.49)
In particular, choosing b = &7 and = = P, we have

ef(s:tiﬂ)\/ﬁ — (S;l\:/l_ﬂ) / 67%670130'7% dO’7 s, P>0
m 0

4.50
(s + iﬂ) / - (s;iiw)z 1 _dZ(y1.v2) _3 p ( )
= e o 76 co 0’ 0‘,
2vT Jo |B(y1,/0)|
where we use the heat kernel
e P ~ _ e~ d%(ib’m. (4.51)

1B(y1, /)|
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Therefore, we obtain

ef(s:tiﬂ)\/ﬁ — (Silﬂ)/ ef%eigpo’i% dO’7 s, P>0
2yTJo
(s £ i) /°° SC TN S (U1 B
="/ | e i —— e e o %do,
207 Jo |B(y1,/0)|
. 0o i 2 (41,
_ (s +im) / e*(dia )2 nli1 - LACE y2>07% o (4.52)
2\/7_'( 0 g 2

|S + Z7T| & (Sii”)2+d)21 n do
e 4co o 2 —

- 2\/% 0 (o

|s & im| /Oo L _ado
= e co o -
T 2ym((stim)2+d2)z o o

gives the desired result (4.47) due to the fact that

|s £ i < (s2 +72)2
2V7l(s £im? + A% (52 4 &2 —72)2 + (275)2) F
< sTEHL 5 < s <2,
~ st s> on

(4.53)

O

In summary, we have shown that (4.7)(4.8)(4.9) are uniformly (in terms of large
z) bounded, concluding the proof. ([

5. THE LITTLEWOOD-PALEY THEORY
ASSOCIATED WITH THE SCHRODINGER OPERATOR H

In this section, we study the Bernstein inequalities and the square function in-
equalities associated with the Schrédinger operator H for our next purpose. As well
as Killip, Miao, Visan, Zheng and the last author [28], in which the Schrodinger op-
erator on Euclidean space with inverse-square potential was studied, the Littlewood-
Paley theory has its own independent interest. Here we provide a bit different
method based on the heat kernel estimates

a n a3 ((rw1).(r2,92))
|€7tH(T17y1;T25y2)‘ Sc[mln{lv(%)}} i ze lyit w ) (51)
proved in [19, Theorem 1.1].

Now we study the Littlewood-Paley theory, including the Bernstein inequalities
and the square function inequalities, associated with the Schrédinger operator H.
More precisely, we prove the following propositions.

Proposition 5.1 (Bernstein inequalities). Let o(\) be a C2° bump function on R

with support in [5,2] and let o and g(c) be given in (1.8) and (1.9) respectively,

then it holds for any f € LY(X) and j € Z

@IV v < 279G @ VD Loy, (@) < 0 < p < a(a). (5.2)

In addition, if o > 0, the range can be extended to 1 < g < p < +00 including the
endpoints.
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Proposition 5.2 (The square function inequality). Let {¢;}jez be a Littlewood-
Paley sequence given by (1.15) and let o and q(a) be given in (1.8) and (1.9)
respectively. Then for ¢’ () < p < q(a), there exist constants ¢, and C, depending
on p such that

o < | (Sl

JEZL

< . .
Loy = Coll fllLr(x) (5.3)

The proof of Proposition 5.1. If a > 0, from (5.1), the operator H obeys the Gauss-
ian heat kernel upper bounds and so the result follows from general results covering
this class of operators; see, for example [1].

In the spirit of [49, Proposition 4.1], we provide a simple argument which can be
generalized to the case that the heat kernel of H satisfies (5.1). Let ¢(z) = ¢(y/x)

and 1. (z) := ¥(x)e?*. Then 1. is a C°-function on R with support in [§,4] and

then its Fourier transform 1. belongs to Schwartz class. We write

PVE) = (o) = ¢ 2uo) = e [ G (6)de

R
— e / e—m(l—iﬁ)d}e(é-) df
R
Therefore, by the functional calculus, we obtain
PV = v(H) =1 [ 00, (¢
R
furthermore,
p(2 V) = w2 ) = e [ O,
R

By using (5.1) with ¢ = 27% and letting z; ; = (277, y;) with ¢ = 0,1,2 and writing
zi = %0, We have

o2 VH) (21, 2)|

. o d?(21,20)+d%(20,22) ~
< 92nj [ . {1 ( 170 )} . {1 ( ToT2 )H — poaa n—1g. 1 / (&) d
S /X min < 1, 72 <27 min 4 1, 72 2% [ 2 To ToaYo Rl/f (5) 5

. 27 2J a  d?(zy j.20)+d3(z0.22,)
< 2"]/ {min {1, ( glro)}min {1, (TO 2T2)H o rgfldrodyo
X

227 d2(zl,zg)
4c

< 2Mie™ K (2771, 915272, y2)
S2V(L+ Pd(21,22) NE (211,413 2r0,y2), YN 20

where we use the fact that

d* (21,5, 22,5)

N =

1
d* (21,5, 20) + d* (20, 22,5) > §(d(21,j7 20) + d(z0, 22,5))* >
and the notation that

K (271, 915272, y2)

2.7 2] o d2(z joF )+d2(z 3 ,j)
= min< 1, 170NV in 1, 270 e L drodyo.
< 2 2 0
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To prove (5.2), we only need to prove (5.2) with j = 0 by the scaling argument. If
a > 0, then ‘K(rl, Y1; T2, yg)‘ < 1. Therefore, by Young’s inequality, we obtain

(/I lzne) 5| [ (1 +dCer,20) ™ ey oy S I
which implies (5.2) when o > 0. If —(n — 2)/2 < a < 0, then
| K (r1, y1;372, 92)|
S /X [min{1,7“17"0,7”27"0,7”17”27”8}}ae*d%zl’zoiﬁ(zo’zﬁ ro~tdrodyo
< max {1, ri,re, (7‘17“2)0‘}.
Notice d(z1, z2) > |r1 — 2|, therefore we obtain
le(VED fllocx) S | /X (1 Jra = r2l) ™ max {1,975, (r172)* b/ (22)d9(22) | o

Let x € C2°([0,400)) be defined as

\(r) = {1’ relg) (5.4)

0, refl,+00)
and let us set x° = 1 — x. Hence, when ¢'(a) < ¢ < p < g(a), we have

le(VH) £l o (x)

< H /X(l + | - 7“2|)7NXC(7“1)XC(T2)f(7”2,yz)rg_ldwdeLp(X)
[t I =) N ) )y i
-+ /X(l + |r = T2|)7N7”3XC(T1)X(T2)f(T2,y2)T3_ldT2dy2’\Lp(X)

+ ] /X(Tsz)aX(Tl)X(W)f(Tz,yz)Tg_ldwdyzHLp(X) S fllzacx),
which gives (5.2) when —(n —2)/2 < a < 0. O

The proof of Proposition 5.2. In order to prove the square function estimates (5.3),
by using the Rademacher functions and the argument of Stein [45, Appendix D], it
suffices to show that the Littlewood-Paley operator satisfies

le(VH) fllpex) S Ifllpex), @) <p < qla),

which can be done by repeating the above argument of Proposition 5.1. We also
refer the reader to [1] for result that the square function inequality (5.3) can be
derived from the heat kernel with Gaussian upper bounds. ([

6. THE DECAY ESTIMATES FOR THE SCHRODINGER PROPAGATOR

In this section, we prove the decay estimates in Corollary 1.4 and Theorem 1.6
by using the main Theorem 1.1.
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The proof of C’orollary 1.4. Since a > 0, (1.10) and (1.11) follow from (1.7) di-
rectly. If =252 < o < 0, we obtain (1.12) from (1.7) and the fact that

(L)1 +78)7 (1 + 1)~ < min {1, (ﬂ)“}

r1ir2

The proof of Theorem 1.6 . By the spectral theorem, one has the L2-estimate
€™ L2 (x)— L2 (x) < C- (6.1)

To prove this, we need a property of the Hankel transform. For f € L?(X), as [5,
Page 523], we define the Hankel transform of order u

< _n-2 —
Ha)o) = [ o) D) ) (6.2
Then we have the unitary property ||HufHL2n,1d ®R+) = ||f(7“)HLG71d (r+)- By the

functional calculus as in (2.5), we also obtain the kernel K (¢, z1, 22) of the operator
oitH

K(t,21,22) = K(t,71,91,72,Y2)

—2
Z k(Y1) er(Y2) Ko, (8,71, 72),
keN

= (rir2)

where P, means the complex conjugation of the eigenfunction ¢j, and

KVk (ta 1, T2) = / e_itP2 Jl’k (Tlp)‘]l’k (Tgp) pdp.
0
For f € L?, we expand
f= Z e (r)en(y), (6.3)

keN
then, by orthogonality and the unitarity of the Hankel transform, we obtain

| . 1/2
I Pz = (3 [Hon (e (e O3, )

keN

1/2
(Z Hck HL2 . ) = fllzz(x)-

k€L,
meN

So, if & > 0, we obtain (1.13) by interpolating (6.1) and (1.10). If @ < 0, one
can obtain (1.13) but with some weight by interpolating (6.1) and (1.12). To
prove (1.14), we need to strength it to get rid of the weight when ¢ € [2,¢(«)).
Intuitively, as arguing Proposition 5.1, we can prove (1.14) by replacing the heat
kernel estimates (5.1) by the estimates (1.7). Unfortunately, it doesn’t work due
to the lack of exponent decay in (1.7), so we have to decompose the Schrodinger
propagator.

To this end, we introduce the orthogonal projections on L2
P : L*(X) — L2(r" tdr) @ hi(Y), (6.4)
and

P.:L*(X)— &y L2 Ydr) @ hy(Y), P>=1I1-P.. (6.5)
{keN:y, <(n—2)/2}
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Here the space hy(Y) is the linear span of {¢r(y)} defined in (2.2). Then we can
decompose the Schrodinger propagator as

eitHf _ eitHP<f + eitHPZf- (66)
By (2.5), we see that the kernels
. _n=2 P
e P = (riry)” 2 > or (1) (Y2) Ko, (8,71, 72), (6.7)
{keNiv,<(n—2)/2}
and
itH p _ -2
e Py = (riry) Z ok (y1)er(y2) Ky, (t, 71, 72). (6.8)

{k€ENip >3 (n—2)}

Since the kernel e P is at high angular moment, thus we can repeat the argument
of Proposition 4.1 and Proposition 4.2 to obtain

le™ P | <Ot 2.

Therefore, as same as the case a > 0, we can prove (1.14) for e“HPZ with ¢ > 2.
Thus it remains to consider e’ P_, in which we are restricted at small angular
moment. Due to the Weyl’s asymptotic formula (e.g. see [50])

Ve (L+k)oT, k> 1,

the summation in the kernel e®®# P_ in (6.7) is finite. Hence, to prove (1.14) for
e P_ we only need to prove (1.14) for e®*# Py, with each k such that v, < (n—2)/2.
By using the Littlewood-Paley square function inequality (5.3) and the Minkowski
inequality, it suffices to show

(V) P]| < Gl B0 .
’%(\/_)e kS Lq(X)_Ck|| o L (X) (6.9)

provided ¢ € [2,¢(«)) where we choose ¢ € CS°((0,+00)) such that @(A) = 1 if
A € supp and @@ = ¢. In the following argument, since ¢ has the same property
of ¢, without confusion, we drop off the tilde above ¢ for brief.

For the purpose of (6.9), we need a proposition.

Proposition 6.1. Let 0 < v < 252 and o(v) = —(n —2)/2+v. Let T, be the
operator defined as

& (VE)P.f]

(T,g)(t,m) = /OOO K,lj(t;rl,rg)g(rg)rgfldrg (6.10)

and

n—2

K (t,r1,m2) = (7“17"2)_7/ " T, (r1p) 0 (r2p)(p) pdp,

0
where ¢ is given in (1.15). Then, for 2 < q < q(o), the following estimate holds

_n(_2
179l oy —amy < Colt 2O Dllgll (6.11)

Py drg

We postpone the proof of Proposition 6.1 for a moment. Recalling (6.3) and
letting ¢ (r) = o;(VH)ck(r), similarly as (2.5), we write

i (VH)e" P f = ‘Pk(y)zjn/o K}, (25782711, 27 7r9) @ (ro) 5~ diry

= or(W) (T er(277r2)) (2278, 271y).
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Notice that g(a) < g(o), we use (6.11) and the eigenfunction’s estimates to obtain
that

sV < Ol (T ) @2 s, er) ey
T 1

_n(1—2)~ _n(1_2
< Gyt 20 q’IICk(T)IILq;fld o)l o vy < Clt]” 207

o (VH)P.f]

Le' (X)’

where we used [[¢x(y)l|Le(v) < Cllon(y)ll e (v) since Y is compact and we are only
concerning finitely many ¢y, such that corresponding vy, € (0, "7_2] This completes
the proof of the desirable estimate (6.9).

O

Before proving Proposition 6.1, we record a lemma about the property of the
Bessel function, e.g. see [6, Lemma 5.1]

Lemma 6.2. For all r,v € R, there exist constants C, and Cy, n depending only
on v and v, N respectively such that

|1, (r)| < Cor* (1 +7)""" 3, (6.12)
(7] = |Jy_1(r) = vJo(r) /7] < Cor’~ 1 (1 4 7) "2, (6.13)

MO'I“@O’U@T’ we can write
Ju(r) = 7“_1/2(e"a+(7“) +e a_ (r) (6.14)

for two functions ayx depending on v,r and satisfying for all N > 1 and r > 1
las ()| < Cy0, oY ax(r)] < C, yr~N 7L (6.15)

The proof of Proposition 6.1. Our proof is modified from [6], in which the disper-
sive estimates of Dirac equation in Aharonov-Bohm magnetic fields were studied.
But we have to overcome the difficulties from the propagator multiplier ¢, Re-
calling x € C°([0,400) defined by (5.4) and x© = 1 — x, then we decompose the
kernel K'(t;r1,72) into four terms as follows:

KL(t;r1,r2) =x(r1) KL (tr1,m2)x(r2) + X (r) KL (¢ 71, m2) x (72)

(6.16)
+ X (r1) KL (1, m2) X (r2) + X (r1) KL (871, m2) X (72).

This yields a corresponding decomposition for the operator T, = T} +T2+T2+T%.
We thus estimate separately the norms ||T7g| . . forj=1,234.
ridry

Now we estimate T)}. From (6.12), one has

IX(r) KL (1, ra)x(r2) ] S (rire)x(r1)x(r2). (6.17)

Therefore, as long as 2 < ¢ < ¢(0), if |t| < 1, we can show

! 2/q
||11Ulg||an71 S CU(/ T‘UanfldT-) ||g||qu
"1 dry 0 . rgildrg (618)
<Clgllye . SUED g

r

5 Tdrg drog
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For the case that |t| > 1, we perform integration by parts in dp to obtain
X (r1) K (£ 71, m2)x(r2)|
—n2 N [Zr0 0 \N-1
S (rir2) ™7 x(rox(r) It / (5,) Ga5) (i) dutran)e(o) )| o

< (7“17“2)V T x(r)x(r2)[t 7Y,

(6.19)

where in the last inequality we use the fact that
0 0 \N-1 J J < y
(5,)Gg5) () Tutrap)eto))| < (rar)
provided 71,72 < 1. Finally, if [¢| > 1 and taking N large enough, as before, we
obtain

1 N ! _1, )\
Tglas, <Gl ([ e tdr) gl
"1 dry 0 r;lildrg (620)
_n_2
S 120 Dllgle
T2

T drg

Since T2 and T are similar, we only deal with 7. Using (6.14), we are reduced
to estimate two integrals

n—2 o0 . .
L= (i) % [ gl )i rap) 2 s (rapdp. (621)
0
If |¢| <1, by using integration by parts and recalling o = v — (n — 2)/2, we obtain

_n—2 _1_N e a N i
I S (7"17°2) 227"2 ? / ‘(8_;)) (Ju(ﬁp)ai(rzp)@(ﬂ)Pl/Qe tpz)‘dﬂ
0
n—1
Srirg 2

Hence if || <1 and 2 < ¢ < ¢(0), by choosing N large enough, we have

1 B 1/q +oo 7(n—1+N) _ 1/q
gl S ([ e tan) (T ) gl
1A 0 o

_n(1_2
Shylpe — SHTESD g,y

3" tdry " ldry

drg

Nl=

~—

(6.22)

It remains to consider the region [t| > 1. In this case, letting 7; = r;/v/t with
1 =1,2, from (6.21), we write

L = [t % ()T / poo) VD) o (F10) (Fap) 2600572 0 (7yp)dp
0

. (6.23)
= Itlfg/ G (172 p, 1, Tap) " dp,
0
where
O Sl o om=2o o nol
ar(t™2p,m1p,T2p) = @(t"2p)(T1p)” 2 Ju(F1p)(T2p)” 2 ax(T2p). (6.24)
Since 71p S1and o =v — "T’Q, therefore we obtain

a N a -2 - >, — (= _n—-1 _ o _n—-1 _
(5;) (@t 20m0.720)| < ap) (o) Sy = 7Y, (6:25)
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since p ~ v/f on the support of (¢t~ p).
Lemma 6.3. Let

00
Ii(t77:177:2) = / eip(p:tfz)ai(t*%/% 7:1/’7 FQp)dpa
0

where ax is given by (6.24) and satisfies (6.25). Then, for t > 1, the integral
satisfies that

n—1

|Le(t,m1,72)| Sriry = +17xa, (6.26)
where x A 1s the characteristic function on the set A := {rq ~ t}.

If we could prove this lemma, then we see for [¢t| > 1

1T gl e,
"1

Lar

1 1/q +oo (n—1)q 1/(1
_n oq n—1 (= n-1 -1
st ([ oran) () T e [ tan) Vel
0 5 ro~t 7*37

) drg

_n n _n_2
SETEQ+Dgle S Pllgl e

) 5 tdrg

)

(6.27)

provided
2n <q<ql0) 2n
—_— )= ———.
n—1 =4 n—2-—2v

We can extend this estimate for 2 < ¢ < ¢(o) by interpolating this and

2
1T gllz, < Ix(r)He™ o(p)Hux(r2)gll 2,
"1 "1

dry

<Clgllgz, , , (6.28)
T2

lda dro

1
which can be proved by the fact that the Hankel transform (6.2) is unitary on
L,,Qqnfld,r'

We finally deal with T} by modifying the argument of 7%3. Using (6.14) again,
we are reduced to estimate the two integrals

n—2

L = (rry) "7 / pp(p) (rirap?) 260 HE D00 (1 pay (rap)dp. (6.29)
0

If |t] < 1, by using integration by parts, we obtain

_n-1 — o ANl itp?
LS () T (0 )™ [ () (astrpastrap)e(ore™ ) do
0 P
< ()T (L £ ra) 7
Since 71,72 > 1/2, hence if [t| < 1, we have
Tig|| L= < <2 :
| VgllLr?,ldm S IIQIIL%HW S IIQIIL%AM (6.30)

Now we consider the region |t| > 1. As before, letting 7; = r;/v/t with i = 1,2,
from (6.29), we write

L=t % / o(p/VI)(FrT2p?) =7 PPEMEDN gy (7 pYa (Fap)p™~tdp
0 (6.31)

oo
= |t|_%/ ePlET G, (73 p 71 p, o p) p" Ldp,
0
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where
1

~ _1 _ _ _1 _ _n—1 _ _
aL(t™2p,T1p,T2p) = @(t™ % p)(F1T2p®) T ax(F1p)as (7ap). (6.32)
Therefore we obtain

‘((%)N(ai(t—%p, T1p; pr)) ’ < (FaFap?) =2 p=N

(6.33)
n—1 n—1
SA+rm) 7 (L+r)~ = p7 Y,
since p ~ +/f on the support of p(t72p). So as before, we have
||T49||L°g; S el (6.34)
rh T tdrg
By interpolating this with Lz-estimate for T, we obtain
_n(_2
ITSglle, , < CH S o az2 (6.35)
"1 1 ry T hdry

Collecting the estimates on the terms T, yields (6.11) and the proof is concluded.
O

The proof of Lemma 6.3. Let ¢; and ¢¢ be given (1.15). Due to the fact that
p~ Vi > 1, we decompose

Li(t,7,72) = / PP a (172, T1p, Fap) (1 — do(472p)) "~ dp

+Z/ PEaL (73 p, 1 p, Tap) @y (p)do (472p)p" dp  (6:36)

j>1
= Ii71 + fi)g.
Let us define
®(p,72) = plp£72)), L=L(p,72) = (2p—72) '0p.

Since the second integral on the right hand side is supported where p < (475)~! and
p > 1/2, the integrand is only nonzero when 7 < 1/2. Hence |0,®| = 2p—72 > p/2.
By (6.25) and using the integration by parts, for N large enough, we obtain

Iip< Z ‘ / N (eip(pim)di(fépa 10, T2p)p; (p) o (472p) " dp
: 0
=t (6.37)

n—1

_n_t —n_1
<Y oy / p N dp Sy 7

iz1 o
which gives the first term of (6.26). Finally we consider I ;. We further make a
decomposition based on the size of |9,P|

Iy < ‘ / PGy (t75 p, 71 p, Fap)do(2p — T2) (1 — ¢0(4f2p))p"_1dp‘

+ Z / p(p£r2) a+(t” zpaﬁ/’, r2p);(2p — 7”2)(1 - ¢0(4T2p)) " 1dp‘

j>1

=Ty qc+1ys.
(6.38)
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Now we estimate I~i71<. If 7o < 10, then for the integrand of fi11< to be nonzero
we must have 1 < t'/2 ~ p < 10, due to the supports of ¢o and ¢(p/v/t). Then

n—1

~ n—1
o, T2 n—1 o, "2
1< S7imy / P dp STy )
p~1

which is controlled by the first term of (6.26). If 7o > 10, one has 72 ~ p since
|2p — 72| < 1. Then it gives
- _n—1 1 B T2y 25t
Lacl £ [ st TR S (2) T 639)
|2p—72|<1 t

Next we estimate I+ 1. Integrating by parts, we show by (6.25)

Iiis S Z ‘ /0 L (eip(pﬂz))di(t_%m 1p,T2p)p;(2p — T2) (1 — ¢0(4F2P))Pn_ldp‘
Jj=1

_n=1 . .
Sriry ? ZTJN/ (0~ +277%)p" " dp.
>1 |2p—72|~27

(6.40)

If 7o < 2911 then 1 < p < 29%2 on the support of the integrand. Then the above
is bounded by

n—1 n
7 -t —jN —N4n—1 -t
Fens Srory " 3 2 / PNy < 2 T
j>1 pz1

which is accepted by the first term of (6.26). Otherwise, 72 > 29! = p ~ 7y,
then the above is bounded by

- n—1 . n—1 r n—1

fo —29N n—1 .. "3 =n—1 o 2 P)

Iias Srir E 27 / PV dp Sriry 2Ty S (?) :
j>1 [2p—T2|~27

(6.41)

Note that we always have p ~ /t due to the factor p(p/\/t), if 72 ~ p, then

7o = 1o/t ~ /t => 1y ~t. Hence, from (6.39) and (6.41), it gives the second
term of (6.26). We remark that this term is supported on the set A := {rq ~ t}.

(]

7. THE DECAY ESTIMATES FOR THE HALF-WAVE PROPAGATOR

In this section, we mainly prove the decay estimate (1.18). Instead, we mainly
prove the following frequency localized results:

Proposition 7.1. Let ¢ be in (1.15) and « = vy — (n — 2)/2. If a > 0, then there
exists a constant C' such that

H@(Tj\/ﬁ)eit\/ﬁfnmo(x)

. . _n—1 . (71)
<OCPM(1+20t) 77 (eI VH) fllnx)-
If —(n—2)/2 < a <0, for g € [2,q(c)), then
—Jj itv’H
H90(2 J\/ﬁ)e HfHLq(X) (72)

) . _n—-l(y_2 .
<D (14 201) 77 @IV -
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Indeed, if we could prove (7.1), then (1.18) follows from
Heit\/ﬁfHLoo(X) < Z ||<p(2*j\/ﬁ)eit\/ﬁfHLm(X)

JEZ
_n-1 ntl,; —j _n-1
<Ol Y 25 e IVH) fllix) S CHT S]] npn
JEL 31,1 (X)

If —(n—2)/2 < a < 0, the estimate (7.2) and the Littlewood-Paley square function
estimate (5.3) show (1.19)

€Y7 Flaxy < 22 @ VIV AL,

JEZ
< O~V N IO D o IVH) 12
JEZ
—(n— _2
< O™ PO w s

q’,2
The rest of this section is to prove this proposition. For this purpose, we follow
the argument of [8, 49], in which we need the subordination formula and Bernstein
inequalities associated with the operator H. We state them here for convenience
but omit the proof. The following proposition about the subordination formula are
from [32, Proposition 4.1] and [8, Proposition 2.2], and we use the one formulated
in [49)].

Proposition 7.2. If p()\) € C°(R) is supported in [%,2], then, for all j € Z,t,x >
0 with 29t > 1, we can write

p(277 )tV
tr _; —j int [T Gy 12t io=isy
o2, 200) 4 gl iva @)} [ (o2 e e
0

where p(s,7) € S(R x R) is a Schwartz function and and x € C®(R x R) with

suppX (-, 7) C [£5,4] such that

sup 0307 x(5, )| Sas (1+1s)7% Va8 2 0. (7.4)
TE

(7.3)

If this is proven, then by the spectral theory for the non-negative self-adjoint
operator H, we can have the representation of the microlocalized half-wave propa-
gator

<p(2_j\/ﬁ)eit‘/H

:p(g_lj,?t) +<p(2*j\/ﬁ)(2jt)%/ Y(s,27t)e T ¢i2 1 H g,
0

(7.5)

The proof of Proposition 7.1 . We estimate the microlocalized half-wave propaga-

tor _ _
(27 \/ﬁ)em/ﬁfHLm(x)

by considering two cases that: |t|2/ > 1 and [t|2/ < 1. In the following argument,
as before, we can choose ¢ € C°((0,+00)) such that ¢(A) = 1 if A € supp ¢ and
P = . Since ¢ has the same property of ¢, without confusion, we drop off the
tilde above ¢ for brief. Without loss of generality, in the following argument, we
assume ¢ > 0.
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We first consider the case that o > 0.

Case 1: t27 < 1. By the spectral theorem, similarly as (6.1), one has the
L?-estimate

”eit\/ﬁ”Lz(X)%L?(X) <C.

Together with this, we use the Bernstein inequality (5.2) to prove

le@ VA £ e

S 2% o2 VH) )

S27 e IVH) fllrox) S 2Vl IVH) fllLx)
In this case 0 < t < 277, we have

H@(Tj\/ﬁ)eit\/ﬁfnmo(x)

_ _ _ (7.6)
S22+ 20N IVH) fllix), YN >0,

which shows (7.1).

Case 2: t2/ > 1. In this case, we can use (7.5) to obtain the microlocalized
half-wave propagator

(,0(2_j /H)eit\/H
tH i/ ing [T 20t 2 s H
= p(g,?t) +p(277VH)(2't) x(s,27t)e 15 ¢ ds.

0

We first use the spectral theorem and the Bernstein inequality again to estimate
—; tH _.
(2 ]\/H)P(g’ 2]t)fHL°°(X)

Indeed, since p € S(R x R), then

||P(ﬁ 21)|| o, . SCA+276)7N, YN >0.

Therefore, we use the Bernstein inequality in Proposition 5.1 and the spectral
theorem to show

(I;—Ij 27t) (27 VH) f’

< 2% (14 27t) NHgo —J\/_fH < 2mi(1 + 27t) —NHgo 2_]\/—)}

e VD20 ) < 2%

L2(X)

LX)

If vy > "T_Q i.e. a > 0, we use the dispersive estimates of Schrodinger propagator
(see (1.10))

e 7l ey < CHE |y 80,

to estimate

HSD —]\/_ (2Jt)%/ x(s, 2]t)eT i27 JtSHdeHLOO(X)



Fo

du

(7.
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r t # 0, then we obtain
. L1 f° TN PR
‘|gp(2_]\/ﬁ) (2%) 2 / x(s, 2%)6317612 tSHf ds||L°°(X)
0
N . . a .
< (271)3 / X(s, 278)[277ts| 7% ds|| o2 VH) [ 11
0

S (2"%)%(2”)%/0 X(s,27t) ds|| eI VH) [ 11
oy —t ; . o _n—1 .
2V 7 le@IVED S| iy S 2207 (le@ VIS

e to the fact that s € [%, 4] on the support of x.
For the case that —(n — 2)/2 < a < 0, we repeat the above argument to prove

2) by replacing L> by L? and L* by L7 for ¢ € [2, ¢()). It worths to mention

that the LY — L9 estimate (1.14) is used to replace (1.10) in this case.

1
2
3
[4

(5

6
(7
8
9
10
[11
[12
[13
[14
15

16

Therefore, we have completed the proof of Proposition 7.1.
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